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ABSTRACT

Optimal transport (OT) studies how to transport one distribution to another one in
the most cost-effective way. It has many known connections with, and applications to
areas such as economics, geometry, quantum mechanics, etc and has received renewed
interest more recently due to its increasingly many applications in imaging sciences,
computer vision, and statistical learning. In this thesis, we study an information con-
strained variation of optimal transport, and explore its interplay with three particular
areas in information science, namely concentration of measure, information theory, and

machine learning.

We first investigate the relationship between OT inequalities and the measure con-
centration results in Gaussian space and on the sphere. Our study yields strengthening
and generalization of Talagrand’s celebrated transportation cost inequality. Following
Marton’s approach, we show the new transportation inequality can be used to recover
old and new concentration of measure results. We then provide an application of the
new transportation inequality in information theory. We show that it can be used
to recover a recent solution to a long-standing open problem posed by Cover in 1987
regarding the capacity of the relay channel. Finally, we discuss the recent applications
of OT and information constrained OT in machine learning, particularly in generative

models such as Generative Adversarial Networks (GANs).

v
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Chapter 1
INTRODUCTION

This thesis is about theoretical research on optimal transport and information con-
strained optimal transport and their applications in measure concentration, information
theory, and machine learning. Here we introduce the motivations, the context, and the

contributions of this research.

1.1 Optimal Transport

The optimal transport (OT) problem was pioneered by French mathematician Gas-
pard Monge pZ]. Signi cant advancements in this theory were made by Soviet mathe-
matician Leonid Kantorovich [41], who relaxed the problem and introduced a powerful
dual formulation. The seminal work of Yann Brenier in 19879 solved the OT prob-
lem in quadratic cost and led to connections with partial di erential equations, uid
mechanics, geometry, and functional analysis. Subsequently, McCann, Ca arelli, Otto,

Villani, Bakry, Figalli made essential contributions to develop and popularize this eld.

In one sentence, the OT problem seeks the most cost-e ective transportation plan

that transforms one prescribed probability measure into another one. In particular,

Figure 1.1. OT problem



it studies how to transform the measure to with minimum total transport cost

(see Figurel.l), where the cost is determined by a prescribed cost functiann When
the cost c is p-th power of a metric for somep 0, the optimal value induced by
the problem is calledWasserstein distance or OT distance, which de nes a metric

between the measures and

We introduce and study one information constrained variant of the OT problem
in this thesis. The information constrained OT problem studies the optimal coupling
of the two probability measures that minimize the expected cost while ensuring that
the mutual information of the coupling is upper bounded by some pre-speci ed value.
Similarly to the OT problem, we de ne the induced optimal value as \information
constrained OT distance". Interestingly, information constrained OT problem has an
equivalent Lagrangian formulation, which generally appears under the name \Entropic
OT problem”, and was rst studied in Schrodinger's problemsJ9, 64, 77]. The optimal
value induced by the problem, calle®inkhorn distance , was popularised by Cuturi's
work [25] as a computational tool to solve optimal transport problems e ciently up to
some approximation. Unlike the original OT distance, the information constrained OT
distance and the Sinkhorn distance are not metrics, and the nomenclature “distance'
is an abuse of terminology. Traditional OT theory is very mature, and OT distance
has a clear physical interpretation. In sharp contrast, information constrained OT and

entropic OT? have not been widely investigated.

1.2 Applications of OT and Information Constrained OT

In this thesis, we discuss and study the applications of OT and information con-

strained OT in measure concentration , information theory  and machine learn-

ing .

1 In the rest of the thesis, without speci ¢ description, we will not distinguish the in-
formation constrained OT and its equivalent formulation, entropic OT for convenience.



1.2.1 Measure Concentration

The concentration of measure is a principle applied in measure theory and prob-
ability theory, which provides benches of theoretical methods in various elds. For
example, in information theory, it has been used to derive strong converses and nite-
block length results p8]; in coding theory, it provides theoretical tools to justify the
generated codebook has well-separated proper®6]; and in statistical learning, it
can be used to establish the Probably Approximately Correct bound on sample com-
plexity [69. Roughly speaking, it states that \a random variable that depends in
a smooth way on many independent variables is essentially constan68]. Several
techniques have been developed so far to prove the concentration of measure inequal-
ities: the martingale approach, the entropy and logarithmic Sobolev inequalities, the
stein's method, and Optimal transport inequalities. Among these methods, the opti-
mal transport approach has received increasing attention in recent years as it reveals
the geometric nature of the concentration of measure phenomenon. In particular, one
outstanding result, as pointed by Talagrand §7, 68 and Marton [49], is that Tala-
grand's transportation inequality captures essentially the same geometric phenomenon
as the Gaussian isoperimetric inequality, both of which can derive the concentration of

measure in Gaussian space.

Another essential measure concentration phenomenon is the concentration on the
sphere, which is known as a stronger result than the concentration of Gaussian. How-
ever, the relation between optimal transport theory and the concentration on the sphere
is still unclear. In Chapter 3, we provide a sharpened Talagrand's inequality which cap-

tures the same geometric phenomenon as the isoperimetric inequality on the sphere.

Recently, a new isoperimetric result on the sphere was proposed by Wt al.
[78, 79, which can be used to solve an open problem in information theory. Di erent
from the standard isoperimetric inequality on the sphere where one is interested in the
extremal set that minimizes the measure of its neighborhood among all sets of equal

measure, this new isoperimetric result deals with the set that has minimal intersection
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Figure 1.2: A simple point-to-point channel

measure with the neighborhood of a randomly chosen point on the sphere. Can we nd
an optimal transport inequality that is connected to the new concentration result? It

will be discussed in Chaptes.

1.2.2 Information Theory

In information theory, the most fundamental question iswhat is the ultimate trans-
mission rate of communication? By Claude Shannon's innovative work§6], the ques-
tion is answered by the celebratedhannel coding theorem . In his work, the maxi-
mum achievable rate for a channel is namechannel capacity , below which reliable
communication can be implemented, and above which reliable communication is im-
possible. He proved that for a simple point-to-point channel depicted in Figuré.2,

the channel capacity has an elegant expression:
C=supl(X;Y);
Px

where X;Y are the input/output signals of the channel,l (X;Y) is the mutual infor-
mation of (X;Y).

While Shannon's channel coding theorem solves the problem of maximum com-
munication rate for the simple point-to-point channel, the network information the-
ory considers communication networks containing multiple senders and receivers, (e.g.
computer networks and social networks). Unfortunately, there is not yet a uni ed the-
ory for solving the maximum rate problem of a communication network. However, there
has been a signi cant leap forward in solving particular problems, including multiple

access channeld b, 69, broadcast channelsg3, 76|, interference channels2, 39, 47].
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Figure 1.3: Single Relay channel

The relay channel was introduced by van der Meulenq1]. It is a model of
communication between the source and the destination aided by one or more relay
that helps the information transmission. Figurel.3 depicts a simple example. There
are two basic directions to study the channel capacity: the achievability direction, in
which we design a scheme that promises reliable transmission and thus lower bound the
channel capacity; and the converse direction in which we theoretically upper bound the
channel capacity. On the achievability aspect, there exist three main relaying schemes
for the relay channel: Decode-and-Forward (D-F)22, 28], Compress-and-Forward (C-
F) [22, 28 and Amplify-and-Forward [43]. On the converse side, the only available
upper bound of the capacity is the cut-set bound proposed by Cover and El Gamal in
1979 P2 for a long time.

Recently, Wu et al. [78, 79 proposed a new converse result for the Gaussian re-
lay channel, which sharpens the original cut-set bound and solves a long-standing open
problem posed by Cover in 1987. The original proof relies on a new measure concentra-
tion result, as we brie y introduced in section1.2.1 Since the measure concentration
is related to transportation inequality, can we recover the new converse result by OT

theory? We will discuss this in Chapter4.



1.2.3 Machine learning

In machine learning, one essential question is how to understand the structure of
data. For example, a classic machine learning task is estimating an unknown distri-
bution based on a nite number of observed datd x;g.; which is generated by the
target distribution. Many techniques have been introduced and developed for this
task including maximum likelihood estimation, kernel density estimation, Generative
adversarial networks, and Variational Autoencoders. Among thenGenerative ad-
versarial networks (GANS) is a recently popular method which models the target
distribution as a function of a known distribution and can be heuristically described
as the following:

m6in Dist(Pg(z); Pdata)

where Pyaa IS the target distribution; random variable Z is called input noise with
known distribution; the function G is often referred to as the generator; and Dist is the
chosen distancg which measures the dissimilarity between the estimate distribution
and the true (or empirical) distribution. The question is, how do we select the distance
in a meaningful way? A widely used distance is-divergence, including the Total vari-
ation, Kullback-Leibler (KL) divergence, and Jensen{Shannon (JS) divergence. Total
variation is a common upper bound of the di erence between the probabilities that
two distributions can assign to the same event; KL-divergence is closely related to the
maximum likelihood estimation (MLE) methods’, and JS-divergence is the selected
distance in the original GAN. Thef -divergences are appreciated for their computa-
tional simplicity and precise interpretations. However, they all induce a strong notion
of convergence, which sometimes leads to failure to capture the distributions' required

geometric properties. In sharp contrast, the optimal transport (Wasserstein) distances

2 The term \distance" will be used with some abuse of terminology to indicate any
notation of discrepancy, not necessarily a rigorous metric.

3 Strictly speaking, minimizing KL divergence is not equivalent to maximizing the like-
lihood function. They are \equivalent" if we ignore the di erence between probability
mass and probability density.



metrizes the weak convergence and thus is a more suitable distance to measure the
probability's dissimilarity. When the distance in GAN is Wasserstein distance, the

framework is calledWasserstein GAN

However, in practice, the Wasserstein GAN su ers both computational and sta-
tistical limitations. Computing the Wasserstein distance between the empirical dis-
tributions involves the resolution of a linear program which cost can quickly become
prohibitive when the sample size increases. On the statistical aspect, to learn an
accurate solution, the sample size needed is exponentially large with respect to the
dimension of the data sample, and the problem is known as \the curse of dimensional-
ity".

To facilitate the computation and improve the numerical convergence, the La-
grangian form of the information constrained OT distance, the Sinkhorn distance,
has been applied as the objective function in GAN. Unlike the f-divergence and OT
distance, the Sinkhorn distance violates the positive de niteness, and its interpreta-
tion is unclear. How to understand the information regularization term of the Sinkhorn
distance? What is the in uence of the information regularization on the learned dis-

tribution by GAN? These questions will be discussed in Chaptés.

1.3 Outline of the thesis

1.3.1 Contributions

In this thesis, we present the contributions in the following:

" We introduce the so-called information constrained optimal transport problem
and de ne the information constrained OT distance, which can be treated as the
hard constraint version of the Sinkhorn distance.

In measure concentration, we sharpen the celebrate Talagrand's transportation
inequality and demonstrate that the new inequality can recover the classical con-
centration result on the sphere. Furthermore, we provide information constrained
transportation inequality which is a generalization of the sharpened Talagrand's
inequality. We show that one variant of the information constrained OT inequal-
ity can be used to recover a new concentration result.



