PROPERTIES OF SOME ALGEBRAICALLY DEFINED DIGRAPHS

by
Aleksandr Kodess

A dissertation submitted to the Faculty of the University of Delaware in partial
fulfillment of the requirements for the degree of Doctor of Philosophy in Mathematics

Summer 2014

© 2014 Aleksandr Kodess
All Rights Reserved



UMI Number: 3642322

All rights reserved

INFORMATION TO ALL USERS
The quality of this reproduction is dependent upon the quality of the copy submitted.

In the unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.

UMI

Dissertation Publishing

UMI 3642322
Published by ProQuest LLC (2014). Copyright in the Dissertation held by the Author.

Microform Edition © ProQuest LLC.
All rights reserved. This work is protected against
unauthorized copying under Title 17, United States Code

ProQuest

ProQuest LLC.

789 East Eisenhower Parkway
P.O. Box 1346

Ann Arbor, MI 48106 - 1346



PROPERTIES OF SOME ALGEBRAICALLY DEFINED DIGRAPHS

by
Aleksandr Kodess

Approved:

John Pelesko, Ph.D.
Chair of the Department of Mathematical Sciences

Approved:

George H. Watson, Ph.D.
Dean of the College of Arts and Sciences

Approved:

James G. Richards, Ph.D.
Vice Provost for Graduate and Professional Education



Signed:

Signed:

Signed:

Signed:

I certify that I have read this dissertation and that in my opinion it meets the
academic and professional standard required by the University as a dissertation
for the degree of Doctor of Philosophy.

Felix Lazebnik, Ph.D.
Professor in charge of dissertation

I certify that I have read this dissertation and that in my opinion it meets the
academic and professional standard required by the University as a dissertation
for the degree of Doctor of Philosophy.

Sebastian Cioaba, Ph.D.
Member of dissertation committee

I certify that I have read this dissertation and that in my opinion it meets the
academic and professional standard required by the University as a dissertation
for the degree of Doctor of Philosophy.

Robert Coulter, Ph.D.

Member of dissertation committee

I certify that I have read this dissertation and that in my opinion it meets the
academic and professional standard required by the University as a dissertation
for the degree of Doctor of Philosophy.

Jason Williford, Ph.D.
Member of dissertation committee



ACKNOWLEDGEMENTS

First and foremost, I would like to thank my advisor Felix Lazebnik without
whom some of this would not have been finished by this time. He was invaluable in
the completion of this thesis. His advice has always been and, I hope, will be of great
value to me.

Many thanks go to my committee members Sebastian Cioaba and Robert Coul-
ter from the University of Delaware and Jason Williford from the University of Wyoming
for their helpful comments.

I also thank Gary Ebert from whom I took my first course in abstract algebra,
Sebastian from whom I took a number of courses in combinatorics, and, of course,
Felix from whom I took courses in various areas for their important contribution to my
education here at Delaware.

Last but not least, I would like to thank my parents Mikhail and Irina and my
brother Evgeniy for their continual love and support, especially throughout my stay at

the University of Delaware.

v



TABLE OF CONTENTS

LIST OF TABLES . . . . . . . . . .
ABSTRACT . . . .

Chapter

1 INTRODUCTION . . . . . ... e

1.1
1.2
1.3
1.4

Notation and Terminology . . . . . . . . . . ... ... ... .....
The General Construction . . . . . . . ... ... ... .. .. ....
History, Motivation, Applications . . . . . . . ... ... ... ....
Synopsis of the Thesis . . . . . .. .. ... ... .

2 AN EXPLORATION OF CONNECTIVITY AND DIAMETER .

2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8

Connectivity of D(¢q; ) . . . . . . . ...
Connectivity of D(g;m,n) . . . . . . . ..
General Remarks about Diameter . . . . . . ... ... ... .....
Diameter of Monomial Digraphs . . . . . . .. ... ... ... ....
Waring’s Problem over Finite Fields. . . . . . .. .. ... ... ...
Bounds on Diameter for Large Primep . . . . . . .. ... ... ...
Bounds on the Diameter of D(q;1,n) . . . ... ... ... ... ...
Bounds on the Diameter of D(p;1,2) . . . . . .. .. ... ... ...

3 ISOMORPHISMS AND AUTOMORPHISMS OF MONOMIAL
DIGRAPHS . . . . . .

3.1
3.2
3.3
3.4
3.5
3.6
3.7

Simple Results on Isomorphisms and Automorphisms . . . . . . . ..
Auxiliary Results and Notation . . . . . . ... ... ... ......
Number of Small Cycles . . . . . .. .. ... ... ... ... ...
Looped Paths in D(q;1,m) . . . . . . ... .. o
Number of Kyo'sin D(g;m,m) . . . . . . ..o o
Reduction to the Bipartite Case . . . . . . . . ... ... ... ....
Partial Proof of Conjecture 3.7.1 forp>2 . . . .. .. ... .. ...

DD = W

18
21
22
25
27
28
32

36

37
39
41
45
48
o6
57



4 CONCLUSIONS . . . . . s

BIBLIOGRAPHY

Appendix

SOME SAGE AND MAGMA CODE . . .. ... ... ..... ...

vi



2.1

LIST OF TABLES

Diameters of digraphs D(q; 1,n) for certain values of n

Vil



ABSTRACT

This thesis is concerned with the study of a family of digraphs defined by systems
of polynomial equations over finite fields. We explore the connectivity and diameter of
some special classes of these digraphs, along with the structure of their isomorphism

classes.
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Chapter 1

INTRODUCTION

1.1 Notation and Terminology

First we will present the basic terminology and notation that will be used
throughout the thesis. A directed graph (or just digraph) D consists of a non-empty
finite set V(D) of elements called vertices and a finite set A(D) of ordered pairs of
vertices called arcs. We call V(D) the vertex set and A(D) the arc set of D. We will
often write D = (V, A), which means V and A are the vertex set and arc set of D,
respectively. The order (size) of D is the number of vertices (arcs) in D; the order of
D will sometimes be denoted by |D].

For an arc (u,v) the first vertex w is called its tail and the second vertex v
is called its head. The head and tail of an arc are its end-vertices; we say that u is
adjacent to v if (u,v) is an arc in G. We say that a vertex is incident to an arc if the
vertex is the head or tail of the arc. We will often denote an arc (z,y) by xy. An arc
in which its tail coincides with its head is called a loop.

For a vertex v in D , we consider the following two sets:
Nt(w)={ueV:vue A} and N~ (v) = {w € V: wv € A}.

The sets N*(v), N~ (v) and are called the out-neighborhood and in-neighborhood of v,
and we call the vertices in N*(v) and N~ (v) the out-neighbors and the in-neighbors of
v, respectively. The cardinalities of N*(v) and N~ (v) are denoted by d*(v) and d~(v),
respectively, and are called the out-degree and in-degree of v. Every loop contributes
one to the count of both the out-degree and the in-degree of a vertex. A digraph is

called k-regular if out-degrees and in-degrees of all vertices are equal to k.



A digraph H is a subdigraph of a digraph D if V(H) C V(D) and A(H) C A(D).
If, in addition, every arc of A(D) with both end-vertices in V(H) is in A(H), we call
H an induced subdigraph of D.

By reversing the arc xy in a digraph D, we mean that we replace the arc xy by
the arc yx. The converse of a digraph D is the digraph H which one obtains from D
by reversing all arcs.

A digraph D is called isomorphic to a digraph H (denoted by D = H) if there
exists a bijection ¢ : V(D) — V(H) such that zy € A(D) if and only if ¢(x)o(y) €
A(H). The mapping ¢ is called an isomorphism from D to H. Clearly, isomorphism
is an equivalence relation on the set of all digraphs.

Let £ > 2. A walk W from xy to z) in D is an alternating sequence W =
T101T209%3 . . . Tp—10,—12) of vertices x; and arcs a; from D such that the tail of a; is z;
and the head of a; is ;.1 for every ¢, 1 <1¢ < k—1. The length of a walk is the number
of its arcs. If k > 2 and the vertices x1, s, ..., x,_1 of the walk W are distinct, and
x1 = x, Wis called a cycle. A k-cycle is a cycle of length k. A loop also can be called
a l-cycle.

In a digraph D a vertex y is reachable from a vertex x if D has a walk from x
to y. In particular, a vertex is reachable from itself. A digraph D is strongly connected
(or, just strong) if, for every pair x,y of distinct vertices in D, y is reachable from x
and z is reachable from y. In other words, D is strong if every vertex of D is reachable
from every other vertex of D. We define a digraph with one vertex to be strongly
connected. A strong component of a digraph D is a maximal induced subdigraph of D
which is strong. If Dq,..., D, are the strong components of D, then their vertex sets
and arc sets partition those of D, respectively. If x and y are vertices of a digraph D,
then the distance from x to y in D, denoted dist(x,y), is the minimum length of an
(x,y)-walk, if y is reachable from z, and otherwise dist(x,y) = oo. The distance from

a set X to a set'Y of vertices in D is

dist(X,Y) = max{dist(z,y): x € X,y € Y'}.



The diameter of D is diam(D) = dist(V, V).

For all missing definitions, see Bang-Jensen and Gutin [1].

1.2 The General Construction

In the following, and in all subsequent chapters, ¢ will always represent a prime
power, i.e. ¢ = p° for some prime p and e > 1. The finite field of ¢ elements will be
denoted by F,. The cartesian product of k copies of IF, will be denoted by IF’;. Clearly,
F* is a vector space of dimension k over F, and of dimension ke over F,,.

Let f;: Fg — [Fy be arbitrary functions, where 1 < ¢ <[, 7 and [ are positive inte-
gers. The digraph D = D(q; f1,..., fi) or, just, D(¢; f), where f = (f1,..., fi): Fg —
Iﬁ‘fl, is defined as follows. The vertex set of D is Ff;rl. There is an arc from a vertex

X = (21,...,x41) to a vertex y = (y1,... ,yp1) if
i+ vy = fic1(z,y1), foralli, 2<i<Il+1. (1.1)

By convention, f(z,y) = (fi(z,y), ..., fi(z,y)). We will refer to the functions f,... , f;
as defining functions. When | = 1, we will write D(q; f), where f = fi. If, moreover,
fi(z,y) = 2™y™ for some integers 1 < m,n < ¢ — 1, the corresponding digraph will be
denoted by D(gq;m,n) and will be called a monomial digraph. Since z9 = x for every
x € Iy, it will be always assumed that for monomial digraphs 1 <m,n < ¢ — 1.

The following proposition is true.

1

Proposition 1.2.1. The digraph D = D(q; f1, ..., fi) is q-regular, with order ¢** and

size ¢! 2.

Proof. The incidence condition (1.1) implies that an out-neighbor (in-neighbor) y of
a vertex x is defined uniquely by its first coordinate y;. By construction, |D| = ¢+,

and the size of D is ¢*2. O

Remark 1.2.2. These graphs can be easily constructed by computer. I have used the
computer algebra package sage extensively for this thesis, in addition to Mathematica

and Magma.



1.3 History, Motivation, Applications

The main motivation for the work in this thesis was the work of Lazebnik,
Woldar [21], Viglione [27] and Dmytrenko, Lazebnik, Viglione [10]. The central objects
of study in [27] are undirected bipartite graphs constructed in the following way. Let P,
and L, be two n-dimensional vector spaces over IF,. Elements of P, are called points,
and elements of L, are called lines. If a € ) we write (a) for points and [a] for lines.
Let f;: F2~2 — I, be arbitrary functions for i > 2; they are called incidence functions.
The bipartite graph BT',, = BT',,(q; f2,- .. , fa) has P, and L,, as its partitions sets, and
a point (p) = (p1,p2, ... ,pn) is adjacent to a line [I] = [l1, o, ... ,1,] if and only if the

following n — 1 relations on their coordinates hold:

lo+p2 = f2(P1>ll)>
ls+ps = f3(p1,01, P2, la),

ln+pn = fn(plal17p27l27"'apn—laln—1)~

Properties of these graphs are studied in [21]. We present some of them here.

Define an edge-decomposition of a graph G by a graph G’ as a collection C of
subgraphs of G, each isomorphic to G, such that {E(H): H € C} is a partition of
E(G). If such a collection exists, then we say that G’ decomposes G. For any positive
integers a, b, by K,; we denote the complete bipartite graph with partitions sets of size

a and b. The following property is proved in [21].
Proposition 1.3.1. The graph BI',, decomposes K gn.

In [21], similar non-bipartite graphs I',, = I'(q; fa, ..., f.) are defined. Let

fi: ng” — [F, be symmetric for all 4, 2 <4 < n, in the following sense:

fi(plallvp%l%“- 7Pi—1,lz‘—1) = fi(l17p17l27p27 e ali—lapi—l)



for all 7. The vertex set V(I',) = F}y, where distinct vertices (vectors) a = (a1, ay, . .. , an)
and b = (by, by, ... ,b,) are adjacent if and only if the following n — 1 relations on their

coordinates hold:

as+by = folay,by),
as+bs = fs(ar,b1,az,b0),

an+bn - fn(alublva%b%”-7an—17bn—1)-

For the graphs I',,, the requirement that all functions f; be symmetric is necessary to
ensure that the adjacency relation is symmetric. Without this condition one obtains
not graphs, but digraphs which are a generalization of those studied in this thesis.

A statement similar to that of Proposition 1.3.1 is also proved in [21]:
Proposition 1.3.2. The graph I'(¢; fa, ... , fn) decomposes Kn.

Propositions 1.3.1 and 1.3.2 were generalized in [18] to edge-decompositions of
complete uniform g¢-partite hypergraphs and complete uniform hypergraphs, respec-
tively.

The graphs BI',, and I',, defined by systems of equations have proven useful in
a number of extremal type problems. We briefly mention some of them here: see [21]
for more.

Let F be a family of graphs. By ez(v, F) we denote the Turdn number of F,
that is, the greatest number of edges in a graph with v vertices which contains no
subgraph isomorphic to a graph from F. Let C,, denote the cycle of length n > 3. The
best bounds on ex(v,{C3,Cy, ... ,Cq}) for an arbitrary fixed k, 2 < k # 5, obtained
in Bondy, Simonovits [3], Verstraéte [26], Pikhurko [23], and recently by Bukh and
Jiang [6] (for v > (2k)®*") and Lazebnik, Ustimenko, Woldar [20] (the lower bound),

are the following:
' T < ex(v,{Cy, Cy, ..., O }) < 80y/klogk - v /% 4 10k%0. (1.2)

Here ¢, = 27153 and € = 0 if & is odd, and ¢, = 971" and € = 1 if k is even.



