Version of Record at: https://doi.org/10.3934/era.2024158

ERA, 32(5): 3413-3432.

BN Eloctroni DOI: 10.3934/era. 2024158
ATnig lectronic Received: 13 April 2024

@ Research Archive Revised: 10 May 2024
Accepted: 21 May 2024
http://www.aimspress.com/journal/era Published: 27 May 2024

Research article

A pressure-robust stabilizer-free WG finite element method for the Stokes
equations on simplicial grids

Yan Yang', Xiu Ye? and Shangyou Zhang**

' School of Sciences, Southwest Petroleum University, Chengdu 610500, China
2 Department of Mathematics, University of Arkansas at Little Rock, Little Rock, AR 72204, USA
3 Department of Mathematical Sciences, University of Delaware, Newark, DE 19716, USA

* Correspondence: Email: szhang @udel.edu.

Abstract: A pressure-robust stabilizer-free weak Galerkin (WQG) finite element method has been
defined for the Stokes equations on triangular and tetrahedral meshes. We have obtained pressure-
independent error estimates for the velocity without any velocity reconstruction. The optimal-order
convergence for the velocity of the WG approximation has been proved for the L? norm and the H'
norm. The optimal-order error convergence has been proved for the pressure in the L?> norm. The
theory has been validated by performing some numerical tests on triangular and tetrahedral meshes.
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1. Introduction

In this manuscript, we detail the development of a new stabilizer-free weak Galerkin (WG) finite
element method of any polynomial order in 2D and 3D, on triangular and tetrahedral meshes
respectively, for obtaining the solutions of the stationary Stokes equations: Find unknown functions u
(velocity) and p (pressure) such that

—uAu+Vp=1f inQ, (1.1)
V-u=0 inQ, (1.2)
u=0 onodQ, (1.3)

where the viscosity u > 0, and the domain Q is a polygon or a polyhedron in RY (d = 2, 3).
The new pressure-robust, stabilizer-free WG method has a new variational formulation. Find u,, €
V,, and p;, € W, such that
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WVyuy, Viv) + (Vypy, v) = (£,v) Vv eV, (1.4)
(u/’l’ qu) = 0 Vq € Wh5 (15)

where V,, denotes weak gradients to be defined in (2.3) and (2.4), and V), and W), are P, and P;_; WG
finite element spaces, to be defined in (2.1) and (2.2), respectively. Some studies on the WG methods
are as follows: the parabolic equation [1-3], with two-order superconvergence on triangular
meshes [4], the convection-diffusion equation [5, 6], 4th order problems [7, 8], with the conforming
discontinuous Galerkin formulation [9-11], the Navier-Stokes equations [12-14], with the discrete
maximum principle [15], the second order elliptic equations [16, 17], with the energy
conservation [18], the Darcy flow [19, 20], the Oseen equations [21], the Stokes equations with
pressure-robustness [22-24], the Maxwell equations [25], the Cahn-Hilliard equation [26], the
div-curl equations [27], with adaptive refinements [28, 29], the biharmonic equation [30, 31], the
biharmonic equation with continuous finite elements [32, 33], the Stokes equations with H(div)
elements [34, 35], with two-order superconvergence under the CDG formulation [36, 37], and with
two-order superconvergence for the Stokes equations [38].

We note that the moment equation (1.1) is not tested by applying H(div, Q) functions in (1.4),
different from most other pressure-robust methods such as those detailed in [22-24], but is tested
by using discontinuous polynomials. The pointwise divergence-free property (pressure-robustness) is
achieved by introducing pressure face variables, i.e., p, = {po, p»} Where p,l. € Pi(e) on every face
edge/triangle e of a mesh 77, (see (2.2) below). The method was previously applied before in hybridized
discontinuous Galerkin methods in [39].

It is shown that the WG finite element pair, V), — W, is inf-sup stable. The method is shown
pressure robust, i.e., both errors of the velocity and the pressure are independent of the pressure p and
the viscosity ¢ in (1.1). This is necessary when u is small. However, very few methods can achieve this.
Under the inf-sup stability, we shall prove quasi-optimal approximation for the velocity in an H'-norm
and in the L? norm. The quasi-optimal convergence for pressure in the L? norm is also proved. The
theory is numerically verified by applying varying degrees of WG finite elements to both triangular
and tetrahedral meshes.