" In information theory, we demonstrate one application of the information con-
strained OT inequality. We show that it can be used to recover a recent solution
[78, 79 of a long-standing open problem, \The Capacity of the Relay Channel"
proposed by Cover24] immediately.

In machine learning, we apply the Sinkhorn distance into Generative Adversarial
Networks (GANs). Under a simple Gaussian setting, we prove that the popula-
tion solution of the new framework is given by the truncated-PCA. Furthermore,

we establish that the new framework can alleviate the curse of dimensionality,
which the original framework su ers and thus improves the generalization capa-

bility.

1.3.2 Structure of the thesis

In Chapter 2, we introduce the background material related to the rest of the
thesis. We recall the concepts and critical theoretical results of optimal transport and

information constrained optimal transport.

In Chapter 3, we discuss the relation between the OT inequalities and the mea-
sure concentration results. Following Marton's work, which presented a direct relation
between Talagrand's inequality and Gaussian measure concentration, we propose a
sharpened Talagrand's inequality and show that it can be used to prove the measure
concentration on the sphere. Furthermore, we propose a new information constrained
transportation inequality and establish that one of its variants can prove a new con-

centration on the sphere.

In Chapter 4, we demonstrate an application of the information constrained trans-
portation inequality in information theory. In particular, we consider a long-standing
open problem that regards the capacity of the relay channel. We introduce how the
problem is solved by a new upper bound of the channel capacity proposed by \&tu
al. [78, 79). We next show that the upper bound can be immediately recovered by the

information constrained OT inequality compared to the original geometric proof.

In Chapter 5, we study the interpretation and in uence of the information regu-

larization of OT distance in Generative Adversarial Networks (GANS). In particular,



we introduce the original GAN, Wasserstein GAN, their interpretations, and limita-
tions. To alleviate some of their limitations, we apply the Sinkhorn distance to this
framework. In a simple Gaussian setting introduced by8[l], we propose the population
solution of the new framework and discuss the related interpretations. In addition, we
study the generalized performance of the new framework and show it alleviates the

\curse of dimensionality" problem.

The scope of Chapter6 is the summary of our work and proposed work on the
application of OT, information constraint OT in measure concentration, information
theory, and machine learning.

Publications

~ Conference:

{ Bai, Yikun and Wu, Xiugang and Ozgar, Ayfer \Information constrained
optimal transport: From talagrand, to marton, to cover" 2020 IEEE Inter-
national Symposium on Information Theory (ISIT), IEEE, 2020.

{ Reshetova, Daria and Bai, Yikun and Wu, Xiugang andDzgar, Ayfer \Un-
derstanding Entropic Regularization in GANs" 2021 IEEE International
Symposium on Information Theory (ISIT), IEEE, 2021

~ Journal:

{ Bai, Yikun and Wu, Xiugang and Ozgar, Ayfer \Information constrained
optimal transport: From talagrand, to marton, to cover" 2021 IEEE trans-
actions on information theory, IEEE, 2021

{ Reshetova, Daria and Bai, Yikun and Wu, Xiugang and®zgsr, Ayfer \Un-
derstanding Entropic Regularization in GANs"Journal of Machine Learning
Research 2021 (pre-print)



Chapter 2

BACKGROUND: OPTIMAL TRANSPORT AND INFORMATION
CONSTRAINED OPTIMAL TRANSPORT

This chapter introduces the de nitions and related theoretical results of optimal
transport used in the rest of the thesis. We also introduce the information constrained
optimal transport with related concepts, including the information constrained OT

distance, Sinkhorn distance, and related theoretical results.

For convenience, in the following sections, without speci ed descriptiors ;Y will
denote Polish (separable completely metrizable) spaces, and ¢l) will denote a Polish
space equipped with a metricd. One can think of a Polish space as one Euclidean
space for simplicity. In addition, the nonnegative functiorc: X Y ! R, [f +1g is
supposed to be lower semi-continuous, whelRe =[0; 1 ) is the set of all non-negative

real numbers.

2.1 Optimal Transport

Optimal transport problem . The optimal transport studies the most cost ef-
fective way to move mass from one distribution to another one. Formally, l1e&X ;Y be
two Polish space§ P(X);P(Y) be the sets of all probability measures oX and Y
respectively, andP (X Y ) be the set of all joint probability measures onX Y . For
each 2P (X); 2P(Y), the set of couplings of ( ), denoted by ( ; ), refers to
the set of all joint probability measures 2 P (X Y ) such that the marginals are

and . The OT problem is de ned as follows:

1 Strictly speaking, the OT problem can be de ned in all measurable spaces, including
Polish spaces.

10



De nition 2.1.1  (Optimal transport). Given 2 P(X); 2 P(Y), and a non-

negative functionc: X Y ! R, [f +1g, the optimal transport problem is de ned
as
OT(; ), ,inf E[e(X:Y)) (2.1)
where the notationE [c(X;Y )] denotes the expected value
Z
Exv) [C(XY)]= c(x;y)d (x;y)
XY

for convenience.

A special case of particular interest is wheXX = Y = R and c(x;y) = jx yjP, for
somep 1, the optimal transport problem induces a metric in the set of probabilities,

which is calledWasserstein distance .

Furthermore, if p = 2 and is atom-less, then it is well known that the optimal

coupling of (2.1) is induced by the deterministic mapping
y7'F Y F(y)

whereF is the cumulative distribution function (cdf) of i.e. F (y)= P (Y y)and
F listhe quantile function of ,i.e. F 1( )=inffx2 R:F (x) g. The mapping

F ' F () is calledpush forward mapping . Formally, we de ne it as follows:

De nition 2.1.2  (Pushforward). Given 2 P(X); 2 P(Y)andT : X !'Y a

measurable map. We denote bl the pushforward of via T de ned by
T: (B), (T *(B))
for any measurable subset s& of X. We sayT is a mappingpushes forward to

if T# =

Kantorovich duality . It is well-known that a linear minimization problem with
convex constraints, like the problem 2.1), admits a dual formulation, which Kan-
torovich introduced in 1942. To present the Kantorovich duality, we introduce the

concept ofc-transform below.

11



De nition 2.1.3  ([73, 72 ,c-transform). Given a functionc: X Y ! R, a function
X I R[f +1g is said to bec-convex if it is not identically +1 and there exists
Y! R[flg such that

8x 2 X (x)=sup( (y) c(xy)):
y2Y
Then its c-transform, denoted as ¢, is de ned by
8y2Y; “(y)=1inf ( )+ o(xy)); (2.2)
X

the functions and ¢ are said to bec-conjugate .

Now we introduce the Kantorovich duality of the optimal transport problem by the

following theorem 73, 72:

Theorem 2.1.1 (Kantorovich duality) . Let 2P (X); 2P (Y) andletc: X Y!

R: [flg be a lower semi-continuous function, then

OoT(; )= zir(mf. )E [c(X; Y )] (2.3)
= sup EL X)) ET (Y) (2.4)
(3 )2Lr(C) LX) c

= sup E[ °(X)] E [ (Y)] (2.5)

2L1()
= sup E[ (X)] ET[ %Y) (2.6)

2L )
where X;Y are realization of ;  respectively and c is to be interpreted as

(%) (y) co(x;y);8x2X;y2Y. IfOT(; )< 1 and one has pointwise upper
bound

c(x;y)  ox(X)+ cy(y); for some(cx;cy) 2 LY ) LY );

then both the primal form(2.3) and the dual form(2.4), (2.9, (2.6) have solutions.

Note, by this theorem, in the remaining of the thesis, we will not distinguish the

notation \inf" and \min" in OT problem and related concepts.

12



2.1.1 Wasserstein Distance

We brie y introduce the Wasserstein distance in the last section, and now we for-
malize its de nition. Let ( ;d) be a Polish metric space andP,() denote the set of

all probability measures de ned on with nite p-moment, wherep 2 [1;1 ).

De nition 2.1.4  (Wasserstein distance) The Wasserstein distance of ordep between

any ; 2P,() isdenedas

Wo(; ), Zi(nf )fE [d(X; Y )PIg™™P: (2.7)

The function W,( ; ) satis es all the three metric axioms 3] and thus de nes a
metric on the setPy() of distributions. Wasserstein distance is also calledMonge-
Kantorovich distance or optimal transport distance , and in computer version,

it was \rediscovered" under the nameEarth mover distance (EMD) [ 1].

Next, we introduce some famous examples of Wasserstein distance:

A

When c is the metric of space , i.e.c(; )= d(; ), we have
z
Wi(; )= - )E [e(X;Y )] = Sup 1E [ X1 E[(Y)] (2.8)

is known asKantorovich-Rubinstein distance , wherek k_ is the Lipschitz

constant of . When d is the Euclidean norm, it is also called; Wasserstein
distance. The dual form @.8) is used as the formulation in the paradigm of
Wasserstein Generative Adversarial Networks4] which will be introduced in

Chapter 5.

Let bethe R" space ando = 2, the distance is calledQuadratic Wasserstein
distance or |, Wasserstein distance and its dual form is as follows

Wo(5 )= Inf B [kX Yk

=(sup E[KYK® 2 (Y)] E[2 (X) k XK= (2.9)

.convex

where is the convex-conjugate of function , in particular,

(y) = sup xTy  (X):

13



As we briey discussed in the previous section, the optimal coupling of Quadratic
Wasserstein distance has a close form by Brenier's Theorefy 73, 70, an essential

milestone in optimal transport theory.

Theorem 2.1.2 (Brenier's Theorem) Given ; 2 P,(R") and does not give mass
to small set$, then there exists a unique optimal, such that is induced by a mapping
T such thatTy = . Furthermore T = r for some convex function : R" ! R.

When also does not give mass to small sefB,is invertible ( -a.s. and -a.s.).

2.2 Information Constrained Optimal Transport

We introduce a variation of OT problem, which we call the information constrained
OT problem. In particular, we aim to nd some coupling 2 ( ; ), which minimizes
the expected cost, under the constraint that the mutual informatiorl (X ;Y) does not
exceed some pre-speci ed value, where (X;Y ) is a realization of and | (X;Y)is

the mutual information of (X;Y), i.e.

1
In( (X;Y))

I (X;Y), Ixyy (X5Y)=E
De nition 2.2.1. Given 2P (X); 2P (Y), a non-negative lower semi-continuous
functonc: (X Y )! R, [flg and constantR > 0O, the information constrained
optimal transport problem is de ned as:

OoT(; ;R)= " i):r}f(x;Y) RE [c(X; Y)]: (2.10)

Note that, when the optimal coupling of .1) is a deterministic mapping, the mu-
tual information | (X;Y) will be potentially unbounded. For example, wherp = 2,
and ; are absolutely continuous with respect to the Lebesgue measure, the opti-
mal coupling is given by deterministic mapping as mentioned by Brenier's Theorem

(Theorem 2.1.2), which results in in nite mutual information.