The lower bound comes from the following construction introduced in Lazebnik,
Ustimenko [19]. Consider the family of graphs D(n,q) = G%, ., where fo = pili,
f3 = pils, and for 4 < i < n,

; —pioly 2=0o0or1 mod 4,

p1li—o 1=2or3 mod 4.
It was shown in [19] that the length of the shortest cycle in D(n, q) is at least n+5. By
the result of [20], the graphs D(n,q) are disconnected for n > 6 and the lower bound

in (1.2) comes from their components.

1.4 Synopsis of the Thesis

We now briefly describe what has been accomplished in this thesis.

A large part of this thesis is concerned with understanding the connectivity
of digraphs D(¢;f). The main motivation for this is the work of Viglione [27]. It
is natural to try to see if there is a general method for determining the number of
strong components and their structural properties of these digraphs by examining their
defining functions. We address this question in Chapter 2, giving sufficient conditions
for some class of digraphs D(q;f) to be strong in terms of a certain property of the
range of the defining function f. This is done in Theorem 2.1.3 and Theorem 2.1.7.
We further specialize the problem to the monomial digraph D(gq;m,n) as in this case
our result takes on an especially simple form. The main results concerning the strong
connectivity of monomial digraphs are Theorem 2.2.1 and Theorem 2.2.2. A relation
between the problem of determining the diameter of monomial digraphs and some
recent results in additive combinatorics is established.

Motivated by results of Viglione [27] and Dmytrenko, Lazebnik, Viglione [10],
in Chapter 3 we study the question of isomorphism for monomial digraphs. In [27]
it was shown that for all sufficiently large prime powers ¢ the number of directed
4-cycles completely determines the isomorphism class of bipartite monomial graphs,

while in [10] it was proved that for any prime power ¢ there exists a complete bipartite



graph K,; such that the number of subgraphs isomorphic to it is a graph invariant
which determines the isomorphism class of undirected bipartite monomial graphs. For
our monomial digraphs the matter seems to be more complicated. As of now we
have not arrived to any one subdigraph which defines an isomorphism class. Our
main Conjecture 3.7.1 is based on considering several digraph invariants. We prove
the sufficiency of the conjecture in Theorem 3.1.1 and its necessity, under additional

assumptions, in Theorem 3.7.1.



Chapter 2

AN EXPLORATION OF CONNECTIVITY AND DIAMETER

In this chapter we will examine some connectivity results for our algebraically
defined digraphs. Noting that any function f: F Z — [F, can be written as a polynomial
in two variables by using Lagrange interpolation, we will always assume any function
f is written as a sum of monomial terms, with all exponents taken mod ¢ (since a? = a
for all @ € F,). We define a mized monomial term as taking the form Cx'y’, with
1,7 > 0, C' constant. The portion of f which is a sum of only mixed monomial terms
will be denoted by f*. We first present a general criterion on the strong connectivity
of the digraph D(q;f) in case when all the defining functions can be represented by
bivariate polynomials which contain mixed terms only. Then the results are specialized
for the digraph D(g;m,n), and the diameters of such digraphs are studied. It turns
out the latter is related to Waring’s problem over finite fields, which is considered now

as part of additive combinatorics.

2.1 Connectivity of D(q;f)

The ideas of this section go back to similar studies of undirected bipartite graphs
in [27]. The main results of this section are Theorem 2.1.3 and Theorem 2.1.7, which
provide sufficient conditions for strong connectivity of the general digraph D(g;f) for
any prime power q.

When studying connectivity of our digraphs the following notion is of great

importance.



Definition 2.1.1. For any vector function f = (fi,...,f;), | a positive integer,
fi: Fg — F, for every ¢, 1 < ¢ < [, any positive integer £ > 2 and any k-tuple

(x1,...,2%) € IF’; we call the sum
f(fL‘l, $2) — f(CBQ, ZE3) + -+ (—1)k_1f($k_1, a:k)

a linked alternating sum of £ of length k—1. Let LSy (f) be the set of all possible linked

alternating sums of f of length k — 1, and let

LS(f) == | LSk(f).

We call LS(f) the set of linked alternating sums of f.

In the following, if X C ]Ffl, where ¢ is a power of some prime p, (X) will denote
the span of X in F, with coefficients from F,. The dimension dim(X) of (X) will
always be taken over F,. If X is empty, we define dim(X') to be zero.

For X,Y C F, and v € F, we define X +Y := {x+y:x € X,y e Y}. If
X = {v}, instead of {v} +Y we will write v + Y.

For any function f: F2 — F, we define the image of f to be

Im(f) .= {(fi(z,y),..., filz,y)): z,y € F }.

We observe the following

Lemma 2.1.1. Let g be an odd prime power, and f: Fg — Ffl. Let g(z) = f(x,0),

h(z) = £(0,z), fo(z,y) = f(x,y) — £(0,0), and £*(z,y) = fo(x,y) — g(x) — h(y) for all
z,y € F,. The following statements hold:

(i) D(g:f) = D(g;fo).
(i) If, in addition, g = h, then

D(q; ) = D(g; fo) = D(q; £*).
Proof. (i) The map ¢: V(D(q;f))) — V(D(q;f))) given by

(0,) = (e.y — 5£(0,0)



is clearly a bijection. We check that ¢ preserves adjacency and non-adjacency. As-
sume that <(I1,X2), (yl,y2)> € E(D(¢;f)), that is, xo + y2 = f(x1,y1). Then, since
P((z1,%2)) = (21, %2 — %f(oao)) and ¢((y1,¥2)) = (Y1, y2 — %f(0,0)), we have

(32 = 5£0,0)) + (v2 = 5(0.0)) = F(za,) = £0,0) = Fo(ar, ),

and so (cb((thz)), ¢((y1,)fz))> € E(D(g;fy)). Thus, D(g;f) = D(g; f), and the proof
of (i) is complete.

(ii) Define ¢: V/(D(g;fo)) — V(D(¢;£7)) by (2,y) — (z,y — g(x)). Trivially,
1 is a bijection, and so we check that 1 preserves adjacency and non-adjacency. As-

sume that ((:EI,XQ), (yl,y2)> € E(D(q;1y)), that is, xo + y2 = fy(21,y1). Then, since

Y((71,X2)) = (71,%2 — g(71)) and ¥((y1,¥2)) = (Y1,y2 — &(y1)), we have
(Xz - g(x1)> + (Y2 - g(?Jl)) = fo(1,y1) — g(z1) — h(z1) = £ (21, 91),

and so <¢((5L’1,X2>)7¢<<3/1,Y2>)) € E(D(g;t")). Thus, D(q;fo) = D(g;f*), and com-
bining this with (i) the proof of (ii) is complete. O

An important class of functions to which Lemma 2.1.1 can be applied is the

class of symmetric functions.

Corollary 2.1.2. Let q be an odd prime power, and f: Fg — Fé be a symmetric
function, i.e. f(z,y) =£(y,x) for all x,y € F,. If functions £, and £* are defined as in
Lemma 2.1.1, then D(q;f) = D(q; fy) = D(q; ).

~Y

Proof. Since the conditions of Lemma 2.1.1, part (i) are satisfied, we have D(q;f) =
D(q; fy). To conclude that D(q;fy) = D(q; f*), note that since f is symmetric, so is fo,
and we have fy(x,0) = g(z) = £,(0,2) = h(z) for any z € F,. By Lemma 2.1.1, (ii),
D(q;fy) = D(q;f*) as claimed. O

From now on we only consider digraphs D(q;f), for which functions g and h,

defined in Lemma 2.1.1, are equal. As D(q;f) = D(q;f*) in this case, we will only

10



study strong connectivity of D(q;f*). The key property of f* that will be used later is
that
f*(x,0) = £*(0,z) (= 0) (2.1)
for every x € F,. Note that if f* = (ff,..., f), then each ff, 1 < i <[, can be
represented by a bivariate polynomial containing only mixed terms.
We now prove main theorems of this section.

Theorem 2.1.3. Let p > 3 be a prime, e a positive integer, g = p©, £*: Fg — Fé. Let
d = dim({Im(f*)). Then,

(1) the vertex set of the strong component containing some verter (u,v) € F, x ]Fé of
the digraph D = D(q;f*) is

{(x,v 4 (Im(f): @ € Fq} U {(x, v+ (Im(f)): 7 € Fq}; (2.2)

in particular, D is strong if and only if Im(f*)) = F' or, equivalently, d = le.

q

(ii) there are (p'*~?+1)/2 strong components in D. One of them contains vertices of
the form (u,v), u € F,, v € (Im(f*)), and is of order p™¢. All other components
are of order 2p°te;

(iii) all strong components of equal order are isomorphic.

Proof. (i) Let (u,v) € D(q;f*) be an arbitrary vertex. We show that for every a € F,
and every y € (Im(f*)), (a,v+y) is reachable from (u,v). Let ay,... ,aq € Im(f*) be
the elements of a basis of (Im(f*)) over F,. Let z;,y; € F, be such that £*(z;, v;) = «;

for all 4, 1 <14 < d. Fix an arbitrary y € (Im(f*)), and write
Yy =a101 + -+ aqoy

for some a; € Fp,, 1 <1 < d.

11



Remembering that £*(z,0) = £*(0,z) = £*(0,0) = 0, we consider the following
directed walk in D(q; f*):

(u,v) = (
— (0,v +£7(0,0))
— (1, —v —£7(0,0) + £7(0, x1))
— (y1, v+ £7(0,0) — £7(0, z1) + £ (21, y1)
— (0, =v = [7(0,0) — £7(0, z1) + £*(z1, y1) — £*(y1,0)])
= (0, -V — Oél).
(2.3)
Traveling through vertices whose first coordinates are 0, z1, y; and 0 again as many
times as needed, one can reach vertex (0, —v — ajaq). Performing the same procedure
with z; and y; instead of x; and y;, respectively, one can reach vertex
(0, —v —ajaq — -+ — a;0;)
for any 1 < i < d. Continuing (2.3) we get

— (0, —v —ajaq)

— (07 -V - Z al[f*((]? 0) - f*(O, xz) + f*(xm yz) - f*(yia O)])

i=1
d
= (O7 -V — Z aiai)
i=1
d
— (a,v+ Zaiai) = (a,v+Yy),
i=1

and so (a,v +y) is reachable from (u,v) for any a € F, and any y € (Im(f*)) as

claimed. A similar argument proves that (a, —v + y) is reachable from (u, v).

12



The digraph D is strong if and only if (Im(f*)) = IFé or, equivalently, d = le,
and (i) is established.

For (ii), it is trivial to see that for any v € F.,
v e (Im(f) < v + (Im(f*)) = —v + (Im(£°)),

v ¢ (Im(f*)) & v + (Im(f*)) N —v + (Im(f*)) = 0.
It follows from these two statements that the number of strong components of D is

/{Im(f7))| -1 plim(Fo)—dim(Im(£)) 4 1 Cpedg

I
1 q
+ 2 2 2

Furthermore, it follows from part (i) that the component containing any vertex (u,v)

with u € F,, v € (Im(f*)) is of order |F,| - [{Im(f*))| = p*™¢. All other strong compo-

nents are evidently of order 2p*+.

For (iii), let D; and D, be two distinct strong components of D of order 2p¢*9

each. Then there exist vi ¢ (Im(f*)) and vy ¢ (Im(f*)) such that for an arbitrary
x € F,, Dy and D, contain vertices (x,vy) and (z,vs), respectively.

Consider the map ¢ : V(D;) — V(Dy) via
('Ta :l:Vl + Y> = (SL’, :l:v2 + y)a for any r € ]F(b NS <Im<f*)>

Note that ¢ is obviously injective and, by the result of part (i), is also surjective. Hence,
¢ is a bijection between V(D;) and V(Ds).

To see that ¢ preserves adjacency and non-adjacency let
(1 vi +3), (@2, v1 — y + f(a1,22)
be an arc in D;. Since
¢((z1, £v1 +y)) = (z1,£v2 +y), and

O((z9, Fvi —y + £(21,72))) = (22, Fv2 — y + £(21, 22)),

¢ preserves adjacency. Hence ¢ is an isomorphism of digraphs D, and Ds. O]
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The problem of strong connectivity for digraphs defined by functions, which do
not satisfy (2.1), is more complicated. For such functions we can have that LS(f) #

(Im(f)) even if (Im(f)) = F.. Consider the following example.

Example 2.1.4. Let p > 3 be prime, e = 2, ¢ = p°, F, = F,(§). Let f: IF?I — F, be
defined as

(

0, ifx=y=0,

1, ify=0,2z#0,x#1,
2, ifx=0,y#0,y#1,
flry)=92¢, ife=y=1,

& ifx=1y#1,

& ifr#ly=1,

0, it #0r#FLy#0,y#1

It is easy to see that if (u,v) € V(D(q; f)) is reachable from vertex (0,0), then v €

F,U((+F),), since in any linked alternating sum, which appears in the second coordinate
of a vertex reachable from (0,0), the first occurrence of ¢ (—¢) will be immediately
followed by either —¢ (respectively, &) or by —2¢ (respectively, 2§). Hence, D(q; f) is
not strong. By a computer verification for 3 < p < 13, we found that each of these

digraphs has (p+1)/2 strong components. Clearly, however, for every p, (Im(f)) = F?.

In case when g # h, using an argument similar to the one from the proof of
Theorem 2.1.3, part (i), we can prove that D(g; f) is strong given that linked alternating
sums of f of even length form a basis. We first present this argument for a prime p

and [ = 1. We write f instead of f in this case.

Theorem 2.1.5. Let p be an odd prime, and let f: F, x F, — F,. If f is not a
symmetric function, i.e. there exist xy,xo € F, for which f(xy,x9) # f(x2,21), then

D(p; f) is strong.
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Proof. Suppose (a,b), (c,d) € V(D(p; f)) are distinct and arbitrary. We construct a
directed walk from (a,b) to (c,d). We have

(a,b) = (z1, =b+ f(a, 1))
— (29,0 — f(a,z1) + f(x1,22))
= (x1, =b+ fla, 1) + 1+ [f(2,21) — f(21,22)])
= (22,0 = fla,21) = 1+ [f(x2,21) — flar, 22)] + fla1,22))
= (z1, =b+ fla, 1) + 2 [f(22,21) — [(21,72)])
= (2,0 = f(a,21) = 2 [f (22, 21) — flar, 22)] + f (21, 22))
— .
— (22,0 — f(a,21) — (k= 1) - [f (22, 1) — fz1, 22)] + f(21,22))

= (z1, =b+ fla,21) + k- [f(z2,21) — f(71,22)])

(Cv b— f(a7 xl) — k- [f(l’g,l’l) - f(l’l,l’g)] + f(l‘170>>
= (¢,d)

4

if and only if there exists a positive integer k for which

k- [f (g, 1) = fan,22)] = b= fla, 1) + f(z1,0) = d. (2.4)

Since a, b, ¢, d,x; € F, are fixed, the right-hand side of (2.4) is also a fixed element of
F,. Since f(z1,22) # f(22,21), it follows f(z2,21) — f(x1,22) is a basis of F,, and k
with the required property exists. Hence, any vertex in D(p; f) is reachable from any

other vertex, and so D(p; f) is strong. ]

We note that the argument of the proof of Theorem 2.1.5 can be generalized for
functions that have linked alternating sums of arbitrary even length forming a basis of
]Fé, and for arbitrary odd prime powers ¢. In the theorem we had a linked alternating
sum of length 2 which formed a basis of F,. If f is such that there exist le linked

alternating sums of even lengths which span Ff] = Fif, we show that D(g;f) is strong.

