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ABSTRACT

Classification is a fundamental problem in machine learning and has wide range

of applications. In this dissertation, we introduce and study the likelihood and Bayesian

probability transformations on feature variables of the binary classification problem.

We systematically investigate their theoretical properties and associated benefits when

applied in many machine learning topics, algorithms, and applications.

In the first part of the dissertation, we define the likelihood and Bayesian prob-

ability transformations and study their theoretical properties. The transformations

are then used to improve confusion-matrix based classification performance measure

characterization, ROC curve, and cost-sensitive analysis. In particular, we propose a

unified framework for all existing classification performance measures and show that the

transformations lead to dominant performance measurements and efficient threshold

calculations, guaranteed concavity of ROC curve, and milder assumptions for cost-

sensitive analysis.

The second part of the dissertation focuses on two major extensions of the bi-

nary classification problem. Extension 1 introduces an ambiguous region in the binary

classification problem, which usually requires collecting additional information for a

classification decision. We obtain optimal ambiguity thresholds under various perfor-

mance measures and cost-sensitive environments. Extension 2 proposes a dynamic

ensemble of two binary classifiers. We show that the ensemble dominates both compo-

nent classifiers in terms of the ROC curves and also verify the dominance numerically

and empirically by using Lending Club data.

The last part of the dissertation applies some of our proposed classification tech-

niques in consumer lending. We develop a consumer lending optimization system by

x



taking risk and pricing sensitivity in a holistic view to determine customers’ risk cat-

egory and pricing. We numerically demonstrate the enhancement of the optimization

system over the popular risk-based pricing currently used in lending industry.

xi



Chapter 1

INTRODUCTION

1.1 Background

Machine learning refers to the capability of a model to improve its own perfor-

mance automatically from experience and by the use of data without being explicitly

programmed (Mitchell, 1997). It does so by utilizing a statistical model to make deci-

sions and integrating the result of each new iteration into that model. The model, in

essence, is programmed to improve through trial-and-error iterations. Machine learn-

ing models traditionally fall into three broad categories: supervised, unsupervised, and

reinforcement learning. Supervised learning is characterized by using a labeled dataset

to train algorithms to make predictions in contrast to unsupervised learning, where

instances in the training dataset are unlabeled (Kotsiantis et al., 2007). Reinforce-

ment learning is a subarea of machine learning to study how software agents ought to

take actions in an environment so as to maximize some notion of cumulative reward

(Das et al., 2015). Majority of machine learning applications are supervised (Bhavsar

and Ganatra, 2012; Singh et al., 2016). Machine learning models can be used to per-

form classification and regression based on the targeted outputs, where classification

categorizes given instances into discrete classes as the output and regression predicts

continuous values as the output (see Figure 1.1). In our dissertation, we mainly focus

on supervised machine learning classification problems.

1



Figure 1.1: Classification vs. Regression 1

Machine learning classification is a task to automatically categorize the data into

a set of given classes on the basis of a training set of data, in which the outcome of the

observations are known. Examples of machine learning classification problems include

text categorization (e.g., sentiment analysis, email spam filter), credit risk forecasting

(e.g., predict whether customers will default on a loan), fraud detection, marketing

(e.g., predict if customers will response to a promotion offer), medicine and biology

(e.g., predict whether a disease is Covid or not), natural language processing (e.g.,

intent and entity classification for natural language understanding), optical character

recognition, etc. Domingos (2012) defines machine learning classifier as a system that

inputs (typically) a vector of discrete and/or continuous feature values and outputs a

single discrete value, the class. The machine learning classification model components

can be illustrated by Figure 1.2, where the core component consists of a learning

algorithm and a decision making model. The learning algorithm is responsible for

extracting patterns from the input data and generating a continuous output, while the

decision making model is used to choose proper threshold to transform the continuous

output into discrete outcomes.

Recently, there are some advocates of the practice by incorporating the decision

model into the learning algorithm to automate the decision process. A typical example

1 Source: https://www.analytixlabs.co.in/blog/classification-in-machine-learning/
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is to create cost-sensitive machine learning classifiers (Zhou and Liu, 2005; Masnadi-

Shirazi et al., 2012; Xia et al., 2017; Nami and Shajari, 2018; Yu et al., 2019; Olowookere

and Adewale, 2020). We believe that the black-box machine learning classifier with

incorporated decision making model is subject to various drawbacks (Figure 1.2): 1.

It adds more complexity and opacity to the machine learning model, which is well

known for lack of transparency and interpretability due to the black-box nature of

the decision process (De Laat, 2018; McGovern et al., 2019; Carvalho et al., 2019); 2.

Decision criteria (e.g., cost matrix) needs to be pre-defined. When situation changes,

the model has to be retrained, resulting in inefficiency and high computation cost; 3.

It also leads to bias/unfairness issues when the decision process is embedded into the

algorithm (Corbett-Davies and Goel, 2018; Mehrabi et al., 2021). Therefore, Zarsky

(2013) underscores the importance of separation of the decision-making model from

algorithm learning. With the model transparency and interpretability in mind, we

embrace the separation of decision making model from the learning algorithm and

conduct extensive research on each item. Part I and Part II of this dissertation cover

our research on the improvement of learning algorithm, including a unified framework

for all existing classification measures, ROC curve characterization and enhancement,

extension of classification problem, ensemble learning, etc., while Part III focuses on

the decision making model with application in consumer loan optimization system.

Figure 1.2: Machine Learning Classification Model Components

There are numerous studies on machine learning classifiers from theoretical per-

spectives. Majority of these studies focus on improving specific machine learning al-

gorithms, such as logistic regression (Wright, 1995; Ranganathan et al., 2017; Sur and
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Candès, 2019), decision tree (Safavian and Landgrebe, 1991; Myles et al., 2004; Song

and Ying, 2015), support vector machine (Huang et al., 2018; Iranmehr et al., 2019;

Cervantes et al., 2020), neural network classification (Zhou et al., 2016; Li et al., 2018;

Yao et al., 2019), extreme gradient boosting tree (Chen et al., 2015; Chen and Guestrin,

2017; Duan et al., 2021), random forest (Breiman, 2001; Paul et al., 2018; Chai and

Zhao, 2019), Naive Bayes classifier (Rish et al., 2001; Xu et al., 2017), k-Nearest Neigh-

bors (KNN) (Guo et al., 2003; Zhang et al., 2017), etc. The subareas in improving

machine learning algorithms are characterized by objective function (Mukhoti et al.,

2020; Qiu et al., 2020), optimization methodology (Le et al., 2011; Bottou et al., 2018;

Sun et al., 2019), the choice of hyperparameters (Bardenet et al., 2013; Feurer and

Hutter, 2019; Probst et al., 2019), overfitting prevention (Hawkins, 2004; Srivastava

et al., 2014; Ying, 2019), or initialization process (Feurer et al., 2015; Humbird et al.,

2018), etc.

These studies are model specific, requiring a deep understanding of specific

algorithms and their functioning. Another category of studies on machine learning

classification problems with arising interest is model agnostic, which can be applied

to any classification algorithms. Those model-agnostic studies mainly concentrate on

the output of the machine learning model by treating the underlying classification

algorithms as a black box, which requires no knowledge of the algorithms or their func-

tioning. Examples of these research areas cover how to choose a proper cut-off value

to transform a continuous output into discrete decisions (e.g., cost-sensitive learning

(Domingos, 1999; Elkan, 2001; Wang and Chen, 2017)), ensemble learning by a combi-

nation of outputs derived from multiple machine learning classifiers (Dietterich et al.,

2002; Polikar, 2012; Sagi and Rokach, 2018; Zhou, 2021), model evaluation (Kotsiantis

et al., 2007; Sokolova and Lapalme, 2009; Chicco and Jurman, 2020), and ROC analysis

(Fawcett, 2006; Powers, 2011; Majnik and Bosnić, 2013), etc. A common deficiency of

these studies is to treat the machine learning outputs as true probability (Elkan, 2001)

or simply assuming a ‘well-calibrated’ classifier (Chase Lipton et al., 2014) without

4



pointing out what is the ‘well-calibrated’ classifier or explicitly discussing the proper-

ties of those ‘well-calibrated’ classifiers. Motivated by the gap in the existing literature,

we introduce and study the likelihood and Bayesian probability transformations on fea-

ture variables of the binary classification problem. We systematically investigate their

theoretical properties and associated benefits when applied in many machine learning

topics, algorithms, and applications.

1.2 Overview of Part I

From theoretical perspective coupled with empirical evidence, Part I proposes

a density-based likelihood transformation of machine learning raw score, uncovers the

mathematical properties of the transformation, and characterizes the intrinsic relation-

ship between maximal classification measurements and the associated thresholds. Our

contributions in Part I mainly lie in following aspects:

• In Chapter 3, we propose likelihood and Bayesian probability transformations

and identify structural properties of the density function associated with the

transformation, which plays a critical role in my dissertation.

• In Chapter 4, we present a unified framework for all classification performance

measurements and conduct systematical studies of theoretical properties of confusion-

matrix based measures and disclose the relationships between the optimal mea-

sures and decision-making threshold in the context of likelihood and Bayesian

probability transformation. Our research sheds light on choosing appropriate

measures in model development and evaluation, improving the efficiency of find-

ing the optimal threshold for corresponding threshold-dependent measures, and

pointing out directions about designing new classification performance measures.

• In Chapter 5, we address the following two major limitations of current studies on

ROC curve through likelihood ratio transformation (or its monotone variants):

1. Little attention has been paid to its concavity. In most studies, concavity of

ROC was implicitly assumed. Some papers recognized the non-concave ROC

5



and proposed ad-hoc methods to correct the problem. Some researchers

recommend not to use the classifiers if the ROC curve is not concave.

2. The ROC curve is created based on one dimensional score output. There

lacks discussion to construct ROC curve for multidimensional scores.

We rigorously prove that likelihood and Bayesian transformation can always re-

sult in a concave ROC curve regardless of original ROC curve is concave or not.

In addition, we reveal that these transformations lead to the most discriminate

ROC curve, which is in line with Neyman-Pearson lemma. Furthermore, we

extend ROC curve to multi-dimensions and systematically discuss the character-

ization of ROC curves.

• In Chapter 6, we enhanced cost-sensitive learning through threshold adjustment

based on the likelihood transformation. Our approach does not rely on any shape

assumption of Type I and Type II error functions.

1.3 Overview of Part II

Based on the extensive studies in Part I, we extend our theoretical study in

binary classification with binary outcomes to binary classification with an ambiguous

region and propose a dynamic ensemble learning method in Part II.

In Chapter 7, we identify that most binary classification models are based on

binary decisions, where the outcomes are either positive or negative. In many real-world

applications, binary classification with ambiguous region (BCAR) is more appropriate

for decision making. We expanded the model performance measures in general binary

classification to a binary classification with an ambiguous region. In addition, we

explore the relationships between the optimal measures and thresholds & base rate in

BCAR. Finally, we expand the threshold-based cost sensitive learning to BCAR.

In Chapter 8, we recognize that density-based ensemble methods have been

under-researched due to the need of empirical estimation of density functions, which

can be impractical in case of high dimension. We propose a likelihood-ratio-based

6



dynamic ensemble of two classifiers in binary classification to address the computation

concerns. We prove that our proposed ensemble method is theoretically and empirically

better than both single classifiers in the ensemble in terms of ROC/AUC.

1.4 Overview of Part III

A pivotal element in consumer lending optimization system is pricing. The

importance of having the right pricing strategies in place has been highlighted by many

practitioners in the financial industry. Traditional risk-based pricing is the dominate

approach in industry, which are subject to multiple limitations. In Chapter 9, we

propose a consumer lending optimization system by jointly taking into consideration

of risk and pricing sensitivity to determine customers’ risk category and pricing.

1.5 Summary of Dissertation Structure

The rest of my dissertation is structured as following: Chapter 2 introduces clas-

sification problem and performance measures as background and overview; Chapter 3

discusses likelihood and Bayesian transformation and identifies nice properties of den-

sity functions associated with the transformed scores. This chapter serves as the basis

of my dissertation; Chapter 4-6 focuses on the improving of the learning algorithms,

which include a unified framework for all classification (Chapter 4), ROC curve charac-

terization and enhancement (Chapter 5), cost-sensitive learning improvement (Chapter

6); Chapter 7 expands traditional binary classification to binary classification with an

ambiguous region motivated by many real-world problems. In this chapter, we extend

our performance measures optimization and cost sensitive learning framework to the

extended problem; Chapter 8 provides a density-based dynamic ensemble of two clas-

sifiers, which are theoretically and empirically proven to be superior over any single

classifier in the ensemble pool; Chapter 9 proposes a consumer lending optimization

system, which aims to identify the optimal decision boundaries to assign each applicant

into corresponding category as well as the optimal pricing for each category.
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Part I

CLASSIFICATION PERFORMANCE MEASURE

CHARACTERIZATION AND ENHANCEMENT
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Chapter 2

CLASSIFICATION PROBLEM AND PERFORMANCE MEASURES:
BACKGROUND AND OVERVIEW

Consider a dataset consisting of m i.i.d instances {(xi, yi)}mi=1 of a random vari-

able pair (X, Y ), where X ∈ Ω ⊆ Rn represents the features associated with an

instance, or a predictive score generated by certain machine learning model for the

instance, and Y ∈ {0, 1} represents the actual class category of the instance. The ob-

jective of binary classification is to find a proper rule, based on the m given instances,

to “accurately” predict the class variable Y using the feature (or score) variable X.

Let Ŷ ∈ {0, 1} denote the predicted class category. In this dissertation, classes ‘posi-

tive/negative’ are interchangeably used with classes ‘1/0’.

2.1 Classification Performance Measures

To evaluate the performance of a classification algorithm, we compare its pre-

dicted classes v.s. the true classes. More specifically, we apply a classification algorithm

to a data set with P positives and N negatives. Suppose the algorithm predicts P̂ pos-

itives and N̂ negatives, among which TP and FN are number of positive instances

correctly and mistakenly predicted (classified), respectively, and TN and FP are num-

ber of negative instances correctly and mistakenly classified, respectively. TP , FN ,

TN , and FP correspond to the four elements in a two-by-two confusion matrix (as

illustrated in Table 9), where

P = TP + FN, N = FP + TN,

and

P̂ = TP + FP, N̂ = FN + TN.

9



Predicted
Class

Actual Class
Y = 1 Y = 0 total

Ŷ = 1
True
Positive
(TP )

False
Positive
(FP )

P̂

Ŷ = 0
False
Negative
(FN)

True
Negative
(TN)

N̂

total P N

Table 2.1: A Confusion Matrix for Binary Classification

Confusion matrix is the most commonly accepted measure in evaluating clas-

sification tasks (Susmaga, 2004; Fatourechi et al., 2008; Ferri et al., 2009; Sokolova

and Lapalme, 2009; Powers, 2011; Hossin and Sulaiman, 2015; Gong, 2021). Many

measures have been proposed based on confusion-matrix, since each measure only fo-

cuses one particular angle and it is very difficult to represent all the information of a

confusion matrix based on one single measure (Cao et al., 2020; Gong, 2021). Out of

those measures, accuracy and error rate are the fundamental single confusion-matrix

measures.

Accuracy and Error Rate Based on Actual Class

True Positive Rate (TPR) refers to the proportion of those who are classified as positive

out of those who are actual positive. It is also known as sensitivity or recall. TPR is

considered as prediction accuracy on the actual positive instances and False Negative

Rate (FNR) measures the error rate on the predictions of those instances. On the other

hand, True Negative Rate (TNR, or known as specificity) is considered as accuracy on

the prediction of actual negative instances and False Positive Rate (FPR) measures

the error rate on the prediction of actual negative instances.

10



TPR =
TP

P
(2.1)

FNR =
FN

P
(2.2)

TNR =
TN

N
(2.3)

FPR =
FP

N
(2.4)

Clearly, TPR = 1− FNR and TNR = 1− FPR. In statistical hypothesis, FPR and

FNR are called Type I error and Type II error respectively.

Accuracy and Error Rate Based on Predicted Class

Similarly, there also exists metrics on performance on the predicted positive instances,

such as Positive Predictive Value (PPV, or known as precision) and False Discovery

Rate (FDR). They measure the reliability of the positive predictions. Negative Pre-

dictive Value (NPV) and False Omission Rate (FOR) are performance metrics on the

predicted negative instances. Similar to precision and FDR, they measure the reliabil-

ity of the negative predictions.

PPV =
TP

P̂
(2.5)

FDR =
FP

P̂
(2.6)

NPV =
TN

N̂
(2.7)

FOR =
FN

N̂
(2.8)

Accuracy and Error Rate on Overall Instances

The overall ACCuracy (ACC) is the most commonly used performance metric (Dinga

et al., 2019; Gong, 2021). The accuracy measures the proportion of instances that are

correctly predicted and the ERRor rate (ERR) measures the proportion of instances
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that are mis-classified.

ACC =
TP + TN

P +N
(2.9)

ERR =
FP + FN

P +N
(2.10)

Note that none of above-mentioned single measure alone is sufficient to represent

the model performance (Gong, 2021). Although accuracy and error rate alike metrics

are simple and intuitive, it has long been criticized (Japkowicz et al., 2000; Van Hulse

et al., 2007; He and Garcia, 2009; Longadge and Dongre, 2013; Krawczyk, 2016), espe-

cially when dealing with imbalanced data where one class is very rare, but important.

Take fraud detection as an example, where only 1% transactions are fraudulent. A

model that simply claims all transactions are legitimate can lead to 99% accuracy,

which is hard to surpass. The model, however, is useless, because no fraudulent trans-

actions are captured by the model. Similarly, if TPR is used as the performance metric,

a model that claims all transactions are fraudulent can result in 100% fraud capture

rate. To address the issue, various balanced metrics are formed through a combination

of those basic single metrics such as F-measure, Youden’s index, balanced accuracy,

etc.

Receiver Operating Characteristic Curve

Notice that all performance measures described so far depend on a fixed confusion-

matrix. Since the predictions are usually made via a threshold based decision in

most machine learning algorithms, these performance measures vary as the thresh-

old changes. In addition, metrics such as NPV and precision, are dependent on the

prior class distribution (i.e., ratio of number of positive and negative instances in the

data). In contrast, TPR and FPR are independent of the prior class distribution, since

they are calculated based on the actual positives and negatives, respectively. There-

fore, in order to measure the overall model performance across all thresholds and ensure

the measure is independent of prior distributions, Receiver Operating Characteristic
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(ROC) curve, which represents a trade-off between TPR and FPR, is deemed as a use-

ful tool to measure overall ranking and separation power in model evaluation (Powers,

2011). A typical traditional ROC curve is constructed based on two assumptions:

1. The predictive score X generated by the classification algorithm is of a scalar

and Ω = R.

2. A threshold rule is used to make the class label prediction Ŷ : given a threshold t,

the instance is classified as “positive” or Ŷ = 1 if X ≥ t, otherwise, it is classified

as “negative” or Ŷ = 0.

Various pairs of (FPR, TPR) are created by varying the thresholds. An example of

ROC curve is depicted in Figure 2.1. The x−axis is FPR, and the y-axis is TPR.

The diagonal connecting (0,0) and (1,1) implies that the model does not provide any

discriminatory power to separate the two classes. Classifiers with ROC curves far above

the diagonal curve are desirable in terms of discriminatory power.

Figure 2.1: An Example of ROC Curve Source: simulation
(Pedregosa et al., 2011)
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Cost-Sensitive Measure

In addition to confusion-matrix measures and ROC curve, recently cost-sensitive

based measures have gained more and more popularity (Elkan, 2001; Bahnsen et al.,

2013, 2014; George et al., 2016; Wang and Chen, 2017; Olowookere and Adewale,

2020). Most classifiers assume equal misclassification cost, which is not true in many

real-world applications. For example, the cost of accepting a fraudulent transaction

is much higher than rejecting a legitimate transaction. Cost-sensitive learning was

proposed to address the unequal cost issue. The effectiveness of cost-sensitive learning

relies strongly on the supplied cost matrix (Fernández et al., 2018). Table 2.2 is a

typical cost matrix for binary classification, where C(i, j), (i, j ∈ {0, 1}) is the cost

of predicting class i when the true class is j. Let cij denote C(i, j) for simplicity.

It is reasonable to assume c01 > c11 and c10 > c00. Although most research uses the

terminology of costs, the matrix in terms of profits generally is preferable (Elkan, 2001).

Without specific instructions, the default matrix we use in this dissertation is profit

matrix. In addition, typical cost-sensitive methods assume a fixed cost for each cell

in the matrix. In other words, the cost depends on the class and is the same across

instances. This type of cost-matrix is called ‘class-dependent’ matrix.

The class-dependent matrix is not practical in many real-world scenarios (Cor-

rea Bahnsen et al., 2015). In the case of credit card fraud detection, accepting a fraud-

ulent transaction may result in an amount of loss varying by the transaction amount

(Ngai et al., 2011). In churn analysis, which is to predict the customers’ likelihood

of abandoning a service provider, failing to differentiate a profitable or unprofitable

churner has a significant different financial impact (Verbraken et al., 2012). In such

cases, the elements in the cost-matrix vary by instances. This type of cost-matrix is

known as instance-dependent matrix.
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Actual Class
Y = 1 Y = 0

Predicted Class
Ŷ = 1 C(1, 1) = c11 C(1, 0) = c10
Ŷ = 0 C(0, 1) = c01 C(0, 0) = c00

Table 2.2: Binary Misclassification Cost Matrix

2.2 Related Work and Research Motivations

There are a myriad of research papers on performance measures (Fatourechi

et al., 2008; Sokolova and Lapalme, 2009; Hossin and Sulaiman, 2015; Jiao and Du,

2016; Canbek et al., 2017; Ballabio et al., 2018). After reviewing those papers, we

identify that those studies implicitly include two major assumptions:

1. The score X is of a scalar and Ω = R.

2. The score X is a ‘perfect’ or ‘well-calibrated’ score or the score can result in a

concave ROC.

The first assumption is often unnoticeable. Note that all above-mentioned measures

are based on a threshold classification rule to make the class label prediction Ŷ . The

threshold rule implies that X is a scalar. In reality, the predictive score can be a

multi-dimensional vector.

Second assumption is explicitly made in many literature studies. For example,

Cohen and Goldszmidt (2004); Lipton et al. (2014); Böken (2021) discussed the proper-

ties of the confusion-matrix measures and studied how to choose the optimal threshold

to maximize corresponding measures in confusion-matrix based on the assumption that

the score is a ‘perfect’ or from a ‘well-calibrated’ classifier. Nevertheless, the authors

fail to discuss how to transform a non-perfect score into a ‘perfect’ one. Another exam-

ple is from ROC analysis, where there are numerous theoretical and empirical research

papers. Majority of those studies implicitly assume concavity of ROC (Bradley, 1997;

Fawcett, 2006; Majnik and Bosnić, 2013; Narkhede, 2018; Wang and Ni, 2019; Kannan

and Vasanthi, 2019; Omar and Ivrissimtzis, 2019; Janssens and Martens, 2020; Gong,
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2021). However, there is much evidence showing that non-concavity is unavoidable.

Vardhan et al. (2020) recommended not to use the classifier if the ROC curve is not

concave. The properties and characterization of ROC curve is not well understood. In

addition, there is lack of study regarding how to transform a non-concave ROC into a

concave ROC.

For cost-sensitive measures, Elkan (2001) proposed a direct cost-sensitive thresh-

old adjustment method to transform an accuracy based threshold into a cost-sensitive

decision. This method heavily relies on the estimation accuracy. Wang and Chen

(2017) enhanced Elkan’s method by minimizing the expected cost subject to the con-

vex assumption of Type I and Type II error functions, which can result in concave

ROC.

In summary, current research on performance measures are subject to the vio-

lation of the above-mentioned assumptions, since all these studies fail to discuss when

X is multi-dimensional or X is not ‘perfect’. Motivated by the identified gaps, we pro-

pose likelihood and Bayesian probability transformation to convert those non-perfect

multi-dimensional scores and in-depth discuss their properties after transformation.
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Chapter 3

LIKELIHOOD AND BAYESIAN TRANSFORMATIONS

Suppose the class label of the instance is a binary random variable, Y ∈ {0, 1},

such that P (Y = 1) = π1 and P (Y = 0) = π0 = 1 − π1. π1 is also called base rate.

The classification algorithm generates a predictive score X ∈ Ω ⊆ Rn for the instance.

The predictive score can be a multi-dimensional vector such as customer attributes or

a single dimensional scalar such as a credit score. Assume X is a continuous random

variable following a probability density distribution f(x) and cumulative distribution

function F (x). The effectiveness of the classification algorithm is determined by the

conditional distributions of the predictive score X for both classes: fi(x) ≡ f(x|Y = i),

i ∈ {0, 1}. Denote Fi(x) as the corresponding cumulative distribution functions of

fi(x). Clearly, f(x) = π0f0(x) + π1f1(x).