2 If a measure admits density, then it does not give mass to small sets. see Appendix
B for more details.
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Information constrained OT distance . Similarly to the section2.1.1we de ne

the so-called information constrained Wasserstein distance as follows:

De nition 2.2.2  (Information Constrained Wasserstein Divergence)Given p 1,
the Wasserstein distance of ordep between any; 2 P () subject to information
constraint R is de ned as

. . ; . p1~1=Pp-
W,(; ;R), - )I:Pf(X;Y) FE[A(X; Y)Ig'™: (2.11)

W5s (; ;R) is non-negative, symmetric, and satis es triangular inequality25]. How-
ever, it is not a metric since it violates the positive de niteness axiom, i.eN(; ;R) >

0 generally when is a non-trivial distribution and R< 1 .

The information constrained OT distance has an equivalent form, the well-known

Sinkhorn distance, which will be discussed in the next section.

2.2.1 Entropic OT Distance

The Lagrangian form of the information constrained OT problem generally appears
under the name \entropic optimal transport” in machine learning literature. It is

de ned as follows:

De nition 2.2.3.  Given probability measures 2 P (X); 2 P(Y), a nonnegative
lower semi-continuous functionsc : X Y ! R: [flg and constant > O, the

entropic optimal transport problem is de ned as

oT (; ), 2i(nf_ )E [c(X; YY)+ | (X;Y): (2.12)

Relation between information constrained OT and entropic OT . One can
observe the equivalence betweef.(L0 and (2.12 by the following heuristic description.

We de ne achievable Rate-distance region,

A=f(R*dY):E [c(Z;Y) d*1 (Z:Y) R%forsome 2 ( ; )g: (2.13)

15
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slop=

Figure 2.1: Information constrained OT and entropic OT

By the convexity of mutual information, A is a convex set (see Appendi& for more
details). Assume; satis es some regular conditions, such that the boundary &

is smooth. Thus for each mutual information constraint conditionR, there exists a
unique , which is the negative of the slope of the tangent of the boundary of the
achievable regionA (see Figure2.1). The rigorous proof of the equivalence between
(2.10 and (2.12 is omitted in this thesis and one can derive it by the convexity of the

problem (2.10.

Sinkhorn distance . Similarly to information constrained OT distance, by setting
X;Y to be Polish metric spaces (;d) and c to be the p-th power of metric d, the
entropic OT problem (2.12 induces the so calledSinkhorn distance or entropic

OT distance .

De nition 2.2.4  (Sinkhorn distance)

We: (), inf FE [POGY)]+ | (Z:Y)g™: (2.14)

In machine learning literature, the Sinkhorn distance Z.14) is introduced as a

good proxy of original OT distance. It converges to the original OT distance as!

16



0. Empirically, the \distance" (2.14) is shown to be a more suitable cost function
than (2.7) in some speci c inference tasks, including domain adaptior2(], image

classi cation [45], and so on.

Dual Form of entropic OT . Similar to the original optimal transport, we intro-

duce the dual formulation of the entropic OT problem 2.12.

Theorem 2.2.1 ([16, 18, 32])). SupposeX ;Y are Polish spaces, then the dual problem

of (2.12 in the sense of Fenchel-Rockafellar is

OT (: )= sup  ELCOWELM] (E [ 711 (@219

whereL? (X) is the set of allessentially bounded functions de ned on X, i.e. the

functions whose the supremum norrk k; is nite, and similar to L (Y).

The pair (; ) is an optimal potential if and only if

h (Y) C(><:Y)I L
(x) = InE e as: (2.16)

|
(X) c(Xy)

h
(y)= InE e a:s: (2.17)

And given the optimal dual potentials, the optimal coupling can be found as

X+ (y) e(xy)

xy)= () (e (2.18)

Note, one can nd an optimal pair (; ) of problem (2.15 satis es the equation .16,
(2.17) everywhere. It is a subtle and important point when proving the sample com-
plexity of Entropic OT distance. In addition, through this, the equations .16, (2.17)
give rise to the celebrated Sinkhorn-Knopp algorithm that allows fast computation of

Optimal transport via

" ly) exy)

"(x) = nE e (2.19)

h "(Y) cxY )I

"(x) = nE e~ : (2.20)
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Computational and statistical advantages . When the distributions ; are
unknown, and we can only access the data samples, the Sinkhorn distance enjoys

computational and statistical advantages compared to Wasserstein distance.

Let ,; n be the empirical distributions of ; respectively. The original OT prob-
lemOT( ,; n)isan?dimensional linear programming problem and the computational
cost of the Wasserstein distanc®#V/,( »; n) is at least O(n®In(n)) [12, 75] without ad-
ditional assumptions. In sharp contrast, the entropic OT problem, OT( ,; ) is a
strictly convex optimization problem and by the Sinkhorn algorithm as we mentioned
above or other methods, the computational cost of Sinkhorn distand¥,. is at most

O(n?) for a suitable [25, 56).

On the statistical aspect, for Wasserstein distance, the sample complexity, which
is the sample size required such that the distance between the two distributions can
be accurately estimated using their samples, is exponentially large with respect to the
dimension of the data 27]. In comparison, the sample complexity of Sinkhorn distance
is only O(n?) for a suitable > 0, which is independent of the dimension of data

[34, 51].
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Chapter 3
OPTIMAL TRANSPORT MEETS MEASURE CONCENTRATION

As we brie y introduced in Chapter 1, the measure concentration phenomenon is
of powerful interest in applications in various areas, including convex geometry, func-
tional analysis, discrete mathematics, dynamic systems, complexity theory, probability
theory, information theory, coding theory, and learning theory. Roughly speaking, the
phenomenon is, in high dimensional space, some particular measures will be concen-

trated on some \small sets".

One striking result of measure concentration is the concentration on the sphere.
In particular, let S *  R" denote the standardn-sphere equipped with uniformly
measure, denoted as" 1. Whenn is large, " ! is concentrated around the equator
(see Pic. 3.18. Similarly, in Gaussian space R"; ") where " is the n-dimensional
standard Gaussian (" = N (0;1,)), the measure " is concentrated on a spherical

shell, denoted byL" ! and de ned as:
L" 1, fx2 R":kxk?2 n[(1 );(1+ )lg; (3.1)

for some > 0. By the measure concentration on the sphere, which holds on the
spherical shellL" ! in a similar way, we have the Gaussian measure is concentrated in
one equator ofL as depicted in Figure3.1b. Heuristically, one can observe the close
relation between the concentration results for Gaussian and the uniform distribution

on the sphere since both of them are concentrated on an \equator".

Measure concentration has a deep relation to the optimal transport theory. In par-

ticular, Talagrand [67] proposed the so called Talagrand's transportation inequality and
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(a) Concentration on Spherical space (b) Gaussian Concentration

Figure 3.1: If we ignore the di erence between spherical shell and sphere, we can
observe that the two concentration phenomenons are closely related.

Marton [50] rst showed how the transportation inequality directly implies Gaussian
concentration, which build an insight of the relation between transportation inequality
and concentration. As we brie y discussed above, the concentration in Gaussian space
is closed related to the concentration on the sphere. One natural question is, can we
nd a transportation inequality corresponding to the measure concentration on the
sphere? In sectior3.2.1, we sharpen the original Talagrand's inequality and show it

implies the concentration on the sphere.

Recently, a stronger concentration result for sphere was discovered %8[79,
which contains the original sphere concentration as a special case. Surprisingly, the new
concentration plays a crucial role in deriving a solution to a long-standing open problem
in network information theory. Can we nd a transportation inequality corresponding
to the new concentration result? For this, we derive information constrained optimal
transport inequality. In the last section, we provide rigorous proof for that using one
variant of the information constrained OT inequality to recover the new concentration

result.
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3.1 Talagrand's Transportation Inequality and Gaussian Concentration

In this section, we brie y introduce the Marton's work, which proves the Gaussian

concentration by the celebrated Talagrand's inequality.

3.1.1 Talagrand's Transportation Inequality

We start to introduce the classical Talagrand's OT inequality, which connects the
optimal transport distance to another well-known discrepancy KL-divergence (see also

equation (5.6) for the de nition of KL-divergence).

Theorem 3.1.1 (Talagrand's transportation inequality [67, 68]). Given standard Gaus-

sian measure " = N (0;1,) and ", we have
p__
Wo(; ™) 2D( k ") (3.2)
with equality achievedi = N(;I ,) for some .

Talagrand rst proposed this transportation inequality. Marton [49] has rst shown
how the inequality implies Gaussian concentration of measure. Remark that, the trans-
portation inequality and the concentration result in Marton's work are slightly di erent

from what we discuss in this thesis. We refer talf, 58] for more details.

3.1.2 Concentration and Isoperimetry in Gaussian Space

Transportation inequality (3.2) has a closed relation to the concentration of measure
in Gaussian space, which is a geometric phenomenon tightly coupled with isoperimetric

inequalities.

Consider a Gaussian spaceR(;k k; ") where " = N(O;l,) is the standard
Gaussian,k k is the Euclidean metric. For any measurable s&& R" andt> 0, we

de ne the t-blowup set ofA:

A, fx2R":kx ak t; forsomea?2 Ag:
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For convenience, we say is the blowup radius of A. When (a sequence ofA; has
measure convergingtolas!1 , we sayt is a (sequence of) su cient blowup radius

of A.

The following concentration result is generally known as blowing-up lemma in Gaus-

sian spacegg]:

Proposition 3.1.1. [blowing-up lemma] Given measurable sét with "(A) e ",

. P ——
for some constanta > 0, then 8 > 0, and givent 2n(a+ ), we have

"(A)! 1 asn!l (3.3)

Strictly speaking, the original statement should be (A;) 1 %e " in (3.3 and
A;t are sequences. In this thesis, we are only interested in the convergence behav-
ior, thus we ignore the precise bound of the probability and the subscripts &f and
t. By setting (A) % the proposition reduces to the classical Gaussian measure

concentration inequality (see 44, 59 for details).

Intuitively, the result states that, under the product Gaussian measure, given a
set with small but exponentially signi cant probability, then it has a su cient blowup

radius which order isp n.

Veri cation of Gaussian concentration by isoperimetric inequality . This
Gaussian blowing-up lemma is a consequence of tls®perimetric inequality in
Gaussian space, which states that the "worst set', i.e., the set minimizes the measure

of its t-blowup among all sets with equal Gaussian measure, is given by a half-space.

De nition 3.1.1 (Half-space) In R" space, givenr 2 R, a half-space, denoted as

H(r), is de ned as follows:
H(r), fx2R":x; rg

Theorem 3.1.2 (Isoperimetric Inequality in Gaussian space5g]). Given measurable

setA R", and half spaceH (r) for somer 2 R with "(A) = "(H(r)). Then

(A ((H({)):8 O
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Combining the theorem above with the fact that "(H (IO 2na)) = e " + o(1), we

have (A)= (H( P 2na + o(1))), and thus

"A)  "(H( " Zna+ ofd))
= "(H( " Zna+ 1)+ o)
"HE 20 )+ ofl)

=1 e" +0(1);

and we prove Proposition3.1.1

Intuitively, we can also observe the seH ( P 2na); = H (p 2n ) has almost 1 prob-
ability (see pic 3.2). Indeed, as we introduced in the preface of this chapter, whenis
su ciently large, the Gaussian measure is concentrated on one equator of the spherical

shell, i.e.

p_P—0P
n

fx2R":kxk2 n[ 1 ; 1+ ];x12] p2n 1;p2n 1]g;

for some su ciently small ;; > 0, which is contained by the half-spaceél (p 2n ).