2. The WG finite element method

Let 7, be a mesh on the domain €, consisting of conforming shape-regular triangles or shape-
regular tetrahedrons. Here we let i be the element diameter of 7 € 7, and we let mesh size & =
maXreg;, hT.

For k > 1 and given 77, the finite element space for velocity is defined by

Vi ={v=1{vo, v} : Volr € [P, T € Ty;

4 (2.1)
Vole € [Pr1(0)]’, € € Ep; Vile = 0, € € §;, N OQY,
and the finite element space for pressure is defined by
Wi =A{qn =190, g} : qolr € Pr1(T), T € T gl € Pile), 22)

e € Ey;(qo, D, +4{qp, 1)o7, = 0},
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where Pi(e) and P;(T) denote the space of polynomials of degree k or less on the edge/triangle e and

triangle/tetrahedron T respectively, (-, )7, = Xrer;, (5 )7 and -, Dar;, = Xrer, (s Dor-
For a function v € V), the (k + 1)-degree weak gradient Vv is a piecewise polynomial on the mesh
Ths ViVl € [Prar(T)], such that

(VoV, Dr = =(Vo, V-7 +(Vp, T-Myp V7 € [Py (T (2.3)

For a function g = {qo,q,} € W), its weak gradient V,,q is defined as a piecewise vector-valued
polynomial such that for each T € 7}, V,,q € [P«(T)]¢ satisfies

(Vg @)1 = ~(q0, V- @)1 +{qbs - War Vo € [P(T)]". 2.4)

We denote by II; the local/element-wise Lz—orthogonal projection onto [Py(T))’ where
j=1,d,d X dand T € T, Let HZ be a generic edge/face-wise defined L? projection onto [P(e)]/
for e € AT. Define Quu = {ILu, 112 u} € Vj, and Qyp = {Il;_1 p, 112 p} € W,

Lemma 2.1. Let ¢ € [Hé(Q)]d and ¢ € H'(Q), then, for T € T,
V,Qnp = 1LV, (2.5)
VO = ILVy. (2.6)

Proof. Using (2.3) and integration by parts, we obtain the following for any 7 € [Py, (T)]¥:

(ViOnd, T)r ~(, V - )7 + (11, 4, 7 - MYor

= —(@,V-DO)r +{$, 7 -m)yr
= (Vo,1)r = IV, 7).

This implies that (2.5) holds. The scalar version, (2.6), is proved in the same manner.

For any function ¢ € H'(T), the following trace inequality holds true:

lelz < € (A7l + hrlIVel} ). 2.7)
We define two semi-norms |v|| and ||v||; , for any v € Vj;:
VP = (Vv, V), (2.8)
VB, = > IVl + > A7t livo = vl (2.9)
T€771 T€7~h

We also define two semi-norms |l¢|| and ||g|; » for any g € W),:

lal> = (V.q,V.9), (2.10)
gl = > Vol + " h7'llgo — sl 2.11)
TeT) TeT)
In fact, ||v||;; is a norm in Vj, and || - || is also a norm in V}, as they have been proved in [4] by

applying the norm equivalence as follows:
Cilivilie < IVl < Cofvllie - YV € Vi, (2.12)

and
Cillgllin < gl < Goligllin Vg € Wy (2.13)
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Lemma 2.2. The following inf-sup conditions hold, for all g = {qo, q»} € W), and v = {vy,v,} € V),:

(vo, Viq)
=L > Blgol. (2.14)
o T
and (Vo V.0)
Vo, Vw
2o 4> Bhigl, (2.15)
o T

where 8 > 0 is independent of h and T,

Proof. For any given g = {qo,q,} € W, it is known that there exists a function Vv € Hy(div, Q) and
VIr € [P(T))? (see, e.g., [40, (7.4)—(7.6)]) such that

(V- ¥.q0)
295 Cllgoll (2.16)
|V|1,h
where
¥, = D AV¥IE + A N9IIG,).
TeTy,
Let

LSy, +¥r,) if e €&,
v={V,V,} € V), where V|, = 2V, + ¥ir,) 1 €€ oy
0 if e € &, N 0Q,

where T and T are the two elements on the two sides of edge/triangle e. For such specially defined v,
we have

MR, = > AV + Az 19 = (9}5,)

TeTy,

. . (2.17)
= > (V¥ + h I91E,) = 1913,
TE'Th
It follows from (2.13) and (2.17) that
Ivl < CI¥l1 . (2.18)
By (2.4), we have
(V. Vug) = Z V-, q)r — (V- ¥,490)7) = =(V - ¥, q0). (2.19)