15



Theorem 2.1.6. Let p > 3 be prime, e be a natural number, and ¢ = p°. Let £: Fy x
F, — IFfI be such that there exist positive integers ty,... ,t., and x;; € Fy, 1 <1 <le,

1 < j < 2t;, for which the following le linked alternating sums of lengths 2tq, ... , 2t
o = f(iU1,1, .1'1’2> — f(.TLQ, .77173) + -+ f(xl,Ztlfl? ‘%172751) - f(xlﬂtl’ xlzl)’

ag = (21, x02) — f(222,23) + -+ -+ f(T200,-1, T221,) — £(@2,215, T21),

e 1= f(xle,la xle,Q) - f(xle,Z; xle,?:) +- f(xle,Qte—ly xle,Qtle) - f(xe,2t167 xle,l)a
form a basis of F, over F,. Then D(q;f) is strong.
Proof. We apply an argument similar to the one used in the proof of Theorem 2.1.5.

Suppose (a,b), (¢,d) € Fy x F, = V(D(g; f)) are distinct and arbitrary. As aq,... o

form a basis of Ffl over F,, and a, cand all z; ; € F,, 1 <1i <le, 1 < j < 2t; are fixed,

there exist ay, ... ,a. € Fp, such that
d= (—l)le“(alal — agg + -+ — AQree )+
+(—1)le+l(b —f(a,z11) +f(@11,200) — - + (@11, Tien)) + £(24e 1, €).
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We construct a directed walk from (a,b) to (¢,d). We have

(CL, b) — (ZL’Ll, —b + f(a, xl,l))
— (212, b —f(a,z171) +£(z11,212))

— (z13,—b+f(a,z11) — f(x11,212) + £(212,213))

— (x126, b —f(a,211) + (211, 212) — - + £ (@126,21, T12,))
— (z11,—b+f(a,z11) — f(x11,212) + - — £(@120 -1, T121,) + F(2120,, 711))

= (x11,—b+f(a,211) — 1)
— (z11,—b+f(a,211) — a10)
— (z21, b —f(a,211) + aroq + £(211,22,1))

— (222, —b+f(a,z11) — f(x11,221) —araq + £(221, 222))

— (@901, —b+f(a,x11) — f(x11,221) — arar + £(2oq, 222) — -+ + £(@2,21,-1, 291, )
— (291, b—f(a,z11) +f(z11,201) + a1 — f(x21,222) + - — (22001, Ta21, )+

+ f(22,26, 721))
= (221, b —f(a,2z11) + f(211,221) + G101 — a2)
— (x21,b —f(a,211) + f(211,221) + a101 — azaz)

— (xle,lu (_1)le(a1a1 — Q2009 + -+ aleale)+

+ (=D)'(b — f(a,z11) + f(x11,291) — -+ F(@1e—1.1, T1e1)))

— (¢, (=)' (aray — agay + -+ - — o)+

+ (=1)* (b — f(a, x11) + (211, 201) — - F E(@pe—11, Tie 1)) + £(24e1,0))
= (¢,d),
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and so (¢, d) is reachable from (a,b). Hence, D(q;f) is strong. O

At the end of this section we deal with fields of even characteristic p = 2.
Since Lemma 2.1.1 cannot be applied, we require that f itself satisfy (2.1), that is,
polynomials representing the defining functions f;: Foe — Foe, 1 < ¢ < [, contain

mixed terms only.

Theorem 2.1.7. Let e be a positive integer, £ = (f1,..., fi), fi: Fac — Foe for every
i, 1 <i<lI,d=dim{Im(f)). Assume that for any x € Fy,

f(z,0) =£(0,z) = 0.

Then the digraph D(2¢;f) has 2'¢=¢ strong components, each of order 2¢7¢. All strong

components are isomorphic.

Proof. By an argument similar to the one used in the proof of Theorem 2.1.3, part (i),

the vertex set of the component containing some vertex (u,v) of D = D(2%f) is
{(z,v+ (Imf)): z € Fa}.

From this we find that every strong component of D contains |Fae| - |(Im(f))| = 2¢+¢
vertices, and there are |Fb./(Im(f))| = 274 strong components. An isomorphism of
any two distinct strong components of D is exhibited by an argument similar to the

one in the proof of Theorem 2.1.3, part (iii). ]

2.2 Connectivity of D(q;m,n)

We apply the results of Section 2.1 to digraphs in which the only defining func-
tion is a monomial, i.e. to the case when f(z,y) = f(z,y) = 2™y", 1 < m,n < q— 1.
Obviously Theorem 2.1.3 applies to functions of this type.

The main idea in the analysis of connectivity of the graph D(q; m,n) is finding
(Im(f)) depending on the parameters m and n, which is done in Lemmas 2.2.1 and
2.2.2. The key observation here is Lemma 2.2.2 which essentially allows for a reduction

to the case m = n.
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We adopt the following notation throughout this section. In a field with ¢ = p

elements we define
g—1 p°—1
G = — = — for any e;e.
<pel__ 1 lﬁl__ 1

Let Ay be the set of k-th powers of all elements of the field, A} = A \ {0}. Let A,
denote the set {z™y": x,y € F,}, A5, , = Amn \ {0}. For any pair of integers m and
n with 1 < m,n <q—1,let d = (¢ — 1,m,n), the greatest common divisor of ¢ — 1,

m and n.

Lemma 2.2.1. Let g, be the largest of the g;’s dividing (k,q — 1). Then Fyes is the
smallest subfield of F, in which Ay, is contained. Moreover, Ay contains a basis for Fpes

over F,. So, in fact, (Ax) = Fpes

Proof. By definition, ¢, divides k so that &k = tg, for some integer t. Thus for any
x ey,

p—1

t
ok = gl = <:L‘P"‘s—1> € Fpes

by definition of the norm of an element of IF, over Fpe.. Suppose now that Ay C Fpe, & -

we have that |A}| divides |F,

Fpes so that e; < e,. Since Aj is a subgroup of F,,

that is, divides p® — 1. Write p% —1 =t - for some integer t so that

( e 1 K) ( ° 1 k)
(g—1,k)=t- = tq;, and a contradiction is obtained as ¢; > ¢s.

Clearly the span of Ay over F), is closed under addition and multiplication and
so is a subfield of IF,. Since we know Aj, is not contained in any subfield of F, smaller
than Fpe., it follows that the span is all of Fje. and therefore A, contains a basis of it

over [F,. OJ

Lemma 2.2.2. 4,,, = A,.

Proof. Tt is easy to see A;, , = A}, A;, and so

[ALIAL

A AL A = ———.
Al = 1454 = (R0
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Let F; be generated by some & so that A7, = (£47™) and so A7 | = (qﬂlm).

Also from elementary algebra (see Proposition 3.2.2) we know that if z is a generator
of a finite group, then for any integers m and n, (x™) N (z") = (x'm(™™))  That is,

Ar NAY = (€Y, where | = lem((m,q—1),(n,q—1)). We show that |A*, |A%], and

nl =
since in a cyclic group any two subgroups of equal order are equal, that would imply
Apn = Ag.

From (2.5) we find

q—1 . q=1
|A;¢;Ln| — (q_L(q_l?m))qil(q_lv(q_11”))
(qflvlcm((qflzm)(q*lvn)))
:(q_l)(q_1alcm((q_1>m)7(q_1>n))) (2 6)
(q - 17m) ’ (q - 17”)

Let M and N be such that ¢ — 1 = Mm = Nn. Let d = (m,n), so that m = dm’ and

7 = dn' for some integers m’ and n’ for which (m’,n’) = 1. Then ¢—1 = dm'M = dn' N
and (¢ —1)/d = m'M = n'N. As (m/,n') = 1, we have M = n’t and N = m/t for
some integer ¢t. This implies that ¢ — 1 = dm/n’t. For any integer a and b there holds
lem(a,b) = ab/(a,b), we have

lem((qg—1,m), (¢ — 1,n)) = lem(m,n) = lem(dm’, dn’)

dm'dn’ dm'dn’

= = = d ! I.
(dm',dn’)  d(m/,n’) mn
Therefore, (¢ — 1,lem(m, 7)) = dm/n’. Thus,
A :(q—l)dm’n’:q—lzq—lz qg—1
e mn d (m,m) (¢g—1,m,n)
Since A% is generated by £@59) we have
A% = q—1 _oq—-1 q—1 g —1

I (q_lv(q_lad)) (q_Ld) (q_17<q_1?m’n>) (q_l’mﬂl).
Hence |A}, | = |A}| and so A,,,, = Ag. O

Clearly, (Im(f)) = (Aq4), and the following is a straightforward application of
Theorem 2.1.3.
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Theorem 2.2.1. For the graph D = D(q;m,n), let g5 be the largest of the q;’s dividing
d. The following statements hold.

(i) The vertex set of the strong component of D containing some vertex (u,v) is
{(x,v+Fpes): z €F } U{(x,—v+Fpes): z € F }; (2.7)

in particular, D is strong if and only e, = e, that is, if and only if q; = 1 is the
largest of the q;’s dividing d.

(ii) The strong component containing vertez (0,0) is of order pt® ; all other compo-

etes pe s +1
2

nents are of equal order 2p°T¢. There are components.

(iii) All strong components of equal order are isomorphic.

Proof. We apply Theorem 2.1.3 with (Im(f)) = (A4) = Fpes. Also D is strong if and
only if Fpe. = Fy, that is, if and only if e; = e, which is equivalent to ¢; = 1. Thus (2.7)
is proved. The rest of the statements in the theorem follow directly from Theorem

2.1.3. O
At the end of this section we restate Theorem 2.1.7 for monomial digraphs.

Theorem 2.2.2. For the graph D = D(2°;m,n), let g5 be the largest of the q;’s dividing

d. Then the vertex set of the strong component of D containing some vertex (u,v) is
{(z,v 4+ Faes): & € Fae},

G has 2°7¢ strong components with 2°T¢ vertices in each. All components are isomor-

phic one to another.

2.3 General Remarks about Diameter

Theorem 2.1.3 describes conditions under which the digraph D(q; f*) = D(q;f)
is strong. When considering strong digraphs a natural property to consider is that
of diameter. Suppose for a graph D = D(q;f) the conditions guaranteeing that D is
strong are satisfied. As D is strong, we know that any vertex of D is reachable from

any other arbitrary vertex of D. Let us introduce the following notation: instead of
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(1,...,241) we will write an ordered pair (z1,b) where b = (x9,...1x,41). For any

walk of length k originating at (a,b) we have

(a,b) = (z1,—b + f(a,x1))
N (1;2’ b — f(a, 5(71) + f(ffla C(72))

= (zg, f(ap_1, ) — f(@p_0, xp—1) + -+ + (—1)k*1f(a, x1) + (—1)kb), (2.8)

where, by Definition 2.1.1, f(xy_1,2) — -+ - + (=1)*"'f(a, z1) is an alternating sum of
f of length k. In order to give an upper bound on the diameter of D one would have

to provide an upper bound on k, and find x;, 23, ...,z € F,, such that
{(Jfk, f($k_1,l'k) + -+ (—1)k_1f(a, ZB1) + (—1)kb): Ti1yeno. s Tk € Fq} = IFZH. (29)

While this problem seems hard for a general function f, in Section 2.4 we obtain some
results for the case when [ = 1 and f(z,y) = 2™y"™. We also obtain some results on

diameter when m, n are fixed and ¢ is large in Section 2.6.

2.4 Diameter of Monomial Digraphs
The following is the well-known Moore bound for the diameter of a general

digraph: see [1], p. 101.

Proposition 2.4.1. Let n, A and d be the order, the maximum out-degree and the

diameter, respectively, of a strong digraph D. If A > 1 and d > 1, then
d = [loga(n(A—1)+1)].
For D(q;m,n), A = q, n = ¢, and by Proposition 2.4.1 we obtain
diam(D(g;m,n)) > [log,(¢*(¢ — 1) +1)] > 2

for all ¢, m,n. The following argument shows that monomial digraphs have diameter

at least 3.
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Proposition 2.4.2. If D = D(q; m,n) is strong, then diam(D) > 3 for any parameters

m,n.

Proof. For any parameters m,n, we count the number of vertices in D that are at
distance at most 2 from vertex (0,0). Clearly (0,0) is a loop in D, and all other
vertices in its out-neighborhood are of them form N;((0,0)) = {(x,0): = € F}}. From

every one of the vertices in N;7((0,0)) there is an arc to (0,0). Therefore,

U N (@, 0)\ {(0,0)}] < (¢ — 1)

z€FY

Hence, the number of vertices in D which are at distance at most 2 from (0,0) is at
most 1+¢—1+(¢—1)>=¢*>— (¢ —1) < ¢®. Thus, there are vertices in D which are
at distance at least 3 from (0,0), which implies that diam(D) > 3. O

In several cases we can say more about the diameter of monomial graphs. Here

is one such instance.

Proposition 2.4.3. If m =1 or 7w = 1, then diam(D(¢q;m,n)) < 4. Ifm=n =1,
then diam(D(q;m,n)) = 3.

Proof. Let D = D(q;m,n) and (z,y) € V(D) be arbitrary. We show that there exist
directed paths to any vertex of D originating at (z,y) of length at most 3 or 4. It is
easy to verify that the 3-rd and 4-th out-neighborhoods of (z,y) are, respectively,

Ni ((z,y)) = {(23, —y + 22} — aTal + af'ah): 21, 20,25 € Fy},

Ni ((2,9)) = {(2a,y — 2™} + a0} — 2§y — a5'al): @1, 20, w,4 € Fy).