3.1.3 Recover Gaussian Concentration by Talagrand's Inequality

An alternative approach to proving the blowing-up lemma, pioneered by Marton
[49, 50, is through Talagrand's inequality 3.2). The main idea is that, for any measure
and measurable sefA, (A) is related to the KL divergence as
1 .
Ay’

where , is the conditional probability measure de ned by

D(ak )=In

(©\A

A©)
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H o)

Figure 3.2: The area below the liné is the half-spaceH (p 2n ), and the area in grey
color is the equator of the shell on where most of the Gaussian measurg is concentrated.
We can see that the Half-space contains the equator, that implie§(H(' 2n)) 1.

for any measurableC. Together with the triangular inequality of Wasserstein distance,
we conclude that for any measurablé&;B  R",
Wa( as ) Wo( as )+ Wo( g ™)
q

q
D( 0k )+ 2D( Dk )
S

S

= 2Inm+ 2In@,

where the second inequality follows from the Talagrand's inequality. LeB = Af ,
R" nA¢, we haveW;( 2; ,th) t. Combined it with the above inequality, we complete

the proof of Proposition3.1.1

3.2 A sharpened Talagrand's Inequality and Sphere Concentration

We introduce a sharpened version of celebrated Talagrand's transportation inequal-

ity in the following; see also %, 62 for related results.
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Theorem 3.2.1. Given " = N (0;1,); ", we have

Wi ") ERxKI+n 2 NQ): (3.4)

whereN( ) = =

2 . .. . .
—en"() is the entropy power of . The equality is achieved when is

isotropic Gaussian, thatis, = N(; 2lI,) forsome 2R; 2> 0.

Note, compared to Talagrand's transportation inequality, which is tight when
is standard Gaussian with a shift, the new transportation inequality is tight for a
broader class of , i.e., when is isotropic Gaussian. It can be shown that this new
transportation inequality is in general stronger than Talagrand's inequality, i.e., R.H.S.
of (3.4 R.H.S. of 3.2). Indeed, we have:

RH.S.of 3.2 =2D( k ")

E [kXk?] 2h( )+ nIn2
E [kXK3+ n 2n[|nIO N()+1]

E [kKXK*]+ n on’ N()

R.H.S of (3.4);

where the inequality follows from the fact Ik +1  x;8x > 0, and the equality holds

i xX= P N ( ) =1, which is the case when = N(c;I,) for somec2 R.

3.2.1 Concentration and Isoperimetry on the Sphere

The sharpened transportation inequality 8.4) also has a natural geometric counter-
part: the concentration on the sphere. In particular, consider a unit spher® ! R"

equipped the uniform measure" !, and metric angle\ , where
S" 1=fx2R":kxk?®=1g

and\ (z;y) = arccos(hz;yi) where h; i is the natural inner product in R". One can

verify that \ (; ) de nes a metric in S" 1.
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We de ne a spherical cap with angle :
Cap(zo; ), fz2R" Y:\ (z;2) ¢

We will say that an arbitrary measurable setA S" ! has ane ective angle if
n1(A)= " YCap(z§; )) for some arbitrary z) 2 S" . In particular, by using the
formula for the area of a spherical cap (se€§] Appendix C.), we can show that ifA

has e ective angle , then
"M sin (3.5)

asn!l

As in the case of Gaussian measure concentration, for any measurafle S" 1!

and! 2 (0; ], we de ne! -blowup set ofA,
A, fx23S t:\(x;a) ! for somea?2 Ag:

For convenience! is called blowup angle and we call it call \su cient blowup angle”

if A, has measure approaching 1.

Theorem 3.2.2 (Blowing-up lemma in Sphere) For measurableA S ! whose

e ective angle is for some 2 (0; Jandforall!> 5 , we have
n1A)! 1, asn!1l
Isoperimetry for the sphere . Similar to the case in Gaussian space, the result
in Proposition 3.2.2is tightly related to the isoperimetric inequality for the sphere.

Theorem 3.2.3 (Isoperimetry in Sphere) Given measurableA S" ! and suppose
n1(A)= " 1(Cap(zo; )) for some > 0 and arbitrary z, 2 S" 1. Then

"YA) " HCap(zo; )):

The ! -blowup of Cap(zo; ) is a also cap, i.e. Caplp; )1 = Cap(zo; +!); whose

probability approaches 1 in high dimensions wheh> + forany > 0 (see g

2

26



Cap(zo; )

N /
N
N
N

equator
o 7 e el
Figure 3.3: The blue area is a cap with angle. Given! > 5 , the t-blowup of

the cap the area that is above the liné, which contains the equator and thus has the
measure of approximately 1.

3.9. Thatis, ! = 5+ s asu cient blowup angle of a spherical cap Capy; +!).
By the isoperimetric theorem, the! -blowup of a cap has the minimum measure over
all (measurable) sets with same measure. Thus,= 5  + is su cient for any other
measurable seA with same measure and the blowing-up lemma for sphere (Theorem

3.2.2 follows. In particular:

(Ar)  (Cap(zo; +1))
=1 (Cap(z; )
1 e% Insin2( N 4 0(1)
-1 e% Insin? 0(1)
where the second inequality follows from the formula of area of cap and the fact

' 2 [0; 5). Thus we complete the proof by the fact In sih < 0.

3.2.2 Recover Concentration on the sphere by Sharpened Talagrand's In-
equality

As we discussed in sectior3.1.3 Talagrand's transportation inequality implies

Gaussian concentration. Similarly, we will show that the sharpened transportation
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inequality can recover the concentration on the sphere. Here we provide rigorous proof:

Proof of Proposition 3.2.2. Fortwo x sets A;B  S" *with (A); (B) > 0. De ne
the cone extension®\; B of A;B respectively as

n n

. n .
ank2Ag,B, fz2 R K

A, fz2R": 2 Bg: (3.6)

It can be easily seen that the measure éf, B under are the same as the measures
of their cone extensiondA, B under any rotationally invariant probability measure on

R", and in particular, under the standard Gaussian measure, i.e.,

(W)= " Ay "(B)= " (B):

Now de ne two conditional probability measures 2; § on R" based onA; B:

"(A\ C) "B\ C)
n - n 7
A(C) 1 n(A) 1 (C) 1 n(B) (3 )
for any measurableC R". Then 3; & " and we have:
Wa( A5 8)  Wo( a5 ")+ Wa( g; g) (3.8)
r r
q q

En[kXak?l+n 2n N( )+ E [kXgk?+n 2n N( g)
(3.9)

whereX s XE g, the rstinequality ( 3.8) follows from the triangular inequal-
ity of Wasserstein distance; and the second inequalityd(9) follows from the sharpened
transportation inequality (3.4). Note that the density function of X} can be expressed

as
d R oy LM 2A)d T

ax Ay de X
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and therefore the second momeri[kX 2 k?] is given by

Z
E o [kKXAK?] = A kx"k21(x" 2 A)d "(x")
= n(lA)E n[kKX "K21(X " 2 A)]
1
= E W [1(X" 2 A)]E[KX "k? 3.10
A [1( JIE[ ] (3.10)
=n (3.11)

and di erential entropy h(X}) is given by

d n
h(XR)= Ej In 2(XR)
z
_ 1 1 d : n n n n
= A In "(A) dx (x") 1(x" 2 A)d "(x")
_ 1 n 1 n n n
= n(A)E Eln(z )+ EkX K2+In( "((A)) 1L(X"2A)
_ER[1(X" 2 A)] n 1 .5 n
= A E EIn(2 )+ ékX k2 +1In( "(A)) (3.12)

—_ n n =N
= EInZe( (A))?

- %InZe( N 1(A))2 (3.13)

where both 3.10 and (3.12 hold becausel(X" 2 A) is independent ofkX "k? (except
X" =0). Similar expressions forE[kX §k?] and h(X 3) can also be obtained and thus
(3.9 simpli es to

q q
Wa( A B) 2n( (" YA a0 (" H(B)EM (3.14)

On the other hand, we can also obtain a lower bound oW,( A; g). Let\ (A;B)

be the angle distance between sét; B, de ned as

\ (A;B), inff\ (x";y"):x" 2 A;y" 2 Bg:
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To lower bound onW,( R; &), note that for any coupling of ; g, we have

E kXA Xgk?1= E a[KXAK’]+ E n[kXgk?] 2E [kKXAkkXgkcosi (XA;X38))]
2n  2E [kX kkXgkcos{ (A;B))]
2n  2ncos( (A;B)) (3.15)

where @3.19 follows from the Cauchy Schwartz inequality, and therefore we can get

the following lower bound onW,( R; &)

Wa( A5 B) P 2n  2ncosf (A;B)): (3.16)

Combining this with (3.14) gives the following inequality:

P q q
1 cosi (A;B)) 1 (" A=+ 1 (" YyB))n: (3.17)

To nish the proof of Proposition 3.2.2 x an x an arbitrary set A S with
e ective angle 2 (0; ] and chooseB = Af = S" 'nA,. We will use (3.17) to show
that (A7)! Oasn!1l . The proof of the proposition for larger , follows from the

fact that " 1(A,) is increasing in! . Note that by de nition, we have
\ (A;AT)= U
Plugging this into (3.17), and also using 8.5 we obtain

p P n
1 cosd 1 sin +lim |n1f 1 ( (Af)):
n! '

Therefore, given co§< sin ,ie. !> = 2  we have

q
im inf 1 ( (A" > O

This in turn implies that (AF)! Oasn!1l , which completes the proof of Propo-
sition 3.2.2 O
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Figure 3.4: Wasserstein distance-information constrained trade-o

3.3 Information constrained Transportation Inequality and a New Con-

centration on the Sphere

In this section, we discuss an information constrained Optimal transport inequality
and a new spherical concentration result. In the last section, we present rigorous proof
using OT inequality to recover the new concentration result. In particular, we propose
a variant form of information constraint OT inequality, called information density OT
inequality. We show that it can be used to recover the new concentration result by

Marton's technique.

3.3.1 Information Constrained Transportation Inequality

Recalling the information constrained OT distance as de ned in equation2(11),

we focus on bounding this \distance".

Theorem 3.3.1. Givenn dimensional standard Gaussian" = N (0;1,); " we

have

q
WZ(; ™R) E[KXK]+n 2n (1 e R=MN(X): (3.18)

The inequality is tight when is isotropic Gaussian.
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This theorem characterizes a trade-o between the information constrained and
Wasserstein divergence, as depicted in Figu@4. Theorem 3.2.1 can be viewed as
the extreme case by lettingR ! 1 . The other extreme case iR = 0, in which case
the coupling is product measure N, and the information constrained Wasserstein

divergence reduced td& [kX k?] + n.