TeTy,

Combining (2.16), (2.19) and (2.18) implies that

& Vw1V ¥.901 (V- ¥, g0)l
Ivi (A7 I 4|/

> Bllqoll,
which implies (2.14).
Next we shall derive (2.15). For any v = {v(,0} € V,, and 7 € [P,1(T)]¥*, we have the following

by (2.3), (2.7) and the inverse inequalities:
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(VWV’ T)T = _(VO’ V : T)T = (VVO’ T)T - <V0? T n>6T
< IVvollzlltllr + Chz"IvollarliTlir,
which implies that
Ivl < Ch™ Yol (2.20)

It follows from (2.20) that for any v = {v,, 0} € V,,

|(V0, qu)l > Chl(VO’ qu)l
Ivl [Ivoll

Then we have

160 Vol S i [V Vot

> BhIIV.wqll
vev, IVl vevi  lIvoll ’

which implies (2.15). This completes the proof of the lemma.

Lemma 2.3. There is a unique solution for the WG finite element equations (1.4) and (1.5).

Proof. We only need to show that zero is the unique solution of (1.4) and (1.5)if f = 0. Weletf =0
and v =u, in (1.4) and g = p;, in (1.5). By summing the two equations, we get

(unha unh) =0

It implies that V,,u;, = O on T. By (2.12), we also obtain that |ju||;, = 0. Thus, u, = 0.

Sinceuw;, = 0and f = 0, (1.4) is reduced to (vy, V,,p,) = 0 for any v = {vy, v;,} € V,,. Then the inf-sup
conditions (2.15) and (2.14) imply that V,,p, = 0 and p, = 0. By (2.13), we have that ||p,||,, = 0 and
Po = p» = 0 on T. We have proved the lemma.

3. Error equations

To derive the equations that the errors satisfy, we introduce e, = Q,u —u, and €, = Q;p — ps.-

Lemma 3.1. [41, Theorem 3.1] For T € [H**(Q)%, a quasi-projection T1;, can be defined such that
7 € [H(div, D1, Itly € [Pt (T and for vy € [P(T)1°,

(V T, VO)T = (V : HhTa VO)T’ (31)
-(V-1, vo) = (IL7, V,v), (3.2)
=7l < CH*tlo, (3.3)

where | - |i42 is the semi-H*"? Sobolev norm on the space.
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Lemma 3.2. [41, Theorem 3.1] Let T € H*'(Q). A quasi-projection m, can be defined such that

T € H(div, Q), iy € [P(T))? and for qy € Pi_(T),

V-7, qo)r (V-mp1, qo)rs
-(V -1, q0) (mnT, Viq),
lmr -1l < CH*'tless,

where | - |41 is the semi-H""' Sobolev norm on the space.
Lemma 3.3. Forany v € V, and g € W), the following error equations hold true:

uVyen, Vov) + (Ve vo) e1(u,v),
(€0, Viwg) = ex(u,q),

where

ef(m, v) = u(lVu-ILVa,V,v),
e,(u,q) = (Iu-mu,V,q).

Proof. First, we test (1.1) by applying vy with v = {vy, v,} € V,, to obtain
—([lAll, VO) + (Vp, VO) = (f’ VO)'

It follows from (3.2) and (2.5) that

—(uV - Vu, vo) = (ull,Vu, V,v) = (uV,Quu, V,v) —ei(u,v).

It follows from (2.6) that
(Vp, vo) = (ILVp, vo) = (V,Onp, Vo).
We substitute (3.12) and (3.13) into (3.11) to obtain
1V, Quu, Vyv) + (uV,, Onp, Vo) = (£, vo) + e1(u, v).

We subtract (3.14) from (1.4) to get

uV,en V,v)+ uV,e, vo) =e(u,v) VveV,.
Multiplying (1.2) by g = {q0, q»} € W}, by applying (3.2), it follows that

0=(V-u, g) = —(mu,V,q) = (I, V,q) + ex(u, 9),

which implies that
(I, V,,q) = ex(u, q).

The difference between (3.17) and (1.5) implies (3.8). We have proved the lemma.

(3.4)
(3.5)
(3.6)

(3.7)
(3.8)

(3.9
(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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4. Quasi-optimal finite element solutions

We shall first prove the optimal order error estimates of the || - | norm for the velocity u,, and of the
L? norm for the pressure py,.