Suppose m = 1. Then A,, =F,. If z = 0, one may set x5, = 1, x5 = 0, so that
Ni((0,9)) = {(za, 27" +y): 21,24 € Fy} = Fy = V(D).
Likewise, if  #£ 0, one sets 7 = 0, x3 = 1, which yields

N ((z,9)) = {(za,y — 5" — 7)1 22,24 € F} =Fy = V(D).
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Suppose now that m = 1. If, in addition z = 0, one may set z; = 1, x5 = 0, so that
N{((0,y) = {(z, 25 +y): @2, 24 € F} =Fg = V(D).
If however = # 0, one sets xy = x3 = 0, which yields
N7 ((2.9)) = {(w1,y — 2™a2): a,4 € By} = F2 = V(D).

Finally, if m = m = 1, then set x5 = 1 for the case x = 0, and x5 = 0 if z # 0. For
these two cases, we have, respectively,
N;((an)) - {(l‘3,$g - ‘TT - y): x1,T3 € Fq} = Fg = V(D)7
N ((z,9)) = {(x3,2™a} — y): 21,25 € By} = Fp = V(D).
m
Later we will see that if the conditions of Proposition 2.4.3 are not satisfied, the
diameter of D(q;m,n) can be large.

Note that by Theorem 2.2.1 the graph D(p;m,n) is strong for all m,n, and we

have
Theorem 2.4.4. diam(D(p;m,n)) < 4p — 2.

Proof. Let D = D(p;m,n) and let (a,b) be an arbitrary vertex in D. We show that
there exists a walk of length at most 4p — 3 from (a, b) to any other vertex (u,v) in D.

From (2.8) with k& odd we need to show that the system

U = Tk,
(2.10)
v=—=b+a"a} —af'xy +ay'ay — - —aplap g+l oy
has a solution z1,... ,z, € F, with £ < 4p — 3. Let v’ be the unique integer between 0

and p—1 whose image under the canonical homomorphism ¢: Z — F,, is v+b. We take
k=4v+1andset 11 =0, x4 0 =1o451=1, x4 =441 =0forany i, 1 <i<ov' —1,
Tgpr—2 = Tgpr—1 = 1, Tgy = 0, Tyyy11 = x = u. Clearly such chosen (xy,... ,xy) satisfy
system (2.10); also k = 40" +1 < 4(p — 1) + 1 = 4p — 3. Note that a very similar

argument with &k even yields an upper bound diam(D(p;m,n)) < 4p — 2. ]
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We finish this section with the following conjecture. It is based on computational
data of the diameter of monomial digraphs and has been checked for all prime p,

3<p<A4l.

Conjecture 2.4.5. diam(D(p;m,n)) < 2p — 1 with equality if and only if m = n =

p—1.

2.5 Waring’s Problem over Finite Fields

Waring’s problem for rings asks the question: Given a positive integer £ does
there exist a positive integer s such that every element in a given ring can be represented
as a sum of at most s k-th powers? This was originally posed in 1770 by Waring for
positive integers and answered in the affirmative for integers by Hilbert in 1909. The
next obvious question once we know every element can be represented is: What is
the least number of summands needed? While these two questions are essentially
answered for integers by Small [25], in the finite field setting this second question is far
from settled.

Over a finite field [F,, the smallest s (should it exist) such that

k k k
$1—|-SL‘2+"'—|-ZU5=CY

has a solution in F; for all & € F, is called Waring’s number, denoted (k, ¢). Similarly
we define 6(k, q) to be the smallest s (should it exist) such that every element of F,

can be represented as sums or differences of s k-th powers, that is, such that

k e k
€177 + €2T5 + -+ + €T3 = @

is solvable in Fy for all @ € F, and all sequences {€1,...,€s}, where each ¢; is in
{~1,1} C F,. It is easy to show that v(k,q) = v(k, q) since the set of k-th powers in

[F, is the same as the set of [-th powers, where | = k = (¢ — 1, k). Thus we may assume
Kl(g—1).

The following theorem gives necessary and sufficient conditions for the existence
of v(k,q). It is also plain from this theorem that §(k,q) exists if and only if v(k, q)

exists. This theorem is essentially a restated version of Lemma 2.2.1.
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Theorem 2.5.1. The following are equivalent for any q = p® and k|q — 1:
(1) v(k,q) exists, that is, every element of F, is a sum of k-th powers.

(i1) Ay is not contained in any proper subfield of F,, that is, Ay contains a set of e
linearly independent elements over IF,.

(iii) |A%| does not divide p’ — 1 for any jle, j < e, that is, g;j does not divide k for
any jle, j < e.

The following inequalities relating v(k,q) and d(k,q), for any k, g such that
v(k, q) is defined, are obtained in Cipra [7]:

0(k,q) < v(k,q) < 2[2log,log, q]o(k, q).

Waring’s problem is an active area of research in additive combinatorics; see for exam-
ple papers Bourgain, Chang [4], Bourgain, Glibichuk, Konyagin [5], Cipra, Cochrane,
Pinner [8] and Cochrane, Pinner [9]. A number of upper and lower bounds of v(k, q)
exists. For a survey of results see [7].

A result from the theory on Waring’s number that we will use in the next section
provides very small bounds of v (k, p) for p sufficiently large relative to k. These results
follow from the classical estimates of Weil [28] and Hua, Vandiver [16]; see [7] for a

detailed discussion of them.

Theorem 2.5.2. Forp > (k — 1)32%1, we have y(k,p) < s. In particular,

¢

2, p > k?,

v(k,p) < 4 3, p> k3,

|1+ log(b)/Tog(@)], p> (1+ )k

Note that as p approaches k? this bound tends to infinity. A stronger upper
bound, namely,

v(k,p) < |32logk] +1 for p > k?,

was obtained in Dodson [11].

26



2.6 Bounds on Diameter for Large Prime p
In this section we give a number of applications of Theorem 2.5.2. These results
establish upper bounds on the diameter of the monomial digraph D(p;m,n) when p is

large relative to m,n.
Proposition 2.6.1. If p > min{m* n*}, then diam(D(p;m,n)) < 7.

Proof. By (2.9) we need to show that the system

u = 2y,
v o= -y + ol — ol + ol — g + el +
has a solution (z1,...,z7) for every pair (u,v) € ]FZ%. If p > nt set 2y = 24 = 1,

xr3 =1x¢ =0, so

v=—xy + x5+ 1. (2.11)

By Theorem 2.5.2, v(n,p) = 2, and so (2.11) is solvable for any v € F,. Likewise, if

p>mt set vy =24=0, 23 =126=150
v=uay —xg +u" (2.12)
is solvable for any u,v € F, since in this case y(m,p) = 2. ]
A similar result can be obtained under less strict conditions.
Proposition 2.6.2. If p > min{m3 n3}, then diam(D(p;m,n)) < 10.

Proof. Following the pattern of the proof of the previous proposition, in (2.9) with
k=10,set 21 =24 =27 =0and a3 =26 =29 = 1L if p > m3; set ; = 24 = a7 = 1
and x3 = w6 = 19 = 0 if p > n®. In the first case we have v = —a5" + 2" — 27" + u".
In the second case we have v =z — 27 + 2§ — 1. Note that in either case v(3,p) < 3,

and so both equations are solvable for any u,v € [F). O

By the remark after Theorem 2.5.2, a better bound could not be obtained by
an argument of this type, i.e. one cannot obtain a bound for p > min{m? n?} through

the same approach.
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Proposition 2.6.3. diam(D(p;n,n)) <6 for p > n*.

Proof. By (2.9), we need to show that the system

u = g,

v o= xfwy — x5y + TRy — ryrs + r5ag — oy,
has a solution (1, ... ,x¢) for every pair (u,v) € F3. Setting 2 = 25 = 0 and z3 = 1,
we get v = —zy + 27 which is solvable for any v € F,, as y(n,p) = 2 if p > n*. O

Even though we mostly concentrated on obtaining upper bounds on the diameter
of digraphs D(q;m,n), some results from the theory of Waring’s problem over finite
fields can yield lower bounds for the diameter of these graphs. In fact, there exist

monomial digraphs with arbitrarily large diameters.

Theorem 2.6.4 ([8]). Let t := Z1 be the number of k-th powers in the multiplicative
group of the field ). For t = 3,4 or 6, there hold the bounds

V2k =1 < y(k,p) < 2VE.

For instance, if p =97, t =3, m=n=Fk = p%l = 32, v(k,p) = v(32,97) > 9,
and by a computer verification we found that diam(D(97;32,32)) = 9.

2.7 Bounds on the Diameter of D(q;1,n)
In view of Proposition 2.4.3 it is plain that the following bounds hold for the
digraph D(q; 1, n):

Proposition 2.7.1. For any n, diam(D(q;1,n)) < 4. If, additionally, m = 1, then
diam(D(q; 1,n)) = 3.

A stronger result, however, may be obtained using some techniques from alge-
braic geometry. It turns out that only for a finite number of prime powers ¢ is the
diameter of D(q;1,n) actually 4. We apply the Hasse-Weil bound, a major result from

the theory of algebraic curves over finite fields, in order to estimate the diameter of the
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digraph D(g¢;1,n). The Hasse-Weil bound provides a bound on the number of points
on a curve over a finite field. If the number of points on the curve C' of genus g over

the finite field IF, is #C(F,), then

[#C(Fy) — (¢ + 1) < 29:/q. (2.13)

For a discussion of this technique and proofs we refer to [15] and [24].

Our main result in this section is the following:

Theorem 2.7.2. Let p be an odd prime, e be a positive integer, ¢ = p° and assume

that p does not divide n. If ¢ > n*(n — 1)?, then diam(D(q;1,n)) = 3.

Proof. Let (a,b) be an arbitrary vertex of D(q;1,n). To show that any other vertex
(u,v) is reachable from (a, b) via a path of length at most 3, we need to show that the
system

u = x3,

v o= —1x5 + T +az — b
has a solution. We may set b = 0. If u # 0, then clearly (x1,zs,23) = (0,vu™", u)
is a solution. If, however, u = 0, then the existence of a solution of this system is
equivalent to the question of determining whether the function f: Fg — I, given by
f(z1,22) = —x125 + az? is surjective for any a € F,.

We prove that f(z,y) = ax™ — xy" is surjective as a function f: IFg — IF, for all

sufficiently large prime powers ¢ and all @ € F,. We may assume a # 0 since the case

a = 0 is trivial. For an arbitrary { € I, consider the equation
ax" —xy" — &£ =0. (2.14)
The corresponding projective curve is the zero locus of the homogeneous polynomial
F(X,Y,Z)=aX"Z — XY" — 2",

We find
aF n—1 n.
8_X = anX Z — Y 3
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Looking at the partial derivatives and using the fact that p does not divide n we see that

= —nXY"

=anX" — (n+1)2".

they vanish simultaneously only if X =Y = Z = 0, so the curve has no singularities.
Furthermore, it has exactly two points on the line at infinity Z = 0, namely [1: 0 : 0]
and [0:1:0].

By the genus-degree formula, the genus of a non-singular plane curve given by
a degree k equation is ¢ = (k — 1)(k — 2)/2. Taking k¥ = n + 1 (our case) we have
g = n(n —1)/2. Let N, be the number of F, -rational points on the curve given by
(2.14). Then, by (2.13),

[Ny = (¢ +1)] <294
This gives us a lower bound N, > ¢+ 1—2g,/q for our curve. Let N (&) be the number

of solutions (2.14). Counting for the two points at infinity we end up with a lower

bound
N(§) >q—1-29/.
Clearly, N(§) > 1if ¢g—1—2g,/q > 0. The latter is true if ¢ > 4¢g® = (n*—3n+2)%. O
The following table shows the diameters of digraphs D(g; 1,n) for some ¢ > 3

and certain values of 1 < n < ¢ — 1. For most of these graphs the diameter is still

equal to 3; in all exceptional cases it is equal to 4.
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Table 2.1: Diameters of digraphs D(q; 1,n) for certain values of n.

(m,n) q exception q <
1) 1000
(1,2) 5 00

(1,3) 19 2000
(1,4) 9, 17 920
(1,5) 1500
(1,6) 13,19,25.37,73 900
(1,7) 197 2000
(1.8) 17 1000
(1,9) 1000
(1,10 A1 1000
(1,11 243 1000
(1,12 17,19,25.37,49,73,97,289.433, 577 1000
( 677 2000
( 29,197 1000
( 19,151,181 1000
( 193 1000
( 3000
( 25,37,73,109,163 1000
( 1000
( 41,81,101,151 1000
( 127,197 1000
( 89 1000
( 1000
( 37,49,73,97,109,193,257,289,433,769,1009,1153 1500
( 1000
( 53,157 1000
( 163 1000
( 113,169,197 1000
( 1000
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(m,n) q exception q<
(1,30) 37,41,61,73,101,121,151,181,271 1000
(1,31) 1000
(1,32) 1000
(1,33) 199,243 1000
(1,34) 137 1000
(1,35) 197 1000
(1,36) 49.73,97,109,163,289 1000
(1,37) 1000
(1,38) 1000
(1,39) 1000
(1,40) 81,101,151,193 1000

(1,210) 271,281,337,361,379,421,491,541,601,631,701,751,757,841,883 1000

2.8 Bounds on the Diameter of D(p;1,2)
In this section we consider D(p; 1, 2) for arbitrary odd primes p. Our main result

can be stated as follows.

Theorem 2.8.1. For odd prime p # 5, diam(D(p; 1,2)) = 3, while diam(D(5;1,2)) =
4.

As was noted earlier, in order to obtain an upper bound on the diameter of
a monomial digraph, one has to show that a certain polynomial function in a finite
field is surjective or, equivalently, that a certain polynomial equation in a finite field is
solvable. This is proved in Lemma 2.8.1 where we apply elementary number-theoretic
techniques such as certain properties of Gauss and Jacobi sums. All of the facts and
techniques used in this section can be found in Ireland, Rosen [17] and Berndt, Evans,

Williams [2].