On the other hand, one can derive Theorer®.3.1by the Theorem3.2.limmediately
by using a coupling that is closely related to the Ornstein-Uhlenbeck process (See
Appendix D for details). In particular, let denote the optimal joint distribution in
Wo(; "), where "= N(0;l,). Let (X;Y,) and we de ne a joint distribution

of (X;Y ) as follows:
P -
(X;Y1) ;Y = 1 e 2Ry +e Ry, (3.19)

whereY;;Y, ii.d. ", X;Y, are independent.
By data processing inequality, we havé(X;Y) 1(Yy;Y) = R and the marginal
distributions of  is ; " respectively. Additionally, by Theorem3.2.1, we have

E XYd | N()

and thus

p— p— p__
E [XY]=EX( 1 e 2Rny,)] 1 e ®n N();

therefore the information constrained OT inequality in TheorenB.3.1follows.

3.3.2 A New Concentration Result on the Sphere

Recently, [78, 79 proposed a new concentration of measure result o®'(*; " 1;\),
which recovers the classical concentration for sphere (Propositi@i2.2 as a special
case. This new result can be proved by Riesz' rearrangement inequaliéj[ and can

be stated as follows:
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n Cap(zy; )\ Cap(yg;!)

Cap(ys;!)

Figure 3.5: The intersection of two spherical caps

Proposition 3.3.1. Given measurableA S 1 with e ective angle

Then forany! 2 (; ; ], and > O, we have
"y oin " YA\ Cap(y";!) > InV(;!) ng! 1
in whichV( ;! ) is de ned as
V(;t)= " YCap(zg; )\ Caplys;!))

wherezf;yj are perpendicular to each other (see the Figu@5).

2 (0: =2].

(3.20)

(3.21)

In the proposition, V( ;! ) corresponds to the intersections of the two perpendicular

spherical caps. By the surface area formula for the intersection of two spherical caps

in ([79 Appendix C-B), one can prove an asymptotic characterization of M( ;! ),

1 1 .
ﬁInV(;! ) ! Eln(sln2 cog!); asn!1l

(3.22)

One can quickly verify the proposition wherA is a cap, i.e.A = Cap(z; ) for some

Zo2 S . Inthis case, the set in 8.20 is Cap(zo; 5 + o) for some 0< ¢

+ ! E’

thus it contains one equator of the sphere. Combined with the fact that" ! will be

concentrated around the equator at anglg from the pole ofA, the statement of 3.20
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follows. However, the statement of Propositior8.3.1is much stronger, and it holds
for any arbitrary measurable setA. It states that, if we choose anyy uniformly in
S" ! and draw a cap of anglé which is slightly larger than 5, then with almost
1 probability that the intersection volume is at leaste " V( ;! ) for some su ciently
small > 0. Another version of this concentration result is proposed irVg, 79, and

some partial results for a discrete version on Hamming sphere were used/in |

Note, Proposition 3.3.1implies the original blowing-up lemma in Propositiorn3.2.2
immediately. Indeed, an equivalent way to state the blowing-up lemma on the sphere
is the following: Given arbitrary measurableA S" ! with e ective angle 2 (0; 51,

then forany! 2 (5 ; 5], we have
nIA))= " (fy":A\ Cap(y";!')6;9)! L

Proposition 3.3.1 extends Proposition3.2.2 by providing a lower bound on " (A \
Cap(y";!)).

As we discussed in sectioB.2.2 Proposition 3.2.2is related to transportation inequal-
ity. Can we prove proposition3.3.1 by Optimal transport approach, e.g. information

constrained transport inequality 3.18? We will discuss in next section.

3.3.3 Recover the New Concentration Result by Information Density OT

Inequality

In this section, we will discuss the rigorous proof of the new concentration result
(Proposition 3.3.]) via the OT-based method. For that, we will rst introduce the
Information density constrained OT inequality . As we will see, the information
density constraint is more stringent than the information constraint. Therefore our
previous transportation inequality in Theorem3.3.1 can be viewed as a special case
of this new inequality that we will present. This new inequality will be used to prove
the new concentration of measure result on the sphere (Propositié3.7). We will

demonstrate the proof after the introduction.
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Information Density Constrained OT . Recall that for a given joint distribution
2 ( ; ) which marginals and , the information density function i (Xx;y) is
de ned as
Con d ..
I (x1y) = ﬁ(X,Y),

whose expectation gives rise to the mutual information (X;Y), i.e., | (X;Y) =
E [i (X;Y)]. We say that a distribution satises (R; ; )-information density con-
straint for someR 0 and ; > O, if the following two conditions hold:

" the expectation of the information density, i.e. the mutual information, is upper
bounded byR, I (Z;Y) R;

" with probability at least 1 , the deviation between the information density
and mutual information is upper bounded by ,

Poxy) (0 (X5Y) 1Y) ) 1

De nition 3.3.1.  [Information Density Constrained Wasserstein Distance] Givep
1, the Wasserstein distance of order between any pair; 2 P,() subjectto(R; ; )-
information density constraint is de ned as

Wo(; SRy ), inf ~ fE[d (X;Y)]g*": (3.23)

2( ;5 )l (X3Y) R
P i (X5y) 1 (X)) 1

Compared to the information constrained case, the de nition of the information
density constrained Wasserstein distance in (20) involves an additional constraint
Pocyy (i (X5Y) 1 (X5Y)) ) 1 in the in mization and therefore given

arbitrary ; and R we have
Wo(; R) Wo(5 SR; ;)

forany ; > 0. As in the information constrained case, the quantity’VV (; ;R;; )

is not a true metric becauséV,y(; ;R; ; )ingeneralis not equal to zero when =
However, it can be shown to also satisfy a certain triangle inequality under some

conditions, as stated in the following proposition. The proof of this proposition is

included in Appendix E.
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Proposition 3.3.2. Consider three measures;; »; 32 Py() such that there exists
a one-to-one mappingy: ! satisfying that

1 is the push-forward measure of, underg, i.e., 1= , g%

" g induces one optimal coupling that attain®Vv ( 1; »), i.e.,

Wp( 1; 2)= FEy ,[dP(g(Y); Y)Ig™™:
Then the following triangle inequality holds:
Wo( 15 3Ry 5 ) Wo( 15 2)+ Wp( 25 3Ry 5 ): (3.24)

For this OT setup with information density constraint, we have the following bound
when = R" and d(x";y") = kx" y"k.

Theorem 3.3.2. For "= N(0;l,) and ", we have that for anyR; 0

q
W2(; ™R;;6n=?% EKZ"K]]+n 2n N()1 e *) (3.25)

for any R; 0.

It is easy to see that the above theorem includes Theoref3.1as a special case
by noting that
Wi(; ;R) W3(; ;R;;6n=?)
for any R; 0.

Proof of Proposition  3.3.1. Now we provide rigorous proof by using information-

density constraint OT inequality (Theorem 3.3.2.

Proof. Fix two setsA;B  S" Y with (A); (B) > 0. Consider their cone extensions
A; B and the induced conditional probability measure#\; B as de ned in (3.6). Since
B "and " is absolutely continuous with respect to the Lebesgue measure, by

Brenier theorem (Theorem2.1.2, the optimal coupling that attains W»( g; ") is a
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one-to-one mapping that pushes" forward to §. By the triangular of information

density OT inequality (Proposition 3.3.2, forany R 0 and > 0 we have

Wo( A 8;R; ; 6n=?) (3.26)
Wo( p; ™Ry 6n= %)+ Wo( §; ")
.

q q
E [kX2k+n 2n (1 e Z®MN( D)+ E [kXgkqJ+n 2n N(2)

(3.27)

:
—— g
- n 1 1 eZn(nIA)E 4+ 2n( (" (B)) (3.28)

where X ; A Xg 2 (3.27 follows from Theorem3.2.1and Theorem3.3.2 and
(3.29 follows becauseE[kXak?] = n and h(XR) = ZIn2e( (A))*" as respectively
stated in (3.11) and (3.13, and similar expressions hold foE[kX §k?] and h(X}).

On the other hand, we can also obtain a lower bound oB826. For any 2 [0; ],

let the function ( ) be de ned as
(), % In( (A) R ysn.léué;)fln " l(Cap(y"; )\ Ag (3.29)
and for any > 0O de ne the parameter as
,osupf o () O (3.30)

The following lemma states a lower bound of3(26) in terms of  that will be useful
for proving Proposition 3.3.1 The proof of this lemma will be presented after we nish

the proof of Proposition3.3.1,

Lemma 3.3.3. Forany > O,

p
Wa( a; 8;R; ; 6n= ?) 2n(1 cos™ (n; )
where (n; )! Oas =n;n= 2! QOasn!l
By Lemma 3.3.3and (3.28, we get

p R —— —
1 cos (n; ) 1 1 eZn(n A+ 1 (" YB))); (3.31)
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for any > 0. To nish the proof of Proposition 3.3.1, x an arbitrary set A S 1!

with e ective angle 2 [0; 5] and let
B, fy"2S ':In (A\ Cap(y";!) InV(;!) n g

for some arbitrary! 2 (5 ; z;]and > 0, whereV(;! )is dened as in 3.2). In
the sequel, we will use3.3]) for a particular choice ofR > 0 and = ;. Note that (3.5
combined with the fact that sin > cos! implies that lim,; ( " (A))¥™ > cos! .

This implies that there exists a xed > 0 such that for su ciently large n

(" YA)F"  cost ): (3.32)
Therefore, letR be
_n (" HA)= .
R = Eln( TIA)E  cod(l X (3.33)

and we have thatR > 0 for n su ciently large. We will also assume that > 0 is

chosen su ciently small so that

(" HAY*T n—: (3.34)

RNy cozt " "8

Note that this is always possible since choosing smaller makes it easier to satisfy

(3.32. With the choice of R in (3.33, the rst term on R.H.S. of (3.3]) reduces to
4 —p— p
1 1 e2n(n (A)n="1 cos( ): (3.35)

Now we will focus on the L.H.S. of .31) and show it can be lower bounded by

P 1 cos (n; ) P 1 cos (n; )
by choosing = ;. For this, we evaluate ( ) at = ! under our choice ofA;B and
R:
(1) = 1 supfin ™ *(Cap(y";!)\ Ag+In " }(A) R
n yn2B
%(n InV(;!')+In " YA) R): (3.36)
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In (3.36), we can easily lower bound In" 1(A) by
In " Y(A) ninsin ng (3.37)
for n su ciently large. Also, by using (3.22, we have
InV(:!) gln(sin2 cos!)+ ny (3.38)
for n su ciently large. Moreover, using (3.5) in (3.34, R can be further bounded by
R n In — sirt

2" S ozl g (3.39)

for n su ciently large. Plugging ( 3.37),(3.39,(3.39 into (3.36, we obtain

) 5
and therefore
! -4 (3.40)
by de nition of  and non-increasing property of ( ). Hence, by setting = =4 on
L.H.S. of (3.3) and using 3.40, we obtain
q p
1 cos_, (n) 1 cos! (n; ): (3.41)

Combining (3.31), (3.39, (3.4]) yields

q
IO1 cos! (n; ) I01 cos( )+ 1 (" YB)):

Setting = n®* we have =n;n= 2! Oasn!1 ,andthus (N;n®¥* ! 0 as
n'!l . Therefore, given cos< cos( ) and for su ciently large n, we have

q
niB) (1 ( 1 cos (n; n34) pl cos( A"

which tends to zero an ! 1 . This completes the proof of Propositior8.3.1 O

Proof of Lemma3.3.3. Consider an arbitrary coupling of ( 3; g) that satis es the

(R; ; 6n= ?)-information density constraint. To nd alower bound onW,( »; 3;R; ; 6n= 2),
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it su ces to lower bound E [kX? X3k?], or equivalently to upper boundE [X} X3].