3.1 Likelihood and Bayesian Transformation

In this section, we study the properties of random variable transformations that

convert the multi-dimensional predicted score X to a scalar S. Consider a differential

variable transformation T that maps X ∈ Ω ⊆ Rn to S ∈ ΩT ⊆ R:

S = T (X), ΩT = {s|s = T (x), x ∈ Ω}. (3.1)

Let gT (·) be the corresponding probability density function of random variable S. We

have

gT (s) =

n(s)∑
k=1

∣∣∣∣ ddsT−1
k (s)

∣∣∣∣ f(T−1
k (s)), (3.2)
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where T−1
k (s) are solutions of equation T (x) = s and n(s) is the total number of solu-

tions. Similarly, the conditional density functions gT0 (s) and g
T
1 (s) of S, corresponding

to negative and positive instances, respectively, can be expressed as follows:

gT0 (s) =

n(s)∑
k=1

∣∣∣∣ ddsT−1
k (s)

∣∣∣∣ f0(T−1
k (s)), (3.3)

gT1 (s) =

n(s)∑
k=1

∣∣∣∣ ddsT−1
k (s)

∣∣∣∣ f1(T−1
k (s)). (3.4)

Since f(x) = π0f0(x) + π1f1(x), using (Eqs. 3.2 - 3.4), we have

gT (s) = π0g
T
0 (s) + π1g

T
1 (s) (3.5)

holds for all s ∈ ΩT and any differential transformation T (·).

Now consider the likelihood transformation L that maps X ∈ Ω ⊆ Rn to S ∈

ΩL ⊆ R+:

S = L(x) =
f1(x)

f0(x)
, ΩL = {s|s = L(x), x ∈ Ω}. (3.6)

Since L(x) ≥ 0 by definition, we have ΩL ⊆ R+. Let gL(·), gL0 (·), and gL1 (·) be the

density and class-conditional density functions of the resulting random scalar S.

Proposition 1. The following properties hold for gL(·), gL0 (·), and gL1 (·) resulting from

the likelihood transformation (Eq. 3.6):

1. gL0 (s) = [1/(π0 + π1s)]g
L(s), gL1 (s) = [s/(π0 + π1s)]g

L(s), and

2. gL1 (s)/g
L
0 (s) = s

for all s ∈ ΩL ⊆ R+.

Proof. We first prove the result 2. Notice that

gL1 (s)

gL0 (s)
=

∑n(s)
k=1

∣∣ d
ds
L−1
k (s)

∣∣ f1(L−1
k (s))∑n(s)

k=1

∣∣ d
ds
L−1
k (s)

∣∣ f0(L−1
k (s))

.
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For each k, since f1(L
−1
k (s))/f0(L

−1
k (s)) = L(L−1

k (s)) = s, we have gL1 (s)/g
L
0 (s) = s.

Result 2 then follows immediately. Combining result 2 and (Eq. 3.5) with T (·) = L(·),

we obtain result 1.

We have two observations based on Proposition 1.

• The density function gL(·) resulting from the likelihood transformation contains

more information than the density function f(·) in the x space. Indeed, together

with the prior probability π0 (π1 = 1− π0), we can recover the class-conditional

density functions gL0 (·) and gL1 (·). In other words, the likelihood transformed den-

sity function gL(·), together with the prior probability of the instance, would be

sufficient information to capture the performance of the classification algorithm.

• S is a now scalar random variable and its likelihood ratio gL1 (s)/g
L
0 (s) = s mono-

tonically increases in s.

Let us consider another transformation B based on popular Bayesian probability that

maps X ∈ Ω ⊆ Rn to S ∈ ΩB ⊆ [0, 1]:

B(x) = P (Y = 1|x) = π1f1(x)

π1f1(x) + π0f0(x)
(3.7)

Clearly, B(x) = K(L(x)), where K(s) = π1/(π1+π0/s) is a monotone increasing func-

tion. Similar to Proposition 1 for the likelihood transformation, we have the following

results for the Bayesian transformation:

Proposition 2. The following properties hold for gB(·), gB0 (·), and gB1 (·) resulting from

the Bayesian transformation (Eq. 3.7):

1. gB0 (s) = (1− s)gB(s)/π0, gB1 (s) = sgB(s)/π1, and

2. gB1 (s)/g
B
0 (s) = (π0/π1)[s/(1− s)]

for all s ∈ ΩB ⊆ [0, 1].
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3.2 Dominance Properties of Likelihood Transformation

Recall that the threshold rule is used to make the class label prediction Ŷ : given

a threshold t, an instance is classified as “positive” or Ŷ = 1 if X ≥ t, otherwise, it is

classified as “negative” or Ŷ = 0. Let RL denote the set of x such that the associated

instances are classified as positive based on the likelihood ratio transformation, and

RT based on another transformation:

RL = {x : L(x) =
f1(x)

f0(x)
≥ tL}, (3.8)

RT = {x : T (x) ≥ tT}.

Denote their respective complementary sets as follows:

Rc
L = {x : L(x) =

f1(x)

f0(x)
< tL}, (3.9)

Rc
T = {x : T (x) < tT}.

We have the following additional properties for likelihood transformation:

Proposition 3. For any thresholds tL ∈ [0,+∞), tT ∈ (−∞,+∞) and scalars α, β ≥ 0

such that α + β ̸= 0, if

α

∫
RL

f0(x)dx+ β

∫
RL

f1(x)dx = α

∫
RT

f0(x)dx+ β

∫
RT

f1(x)dx,

then ∫
RL

f1(x)dx ≥
∫
RT

f1(x)dx and

∫
RL

f0(x)dx ≤
∫
RT

f0(x)dx.

Proof. If tL = 0, the proposition holds with tT = −∞. We assume tL > 0 in the rest

of the proof. Since

α

∫
RL

f0(x)dx+ β

∫
RL

f1(x)dx = α

∫
RT

f0(x)dx+ β

∫
RT

f1(x)dx,
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we have

αP (RL|Y = 0) + βP (RL|Y = 1) = αP (RT |Y = 0) + βP (RT |Y = 1).

This implies

αP (RL∩Rc
T |Y = 0)+βP (RL∩Rc

T |Y = 1) = αP (RT∩Rc
L|Y = 0)+βP (RT∩Rc

L|Y = 1),

(3.10)

since

RL = (RL ∩RT ) ∪ (RL ∩Rc
T ), RT = (RL ∩RT ) ∪ (Rc

L ∩RT ). (3.11)

By (Eq. 3.8), we have

αP (RL ∩Rc
T |Y = 0) + βP (RL ∩Rc

T |Y = 1)

≥ αP (RL ∩Rc
T |Y = 0) + tLβP (RL ∩Rc

T |Y = 0)

= (α + tLβ)P (RL ∩Rc
T |Y = 0).

By (Eq. 3.9), we have

αP (RT ∩Rc
L|Y = 0) + βP (RT ∩Rc

L|Y = 1)

≤ αP (RT ∩Rc
L|Y = 0) + tLβP (RT ∩Rc

L|Y = 0)

= (α + tLβ)P (RT ∩Rc
L|Y = 0).

Since α, β ≥ 0, α + β ̸= 0, and tL > 0, α + tLβ > 0. Using (Eq. 3.10), we get

P (RL ∩Rc
T |Y = 0) ≤ P (RT ∩Rc

L|Y = 0).

According to (Eq. 3.11), we have P (RL|Y = 0) ≤ P (RT |Y = 0), which is equivalent

to
∫
RL
f0(x)dx ≤

∫
RT
f0(x)dx.
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Using the inequalities below:

αP (RL ∩Rc
T |Y = 0) ≤ α

tL
P (RL ∩Rc

T |Y = 1) because of (Eq. 3.8)

αP (RT ∩Rc
L|Y = 0) ≥ α

tL
P (RT ∩Rc

L|Y = 1), because of (Eq. 3.9)

we can prove
∫
RL
f1(x)dx ≥

∫
RT
f1(x)dx with the same logic.

When α = 0 or β = 0, we have the following corollary:

Corollary 1. For any thresholds tL ∈ [0,+∞) and tT ∈ (−∞,+∞),

1. if
∫
RL
f0(x)dx =

∫
RT
f0(x)dx, then

∫
RL
f1(x)dx ≥

∫
RT
f1(x)dx;

2. if
∫
RL
f1(x)dx =

∫
RT
f1(x)dx, then

∫
RL
f0(x)dx ≤

∫
RT
f0(x)dx.

The above propositions and corollary will be used later in the dissertation to

show dominance properties of various classification measurements and dominance of

ROC curve under the likelihood transformation.

3.3 Summary

Although likelihood ratio and Bayesian probability are well understood, very

little attention has been paid to the properties of the density functions after the like-

lihood and Bayesian transformation. In this Chapter, we proposed three forms of

transformations.

• Our universal transformation (Eq. 3.1) converts a multi-dimensional score into

a scalar with domain in R.

• The likelihood transformation (Eq. 3.6) converts the score into a scalar with

domain in R+. More importantly, we identify that the density function gL(·)

resulting from the likelihood transformation is much more informative than the

density function f(·) in the x space.
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• The Bayesian probability transformation (Eq. 3.7) coverts the score into a scalar

with domain in [0, 1]. We also note the similar nice properties of the density

function associated with the transformed score.

Our proposed transformation methods can aid to convert a non-perfect multi-dimensional

score into a new score. Based on the transformed new score, the threshold classifica-

tion rule can be applied, which results in Neyman-Pearson classification (Neyman and

Pearson, 1933). It is worth mentioning that the monotonic properties as well as the ad-

ditional properties in integration identified in this chapter for the two transformations

play a critical role in the rest of the dissertation.
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Chapter 4

A UNIFIED FRAMEWORK FOR CLASSIFICATION MEASURES

Performance measures play an essential role in machine learning classification

model evaluation (Gong, 2021). There are a plethora of classification measures. Ferri

et al. (2009) and Gong (2021) classified these performance measures into three broad

categories:

• Metrics based on the deviation from the actual probability: mean absolute error,

accuracy ratio, Hinge loss, mean squared error (or known as Brier score), LogLoss

(or known as cross-entropy), etc.

• Metrics based on separation power and visualization tool: ROC and its vari-

ants, precision-recall curve, AUC, Gini, cost-curve, Kolmogorov-Smirnov, total

operating characteristic (TOC), lift chart, etc.

• Metrics based on a confusion matrix: accuracy, balanced accuracy, positive pre-

dictive value (PPV), recall, Fβ, Jaccard index, Youden index, Matthews Corre-

lation Coefficient (MCC), etc.

These performance measures have been extensively studied and widely used in many

machine learning classification applications as a tool for model evaluation (Sokolova

and Lapalme, 2009; Jiao and Du, 2016; Canbek et al., 2017; Ballabio et al., 2018).

The evaluation of machine learning classifiers generally involve two steps: the first

step is to determine which measure to use to compare the model performance and

the second step is to estimate the corresponding measures and draw conclusions about

which model is better. There are numerous empirical and experimental studies for the

first step to select appropriate measure. These studies mainly focus on the advantages
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and disadvantages of the measures in various situations. As Ferri et al. (2009) pointed

out, given a dataset, a learning method that achieves the best model based on a given

measure, might not be the best method if a different measure is used. For instance, Ling

et al. (2003b) revealed that Naive Bayes and decision tree perform similarly in accuracy.

Nevertheless, Naive Bayes is significantly better than decision tree in AUC. Even more

surprisingly, Rosset (2004a) showed that if using AUC for selecting models based on a

validation dataset results in better accuracy in a test dataset than using accuracy for

selecting the models. It is commonly believed that each measure has its own advantages

and disadvantages and no measure dominates another. Huang and Ling (2005) defined

the criteria (degree of consistency and degree of discriminancy) to compare two different

measures for learning algorithms. There also exist papers focusing on the machine

learning performance measures in the specific fields. For example, Diab and Sartawi

(2017) discussed the performance measures in text classification; Strøm et al. (2018)

researched machine learning performance metrics and diagnostic context in radiology;

Suragala et al. (2021) compared performance metrics of data mining algorithms on

medical data. Another category of research papers study the measure selection by

empirically exploring the correlations among various measures. For example, Ferri

et al. (2009) analyzed experimentally the behaviour of eighteen different performance

measures in multiple scenarios, discovering clusters and relationships among measures.

For the second step of the model evaluation, there are very limited literature.

Most of the available research discussed the criteria to draw conclusions about which

model is better. For example, Santafe et al. (2015) reviewed the important aspects

of the evaluation process in supervised classification and highlighted the statistical

significance tests of differences of the measures. There lack discussions regarding how

to estimate the potential optimal measurement for each given performance measure.

The gap motivates us to perform a deep dive of the three categories of measures and

discuss their analytical properties in decision making process.

Metrics based on the deviation from the actual probability are used to evaluate

the probability estimation accuracy performance. They are generally built into the
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objective function of machine learning algorithms and are optimized during model

training (Wu and Liu, 2007; Chai and Draxler, 2014; Zhang and Sabuncu, 2018; Zhou

et al., 2019). These measures are independent of thresholds and are calculated without

the need to specify thresholds. Therefore, this category of measures is out of our

discussion scope. For metrics based on discriminatory power, they measure the overall

rank-ordering ability of probability output without requiring exact estimation of the

probability and are independent of threshold. Their calculations, however, rely on

threshold classification rule (see Chapter 2). While the rank-ordering metrics provide

an overall picture of model performance across all thresholds, there remains a practical

need to determine the specific threshold that should be used for individual instance

decisions. Confusion-matrix based measures are often those measures which are used to

determine the optimal decision threshold for ROC alike rank-ordering measures (Fluss

et al., 2005; Leeflang et al., 2008; Habibzadeh et al., 2016; Unal, 2017). As introduced

in Chapter 2, most frequently used confusion-matrix based performance measures (Ling

et al., 2003a; Ferri et al., 2009; Sokolova and Lapalme, 2009; Powers, 2011; Jiao and

Du, 2016; Chicco and Jurman, 2020; Gong, 2021) include accuracy, balanced accuracy,

recall, precision, specificity, F score, Youden index, etc. These measures are also often

used in ROC analysis to determine an optimal decision threshold. According to Unal

(2017), the most popular method for threshold selection in ROC analysis is the Youden

index method. This method defines the optimal threshold as the point maximizing

the Youden function, which is the difference between TPR and FPR over all possible

thresholds. The maximum Youden index has been proven equivalent to the Maximum

Kolmogorov-Smirnov difference (Krzanowski and Hand, 2009), which is a commonly

used performance measure in credit score modeling (Fang and Chen, 2019). Another

approach is called the point closest-to-(0,1) corner criteria in ROC space (called CC),

which defines the optimal threshold as the point maximizing the Euclidean distance

between ROC curve and (0,1) point (Perkins Neil and Schisterman Enrique, 2006).

A more recent approach proposed by Liu (2012), known as Concordance probability

method (CP), characterizes the optimal threshold as the point maximizing the product
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of TPR and TNR. Majority of the research, however, stopped there without in-depth

discussing on determining the exact threshold. Only very limited discussions exist

regarding how to find the optimal threshold to maximize the corresponding confusion-

matrix based measures. The very limited examples include: Cohen and Goldszmidt

(2004); Böken (2021) mentioned that for a ‘well-recalibrated’ classifier, the optimal

threshold to maximize accuracy is 1/2; Lipton et al. (2014) provided insights into

maximizing F1 scores and concluded that the optimal threshold is half the optimal F1

score.

These individual studies on some measures are ad-hoc by simply assuming the

classifiers are well-calibrated and there lacks a systematic framework to discuss all clas-

sification measures. The absence of such discussions is mainly because the properties

of the density function gL(·) resulting from the likelihood transformation are not well

recognized (see Propositions 1 and 2) and most research (Fluss et al., 2005; Liu, 2012)

implicitly assume exhaustive search to find the optimal thresholds, which is inefficient

and computationally expensive. In this Chapter, we develop a unified framework to

study threshold-dependent classification measures, which include all popularly used

classification measures. We systematically study the properties of the performance

measurement as a function of the corresponding threshold. More specifically, we show

that a monotone transformation of the score variable preserves the maximum perfor-

mance measure and the uni-modality of the measurement function, while the likelihood

transformation leads to a dominant maximum performance measure. We also classify

the performance measurement functions according to their shapes: monotone, uni-

modal, and multi-modal. These properties allow us to design efficient algorithms to

search for the optimal threshold. To the best of our knowledge, this is the first work to

provide a generalized framework to systematically study the properties of confusion-

matrix based measures.

This chapter is structured as follows: Section 4.1 briefly introduces all classifi-

cation measures and their relationships with the two fundamental basic measures TPR

and FPR; Section 4.2 proposes a unified class of performance measures, which is a
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monotone function of TPR and FPR. The unified class is shown to be general enough

to include all existing confusion-matrix based measures as special cases; Section 4.3

examines the invariant properties of the underlying confusion-matrix and show that

a monotone transformation of the score variable preserves the uni-modality of mea-

surement function and the maximum measurement value; Section 4.4 reveals that the

likelihood transformation of the score variable leads to the dominance of the maxi-

mum measurement value; Section 4.5 formulates measurement threshold optimization

problem and studies the shape properties of the measurement function. All existing

performance measures are classified into three categories according to their correspond-

ing measurement function shapes: monotone, uni-modal, and multi-modal; Section 4.6

further discusses the intrinsic relationship between the measures and base rate; Section

4.7 summarizes our results and highlights our major contributions.

4.1 Background

Recall the definition in Chapter 2: X is a scalar random variable following a

continuous probability density distribution and the following threshold prediction for

the classification algorithm applies: predicting Ŷ = 1 if x ≥ t and Ŷ = 0 otherwise,

where t ∈ R is a threshold parameter to be determined. A confusion-matrix (Table 9)

is characterized by four elements depending on the threshold t and base rate π1:

CM(f0, f1, t, π1) = (TP (t, π1), FP (t, π1), TN(t, π1), FN(t, π1)). (4.1)
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The four elements in the confusion matrix corresponds to the joint probabilities P (Y =

i, Ŷ = j), i, j ∈ {0, 1}:

TP (t, π1) = P (Y = 1, Ŷ = 1) = π1P (Ŷ = 1|Y = 1) = π1

∫ +∞

t

f1(s)ds, (4.2)

FP (t, π1) = P (Y = 0, Ŷ = 1) = π0P (Ŷ = 1|Y = 0) = π0

∫ +∞

t

f0(s)ds, (4.3)

TN(t, π1) = P (Y = 0, Ŷ = 0) = π0P (Ŷ = 0|Y = 0) = π0

∫ t

−∞
f0(s)ds, (4.4)

FN(t, π1) = P (Y = 1, Ŷ = 0) = π1P (Ŷ = 0|Y = 1) = π1

∫ t

−∞
f1(s)ds. (4.5)

By definitions (Eqs. 2.1 & 2.4),

TPR(t) =
TP (t)

TP (t) + FN(t)
=
TP (t)

π1
=

∫ +∞

t

f1(t)dt

FPR(t) =
FP (t)

FP (t) + TN(t)
=
FP (t)

π0
=

∫ +∞

t

f0(t)dt.

Therefore, for a fixed π1, the confusion-matrix is fully described by TPR(t) and

FPR(t), both of which are monotonically decreasing in t. It follows that for a given

π1, any performance measure derived from a confusion-matrix should be a function of

TPR(t) and FPR(t).

Recall the definitions of single measures Chapter 2: TPR (Eq. 2.1), FNR (Eq.

2.2), TNR (Eq. 2.3), FPR (Eq. 2.4), PPV (Eq. 2.5) and NPV (Eq. 2.7), as well as

various balanced measures by combining the above single measures, such as accuracy

(ACC), error rate (ERR), balanced accuracy (BA), Fβ, Jaccard index (JI), Markedness

(MK), and ROC threshold methods such as Youden index (J), product of TPR and

TNR (or called CP method), Euclidean distance between ROC curve and the (0,1)

point (or called CC), Matthews Correlation Coefficient (MCC). Let a denote TPR and

b denote FPR. Table 4.1 summarizes these measure in their original definition and in

terms of TPR and FPR.

Name Definition Function in TPR/FPR
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PPV π1TPR/(π1TPR+ π0FPR) π1a/(π1a+ π0b)

NPV π0TNR/(π0TNR+ π1FNR) π0(1− b)/(π0(1− b) + π1(1− a))

FDR π0FPR/(π1TPR+ π0FPR) π0b/(π1a+ π0b)

FOR π1FNR/(π0TNR+ π1FNR) π1(1− a)/(π0(1− b) + π1(1− a))

ACC π1TPR+ π0TNR π1a+ π0(1− b)

ERR π1FNR+ π0FPR π1(1− a) + π0b

BA c ∗ TPR+ (1− c) ∗ TNR c ∗ a+ (1− c) ∗ (1− b)

J TPR+ TNR− 1 a− b

JI TP/(TP + FN + FP ) π1a/(π1 + π0b)

F1 2PPV ∗ TPR/(PPV + TPR) 2a/(π1a+ π1 + π0b)

Fβ (1+β2)PPV ∗TPR/(β2 ∗PPV +TPR) π1a(1 + β2)/(π1β
2 + π1a+ π0b)

MK PPV +NPV − 1 π1a/(π1a+π0b)+π0(1−b)/(1−π0b−π1a)−1

MCC

√
PPV ∗ TPR ∗ TNR ∗NPV

−
√
FDR ∗ FNR ∗ FPR ∗ FOR

(a−b)
√
π0π1/[(π1a+ π0b)(1− π1a− π0b)]

CC
√

(1− TPR)2 + FPR2
√
(1− a)2 + b2

CP TPR ∗ TNR a(1− b)

Table 4.1: Confusion-Matrix Measures in Terms of TPR/FPR

We next briefly introduce and elaborate the popular measures in the above table.

PPV, NPV, FDR and FOR are discussed in Chapter 2. Accuracy (error rate) is used

to measure how well a binary classifier correctly identifies the true positives and true

negatives (Eqs. 2.9 - 2.10). Balanced accuracy is defined as the arithmetic mean of true

positive rate and true negative rate. A generalized balanced accuracy measure assigns

different weight (c ∈ [0, 1]) to the accuracy on the positive/negative classes. Youden

index (also known as J statistic or Bookmaker Informedness) is a single statistic to

measure the model separation power. Youden index is strongly related to balanced

accuracy. On the contrary, Markedness is the arithmetic mean of positive predictive

value and negative predictive value which measures the reliability of the positive and

negative predictions by the model.
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The widely adopted F1 measure is the harmonic mean of TPR and PPV. Jaccard

index, also known as threat score (TS) or critical success index (CSI), is used to measure

the similarity between the set of actual positives and predicted positives. Clearly

F1 =
2JI

1 + JI
,

which indicates that F1 is a monotonically increasing function of Jaccard index. Note

that F1 weighs PPV and TPR equally in the formula. A generalized measure is given

by Fβ which assigns β times as much importance to TPR as PPV.

The measures described so far only consider part of information of a confusion-

matrix. In contrast, the Matthews correlation coefficient takes into account all four

elements of the confusion matrix. MCC ranges from [−1, 1], with the higher, the better

agreement between the actual and prediction.

Besides the above-mentioned measures, the following two methods are often

used to determine the optimal thresholds in ROC analysis:

1. The closest-to-(1, 0) Corner Criteria (CC). In this criteria, the “optimal” thresh-

old is defined as the point closest to the point (1, 0) on the ROC curve.

2. Concordance Probability Method (CP). The concordance probability method de-

fines the optimal threshold as the point maximizing the product of true positive

rate and true negative rate.

4.2 A Unified Class of Classification Measures

Based on the argument in the previous section, all confusion matrix-based mea-

sures are functions of TPR and FPR. This motivates us to propose a unified classifi-

cation performance measure in the following form:

M̃M(t) =MM(TPR(t), FPR(t)), t ∈ R, (4.6)
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with the mappings specified by MM : [0, 1]2 → R+ and M̃M : R → R+. If TPR,

FPR are derived from density functions gT0 (·) and gT1 (·), which are obtained from a

T transformation of predicted score X (Eq. 3.1) described in Chapter 3, we denote

the unified measure function as M̃M
T
(t), t ∈ ΩT . For simplicity, we often drop the

superscript T , if the transformation is not the focus of our study, and use M̃M in the

remaining section. If T is the likelihood or the Bayesian transformation, the unified

measure is denoted as M̃M
L
(t), t ∈ R+, or M̃M

B
(t), t ∈ [0, 1], respectively. For

example, FPRL(t) and MCCB(t) represent the resulting FPR and MCC measures

when the likelihood and the Bayesian transformations are applied to X, respectively.

