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ABSTRACT

Historically, many signi�cant tsunami events that caused catastrophic damage

to coastal communities were triggered by submarine mass failure (SMF). However,

landslide tsunamis are less well documented and studied in source mechanism as a

fairly new area of tsunami science.

In this thesis, we describe a two-layer, coupled model for water column and

landslide motion, developed for the investigation of submarine landslides and resulting

tsunami generation over irregular bathymetry. The three-dimensional non-hydrostatic

wave model NHWAVE (Ma et al., 2012) is applied as the upper-layer model to simulate

landslide-generated tsunami waves. Here, we focus on the derivation and numerical im-

plementation of governing equations for the lower-layer model, where the landslide is

described as either a viscous mud 
ow or a saturated granular debris 
ow. The gov-

erning equations are depth-integrated in a Cartesian coordinate system referenced to

the still water level in order to facilitate coupling between water and ground motions.

Vertical acceleration of the slide is taken into account by including non-hydrostatic

pressure e�ects within the slide, allowing the model to simulate motions over arbi-

trary and locally steep bathymetry. A quadratic pressure pro�le in vertical is imposed

to improve the model dispersion property, and a new algorithm of granular rheology

closure is introduced where Coulomb rule is applied on local coordinates withx0 di-

rection coincident to the 
ow direction. The model equations are solved using both

a Godunov-type �nite volume scheme and a �nite di�erence scheme in space and a

Runge-Kutta scheme for time integration, and the resulting model is veri�ed in com-

parison to analytic results and laboratory experiments involving granular slide motion.

A recent landslide-induced tsunami event occurred in the Sunda Straits of In-

donesia is investigated in this thesis using the proposed model. Based on the �eld survey
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around Anak Krakatau volcano, where a major lateral collapse generated a tsunami

causing severe damage to coastlines of Sumatra and Java, numerical simulations are

set up with an estimated collapse volume of 0:272 km3, to reproduce observed tsunami

characteristics. The simulations consists of a near-�eld simulation using the 3D two-

layer landslide-wave model for landslide tsunami generation and a far-�eld simulation

using the 2D Boussinesq wave model FUNWAVE{TVD for tsunami propagation (Shi

et al., 2012). The results from this coupling system agree reasonably well with the �eld

observations.
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Chapter 1

INTRODUCTION

Prior to the devastating 1998 Papua New Guinea (PNG) tsunami, most tsunami

research and modeling was devoted to co-seismic tsunamis triggered by large earth-

quakes. The PNG event was triggered by a large submarine mass failure (SMF) and

resulted in up to 16m runup on local shorelines and causing up to 2500 fatalities (Tap-

pin et al., 2001; Synolakiset al., 2002). Some other less severe events, such as the 1929

Grand Banks tsunami (Piperet al., 1988), SMF tsunamis in 1964 Alaska earthquake

(Nicolsky et al., 2013; Parsonset al., 2014) and the recent SMF tsunami in 2018 Su-

lawesi Island earthquake (Takagiet al., 2019), have also caused human fatalities and

infrastructural losses.

SMF events may also result from the entry of subaerial slides into water bodies

(Fritz et al., 2009) or by events impacting submarine and subaerial regions simulta-

neously (Grilli et al., 2019b). A recent 2018 landslide-induced tsunami in the Sunda

Straits of Indonesia was triggered by the collapse of a semi-submerged 
ank. The gen-

erated waves ran up to 13m on the adjacent coasts of Sumatra and cause catastrophic

damage and at least 437 fatalities (Grilliet al., 2019b).

1.1 Landslide Model

1.1.1 Approaches for describing slide rheologies

Because the PNG SMF was thought to be a rigid rotational slide, many early

laboratory experiments and modeling studies of landslide tsunamis focused on rigid

slide motion (Watts et al., 2000; Grilli & Watts, 2005; Liu et al., 2005; Enetet al.,

2003; Enet & Grilli, 2007). Predictions based on this approach are presently thought

to be overly conservative for tsunami generation by deformable slide motions (Grilli
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& Watts, 2005; Schambachet al., 2019, 2020), leading to the need for detailed models

of deformable slide motions. Coussot & Meunier (1996) and Yavari-Ramshe & Ataie-

Ashtiani (2016) have proposed classi�cation systems for deformable SMFs. In their

schemes, SMFs of interest to us may be divided into granular 
ow (treated as a mixture

of solid and 
uid phases), and mud 
ow (treated as a single-
uid, usually with a

Newtonian stress-rate of strain relation). The distinction of these two types of 
ow

highly depends on sediment size and solid concentration of 
ow.