Fix > 0 and de ne event
F=f\(X2;Xg) (XA Xg) 2 Sg
where
S = (xR;x3):jkxak® nj ;jkxBk® nj ;i (xX%;x3) R+

Then E [X} Xg] can be upper bounded by conditioning ofr and F € respectively,

i.e.,

Ep[XA Xgl= Ep[XZ XgjFIP(F)+ Ep[Xx XgjF°IP(F®)
Ep[Xa XgjFl+ Ep[X3 XgjFeIP(F®):

In the sequel, we will upper boundEp [X 2 XgjF]andEp[X 2 XgjF “JP(F ) respectively.

First, from the de nition of F, we have

Ep[XA XgjF]= Ep[kX skkXgkcosf (X1;Xg))jF]
(n+ )cos( ): (3.42)

Also, by the Cauchy-Schwarz inequality, we have

g q
Ep[Xa XgjFFIP(F®)  Ep[kXZKZFIP(FC) Ep[kXgk?jF JP(F*)

g q
= E[kXJk2] Ep[kXZKYFIP(F) E[KXgk?] Ep[kXgk3jF]P(F)

n (n )P(F): (3.43)
To continue with (3.43, we need to lower bound?(F). SinceP(F) can be written as
P(F)= P((Xa;Xg) 2S) PO (Xa;Xg) (XA Xg) 2 S);

we will bound P((X2; Xg) 2 S) and P(\ (XA;Xg) (XA XgE) 2 S) respectively.
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To bound P((X2;Xg) 2 S), note that

z
P(kXAK* nj )= 1(kxak® nj r)d A(xp)
A7
= iy L LCK N 10602 A ")
= n(lA)En[l(ij”kz nj )L(X" 2 A)
- n(lA)En[l(jkx”k2 N ESLX"2A)]  (3.44)

= P(jkX"k?* nj )
1 3n=2% (3.45)
whereX" " (3.49 holds becausd (jkX "k? nj )and 1(X" 2 A) are indepen-
dent (except whenX " = 0), and (3.45 follows from Chebyshev's inequality. Similarly,

P(jkX5k? nj ) 1 3n=2_ In addition, since satises the (R; ; 6 2=n)-

information density constraint, we have
Pi (X);X8) R+ ) 1 6n=2%

Therefore, by the union bound we have

P(XR;X8)2S) 1 12n=2 (3.46)
To upper bound P(\ (X2;Xg) (X2, Xg8) 2 S), we have
P(\ %X%;XQ) (XA Xg)29)
= fxpixg (XaJXg) L ((XA;Xg) 2 SI\ (XA;xg) ) dxafxg (Xg)dxg
z8 77
R MO A((xRixE) 2 S\ (KRixR)  )dXAfxg (xR)AXE  (3.47)
ZB A
R MR+ 3 g n+h(R) R+3 +n 1y o (X5 )X] (3.48)
B
= e n( er 1)
2; (3.49)
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where ;! Oasn!1l ,and ! Oasn!1l and-! 0. Inthe above, 3.47)

holds because for eactxf;xg) 2 S\ (A B), the conditional density fx njxn (XAjX5)

satis es
Fxpixg XAIXE) = € CRXB) 0 (x1)
R+ @ e (AZM)+ F(nk x3Kk?) (3.50)
R h( R+ 3 : (3.51)

where 3.50 and (3.51) follows from the facts thati (x3;x3) R+ andjkxik® nj
respectively by the de nition of S. Inequality (3.48 holds because for eacky 2 B,

we have
Z

LOixE) 2 S (ixd) )dk, (AN Cap(xd: )iB(O; )
A

(A \ Cap(xg’ ))e% In(2 e )+ % +n 1 (352)
en ( )+Hn( (A)) Re% In(2 e)+% +n 1 (353)
e NHn( (A) Rgi@e)+} +n (3.54)

— n+h(?) R+ +n .
= e (a) 2 1,

where jB (0; P n+ )= fx": kx"k P n+ gj denotes the volume of the Euclidean
ball with center 0 and radiusp n+ . Here, (3.52 holds because from79, Lemma 13],

we have

n n

jB(O'pnT)j gz In@e @+ o)+ n e§|”2e+% +n .

where the last inequality uses the fact In(14a) aforanya 0, (3.53 follows from
the de nition of ( ), and (3.54) holds because ( ) is continuous in by LemmaF.0.1

and hence ( )

Combining (3.46 and (3.49, we have

PF) 1 1n=2 ,

1 4 (3.55)
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where 3! Oasn!l ,n=2! Oand =n! 0. Combining 3.42, (3.43 and (3.55,

we have
E [XA X§] n(cos + (n;)) (3.56)
where (n; )! Oasn!1l ,n=2! Oand =n! 0, and therefore
E [KX2 X35k’ 2n(1 cos (n; )):

Since the above inequality holds for any coupling® of ( x; g) that satis es the

(R; ; 6n= ?)-information constraint, we can conclude that
Wo( R; 8;R;;6n=2) 2n(1 cos (n; )):

This completes the proof of Lemm&.3.3 m

3.4 Proof of the New Transportation Inequalities

In this section, we provide the proofs of Theorem3.2.1, 3.3.1, and 3.3.2 In partic-
ular, Theorem 3.2.1follows from Theorem3.3.1, which in turn follows from Theorem
3.3.2as a special case. Thus, in the following, we rst focus on proving Theore33.2

to establish all these three transportation inequalities.

Proof of Theorem3.3.2. To show Theorem3.3.2 it su ces to construct a coupling

of and " such that the (R; ; 6n= ?)-information density constraint is satis ed, i.e.,
P(xX"mY"m R
and
Pxnayny p(i (X™Y") 1 (XYM ) 1 6n=7%
and simultaneouslyE [kX" Y"k?] is upper bounded by the R.H.S. of 3.25. For

this, let q

Y= 1 e Y +enY
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whereY,"; Y,! "= N (0O;1,) are independent of each other, and leX" satisfy
X" =g(Yy)

for someg : R" ! R" that pushes " = N (0O;1,) forward to , whereg is a di eren-
tiable one-to-one mapping whose Jacobian matrik; has only nonnegative eigenvalues.
Note that such a mappingg always exists provided thatPy, = N (0;1,) is absolutely
continuous with respect to the Lebesgue measure and Pyp, and examples include
the Brenier mapping (see Theoren2.1.2 or [9]) and the Knothe-Rosenblatt mapping
[72). See also Lemma 1 o6})].

It is easy to verify that the joint distribution  of (X";Y") de ned by the above
is indeed a coupling of and ". To see that this coupling satis es the information

density constraint, rst note that

q___
i (XYM =h(Y") h( 1 e TY'+e YNX"
= h(Y") h(e "YJjX") (3.57)
= h(Y") h(e »Y;") (3.58)

h(Y") ninte 7) h(Y))
R

where (3.57) holds because is a one-to-one mapping and thu¥;" is determined given
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X", and (3.58 follows from the independence betweew! and X". Also we have

PGi (X" Y™ L (X™MYD) )
Fynjxn (Y7XT)

=P | R
" fyn(YM) | |
. ! !
o femwETYY)
fyn(YM)

P(GKY"k? k Y,'K3j 2)
P(GKY"k> nj ;jkYS'k® nj )
1 (P(GkY"K® nj )+ P(kY,'k?>  nj ))

6n

1 2

(3.59)

where (3.59 holds by Chebyshev's inequality.

Now it remains to showE [kX" Y"k?] R.H.S of (3.25. For this, we will lower

bound E [X" Y"]in the sequel. In particular, letting g denote theith coordinate of

g, we have
E[X" Y"]= ).@1 E (%J(Yl”) (3.60)
= E [trace(Jq(Y1))]
E [n(det(Jg(Y{"))) " (3.61)
= nE [@ I (PN (3.62)
eLE Inldet(Jg(Y, )] (3.63)
= ner (X" h(¥") (3.64)

r
1 2 xn) p——

n —=en =n N
2e ()

where @.60 follows from Stein's lemma forPy» = N (0; 1), which says that if Y
N (0;I,)andf : R" I Risdierentiable, then E[f (Y;") Y] = E[@—@yf (Y] (3.6)) holds

by the fact that for any matrix A whose eigenvalues are all nonnegativ#trace(A)
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(det(A))*=; (3.62 follows from the nonnegativity of detJq(Y;")); (3.63 is due to

Jensen's inequality; and 8.64) holds becauseX" = g(Y,") and therefore

fxn(9(y1)) det(Jg(y1)) = fvp(y1):8yr:

Therefore,E [X" Y"]is lower bounded by

q__
EX" Y"= 1 e "E[X" Y]
q p__
n 1 en N();
and hence
E [kX" Y"k*]= EkX"K’]+ n 2E [X" Y"]
r
EkX"KJ+n 2n N() 1 e & :
This completes the proof of Theoren3.3.2 m

Note, the inequality of Theorem3.3.1follows immediately from Theorem3.3.2 To

complete the proof of TheorenB.3.1, we need to verify the tightness of the inequality

(3.19.

Veri cation of the tightness of (3.18. Here we show that the inequality in 8.18 is

achieved with equality when " = N (0;1,) and = N (m;s?l,) for some and s.
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Speci cally, for any coupling 2 ( ; ") with I (X";Y") R, we have

R h(X") h (X"jY"

E[X" Y"?_ ..
—_ n n n n
h(X") h X “ERYTR] Y'Y
E [Xn Yn]2
n n n
h(X") h X “ERYTKT Y ,
N M 28 o EIXT YT,
h(X"™) 2In - E X EKY"KE] Y
Cymy N 2e n2 E X" Y'P
= h(X") 2In - E[kX "k?] “ERYTKT
_n o N , E X" Y"P
= 2In(2 es”) 2In 2e s .
_n E [X" Y")?
= 3 s2n2
ie., r r

2R

EIX" YY"l n 1 e® s2=n 1 e® N():
Therefore, forany 2 ( ; "™)with I (X";Y") R, we have
E [kKX" Y"K?]= E [KX"K’]+ E o[kKY"K?]] 2E [X" Y"]
R.H.S of (3.18
and thus

WZ(; mR)= _inf  E kX" Y"’] R.H.Sof (3.18:

Combing with inequality (3.18) itself, we can conclude that
WZ(; ™R)=R.H.S of (3.19

when "= N(0;l,) and = N (m;s?l,) for somem and s2. O

3.5 Summary

In this chapter, we discuss the relation between optimal transport inequality and
concentration of measure phenomenon. In sectidl we introduce the classical re-

sult | Talagrand's inequality can recover the Gaussian concentration. Next, as we
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Marton Measure Concentra-
tion in Gaussian Space

Talagrand's Ineq

Measure Concentration
on the sphere

Sharpened Transportation Ineq

Information Constrained
Transportation Ineq

New Concentration Result
on the Sphere

Information density Constrained
Transportation Ineq

Figure 3.6: Concentrations and Transportation inequalities

mentioned in section3.2, the concentration on the sphere is a stronger result, and
correspondingly, we propose a sharpened Talagrand's inequality that can prove this
concentration result. In section3.3, we introduce the new concentration result, which
contains the classical concentration on the sphere. Correspondingly, we propose the
information constrained OT inequality, and one of its variant, information density con-
strained OT inequality, which can be used to recover the new concentration result (See

gure 3.6).