We now introduce a class of unified measures M by restricting MM to be

a monotone increasing function of TPR and monotone decreasing function of FPR.

Denote MM
′
1(a, b) = ∂MM(a, b)/∂a and MM

′
2(a, b) = ∂MM(a, b)/∂b.

Definition 1. M consists of all measurement functions MM(TPR(t), FPR(t)), t ∈

R, such that MM(·, ·) satisfies MM
′
1(a, b) ≥ 0, MM

′
2(a, b) ≤ 0, ∀a, b ∈ [0, 1].

We show that all existing classification performance measures belong to this

class.

Proposition 4. TPR, TNR, PPV, NPV,-FOR, -FDR, -FNR, -FPR, ACC, -ERR,

BA, J, CP, -CC, JI, Fβ, MK, MCC ∈ M.

Proof. In light of Table 4.1, it is straightforward to verify that measures TPR, TNR,

PPV, NPV,-FOR, -FDR, -FNR, -FPR, ACC, -ERR, BA, J, CP, -CC, JI, Fβ are

monotonically increasing in TPR and monotonically decreasing in FPR. Since MK =

PPV + NPV − 1 and PPV,NPV ∈ M, we have MK ∈ M. For MCC, it can be

re-expressed as:

MCC =
√
PPV ∗ TPR ∗ TNR ∗NPV −

√
FDR ∗ FNR ∗ FPR ∗ FOR.

Since the first part of MCC is monotonically increasing in TPR and decreasing in

FPR, while the second part is reversely true, we obtain the proof.
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4.3 Measure Invariance under Monotone Transformation

In this section, we show that a monotone increasing transformation on X ∈ R

will preserve, in certain sense, the corresponding confusion matrix CM and all the

measures M̃M based on the confusion matrix. We start by presenting the invariance

property for the confusion matrix.

Lemma 1. Suppose X ∈ R and transformation T (·) in (Eq. 3.1) is a monotonically

increasing function, then CM(gT0 , g
T
1 , tg, π1) = CM(f0, f1, tf , π1), where tg = T (tf ).

Proof. According to (Eq. 4.1),

CM(f0, f1, tf , π1) = (TP (tf , π1), FP (tf , π1), TN(tf , π1), FN(tf , π1))

and

CM(gT0 , g
T
1 , tg, π1) = (TP T (tg, π1), FP

T (tg, π1), TN
T (tg, π1), FN

T (tg, π1)).

To prove the two confusion-matrices are equal, we need to show each element is equal.

Notice that s = T (x) by definition and tg = T (tf ) by assumption. Since T (x) is a

monotone increasing function, x ≥ tf implies T (x) ≥ T (tf ), and vice versa. Therefore,

we have

TP (tf , π1) = π1P (x ≥ tf |Y = 1)

= π1P (T (x) ≥ T (tf )|Y = 1)

= π1P (s ≥ tg|Y = 1)

= TP T (tg, π1).

The same logic can be followed to prove the equalities associated with the other three

elements.

According to Lemma 1, TPRT (tg) = TPR(tf ) and FPR
T (tg) = FPR(tf ). In

light of measurement definition (Eq. 4.6), we have the following proposition:
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Proposition 5. Suppose transformation T (·) in (Eq. 3.1) is a monotonically increas-

ing function, then M̃M
T
(tg) = M̃M(tf ), where tg = T (tf ).

Using Proposition 5, we show next that a monotone increasing transformation

T preserves the maximal value of and the uni-modality of M̃M(t), if it holds before

the transformation.

Corollary 2. Suppose X ∈ R and transformation T (·) in (Eq. 3.1) is a monotonically

increasing function. Let

tT = argmax
t∈ΩT

M̃M
T
(t) and t∗ = argmax

t∈R
M̃M(t).

The following properties hold:

1. M̃M
T
(tT ) = M̃M(t∗).

2. M̃M
T
(t), t ∈ ΩT , is a unimodal function if and only if M̃M(t), t ∈ R, is a

unimodal function.

Proof. For tg ∈ ΩT , tf ∈ R, note that tg = T (tf ) by definition and tg∗ = T (t∗)

by assumption. According to Proposition 5, we have M̃M
T
(tg) = M̃M(tf ) and

M̃M
T
(tg∗) = M̃M(t∗). Because M̃M(tf ) ≤ M̃M(t∗), we have M̃M

T
(tg) ≤ M̃M

T
(tg∗).

Therefore, tg∗ = tT and M̃M
T
(tT ) = M̃M(t∗).

For second property, we can prove sufficiency condition and necessary condition

can be proven by following the same logic. Because M̃M(tf ) is a unimodal function,

if tf1 < tf2 < t∗, M̃M(tf1) < M̃M(tf2) < M̃M(t∗); (4.7)

if tf1 > tf2 > t∗, M̃M(tf1) < M̃M(tf2) < M̃M(t∗). (4.8)

Note that tg1 = T (tf1) and tg2 = T (tf2) by definition. By Proposition 5, M̃M
T
(tg1) =

M̃M(tf1), M̃M
T
(tg2) = M̃M(tf2). Since T (x) is a monotone increasing function,
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tf1 < tf2 < t∗ (or tf1 > tf2 > t∗) implies that T (tf1) < T (tf2) < T (t∗) (or T (tf1) >

T (tf2) > T (t∗)), and vice versa. Because of (Eqs. 4.7 - 4.8), we have

if tg1 < tg2 < tg∗ , M̃M
T
(tg1) < M̃M

T
(tg2) < M̃M

T
(tg∗);

if tg1 > tg2 > tg∗ , M̃M
T
(tg1) < M̃M

T
(tg2) < M̃M

T
(tg∗).

As a result, M̃M
T
(t) is a unimodal function and tg∗ = tT , which leads to M̃M

T
(tg∗) =

M̃M
T
(tT ) = M̃M(t∗).

Recall the likelihood transformation L(·) (Eq. 3.6) and Bayesian transformation

B(·) (Eq. 3.7) in Chapter 3. Since B(x) = K(L(x)) and K(s) = π1/(π1 + π0/s) is

a monotone increasing function, according to Proposition 5, we have the following

relationship between the likelihood and Bayesian transformations:

Corollary 3. Suppose X ∈ Ω ⊆ Rn. Consider the likelihood transformation (Eq. 3.6)

and the Bayesian transformation (Eq. 3.7). Let

tL = argmax
t∈R+

M̃M
L
(t) and tB = argmax

t∈[0,1]
M̃M

B
(t).

The following properties hold:

1. M̃M
L
(tL) = M̃M

B
(tB).

2. M̃M
L
(t), t ∈ R+, is a unimodal function if and only if M̃M

B
(t), t ∈ [0, 1], is a

unimodal function.

4.4 Measure Dominance under the Likelihood Transformation

Different transformation on predicted score X may lead to different confusion-

matrix, and therefore different performance measures. We show that the likelihood

transformation results in the maximal performance measure values.
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Proposition 6. Let T (·) : Rn → R be any transformation on X ∈ Rn and L(·) : Rn →

R+ be the likelihood transformation (Eq. 3.6). Let

tL = argmax
t∈R+

M̃M
L
(t) and tT = argmax

t∈R
M̃M

T
(t).

Then M̃M
L
(tL) ≥ M̃M

T
(tT ).

Proof. Since TPRL(·), TPRT (·) ∈ [0, 1], there exists t such that TPRL(t) = TPRT (tT ).

According to Corollary 1, we have FPRL(t) ≤ FPRT (tT ). SinceMM is monotonically

decreasing in FPR, we have

M̃M
T
(tT ) =MM(TPRT (tT ), FPRT (tT ))

=MM(TPRL(t), FPRT (tT ))

≤MM(TPRL(t), FPRL(t))

≤MM(TPRL(tL), FPRL(tL))

= M̃M
L
(tL).

According to Propositions 4 and 6, the likelihood transformation results in the

best values of all measures in M. In other words, measures under the likelihood

transformation are better representation of the maximal potential of a classification

algorithm and should be better measures to compare performances of different algo-

rithms.

4.5 Optimal Threshold under the Likelihood Transformation

Section 4.4 reveals that maximal measurements under the likelihood transfor-

mation dominate other transformations. We show in this section that measures under

the likelihood transformation are more likely to show nice structural properties, such as
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monotonicity or uni-modality with regard to the threshold decision. These properties

allow us to search for the optimal threshold more efficiently.

4.5.1 Optimal Threshold for Measures in M

Consider a performance measure M̃M(t) ∈ M, where t ∈ Ω ⊆ R and Ω =

[tmin, tmax]. We are interested in finding the optimal threshold t∗ to achieve the maximal

measurement value:

max
t∈Ω

M̃M(t).

For measures where smaller values are desired, we may simply reverse the sign of

the objective function. In order to efficiently locate t∗, we investigate the shape of

M̃M(t) for various classification measures by classifying them into three shape cate-

gories: monotone, unimodal, and multi-modal with respect to the threshold t.

We start by providing a condition for a measurement function to be monotone.

Proposition 7. Suppose M̃M ∈ M. Then M̃M(t), t ∈ Ω, is a monotone function if

there exist functions A(t) and D(t) such that

dM̃M(t)

dt
= A(t)D(t), A(t) ≥ 0, and D(t) ≥ 0, ∀t ∈ Ω. (4.9)

Proof. Clearly, dM̃M(t)/dt ≥ 0 if A(t) ≥ 0 and D(t) ≥ 0. Therefore, M̃M(t), t ∈ Ω,

is a monotone function.

Based on the above proposition, we define the following sub-measure class of M in

which all measures are monotone.

Definition 2. Mm is a sub-class of M that consists of measures M̃M(t) satisfying

condition (Eq. 4.9).

Since all measures in Mm are monotone, they attain their optimal thresholds at the

boundaries tmin or tmax. The next results show that the four simple measures (under

any transformation T ) belong to the monotone class.
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Corollary 4. -TPR, -FPR, TNR, FNR ∈ Mm.

Proof. Note that d(−TPR(t))/dt = dFNR(t)/dt = f1(t) > 0 and d(−FPR(t))/dt =

dTNR(t)/dt = f0(t) > 0. The result follows immediately.

We next provide conditions for a measure to be unimodal within the threshold

domain.

Proposition 8. Suppose M̃M ∈ M. Then M̃M(t), t ∈ Ω, is a unimodal function if

there exist functions A(t) and D(t) such that

dM̃M(t)

dt
= A(t)D(t), A(t) ≥ 0,

dD(t)

dt
≤ 0 ∀t ∈ Ω and D(tmin) ≥ 0, D(tmax) ≤ 0.

(4.10)

Proof. Since dD(t)/dt ≤ 0, D(tmin) ≥ 0, D(tmax) ≤ 0, D(t) is monotonically decreas-

ing and there exists a t∗ such that D(t∗) = 0. As a result, ∀t < t∗, we have D(t) ≥ 0

and ∀t > t∗, we have D(t) ≤ 0. Since A(t) ≥ 0, we have ∀t < t∗, dM̃M(t)/dt ≥ 0 and

∀t > t∗, dM̃M(t)/dt ≤ 0. Therefore, M̃M(t) is a unimodal function of t.

Based on the above proposition, we define the following sub-measure class of M, in

which all measures are unimodal functions of the threshold.

Definition 3. Mu is a sub-class of M that consists of all measures M̃M(t) satisfying

condition (Eq. 4.10).

If M̃M ∈ Mu, then the optimal threshold can be located by setting dM̃M(t)/dt = 0.

4.5.2 Monotone Measures under the Likelihood Transformation

In this subsection, we provide conditions for performance measures under the

likelihood transformation (Eq. 3.6) to be monotone. As a result, we show additional

single measures, which are not monotone in general, become monotone under the like-

lihood transformation.
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Consider a performance measure under the likelihood transformation: M̃M
L
(t),

t ∈ ΩL ⊆ R+. In view of Definition 2, we consider the following special form of D(t)

in (Eq. 4.11):

DL(t) = Z1(TPR
L(t)−tFPRL(t))+Z2[t(1−FPRL(t))−(1−TPRL(t))]+Z3, (4.11)

where Z1, Z2, and Z3 are some fixed scalars.

Proposition 9. If Z1 ≥ 0, Z2 ≥ 0, and Z3 ≥ 0, then DL(t) ≥ 0 for all t ∈ ΩL.

Proof. For any t ∈ ΩL, because of Proposition 1, we have that

tFPRL(t) = t

∫ +∞

t

gL0 (s)ds ≤
∫ +∞

t

sgL0 (s)ds =

∫ +∞

t

gL1 (s)ds = TPRL(t),

where the second equality follows from Proposition 1. Therefore,

tFPRL(t)− TPR(t) ≤ 0. (4.12)

Using the same approach, we can also show

t(1− FPRL(t))− (1− TPRL(t)) ≥ 0. (4.13)

The proposition then follows from the assumption that Z1, Z2, Z3 ≥ 0.

The above proposition allows us to define a subclass of monotone measures

under the likelihood transformation.

Definition 4. Cm is a subclass of Mm, where the likelihood transformation is applied

on X and the corresponding D(t) (Eq. 4.9) is given by (Eq. 4.11) with some parameters

Z1, Z2, Z3 ≥ 0.

We prove additional simple measures, such as PPV, -NPV, -FDR, FOR, are

monotone under the likelihood transformation.
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Corollary 5. PPV L,−NPV L,−FDRL, FORL ∈ Cm.

Proof. Following Definition 4, we rewrite the derivatives of the above four measures in

the following form:

dM̃M
L
(t)

dt
= A(t)DL(t).

We summarize their corresponding functions A(t) and parameters of DL(t) in Table

4.2:

Measures A(t) DL(t)
Z1 Z2 Z3

PPV π0π1g
L
0 (t)/(π0TPR

L(t) + π1FPR
L(t))2 1 0 0

-NPV π0π1g
L
0 (t)/(π0(1− FPRL(t)) + π1(1− TPRL(t)))2 0 1 0

-FDR π0π1g
L
0 (t)/(π0TPR

L(t) + π1FPR
L(t))2 1 0 0

FOR π0π1g
L
0 (t)/(π0(1− FPRL(t)) + π1(1− TPRL(t)))2 0 1 0

Table 4.2: A Class of Monotone Measures

It is straightforward to verify that A(t) ≥ 0 and Z1, Z2, Z3 ≥ 0, and thus these measures

satisfy Definition 4.

While simple measures, such as -TPR, -FPR, TNR, FNR, are monotone (∈

Mm) under any T transformation, according to Proposition 4, the monotone property,

however, is not true in general for measures PPV, -NPV, -FDR, FOR, if T is not the

likelihood transformation, or a monotone of it. To demonstrate this, we construct

a counter example for the PPV measure. Consider class-conditional densities given

in Figure 4.1. They are clearly not resulted from the likelihood or monotone of the

likelihood transformation, since g1(t)/g0(t) is not monotone in t. Figure 4.2 clearly

shows that the resulting PPV is not monotone.
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Figure 4.1: Class-conditional Density Distributions

Figure 4.2: PPV is NOT Monotone

4.5.3 Unimodal Measures under the Likelihood Transformation

If a performance measure is a unimodal function of the threshold t, then we can

efficiently locate the optimal threshold that leads to the best performance. Unfortu-

nately, the unimodality property does not hold in general for all existing measures if
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a general transformation T is applied to the predicted score X. We show in this sub-

section that many popular balanced classification performance measures are unimodal

under the likelihood transformation. Most results we obtained in this subsection are

new to the classification measurement literature.

We start by showing two popular measures CC and CP, which are widely used

in ROC threshold analysis, belong to Mu under the likelihood transformation.

Corollary 6. −CCL, CPL ∈ Mu.

Proof. We first prove the result for measure−CCL. By calculation, we have -dCCL(t)/dt =

A(t)DL(t), where

A(t) =
gL0 (t)√

(1− TPRL(t))2 + (FPRL(t))2
, and DL(t) = −t+ tTPRL(t) + FPRL(t).

Since A(t) ≥ 0, DL(0) = 1, DL(+∞) < 0, and

dDL(t)

dt
= −1 + TPRL(t)− tgL1 (t)− gL0 (t) ≤ 0 ∀t ∈ ΩL,

by Definition 3, −CCL ∈ Mu.

For measure CPL, By calculation, we have dCPL(t)/dt = A(t)DL(t), where

A(t) = gL0 (t) and DL(t) = −t + tFPRL(t) + TPRL(t). Since A(t) ≥ 0, DL(0) = 1,

DL(+∞) < 0, and

dDL(t)

dt
= −1 + FPRL(t)− tgL0 (t)− gL1 (t) ≤ 0 ∀t ∈ ΩL, (4.14)

by Definition 3, CPL ∈ Mu.

Next we provide conditions for M̃M
L
to be unimodal when D(t) in Definition

3 takes the special form DL(t) (Eq. 4.11).

Lemma 2. If Z1 ≥ 0, Z2 < 0, and Z3 ≥ −Z1, then dDL(t)/dt ≤ 0 ∀t ∈ R+ and

DL(0) ≥ 0, DL(+∞) ≤ 0 .
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Proof. In view of (Eq. 4.11), we have

dDL(t)

dt
= Z1(−gL1 (t) + tgL0 (t)) + Z2(tg

L
0 (t)− gL1 (t))− Z1FPR

L(t) + Z2(1− FPRL(t))

= −Z1FPR
L(t) + Z2(1− FPRL(t))

≤ 0,

where the second equality follows from Proposition 1 and the inequality follows from

the assumption Z1 ≥ 0 and Z2 < 0. Since Z3 ≥ −Z1, we have DL(0) = Z1 + Z3 ≥ 0.

Finally, we have DL(+∞) = limt→∞ Z2(t− 1) + Z3 < 0, since Z2 < 0.

Similar to Definition 4 for a subclass of monotone measures, based on Lemma 2,

we are able to define a subclass of Mu when DL(t) meets the conditions specified in

the lemma.

Definition 5. Cu is a subclass of Mu, where the likelihood transformation is applied on

X and the corresponding D(t) (Eq. 4.9) is given by (Eq. 4.11) with some parameters

Z1 ≥ 0, Z2 < 0, and Z3 ≥ −Z1.

It turns out many commonly used measures that can be written as a linear

factional functions of TPR and FPR, such as ACCL,−ERRL, BAL, JL, JIL, FL
β , be-

long to this new class of unimodal measures Cu under the likelihood transformation.

Consider the following measure in the fractional form:

M̃F
L
(t) =MF (TPRL(t), FPRL(t)) =

α1TPR
L(t) + β1FPR

L(t) + γ1
α2TPRL(t) + β2FPRL(t) + γ2

, (4.15)

where α2
2 + β2

2 + γ22 ̸= 0. The next result provides conditions for M̃F
L
to be unimodal.

Proposition 10. M̃F
L
∈ Cu if its parameters satisfy the following conditions: α1γ2 −

α2γ1 > 0, β1γ2 − β2γ1 ≤ 0, and α1β2 − α2β1 ≥ max(β1γ2 − β2γ1, α2γ1 − α1γ2).

43



Proof. Since Cu ⊆ M, we first show that M̃F
L
∈ M. Note that

MF
′

1(a, b) =
α1(β2b+ γ2)− α2(β1b+ γ1)

(α2a+ β2b+ γ2)2

≥ min(α1β2 + α1γ2 − α2β1 − α2γ1, α1γ2 − α2γ1)

(α2a+ β2b+ γ2)2

≥ 0,

where the first inequality holds since b ∈ [0, 1] and the numerator is a linear function

of b. The second inequality follows from the assumptions that α1γ2 − α2γ1 > 0 and

α1β2−α2β1 ≥ α2γ1−α1γ2. Using similar logic, next we show thatMF
′
2(a, b) ≤ 0. Note

that

MF
′

2(a, b) =
β1(α2a+ γ2)− β2(α1a+ γ1)

(α2a+ β2b+ γ2)2

≤ max(α2β1 + β1γ2 − α1β2 − β2γ1, β1γ2 − β2γ1)

(α2a+ β2b+ γ2)2

≤ 0,

where the first inequality holds since a ∈ [0, 1] and the numerator is a linear function

of a. The second inequality follows from the assumptions that β1γ2 − β2γ1 ≤ 0 and

α1β2 − α2β1 ≥ β1γ2 − β2γ1.

By Definition 1, M̃F
L
∈ M. Next, we prove M̃F

L
∈ Cu. By simple calculation,

we have dM̃F
L
(t)/dt = A(t)DL(t), where

A(t) =
gL0 (t)

(α2TPRL(t) + β2FPRL(t) + γ2)2

DL(t) = −(α1β2 − α2β1)(tFPR
L(t)− TPRL(t))− t(α1γ2 − α2γ1)− (β1γ2 − β2γ1).

Note that DL(t) can be re-written as:

DL(t) = Z1(TPR
L(t)− tFPRL(t)) + Z2[t(1− FPRL(t))− (1− TPRL(t))] + Z3,
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where

Z1 = (α1β2 − α2β1) + (α1γ2 − α2γ1)

Z2 = −(α1γ2 − α2γ1)

Z3 = −(α1γ2 − α2γ1)− (β1γ2 − β2γ1)

By assumptions, we have Z1 ≥ 0, Z2 < 0 and Z3 ≥ −Z1. By Definition 5, M̃F
L
∈ Cu

and the proposition is proven.

Corollary 7. ACCL,−ERRL, BAL, JL, JIL, FL
β ∈ Cu.

Proof. Note that these measures can be written in the form of (Eq. 4.15) with the

parameters summarized in the following table, respectively:

Measures α1 β1 γ1 α2 β2 γ2
ACCL π1 −π0 π0 0 0 1
−ERRL −π1 π0 π1 0 0 1
BAL c -(1-c) 1-c 0 0 1
JL 1 -1 0 0 0 1
FL
β (1 + β2)π1 0 0 π1 π0 β2π1

JIL π1 0 0 0 π0 1

Table 4.3: Measures in Format (Eq. 4.15)

It is straightforward to verify that the parameters for each measure meet the condition

of Proposition 10.

Note that for measures CC, CP, ACC, -ERR, BA, J, Fβ, JI, unimodality prop-

erty holds under the likelihood transformation of predicted score X. The property,

however, is not true in general for other T transformations. Take accuracy for an ex-

ample; Figure 4.3 represents the accuracy plot based on the class-conditional densities

shown in Figure 4.1. Clearly, the ACC measure is not unimodal in this case.
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Figure 4.3: ACC is NOT Unimodal

Finally, we show how to calculate the optimal threshold for a unimodal measure under

the likelihood transformation M̃M
L
(t) ∈ Cu. Since M̃M

L
(t) is unimodal, the optimal

threshold can be obtained by setting its derivative to zero:

dM̃M
L
(t)

dt
= −MM

′

1(TPR
L(t), FPRL(t))gL1 (t)−MM

′

2(TPR
L(t), FPRL(t))gL0 (t)

= gL0 (t)(−tMM
′

1(TPR
L(t), FPRL(t))−MM

′

2(TPR
L(t), FPRL(t))) = 0.

It follows that the optimal threshold tL satisfies the following equation:

tL = −MM
′
2(TPR

L(tL), FPRL(tL))

MM
′
1(TPR

L(tL), FPRL(tL))
. (4.16)

We summarize the optimal thresholds for all existing performance measures in Table

4.4.
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4.5.4 Multi-Modal Measures

In subsections 4.5.2 - 4.5.3, we reveal that most currently used confusion-matrix

measures are either monotone or unimodal functions of the threshold under the likeli-

hood transformation. In this subsection, we show that two measures, Markedness and

MCC, are exceptions even under the likelihood transformation. In fact, they are multi-

modal in general w.r.t. the threshold, in which case an exhaustive search is needed to

find the optimal threshold to achieve maximum value of the respective measurements.

Markedness (MK) is the arithmetic mean of positive predictive value and neg-

ative predictive value, which measures the reliability of the respective predictions by

the model. It is defined as follows:

MKL(t) =
π1TPR

L(t)

π1TPRL(t) + π0FPRL(t)
+

π0(1− FPRL(t))

π1(1− TPRL(t)) + π0(1− FPRL(t))
− 1.

Clearly, MK ranges from -1 to +1, and the higher the value, the more reliable predic-

tion. We now provide an example to show that MK is multi-modal under the likelihood

transformation. Consider the class-conditional densities g1(t), g0(t) depicted in Figure

4.4 and π1 = 0.25. It can be verified that ratio g1(t)/g0(t) monotonically increases in

t.
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Figure 4.4: g0(t) and g1(t)

We plotted the corresponding MK in Figure 4.5, which is clearly multi-modal in

t. Since g1(t)/g0(t) is monotone in t, by Corollary 2 in Section 4.3, the corresponding

MKL is also multi-modal.