Lemma 4.1. Let u € [H*'(Q)¢, v € V}, and g € W,,. The following estimates hold:

le(u, V)| < Cuh*lulg, vl (4.1)
lexu, @) < CH* 'l lgl, 4.2)

where e (-, -) and e;(-,-) have been defined in (3.9) and (3.10), respectively.

Proof. By the Cauchy-Schwarz inequality, the definitions of I1;,; and II,, we compute

le(u, V)| = ul(Iliy;Va —11,Va, V,,v)|
< Cuhfal vl
Similarly, we have
lex(u, @)l = |(mpu = I, V,.q)|

IA

CH* [ules 1 [lligl-

We have proved the lemma.

Theorem 4.1. Let (u, p) € ([H*'(V)]? N [Hy(Q)]9) x (H*(Q) N LY(Q)) be the solutions of (1.1)~(1.3).
Let (uy, pp) € Vi, X W), be the solutions of (1.4) and (1.5). Then, the following error estimates hold true:

IQu-wl < Chule, (4.3)
MQwp — pul + M1 p = poll < Cuhfulys. (4.4)

Proof. It follows from (3.7) that for any v = {vy, v} € V},, by (4.1), we have

|(Vyé€n, Vo)l

|(/~‘Vweh9 VWV) - el(u’ V)|
Cu(lexl + Al DIV 4.5)

IA

Then applying the estimate (4.5) and (2.15) yields

held < Cu(leqd + A i) (4.6)
By letting v = e;, in (3.7) and g = ¢, in (3.8), and by using (3.8), we have

leal’ = lu"er(u, &) — ex(u, &,)|.
It then follows from (4.1), (4.2) and (4.6) that

2 k k
lexl” < Ch™ulisillexll + Ch [l i hllel
k 2k 4412
< Ch'lulgsilexl + Ch™ualg,,,

which implies (4.3). The estimate (4.4) follows from (4.5), (4.3) and the inf-sup conditions (2.14)
and (2.15). We have proved the theorem.
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We shall derive next the optimal-order convergence for velocity in the L? norm by using the duality
argument. Recall that e;, = {ey,e,} = Q,u —u;, and €, = Q;p — p;. Consider the problem of seeking
(Y, €) such that

—uAY +VE =€  inQ, (4.7)
Vg =0 inQ, (4.8)
v =0  ondQ. (4.9)

Assume that the duality problem given by (4.7)—(4.9) has the H*(Q) x H'(Q)-regularity property
that the solution (y, &) € H*(Q) x H'(Q) and the following a priori estimate holds true:

pligllz + 1€l < Cllegll. (4.10)

We need the following lemma first.

Lemma 4.2. For any v € V, and g € W), the following equations hold true:

UV Qu, Viv) + (V,0ig, Vo) = (€, Vo) + e3(¥, V), (4.11)
L, Vig) = e, q), (4.12)

where Y and & are defined in (4.7), and

es(Y, v) = (uVy =11, V) - m, vo = Vi)or,,
es, q) = (W —-1ILy) - -n,q0 — qp)or,-

Proof. Testing (4.7) by applying v, with v = {vy, v,} € V}, gives

—(uAY, vo) + (VE, Vo) = (€, Vo). (4.13)

By performing integration by parts, and setting (Vi - n, v, )57, = 0, we derive

—(AY, vo) = (VY Vvy)7r, — (V¥ -1, vy — Vp)or,. (4.14)

By integration by parts, and given(2.3) and (2.5), we have

(le’ VVO)'T;, (HkJer‘ll, VVO)'T;,

= —(vo, V- It V)7, + Vo, I VY - M),
= (L VY, VyV)g, + (Vo = v, It ViU - M),
= (V. Qu,V, V)7, + (Vo — vp, I 1 Vi - m)yr,. (4.15)

Combining (4.14) and (4.15) gives

—(pAY, vo) = WV, Q. Vi) — es(y, V). (4.16)
By applying the definition of I1;, (2.6), and (3.13), we obtain

(V€, vo) = (I VE, vo) = (V,, Qg Vo). (4.17)
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Combining (4.16) and (4.17) with (4.13) yields (4.11).
Testing (4.8) by applying g, with ¢ = {qo, ¢»} € W), gives

V-4, q0) =0. (4.18)

By applying integration by parts, we obtain

(V : w’ QO)