48



Chapter 4
OPTIMAL TRANSPORT MEETS INFORMATION THEORY

In information theory, what is the maximum achievable rate for a channel (the chan-
nel capacity), is the most fundamental question. For the point-to-point channel, it is
solved by the celebratecchannel coding theorem . However, for the communication
network which contains multiple senders and receivers, there is as yet no uni ed theory
of channel capacity. The presence of multiple senders and receivers brings interference

and cooperation to the communication, which makes the problem di cult to solve.

In this chapter, we study a particular communication network, the relay channel,
which is a probability model of a communication scenario where there are a source, a
destination, and one or more relay nodes that help the information transmission. How
to characterize the capacity of the relay channel? It is a long-standing open problem
posed by Cover, irOpen problems in communication and computatiQispringer-Verlag,
1987. In sectiord.1, we introduce the general relay channel problem and a particular
version called the Gaussian relay channel. We introduce a recent result of the channel
capacity which solves Cover's open probleni§, 79]. In section4.2, we discuss how the
solution can be recovered by the optimal transport inequalities. We present a simple
and immediate proof by using a strong data processing inequality which is recovered

by the new OT inequalities.

For convenience, in the following sections, we useas the default base for all
the information measures (e.g. mutual information, entropy, KL-divergence) and we

use prime notation to indicate that this information measure uses 2 as the base, for
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X ( .
S p(Y; Zjx)

Figure 4.1: Relay channel

example:
VY Px.y (X;Y) .
I (X ,Y) =E In W )
and
i S

4.1 Introduction of Relay Channel

The relay channel problem was introduced by van der Meulen in 197T1. It
is a classic model of a multi-terminal communication network in which a sendet
communicate to a receively with the help of a relay Z over a memoryless channel of
form p(y; zjx) (see Figure4.2).!

To de ne the capacity of the relay channel, we need the following de nitions:

De nition 4.1.1  ((2"*;n) code) A (2"R;n) code for this relay channel consists the
following:

"~ A source encoding functionX " : [1: 2R]I X ";
" A Relay functionf, : Z" ! [1:2'C0];
"~ A decoding functiong, : Y™ [1:2C0]! [1:2C0].

! The relay channel we discussed in this chapter is a simpli ed version. The generalized
formulation is brie y described in section1.2.2 and we refer to 2, 33, 71] for more
details.
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Let M be the message, and we suppobk  Unif[1 : 2"R]. X"(M) is the n-tude
source signal, and is denoted as". Similarly, let Y"; Z" be the destination signal and
relay signal respectively via the channePzn.ynjxn (z";y"jx") = Qinzl Pz.v jx (Zi; YijXi)
by the memoryless assumption. Left = g.(Y";f.(Z")) denote the decoded message.

We de ne the probability of error as follows:

De nition 4.1.2  (Probability of error and achievable rate) Given a (2"R; n) code for

the relay channel, the probability of error is de ned as:
PM=PM 6 M)

whereM = g,(Y":f,(Z")) andR is calledachievable rate if there exists (a sequence
of) (2"%;n) code such thaP{" ! Oasn!1

And thus we can de ne the relay channel capacity give&, as follows:

De nition 4.1.3 (Capacity of Relay channel) The capacity of the relay channel de-

scribed above, denoted &5(Cy) is the supermum of all achievable rate,

C(Cp) =supfR : R is achievablg:

4.1.1 Cover's Problem

Let X denote the 1-dimensional source signal, which correspondsXd, and sim-
ilarly, let Y;Z denote the 1-dimensional relay and the destination signal received via
channelp(y; zjx), which corresponds toY"; Z". We note the following facts:

~ C(0) = maxp, 14X;Y),
© C(1)=maxp, I{X;Y;2).

" C(Cy) is a monotonic increasing function ofC,.

Since whenCy = 0, we do not transmit any bits of the relay signalZ to the destination.
That is, the original relay channel reduces to a simple point-to-point channel, where the

source signal isX and the destination signal isY . Similarly, whenCy = 1 , we can set
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On to be the identity map and thusg,(Z") = Z", i.e. we transmit all the information
of relay to the destination. Then the relay channel reduces to a simple point-to-point
channel, where the source signal ¥ and the destination signal is {'; Z). In addition,
C(Cy) is increasing function with respect toCy since with higher Cy, we have more

choices of achievable (%;n) codes.

However, in generalC(Cy) is unknown, and characterizingC(Cy) is di cult. Cover
proposed a simpli ed version by setting thePyn is i.i.d. and the receivers are orthog-
onal in Open Problems in Communication and ComputatigrSpringer-Verlag P4, i.e.
Pzvix = PzjxPyjx (Y and Z are conditionally independent givenX). The question

is to nd the smallest C, such that C(Cy) = C(1 ), which we denoted a<C,, i.e.

C, :=inffCy: C(Co) = C(1 )g: (4.1)

Note, a suitable upper bound ofZ(Cy) will induce a lower bound ofC,. Indeed, if
we can boundC(C?) by someK > 0 for someC$ > 0 with K <C (1 ),thenC, CQ.
Thus, the key point of solving Cover's problem is to upper bound the channel capacity
C(Co).

4.1.2 The capacity of Relay Channel in Gaussian Setting

To further simplify the problem, we consider the Gaussian setting, i.e. the channels
from source to the relay and destination are Gaussian channels, then the relay channel

model can be formalized as the following:

8
E n — n n
Zn= X"+ W]
(4.2)
>
.Yn:Xn+W2n

whereW] N (0;Nl,); W2 N (0;Nzl,), X" satis es the power constraintE[kX "k?]
nP for some xed P;Nj; N, > 0, and X"; W]'; W] are independent. In addition, the
relay is connected to the destination with an isolated bit pipe of capacit§, (see Figure
4.2).
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Figure 4.2: Gaussian relay channel

A calibrate upper bound ofC(Cy), called cut-set bound, is as follows:

Theorem 4.1.1 (Cut-set bound 22]?). The channel capacityC(C,) of Gaussian relay

channel as described ir{4.2) satis es:

8
21|o P
slog, —+1 +C
C(Co) min_ 2 N ° (4.3)
“llog, P+ P41
2 2 N N2

Recently, Wu et al. [78, 79 proposed a new result that is tighter than the original
cut-set bound @.3).

Theorem 4.1.2 (New upper bound of Gaussian relay channel capacitylror the Gaus-

sian relay channel as we described above, the capa@iC,) satis es

8
21 lo P ;
slog, 1+ = + Cy+log,sin
C(Co) min  max 279 TN T 0 TR (4.4)

2[arcsin(2 Co;5]” 1 p .
2 3log, 1+ +minip . jh(!)

where

(P(N1+ N3)+ NiN,sin?! opP N;N> cos! ) sin?
Ni(P + Ny)(sin>  cog!)

1
h()= élog2

The new upper bound sharpens the cut-set bound. Indeed, by setting = -,

for any , the two bounds in @.4) is less than or equal to the two bounds in4.3)

2 The cut-set bound holds for the general relay channel, we refer 1] 22] for more
details.
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respectively. By taking the optimal (;! ), the bound (4.4) can be further simpli ed as

follows [33:
8
(hp*D@2C0 1) .
2C(Co)  Llog, Lt et T tl G D2 “s)
> C(Co) s3log, (L+ 7)2% if £ +1> (£ +1)22:

4.1.3 A Solution to Cover's Problem

Under Gaussian setting, theC(1 ) has closed form:

1 P P
C(1)= Zlog, 1+ —+ —
(1) 5 9z N. N,
By the cut-set bound @.3), we have
1 P P 1 P
- 1+ —+ — - 1+ —
Co 3log N, TN, 2°% N,

since whenC, equals the R.H.S. of the inequality above, the cut-set boun® @)
achievesC(1 ). It seems that it is possibleC(1 ) is achieved by some niteCy. How-
ever by applying the new upper bound4.4), it turns out that C} cannot be achieved

unlessCo =1 .

Theorem 4.1.3. [78, 79 For the Gaussian relay channel as described if%.2), we
have
Cy =
We can verify it by the simplied bounds (4.5. In particular, when Nil +1
&= +1 2%° holds, the rst bound in (4.5 is strictly less than C(1 ). When the
2
condition Nil +1 > N% +1 2% holds, to compare the second bound in4(5 and
C(1 ), we have

1 P 1 P
g 1+ — 2% g 1+ — <C(1):
2092 N, 2092 N; Cc(1)

ThereforeC(1 ) > C (Cy) for any nite CoandthusC(1 )= 1.
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4.2 Optimal Transport and the Relay Channel Capacity

The original proof of Theorem4.1.2is geometric: the communication problem is
recast as a problem about the geometry of typical sets in high-dimensions, and then
solved using the new result of the concentration on the sphere. In this section, we will
show immediate proof by using a conditional version of our information constrained

optimal transport inequality (3.18).

4.2.1 Conditional Information Transport Inequality

Both Theorem 3.2.1, and 3.3.1 have their conditional versions. We start by de n-
ing the conditional Wasserstein distance and the conditional information constrained

Wasserstein distance.

De nition 4.2.1  (Conditional Wasserstein Distance) Fix a probability P+ and two
conditional probability measuresPz;t; Pyjr with Pzjr-¢; Pyjr=¢ 2 P () ;8t. Given p
1, the conditional Wasserstein distance of ordgy betweerPz;r; Py;r givenP is de ned
as

W, (Pzj7; PyjTiPr) | inf fE [d°(Z;Y)]g"P (4.6)

2 ( PzjtiPyjTiPT)
where ( Pzjr;PyjrjPr) . fPzyjr Pr Pz = Pz Pyjr = Pyjr0
Theorem 4.2.1. For any probability P+ and conditional probability measure®zn 7 ; Pynjr

such tha for anyt, Pynjr=¢ = " = N(0;1,) and Pznjr=¢ ", we have

WZZ(PZHjT; PyanjPT) E[kZ”kz] + N 2np N (anT) (47)

whereN (Z"jT) , %e%h(znm is the conditional entropy power oZ" givenT.