Figure 4.5: Markedness is Multi-Modal
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Next we show that Matthews Correlation Coefficient (MCC) is in general multi-

modal w.r.t. the threshold even after the likelihood transformation is applied to the

predicted score X. After some algebraic manipulations (see Appendix A for details),

we may rewrite MCC as follows:

MCCL(t) =

√
π0π1

ω(t)(1− ω(t))
(TPRL(t)− FPRL(t)),

where ω(t) = π1TPR
L(t) + π0FPR

L(t). Since the square operation preserves the

modality properties of a non-negative function, we focus on the shape of MCCL2(t)

instead. With additional extensive algebraic manipulations (in Appendix A), we ob-

tain:

dMCCL2(t)

dt
=
π0π1(TPR

L(t)− FPRL(t))gL0 (t)

ω(t)(1− ω(t))

∗
[

1− TPRL(t)− t(1− FPRL(t))

π1(1− TPRL(t)) + π0(1− FPRL(t))
+

TPRL(t)− tFPRL(t)

π1TPRL(t) + π0FPRL(t)

]
.

(4.17)

After investigating (Eq. 4.17), we construct the two class-conditional density functions

g0(t) and g1(t) illustrated in Figure 4.6 (the Python code to construct the density

functions is described in Appendix B).
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Figure 4.6: g0(t) and g1(t)

Figure 4.7 shows that g1(t)/g0(t) is a monotone increasing function of threshold

t. We then calculate MCCL2(t) and plot it in Figure 4.8, which clearly indicates

that MCC is a multi-modal function. Since g1(t)/g0(t) is a monotone function, by

Corollary 2 discussed in Section 4.3, we show that MCCL2(t), and thus MCCL(t) is

also in general a multi-modal function under the likelihood transformation.
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Figure 4.7: Likelihood Ratio g1(t)/g0(t) is Monotone in t

Figure 4.8: MCC2(t) vs t

4.6 Impact of Base Rate π1

While measures such as TPR(t), FNR(t), TNR(t), and FPR(t) depend on

only the threshold t, many other measures are also impacted by the base rate π1,

in addition to the threshold. For example, given a fixed threshold (t), PPV (t, π1)
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and FOR(t, π1) are monotonically increasing in base rate π1, while FDR(t, π1) and

NPV (t, π1) are monotonically decreasing in π1. For ACC(t, π1) and ERR(t, π1), if

TPR(t) ≥ TNR(t), ACC(t, π1) (ERR(t, π1)) is monotonically increasing (decreasing)

in base rate π1; otherwise, ACC(t, π1) (ERR(t, π1)) is monotonically decreasing (in-

creasing) in π1. For balanced measures, it is easy to verify that ACC and Youden index

are independent of the base rate, while F1 measure is monotonically increasing in base

rate as demonstrated below:

∂F1(t, π1)

∂π1
=

2
∫ +∞
t

f1(x)dx
∫ +∞
t

f0(x)dx

(2π1
∫ +∞
t

f1(x)dx+ π0
∫ +∞
t

f0(x)dx+ π1
∫ t

−∞ f1(x)dx)2
> 0.

For completeness, we summarize the relationship between the measurements and the

base rate for all existing measures in Table 4.4. We should be mindful when utilizing

base-rate related measure to compare model performance across datasets with varying

class priors. Unlike those performance measures (e.g., TPR, FPR) that are independent

of the prior distributions, base-rate related measures may vary significantly on different

data sets. For example, models with the same TPR and FPR may lead to varying F1

scores for different datasets. In this case, relying on F1 alone may draw a misleading

conclusion (Gong, 2021).

4.7 Summary and Discussion

Confusion-matrix based performance measures have been widely adopted in

machine learning classification model development, selection, and evaluation (Ferri

et al., 2009). Little attention, however, has been paid to their theoretical properties. In

this chapter, we propose a unified framework for all threshold-dependent classification

measures with the following nice structural properties:

1. All measures are monotonically increasing in TPR and monotonically decreasing

in FPR.

2. All measures are invariant under monotonic transformation. More specifically,

the unimodality and maximum values of the measurements can be preserved.
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3. The likelihood transformation results in the best optimal values of the measure-

ments.

M

FL
β

ACCL

ERRL

BAL

JIL

JL

Cm

MCCL

MKL

TPR

FPR

TNR

FNR

PPV L NPV L

FDRL FORL

Cu

CCL

CPLMm

Mu

Figure 4.9: Unified Framework for Classification Measures

We further investigate the properties of the measures in the context of the likelihood

transformation. We systematically reveal that classification measures composed in

certain mathematical form achieve maximal values monotonically or unimodally. For

those multi-modal measures, we provide examples. Our unified framework and result-

ing measure classifications are cleanly summarized in Figure 4.9. We also systemati-

cally disclose the relationships between the optimal values of various measurements and

the corresponding decision-making thresholds. The detailed results are summarized in

Table 4.4.

MM Threshold (L) Threshold (B) t π1

TPR 0 0 ↘ −

FNR 0 0 ↗ −
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TNR +∞ 1 ↗ −

FPR +∞ 1 ↘ −

PPV L +∞ 1 ↗ ↗

FDRL +∞ 1 ↘ ↘

NPV L 0 0 ↘ ↘

FORL 0 0 ↗ ↗

ACCL π0/π1 1/2 U ↗,↘

ERRL π0/π1 1/2 U ↘,↗

BAL (1− c)/c (1− c)π1/((1− c)π1 + cπ0) U −

F1L π0JI(t
L
f )/π1 F1(tBf )/2 U ↗

JL 1 π1 U −

CCL FPRL(tLcc)/

(1− TPRL(tLcc))

FPRB(tBcc)π1/

[FPRB(tBcc)π1 + (1− TPRB(tBcc))π0]

U −

CPL TPRL(tLcp)/

(1− FPRL(tLcp))

TPRB(tBcp)π1/

[TPRB(tBcp)π1 + (1− FPRB(tBcp))π0]

U −

Table 4.4: Summary of Binary Confusion-Matrix Measure w.r.t. Thresholds and
Base Rate. Note: L and B represent likelihood and Bayesian transformations, re-
spectively. ↗ (↘) denotes monotonically increasing (decreasing). U means unimodal
function. The monotone relationship for ACC,ERR w.r.t. π1 depends on the condition
TPR(t) > TNR(t).

In addition, we note that some measures are base rate related and others are

not. Those base-rate related measures are monotone when certain conditions are met,

which implies that when dealing with imbalanced data, where π0 ≫ π1, the optimal

decision to maximize accuracy is to predict all instances to be negatives (tLacc = +∞).

The implication is aligned with the criticism of using accuracy to measure model per-

formance in imbalanced data, where the classification will be biased towards majority

class. Our study and results shed lights on the following aspects in model development

and evaluation:

• Our research provides theoretical support for choosing appropriate measures in
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model development and evaluation, especially when dealing with imbalanced

data;

• Our research presents a directional guidance on determining the threshold for op-

timizing corresponding measures, which can help significantly improve the com-

putation efficiency;

• By investigating the properties of existing performance measures, we provide

directions to define additional performance measures to optimize.
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Chapter 5

ROC CURVE CHARACTERIZATION AND ENHANCEMENT

Receiver Operating Characteristic (ROC) curve was firstly used in World War

II to discern between signals and noises by the military radar operators. Since then,

ROC curve has been extended to various fields such as psychophysics (Green et al.,

1966; Markowitz and Swets, 1967; Nevin, 1969), medicine (Lusted, 1971; Beck and

Shultz, 1986; Zweig and Campbell, 1993), radiology (Goodenough et al., 1974; Han-

ley and McNeil, 1982; Van Erkel and Peter, 1998), epidemiology (Erdreich and Lee,

1981; Hanley and McNeil, 1982; Lijmer et al., 1996), biometrics (DeLong et al., 1988;

Wayman, 1996; Obuchowski, 1997), etc.

More recently, ROC curve is increasingly used as a visualization tool to mea-

sure the discrimination ability of a machine learning model in classification problems

(Bradley, 1997; Fawcett, 2006; Majnik and Bosnić, 2013; Narkhede, 2018; Wang and Ni,

2019; Kannan and Vasanthi, 2019; Omar and Ivrissimtzis, 2019; Janssens and Martens,

2020; Gong, 2021). It plays a very important role in machine learning model develop-

ment, selection, and evaluation (Rosset, 2004b; Alemayehu and Zou, 2012; Majnik and

Bosnić, 2013; Gong, 2021). The ROC curve represents a trade-off between true posi-

tive rate (TPR) and false positive rate (FPR). ROC demonstrates several advantages

over confusion-matrix based metrics (Metz, 1978; Majnik and Bosnić, 2013; Gong,

2021): 1. ROC does not depend on threshold selection (Janssens and Martens, 2020);

2. The change of data prior distribution will not impact the ROC curve, since TPR

and FNR are independent of base rate; 3. ROC analysis does not necessarily require

exact probability, and what it matters is to separate positive instances from negative

instances.
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ROC and its variants have been extensively studied with numerous published

papers in machine learning area,. For example, Drummond and Holte (2000) explicitly

represented the expected cost of a classifier in cost curve as an alternative to ROC

representation, which maintains many of the advantages of ROC and can visually tell

the range of costs and class prior distribution where a particular classifier is the best.

Flach (2004) utilized the ROC convex hull method to select among categorical classifiers

and determines the optimal decision threshold for a ranking classifier, as well as regions

where one classifier dominates another. Fawcett (2006) provided a detailed discussion

of ROC space and pointed out that one attractive property of ROC curve is that they

are independent of the prior class distribution. Swamidass et al. (2010) developed the

general concentrated ROC (CROC) framework to address the early retrieval problem,

where only the very top of the ranked list of predictions is of any interest. Robin et al.

(2011) designed a tool called ‘pROC’ to facilitate ROC curve analysis and apply proper

statistical tests for their comparison. Davis and Goadrich (2006); Su et al. (2015) found

out that ROC curve is closely related to or can be transformed into precision-recall

curve, lift chart, Kolmogorov–Smirnov (K-S) alike curves, etc. Fieldsend and Everson

(2005); Landgrebe and Duin (2006); Deng et al. (2006); Hua and Tian (2020) extended

ROC to multi-class by designing a three-dimensional measure called volume under

ROC space, or via one vs. one (OVO) & one vs. all (OVA) methodologies.

All the above-mentioned studies implicitly assume concavity of the ROC curve

by default. In many cases, non-concavity ROC is inevitable and often ignored. There

are very few papers discussing non-concave ROC. Hilden (1991) pointed out the prob-

lem in the medical literature that “some authors do seem to overlook the concavity

problem”. Pesce et al. (2010) argued that direct use of a decision model “with a

non-concave ROC curve must be considered irrational and unethical when applied to

medical decisions”. Vardhan et al. (2020) recommended not to use the classifier if the

ROC curve is not concave. These research studies focus on empirical studies but fail to

discuss how concavity can be addressed and how to transform the non-concave ROC
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into concave ROC without re-training the model from a theoretical perspective. In ad-

dition, most papers treat ROC as a tool to measure model performance on analyzing

empirical data. The properties and characterization of ROC curve is not well under-

stood. Recently Medlock and Oppenheim (2019) proved that Neyman-Pearson ROC

curve with the likelihood ratio transformation is concave. However, the paper lacks

a systematical discussion of the characterization of ROC curves and fails to disclose

the properties of the transformed ROC. Our study aims to bridge the gap by system-

atically discussing the properties and characterization of ROC curves, addressing the

non-concave issue, and identifying nice properties of the transformed ROC, which lay

a solid foundation for our following research topics.

This chapter is structured as follows: Section 5.1 briefly reviews ROC curve in

the context of class conditional densities; Section 5.2 highlights the cases where ROC

curve is non-concave and discloses the sufficiency and necessity conditions for a ROC

curve to be concave; Section 5.3 is our main contribution, which discusses the properties

and characterization of the ROC curve, proposes a systematical transformation to

enhance ROC curve, highlights the nice properties of the transformed scores, and

performs simulation studies to convert a non-concave ROC into a concave ROC. In

addition, we explore the dominance properties of ROC curve and other visualization

tools; Section 5.4 discusses and summarizes our key findings and contributions.

5.1 Introduction of ROC Curve

According to Table 4.1, recall the definitions of TPR and FPR:

TPR(t) = P (Ŷ = 1|Y = 1) = P (X ≥ t|Y = 1) =

∫ +∞

t

f1(x)dx = 1− F1(t) (5.1)

FPR(t) = P (Ŷ = 1|Y = 0) = P (X ≥ t|Y = 0) =

∫ +∞

t

f0(x)dx = 1− F0(t) (5.2)

ROC curve is defined as a parametric curve on the threshold t, where the vertical axis is

the true positive rate TPR(t) and the horizontal axis is the false positive rate FPR(t):
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ROC(f0, f1) = {(FPR(t), TPR(t)), t ∈ (−∞,+∞)} (5.3)

A typical ROC curve is shown in Figure 5.1. By definitions of TPR(t) and FPR(t)

(Table 4.1), ROC curve depends on only the conditional score density functions f0(x)

and f1(x). Indeed, the slope of the ROC curve at threshold t is given by

d TPR(t)

d FPR(t)
=
TPR′(t)

FPR′(t)
=
f1(t)

f0(t)
, (5.4)

Figure 5.1: ROC Curve Based on Density Distributions with Varying t

In case the two conditional density functions are identical, i.e. f1(x) = f0(x) ∀x ∈

R, the ROC degenerates to a diagonal line (also known as ‘chance line’), which implies

that the classification algorithm can not statistically separate the class label of an in-

stance. In general, a good classification algorithm should have its ROC located above

the diagonal (Gong, 2021).

To measure the performance of a classifier and aid the selection of classifiers,

a single summary metric AUC (area under the curve), is derived from the associated

ROC. Intuitively, an AUC close to 0.5 indicates random guessing, while AUC=1 repre-

sents perfect prediction. It has been shown (Marzban, 2004), however, these intuition

is precise only if the associated ROC is concave. In particular, for a concave ROC,

its AUC is shown (Fawcett, 2006) to be equal to the probability that the classifier
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will rank a randomly chosen positive instance higher than a randomly chosen negative

instance:

AUC =

∫ +∞

−∞

∫ +∞

−∞
1(x1, x0)f1(x1)f0(x0)dx1 dx0 = P (X1 > X0),

where the indicator function 1(x1, x0) = 1 if x1 > x0, and 0 otherwise. Random

variable X1 = {X|Y = 1} is the conditional predictive score for a positive instance and

X0 = {X|Y = 0} is the conditional predictive score for a negative instance. Since all

these results rely critically on the concavity of the ROC curve, we discuss the associated

conditions in the next section.

5.2 Concavity of ROC Curve

The ROC curve constructed based on (Eq. 5.3) can be concave as shown in

Figure 5.1, where the predictive score distributions of the two classes have the same

variance but different means. It can also be non-concave as demonstrated by four

scenarios in Figures 5.2, where the two distributions have different variances or one of

the distributions is bimodal. These scenarios are commonly reported (Parodi et al.,

2008; Silva-Fortes et al., 2012; Martinez-Camblor et al., 2017; Vardhan et al., 2020)

in medical research papers and carry useful scientific insights. For example, Martinez-

Camblor et al. (2017) pointed out that it may not be true that the higher (lower) scores

generated by a machine learning model are always associated with a higher probability

of a positive instance. There also exist real situations where both lower and higher

scores are associated with a higher probability of positive instances (Scenario 2 in

Figure 5.2). The associated non-concave ROC curves, however, lead to all AUCs close

to 0.5, which renders usefulness of these classification models according to the mostly

used model selection metric (AUC).
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Figure 5.2: Scenarios of Density Distributions and Their Associated Non-Concave
ROCs

We will now explore the condition that guarantees the concavity of the ROC

curve and develop a process to construct a concave ROC in the next subsection. It

turns out that the concavity of ROC curve is closely related to the likelihood ratio

between the two conditional score distributions f0(x) and f1(x) defined as in (Eq. 3.6).

Lemma 3. Suppose score x ∈ Ω ⊆ R is a scalar. Then ROC(f0, f1) is concave if and

only if L(x) monotonically increases in x.
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Proof. Sufficiency: if L(x) monotonically increases in x, then ROC(f0, f1) is concave.

Since FPR(x) is monotonically decreasing in x (according to Lemma 4) and L(x)

monotonically increases in x, we have that L(x) is monotonically decreasing with re-

gards to FPR, which means the slope of the ROC curve (Eq. 5.4) monotonically

decreases with regards to FPR (the x-axis of ROC curve). Therefore, the ROC curve

is concave. The necessity condition can be proven by similar reverse logic.

With this result, one can easily verify if a classification algorithm has a concave

ROC curve by simply plotting the likelihood ratio L(x). Figure 5.3 below demonstrates

Lemma 3 for the four scenarios in Figure 5.2. Clearly, none of the likelihood functions

are monotonically increasing in x.
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Figure 5.3: Scenarios of Density Distributions and Their Likelihood Ratio f1/f0

Various ad-hoc empirical methodologies are proposed to fix the non-concave

ROC issues. Instead of using one varying threshold, Martinez-Camblor et al. (2017)

proposed an empirical ROC to address scenario 2 by taking into account all pairs

of possible thresholds, one for the lower scores and another for the higher scores.

Those modifications, however, are ad-hoc in nature, since they are applicable for only

specific situations. Furthermore, extant ROC literature (Medlock and Oppenheim,

2019) requires the predicted scoreX to be a scalar, which can be compared and ordered.
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In most classification applications, however, X is usually a multi-dimensional vector,

such as customer features. As a result, the ROC curve cannot be readily constructed

using (Eqs. 5.1 and 5.2).

5.3 Properties of ROC Curve Based on the Likelihood Transformation

In this section, we explore the properties of ROC and its variants based on the

likelihood transformation.

5.3.1 ROC curve under the Likelihood Transformation

Suppose score X is a scalar random variable. We first prove the invariant

properties of a ROC curve with regards to a monotone increasing transformation of

X.

Lemma 4. Suppose X is a scalar random variable and transformation T (·) in (Eq.

3.1) is a monotonically increasing function, then ROC(gT0 , g
T
1 ) = ROC(f0, f1).

Proof. Let (FPRT (tg), TPR
T (tg)) be a point on ROC(gT0 , g

T
1 ), (FPR(tf ), TPR(tf ))

be a point on ROC(f0, f1). Given

s = T (x) tg = T (tf ),

since T (x) is a monotone increasing function with regards to x, x ≥ tf implies T (x) ≥

T (tf ), and vice versa. Therefore,

FPR(tf ) = P (x ≥ tf |Y = 0) = P (T (x) ≥ T (tf )|Y = 0) = P (s ≥ tg|Y = 0) = FPRT (tg)

and

TPR(t) = P (x ≥ tf |Y = 1) = P (T (x) ≥ T (tf )|Y = 1) = P (s ≥ tg|Y = 1) = TPRT (tg),

and hence ROC(gT0 , g
T
1 ) is identical to ROC(f0, f1).
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As a result of this lemma, the ROC curve generated from the likelihood trans-

formation ROC(gL0 , g
L
1 ) is identical to the ROC curve based on the Bayesian transfor-

mation ROC(gB0 , g
B
1 ) and both of them are concave.

Proposition 11. ROC(gL0 , g
L
1 ) and ROC(gB0 , g

B
1 ) are concave and ROC(gL0 , g

L
1 ) =

ROC(gB0 , g
B
1 ).

The proposition can be clearly proven by Proposition 1 and Lemma 3 & 4.

Based on discussion in Subsection 3.1, different variable transformations may lead to

different ROC curves. We are interested in finding out which transformation will lead

to the most discriminate ROC curve. To this end, we first introduce the concept of

dominance for a pair of ROC curves. Roughly speaking, ROC curve A dominates ROC

curve B if curve B is beneath curve A. The formal definition is given below.

Definition 6. Let f0(·), f1(·) and g0(·), g1(·) be the respective class-conditional den-

sity functions associated with two classification algorithms. Then ROC(g0, g1) domi-

nates ROC(f0, f1), if for any threshold tg, tf ∈ Ω such that FPRg(tg) = FPRf (tf ),

TPRg(tg) ≥ TPRf (tf ).

Theorem 1. Let L(·) be the likelihood transformation (3.6) and T (·) be any transfor-

mation on X. Then ROC(gL0 , g
L
1 ) dominates ROC(gT0 , g

T
1 ).

Proof. With the set notation in (Eqs. 3.8 and 3.9), TPR and FPR can be re-expressed

as P (R|Y = 1) and P (R|Y = 0), respectively, where R represents the set of x where

the associated instances are classified as positive (RL or RT ). Therefore, according

to Corollary 1, for an thresholds tL and tT such that FPRL(tL) = FPRT (tT ), we

have TPRL(tL) ≥ TPRT (tT ). Therefore, ROC(gL0 , g
L
1 ) dominates ROC(gT0 , g

T
1 ) by

definition.

5.3.2 Other Classification Measurement Curves under the Likelihood Trans-

formation

Precision-recall curve (PR) is another popular visualization tool for model eval-

uation (Davis and Goadrich, 2006; Boyd et al., 2013; Ozenne et al., 2015), where the
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x-axis is TPR (recall) and the y-axis is PPV (precision). We can extend Corollary

1 to show that precision-recall curve generated from the likelihood transformation

(PR(gL0 , g
L
1 )) dominates ones generated from other transformation (PR(gT0 , g

T
1 )).

Corollary 8. PR(gL0 , g
L
1 ) dominates PR(gT0 , g

T
1 ).

Proof. According to Proposition 4, PPV and NPV are monotonically increasing in

TPR and decreasing in FPR. Based on Corollary 1, for any thresholds tL ∈ [0,+∞) and

tT ∈ (−∞,+∞) such that TPRT (tT ) = TPRL(tL), we have PPV L(tL) ≥ PPV T (tT )

and NPV L(tL) ≥ NPV T (tT ).

Another extension of ROC curve is Total Operating Characteristic (TOC) curve,

which is considered to reveal much more information than ROC (Pontius Jr and Si,

2014; Halligan et al., 2015). The x-axis of TOC is TP + FP and y-axis is TP . For

each threshold, ROC only tells TPR and FPR, while TOC reveals the total informa-

tion in the confusion-matrix for each threshold (Pontius and Parmentier, 2014). By

leveraging Proposition 3, we can prove that TOC curve generated from the likelihood

transformation (TOC(gL0 , g
L
1 )) dominates ones generated from any other transforma-

tion (TOC(gT0 , g
T
1 )).

Corollary 9. TOC(gL0 , g
L
1 ) dominates TOC(gT0 , g

T
1 ).

Proof. According to Proposition 3, when α = π0 and β = π1, if

π0

∫
RL

f0(x)dx+ π1

∫
RL

f1(x)dx = π0

∫
RT

f0(x)dx+ π1

∫
RT

f1(x)dx,

then
∫
RL
f1(x)dx ≥

∫
RT
f1(x)dx. Here

∫
R
f0(x)dx and

∫
R
f1(x)dx represents FPR and

TPR (see Table 4.1), respectively, where R represents the set of x where the asso-

ciated instances are classified as positive (RL or RT ). Proposition 3 implies when

FPL+TPL = FP T +TP T , we have TPL ≥ TP T . Therefore, TOC(gL0 , g
L
1 ) dominates

TOC(gT0 , g
T
1 ).
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5.3.3 Simulation Study

Figure 5.2 shows that the corresponding ROC curves for some density distribu-

tions are non-concave, while Figure 5.3 indicates that their likelihood ratio f1/f0 is not

monotone. As we discussed, the likelihood transformation (Eq. 1) results in concave

ROC regardless of the concavity of original ROC and the likelihood transformed ROC

dominates other ROC associated with other transformation. In this subsection, we

performed a simulation study to transform the non-concave ROCs in Figures 5.2 into

concave ROCs and provide empirical support for our theoretical studies.

Two samples of size 10k are generated from normal distributions for four sce-

narios: (1) Class 1: N(0.5, 0.05); Class 0: N(0.5, 0.1) (2) Class 1: N(0.5, 0.1); Class

0: N(0.5, 0.05) (3) Class 1: 0.5*N(0.2,0.05)+0.5*N(0.5, 0.05); Class 0: N(0.38, 0.1) (4)

Class 1: N(0.38, 0.1); Class 0: 0.5*N(0.2,0.05)+0.5*N(0.5, 0.05). Density plots f1 and

f0 are obtained based on kernel density estimation from the two samples. Apply f1

and f0 to each instance to estimate the density and calculate s according to (Eq. 3.6).