Lemma 2.8.1. If p > 7 is a prime, then the function f(z,y): IFZQ) — F, given by

f(z,y) = ax® — xy* € Fy|x,y] is surjective for any a € F,.
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Trivially the statement holds for a = 0 and so assume from now on that a # 0.
Let us restate the lemma in the following equivalent way: if p is an odd prime,
p > 5, then the equation f(z,y) = t has a solution for every ¢ € [F,. This latter
equation is evidently quadratic with respect to x and so, for a solution to exist, for
every t € F, we must have y* + 4at € 0,, where [J,, is the set of all squares in F,. If

ta~! € O, then clearly (z,y) = (2,0), where 2% = ta™*

, is a solution of f(z,y) =t. So
assume from now that ta™' ¢ O, and, therefore, 4at ¢ J,. Let n = 4at. Note that if
¢ =1 (mod 4), then —n ¢ 0J,, while if ¢ = 3 (mod 4), then —n € 0,. Thus we have

explained that Lemma 2.8.1 is equivalent to the following

Lemma 2.8.2. If5# p =1 (mod 4), for every n ¢ O, there exists y € F,, such that
y* €O, +n. If p=3 (mod 4), for every nonzero s € O, there exists y € F,, such that
yte O, +s.

Proof. Note that the case p = 3 (mod 4) is trivial: let r be such that 7> = s. Then
if r € O, let u be such that u> = r and set y = w; if —r € O,, let u be such that
u? = —r and set y = u. In both cases y* =0+ s € [, + s.

Let us now proceed to the case p = 1 (mod 4). We need to prove that every
non-square n can be written as n = z*+y? for some z,y € F,. We consider the number
N = N(2* + y* = ¢) of solutions of this equation and argue it is positive. We have

N:=N(@'"+y*=c) = Z N(z* = a)N(2* = b).
atb=c
By Proposition 8.1.5 in [17], N(2" = a) = 3 .__ x(a), where n|(p — 1), ¢ is the trivial
character and the sum is over all multiplicative characters of order dividing n. From
the proof of this proposition it follows that such characters are €, x, X2, ..., X" with

x(g) = e*™/™ for some generator g of F. Then

N=Y {ixwiv(m},

a+b=c \ k=0 7=0
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where \ and y are characters on [, of order 2 and 4, respectively, so that A(g) = —1

and x(g) = i. Define @’ = ac™! and ¥/ = bc™! so that @’ + ¥ = 1. Then

P IRPRUTE) U] B wp o EHLEH Il

/+b/
where J(x,\) = > ,,,—1 X(a)A(b) is a Jacobi sum. By Theorem 1 on p. 93 in [17],
J(e,e) = pand J(x,e) = 0 for any nontrivial character x. Thus

N = p+Zx T ) = —1—X(C){J(X,X2)—J(X3,X2)}-

The values of these Jacobi sums are also known. We refer to [2] for a complete calcu-
lation of them. If p = 1 (mod 4), then p = a? + b* for some integers a and b. If we
further require a,b > 0, a be odd, b be even, then such a representation is unique. In

2] it is proven that J(x, x?) = a + bi and J(x3, x*) = a — bi. Hence
N=p—1-=2x(c)bi.
Since ¢ ¢ 0, we have ¢ = g* for some k = 1,3 (mod 4) and therefore x(c) = 44. Thus

p—1+2b, k=1 (mod4)
N —
p—1—2b, k=3 (mod4)
Sinceb<\/ﬁ,pz7>3—1—2\/§>5guaranteesp—1—26>0. This ends our proof. [

We now can prove Theorem 2.8.1.

Proof. Consider an arbitrary vertex (a,b) of D(p;1,2), p > 5 prime. A walk of length

3 originating at (a,b) will have its final vertex in the set
A={(zy* +ax®* —b—zy®): z,y,2 € F,}.

We show that A = F2, that is, we show that given any vertex (u,v) € V(D(p;1,2)),

we can find z,y, z € F,, such that

U=z,

v =yz? +ar? —b— xy?.
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If u # 0, set (x,9,2) = (0,u2(b+v),u). If u # 0, by Lemma 2.8.1, az? — zy? is a
surjective function from IFIQ? to FF,, for every a € F,, and so the equation v = az? —b—xy?
has a solution z,y for every v € F,. The statement of the theorem now follows from
Proposition 2.4.2.

In the graph D(5;1,2) the shortest directed path between vertices (1,3) and
(0,0) is of length 4. Finally, a computation shows that diam(D(3;1,2)) = 3. O]
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Chapter 3

ISOMORPHISMS AND AUTOMORPHISMS OF MONOMIAL
DIGRAPHS

A natural question arises when dealing with our algebraically defined digraphs:
when are two such digraphs isomorphic? Of course they must be of the same order, so
we certainly need the number of defining equations to be the same for each graph. Is
there a way to decide this matter by simply looking at some property of the defining
functions? In general this seems to be a difficult question. In this chapter we focus on
a special case, the case when both digraphs are defined in terms of one function only.
We will further specialize by requiring that each function be a nonzero monomial of
two variables. In fact, we can restrict our exploration to monic monomials, meaning
functions of the form f(z,y) = ™y", by noting that an isomorphism from D(q; z™y")
to D(q;ax™y") (with a € F}) is clearly given by (v,y) — (z, ay).

One way to determine whether two digraphs are isomorphic is to choose a di-
graph property and show that one digraph satisfies this property while the other does
not. In our case we will concentrate on the number of certain subdigraphs in each
digraph.

This approach was successfully used in [27] and [10]. In [27], the number of
4-cycles was a graph invariant sufficient to settle the question about isomorphism of
bipartite monomial graphs BI'(q; m,n) := BI'(¢; 2™y") for m,n fixed and ¢ sufficiently
large. In [10] this result was strengthened for all ¢ by concentrating on the number of
subgraphs isomorphic to the complete bipartite graph K,;, where s and ¢ were chosen
depending on m and n. Unfortunately, we have not found a single family of digraphs

which would play a similar role for monomial digraphs D(q; m,n). In this chapter we
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present some results of our investigation of the isomorphism question, both theoretical

and computational ones. The main result of this investigation is the following

Conjecture 3.0.2. Let q be a prime power. The digraphs D(q; m1,n1) and D(q; mg, ns)

are isomorphic if and only if there exists k, coprime with ¢ — 1, such that
me = kmy; mod (¢ — 1),

ny = kny mod (¢ —1).

3.1 Simple Results on Isomorphisms and Automorphisms
For any integer k, let k be the greatest common divisor of k& and g — 1. We start

this section from the proof of sufficiency of Conjecture 3.7.1.

Theorem 3.1.1. Let q be a prime power and k be an integer coprime with q — 1.

Suppose that 1 < mqy,ny, ma,no < q — 1 are integers satisfying the relations
my = kmy mod (¢ — 1),
ny = kny mod (¢ —1).
Then D(q;my,n1) = D(q; ma,ns).
Proof. Let (z1,x2)(y1,y2) be an arc in D(q;my,n;) so that zo + yo = x"y}"*. Define
the mapping ¢: V(D(q;m1,n1)) — V(D(q; ma,n2)) via the rule
¢: (x,y) = (2", ).

As k is coprime with ¢ — 1, ¢ is bijective and we check that ¢ preserves adjacency and

non-adjacency. We have
O((21,22)) = (27, 22),
o((y1,92)) = (ylfa?h),
so that

To+ Yo =27 Y = (xlf)mQ(ylf)nQ

Hence, ¢((z1, 72))8((y1. y2)) = (a5, 22)(y, ) is an arc in D(g;ma, nz), and ¢ is indeed

an isomorphism from D(q;mq,ny) to D(q;ma, ns). H
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The following two corollaries are of interest.

Corollary 3.1.2. If m =1 and mn’ =n mod q — 1, then D(q;m,n) = D(q;1,n/).
Proof. In Theorem 3.1.1, set m; = m, ny = n, my = 1, ny = n’. Also set k =

[m™1],_1, the inverse of m modulo ¢ — 1, which exists as T = 1. The result follows

immediately. [l
Corollary 3.1.3. Ifniny =1 mod (¢ — 1), then D(q;1,n1) = D(g;no, 1).

Proof. As (¢ — 1)|(niny — 1), no prime divisor of ¢ — 1 divides n; and so i3 = 1. The

result now follows directly from Corollary 3.1.2. O
Proposition 3.1.4. If m+n =0 mod (¢ — 1), then D(q;m,n) = D(q;n,m), and an
isomorphism is defined via the rule

-1

Y), ifx #0,
0,9), if v = 0.

Proof. Let D = D(q;m,n), D' = D(¢;n,m), and let ¢: V(D) — V(D’) be defined as

(z,y) — .

in the statement of the theorem. Clearly ¢ is a bijection. Let (x1,x2), (y1,y2) € V(D)
and suppose there is an arc in D from (x1,23) to (y1,42). If 1 = 0 or y; = 0

then trivially ¢((z1,22))¢((v1,y2)) € E(D'). If 23 # 0 and y; # 0, we still have
o((71,22))9((y1,92)) € E(D') since

oo+ = 2y = 2"y = (ar) ()™
Hence ¢ preserves adjacency and is an isomorphism from D(q;m,n) to D(g;n,m). O

Remark 3.1.5. The converse of Proposition 3.1.4 is not true, i.e. digraphs D(q;m,n)
and D(q;n,m) can be isomorphic while m +n #Z 0 mod (¢ — 1). By Corollary 3.1.3,
the digraphs D(17;1,7) and D(17;7,1) are isomorphic, and one isomorphism between
them is given by the rule (z,y) — (z7,y). By the same corollary, the digraphs D(9;1,5)
and D(9;5,1) are also isomorphic, and one isomorphism between them is given by the

rule (z,y) — (z°,y).
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Concerning automorphisms of D(g;m,n) we have the following proposition.

Proposition 3.1.6. For any a € F;, the mapping ¢o: (x,y) = (ax,a™"y) is an
automorphism of D(q;m,n). In particular, the group of automorphisms of D(q;m,n)

contains a cyclic subgroup of order q — 1 generated by ¢,, where (g) = F.

Proof. The mapping ¢, is trivially bijective; also if there is an arc from (1, x2) to
(y1,y2), there is an arc from ¢, ((z1, 22)) = (az1, a™ ™ x3) to ¢a((y1,y2)) = (ayi, a™ ™ ys).
Thus ¢, preserves adjacency. Clearly (¢,) is a cyclic group of automorphisms of

D(q;m,n). ]

3.2 Auxiliary Results and Notation

In the following, (m,n) denotes the greatest common divisor of two integers m
and n. By I,,(a), m € Z, a € F,, we denote {z € F,: 2™ = a}. We write I,,, for I,,(1).
Note that Iy = ;. Let £ be a generator of the multiplicative group F; of the finite
field F,. As in Section 2.2, A, = {z": z € F,}, A} = A, \ {0}.

The following four propositions are well-known elementary results on cyclic

groups. See Dummit and Foote [12] for details.

Proposition 3.2.1 ([12], p. 57). If G is a group, and x € G of order o(x) = n, then

o(z™) = (n?—n) for any m € Z.

Proposition 3.2.2. If G is a group and x € G, m,n € Z, then (x™) N (z") = (2!,
where | = lem(m,n).
q—1

Proposition 3.2.3. Ay < T} with A}, = ({™) = (€™ and |AL| = —.
m

Proposition 3.2.4. A* N A* = (€'Y = (¢}, where | = lem(m, n), and so |A%, N A*| =
-1
=

Proposition 3.2.5. || =m, and

—1 —1 q¢—1
q q ¢—-1,

I,=( m \={l,6 m & m .. &m }



Likewise, for any a € A}, |I,(a)| =m; moreover, if x € I,,,(a), then

In(a) = {xeg, xeq, ... ;xema}, =6 M | 0<i<m-—1L.
Proof. From Proposition 3.2.3, {z": x € F,} = {2™: x € F,}, and so |I,,| = |Im| < ™.
Clearly, & i g I, for i, 1 <i<m —1, and all these are distinct. Hence
I.| =™, and I,, = (¢ T ).
The same argument can be applied to prove the rest of the proposition. O
Proposition 3.2.6. We have
I, N I,| =(q¢g—1,m,n) = (m,n).

Proof. Let M and N be such that ¢ — 1 = Mm = Nn. Let d = (m,n), so that
m = dm’ and m = dn’ for some integers m’ and n’' for which (m’,n’) = 1. Then
q—1=dm'M =dn’N and (¢g—1)/d=m'M =n'’N. As (m’,n’) = 1, we have M = n't
and N = m/t for some integer ¢. This implies that ¢ — 1 = dm/nt. Thus,

—1 —1
Q_ — 't q ot
m n
This yields
—1 g—1 "tm/t
lcm(qf, qf) e lcm(n/t7 m,t> = & = m'n't.
m n (n't,m't)

Hence,
;1 q;l cmq—flél
L 0 I = [(€5) N (€T )] = [(€lmt )
B g—1 B qg—1 _q—1 dm'n't
(g 1,lem(EL, =)y (g —1,m/t)  mn't  m/n't

]

Proposition 3.2.7. The number of elements a in ¥ for which the system of equations

™ = 2" = « has a solution is

m—n
| L N 1|
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Proof. 1t for some z € F;, 2™ = z", then 2™ = 1 and z € I,,,. Let ¢ be a

homomorphism defined on I,,,_,, via z — z". Then
kerp={x € l_pn: 2" =1} = I, N I,.

By the first isomorphism theorem,

Im-n| = m—n

F*| 3 Ff: 2™ =2" = = = )
H{a € q\ rel, x al kero| Lo

]

Proposition 3.2.8. For any given a € F;, the set {x € Fy: 2™ = 2" = a} is either

empty or contains |I,, N I,| = (m,n) elements. That is, for any o € F,
[ () N 1 (@) € {(m, ), 0}

Proof. If there exists z € F, such that 2™ = 2" = «, then any other element y of
the field with the same property satisfies (%) = (%) = 1. Choose any such x and
tel,NnI, and set y = tx. ]

3.3 Number of Small Cycles
In this section we give formulas for the number of cycles of length 1 (loops), 2

and 3, and some formulas for the number of cycles of length 4.