—(Iy, Vqo)r, + W - n, g0 — gp)or,

= (V- I, qo)7;, — Iy - M, qo)or, + ¥ - 1, Go — qv) o,

= —(IL, Vyg) =TI -1, g0 — gp)ar, + W - N, qo — b,

= —(IIy, Vig) + es(, q). (4.19)

Combining (4.18) and (4.19) yields

(L, Viq) = es(, ). (4.20)
We have proved the lemma.
By the same argument as that for (4.16), (3.7) has another form, i.e.,

WVien, Viv) + (Vye, vo) = es(m,v), (4.21)
(€, Vig) = es(u,q). (4.22)

Letting v = Q¢ and g = Q,¢ in (4.21) and (4.22), we obtain

uVyen, Vi,Quy) + (Ve Thiy) = es(u, Quyp), (4.23)
(€0, Vy@ié) = es(u, 0pé). (4.24)
Letting v =e;, and ¢ = €, in (4.11) and (4.12), we have
WV, Quy, Vyen) +(V, 05, €) = (eo,€) + e3(y, ep), (4.25)
(ILy, Ve = ey, e, (4.26)

By applying (4.26), (4.23) becomes

UV Qup, Vien) = es(u, Quyp) + es(Y, €). (4.27)

Theorem 4.2. Let (u, p) € ((H**' ()14 N [H{(Q)]9) x (HX(Q) N LA(Q)) be the solutions of (1.1)—(1.3).
Let (uy, pp) € V, X W), denote the unique solutions of (1.4) and (1.5). With the condition (4.10), the
following error bound holds:

ITeu = wgl| < CA** M uy.y. (4.28)
Proof. Letting v = e, in (4.11) yields
lleoll” = V. O, Vien)r, — (€0, Vi Qié) + 3, e). (4.29)
By applying (4.27) and (4.24), (4.29) becomes
llexll” = es(u, Quip) + es(, &) + e3P, &) + ea(u, O4f). (4.30)
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Next we shall estimate all of the terms on the right hand side of (4.30). Using the Cauchy-Schwarz
inequality, the trace inequality (2.7), and the definition of I1;,,, we obtain

les, Q)| < p((Vu — Iy V) - m, Ty — 112, )or, |

1/2 1/2
< M(Z IVa = Ty Vullf | | D I - wu?,T]
TeTy, TeT),
< Cuh™ eyl (4.31)

Similarly, we have

les, 0] < [((u—TL) - n, T & — TE)r, |

1/2 1/2
< [Z o= Tl || > I ié - §||§T]
TeTh TeTh
< CHulea g, (4.32)

Using the Cauchy-Schwarz inequality and the trace inequalities, applying (2.12) and (4.3),
we obtain

les(, el < (Vg =TI Vi) - 1, € — ey)or, |

1/2 1/2
u [Z hr| [V - Hkﬂwfn;‘;r) [Z hi'lleo - ebn;‘;T)

<
TeT TET)
< Cuhlyllel
< Cuh 'l |yl (4.33)
By (4.4), we have
les@W, &)l < [ —Ty) - n, & — &ar,|
1/2 1/2
< {Z I — T3, (Z le - ebnzT]
TeTy, TeT)
< Chiylhlel
< Cuh™'uli Wl (4.34)

Substituting all the four bounds above into (4.30), we get

lleall* < CH s (il + 11€]1).

By applying this inequality and the regularity condition (4.10), (4.28) is proved.
5. Numerical test

In the first example in 2D, we have chosen the domain Q = (0,1) x (0,1) for the Stokes
equations (1.1)—(1.3). We have chosen an f (depending on ) in (1.1) such that the exact solution
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of (1.1)—(1.3) is as follows (independent of u):

2y — 6y* + 4y*)(x* = 2x° + x*)
u= 2 3N+ 2 3, 4o
—2x—6x"+4x)(y" - 2y° +y) (5.1)
p=-2x+3x - x
We computed the solution (5.1) on triangular grids shown, as in Figure 1 for the P,-WG/P;_1-WG
mixed finite elements for k = 1,2,3,4, and 5. The results are listed in Tables 1-5. As shown, the

optimal order of convergence has been achieved for all solutions in all norms. From the data, we can
see the method is pressure-robust and the error is independent of the viscosity u.

Grid 1: Grid 2: Grid 3:

Figure 1. The uniform triangular meshes used to compute the results in Tables 1-5.

Table 1. The order of convergence and the error results given by the P;/Py WG element for
the solution (5.1) for the Figure 1 meshes.