The original ROC is denoted as ROC(f0, f1) and newly transformed ROC is denoted

as ROC(gL0 , g
L
1 ). Both ROC(f0, f1) and ROC(g

L
0 , g

L
1 ) are generated by following the

same procedure through varying one threshold. TP is counted as the number of pos-

itive instances with score x (s) higher than the threshold, while FP is counted as the

number of negative instances with score x (s) higher than the threshold. TPR and

FPR can be calculated for each threshold.

As illustrated in Figure 5.4, all ROC(gL0 , g
L
1 ) curves are concave and dominate

original ROC after the likelihood transformation with significant improvement in terms

of AUC. For scenarios (1) and (2), where density distributions of the two classes have

the same means but different variances, the AUC is improved from 0.5 to 0.7. For

scenarios (3) and (4) with bimodal class distributions, the AUC is improved from 0.46

(0.54) to 0.83. Traditionally, those original models are considered as poor models

and model re-train is needed. Nevertheless, our study shows that those original models

with poor performance in terms of AUC actually demonstrates excellent discrimination

power after the likelihood transformation and no re-train is necessary. The simulation
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study fully supports our theoretical investigation.

Figure 5.4: Enhanced ROC Based on Likelihood Ratio Transformation

5.4 Summary

ROC curve is a commonly used tool to measure the model performance, which

has been extensively studied empirically and theoretically. However, those studies are

subject to two major limitations:

1. Little attention has been paid to its concavity. In most studies, concavity of

ROC was implicitly assumed. Some papers recognized the non-concave ROC
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and proposed ad-hoc methods to remediate it. Some researchers recommend not

to use the classifiers if the ROC curve is not concave.

2. The ROC curve is created based on one dimensional score output. There is lack

of discussion to construct ROC curve for multidimensional scores.

In this chapter, we identify the necessity and sufficiency conditions for a ROC curve

to be concave. In addition, we reveal that the likelihood (or monotone of likelihood)

transformations will lead to the most discriminate ROC curve, which is in line with

Neyman-Pearson lemma (Neyman and Pearson, 1933). Additionally, we discover that

two alternative curves (TOC, PR) resulting from likelihood transformation dominates

the ones from other transformations.
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Chapter 6

ENHANCEMENT OF COST-SENSITIVE LEARNING

6.1 Introduction

Most classification methods aim to maximize estimation accuracy, assuming

all the instances of mis-classification are equally costly. However, this assumption is

not true in many real-world applications: the phenomenon of unequal cost is often

observed in case of data imbalance, where one class (minority class) has significantly

fewer instances than the other (majority class) (Sun et al., 2007). For example, in

credit card fraud detection problem, approving a fraud transaction (minority class)

costs much more than rejecting a legitimate transaction (majority class); Consider a

cancer diagnosing situation: missing a positive cancer diagnose is a much more serious

mistake than mis-diagnosing a healthy patient with cancer and following-up with more

medical tests (Sammut and Webb, 2011); In bank loan underwriting, it is much more

costly to accept a loan from a bad customer who will never repay than to reject a loan

from a good customer. Under these situations, traditional non-cost-sensitive classifier

cannot provide satisfactory results (Sun et al., 2009; Bahnsen et al., 2013). Developing

a cost-sensitive classifier is necessary with the objective to minimize the overall cost.

Various methods have been proposed to deal with unequal cost issues in last

two decades. In general, these methods fall into three categories: data adjustment,

algorithm adjustment, and threshold adjustment. The data adjustment is mainly

achieved by re-sampling, including over-sampling (replicating instances from the minor-

ity), down-sampling (removing instances from the majority), generating synthetic data

(e.g., synthetic minority oversampling technique Chawla et al. (2002)). Elkan (2001)

proposed a method to re-balance the data prior distribution to achieve cost-sensitive
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classification decisions. The data adjustment can also be realized by relabeling. For

example, Domingos (1999) proposed Meta cost, where the training examples are rela-

beled based on their optimal cost-sensitive classes. Drummond et al. (2003) and Mease

et al. (2007) pointed out that data adjustment introduces problematic consequences

that can potentially impact model performance. For example, for down-sampling, im-

portant information regarding majority class may be missed due to the removal of

instances from the majority class. For over-sampling, overfitting issue has been ob-

served in (Mease et al., 2007). In addition, modifying the dataset may alter the true

distribution of classes and change the representation of the reality. In many cases, the

improvement on model performance is also debatable (Poolsawad et al., 2014; More,

2016; Khushi et al., 2021). Furthermore, data adjustment method is only applicable

to problems, where cost matrix is fixed. The prior class distribution cannot be altered

based on instance-dependent cost (refer to Chapter 2 for instance-dependent cost ma-

trix), which causes issues for dealing with such problems (Wang and Chen, 2017).

For algorithm adjustment, there are also a lot of paper to individually make each

classification learner cost-sensitive, which aims to incorporate the cost information into

the algorithms. For example, Wan et al. (1999) designed a cost-sensitive neural net-

work by modifying the standard back-propagation algorithm; Ting (2002) proposed an

instance-weighting method to introduce cost-sensitive decision trees; Fan et al. (1999)

and Sun et al. (2007) studied how to reduce mis-classification cost in boosting algo-

rithm; Bahnsen et al. (2014) developed an instance-dependent cost-sensitive logistic

regression for credit scoring; Iranmehr et al. (2019) modified support vector machine’s

standard hinge loss function with cost information to demonstrate reliable general-

ization performance. The drawback of algorithm adjustment method is obvious: it

requires an in-depth understanding of each learning algorithm and precise identifica-

tion of root causes for its failure in learning from unequal cost data. It cannot be

generalized to any classifier, since individually making each classifier cost-sensitive is

burdensome and inefficient. In particular, many machine learning models are consid-

ered as black-box (Castelvecchi, 2016), making it very difficult to be cost-sensitive.
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Different from data adjustment and algorithm adjustment, which are consid-

ered as pre-processing method, threshold adjustment belongs to post-processing, which

aims to convert non cost-sensitive output into cost-sensitive decisions (Wang and Chen,

2017). Threshold adjustment is a fundamental method to transform an accuracy based

threshold into a cost-sensitive threshold. For a binary classification, Elkan (2001) cal-

culated the cost-sensitive threshold based on the break-even of classifying the instance

into either class. The accuracy of probability estimate is critical to the threshold adjust-

ment method. Zadrozny and Elkan (2001) proposed decision tree and naive Bayesian

learning methods to enhance the accuracy of probability estimation. Sheng and Ling

(2006) developed an empirical thresholding method which does not require accurate es-

timation of probabilities, but the ranking order of the probabilities. To incorporate the

accuracy of probability estimation, Wang and Chen (2017) proposed a cost-sensitive

threshold adjustment framework by minimizing the overall expected prediction cost

based on the assumption that the Type I and Type II error functions are convex.

In this chapter, we improve Wang and Chen’s work further and propose a sim-

ple and effective threshold-adjustment method to address the limitations in current

cost-sensitive methods mentioned above. Our method is based on the likelihood trans-

formation introduced in Chapter 3 and it does not require knowledge of the learning

algorithms and can apply to any classifiers. More importantly, unlike Wang and Chen’s

method, our proposed method does not rely on convex assumptions of Type I and Type

II error functions. The rest of this Chapter is structured as follows: Section 6.2 in-

troduces the break-even method for cost-sensitive threshold adjustment; Section 6.3

reviews threshold adjustment method proposed by Wang and Chen via minimizing

overall expected cost; Section 6.5 obtains and proves the optimal cost-sensitive thresh-

old; Section 6.5 summarizes our work and highlights our major improvement over Wang

and Chen’s methods.
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6.2 Direct Cost-Sensitive Decision-Making Method

Recall the definition of cost-matrix in Chapter 2. Let C(i, j), (i, j ∈ {0, 1}) be

the cost of predicting an instance as class i when the true class is j. Let cij denote C(i, j)

for simplicity. Consider an instance with score x. Let Pj(x) be the true probability

that the instance belongs to class j. Then the expected cost of predicting the instance

as class i is

Hi(x) = P1(x)ci1 + P0(x)ci0, i = 1, 0. (6.1)

Elkan (2001) proposed a direct cost-sensitive threshold (DCS) method, which calculates

the break-even probability by setting H1(x) = H0(x) and using the fact P1(x)+P0(x) =

1.

P ∗
1 =

c10 − c00
c10 − c00 + c01 − c11

. (6.2)

In theory, for a given instance with score x, we should compare P1(x) with the thresh-

old P ∗
1 to classify its status. In reality, however, since P1(x) is generally unknown,

the author suggests to use x as an approximation of P1(x) to make the classification

decision: if x ≥ P ∗
1 , the instance will be classified as positive and negative, otherwise.

6.3 Minimizing Overall Expected Cost

By design, the above-mentioned direct cost-sensitive threshold (DCS) method

works well only if all instance scores x are accuracy estimates of probability P1(x). This

usually requires carefully calibrations and can be difficult to achieve. Wang and Chen

(2017) proposed another framework to minimize the expected cost (we call it expected

cost method - ECM). It is designed to compare the instance score x directly with a

threshold t. For a given threshold t, let Hecm
0 be the expected cost for those instances

classified as negative and Hecm
1 be the expected cost for those instances classified as
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positive. We have

Hecm
0 (t) = P (Y = 0|x < t)c00 + P (Y = 1|x < t)c01

=
P (Y = 0)P (x < t|Y = 0)

P (x < t)
c00 +

P (Y = 1)P (x < t|Y = 1)

P (x < t)
c01

Hecm
1 (t) = P (Y = 0|x ≥ t)c10 + P (Y = 1|x ≥ t)c11

=
P (Y = 0)P (x ≥ t|Y = 0)

P (x ≥ t)
c10 +

P (Y = 1)P (x ≥ t|Y = 1)

P (x ≥ t)
c11

To minimize the expected overall cost, the optimization problem can be formulated as:

Min
t

Hecm(t) = P (x < t) ∗Hecm
0 (t) + P (x ≥ t) ∗Hecm

1 (t)

= π0F0(t)c00 + π1F1(t)c01 + π0(1− F0(t))c10 + π1(1− F1(t))c11 (6.3)

where F0(t) = P (x < t|Y = 0) and F1(t) = P (x < t|Y = 1). Notice that 1 −

F0(t) and F1(t) are called Type I error and Type II error, respectively, in statistics

literature. Wang and Chen (2017) proved that if F0(t) is concave and F1(t) is convex,

the objective function Hecm(t) is convex and any local minimum of the optimization

problem (6.3) is also a global minimum of the problem. The assumptions imply that

f0(t) is monotonically decreasing and f1(t) is monotonically increasing, which are hard

to satisfy in practice.

Wang and Chen (2017) showed that the optimal solution t∗ of (6.3) is the unique

solution of the following equation:

B(t∗ecm) =
c10 − c00

c10 − c00 + c01 − c11
, (6.4)

where B(t) = π1f1(t)/(π1f1(t) + π0f0(t)). The convexity assumptions made on F0(x)

and F1(x) guarantee that function B is monotone and has a unique inverse for all

t ∈ (0, 1).
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6.4 Proposed Cost-Sensitive Enhancement

Notice that the objective function Hecm(t) may not be convex if the convexity

assumptions on F0(x) and F1(x) are not met. In that case, it will be difficult to find the

optimal threshold t∗ecm. We apply the likelihood ratio transformation on the instance

score x and obtain the transformed score s (Eq. 3.6) and threshold t ∈ [0,+∞). As in

Chapter 3, let gLi (·), i = 0, 1, be the resulting conditional probability density functions

of s and GL
i (·), i = 0, 1 be the corresponding cumulative probability functions. Similar

to the derivations used in Wang and Chen (2017), we obtain the following optimization

problem, for the transformed variable s, to minimize the expected overall cost:

Min
t

HL(t) = π0G
L
0 (t)c00 + π1G

L
1 (t)c01 + π0(1−GL

0 (t))c10 + π1(1−GL
1 (t))c11 (6.5)

Proposition 12. For any given instance, the optimal threshold tL of (Eq. 6.5) is given

by

tL =
π0(c00 − c10)

π1(c11 − c01)
.

Proof. We have

dHL(t)

dt
= π0g

L
0 (t)(c00 − c10)− π1g

L
1 (t)(c11 − c01). (6.6)

Setting HL(t)’s derivative to zero with respect to t results in:

gL1 (t
L)

gL0 (t
L)

=
π0(c00 − c10)

π1(c11 − c01)

According to Proposition 1, we have gL1 (t
L)/gL0 (t

L) = tL. In view of (Eq. 6.6), it is easy

to show that dHL(t)/dt < 0 when t < tL and dHL(t)/dt > 0, otherwise. Therefore,

HL(t) is a unimodal function and tL is the optimal threshold.

With the above result, an instance is classified as positive (1) if the transformed

score s ≥ tL, and negative, otherwise.
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Corollary 10. For any given instance, the optimal threshold tB for a Bayesian prob-

ability transformed score (Eq. 3.7) is given by

tB =
c10 − c00

c10 − c00 + c01 − c11
.

6.5 Summary

Threshold adjustment is a generalized cost-sensitive method to make non-cost-

sensitive output into cost-sensitive decisions. The fundamental challenge for traditional

direct cost-sensitive decision-making threshold adjustment method is the estimation ac-

curacy. Wang and Chen (2017) recognized the challenge and proposed an enhanced

algorithm by minimizing the expected cost. Their method relies on the assumption

that Type I and Type II error functions are convex. Compared with Wang and Chen’s

method, our approach, which is built on likelihood or Bayesian probability transfor-

mation, demonstrates at least two advantages: 1. Our approach is more generally

applicable since it does not rely on the convex assumption of Type I and Type II error

functions, which is a very strong assumption. We are able to prove that the expected

cost function in our optimization problem is unimodal for any general conditional den-

sity functions of the instance score; 2. We provide an explicit formula for the optimal

threshold, while Wang and Chen’s method requires inverse function B.
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Part II

CLASSIFICATION PROBLEM EXTENSION AND SOLUTION
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Chapter 7

BINARY CLASSIFICATION WITH AMBIGUITY

Majority binary classification models are based on binary decisions, which means

the predicted outcomes are either positive or negative, e.g., Ferri et al. (2009); Powers

(2011); Majnik and Bosnić (2013); Bahnsen et al. (2014); Awoyemi et al. (2017). How-

ever, in many real world applications, an ambiguous option is necessary for decision-

making due to lack of information to produce a specific classification. For example,

credit card companies develop behavioural credit scoring to evaluate credit risk of ex-

isting customers. The credit lines for those customers with scores at high (or low)

end are proactively increased (or decreased), while those with scores at the middle

remain unchanged or need to be further reviewed with additional information; and

in fraud detection, transactions with high (low) risk scores are automatically declined

(or approved), while a portion of transactions are required to be routed for manual

review. Similar and related problems have been recognized in some literature (Her-

bei and Wegkamp, 2006; Yao, 2009; Yuan and Wegkamp, 2010; Lei, 2014; Campagner

et al., 2019; Liu and Lin, 2019). Especially, Lei (2014) developed a framework of

classification by extending the Neyman-Pearson lemma, which aims to minimize the

ambiguous region, while achieving desired performance in the decided region. Current

related research mainly focuses on modifying the model algorithm with adjusted ob-

jective functions to minimize the ambiguous region and little attention has been paid

on the performance measures.

We notice that a better model in binary decision scenario may not perform

better when an ambiguous region exists. For example, as illustrated in Table 7.1, the

highlighted grey part is the ambiguous region and other part is decided region (DR).

Assume the threshold is 0.5 (if score ≥ 0.5, then predict positive, otherwise negative)
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and the ambiguous size is 0.4. In such case, model A is deemed better than model B

in terms of overall accuracy (80% vs. 70%). However, when only accuracy in decided

region is considered, model B demonstrates much better accuracy than model A (100%

vs. 83%).

Table 7.1: Model Accuracy Comparison When Ambiguous Region is Considered

Conceptually, those threshold dependent confusion-matrix based measures (see

Section 9) used in binary classification with binary decisions (BCBD) can be extended

to binary classification with ambiguous region (BCAR). In the context of likelihood and

Bayesian probability transformations, Chapter 4 provided in-depth systematic discus-

sions regarding the relationship between the confusion-matrix measures and optimal

threshold & base rate in BCBD and Chapter 6 enhanced cost-sensitive learning by

proposing a simple and intuitive threshold-adjustment method. In this chapter, we

extend such theoretical investigations to BCAR, where the confusion-matrix optimal

thresholds and cost-sensitive thresholds are impacted by the ambiguous region.

The rest of this chapter is structured as following: Section 7.1 formulates the

classification problem with ambiguity region. We aim to disclose the relationship be-

tween the optimal measure and decision-making thresholds; Section 7.2 constructs

comprehensive measures in BCBR and discloses the intrinsic relationship between

79



the optimal measures and decision-making thresholds; Section 7.3 extends our cost-

sensitive learning framework in BCBD to BCAR and identifies the optimal threshold

pair to minimize the expected cost; Section 7.4 summarizes our results and highlights

our contributions.

7.1 Problem Formulation

BCAR can be illustrated by Figure 7.1: an instance with a score less than t0 is

classified as 0 (or negative) and an instance with a score greater than t1 is classified as

1 (or positive). Instances with score between t0 and t1 are ambiguous. The problem is

to identify the pair of thresholds that lead to certain optimal measure. When t0 = t1,

the problem is reduced to BCBD.

Figure 7.1: Illustration of Classification with Ambiguity with Likelihood Transforma-
tion

We first apply the likelihood transformation to convert score X ∈ Rn to score

S ∈ R+ (Eq. 3.6). Recall the definitions developed in Chapter 3: gL(·), gL0 (·), and

gL1 (·) denote the density and class-conditional density functions of the resulting random

scalar S. Let GL(·), GL
0 (·), and GL

1 (·) be the corresponding cumulative probability dis-

tribution functions. The BCAR threshold optimization problem identifies the bound-

aries of the ambiguity region of a fixed size to maximize certain specified performance

measure. It can be formulated as:

max
t0,t1

PM(t0, t1)

s.t. GL(t1)−GL(t0) = α

0 ≤ t0 ≤ t1,
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where PM represents certain performance measure to be optimized, which is a function

of two thresholds t0 and t1. α is the size of the ambiguous region, which is assumed to

be given.

7.2 Measures Based on Confusion-Matrix in BCAR

Table 7.2 represents the confusion-matrix for BCAR with three rows (for pre-

dicted classes) and two columns (for actual classes). Different from traditional 2 × 2

confusion-matrix, the BCAR confusion-matrix contains an additional row for ambigu-

ous status.

Actual Class
Y = 1 Y = 0

Predicted Class
Ŷ = 1 TP FP

Ŷ = u UP UN

Ŷ = 0 FN TN

Table 7.2: Confusion-Matrix for BCAR

The six elements in the BCAR confusion-matrix can be described as the joint

probabilities P (Y = i, Ŷ = j), where i ∈ {0, 1}, j ∈ {0, u, 1}, which are functions of

threshold(s) and base rate (π1):

TP (t0, t1, π1) = P (Y = 1, Ŷ = 1) = π1P (Ŷ = 1|Y = 1) = π1

∫ +∞

t1

gL1 (s)ds,

FP (t0, t1, π1) = P (Y = 0, Ŷ = 1) = π0P (Ŷ = 1|Y = 0) = π0

∫ +∞

t1

gL0 (s)ds,

UP (t0, t1, π1) = P (Y − 1, Ŷ = u) = π1P (Ŷ = u|Y = 1) = π1

∫ t1

t0

gL1 (s)ds,

UN(t0, t1, π1) = P (Y − 0, Ŷ = u) = π0P (Ŷ = u|Y = 0) = π0

∫ t1

t0

gL0 (s)ds,

TN(t0, t1, π1) = P (Y = 0, Ŷ = 0) = π0P (Ŷ = 0|Y = 0) = π0

∫ t0

0

gL0 (s)ds,

FN(t0, t1, π1) = P (Y = 1, Ŷ = 0) = π1P (Ŷ = 0|Y = 1) = π1

∫ t0

0

gL1 (s)ds.
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From these expressions, we observe that UP and UN are impacted by both thresholds,

while all other matrix elements depend on only one threshold. Like confusion-matrix

measures defined in Chapter 4, various measures can be constructed based on the six

elements. We construct a list of fundamental accuracy and error alike measures, which

are summarized in Table 7.3.

Measures Formulas

Overall Performance with Ambiguity Treated as Misclassification

OTPR(t1) TP (t1, π1)/π1

OTNR(t0) TN(t0, π1)/π0

OFNR(t0) FN(t0, π1)/π1

OFPR(t1) FP (t1, π1)/π0

OACC(t0, t1, π1) TP (t1, π1) + TN(t0, π1)

Performance based on the Decided Region Only

TPR(t0, t1, π1) TP (t1, π1)/(FN(t0, π1) + TP (t1, π1))

TNR(t0, t1, π1) TN(t0, π1)/(TN(t0, π1) + FP (t1, π1))

PPV (t1, π1) TP (t1, π1)/(TP (t1, π1) + FP (t1, π1))

NPV (t0, π1) TN(t0, π1)/(TN(t0, π1) + FN(t0, π1))

FNR(t0, t1, π1) FN(t0, π1)/(FN(t0, π1) + TP (t1, π1))

FPR(t0, t1, π1) FP (t1, π1)/(FP (t1, π1) + TN(t0, π1))

FDR(t1, π1) FP (t1, π1)/(TP (t1, π1) + FP (t1, π1))

FOR(t0, π1) FN(t0, π1)/(TN(t0, π1) + FN(t0, π1))

ACC(t0, t1, π1) (TP (t1, π1) + TN(t0, π1))/(1− α)

Table 7.3: BCAR Confusion-Matrix Based Single Performance Measures

These measures are grouped into two categories. The first category is to mea-

sure the model performance in overall region by treating the ambiguous region as a

misclassification. We observe that:
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• Among the overall metrics, OACC is related to both thresholds and base rate,

while other overall single metrics are only related to one specific threshold.

• Given a fixed ambiguous region size α, the pair of decision-making thresholds

that maximize OACC will result in maximum ACC as well.

• OTPR and OFPR are monotonically decreasing in t1, while OTNR and OFNR

are monotonically increasing in t0.

The second category only focuses on the performance in the decided region by

skipping the ambiguous region. For the measures in the second category, we have the

following observations:

• PPV and FDR are only related to threshold t1 and base rate. As discussed in

Proposition 4, PPV is monotonically increasing with threshold t1, while FDR is

monotonically decreasing in t1.

• NPV and FOR are only related to threshold t0. As discussed in Proposition 4,

NPV is monotonically decreasing in threshold t0, while FOR is monotonically

increasing in t0.

• TPR, TNR, FNR and FPR are related to both thresholds as well as base

rate. Given a fixed ambiguous region size α, TPR and FPR are monotonically

decreasing with threshold t0 (or t1), while TNR and FNR are monotonically

increasing with threshold t0 (or t1).

The above-mentioned accuracy and error alike metrics are fundamental single measures,

which are subject to limitations (refer to detailed discussions in Chapter 2 & 4). A

combination of them can help address some of the limitations. Below we consider some

combined metrics such as accuracy, Jaccard index and F1 in more details, since their

values do not vary monotonically with the corresponding thresholds.
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Accuracy

Given α and base rate π1, according to Table 7.3, the problem can be formulated as

below:

max
t0,t1

ACC(t0, t1) = π0

∫ t0

0

gL0 (s)ds+ π1

∫ +∞

t1

gL1 (s)ds

s.t. GL(t1)−GL(t0) = α

0 ≤ t0 ≤ t1

Proposition 13. The optimal decision-making thresholds (tL0(acc), t
L
1(acc)) to maximize

the accuracy measure satisfies tL0(acc)t
L
1(acc) = π2

0/π
2
1.

Proof. Note that

t1 = (GL)−1(α +GL(t0)) (7.1)

dt1
dt0

=
gL(t0)

gL((GL)−1(α +GL(t0)))
=
π0g

L
0 (t0) + π1g

L
1 (t0)

π0gL0 (t1) + π1gL1 (t1)
. (7.2)

Since

∂(ACC)

∂t0
= π0g

L
0 (t0)− π1g

L
1 (t1)

dt1
dt0

,

and because of 7.2, we have

∂(ACC)

∂t0
=
π2
0g

L
0 (t0)g

L
0 (t1)− π2

1g
L
1 (t0)g

L
1 (t1)

π0gL0 (t1) + π1gL1 (t1)
.

Setting ∂(ACC)/∂t0 to zero results in

gL1 (t
L
0(acc))g

L
1 (t

L
1(acc))

gL0 (t
L
0(acc))g

L
0 (t

L
1(acc))

=
π2
0

π2
1

.
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Since gL1 (t
L
1(acc))/g

L
0 (t

L
1(acc)) = tL1(acc) and gL1 (t

L
0(acc))/g

L
0 (t

L
0(acc)) = tL0(acc) according to

Proposition 1, we have tL0(acc)t
L
0(acc) = π2

0/π
2
1.