De nition 4.2.2  (Conditional Information Constrained Wasserstein Distance)By the
same notations in4.2.1, givenp 1 and constantR 0, the conditional Wasserstein

distance of orderp betweenPzr; Py;r given Py subject to information constrainedR

is de ned as
W, (Pzjt; PyjTiPT;R) , inf fE [d'O(Z;Y)]glzp (4.8)
2 ( PzjtiPyjTiPT);
i (Z:Y|T) R
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Theorem 4.2.2. For any probability measurePr and conditional probability measures
Pznjr @and Pynjr such that for anyt, Pynjr=¢ = " = N(0;1,) and Pznjr=; " we

have

q
WZ(Pznj7; PynjtjPr;R)  EKZ"K]+n 2n (1 e T)N(Z"T): (4.9)

See the sectiont.2.4for the proof of Theorem4.2.1and 4.2.2

4.2.2 A Strong Data Processing Inequality

The relay channel problem with Gaussian setting as we described in equatiods?|

can be described as the following Markov chain:
A AL GLENVALNN U . (4.10)

where X" is the input signal with constraint E[kX"k?] nP, Z" = X"+ W/ is the
Relay signal with W' N (0;Nil,) and Y" = X" + W] is the output signal with
W2 N (0;Nalyp). X™ W, W3 are independent. In addition,U, denotes the relay's

transmission over the bit pipe.Y" X" zZ" U" forms a Markov chain and
19Z"; UnjY™) = HYURY™)  HYUsjZ™; Y") = HYU,)  nCo:
The following Strong Data Processing Inequality established i, 79° and is the
key step in resolving Cover's problem.

Proposition 4.2.1. For the Markov chain described above if(Z";U,jY") nCo,
then| (X"; U,jY") is upper bounded by

8
| 2¢, o
(X UnjY")  _max min (4.11)
SRSl T mine oH(COT)
where
H(cery= D PNt No 20 P NN e )+ NNy e 2% e 7))
2 (P + N2)Ne

3 The original SDPI uses 2 as the base.
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Proposition 4.2.1 allows us to derive the new upper bound on the relay channel
4.1.2

In particular, we've shown that

1
n. H n
0g,@' Z YY) o @nce

Therefore, by Fano's inequality and the Propositior.2.1we can boundC(C,) by

[(Z";UyjY") =

nC(Co) 14X™Y"U)+n
=log,(e)l (X";Y™";Uy) + n

=log,(e)(1 (XYM + 1(X™; UnjY™)) + n
0 1

VAVAee)

1 0
n P S z@Co C
log,(e) %E In 1+ + max _min 1092(€) K+n

P Co2[0; 169 2 (e)c o] > minr> oH (CO; r)
8
> .
) 5 Co +log(sin )
= —lo 1+ — + max min wn 2
5 9. N, 2[0;5] | | )

>,
: mlnlz(i §§]h (I )

. . . . _ CO- _ 1 2
where the last equality follows by setting;! suchthatsin =e *r= 3In sin

nZ  co!
and fromr > 0;C°2 [0;

oga(9 Col- We have 2 [arcsin2 ©); 51t 2 (; 5]. Thus

the upper bound ofC(C,) proposed in Theorem#4.1.2is recovered.
4.2.3 Recover the solution of Cover's Problem by OT Inequality

In this section, we will show how to use the conditional information constrained OT
inequality to prove the new SDPI (Proposition4.2.1), and thus recover the solution for
Cover's problem. For this, we need the following lemma, which is a consequence of the

conditional transportation inequality stated in Theorem4.2.2

Lemma 4.2.3. For the Markov chain (4.10, let | (Z"; U,jX") = nC°for someC°® 0

then for anyr > O there exists a random vectoZ" such that:

1. Pxn.znuy, = Pxniznu,;
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2. E[Z" Y"] n(P+ P NiNo(1 e R)e ©Y;

3.1 (Z™ Y X M U,)  nr:
We will prove the lemma after we complete the proof of Propositioa.2.1

Proof of Proposition 4.2.1. Suppose that for the Markov chain4.10,
1 (Z";UpjX ™) = nCP°
forsomeC® 0, we can create an auxiliary random variablZ" coupled withX "; U,,; Y"
SO as to satisfy the properties in Lemmd.2.3 Therefore, we have
(X" UnjY™
FZ™UnjY™) + T (XU YN Z™) 127 UpjY™; X ™)

1(Z"; UnjY™) + h(UnjY™;Z")  h(UnjY"; X ")
1(Z"; UnjY") + h(UnjZ")  h(UpjX ™)
HZ% UnY™) 1275 UnjX ™) (4.13)

h(z"jYy™ h(z"jYy™ U, nC° (4.14)

where @.13 follows from 1) of Lemma4.2.3 i.e. Pyn.zn.y, = Pxnzny, and thus

Xn z" U, forms a Markov chain.

Note, the inequality (4.13 also holds by settingZ" = Z", and thus we have
L (XM URY™  1(Z™UnjY")  1(Z™UpjX™) nCy  nC%

which yields the rst bound in (4.11).
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To obtain the second upper bound, we will bound the rst two terms in 4.14)

respectively. For the rst term in (4.14), we have for anyr > 0,

h(z"jiy")=h z" —EE[[ZKLHL?Y” Y"
h z" %Y” ,
%sze E[kZ"K] % |
%|n2e n(P + Np)+ i p Nlltlzleze e (*4.19)

where in the last step we have used 2) of Lemn#a2.3 To bound the second term in

(4.19), we have

h(Z"jY";Un)  h(Z"jY"™; Uns XT)

= h(Z"JUp: X" 1(Z":Y"jUq; X ™)

= hZ"X")  1(Z™ULjX")  1(Z YUy X7
%InZeNl nC%® nr

n
= 52N et 2C*n (4.16)

where the second inequality follows from 3) of Lemmé&.2.3

Plugging (4.15, (4.1 into (4.14 gives a bound onl (X";U,jY") in terms of the

value | (Z"; U,jX ") = nCPthat holds for all r > 0. Therefore, the bound can be

tightened by minimizing overr > 0. Due to the Markov chain @.10 we have

nC%= 1(Z";U,jX ") 1(Z":UajY")  nCy:

Then the second bound in4.11) follows by taking a maximum overC®2 [0;Cy]. O
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Proof of Lemma4.2.3. The lemma4.2.3follows immediately from Theorem4.2.2 by
setting T = (X ";U"). In particular, noting that the random vector p%wz = Niz(Yn
X" N (0;1,) and is independent of K "; U,), by Theorem 4.9, we have that

0]

WEPzrixnn i Pos_n sy Prrniff) ERZMKen 200 T e 3 N(ZIXT; Uy
Therefore, there exists a random vectaZ " such that

(Z"; X" Uy)  Pzaxnw,;

1(Z™; Y X" Uy)  nr

P
E[Zz" plN:(Y” XM] npl e 2 N(Z"jX";U,) (4.17)
2

This proves 1) and 3) of Lemmad.2.3 To show 2) of Lemma4.2.3 note that

E[Z" Y"]= E[Z" (Y" X"+ E[Z" X"]
P __p___
Non T e ZN(ZUX " U) + E[Z" X" (4.18)
pP—p— P —
= N2np 1 e2 N;e2°+nP (4.19)

p
n(P+ NiNy(1 e 2)e )
where4.18follows from 4.17 and the fact (Z"; X") Pzn.xn, and 4.19holds because

- 1 nj "
N(Z"X " Up) = 5 en @)
_ ie%(h(znjx”) h(Z™;X"jUn))
2e
_ ieg(%lnz eN 1e 2

2e
= Nle 2C

0

This completes the proof of Lemmal.2.3 O

4.2.4 Proof of Conditional Transportation inequality

We now show how to obtain the conditional transportation inequality (Theorem

4.2.1and 4.2.2 by the original OT inequality (Theorem 3.3.1). Note that, by setting
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R = 1 , the conditional information constraint OT inequality (Theorem 4.2.2 reduces
to the conditional OT inequality (Theorem 4.2.1), thus it su ces to show Theorem

4.2.2

Proof of Theorem4.2.2. By Theorem 3.3.1, there exists someP,n.vnjr such that for

any t
Pynjr=t = N(0;10); Pznjr=¢ = Pznjr= (4.20)
1(Z™Y"jT=t R (4.21)
q
O
E[Z" Y"iT=1t n 1 e N(@Z"T=1t): (4.22)

Since @.20 holds for anyt, we havePy.;r = N (0;1,) and Pznjr = Pznjr, and hence
Pzn.ynjt 2 ( Pznj7i PznjrjPr): (4.23)
For (4.21), we get
1(Z"Y"T) = Es o, [1(ZY"T=S)] Es p[RI=R: (4.24)
Moreover, using é.22 we can lower boundg[Z" Y"] by

E[z" Y"]= Es p [E[Z" Y"|T = 8]

2R

O
Esp, n 1 €% N(@ZWT=9)

q r = .
n 1 en —eNE@"M 4.25
2e ( )

where4.25follows from Jensen's inequality, and therefor&[kZ" Y "k?] can be upper

bounded by
q r 1
E[kZ" Y"k¥= EKkZ"kKJ+n 2n 1 €& S en N2, (4.26)
Combining (4.25, (4.24) and (4.26 completes the proof of Theoren#.2.2 O
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4.3 Summary

In this chapter, we demonstrate one application of OT in network information
theory|the capacity of the relay channel problem. In the rst section, we introduce the
Gaussian relay channel, Cover's open problem, and a recent solution to this problem.
In the next section, we introduce our new conditional information constrained OT
inequality and how it can be used to recover a new SDPI, by which the solution to
Cover's problem is immediately recovered. One can see that the new proof is simple
and we even do not need to invoke the new concentration result (Propositién3.1)

which is used in the original proof in T8, 79.
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Chapter 5
OPTIMAL TRANSPORT MEETS MACHINE LEARNING

This chapter discusses the applications of optimal transport and information con-
strained optimal transport in machine learning literature. In particular, we study the
application of Sinkhorn distance in a framework called Generative Adversarial Net-

works (GANSs), a popular method for learning distributions.

How well a distribution can be approximated from the observed data is an impor-
tant learning problem. One classical approach idensity estimation , which explicit
estimates the probability density function (pdf) or cumulative density function (cdf) of
the target distribution. Commonly used methods include Maximum Likelihood Esti-
mation (MLE), Maximum a Posteriori Estimation (MPE), Kernel Density Estimation
(KDE). All these methods require prior knowledge to parameterize the density func-

tion.

However, sometimes we lack prior knowledge of the target distribution, or the target
distribution is supported in a low dimensional manifold and thus does not admit a
density. In these cases, another implicit approach, called thgenerative model
method , is invoked. The Generative model aims to capture the structure of the target
distribution and generate new data. The philosophy is that the ability to generate new
samples is often more essential than knowing the value of density. In generative models,
one of the most commonly used and e cient approaches is Generative Adversarial
Networks (GAN). GANs was introduced by lan Goodfellovet al. in 2014 B6 and gains
considerable attention in machine learning, computer vision, and other related elds

due to its outstanding data generalization capability (see Figurg.1as an example).
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