Grid lla — wylly o(n") lu — w, o) ITL—1p — pollo o(n")
By the P;-WG/Py-WG elements, g = 1 in (1.1).

5 0.5113E-03 1.94 0.2717E-01 0.99 0.1927E-01 1.00

6 0.1285E-03 1.99 0.1357E-01 1.00 0.9706E-02 0.99

7 0.3209E-04 2.00 0.6769E-02 1.00 0.4871E-02 0.99
By the P,-WG/Py-WG elements, u = 107 in (1.1).

5 0.5113E-03 1.94 0.2717E-01 0.99 0.1929E-07 1.00

6 0.1285E-03 1.99 0.1357E-01 1.00 0.9700E-08 0.99

7 0.3209E-04 2.00 0.6769E-02 1.00 0.4881E-08 0.99
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Table 2. The order of convergence and the error results given by the P,/P; WG element for
the solution (5.1) for the Figure 1 meshes.

Grid [lw =yl o(h") lu — u,| o(h") ITTe—1p = pollo o(n")
By the P,-WG/P;-WG elements, u = 1 in (1.1).

4 0.9758E-04 3.03 0.6913E-02 1.91 0.1433E-01 1.13

5 0.1185E-04 3.04 0.1747E-02 1.98 0.4625E-02 1.63

6 0.1458E-05 3.02 0.4356E-03 2.00 0.1301E-02 1.83
By the P,-WG/P;-WG elements, u = 107%in (1.1).

4 0.9758E-04 3.03 0.6913E-02 1.91 0.1435E-07 1.13

5 0.1185E-04 3.04 0.1747E-02 1.98 0.4643E-08 1.63

6 0.1458E-05 3.02 0.4356E-03 2.00 0.1345E-08 1.79

Table 3. The order of convergence and the error results given by the P3/P, WG element for
the solution (5.1) for the Figure 1 meshes.

Grid [lw —wayllo O(h") lu — u,| O(h") ITT—1p = pollo o(n")
By the P;-WG/P,-WG elements, u = 1 in (1.1).

4 0.6255E-05 3.92 0.5836E-03 2.89 0.1448E-02 2.58

5 0.3879E-06 4.01 0.7294E-04 3.00 0.2066E-03 2.81

6 0.2392E-07 4.02 0.9022E-05 3.02 0.2751E-04 2.91
By the P3-wG/P,-WG elements, u = 107 in (1.1).

4 0.6255E-05 3.92 0.5836E-03 2.89 0.1489E-08 2.54

5 0.3879E-06 4.01 0.7294E-04 3.00 0.3668E-09 2.02

6 0.2392E-07 4.02 0.9022E-05 3.02 0.3366E-09 0.12

Table 4. The order of convergence and the error results given by the P,/P; WG element for
the solution (5.1) for the Figure 1 meshes.

Grid lla — wylly Oo(h") lu — w, O(h") ITL—12 = pollo Oo(h")
By the P,-WG/P;-WG elements, u = 1 in (1.1).

3 0.1291E-04 4.63 0.6964E-03 3.67 0.6446E-03 3.47

4 0.4222E-06 493 0.4501E-04 3.95 0.4543E-04 3.83

5 0.1321E-07 5.00 0.2814E-05 4.00 0.2983E-05 3.93
By the P,-WG/P3-WG elements, 4 = 107%in (1.1).

3 0.1291E-04 4.63 0.6964E-03 3.67 0.8212E-09 3.12

4 0.4222E-06 493 0.4501E-04 3.95 0.4223E-09 0.96

5 0.1321E-07 5.00 0.2814E-05 4.00 0.4401E-09 0.00
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Table 5. The order of convergence and the error results given by the Ps/P, WG element for
the solution (5.1) for the Figure 1 meshes.

Grid [lu — wyllo O(h") lu — u,| O(h") IITTx—1p = pollo O(h")
By the Ps-WG/P4,-WG elements, u = 1 in (1.1).

2 0.5642E-04 4.37 0.1814E-02 3.60 0.9773E-03 3.55

3 0.9738E-06 5.86 0.6161E-04 4.88 0.3342E-04 4.87

4 0.1546E-07 5.98 0.1952E-05 4.98 0.1069E-05 4.97
By the Ps-WG/P;-WG elements, u = 107%in (1.1).