Besides, when t0t1 ≤ π2
0/π

2
1, ∂(ACC)/∂t0 ≥ 0; Else, ∂(ACC)/∂t0 < 0. There-

fore, (tL0(acc), t
L
1(acc)) are the optimal thresholds.

Corollary 11. The optimal decision-making thresholds (tB0(acc), t
B
1(acc)) to maximize

the accuracy for the Bayesian probability transformed score (Eq. 3.7) satisfies tB0(acc) +

tB1(acc) = 1.

Proof. The corollary can be proven by following the same procedure as Proposition 13

by applying Proposition 2.

Clearly, with the above results, we can calculate the two optimal thresholds by

solving respective joint equations with the constraint: GL(t1)−GL(t0) = α.

F1 in Decided Region

For F1 in decided region, the F1 is defined as harmonic mean of TPR(t0, t1) and

PPV (t1). Recall the definition of Jaccard Index (JI) and F1 in Chapter 4:

JIDR(t0, t1) =
TP (t1)

TP (t1) + FP (t1) + FN(t0)

and

F1DR(t0, t1) =
2TP (t1)

2TP (t1) + FP (t1) + FN(t0)
.

Clearly, F1DR = 2JIDR/(1 + JIDR), which indicates that F1 is a monotonically in-

creasing function of Jaccard index. Therefore, the threshold that maximizes F1 will

result in optimal Jaccard index as well. Given α, we aim to maximize F1 in the decided

region. Notice that

F1DR(t0, t1) =
2π1

∫ +∞
t1

gL1 (s)ds

2π1
∫ +∞
t1

gL1 (s)ds+ π0
∫ +∞
t1

gL0 (s)ds+ π1
∫ t0
0
gL1 (s)ds

=
2π1(1−GL

1 (t1))

1 + π1 − 2π1GL
1 (t1)− π0GL

0 (t1) + π1GL
1 (t0)

.
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The problem can be formulated as:

max
t0,t1

F1DR(t0, t1) =
2π1(1−GL

1 (t1))

1 + π1 − 2π1GL
1 (t1)− π0GL

0 (t1) + π1GL
1 (t0)

s.t. GL(t1)−GL(t0) = α

0 ≤ t0 ≤ t1

Proposition 14. Let (tL0(DRF ), t
L
1(DRF )) denote the optimal decision-making thresholds

to maximize the F1 in the decided region and JIDR(t
L
0(DRF ), t

L
1(DRF )) is the Jaccard

index achieved by the optimal thresholds. The following properties hold:

1. (π0π1t
L
1(DRF ) + π2

1t
L
0(DRF )t

L
1(DRF ))/(π

2
0 + π0π1t

L
1(DRF )) = JIDR(t

L
0(DRF ), t

L
1(DRF )),

2. tL0(DRF ) ≤ π0JIDR(t
L
0(DRF ), t

L
1(DRF ))/π1 ≤ tL1(DRF ).

Proof. We have

∂F1DR(t0, t1)

∂t0
=

−2π1g
L
1 (t1)

dt1
dt0

[π0 − π0G
L
0 (t1) + π1G

L
1 (t0)]

[1 + π1 − 2π1GL
1 (t1)− π0GL

0 (t1) + π1GL
1 (t0)]

2

−
2π1(1−GL

1 (t1))[−π0gL0 (t1)dt1dt0
+ π1g

L
1 (t0)]

[1 + π1 − 2π1GL
1 (t1)− π0GL

0 (t1) + π1GL
1 (t0)]

2
.

In view of (Eq. 7.2), we have

π0g
L
0 (t1)

dt1
dt0

− π1g
L
1 (t0) =

π2
0g

L
0 (t0)g

L
0 (t1)− π2

1g
L
1 (t0)g

L
1 (t1)

π0gL0 (t1) + π1gL1 (t1)
(7.3)

and

gL1 (t1)
dt1
dt0

=
π0g

L
0 (t0)g

L
1 (t1) + π1g

L
1 (t0)g

L
1 (t1)

π0gL0 (t1) + π1gL1 (t1)
. (7.4)

According to Proposition 1, (Eqs. 7.3-7.4) can be combined and simplified as:

gL1 (t1)
dt1
dt0

π0gL0 (t1)
dt1
dt0

− π1gL1 (t0)
=
π0t1 + π1t0t1
π2
0 − t0t1π2

1

.
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Setting the partial derivative ∂F1DR(t0, t1)/∂t0 to zero results in:

1−GL
1 (t

L
1(DRF ))

π0 − π0GL
0 (t

L
1(DRF )) + π1GL

1 (t
L
0(DRF ))

=
π0t

L
1(DRF ) + π1t

L
0(DRF )t

L
1(DRF )

π2
0 − tL0(DRF )t

L
1(DRF )π

2
1

(7.5)

After rearranging (Eq. 7.5), we have

π1(1−GL
1 (t

L
1(DRF )))

π1(1−GL
1 (t

L
1(DRF ))) + π0 − π0GL

0 (t
L
1(DRF )) + π1GL

1 (t
L
0(DRF ))

=
π0π1t

L
1(DRF ) + π2

1t
L
0(DRF )t

L
1(DRF )

π2
0 + π0π1tL1(DRF )

The left side of the equation is JIDR(t
L
0(DRF ), t

L
1(DRF )). Therefore,

π0π1t
L
1(DRF ) + π2

1t
L
0(DRF )t

L
1(DRF )

π2
0 + π0π1tL1(DRF )

= JIDR(t
L
0(DRF ), t

L
1(DRF )).

Given t0 ≤ t1, we get

π0π1t
L
0(DRF ) + π2

1t
L
0(DRF )t

L
0(DRF )

π2
0 + π0π1tL0(DRF )

≤ JIDR(t
L
0(DRF ), t

L
1(DRF )) ≤

π0π1t
L
1(DRF ) + π2

1t
L
1(DRF )t

L
1(DRF )

π2
0 + π0π1tL1(DRF )

Then we obtain

tL0(DRF ) ≤
π0
π1
JIDR(t

L
0(DRF ), t

L
1(DRF )) ≤ tL1(DRF ).

We can also prove that F1DR(t0, t1) is a unimodal function (see Appendix C) and thus

(tL0(DRF ), t
L
1(DRF )) are the optimal thresholds.

Corollary 12. Let (tB0(DRF ), t
B
1(DRF )) denote the optimal decision-making thresholds for

a Bayesian probability transformed score to maximize the F1 in the decided region. The

following properties hold:

1. F1DR(t
B
0(DRF ), t

B
1(DRF )) = 2tB1(DRF )/(1− tB0(DRF ) + tB1(DRF ))

2. tB0(DRF ) ≤ F1DR(t
B
0(DRF ), t

B
1(DRF ))/2 ≤ tB1(DRF ).
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Proof. According to Proposition 2, (Eqs. 7.3-7.4) can be combined and simplified as:

gB1 (t1)
dt1
dt0

π0gB0 (t1)
dt1
dt0

− π1gB1 (t0)
=

t1
π1(1− t0 − t1)

.

Setting the partial derivative to zero results in:

1−GB
1 (t

B
1(DRF ))

π0 − π0GB
0 (t

B
1(DRF )) + π1GB

1 (t
B
0(DRF ))

=
tB1(DRF )

π1(1− tB0(DRF ) − tB1(DRF ))
(7.6)

After rearranging (Eq. 7.6), we have

2π1(1−GB
1 (t

B
1(DRF )))

2π1(1−GB
1 (t

B
1(DRF ))) + π0 − π0GB

0 (t
B
1(DRF )) + π1GB

1 (t
B
0(DRF ))

=
2tB1(DRF )

1− tB0(DRF ) + tB1(DRF )

The left side of the equation is F1DR(t
B
0(DRF ), t

B
1(DRF )). Therefore, we have

F1DR(t
B
0(DRF ), t

B
1(DRF )) =

2tB1(DRF )

1− tB0(DRF ) + tB1(DRF )

.

Given t0 ≤ t1, we have

tB0(DRF ) ≤
F1DR(t

B
0(DRF ), t

B
1(DRF ))

2
≤ tB1(DRF ).

We can also prove that F1DR(t0, t1) is a unimodal function (see Appendix C) and thus

(tB0(DRF ), t
B
1(DRF )) are the optimal thresholds.

7.3 Cost-Sensitive Learning in BCAR

In previous discussions in this chapter so far, we assume equal decision costs to

optimize the confusion-matrix measures based on a fixed ambiguous region. However,

this equal cost assumption is not valid in many real-world applications as we discussed

in Chapter 6. Besides, it is difficult to pre-define the size of the ambiguous region.

Given the cost matrix of binary classification with ambiguous option, it is important
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to apply cost-sensitive analysis to optimize the ambiguous region in order to achieve

optimal decision to align with a profit-oriented goal.

Table 7.4 is a customized cost matrix with ambiguous region, where cij (i ∈

{0, 1}, j ∈ {0, 1}) is the cost of predicting class i when the true class is j and cuj is the

cost of decision to assign the instances into ambiguous category when the true class is

j. c01 and c10 represent the misclassification costs associated with false negatives and

false positives.

Actual Class
Y = 1 Y = 0

Predicted Class
Ŷ = 1 c11 c10
Ŷ = u cu1 cu0
Ŷ = 0 c01 c00

Table 7.4: Cost Matrix for BCAR

We make the following reasonableness assumptions regarding the cost matrix:

it costs more to assign an instance into ambiguous category than to a correct category

but less than to assign to an incorrect category. That is

c00 < cu0 < c10 and c11 < cu1 < c01. (7.7)

Given an instance with score s, let H0(t0, t1) be the expected cost for predicting neg-

ative, Hu(t0, t1) be the expected cost for predicting ambiguous, and H1(t0, t1) be the
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expected cost for predicting positive. We have

H0(t0, t1) = P (Y = 0|s < t0)c00 + P (Y = 1|s < t0)c01

=
P (Y = 0)P (s < t0|Y = 0)

P (s < t0)
c00 +

P (Y = 1)P (s < t0|Y = 1)

P (s < t0)
c01,

Hu(t0, t1) = P (Y = 0|t0 ≤ s < t1)cu0 + P (Y = 1|t0 ≤ s < t1)cu1

=
P (Y = 0)P (t0 ≤ s < t1|Y = 0)

P (t0 ≤ s < t1)
cu0 +

P (Y = 1)P (t0 ≤ s < t1|Y = 1)

P (t0 ≤ s < t1)
cu1,

H1(t0, t1) = P (Y = 0|s ≥ t1)c00 + P (Y = 1|s ≥ t1)c01

=
P (Y = 0)P (s ≥ t1|Y = 0)

P (s ≥ t1)
c10 +

P (Y = 1)P (s ≥ t1|Y = 1)

P (s ≥ t1)
c11.

It follows that the overall expected cost is given by:

H(t0, t1) = P (s < t0)H0(t0, t1) + P (t0 ≤ s < t1)Hu(t0, t1) + P (s ≥ t1)H1(t0, t1)

= π0G
L
0 (t0)c00 + π1G

L
1 (t0)c01

+ π0(G
L
0 (t1)−GL

0 (t0))cu0 + π1(G
L
1 (t1)−GL

1 (t0))cu1

+ π0(1−GL
0 (t1))c10 + π1(1−GL

1 (t1))c11.

We are interested in finding the optimal thresholds (t0, t1) to minimize the expected

overall cost:

min
t0,t1

H(t0, t1) s.t. 0 ≤ t0 ≤ t1. (7.8)

Proposition 15. For any given instance, the optimal threshold pair (tL0 , t
L
1 ) of opti-

mization problem 7.8 is given by

(tL0 , t
L
1 ) =

(π0(c00−cu0)
π1(cu1−c01)

, π0(c10−cu0)
π1(cu1−c11)

), if c00−cu0
cu1−c01

≤ c10−cu0
cu1−c11

(π0(c10−cu0)
π1(cu1−c11)

, π0(c10−cu0)
π1(cu1−c11)

), otherwise.

(7.9)
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Proof. By setting the following partial derivatives to zero,

∂H(t0, t1)

∂t0
= π0g

L
0 (t0)c00 + π1g

L
1 (t0)c01 − π0g

L
0 (t0)cu0 − π1g

L
1 (t0)cu1 (7.10)

∂H(t0, t1)

∂t1
= π0g

L
0 (t1)cu0 + π1g

L
1 (t1)cu1 − π0g

L
0 (t1)c10 − π1g

L
1 (t1)c11, (7.11)

we obtain

gL1 (t
L
0 )

gL0 (t
L
0 )

=
π0(c00 − cu0)

π1(cu1 − c01)

gL1 (t
L
1 )

gL0 (t
L
1 )

=
π0(c10 − cu0)

π1(cu1 − c11)
.

According to Proposition 1, we have

tL0 =
π0(c00 − cu0)

π1(cu1 − c01)

tL1 =
π0(c10 − cu0)

π1(cu1 − c11)
.

(Eqs. 7.10 and 7.11) can be re-expressed as:

∂H(t0, t1)

∂t0
= gL0 (t0)(π0c00 + π1t0c01 − π0cu0 − π1t0cu1) (7.12)

∂H(t0, t1)

∂t1
= gL0 (t1)(π0cu0 + π1t1cu1 − π0c10 − π1t1c11) (7.13)

Using the assumptions about the costs (7.7), we can prove that when t0 ≤ tL0 ,

(Eq. 7.12)≤ 0; else, (Eq. 7.12)> 0. And when t1 ≤ tL1 , (Eq. 7.13)≤ 0; else, (Eq.

7.13)> 0. Therefore, H(t0, t1) is a unimodal function of t0 and t1.

In addition, assumptions (7.7) guarantee that 0 ≤ tL0 and 0 ≤ tL1 . To ensure

that tL0 ≤ tL1 , the following condition must hold:

(c00 − cu0)(cu1 − c11) ≥ (c10 − cu0)(cu1 − c01).

If the above condition does not hold, since H(t0, t1) is monotonically decreasing when
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t0 ≤ tL0 , the optimal threshold pair of optimization problem (7.8) becomes (tL1 , t
L
1 ),

which implies that the ambiguous region shrinks to ∅.

Corollary 13. For any given instance, the optimal threshold pair (tB0 , t
B
1 ) of optimiza-

tion problem (7.8) under the Bayesian transformation is given by

(tB0 , t
B
1 ) =

( c00−cu0
c00−cu0+cu1−c01

, c10−cu0
c10−cu0+cu1−c11

), if c00−cu0
cu1−c01

≤ c10−cu0
cu1−c11

( c10−cu0
c10−cu0+cu1−c11

, c10−cu0
c10−cu0+cu1−c11

), otherwise.

(7.14)

Proof. The corollary can be proven by following the same procedure as Proposition 15

and by applying Proposition 2.

7.4 Summary

Most binary classification models are based on binary decisions, which means

the outcomes are either positive or negative. In many real-world applications, binary

classification with ambiguous region (BCAR) is more suitable for decision making. We

expanded the model performance measures in general binary classification to a binary

classification with ambiguous region. In addition, We explored the relationships be-

tween the optimal measures and thresholds & base rate in BCAR. Finally, we expanded

the threshold-based cost sensitive learning to BCAR.
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Chapter 8

DYNAMIC ENSEMBLE OF TWO CLASSIFIERS

Ensemble learning is an integration of individually trained classifiers, seeking to

achieve more accurate predictive performance than any of the single classifiers in the

ensemble. Currently, ensemble learning is regarded as the state-of-the art approach for

solving a plethora of machine learning challenges such as imbalanced data (Sun et al.,

2009; Fernández et al., 2018; Yu et al., 2018; Tanha et al., 2020), overfitting issue (Ying,

2019; Papouskova and Hajek, 2019; Yu et al., 2020), curse of dimensionality (Sagi and

Rokach, 2018; Mejri and Mejri, 2020; Wu et al., 2020; Lim, 2020). The main idea behind

ensemble methodology is from the wisdom of crowds, which states that aggregation of

information from a group will lead to better decision than any individual, if certain

conditions are satisfied. Surowiecki (2005) pointed out that not all groups are wise

and in order to form a wise group, several key requirements are necessary, including

diversity of opinions, independence, decentralization, and aggregation mechanism. To

meet those requirements, generating the base classifiers plays a crucial role in ensemble

learning. There are five main strategies to generate a diverse pool of classifiers (Cruz

et al., 2018):

• Different initializations: Different initializations may result in different classifiers

with varying predictive accuracy. For example, the initialization is a key step in

neural network model training and different initialization methods may converge

differently.
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• Different hyperparameters: The base classifiers are constructed with different

combinations of the hyper-parameters, which results in different model architec-

ture. For instance, the combination of neural network classifiers are trained with

distinct number of layers, number of neurons and activation functions.

• Different classification algorithms: This method refers to the combination of

different classification algorithms. For example, a new model can be formed by

combining logistic regression, decision tree, K-Nearest Neighbor, and Support

Vector Machine.

• Different training sets: Each base classifier is trained using a subset of the training

set. Typical examples include bagging, boosting and clustering-based classifiers.

• Different feature space: This methodology is often used in situations where the

data can be represented in different feature spaces.

Common ensembles include bootstrap aggregating (also known as bagging), boosting,

and stacking (or call it meta-learner): Bootstrap aggregating is a method to generate

multiple classifiers based on bootstrap samplings, which are random sampling with

replacement. The multiple classifiers are combined via average for regression models

or majority voting for classification models. A well-established bootstrap aggrega-

tion ensemble method is random forest (Breiman, 1996a); Boosting means sequentially

building a series of weak learners (e.g., decision tree) to combine into a strong learner.

Each weak learner aims to correct the errors of its predecessor. Most widely used

boosting methods are AdaBoost (Rojas et al., 2009), XGBoost (Chen et al., 2015),

LightGBM (Ke et al., 2017), CatBoost (Dorogush et al., 2018), etc.; Stacking involves

creating two-level models. The first level is to build different types of base models and

the second level is to train a learning algorithm to combine the predictions of those base

models. For example, Li and Chen (2020) built a logistic regression to combine the out-

puts from random forest and LightGBM. Given bootstrap and boosting methods are

well-established with many well-known variants (Breiman, 1996a; Rojas et al., 2009;
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Chen and Guestrin, 2017; Ke et al., 2017; Dorogush et al., 2018) and the research on

stacking is more ad-hoc in nature (Breiman, 1996b), our study in this chapter mainly

focuses on stacking.

Figure 8.1: Static vs. Dynamic Classifiers Selection

The combination strategies in the ensembles can be conceptually grouped into

two categories: static or dynamic. In static combination approaches, the ensem-

ble of classifiers is selected based on the training or validation data (Figure 8.1a).

Commonly used static classifier combination methods are majority voting (Breiman,

1996a), stacked regressions (Breiman, 1996b), feature-weighted linear stacking (Sill

et al., 2009), Bayesian model average (Hoeting et al., 1999), etc. In the dynamic com-

bination approaches, the combination is based on each new instance to be classified

(Figure 8.1b). The rationale behind dynamic combination is that not every classifier

in the pool is an expert in classifying all unknown samples; rather, each base classifier

is an expert in a different local region of the feature space (Zhu et al., 2004). There are

a myriad of research on dynamic combination methods based on various dynamic com-

bination criteria. Majority of these research focuses either on how to define the local

regions such as K-Nearest Neighbors (Ko et al., 2008; Wang and Mao, 2020; Mahfouz
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et al., 2021), clustering techniques (Kuncheva, 2000; Dong et al., 2020; Casa et al.,

2020), etc., or on how to define criteria to measure the level of competence of base

classifiers, such as local accuracy estimates and ranking (Cruz et al., 2017). Those re-

search studies are ad-hoc and lack solid systematical theoretical support. Furthermore,

empirically those dynamic ensemble classifiers show no better performance than static

ensemble (Ko et al., 2008; Dong et al., 2020).

We also observe that very few papers discuss the density-based Bayesian dy-

namic selection due to the impractical estimation of density function for high-dimensional

data (Wang and Scott, 2019). To make the computation efficient, Naive Bayes based

selection has been discussed relying on conditional independence of each classifier (Li

and Hao, 2009; Bang and Wu, 2016). However, the performance of Naive Bayes is

questionable due to easy violation of conditional independence assumption (Rennie

et al., 2003). It is commonly believed that the computation efficiency and estimation

accuracy of the density function will be significantly enhanced when the ensemble size

is reduced. A recent study (Bonab and Can, 2019) advocates that there is an optimal

number of component classifiers in the ensemble that gives the highest accuracy. The

study indicates that the optimal number of component classifiers equal to the number

of classes, which provided support for the research of the ensemble of two classifiers

for binary classification. Therefore, we propose a density-based likelihood dynamic

ensemble of two classifiers, which can be theoretically and empirically proven to be su-

perior over any of single classifiers in the ensemble in terms of ROC, a key performance

measure in evaluating machine learning classification.

This chapter is structured as follows: Section 8.1 introduces our proposed dy-

namic ensemble of two classifiers and theoretically proves that the ensemble classifiers

perform better than any single classifier in the ensemble in terms of ROC. In addition,

this section outlines the estimation procedure with pseudo code; Section 8.2 reviews

the kernel-based density estimation method, which aids the estimation of density func-

tions; Section 8.3 provides several simulated examples to demonstrate the effectiveness

of our proposed methods; Section 8.4 tests our ensemble method on real-world data,
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which shows satisfactory results; Section 8.5 summarizes our findings.

8.1 A Dynamic Ensemble of Two Classifiers

Let us consider an ensemble classifier with two models in binary classification,

where a combination of two classification algorithms are applied to predict the class

label of an instance. The two classification algorithms generate predictive score X1 ∈ R

and X2 ∈ R for the instance, respectively. Assume Xj(j ∈ {1, 2}) is a continuous

random variable following a probability density distribution f j(xj) and cumulative

distribution function F j(xj). The effectiveness of the single classification algorithm is

determined by the conditional distributions of the predictive score Xj for both classes:

f j
i (xj) ≡ f j(xj|Y = i), i ∈ {0, 1}. Clearly, f j(xj) = π0f

j
0 (xj)+π1f

j
1 (xj). Let Sj denote

the corresponding likelihood ratio transformation (Eq. 3.6) of Xj and gLji (sj) be the

class-conditional density functions. According to (Eq. 5.3), the ROC curves associated

with Xj and Sj are defined as ROC(f j
0 , f

j
1 ) and ROC(g

Lj
0 , gLj1 ), respectively.

Let fi(x1, x2) i ∈ {0, 1} represent the joint conditional density probability. The

marginal probability density function can be obtained by integrating the joint con-

ditional probability distribution over Xj. That is f 1
i (x1) =

∫ +∞
−∞ fi(x1, x2)dx2 and

f 2
i (x2) =

∫ +∞
−∞ fi(x1, x2)dx1.

According to Bayes’ theorem, the probability of being class 1 given x1 and x2

is:

P (Y = 1|x1, x2) =
π1f1(x1, x2)

π1f1(x1, x2) + π0f0(x1, x2)

which is monotonically increasing function of f1(x1, x2)/f0(x1, x2). Define a random

variable transformation

S12 = f1(X1, X2)/f0(X1, X2)

and let gLi (s12) be the corresponding class-conditional density function. The ROC curve

associated with S12 is expressed as ROC(gL0 , g
L
1 ).

97



Note s12 leverages the joint density probability information, which is believed

to be more informative than a single model. For the ensemble system, a threshold

rule is used to make the class label prediction Ŷ : given a threshold t12, the instance is

classified as “positive” or Ŷ = 1 if S12 ≥ t12, otherwise, it is classified as “negative” or

Ŷ = 0.

We prove that the ROC associated with the ensemble score S12 dominates the

ROC associated with any single model score.

Theorem 2. ROC(gL0 , g
L
1 ) dominates both ROC(gLj0 , gLj1 ) and ROC(f j

0 , f
j
1 ).