Proposition 3.3.1. The digraph D(q;m,n) has q loops for any q and any m,n.

m+n

Proof. Suppose first that ¢ is odd. If (z,y) is adjacent to itself, then y = 27z
Hence any vertex of the form (z,27'2™™™) 2z € F,, is a loop. If ¢ is even, then the

only vertices that have loops on them are those of the form (0,y), y € F,. O]

Proposition 3.3.2. If q is odd, then the number of 2-cycles in the digraph D(q;m,n)
s given by

%q(q —1)(2+m—n).
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Proof. Counting the number of 2-cycles in D(g;m,n) is equivalent to counting the
number of solutions of the system

Ty + Y2 = 21'YY, (3.1)

Ty +y2 = 21Yy"
subject to constraint (xy,z2) # (y1,v2). If 191 = 0 consider three cases: 1) if x; =0
and y; # 0, then y; can be choses in ¢ — 1 ways, x5 in ¢ ways and we obtain a solution
corresponding to the 2-cycle of the form (0, z2) — (y1, —22) (or its reverse). There are
q(q — 1) of them; 2) if x; # 0, y; = 0, then the same counting argument applies; 3) if
x1 =1y, = 0, then x5 can be chosen to be any element of JF:;, and Yy, = —x9. Overall we

have
qq—1)+ql¢g—1)+q—1=(2¢+1)(¢g—1)

solutions for which z;y; = 0.
If 211 # 0, then (3.1) yields (zyy,)™™ = 1. Let z = z19,". The equation

m=" =1 has precisely d := m — n solutions z, z € I,,,_,,. If z =1, then x; = y;, and

z
there are ¢ — 1 choices for their common value. One then chooses x5 in ¢ — 1 ways
such that ys # x5 is determined uniquely. Thus we obtain (¢ — 1)? solutions in the
case z = 1. If 2 # 1, choose y; € F}, in ¢ — 1 ways, vy € F, in ¢ ways, and then y, is

determined uniquely. Thus for every z € I,,, \ {1}, there are ¢(¢ — 1) solutions.

Overall there are
(=12 +1)+ (-1 +qd=1)(g—1) =q(¢g—1)(2+4d)

solutions of (3.1). The total number is half of this quantity as vertices (x,z2) and

(y1,y2) can be swapped. 0

Proposition 3.3.3. If ¢ is odd, the number of 3-cycles in the digraph D(q;m,n) is
given by

1 -

3ala= D=2 +(@-1(g-m-n-1)
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Proof. Suppose that three vertices (x1, z2), (1, y2) and (21, 29) form a 3-cycle in D(q, m,n).
Then

.
_ o—1 m,n m N m o n
Tog =2 (xl Yy + 2t — iy,

yo = 27N (@Y} + ey — 2al), (3:2)

_o=1(,, m.n m,.n m, n
zp = 27 (Y2t + 2T — aPyr),

\

so that the choice of the first coordinates x1, y; and z; uniquely determines the second
coordinates s, Yo and zs.

If the first three coordinates are distinct, then there are ¢(q — 1)(q — 2) ways to
choose an ordered triple (x1,y1, 21).

Suppose that, say, x1 = y; # 21. Then clearly x; # 0, since otherwise xs = o
and x; = y;, and the two vertices are not distinct. The same argument shows that
21 # 0. Since 11 = 1, we have to ensure that xy # 1, that is, that (z,2;')™ ™ # 1.
This implies z12; ! & I,_n, U {0}. One may choose z; € [y in ¢ — 1 ways, and a value
for z12; ' in (¢ — (d+ 1)) ways, d = m — n, so that the number of solutions of this type
is (¢ — 1)(¢ — d — 1). The other two cases, x1 = 21 # y; and y; = 21 # 1 are dealt
with similarly.

If (1, 22), (y1,y2) and (21, 22) are a solution of (3.2), then any permutation of
order 3 on these vertices results in the same 3-cycle. Hence the number of 3-cycles of

D(q;m,n) is as claimed. ]

Counting the number of 4-cycles in the general graph D(q; m,n) seems to be a

hard problem. We count it only in certain particular cases.

Proposition 3.3.4. If q is odd, the number of 4-cycles in the digraph D(q;q—1,q—1)
15 given by

i(g— D(g=2){alg=3) + (¢ = D*(a +2)}.
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Proof. Assume vertices (ag,as), (b1,b2), (c1,¢2) and (dy,dy) are the four consecutive
vertices of a 4-cycle in D = D(q;q—1,q—1). This translates into the following system

of equations:
.

as + by = (albﬂq*l,

bater = (et 33)

co+dy = (c1dy)i™H,

\dz + ag = (dlal)qil-
Assume first that none of aq, by, ¢; or dy is 0. Then the right-hand sides above are

trivially 1’s, and the system has a 1-parameter solution
<a27 b27 Ca, d?) = (a2> 11— a2, as, 1— a2)-

If as = 271 and so a; = 1 — ay, then we must have ay, by, ¢; and d; all distinct. If,

however, a; # 271, then it is enough to require a; # ¢; and b; # ¢;. There are

T (=)= 2( = 3)(— ) + (g Dla— 1a~2?)

cycles of this type where division by 4 corresponds to counting unordered 4-tuples.
If some two of the first coordinates ay, b1, ¢; or dy equal 0, it is easy to see that
system (3.3) has no solutions. So suppose now that a; = 0, but the other three first

coordinates by, ¢; and d; are nonzero. System (3.3) again has a 1-parameter solution
(a'27 b27 Ca, d?) = (a27 —ag, I+ az, _a2)'

If aa = —27% and so 1 + ay = —as, then we require that by, ¢; and d; all be distinct.

If, however, as # —271, then we only require that b; # d;. There are

410 (- 1)(a - 2)(a - 3) + (¢~ Vg~ Dia— Dlg—2)}

cycles of this type. Division by 4 corresponds to counting only unordered 4-tuples while
multiplication by 4 accounts for 4 possible choices for a zero first coordinate. Taken

together the number of 4-cycles in D(q;q — 1, — 1) is

i<q = D(a—2){alg = 3) + (¢ - 1)*(q+2)}.
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Proposition 3.3.5. If m = 1, then D(q;m,m) has no 4-cycles.

Proof. Assume vertices (ai,az), (by,b2), (c1,¢2) and (dy,dy) are the four consecutive
vertices of a 4-cycle in D = D(q;m,m). This translates into the following system of

equations:
.

as + by = (arby)™,

by + co = (bicy)™, (3.4)

co +dy = (c1dy)™,

(d2 +az = (dyaq)™.

This system only has solutions if (a* — ¢*)(b7* — d*) = 0. If, say a]* = ", then
m = 1 implies that a; = ¢;. But then as = cy. Likewise, if b]* = df*, then b; = d; and
by = dy. Hence system (3.4) has no solutions satisfying the restriction that (ai,as),

b1,b9), (c1,c9) and (d;, ds) be distinct. O
( J Y ? 9

3.4 Looped Paths in D(gq;1,n)

For any positive integer k we define a looped path of length k to be a directed
path of length k£ in which every vertex is adjacent to itself.

Although we could not find an explicit formula for the number of looped paths
of length k in D(q; 1,n), we have a simple way of computing them based on the number
of roots of a certain polynomial equation, which can be easily done by a computer. It
gives us a convenient invariant for verifying isomorphism between digraphs D(q; 1,n)
and D(q;1,n) by a computer. It was used together with other invariants to arrive
at Conjecture 3.7.1. Another feature of this invariant is that it gives a graph theory
approach of proving that certain polynomials over finite fields have equal number of
roots.

Let (a,z) be the tail and (b,y) be the head of a looped path of length 1 in

D(g;1,n). Since there is a loop on each of these vertices, z = $a"t!, y = $0"*!, and
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a4+ 0"t = 2ab". Clearly a # b, and none of them is zero. It follows that ¢ is a root
of the equation

" —2t4+1=0 (3.5)

different from 1.

Let F'(n) be the number of roots of this equation different from 1, so 0 < F(n) <
n. It follows that the digraph D(q;1,n) has (¢ — 1)F(n) looped paths of length 1, as
the choice of a root of (3.5) and a choice of a determine b uniquely.

Assume now that (a, 3a™™), (b, 20") and (c, 3¢™™) are three distinct consec-

utive vertices of a looped path of length 2. Then

a4 ot = 2ab™,

bt 4 et = 2bc,

where abc # 0 and a, b and c are all distinct. It follows from this system that the ratios
¢ and ¢ are both roots of (3.5) different from 1.

Suppose both § and l—c’ are equal to the same root ¢ different from 1. Clearly,
a # band b # c. We claim that a # ¢, for otherwise it follows that t> = 1. Clearly,
t = —1 is not a root of (3.5), and if ¢t = 1, it follows that a = b = ¢. This case yields
(¢ — 1)F(n) looped paths of length 2.

Suppose § =t1 # ty = g, where t; and ty are roots of (3.5) with ¢1,t5 # 1. We
again need to ensure that a # c. If a = ¢, then t;t; = 1. As t?“ —2t1+1 =0 and
g7 ot 41 = 0, it follows that 77! = 1, and so £2 — 2¢; +1 =0, or t; = 1.
Therefore a # ¢ and this case yields F(n)(F(n) — 1)(¢ — 1) looped paths of length 2.
Hence there are F'(n)?(q — 1) of them in D(g; 1,n).

The following proposition gives additional information about the roots of (3.5).

Proposition 3.4.1. The polynomial T(t) = "' — 2t + 1 has no multiple root over
any finite field F, for n > 1.
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Proof. We verify that T and its formal derivative 7"(t) = (n + 1)t" — 2 are coprime,
that is, that (7',7") is a constant polynomial. Assume by contradiction that (7),7") is
of degree at least 1. If p|(n + 1), the result follows immediately. Otherwise note that

(n+1T(n) —tT'(t) = —2nt +n+ 1.

If p|n then the result follows immediately. Otherwise (T',7”) is of degree 1 and has %
as its root. This implies that 7(%L) = 0 or, equivalently,

(n + 1)n+1

G =2 (3.6)

Let r(n) = ("(J;}L);H — 2. Clearly r(1) = 0. It is easy to check that

n+1)""(In(n+1) —Inn — In2) <0

oy
r(n) = (2n)"

for n > 1. Thus T'(%) # 0 for n > 1, and a contradiction is obtained. O

We tried to count the number of looped paths of length 1 and 2 in digraphs
D(gq;1,n) in order to prove Conjecture 3.7.1 in the case m; = my = 1. The idea
looked promising especially in light of Proposition 3.1.2. Numerous computer verifi-
cations however showed that these invariants cannot distinguish digraphs D(q;1,n4)
and D(q; 1,n2) when nyny =1 mod (¢ — 1) which we conjecture are never isomorphic
unless ny = ns. Indeed, the following proposition explains why the two invariants are

not discriminating enough.
Proposition 3.4.2. Ifn; -ny =1 mod (¢ — 1), the equations
tmtt 2t 41 =0, (3.7)

et —2t+1=0,

have equal number of roots in IF,,.

Proof. This proof is due S. De Winter [29]. Define the sets S, and S, as follows:

Spy i={x €F,: f(z) =™t — 224+ 1 =0},
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Spy i ={x €F,: f(z) =2™ —22+1=0}.

We prove that S, and S,,, have the same cardinality.
As ¢ — 1|jnyny — 1, it follows that no prime divisor of ¢ — 1 divides n; or na,

hence (¢ — 1,n1) = (¢ — 1,ny) = 1. This implies that the mappings
pi By — Fo, o T8 i =mnq,

are bijections. It is easy to verify that for any z € S,,, 2" 1g(z™™) = 0, and so
g(z=™) = 0. Consequently p,,, when restricted to S,,, is an injective map from S,
into S,,. In exactly the same way p,,, when restricted to S,,, is an injective map from
Sh, into Sy, . Hence we have established a bijection between S,,, and S,,,, proving both

sets have the same cardinality. O]
We now give a graph-theoretic proof of Proposition 3.4.2.

Proof. By Proposition 3.1.3, the digraphs D(q;1,n;) and D(g;ng, 1) are isomorphic.
Recall that the converse of a digraph H is a digraph obtained by reversing the directions
of all arcs in H. Let us denote H® the converse of any digraph H. Let H be a subdi-
graph of D(q; 1,n,) isomorphic to a looped path of length 1. Note that D(q;1,ns) can
be obtained from D(q; no, 1) by reversing the directions of all arcs, that is, the two di-
graphs are the converses of each other. Thus, the number of subdigraphs in D(g¢; 1, ns)
isomorphic to H equals the number of subdigraphs in D(g;ns, 1) isomorphic to H°.
Trivially, H = H° Hence, D(q;1,ny) and D(g;ng,1) have equal number of subdi-
graphs isomorphic to H, which is equal to the number of subdigraphs in D(g¢;1,n)
isomorphic to H. By an argument above, a digraph D(q;1,n) has (¢ — 1)F(n) subdi-
graphs isomorphic to H. Thus, F'(n;) = F(ny), and the corresponding equations have

equally many roots. O

3.5 Number of K,5’s in D(¢;m,n)
As was discussed at the beginning of this chapter, one idea to determine whether

two given digraphs D(q; my,n1) and D(q; ma, ns) are isomorphic could be to count the
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number of certain subdigraphs in these two digraphs. In particular, of special interest
are such subdigraphs of D(gq;m,n) whose number can be expressed explicitly as a
function of its parameters m,n. We believe that this can be done for any subdigraph of
D(q; m,n) isomorphic to a complete bipartite graph K, in which all arcs are directed
from the vertices of the partition of size s to the vertices of the partition of size t.
Let us denote this digraph by ?S,t. We remind the reader that for two undirected
bipartite monomial graphs BI'(q; m,n) and BI'(¢;m/,n") considered in [27] and [10], it
was possible to determine s,¢ > 2 such that the equality of the number of copies of K
in these graphs completely determined whether they were isomorphic. There it was
possible since these numbers were computed explicitly. Unfortunately, we are unable
to compute the number of copies of ?s,t in monomial digraphs D(q; m,n) for s, t > 2.
Below we present the computation for the number of copies of 7()272 in D(q;m,n),
the only case we have succeeded so far. This computation was useful in determining
non-isomorphisms of some pairs of monomial digraphs.

Throughout this section, for any two integers m and n, by (m, n) we denote the
greatest common divisor of m and n.

Let x = (x1,22), Yy = (y1,¥2), 2 = (21, 22), W = (w1, ws), be the vertices of any

subdigraph of D(q;m,n) isomorphic to ?22 such that
deg’(x) = deg”(y) = deg ™ (z) = deg™ (w) = 2.
Throughout this section this digraph will be denoted by [‘(}2,2'

Theorem 3.5.1. In the graph D(q;m,n), q odd, the number of subdigraphs isomorphic

to ?272 (with a particular orientation of arcs described above) is given by

1

— (g—1 .
Ay aICRE (3.8)

{q3|Im_nﬂIn| <|]m|+|ln|—2)+q2|]m_nﬂ]n| <1—|Im||]n|>+qllm_nﬂln| <9+|Im|(|ln|—5)—5|ln|>

2/ | (=342 L+ En VLl T OVl +2 D [= 2 I+ L = o [ T )
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_4|Im M In||Im—n|(_2 + |Im| + |[n| - |]m||[n| + |]m N In|> }

Proof. 1f x, y, z and w are as above, then

.

To+ 20 = a2,
Ty +wy = zwT, (3.9)
Y2 +20 = yi'zy, .