2 0.5642E-04 4.37 0.1814E-02 3.60 0.1211E-08 3.24

3 0.9738E-06 5.86 0.6161E-04 4.88 0.3831E-09 1.66

4 0.1546E-07 5.98 0.1953E-05 4.98 0.5148E-09 0.00

We note that for some high level grids the computer round-off error was found to exceed the
truncation error when p = 107, as described in Tables 3-5.

Grid 1:

Grid 2:

Grid 3:

Figure 2. The triangular meshes used to compute the results in Tables 6-10.

We computed the 2D solution (5.1) again for slightly perturbed triangular meshes, as illustrated
in Figure 2 by employing the P,-WG/P;_;-WG mixed finite elements for £ = 1,2,3,4 and 5. The
computational results are listed in Tables 6-10. The quasi-optimal convergence has been achieved for

all solutions in all norms.

Table 6. The order of convergence and the error results given by the P;/Py, WG element for
the solution (5.1) for the Figure 2 meshes.

Grid [lw —wayllo O(h") lu — u,| O(h") ITT—1p = pollo o(n")
By the P;-WG/Py-WG elements, u = 1 in (1.1).

4 0.7627E-03 1.85 0.3264E-01 0.96 0.1809E-01 1.28

5 0.1954E-03 1.96 0.1639E-01 0.99 0.7991E-02 1.18

6 0.4904E-04 1.99 0.8189E-02 1.00 0.3835E-02 1.06
By the P;-WG/Py-WG elements, 4 = 107%in (1.1).

4 0.7627E-03 1.85 0.3264E-01 0.96 0.1808E-07 1.28

5 0.1954E-03 1.96 0.1639E-01 0.99 0.7999E-08 1.18

6 0.4904E-04 1.99 0.8189E-02 1.00 0.3846E-08 1.06
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Table 7. The order of convergence and the error results given by the P,/P; WG element for
the solution (5.1) for the Figure 2 meshes.

Grid [lw =yl o(h") lu — u,| o(h") ITTe—1p = pollo o(n")
By the P,-WG/P;-WG elements, u = 1 in (1.1).

4 0.2225E-04 2.95 0.2167E-02 1.94 0.2011E-02 1.04

5 0.2784E-05 3.00 0.5434E-03 2.00 0.6969E-03 1.53

6 0.3480E-06 3.00 0.1355E-03 2.00 0.2017E-03 1.79
By the P,-WG/P;-WG elements, u = 107%in (1.1).

4 0.2225E-04 2.95 0.2167E-02 1.94 0.2031E-08 1.03

5 0.2784E-05 3.00 0.5434E-03 2.00 0.7851E-09 1.37

6 0.3480E-06 3.00 0.1355E-03 2.00 0.3701E-09 1.08

Table 8. The order of convergence and the error results given by the P3/P, WG element for
the solution (5.1) for the Figure 2 meshes.

Grid [lw —wayllo O(h") lu — u,| O(h") ITT—1p = pollo o(n")
By the P;-WG/P,-WG elements, u = 1 in (1.1).

3 0.1339E-04 3.62 0.9788E-03 2.69 0.2254E-02 1.84

4 0.8544E-06 3.97 0.1239E-03 2.98 0.3795E-03 2.57

5 0.5341E-07 4.00 0.1541E-04 3.01 0.5423E-04 2.81
By the P3-WG/P,-WG elements, u = 107%in (1.1).

3 0.1339E-04 3.62 0.9788E-03 2.69 0.2311E-08 1.80

4 0.8544E-06 3.97 0.1239E-03 2.98 0.4983E-09 2.21

5 0.5341E-07 4.00 0.1541E-04 3.01 0.3679E-09 0.44

Table 9. The order of convergence and the error results given by the P,/P; WG element for
the solution (5.1) for the Figure 2 meshes.

Grid lla — wylly Oo(h") lu — w, O(h") ITL—12 = pollo Oo(h")
By the P,-WG/P;-WG elements, u = 1 in (1.1).

2 0.2795E-04 3.98 0.1327E-02 3.12 0.3037E-02 2.70

3 0.8864E-06 4.98 0.8282E-04 4.00 0.2700E-03 3.49

4 0.2742E-07 5.01 0.5105E-05 4.02 0.1973E-04 3.77
By the P,-WG/P3-WG elements, 4 = 107%in (1.1).