Proof. According to Theorem 1, ROC(gLj0 , gLj1 ) dominates ROC(f j
0 , f

j
1 ). We only need

to prove ROC(gL0 , g
L
1 ) dominates ROC(gLj0 , gLj1 ). We prove that ROC(gL0 , g

L
1 ) domi-

nates ROC(gL10 , gL11 ) and the same procedure can be followed to prove ROC(gL0 , g
L
1 )

dominates ROC(gL20 , gL21 ) . Given two scalars t12 and t1 that FPR
L(t12) = FPRL1(t1),

the sub regions of the x1x2-space (RL(t12)) where the instances are assigned as positive

by s12 are given by

RL(t12) = {(x1, x2)|f1(x1, x2) ≥ t12f0(x1, x2)}. (8.1)

Based on the marginal conditional density function transformation, the sub regions in

x1x2-space ((RL1(t1))) where instances are assigned as positive by s1 are given by

RL1(t1) = {x1|f 1
1 (x1) ≥ t1f

1
0 (x1)}

= {(x1, x2)|
∫ +∞

−∞
f1(x1, x2)dx2 ≥ t1

∫ +∞

−∞
f0(x1, x2)dx2}. (8.2)

Therefore, the false positive rates are

FPRL(t12) = P (RL(t12)|Y = 0)

=

∫ ∫
{(x1,x2)|f1(x1,x2)≥t12f0(x1,x2)}

f0(x1, x2)dx1dx2
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and

FPRL1(t1) = P (RL1(t1)|Y = 0)

=

∫ ∫
{(x1,x2)|

∫+∞
−∞ f1(x1,x2)dx2≥t1

∫+∞
−∞ f0(x1,x2)dx2}

f0(x1, x2)dx1dx2.

Note that

RL(t12) = (RL(t12) ∩RL1(t1)) ∪ (RL(t12) ∩Rc
L1(t1)),

RL1(t1) = (RL1(t1) ∩RL(t12)) ∪ (RL1(t1) ∩Rc
L(t12)),

where the superscript c indicates the complement of the set. Since FPRL(t12) =

FPRL1(t1), we have

P (RL(t12) ∩Rc
L1(t1)|Y = 0) = P (RL1(t1) ∩Rc

L(t12)|Y = 0). (8.3)

For true positive rates, we need to prove TPRL(t12) ≥ TPRL1(t1), which is equivalent

to

P (RL(t12) ∩Rc
L1(t1)|Y = 1) ≥ P (RL1(t1) ∩Rc

L(t12)|Y = 1).
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Indeed, we have

P (RL(t12) ∩Rc
L1(t1)|Y = 1)

=

∫ ∫
RL(t12)∩Rc

L1(t1)

f1(x1, x2)dx1dx2

≥
∫ ∫

RL(t12)∩Rc
L1(t1)

t12f0(x1, x2)dx1dx2 (because of (Eq. 8.1))

= t12P (RL(t12) ∩Rc
L1(t1)|Y = 0)

= t12P (RL1(t1) ∩Rc
L(t12)|Y = 0) (because of (Eq. 8.3))

= t12

∫ ∫
RL1(t1)∩Rc

L(t12)

f0(x1, x2)dx1dx2

≥
∫ ∫

RL1(t1)∩Rc
L(t12)

f1(x1, x2)dx1dx2 (reversal logic of (Eq. 8.1))

= P (RL1(t1) ∩Rc
L(t12)|Y = 1)

and this completes the proof.

Below is the procedure for our density-based ensemble algorithm.

Algorithm 1 Density-Based Ensemble Procedure
Input:

ζ is the training data,
Y is true label of the training data,
ζi are the instances with Y = i, i ∈ {0, 1} in the training data,
L1,L2 are the classification algorithms,
KD is the joint kernel density estimation algorithm.

1: Let E1, E2 be machine learning models learned by applying L1,L2 to ζ
2: X1i = E1(ζi)&X2i = E2(ζi), i ∈ {0, 1}
3: Let KDi be the kernel density estimation engine learned by applying KD to

(X1i, X2i), i ∈ {0, 1}
4:

5: for a testing instance ι do
6: x1 = E1(ι)&x2 = E2(ι)
7: fi(x1, x2) = KDi(x1, x2), i ∈ {0, 1}
8: Calculate the ensemble score s12 = f1(x1, x2)/f0(x1, x2)
9: end for
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8.2 Kernel-based Density Estimation

Let (χ1, χ2,...,χn) be instances randomly sampled from a univariate distribution

with an unknown density f at any given point χ. The kernel density estimator is defined

as:

f̂h(χ) =
1

n

n∑
i=1

Kh(χ− χi) =
1

nh

n∑
i=1

K(
χ− χi

h
), (8.4)

where K is the kernel function and h > 0 is a smoothing parameter known as the

bandwidth. A kernel with subscript h is called the scaled kernel and defined as

Kh(χ) =
1
h
K(χ

h
). The selection of bandwidth h plays a crucial role in the estimation

accuracy. This area is well studied with numerous published papers (Sheather and

Jones, 1991; Terrell and Scott, 1992; Kim and Scott, 2012). Commonly used kernel

functions including uniform, Epanechnikov, triangular, biweight, triweight, Gaussian,

and others. Given the density estimation is not the purpose of our study, we mainly

use Gaussian kernel with default settings in the Python Statsmodels package.

8.3 Simulations

For model j, j ∈ {1, 2}, let Xj1 be a random variable for positive instance

scores and Xj0 be a random variable for negative instance scores. Assume [X10 X20] ∼

N(µ0, Q0) and [X11 X21] ∼ N(µ1, Q1). We randomly sample n = 40000 instances,

where the number of positive instances n1 = 10000 and the number of negative in-

stances n0 = 30000. The data is split into training/testing by 80/20 ratio. Training

data is used for density estimation and testing is purely for validating.

Here we list two cases to illustrate effectiveness of our proposed ensemble strat-

egy. Consider case 1 (Figure 8.2): µ0 =
[
6 5

]
µ1 =

[
6 8

]
Q0 =

[
3 1.25

1.25 3

]
Q1 =[

2 1.99
1.99 2

]
and case 2 (Figure 8.3): µ0 =

[
4 6

]
µ1 =

[
6 8

]
Q0 =

[
3 2.77

2.77 3

]
Q1 =[

2 1.94
1.94 2

]
. The left part of the figures is the probability density distribution by each

class and model. For the right part, in addition to ensemble score ROC, ROCs asso-

ciated with each individual model score (x) as well as the transformed score (s) (refer

to Section 5.3) were plotted as well.
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In case 1, model 1 provides little separation power over random guessing, al-

though ROC with transformed score s1 slightly improves (AUC 0.55 vs 0.50). Ac-

cording to convex hull theory (Majnik and Bosnić, 2013), model 2 dominates model 1

and the sub-optimal model 1 should not be selected. However, our proposed ensemble

shows better performance than any single model in the ensemble and our results indi-

cate that even the model with poor performance can still provide additional value to

achieve a better model.

In case 2, all individual scores as well as their transformed scores exhibit similar

performance and the transformation does not improve the ROC given the original

ROCs are concave (see Section 5.3 for details). Our proposed ensemble demonstrates

significant improvement over any single model (AUC improvement from 0.81 to 0.94).

Figure 8.2: Simulated Case 1
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Figure 8.3: Simulated Case 2

8.4 Empirical Study with Real-world Data

In this section, we apply our ensemble strategy to real-world data to test its

applicability. The data we use is from Lending Club, which is a fintech company to

provide personal loans. Their loan data information is publicly available. The data can

also be downloaded from Kaggle (Lending Club). Its 2016Q1 loan data was used with

66,362 observations and 70 variables. The models were built to predict the likelihood

of loan default. The data was randomly split into training/testing by 80/20 ratio. The

training data was for model development and density estimation and testing data was

purely for testing. Multiple machine learning models were developed, including Logistic

Regression (LR), Decision Tree (DT), and Neural Network (NN). Density estimation

was based on Kernel Density Estimator in Python Statsmodels package. Our testing

results are documented in Table 8.1. AUC (s1) stands for the AUC for the likelihood

ratio transformed score for the first model in column 1, while AUC (s2) is for the second

one. Table 8.1 shows that our proposed method demonstrates higher AUC than any
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single model in the ensemble.

Model 1 + Model 2 AUC(s1) AUC(s2) Proposed AUC(s12)
LR + DT 0.6611 0.6645 0.6803
LR + NN 0.6611 0.6486 0.6658
DT + NN 0.6645 0.6486 0.6791

Table 8.1: Performance Comparison between Proposed Ensemble and Single Model in
the Pool

8.5 Summary

Density-based ensemble methods have not been paid sufficient attention due to

numerical difficulties in estimating high-dimensional probability density. To address

the computational concerns, we proposed a likelihood-ratio-based dynamic ensemble of

two classifiers for binary classification. We demonstrate theoretically and empirically

that our method performs better than any single classifier in the ensemble in terms of

ROC/AUC.
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Part III

APPLICATIONS
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Chapter 9

CONSUMER LENDING OPTIMIZATION SYSTEM

As of Aug 2021, the Federal Reserve Bank estimated the value of consumer

loans at all commercial banks to be $1.594 trillion in the United States. According to

IMARC Group’s latest report, the consumer loan market is expected to grow at a com-

pound annual growth rate of around 5% in next five years. As the market size is huge

and continues to grow, a consumer lending optimization system will result in significant

positive financial impact. A pivotal element in consumer lending optimization system

is pricing. The importance of having the right pricing strategies in place has been

highlighted by many practitioners in the financial industry (PricewaterhouseCoopers,

2012; Goyal et al., 2016; Experian, 2018). For example, PricewaterhouseCoopers (2012)

points out that “As companies realize the inefficiency and unreliability of the tradi-

tional loan pricing strategies, we believe a trend toward a pricing optimization” in loan

pricing; Goyal et al. (2016) from Boston Consulting Group (BCG) estimates that a

structured pricing setting at least increases revenue between 7% and 10%; Experian

(2018) states that loan pricing optimization can help lenders significantly improve prof-

itability and efficiency while achieving a superior customer experience. However, the

pricing optimization in consumer lending draws very little attention in academic area

and there are only very few papers discussing this problem. See the limited examples

in (Edelberg, 2006; Phillips, 2013; Terblanche and De La Rey, 2014; Chun and Lejeune,

2020).

Risk-based pricing is the dominant approach in current lending industry (Edel-

berg, 2006; Chun and Lejeune, 2020), where the price (or interest rate) is dependent

on the customer’s credit risk plus a markup profit. The rationale behind risk-based

pricing is simple. In order to compensate the potential loss of the principals, a lender
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should charge a higher interest rate for the customer the lender deems a higher risk

borrower. Therefore, accurately estimating the risk is of the crucial importance in

risk-based pricing. Most of the literature, however, on the topic of credit pricing op-

timization fails to consider the accuracy of the risk estimation in their framework by

simply assuming ‘true risk’ or accepting the probability output from machine learning

classification models as the true probability of default (Phillips, 2013). In a consumer

lending optimization system, the accurate estimation of the credit risk should be con-

sidered coupled with pricing.

In addition, traditional risk-based pricing does not consider the price sensitivity

and adverse selection, which means different customers may response differently to

the offered pricing. The effect of price sensitivity and adverse selection in consumer

lending pricing is recognized in (Phillips et al., 2011; Phillips, 2013; Terblanche and

De La Rey, 2014). Phillips et al. (2011) reveals that lower-risk customers, on the

average, demonstrate more sensitive to pricing than higher-risk customers. As price is

increased, lower-risk customers tend to seek out alternatives more quickly than those

with higher risk – and vice versa. Since the price sensitivity and adverse selection

significantly impact the customers’ response to the offered pricing, they should be

taken into account as part of the consumer lending optimization system.

Theoretically, an ideal consumer lending optimization system can offer a cus-

tomized pricing to different customers based on their risk assessment and price sen-

sitivity. Nevertheless, thanks to operational, regulatory and practical concerns, most

lenders have a relatively small number of risk categories (Phillips, 2013). For example,

lending club divides the customers into A-G seven categories with the A class assigned

the lowest interest rate and G class the highest interest rate. Instead of finding the

optimal interest rate for each customer by treating the pricing as a continuous vari-

able, a more practical problem in reality is to properly assign the customers to the

corresponding risk category and identify optimal pricing for each category to opti-

mize overall profits. Motivated by the limitations of the risk-based pricing and the

real-world problem in lending industry, we propose a consumer lending optimization
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system by taking risk and pricing sensitivity in a holistic view to determine customers’

risk category and pricing.

This chapter is structured as follows: Section 9.1 gives a brief introduction of a

typical consumer lending decision process and risk-based pricing in the lending industry.

Section 9.2 introduces a cost matrix in consumer lending setting. Section 9.3 formulates

the problem, breaks the problem into sub-problems and informatively resolves the

problem in the cost-sensitive framework by considering both the risk and customers’

response. Section 9.4 designs a simulation experiment and empirically proves that

our method can improve the profitability by a significant amount over the traditional

risk-based pricing method. Section 9.5 concludes this chapter with discussion of the

limitations of our research and potential future research.

9.1 Background

Application Under-Writing Decision Pricing Accept?

App info Credit History

Decline

Interest Rate r

Score x Approve

Figure 9.1: Typical Consumer Lending Decision Process, Where x is Estimated Default
Probability Derived from Machine Learning Algorithms Based on Applicants’ Informa-
tion

A consumer lending strategy consists of two key decisions: credit approval /

denial (or underwriting decision) and pricing. These two decisions are determined in a

sequential process as illustrated in Figure 9.1. Lenders collect the information about

the customers’ profile & their desired loan amount and estimate the risk associated with

the application. Based on estimated risk, under-writing credit decisions are made, and
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then pricing is offered for approved customers. Customers will decide whether to accept

the offer or not. The process details are elaborated as below:

1. Application: A prospective borrower submits an application for a loan. Gener-

ally, the lenders require customers to disclose information regarding their personal

identity (such as social security number, address, and birth date), financial situ-

ation (e.g., annual income, monthly housing payment, employment) and desired

loan attributes including loan amount and terms (how long the customers can

pay-off the loan). Some lenders may also require loan purpose to assess risk and

pricing.

2. Underwriting: The key task in this stage is to quantify the credit risk for the

application. In addition to the information customers provided, lenders may seek

internal information (if the customers have relationship with the lender), credit

history from bureau (e.g., Experian, Equifax, TransUnion), and/or other alter-

native information from third parties. Based on those accumulated information,

the lenders assign each applicant a score generated from machine learning models

which indicates the likelihood of default as denoted by x in Figure 9.1. Different

lenders have different approaches or data sources to evaluate customers’ risk so

that the same customer deemed high risky by one lender might be considered

low risky by another lender. Developing sophisticated machine learning models

to accurately reflect the applicants true default probability plays a very impor-

tant role in the consumer lending decision. The machine learning approaches

used in credit risk modeling in consumer lending have been widely explored. For

details see (Thomas, 2000).

3. Credit Decision: The lenders rely on the risk score to decide whether to approve

or reject the applicants. There is no specific guideline to choose approximate

score cut-off to make the approval / denial decision, which may not align with

business objective in profit-oriented organization. Nowadays, most lenders rely

on the decision engines like TSYS, TRIAD, etc. to automate the decisions.
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Customers can receive the decisions instantly. A small percentage of applicants

may be routed for manual review and the approval / denial decisions are made

by credit analysts.

4. Pricing: For those approvals, lenders charge different interest rate (r) correspond-

ing to the risk levels in terms of the default probability. Risk-based pricing is the

most popular approach to pricing consumer lending in United States (Edelberg,

2006). The logic for risk-based approach is simple that a higher interest rate is

charged to compensate the cost due to the likelihood of default. Under risk-based

pricing framework, the applicants are categorized into different risk categories

based on the risk assessment. The interest rate offered in each category is given

by ri = rc +m + li, where ri is the rate offered to the customers in category i,

rc is the lender’s cost of fund, z is a standard fixed margin and li the premium

that varies by risk categories to at least compensate the expected loss with the

borrowers in that category. For example, given three categories (A, B, C), the

corresponding interest rates are (13.99%, 17.99%, 25.99%). Assume rc = 2% and

z = 3%. When x <= 8.99%, the applicant is assigned to A category, and when

8.99% < x <= 12.99%, then B category, and when 12.99% < x <= 20.99%, then

C category. A customers with probability of default greater than 20.99% would

be rejected.

5. Accept?: Customers decide whether to accept the lenders’ offer or not. The

consumer lending is a very competitive market. Most lenders accept online ap-

plications that make the customers easier to shop around. Moreover, customers’

response to the pricing is ignored in the risk-based pricing, which significantly

impacts the lenders’ profit. Borrower preferences for lower prices must be recog-

nized in developing a theory for the determination of optimal offers for consumer

lending. Phillips (2013) points out adverse selection is another issue in loan de-

cision process since lenders only hold partial information of the borrowers and
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those risky borrowers who anticipate pitfalls are more likely to accept the high

priced loans.

In summary, the current lending strategy is subject to the following limitations:

• Predictive accuracy of risk estimation plays a pivotal role in current strategy.

However, lenders generally accept the probability output from models as the risk

estimation and the accuracy of risk estimation is not considered holistically with

pricing.

• Customers in different pricing categories demonstrate different profitability. Risk-

based pricing is purely based on the estimated risk, which is not aligned with

maximizing-profit goal.

• The current consumer lending strategy is a sequential decision process and fails to

take the customers’ acceptance rate and adverse selection into the optimization

decision.

In the following sections, we aim to address those limitations by proposing a compre-

hensive consumer lending optimization system based on cost-sensitive study.

9.2 Cost Matrix in Consumer Lending

In our problem setting, the cost matrix is a profit matrix and we regard de-

fault loans as ‘positive’ instances and non-default loans as ‘negative’ instances. The

acceptance of negative instances results in interest revenue for the lenders, while the

approval of positive instances poses the lenders the risk of losing all principal amount.

The cost matrix in consumer lending can be represented as Table 9.1, where ci0 is the

profit of assigning a negative instance to category i and c1 is the cost of accepting a

positive instance. According to Wang et al. (2020), the elements of the cost matrix can

be formulated as ci0 = ri − rc and c1 = −(LGD + rc), where ri is the interest rate in

category i (i ∈ {1, 2, 3..., n}), rc is the cost of fund and LGD is loss given default. For

any category i < j, we assume ri < rj. Both rc and LGD are considered as constants
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in the setting. For those rejected applications, the cash-flow for both negative and

positive instances are zero.

actual negative actual positive
Assigned to Class 1 c10 c1
Assigned to Class 2 c20 c1
Assigned to Class 3 c30 c1

... ... ...
Reject (D) cD0 = 0 cD1 = 0

Table 9.1: Cost Matrix for Consumer Lending System

9.3 Problem Formulation

The current lending system fails to consider pricing dependent risk, which means

the pricing also impacts the customers’ ability to pay. The pricing can be incorporated

into the customers’ risk denoted as (Eq. 9.1):

s = P (Y = 1|x, ri) =
f1i(x)π1i

π1if1i(x) + π0if0i(x)
, (9.1)

where f1i(x) = f(x|Y = 1, ri), f0i(x) = f(x|Y = 0, ri), π1i = P (Y = 1|ri), and

π0i = P (Y = 0|ri). The density function for s is denoted as g(s). Ideally, condi-

tional density functions f0i&f1i and π0i&π1i can be obtained from randomly charging

customers different pricing. The random experiment generally is very expensive. Our

future research will study how to construct s based on limited/partial data informa-

tion. To simplify the problem, our discussion in this Chapter focuses on s space by

assuming price-independent risk.

To address the drawback that customers’ take rate and adverse selection are

ignored, we consider a take rate function TRA(s, r) with adverse impact into account.

The function is dependent on risk (s) and interest rate (r). We have two key assump-

tions for TRA(s, r):

1. Risky customers are more willing to accept the offer (adverse selection), which

means ∂TRA(s, r)/∂s > 0.
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2. Customers prefer lower interest rate, which means TRA(s, ri) > TRA(s, rj) for

ri < rj.

Our proposed consumer lending optimization system aims to assign applicants

into proper risk category and optimize the pricing in that category as well. Given n risk

categories and assuming lenders charge the same interest rate for the same category,

the problem can formulated as:

max
r1,r2,...,rn,s1,s2,...,sn

R(r1..., rn, s1..., sn) =
n∑

i=1

∫ si

si−1

[(1− s)ci0 + s ∗ c1]TRA(s, ri)g(s)ds

s.t. s0 ≤ s1 ≤ s2 ≤ ... ≤ sn ≤ 1

0 ≤ r1 ≤ r2 ≤ ... ≤ rn−1 ≤ rn

s0 = 0,

where si−1 and si are the category boundary for interest rate category ri, which means

that an applicant with score s between si−1 and si will be charged interest rate ri. Let

(n+1)th category be the reject category. We propose a divide-and-conquer method to

solve this optimization problem step by step:

• Step 1: Given risk categories and fixed interest rate for each category, optimize

the category boundary (ST1 - Boundary Problem).

• Step 2: Given category boundary, find the optimal interest rate for each category

(ST2 - Pricing Problem).

• Step 3: Find the optimal category boundary and interest rate based on the

iterations of Step 1 & 2.

9.3.1 ST1 - Boundary Problem

Our first problem can be described as: given n rating categories and interest

rate for each category (denote as r1, r2, r3. . . , rn), our aim is to assign an applicant
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into proper category to maximize the expected profit of the lender. The problem can

be formulated as:

max
s1,s2,...,sn

R(s1..., sn) =
n∑

i=1

∫ si

si−1

[(1− s)ci0 + s ∗ c1]TRA(s, ri)g(s)ds (9.2)

s.t. s0 ≤ s1 ≤ s2 ≤ ... ≤ sn ≤ 1,

s0 = 0.

Firstly, we propose a solution to the optimization problem based on pairwise compari-

son of any two categories. Then, we identify situations where category boundaries are

ordered and the category boundary can be given by the comparison of two adjacent

categories via un-constrained optimization.

Solution based on Pairwise Comparison

With the basis of the assumption that risk is independent of pricing, the ex-

pected profit for an instance being in category i is:

Ri(s) = [(1− s)ci0 + sc1]TR
A(s, ri).

Let sij be the break-even score which leads to Ri(s) = Rj(s). We prove that under

certain conditions, sij exists and is unique.

Lemma 5. Let Φs = {s|min(Ri(s), Rj(s)) > 0}. Suppose TRA(s, ri)/TR
A(s, rj) is

a monotonically decreasing function in s when ri < rj. If Ri(0) > Rj(0), there is

a unique solution sij for equation Ri(s) = Rj(s), (s ∈ Φs) and for s < sij, we have

Ri(s) > Rj(s) and Ri(s) < Rj(s), otherwise.

Proof. Given s∗ such that

s∗ =
ci0

ci0 − c1
=

ri − rc
ri + LGD

,
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we have Ri(s
∗) = 0. Since Rj(s

∗) = [(1 − s∗)cj0 + s∗c1]TR
A(s∗, rj), we can show

Rj(s
∗) > 0 (because (1 − s∗)cj0 + s∗c1 > 0). Given Ri(0) > Rj(0) and Ri(s) is a

continuous function, it is guaranteed at least one solution for Ri(s) = Rj(s). Note that

Ri(s) = Ri(s) −→
(1− s)ci0 + s ∗ c1
(1− s)cj0 + s ∗ c1

TRA(s, ri)

TRA(s, rj)
= 1

It is easy to prove that [(1−s)ci0+s∗c1]/[(1−s)cj0+s∗c1] is a monotonically decreasing

function of s. Given TRA(s, ri)/TR
A(s, rj) is also a monotonically decreasing function

of s, Ri(s)/Ri(s) is a monotonically decreasing function of s. Therefore, there is unique

solution to Ri(s) = Rj(s). In addition, for s < sij, we have Ri(s) > Rj(s) and

otherwise, Ri(s) < Rj(s) for s > sij.

It is worth noting that the assumption that TRA(s, ri)/TR
A(s, rj) is a mono-

tonically decreasing function of s when i < j requires that

TRA′
(s, ri)

TRA′(s, rj)
<
TRA(s, ri)

TRA(s, rj)
.

Since TRA(s, ri)/TR
A(s, rj) > 1, TRA′

(s, ri)/TR
A′
(s, rj) < 1 can satisfy the

assumption, which means the adverse selection effect is more obvious in higher interest

rate region than low interest rate region. The assumption is valid in line with business

intuition.

To further illustrate the Lemma, we performed a simulation study (see results

in Figure 9.2) based on a sigmoid take rate function

TRA(s, r) =
1

1 + e−(β0+β1s+β2r)
,

where β1 > 0 and β2 < 0 that satisfies the two assumptions of TRA(s, r). The sim-

ulation results show that any pair of Ri(s), Rj(s) intersects and only intersects once

when s ∈ Φs. It also demonstrate that when s < sij, the expected profit in category i

(Ri(s)) dominates the one in category j (Rj(s)).
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Figure 9.2: Simulation Results Based on Sigmoid Take Rate Function (1)

According to Lemma 5, each pair of categories has a break-even score, with a

total of n(n− 1)/2 scores. These break-even scores are represented as:

sBE
1 = {s12, s13, s14..., s1i..., s1n}

sBE
2 = {s23, s24..., s2i..., s2n}

......................................

sBE
i = {si(i+1)..., sin}

............................

sBE
n−1 = {s(n−1)n}

Suppose sik, sij ∈ sBE
i , i < k < j. We reveal that if sik > sij, categories between i and

j are inferior and should be out of consideration since we can either assign the instance

to category i or j with higher profit than any categories between i and j.
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Proposition 16. Suppose i < k < j and Ri(0) > Rk(0) > Rj(0). If sik > sij, then

max(Ri(s), Rj(s)) > Rk(s)∀s ∈ Φs = {s|min(Ri(s), Rj(s)) ≥ 0}.