[ Y2 +wy = yi'wy,

and also x; # y; and z; # w;. It is easy to check that this system has a solution if and
only if

"t =yt or 27 = wy. (3.10)

From this system we find the second coordinates s, 1o and 25 expressed through the

free parameter ws:

— M, 1
Lo = T Wy — Wa,
o = —af Al g — ws, (3.11)
z9 = a2l — x'wy + we.

Note that the first coordinates are either all distinct, or exactly three of them
are equal, or there are exactly two equal pairs among them. Clearly all of the first
coordinates could not be equal. We treat the three possible cases separately.

A. The first coordinates x1, y1, z1 and wy are all distinct.

In this case the second coordiantes can assume any values in [F, provided that
they satisfy system (3.11). We therefore count the number of ordered 4-tuples that
could be the first coordinates of the 4 vertices of a subdigraph of D(gq; m,n) isomorphic
to 7()22.

We further subdivide condition (3.10) in the following subcases and give the
number « of the 4 first ordered coordinates in each of them.

Case 1. 2" =y, 27 # wi.

If 21 # 0 consider the following subcases.

Case 1.1. 27 =y} = 2}
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a = (g =1)([In 0 Inf = D)([n] = 2)(g = [1n])-

Case 1.2. z # y}, o7 = 27

a = (g = V)({Im| = [Im O L) ([n] = 1)(g = [In] = 1).
Case 1.3. 2 # y7, yi = 27.

o = (q - 1)(|Im| - |Im N ]n|)(|]n| - 1)(q - |In| - 1)
Case 1.4. 2 £ yl, & # 21, yi # 241

@ = (¢ = V)([In] = [Im N La])(g = 1 = 2[Ln])(g = [1n] = 2).
Case 1.5. 2] = yi # 2}

a=(¢=1)(Ln NI = 1)(¢ = 1= La])(g = [In] = 2).
If z; =0, then we have a = (¢ — 1)(| 1] — 1)(¢ — 3).
Case 2. 27" # y7, 2] = wi.

This case is symmetric to the previous through the bijection
(m,n,z,y,z,w) = (n,m, z,w, x,y).

Case 3. 27" = y", 2] = w}.

Case 3.1. 2] = yi = 2] = wi.

a = (g =1)([In N Lo = (| = 2)(Ln] = 3).
Case 3.2. 2] = yi # 2 = wY.

a=(q=1)([In N In| = 1)(g = 1= [La])([n] = 1).
Case 3.3. 2 # y7, 27 = 27 = wi.

a = (g = V)([In] = L O L) ([n] = ([ Ln] = 2).
Case 3.4. o] # yi, yi = 27 = wi.

@ = (¢ = V)([Im| = L O L) ([n] = 1) ([Ln] = 2).
Case 3.5. I? 7é y7117 IE’? 7& 27117 y? 3& w?

a=(q =1 ([m| = Im N Ln])(q = 1 = 2[L|)(|1n] = 1).
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Since the free parameter ws in (3.11) can be chosen to be any element of F,,
and the first coordinates were counted as an ordered 4-tuple, the overall number of

subdigraphs of D(q;m,n) isomorphic to ?22 in case A is given by

iqm—n{q2<|zm|+|fn|—2>—q(|fm|<|fn|+4>+4|zn|—9)+|fm|+|fn|+5|fm|un|—2|1mmn|—5}.
(3.12)

B. There are exactly three distinct first coordinates among x1, y1, z1 and w;.

Without loss of generality let us assume that x; = 2z; and y; # w;. We will have
to ensure that xo # 29 for otherwise x = z.

Condition (3.10) yields three possible subcases:

Case 1. o' = y", a7 # wi.

By (3.11), condition @, # z; translates in this case to wy # @7"(w} — 327). That
is, there is only one forbidden value for the free parameter ws.

We further subdivide condition (3.10) in the following subcases and give the
number « of the 4 first ordered coordinataes in each of them.

Case 1.1 2} =y} # w}

a = (g = 1[Im0 In| = 1)(q = [In]).

Case 1.2 27 # y7, yi = w}

a = (g =1 ([Im] = m N 1) (g = [1n])-

Case 1.3 27 # y7, yi # w}

a = (q = 1)(m| = m O Ia])(g = 2|1n]).

Therefore the number of digraphs in Case 1 is
(q— 1)2{(\1m1 —1)(q = o] = 1) + |y N | — 1}. (3.13)

Case 2. z7" # yi", o} = wf.

This case is symmetric to the previous through the bijection

(m,n,x1,y1, w1) = (n, m, 1, w1, y1).
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The only forbidden values for the free parameter ws is %x{’”" So we have the following

number of graphs:
(q— 1)2{(|1n| —1)(q — L] = 1) + [Ln N I,| — 1}. (3.14)

[ m n __ n
Case 3. z7' =y, 27 = wl.

In this case we have x5 = 25 if and only if wy = %1{””, and so there is only one

forbidden value for ws.
Case 3.1. 2" = z7.

Let a = 27" = 2. By Proposition 3.2.7, there are

m—n
| L N 1

a € F, for which the equation a = 27" = 7 is solvable. Fix any such a and consider
the following subcases:

Case 3.1.1. 71 € I,(a) N I,(a), y1 € Iy(a) \ I.(a), wy € L,(a) \ Ln(a).

Choose z; in |1, N I,| ways; yy in |I,| — | I, N L,| ways; wy in |I,| — |1y 0 1y
ways.

Case 3.1.2. x1 € I,,(a) N I,(a), y1 € L,(a) \ I,(a), wy € I,(a) N I(a).

Choose z7 in |, N I,,| ways; yy in |1,| — | L, N [,,| ways; wy in |L,, N I,,| — 1 ways.

Case 3.1.3. z1 € I,,(a) N I,(a), y1 € L(a) NI, (a), wy € I,(a)\ In(a).

Choose zy in |1, N 1,,| ways; vy in |I,,, N [,| — 1 ways; wy in |I,,| — |1, N I,,| ways.

Case 3.1.4. x1,y1,w; € I,(a) NI, (a).

Choose x1, y1 and wy in (|, N 1) (| I N 1| — 1) (|1 N 1| — 2) ways.

Case 3.2. o' # 7.

Choose z; € FZ\[m,n ing—1—|I,_,| ways. As z; # 0, we may set r = ;’j—i and
s = +. Clearly the choices of r and s determine y; and wy, respectively, uniquely once
x1 is chosen. Consider the following subcases. We have r € [, \ {1} and s € [,, \ {1}
and need to ensure that r # s since otherwise y; = wy.

Case 3.2.1. r€ I, \ I,, s € I, \ I.

The pair (r, s) can be chosen in (|1,| — |In N In|) (| 1] — I N I,]) ways.
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Case 3.2.2. re€ I,,N1,, s € I, \ I,.

The pair (r,s) can be chosen in (|1, N I,,| — 1)(|1n| — |Im N I,,|) ways.
Case 3.2.3. r € I, \ I, s € I, N I,.

The pair (r,s) can be chosen in (|1,| — |In N 1n])(| L N 1| — 1) ways.
Case 3.2.4. r,s e I,,N1,.

The pair (r,s) can be chosen in (|1, N I,,| — 1)(|1,n N I,] — 2).

Overall, in Case 3 the number of subdigraphs we have is

W—D{ﬁf%%%HUﬁﬂhH@—LﬂhzM}UHM—UﬁﬂhDOhk4%HUﬁﬂhF4XUA—®-
(3.15)
C. There are exactly two distinct first coordinates among x1, y1, z1 and wy.
Let us assume that 7 = z; and y; = w;. Since x; = z; and y; = w;, we must

ensure that xo # 29 and y, # we. By relations (3.11),

To = 29 & x]'W] — wy = 272 — 2w + Wy

1
_.m,n m,.n
@wg—xlyl——xlxl.

2

Similarly,

— m. n m, n m . n _
Yo = Wo <= —X] 2) + Xy Wy + Y 2; — Wy = Wo

1 m_.n m,_.n m _.n
®w2:§(—$1 ot + 'y +ylal).

We now find conditions under which these values are equal. After simple algebra we
conclude that
PPy — gt = o~ af'yl + )
if and only if
o'y = 'y (3.16)

Case 1. " = yi*, o} # y7.
In this case condition (3.16) is not satisfied, and there are two forbidden values

for w,.
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Since z; # y1, we have z; # 0, y1 # 0. As (z1y; )™ = 1 and (29, )" # 1,
we have that z1y;* € I, and x1y;* & I,. Thus, 21y;" € I, \ I,. Recall that by
Proposition 3.2.5, I,, = m. We have |I,, \ I,| = |Iu| — |, N I,,| choices for zy;".
We can choose y; in (¢ — 1) ways and x1y; " in |I,,, \ I,,| ways; z; is then determined
uniquely.

We have therefore
1
S (1l = 1 N L) (@ = (g = 2) (3.17)

corresponding subdigraphs. Note that division by 2! corresponds to a choice of x; and
y1 as an unordered pair.
Case 2. =" # y", 7 = yI.

This case is symmetric to the previous and we therefore have

i (I = 15 Bl (g = (g~ 2) (3.15)

corresponding subdigraphs.

Case 3. z1' = y{", 2] = y7.

We have that xlyfl € I, and xlyfl € I,, and so xlyfl e I, N 1,. Note that
1€ I,N1I, but if z;97" =1, then z; = ;. Thus z19; " can be chosen in |1, N I,| — 1
ways, y1 in ¢ — 1 ways; x; is then determined uniquely. Note that in this case condition
(3.16) is always satisfied meaning that there is only one forbidden value for ws.

We have therefore

%(\Imﬂfn\ ~1)(a-1la-1) (3.19)

corresponding subdigraphs.
Summing the expressions in (3.17), (3.18) and (3.19) we obtain the total number
of subgraphs of this type:

1

51 1){@ = 2) [l + 1l = I OV Il = 1] + [ O L] = 1}. (3.20)

Summing the expressions in (3.12), (3.13), (3.14), (3.15) and (3.20), we obtain,

after simplification, formula (3.8). O

95



3.6 Reduction to the Bipartite Case

In Section 1.3 we mentioned undirected bipartite graphs BI',, which were intro-
duced in [21]. In case when there is only one incidence function which can be repre-
sented by a monomial 2y" we denote this graph by BI'(¢;m,n). In [10] an isomor-
phism criterion for BI'(¢; m, n) was proven: two graphs BI'(q; my,n;) and BI'(q; ma, n2)
are isomorphic if and only {7,771 } = {2, M2} as multisets.

Our goal is to prove the following theorem. Together with the aforementioned
result it will give us necessary conditions on the pairs (m,n), (m’,n’) for which mono-

mial digraphs are isomorphic.
Theorem 3.6.1. If D(q;m,n) = D(q;m’,n'), then BI'(q;m,n) = BI'(¢;m/,n’).

We use the following construction to obtain a bipartite undirected graph BI’
from a digraph D. For V' = V(D) we consider two copies, namely, V; and V5, such that
x € V corresponds to 1 € V4 and x5 € V5. Consider a bipartite undirected graph BT’
with V; and V5 being its vertex partitions and the edges defined as follows: For every
arc (u,v) € A(D), we create an edge {u1,v,} € F(BI') and no other edges in BI" are
created. Note that this construction is 'well-defined’ in the sense that the information
about the direction of arcs is retained, and there is a natural bijection between A(D)
and F(BT).

We now prove Theorem 3.6.1.

Proof. Let ¢ be an isomorphism from D = D(q;m,n) to D' = D'(¢;m’,n’) mapping
vertex v to vertex v'. Let BI' = BI'(¢;m,n) and Bl = BI"(q;m/,n’). Let V =V (D),
V' = V(D'), and let V(BT') = V; UV, and V(BI”) = V/ U VJ be the corresponding
partitions of the vertex sets. Let {uy,vo} € E(BI') so that (u,v) € A(D). Let (v/,v") =
(p(u),p(v)) € A(D'), and so {u},vh} € E(BI'). Let ¢: V(BI') — V(BI”) map a; to
ay and by to bY for every a; € V; and every by € V5. Trivially ¢ is an isomorphism from

BT to BI". [l
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3.7 Partial Proof of Conjecture 3.7.1 for p > 2

In Section 3.1 we proved the sufficiency of Conjecture 3.7.1. Although we believe
that the converse of Theorem 3.1.1 is true, we are only able to prove it under some
restrictions.

Suppose we are given two monomial digraphs Dy = D(p;m,ny) and Dy =
D(p; ma, ny) which are isomorphic. An isomorpism ¢ from D; to Dy can be written in

a general form
¢: (z,y) = (f(z,y),9(z,9)), (3.21)

where f,g: F2 — F,. It is well-known (see for example Lidl, Niederreiter [22]) that
any such function can be expressed as a polynomial, so f,g € F,[z,y]. In each of these
polynomials the degree of both x and y is at most p — 1.

The central idea of the proof we present below is to show that both f and g¢
are monomials in x and y, respectively. Unfortunately, we were unable to prove this
in a general setting (when both f and g are polynomials in z and y), and so we will
additionally assume that there exists an isomorphism ¢ from D; to D, in which f

depends on x only. No additional restrictions on g are imposed.

Theorem 3.7.1. Let ¢ = p > 2 be prime and 1 < my,ni,ma,ny < p— 1 be integers.
Suppose that Dy = D(p;mi,n1) = Dy = D(p;ma,ng). Assume moreover that there
exists an isomorphism ¢: V(Dy) — V(Ds) of the form (3.21) in which f depends on x
only. If my # ny or mg # no, then there exists an integer k, coprime with p — 1, such
that

m1 = kms mod (p—1),
ny = kny mod (p—1).

Proof. Without loss of generality assume that m; # n;.
To retain some generality we will present our arguments for the case when f

depends on both z and y and use the restriction that f depends on x only when needed.
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The isomorphism ¢ is defined by f € F,[z,y] and g € F,[x,y| such that the
equations

To +yo = 2"y, (3.22)

g(w1,m2) + g(y1,92) = f(@1,22)"™ - f(y1,92)™ (3.23)

are equivalent. We stop to note the following;:

Proposition 3.7.2. If f and g are defined as in (3.21), then for every (a,b) € Fi there
are precisely p pairs (x,y) € IF?D such that f(x,y) = a, g(x,y) = b. In other words, both

f and g take on each of their values at exactly p distinct points.