2 0.2795E-04 3.98 0.1327E-02 3.12 0.3134E-08 2.66

3 0.8864E-06 4.98 0.8282E-04 4.00 0.5525E-09 2.50

4 0.2742E-07 5.01 0.5105E-05 4.02 0.4121E-09 0.42
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Table 10. The order of convergence and the error results given by the Ps/P, WG element for
the solution (5.1) for the Figure 2 meshes.

Grid [lu — wyllo O(h") lu — u,| O(h") IITTx—1p = pollo O(h")
By the Ps-WG/P4,-WG elements, u = 1 in (1.1).

2 0.2375E-05 6.00 0.1322E-03 5.02 0.2879E-03 4.38

3 0.3664E-07 6.02 0.4074E-05 5.02 0.1069E-04 4.75

4 0.1017E-08 5.17 0.4051E-06 3.33 0.3607E-06 4.89
By the Ps-WG/P;-WG elements, u = 107%in (1.1).

2 0.2375E-05 6.00 0.1322E-03 5.02 0.6884E-09 3.14

3 0.3664E-07 6.02 0.4075E-05 5.02 0.4504E-09 0.61

4 0.1013E-08 5.18 0.4030E-06 3.34 0.5125E-09 0.00

In the third test, we performed 3D numerical computation on domain Q = (0, 1) x (0, 1) x (0, 1). We
chose an f in (1.1) such that we would have the following exact solution

=200 — 122y — D**(z - 327 +22%)
u= 200 = ?2(y = 1)y (z - 32 +22) :
21000 = 3% +22)(7 =y = (& = 2P0 = 3 + 2 -2 (5:2)

p=-103y* - 2y’ — y).

The 3D meshes are illustrated in Figure 3. The computational results are listed in Tables 11-13.

Grid 1: Grid 2: Grid 3:

Figure 3. The tetrahedral meshes used to compute the results in Tables 11-13.
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Table 11. The order of convergence and the error results given by the P;/Py, WG finite
element for the solution (5.2) for the Figure 3 meshes.

Grid [la —waylo O(h") lu — w| O(h") ITTe—1p = pollo o(h")
By the P;-WG/Py-WG elements, u = 1 in (1.1).

3 0.366E-01 1.20 0.696E+00 0.73 0.412E+00 2.62

4 0.975E-02 1.91 0.355E+00 0.97 0.812E-01 2.34

5 0.242E-02 2.01 0.180E+00 0.98 0.145E-01 2.49
By the P;-WG/Py-WG elements, u = 107 in (1.1).

3 0.428E-01 1.03 0.763E+00 0.67 0.553E-03 2.42

4 0.108E-01 1.98 0.362E+00 1.08 0.134E-03 2.05

5 0.249E-02 2.12 0.180E+00 1.00 0.196E-04 2.77

Table 12. The order of convergence and the error results given by the P,/P; WG finite
element for the solution (5.2) for the Figure 3 meshes.

Grid lla — wlly Oo(h") la — ] Oo(h") ITL—1p — Pollo o(h")
By the P,-WG/P;-WG elements, g = 1 in (1.1).

3 0.618E-02 2.90 0.231E+00 1.83 0.145E+00 1.78

4 0.639E-03 3.27 0.498E-01 2.21 0.258E-01 2.49

5 0.476E-04 3.75 0.117E-01 2.09 0.540E-03 5.58
By the P,-WG/P;-WG elements, u = 107 in (1.1).

3 0.615E-02 291 0.209E+00 1.97 0.135E-03 1.91

4 0.685E-03 3.17 0.473E-01 2.14 0.232E-04 2.54

5 0.474E-04 3.85 0.117E-01 2.02 0.716E-06 5.02

Table 13. The order of convergence and the error results given by the P3;/P, WG finite
element for the solution (5.2) for the Figure 3 meshes.

Grid lla =yl Oo(n") lu — w, O(h") Il—1p = pollo o)
By the P;-WG/P,-WG elements, g = 1 in (1.1).

3 0.644E-03 3.89 0.376E-01 2.80 0.257E-01 3.70

4 0.351E-04 4.20 0.480E-02 2.97 0.896E-03 4.84

5 0.198E-05 4.15 0.618E-03 2.96 0.465E-04 4.27
By the P3-WG/P,-WG elements, i = 1073 in (1.1).

3 0.708E-03 3.71 0.382E-01 2.70 0.314E-04 3.58

4 0.507E-04 3.80 0.484E-02 2.98 0.140E-05 4.48

5 0.210E-05 4.60 0.618E-03 2.97 0.398E-07 5.14
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