Proof. According to Lemma 5, we have Ri(s) > Rk(s) for s < sik.

• Firstly, we show skj < sik. In light of Lemma 5, we have Rj(s) > Ri(s) > Rk(s)

for sij < s < sik. Given Rk(0) > Rj(0), Rk(s) and Rj(s) intersect before sik.

Therefore, skj < sik.

• Given skj < sik, we have Ri(s) > Rk(s) for s < skj and Rj(s) > Rk(s) for s > skj.

Therefore, max(Ri(s), Rj(s)) > Rk(s).

Hence, the proposition is proven.

Figure 9.3 indicates that when s13 < s12, we have max(R1(s), R3(s)) > R2(s)

for s ∈ Φs, which means category 2 is inferior. The simulation results support the

Proposition.

Figure 9.3: Simulation Results Based on Sigmoid Take Rate Function (2)
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Next we show the optimal category boundaries from pairwise comparison are

ordered.

Proposition 17. Suppose s∗i = min{si(i+1), si(i+2), ..., sin} and sij = s∗i for some j ∈

{i+ 1, i+ 2, ..., n} and s∗j = min(sj(j+1), sj(j+2), ..., sjn), we have s∗i < s∗j .

Proof. We prove the proposition by contradiction. Suppose k ∈ {j + 1, j + 2, ..., n}

such that sjk = s∗j . We have sik > sij by definition. If s∗i ≥ s∗j , then sik > sij ≥ sjk.

According to Lemma 5, if sij < s < sik, then Rj(s) > Ri(s) > Rk(s).

On the other hand, because sij ≥ sjk, if s > sij, we have s > sjk, which leads

to Rj(s) < Rk(s) in light of Lemma 5.

Therefore, it is contradictory and the proposition is proven.

According to Propositions 16 and 17, we show that the pairwise comparison

results in ordered category boundaries, which are solution of the objective function

(Eq. 9.2).

Solution based on Un-constrained Optimization

In previous section, we prove that the category boundary can be achieved from

pairwise comparison. Let s∗i denote the category boundary. In this subsection, we

disclose the conditions that results in s∗0 < s∗1 < s∗2 < s∗3 < ..., < s∗n and s∗0 = 0.

Assume take rate is independent of risk (no adverse selection impact) and let

TR(r) denote the take rate function. The objective function can be expressed as:

R(s1, s2..., sn) =
n∑

i=1

∫ si

si−1

[(1− s)ci0 + s ∗ c1]TR(ri)g(s)ds. (9.3)

Proposition 18. If take rate function TR(r) is a log-concave function and rTR(r) is

a monotone decreasing function, then the optimal boundary for (Eq. 9.3) satisfies that

s∗i < s∗i+1, i ∈ {0, 1, ..., n− 1}.
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Proof. We have

∂R(s1, s2..., sn)

∂si
= [(1− si)ci0 + si ∗ c1]TR(ri)g(si)− [(1− si)c(i+1)0 + si ∗ c1]TR(ri+1)g(si)

= Ds(si)g(si),

where Ds(si) = [(1− si)ci0+ si ∗ c1]TR(ri)− [(1− si)c(i+1)0+ si ∗ c1]TR(ri+1). It is easy

to show that Ds(si) is monotonically deceasing when rTR(r) is a monotone decreasing

function, which means R(s1, s2..., sn) is a unimodal function.

Setting ∂R(s1, s2..., sn)/∂si to zero leads to

TR(ri)

TR(ri+1)
=

(1− s∗i )c(i+1)0 + s∗i c1
(1− s∗i )ci0 + s∗i c1

.

Re-arranging the equation results in:

s∗i =
TR(ri+1)ri+1 − TR(ri)ri + rc(TR(ri)− TR(ri+1))

TR(ri+1)ri+1 − TR(ri)ri + LGD(TR(ri+1)− TR(ri))
(9.4)

Let Mi = TR(ri+1)ri+1 − TR(ri)ri and Ni = TR(ri+1) − T (ri). In order to prove

s∗i < s∗i+1, we need

Mi − rcNi

Mi + LGDNi

<
Mi+1 − rcNi+1

Mi+1 + LGDNi+1

. (9.5)

Since rTR(r) is a monotone decreasing function,

Mi = ri+1TR(ri+1)− riTR(ri) < 0.

If (Eq. 9.5) holds, we need
Mi

Ni

<
Mi+1

Ni+1

.

Recall
Mi

Ni

=
TR(ri+1)ri+1 − TR(ri)ri
TR(ri+1)− TR(ri)

.
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Since ri+1 = ri +∆r and, if ∆r → 0, then TR(ri+1) ≈ TR(ri) + ∆rTR′(ri), we have

Mi

Ni

=
TR(ri) + TR′(ri)ri

TR′(ri)
+ Θ,

where Θ → 0. Define ψ(r) = (TR(r) + TR′(r)r)/TR′(r). We prove that if TR(r) is

log-concave, ψ(r) is monotone increasing function.

(ψ(r))′ =
(2TR′(r) + TR′′(r)r)TR′(r)− TR′′(r)(TR(r) + TR′(r)r)

(TR′(r))2

=
2(TR′(r))2 − TR′′(r)TR(r)

(TR′(r))2

We prove that if

(TR′(r))2 − TR′′(r)TR(r) > 0,

then ψ(r) is a monotonically increasing function, which means Mi/Ni < Mi+1/Ni+1.

So, if rTR(r) is monotone decreasing and TR(ri) is a log-concave function (because of

(TR′(ri))
2 − TR′′(ri)TR(ri) > 0), we prove that s∗i < s∗i+1.

9.3.2 ST2 - Pricing Problem

Our second problem aims to find optimal pricing for each category given the

category boundary. Assume no adverse select impact, which means that take rate is

independent of risk. The problem can be formulated as:

max
r1,r2,...,rn

R(r1, r2, ..., rn) =
n∑

i=1

∫ si

si−1

[(1− s)ci0(ri) + s ∗ c1]TR(ri)g(s)ds (9.6)

s.t. 0 ≤ r1 ≤ r2 ≤ ... ≤ rn

Proposition 19. If TR(r) is concave, then objective function R(·) (Eq. 9.6) is concave

and the optimal interest rate r∗i satisfies the following condition:

[ci0TR
′
(r∗i ) + TR(r∗i )]

∫ si

si−1

g(s)ds = [TR(r∗i ) + TR
′
(r∗i )(ci0 − c1)]

∫ si

si−1

sg(s)ds.
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Proof. In order to achieve the maximum value of the objective function, calculate the

first and second order derivative:

∂R(r1, r2, ..., rn)

∂ri
= TR

′
(ri)

∫ si

si−1

[(1− s)ci0(ri) + s ∗ c1]g(s)ds+ TR(ri)

∫ si

si−1

(1− s)g(s)ds

∂2R(r1, r2, ..., rn)

∂r2i
= TR

′′
(ri)

∫ si

si−1

[(1− s)ci0(ri) + s ∗ c1]g(s)ds+ 2TR
′
(ri)

∫ si

si−1

(1− s)g(s)ds

Since TR′(ri) < 0 and (1− s)ci0(ri) + s ∗ c1 > 0, if TR
′′
(ri) < 0, then R(·) is a

concave function. And to optimize R(·), it requires:

[ci0TR
′
(r∗i ) + TR(r∗i )]

∫ si

si−1

g(s)ds = [TR(r∗i ) + TR
′
(r∗i )(ci0 − c1)]

∫ si

si−1

sg(s)ds (9.7)

Rearranging the equation, we have∫ si
si−1

sg(s)ds∫ si
si−1

g(s)ds
=

ci0TR
′
(r∗i ) + TR(r∗i )

T (r∗i ) + TR′(r∗i )(ci0 − c1)
= ϕ(r∗i )

ϕ(·) is a monotone increasing function of r

Since

si−1 ≤ ϕ(r∗i ) =

∫ si
si−1

sg(s)ds∫ si
si−1

g(s)ds
≤ si, (9.8)

si ≤ ϕ(r∗i+1) =

∫ si+1

si
sg(s)ds∫ si+1

si
g(s)ds

≤ si+1, (9.9)

we have ϕ(r∗i ) ≤ ϕ(r∗i+1). Since ϕ(r) is monotone increasing function, r∗i ≤ r∗i+1.

9.3.3 ST3 - Iterations of ST1 and ST2

With fixed interest rate in each category, our first step is to find an ordered

category boundary for each category, which is given by (Eq. 9.10). An instance with

score s will be assigned to category i, if si−1 ≤ s ≤ si. We call this step as optimal

cut-off method. Given the category boundary, optimal interest rates in each category
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need to meet the condition of (Eq. 9.11). The iteration of step 1 and step 2 result in

the consumer lending optimization system.

si =
Mi − rcNi

Mi + LGDNi

(9.10)

[ci0TR
′
(ri) + TR(ri)]

∫ si

si−1

g(s)ds = [TR(ri) + TR
′
(ri)(ci0 − c1)]

∫ si

si−1

sg(s)ds, (9.11)

where Mi = T (ri+1)ri+1 − T (ri)ri and Ni = T (ri+1)− T (ri).

For (Eq. 9.11), we have applied approximation methods, where T ′(ri) is directly

calculated from the take rate function,
∫ si
si−1

sg(s)ds is the average s score between si−1

and si, and
∫ si
si−1

g(s)ds is approximate density given by trapezoidal rule. The detailed

proposed procedure is described as follows:

Algorithm 2 Proposed Procedure

1: Score engines E learned from the training data after applying machine learning
algorithms

2: E score the training data to get X
3: Estimate the density functions of X as well as the conditional density function for

instances in class i ∈ {0, 1}: fi(X)
4: for a testing instance z do
5: Apply score engines E to score the testing instance to get score x
6: Apply f0(X) and f1(X) to the instance to estimate score s = π1f1(x)/(π1f1(x)+
π0f0(x))

7: end for
8: for risk category i do
9: Calculate mi = T (ri+1)ri+1 − T (ri)ri and ni = T (ri+1)− T (ri)

10: According (Eq. 9.10), calculate the decision boundary for category i si
11: end for
12: The maximum boundary is determined by (max rate-rc)/(max rate+LGD)
13: Given the boundary determined by Step 9-13, solve (Eq. 9.11) to achieve the

corresponding optimal interest rate.
14: Iterate the process (Steps 9-14) until the optimal interest rate is not changed.
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9.4 Simulations

Data Preparation

We use Python make classification() function to create a synthetic binary classifica-

tion problem with sample size (100k) and total 20 input features with 15 informative

features, 2 redundant features and 3 noisy features. make classification() is a popular

python package, which is used to generate a random n-class classification problem.

The detailed introduction of this package can be referred to (Guyon, 2003). Stan-

dard data pre-processing was applied to the data and a logistic regression was built

to output a probability random variable X. The true probability of an instance is

defined as X + ϵ, where ϵ ∼ N(0, 0.05). Assume 7 categories with given interest rates

[0.10, 0.22, 0.28, 0.30, 0.35, 0.40, 0.45] and the maximum legitimate interest rate is 0.5.

Suppose take rate function

T (r) = −r4 − 14.2

8
r + 1,

which is a concave function. The take or not take decision is based on the take rate

function, which is only related to interest rate. Let rc = 0.03 and LGD = 0.5.

Risk-based Method

According to the risk-based method, the fixed margin plays a important role. We

vary the fixed margin from 0.02 to 0.14 and the profit ranges from $1,082 to $1,586.

Approval rate is defined as number of approvals divided by all applicants and enrolled

rate measures the ratio of customers who accept the offers among the approvals. Results

in Table 9.2 shows that high approval rate and enrollment rate don’t result in highest

profitability. Margin 0.10 brings the highest profitability with approval rate 59.1%,

but only 26.5% approvals accept the offer.
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Margin Approved % Enrolled % $ Profit
0.02 69.7% 43.2% $1,082
0.04 69.1% 42.2% $1,145
0.06 66.8% 35.0% $1,552
0.08 63.2% 29.5% $1,564
0.10 59.1% 26.5% $1,586
0.12 57.2% 24.6% $1,537
0.14 53.8% 20.4% $1,450

Table 9.2: Risk-Based Method Results Varying by Margin

Results Summary and Discussion

Table 9.3 summarizes the simulation results based on risk-based method, optimal cut-

off, and optimization system. We compare several metrics across these three methods:

approval rate, acceptance rate, enrolled rate, average interest rate charged for enrolled,

total profit, and profit per enrolled. Table 9.3 shows that the optimal cut-off method

by assigning the customer into a proper category without changing the interest rate

adds 7% more profit compared with traditional risk-based method, while optimization

system can more than double the profit.

It is worth noting that the optimization system approves the most customers

(74.4% approval rate) and 78.3% of the approvals accept the offer. The final enrollment

rate of optimization system is more than double than risk-based method since our

proposed method systematically considers customers’ response rate, which explains the

significant improvement of the profit. In addition, we note that the average interest

rates across three method are similar.

Risk-based method Optimal cut-off Optimization system
Approved % 59.1% 73.3% 74.4%
Accepted % 44.9% 40.1% 78.3%
Enrolled % 26.5% 29.4% 58.3%

Average rate % 30.5% 32.9% 34.7%
$ Profit $1,586 $1,708 $3,539

$ Profit per enrolled $0.199 $0.194 $0.202

Table 9.3: Simulated Results
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9.5 Summary and Discussion

Current industry practice to pricing consumer lending in United States is risk-

based pricing, which is purely based on the estimated risk and not aligned with max-

imizing profit goal. Besides, the current consumer lending strategy is a sequential

decision process and fails to take the customers’ acceptance rate and adverse selection

into the optimization decision. To address the limitations of current consumer lending

strategy, we proposed a consumer lending optimization system, which can significantly

improve the efficiency and profitability of current lending system.

We divide the problems into several sub-problems and solve the problems based

on assumptions. In problem 1, we show pairwise comparison can solve the problem with

consideration of adverse selection impact (riskier customers have higher acceptance

rate) with the fewest assumptions. We also identify conditions which will result in

ordered boundary by assuming no-adverse impact and the acceptance rate function

is a log-concave function. For problem 2, in addition to non-adverse-selection impact

assumption, we further tighten the assumption of a concave acceptance function instead

of log-concave function.

It is worth noting that all our discussion is based on s space and assume price-

independent risk, which means the pricing does not impact the risk. In our future

research, a potential area is to construct s based on the information in x space and

take the price-dependent risk into account.
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APPENDIX A

RE-EXPRESS MATTHEWS CORRELATION COEFFICIENT

Recall the definitions of PPV, NPV, FDR, FOR in Chapter 2. Let ω = π1TPR+

π0FPR. MCC can be re-expressed as:

MCC =
√
PPV ∗ TPR ∗ TNR ∗NPV −

√
FDR ∗ FNR ∗ FPR ∗ FOR

=

√
π1
ω
TPR ∗ TPR ∗ TNR ∗ π0

1− ω
TNR

−
√

(1− TNR) ∗ π1
ω

∗ (1− TPR) ∗ (1− TNR) ∗ π0
1− ω

∗ (1− TNR)

=

√
π0π1

ω(1− ω)
[TPR ∗ TNR− (1− TNR) ∗ (1− TPR)]

=

√
π0π1

ω(1− ω)
(TPR + TNR− 1)

=

√
π0π1

ω(1− ω)
J (A.1)

Since PPV = π1TPR/ω and NPV = π0TNR/(1 − ω), we have TPR = ωPPV/π1

and TNR = (1− ω)NPV/π0. MCC can also be re-expressed as:

MCC =

√
PPV ∗ ω

π1
PPV ∗ 1− ω

π0
NPV ∗NPV

−
√
(1− PPV ) ∗ ω

π1
(1− PPV )

1− ω

π0
(1−NPV ) ∗ (1−NPV )

=

√
ω(1− ω)

π1π0
(NPV + PPV − 1)

=

√
ω(1− ω)

π1π0
MK (A.2)
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In light of (Eqs. A.1 - A.2), we have MCC2 = MK ∗ J . The relationships between

MCC and MK/J are also recognized in (Chicco and Jurman, 2020).

According to (Eq.A.1), we have

MCC2 =
π0π1(a− b)2

ω(1− ω)
.

Note that

dMCC2

dt
= −π0π1gL1 (t)

2(a− b)ω(1− ω)− (a− b)2π1(1− 2ω)

[ω(1− ω)]2

− π0π1g
L
0 (t)

−2(a− b)ω(1− ω)− (a− b)2(1− 2ω)π0
[ω(1− ω)]2

Given

2ω(1− ω)− (a− b)π1(1− 2ω) = (1− b)(π1a+ π0b) + b[π1(1− a) + π0(1− b)]

and

2ω(1− ω) + (a− b)π0(1− 2ω) = (1− a)(π0b+ π1a) + a[π0(1− b) + π1(1− a)],

d(MCC2)/dt can be re-expressed as

dMCC2

dt
=
π0π1(a− b)gL0 (t)

ω(1− ω)
[

1− a− t(1− b)

π1(1− a) + π0(1− b)
+

a− tb

π1a+ π0b
]. (A.3)
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APPENDIX B

CODE TO IDENTIFY CASE WHERE MCC IS MULTI-MODAL

import matp lo t l i b . pyplot as p l t

from matp lo t l i b . pyplot import f i g u r e

import numpy as np

from sympy import ∗

t=symbols ( ’ t ’ )

q1=0.1∗ t ;

q2=(87∗ t /90)−78/90;

q3=(1/10)∗ t +78/100;

p1=4∗t+1;

p2=5∗t−1;

a1=p1∗(1−q1 )/ ( p1−q1 ) ; b1=(1−q1 )/ ( p1−q1 )

a2=p2∗(1−q2 )/ ( p2−q2 ) ; b2=(1−q2 )/ ( p2−q2 )

a3=p2∗(1−q2 )/ ( p2−q3 ) ; b3=(1−q3 )/ ( p2−q3 )

g1 1=−d i f f ( a1 , t ) ; g0 1=−d i f f ( b1 , t )

g1 2=−d i f f ( a2 , t ) ; g0 2=−d i f f ( b2 , t )

g1 3=−d i f f ( a3 , t ) ; g0 3=−d i f f ( b3 , t )

###Ensure cont inous d en s i t y f unc t i on

g1 4=(( g1 2 . subs ( t ,1)− g1 1 . subs ( t , 0 . 9 0 ) ) / 0 . 1 0 ) ∗ t\

+g1 2 . subs ( t ,1) −(( g1 2 . subs ( t ,1)− g1 1 . subs ( t , 0 . 9 0 ) ) / 0 . 1 0 )

g0 4=(( g0 2 . subs ( t ,1)− g0 1 . subs ( t , 0 . 9 0 ) ) / 0 . 1 0 ) ∗ t\

+g0 2 . subs ( t ,1) −(( g0 2 . subs ( t ,1)− g0 1 . subs ( t , 0 . 9 0 ) ) / 0 . 1 0 )
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g1=Piecewi se ( ( g1 1 , ( t <0.90) & ( t>=0)) ,\

( g1 4 , ( t>=0.90) & ( t <1)) ,( g1 2 ,(1<=t ) & ( t<=1.50)) ,

( g1 2 . subs ( t , 1 . 5 ) , ( t>1.5)&( t<=1.9)))

g0=Piecewi se ( ( g0 1 , ( t <0.90) & ( t>=0)) ,\

( g0 4 , ( t>=0.90) & ( t <1)) ,( g0 2 ,(1<=t ) & ( t<=1.50)) ,

( g0 2 . subs ( t , 1 . 5 ) , ( t>1.5)&( t<=1.9)))

g10=g1/g0

x1=p lo t ( g1 , g0 , ( t , 0 , 1 . 9 ) , x l ab e l=’ t ’ , y l ab e l=’ dens i ty ’ ,\

show=False , l egend=True )

x1 [ 0 ] . l i n e c o l o r=’b ’

x1 [ 1 ] . l i n e c o l o r=’ g ’

x1 [ 0 ] . l a b e l=’ g1 ’

x1 [ 1 ] . l a b e l=’ g0 ’

x1 . show ( )

p l o t ( g10 , ( t , 0 , 1 . 5 ) , x l ab e l=’ t ’ , y l ab e l=’ $\\ f r a c { g 1 }{ g 0 }$ ’ )

z=symbols ( ’ z ’ )

a=1− i n t e g r a t e ( n s imp l i f y ( g1 ) , ( t , 0 , z ) )

b=1− i n t e g r a t e ( n s imp l i f y ( g0 ) , ( t , 0 , z ) )

p=a/b ; q=(1−a)/(1−b ) ;

d=2∗p∗q+p+q−t ∗(p+q+2)
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d l i s t = [ ] ; p l i s t = [ ] ; mcc2=[ ]

for t1 in np . l i n s p a c e ( 0 , 1 . 9 ,num=30):

d l i s t . append (d . subs ({ z : t1 , t : t1 } ) )

p l i s t . append (p . subs ( z , t1 ) )

mcc=(a . subs ({ z : t1 , t : t1})−b . subs ({ z : t1 , t : t1 }))∗∗2/\

( ( a . subs ({ z : t1 , t : t1})+b . subs ({ z : t1 , t : t1 } ))∗\

(2−a . subs ({ z : t1 , t : t1})−b . subs ({ z : t1 , t : t1 } ) ) )

mcc2 . append (mcc)

t1=l i s t (np . l i n s p a c e ( 0 , 1 . 9 ,num=30))

p l t . p l o t ( t1 , d l i s t )

p l t . x l ab e l ( ’ t ’ )

p l t . y l ab e l ( ’ $D {pq}$ ’ )

p l t . p l o t ( t1 , p l i s t )

p l t . p l o t ( t1 , mcc2 )

p l t . x l ab e l ( ’ t ’ )

p l t . y l ab e l ( ’$MCCˆ2$ ’ )
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APPENDIX C

UNIMODALITY PROOF IN CHAPTER 7

Prove F1DR(t0, t1) is a Unimodal Function in Proposition 14

Proof. We have

∂F1DR(t0, t1)

∂t0
=

−2π1g
L
1 (t1)

dt1
dt0

[π0 − π0G
L
0 (t1) + π1G

L
1 (t0)]

[1 + π1 − 2π1GL
1 (t1)− π0GL

0 (t1) + π1GL
1 (t0)]

2

−
2π1(1−GL

1 (t1))[−π0gL0 (t1)dt1dt0
+ π1g

L
1 (t0)]

[1 + π1 − 2π1GL
1 (t1)− π0GL

0 (t1) + π1GL
1 (t0)]

2
. (C.1)

As proven in Proposition 14,

gL1 (t1)
dt1
dt0

π0gL0 (t1)
dt1
dt0

− π1gL1 (t0)
=
π0t1 + π1t0t1
π2
0 − t0t1π2

1

. (C.2)

Therefore, ∂F1DR(t0, t1)/∂t0 can be re-expressed as:

∂F1DR(t0, t1)

∂t0
= A(t)D(t),

where

A(t) =
−2π1[π0g

L
0 (t1)

dt1
dt0

− π1g
L
1 (t0)][π0 − π0G

L
0 (t1) + π1G

L
1 (t0)]

[1 + π1 − 2π1GL
1 (t1)− π0GL

0 (t1) + π1GL
1 (t0)]

2
,

and

D(t) =
π0t1 + π1t0t1
π2
0 − t0t1π2

1

− 1−GL
1 (t1)

π0 − π0GL
0 (t1) + π1GL

1 (t0)
.

In light of (Eq. C.2), when π2
0 − t0t1π

2
1 < 0, we have π0g

L
0 (t1)

dt1
dt0

− π1g
L
1 (t0) < 0 and

A(t) > 0 & D(t) < 0. Therefore, when t0t1 > π2
0/π

2
1, ∂F1DR(t0, t1)/∂t0 < 0.

When t0t1 < π2
0/π

2
1, we have A(t) < 0. Clearly, the first part of D(t) is mono-

tonically increasing. We can also prove that π0−π0G
L
0 (t1)+π1G

L
1 (t0) is monotonically
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increasing, since π0g
L
0 (t1)

dt1
dt0

− π1g
L
1 (t0) > 0 by t0t1 < π2

0/π
2
1. As a result, the second

part of D(t) is monotonically decreasing. Therefore, D(t) is monotonically increasing.

According to Definition 3, F1DR(t0, t1) is a unimodal function. We can apply the same

logic to prove that the function is unimodal under Bayesian transformation.
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