Proof. As ¢(x,y) is a bijection on F2, the system

must have a solution for every pair (a,b) € IF]%. Fix a certain a and let b vary through
all of F,. That way we can find p distinct solutions (x;,v;), ¢ = 0,...,p — 1. Note
that for every i we have f(x;,y;) = a, so that these are p distinct points at which f
takes on some arbitrary value a. Assume that for some (z*,y*) different from each of
the (x;,y;)’s we have f(z*,y*) = a. As g(x;,y;) runs through all of F,, we must have

g(x*,y*) = g(x;,y;) for some 7. Fix this ¢ and consider
contradicting to the choice of (z*, y*). O

From (3.22) it follows that yo = z{"'y* — z5. Substituting this into (3.23) we

get

g(z1,m2) + gy, oY1t — x2) = for, 22)™ - f(yr, 27"y — 22)™. (3.24)

o8



This latter equation must be satisfied for all arbitrary x;, 5 and y;. Now let (z1,x2) =
(a,b), where (a,b) is some point for which f(a,b) = 0, and take y; = ¢t. Then (3.24)
yields

g(a,b) +g(t,a™t™ —b) =0, VteF,. (3.25)

On the other hand, from (3.22) zy = 27"y — yo. Similarly, taking =1 = t, (v1,y2) =
(a,b) in (3.24) we get

g(a,b) +g(t,t™a™ —b) =0, Vtel,. (3.26)
Hence, (3.25) and (3.26) yield
g(t,a™t™ —b) = g(t,a"t™ —b) = —g(a,b), VteT,.
By Proposition 3.7.2, we conclude that letting ¢ run through all of I, the set
{(t,a™t"™ —b), (t,a™ t™ —b)}

has only p elements. Hence, a™t™ —b = a™'t™ — b for all t € F,,. Since my # n;, this

implies a = 0. We use this observation to state the following:

Proposition 3.7.3. If ¢ is an isomorphism between D(p;mq,ny) and D(p;msg,ns)
defined as in (3.21), then f(a,b) = 0 if and only if a = 0. Thus, f(z,y) = xfi(z,y)
for some fi € Fy[x,y] with deg, fi < p—2.

Proof. We already showed that f(a,b) = 0 implies a = 0. Also, we know that f takes

its value 0 at p points. Hence, b must run through all of F,,. O
Proposition 3.7.4. g(t,—b) = —¢(0,b) for all t and all b in F,.
Proposition 3.7.5. g(z,y) = ygi1(x,y).

Proof. Write g(z,vy) = yg1(z,y) + g(x). By Proposition 3.7.4, taking y = 0, we obtain
g(x,0) = g(z) = —g(0,0) for every x. Assuming that the degree of g(z) is at most
p — 1, we conclude that g(x) is a constant polynomial. Also, taking both = and y to

be 0, by the above claim we get that g(0,0) = 0. The result follows. O
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Proposition 3.7.6. g1(t, —b) = ¢1(0,b) for every t and every b # 0.
Proof. Substitute g(z,y) = yg1(z,y) in the expression for g(¢, —b) in Proposition 3.7.4:

It follows that b[g, (t, —b)—g1(0,0)] = 0. If b # 0, the claimed result follows immediately.
]

Proposition 3.7.7. g(z,y) = apy + asy® + -+ + ap_gypfz-

Proof. Write gy(z,y) = xhy(z,y) + ha(y) for some polynomials hy and hy. Now for all
t and all b # 0 we have

g1(t, —b) = thy(t,—b) + hao(—b) = ¢1(0,b) = ha(b).

Fixing ¢t = 0 and varying b € IF; we conclude that hy(b) = ha(—b) for all b # 0. Since
deg(hs) < p —2, it follows that hy(y) = ZEZES)/Q as;y* for some constants a;. In other
words, hy(y) may only contain those terms with even powers of y.

On the other hand we know that for every ¢ and every b # 0, thy(t,—b) = 0.
Assume from now on that ¢ # 0. Then, hy(t, —b) = 0 for all ¢,b # 0. Write hy(z,y) as

hy = hy(x,y) = cp,g(y)ycp*2 + cp,g,(y)acp*3 + -+ e(y)r+ co(y),

where these ¢;(y) are polynomials of y of degree at most p — 2. Substituting = € I}, we

obtain a linear system

172 -3 ... 1! 10 cpa(y)
2op—2 2op—3 . 21 20 ‘ Cp72<y) 0
(p—1P2 (p—1p2 -+ (p-1" (p—1)° co(y)

This is a Vandermonde type system and none of the entries are 0. So it follows that
¢i(y) = 0 for any i. Also, since deg(c;) < p — 2 (which eliminates the possibility
that ¢;(y) = y*~' — 1), ¢;(y) = 0 for any ¢ and any y. Thus, hi(z,y) = 0 for all
(z,y) € F2. O
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From the proof it follows that
9(x,y) = aoy + asy® + - - - + ap_3y” >,

where the coefficients a;’s were defined by hs(y) above.

We now have that for all x1, y1, o,

g(x2) + g(—2o + 2" y") = 27 yy* fr(w1, £2)™ fr(yr, —22 + 27"y )™,

Using the fact that f, and therefore f;, depends on x only, we rewrite the last equation

as
g(z2) + g(—zo + 27"y ) = 272y fr(x)™ fi(yr, )™

Set xo =z, 1 =y; = 1. Then
g(x) +9(1—z)=C, Vu,

where C' € F, is a constant. For any r, 1 < r < p — 2, the coefficient of z*, for

T

7). By [2*] we denote the coefficient of z* in the

any integer k, in (1 —z)" is (—1)%(
expansion of g(x) + g(1 — z). We equate all [z*] to 0 for & > 0 even:

It follows that as = a4 = -+ = a,_5 = a,_3 = 0, and so g(y) = agy for some ay # 0.

Therefore
9(x2) + g(—z2 + 2T'y") = apz" Yo"

Hence,

0# ag =ax™ ™My"2™™M fi(x)™ f1(y)"?, Vx #0, Vy #£0. (3.27)
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It follows from (3.27) that for any = € 5,
g™ ()™ =c#£0 and  a2™T™Mfi(x)"? =cy # 0. (3.28)

If m; = mo and n; = ne, then the proof is complete, and so we may assume, without
loss of generality, that m; # msy. Set

Mo — My if me > My,

d —
p—1—(my —my) if mg <my.

Then d > 0, and by (3.28), z¢f1(x)™ = ¢ # 0 for all x # 0. It can now be easily seen
that, as a polynomial, 2% f;(x)™ induces the same function on F, as cz?~'. Conse-
quently, we have the polynomial identity z%f;(x)™ = ca?~! mod (2P — x). Note that
if the reduction of fi(x)™? by modulo 2 — x has at least two terms, then so will the
reduction of x¢f;(x)™2. Hence, the reduction of fi(x)™ is a monomial which implies
that f; has a zero constant term. The proof that f; is a monomial can now be done
by induction on its degree.

Let fi(x) = box! for some integer [, 1 <[ < p—2and by € ]F;‘,. It follows from
(3.27) that
ma—mitlmy _ f¢

x 1,

Q:nzfnﬁrlnz — K2
for some constants Ky, Ky € F, and any = € F;. From this we conclude that
me —my +Ime =0 mod (p—1),
ng —ny+1Ing =0 mod (p—1).

Taking k = [ + 1 we note that f(z) = byx*, and so we have k = 1. The proof is now
complete. O
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Chapter 4

CONCLUSIONS

The question of connectivity of D(g;f) is now settled for prime powers ¢ in case
when g = h, where, for all z € F,, g(z) = f(z,0) — £(0,0) and h(z) = £(0,z) — £(0,0).
By Lemma 2.1.1, in this case we only need to study strong connectivity of D(q;f*),
where, for all x,y € F,, f*(x,y) = f(z,y) —g(z) —h(y) —£(0,0). Theorem 2.1.3, which
heavily uses the fact that £*(z,0) = £*(0,z) (= 0) for any x € F,, gives a complete
description of strong components of D(q;f*) and the number of them. The case g # h
was only solved (see Theorem 2.1.5) for ¢ = p prime. In the general case of g # h
and ¢ primer power, one cannot argue that D(q;f) = D(q;f*). We believe that the
question of strong connectivity of this case is related to the properties of functions g
and h. In the general case, however, we prove that if f has linked alternating sums of
even lengths that span F, then D(¢;f) is strong (Theorem 2.1.6).

Some bounds on the diameter of monomial digraphs D(q;m,n) were obtained
in Section 2.6. All of them follow from small absolute bounds on the Waring’s number
v(k, p), given in Theorem 2.5.2. It would be interesting to further investigate what other
results on diameter of D(g;m,n) one can get using methods of additive combinatorics.

In Chapter 3, we addressed the question of classifying monomial digraphs D(q; m,n)
into isomorphism classes. Our main idea was to find a suitable set of digraph in-
variants as functions on the parameters ¢, m and n. Unfortunately no such set of
invariants was found, but further investigation in this direction may be continued.
Our computational experiments prompted Conjecture 3.7.1, which we prove under cer-
tain restriction in Section 3.7. One such restriction was the assumption that if an
isomorphism ¢: V(D(p;my,n1)) — V(D(p;ma,n2)) maps a vertex (z,y) to a vertex

(f(z,y),9(z,y)), where f,g € F,[z,y], then, in fact, f depends on x only. It would be
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interesting to see if this restriction can be lifted. It would be interesting as well to see
if the technical condition that m; # ny or mgy # ns, used in the proof of the conjecture,

can be avoided.
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Appendix
SOME SAGE AND MAGMA CODE

Here we present some basic programs used in sage and Magma to build and ex-
plore the algebraically defined digraphs presented in the thesis. The following program
is the basic code for constructing the digraphs. It is self-explanatory. This partic-
ular program constructs the digraph D(25;f), where f = (f1, f2): F3; — F2., and
filz,y) = 2%, fa(z,y) = 2%y

ko ook ok ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk skskokokokok ook kokokoskoskosk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok ok ok okok
#This is the basic code to build the algebraically defined

#digraph over a finite field with incidence functions £f2,...,fn.
ok sk ok sk ok sk ok ok s ok sk ok ok s ok ok ok sk ok ok K sk ok ok sk ok ok s ok ok ok s ok ok ok sk ok ok K sk ok ok ok ok s ok ok K

#Field characteristic

p=>5
e = 2
#Field order
q=pe

#Construct finite field of order 25 wtih primitive element xi
F.<xi> = GF(q)
#Assign parameters for functions f_i(x,y) = x™m * y’n

ml =1
nl = 2
m2 = 3
n2 = 4

#Construct the vertex set

V = [(x,y,2z) for x in F for y in F for z in F]

#Construct the digraph

D = DiGraph([V, lambda x,y: x[1] + y[1] == (x[0])"ml * (y[0])~"nl and\
x[2] + y[2] (x[0])"m2 * (y[0])"n2\

D
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Computer system sage has a variety of tools to work with both undirected and directed
graphs. The following command returns the number of strong component of a digraph

D :

ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok 5k ok ok ok ok ok ok ok ok ok 3k ok ok 3k ok ok 3k ok ok ok ok ok ok ok ok ok ok ok ok ok >k >k 5k >k >k 3k >k %k %k

#Number of strong components of a digraph D
Fokokokok ok sk ok koo ok sk ok stk ok stk ok stk ok stk s ok stk ok stk ok skokok ok ok

len(D.strongly_connected_components())

The following command returns the component containing some vertex (z,y, z) of D.

ok ok ok sk ok ok sk ok ok sk ok ok sk ok ok sk ok ok sk ok ok sk ok ok ok ok ok ok sk ok ok sk ok ok sk ok ok sk ok ok sk ok sk sk ok ok ok ok ok ok ok ok ok sk ok ok ok

#Return component containing vertex (x,y,z) of D
5k ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok sk ok ok ok ok ok sk ok sk sk sk sk sk sk ok ok ok ok sk sk sk sk sk

D.strongly_connected_component_containing vertex((x,y,z))

The following command returns the diameter of a digraph D.

ok ok ok sk ok ok sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok >k %k

#Return diameter of D
ok ok ok ok ok ok ok sk ok ok s ok ok sk ok ok sk ok ok sk ok ok ok s ok ok s ok ok sk ok ok sk ok ok sk ok ok sk ok ok s ok ok sk ok ok sk ok ok sk ok ok sk ok ok

D.diameter()

The following code constructs a digraph D(121; f), where f is a random polynomial in
Fy91[z, y] of degree at most 5 having 7 terms.

ok sk ok ok sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok sk ok sk sk sk sk ok sk ok sk sk sk ok sk ok sk sk sk sk sk sk sk sk sk sk sk sk ok sk ok ok ok ok ok ok ok
#Construct a digraph $D(121;f)$, where f is a random
#polynomial in \F_{121}[x,y].

sk sk ook ok ook ook ok sk sk sk sk sk sk sk sk sk sk ok ok ok skttt sk sk sk sk ok sk ok ok ok ok ok sk sk sk sk sk sk sk sk sk sk ok ok ok ok ok ok

p =11
e =2
q=pe

#Construct finite field of order 121 wtih primitive element xi
F.<xi> = GF(q)

#Construct vertex set

V = [(x,y) for x in F for y in F]

#Construct bivariate polynomial ring with indeterminants x and y
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R.<x,y> = PolynomialRing(F)

#Construct random polynomial of degree at most 5 with 7 terms requested
f = R.random_element (degree = 5, terms = 7)

#Construct D(121;f)

D = DiGraph([V, lambda x,y: x[1] + y[1] == £(x[0],y[0]) 1)

We also show how to construct monomial digraphs in Magma. The following code

constructs digraphs D(149;9,11) and D(149;67,73) and tests them for isomorphism.

[/ sksk sk ok sk sk ok sk ok sk sk sk sk sk sk ok sk sk sk sk sk sk sk ok sk sk ok sk sk sk sk s sk sk sk ok sk sk sk sk sk sk sk ok sk sk ok sk sk ok
//Construct digraphs D(149;9,11) and D(149;67,73)

//and test them for isomorphism
[ /K H A A AR A A A A KKK K K o K o K o K ok K ok K ok Ko K o Ko K o KKK KoK KoK ok

q := 149;

//Finite field

F := FiniteField(q);
//Vertex set

V := {[x,y] : x,y in F};
//one graph

ml := 9;
nl := 11;
D1 := Digraph< V | { [x,y] : x,y in V | x[2] + y[2] \

eq ((x[11)"m1)*((y[1])"n1) } : SparseRep := true>;
//another graph
m2 := 67;
n2 := 73;
D2 := Digraph< V | { [x,y] : x,y in V | x[2] + y[2] \
eq ((x[11)"m2)*((y[1])"n2) } : SparseRep := true>;

IsIsomorphic(D1,D2);
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