Granular 
ow models have been widely developed (Iverson & Denlinger, 2001;

Fern�andez-Nieto et al., 2008; Maet al., 2015) following on the Coulomb friction model

of Savage & Hutter (1989) with extensions to incorporate pore pressure e�ects in

saturated media (Iverson & Denlinger, 2001). Models for viscous 
uid slides are also

widely developed (Jiang & LeBlond, 1992; Fineet al., 1998; Kirby et al., 2016). Models

using more complex rheologies including yield stress or plastic behavior (Bingham,

1916; Coussot, 1994), velocity-dependent Coulomb friction model (Voellmy, 1955) or

rate-dependent viscosity models such as the� (I )-rheology model (Midi, 2004) have

been developed but have not been shown to provide distinct advantages over the simpler

viscous and granular rheologies considered here.

1.1.2 Choice of coordinate system and e�ect of vertical acceleration

The majority of numerical models for predicting tsunami waves generated by

deformable landslides are based on either of two approaches (Yavari-Ramshe & Ataie-

Ashtiani, 2016). The �rst and more comprehensive approach involves treating the

full 3D problem as a mixture or multiphase 
ow with rapidly varying spatial prop-

erties, combining the simulation of slide and water column into a single framework

(Assier Rzadkiewiczet al., 1997; Abadieet al., 2012; Maet al., 2013; Horrillo et al.,

2013). Most models of this type directly solve the 3D Navier-Stokes equations and can

reproduce complex processes of 
uid behavior. However, full 3D Navier-Stokes solvers

are still computationally demanding.
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A second approach, referred to here as the two-layer approach, considers the

landslide and overlying water column as two separate layers, where each layer has its

own density and rheology. In this approach, the lower-layer slide mass has been de-

scribed using a number of candidate rheologies, Compared to the one-layer method, the

two-layer method can only consider a sharp interface between the two layers, although

mixing and entrainment across interfaces can be modeled as an additional process

(Iverson & George, 2014; George & Iverson, 2014).

The majority of these models derive their governing equations either in regular

Cartesian coordinates oriented to a level surface with an assumption of mildly-sloping

bathymetry (referred to as class 1, Jiang & LeBlond, 1992; Fineet al., 1998) or in

slope-oriented Cartesian coordinates (referred to as class 2, Iverson & Denlinger, 2001;

Heinrich et al., 2001; Iverson & George, 2014; Maet al., 2015). The models in class

1, while simpler to couple to the upper layer wave model, typically do not account

for strong vertical acceleration e�ects occurring on steep slopes. The models in class

2 are more readily capable of dealing with strong vertical motion since these motions

arise from forcing in the along-slope direction, but they can be di�cult to couple to the

overlying wave model and may be di�cult to apply to irregular bathymetries having no

obvious reference slope. Examples of work addressing this coupling problem directly

include the studies of Fern�andez-Nietoet al. (2008) and Delgado-S�anchezet al. (2019).

Generally speaking, deriving the governing equations in standard Cartesian co-

ordinates gives simpler expressions, but a closure for strong vertical motion of the mass

is needed if we want a model applicable to irregular bathymetry. Denlinger & Iverson

(2004) replaced the gravity acceleration in the governing equations with the total ver-

tical acceleration including the total derivative of vertical velocity, to account for the

vertical motion, where the e�ect of this total derivative either ampli�es or reduces the

gravity when the 
ow is vertically accelerated or decelerated. This approach essentially

yields a Boussinesq-type model for debris 
ow, though the basic features of the 
ow

dispersion were not revealed explicitly in the paper. The �rst attempt to generalize

the basic Boussinesq-type theory to depth-averaged model for granular 
ow was made
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by Castro-Orgazet al. (2015), but they did not propose a practical model for general

cases. Recently, single-layer, depth-averaged non-hydrostatic wave models have been

developed (Yamazakiet al., 2009; Escalanteet al., 2018) to simulate weakly dispersive,

nonlinear surface wave properties.

Models of this type typically still employ an assumption of a mildly sloping bed,

and thus do not provide a full generalization of the problem discussed here. The existing

models also often employ an inconsistent treatment of the relationship between vertical

acceleration and non-hydrostatic pressure and thus do not correspond to Boussinesq

theory in a consistent manner (Jeschkeet al., 2017).

1.2 Numerical Methodology

The classical shallow-water equations for an inviscid 
uid can be written as hy-

perbolic conservation laws and solved e�ectively by �nite volume methods of the Go-

dunov type with appropriate Riemann solvers (Toro, 2001; LeVeque, 2002). When sim-

ulating landslides using this approach, previous researchers have generally treated the

landslides as mixture of solid and 
uid phases, and the presence of the the solid phase

and the interaction e�ects were embodied in the mixture stress (Iverson & Denlinger,

2001; Iverson & George, 2014; Maet al., 2015). Mathematically, employing di�erent

rheology closures in shallow-water-type landslide models can change the eigenstructure

of the equations and cause the loss of the hyperbolicity due to the appearance of com-

plex eigenvalues in particular 
ow regimes. Denlinger & Iverson (2001) demonstrated

that the conventional Savage & Hutter (1989) type granular 
ow model was fully hy-

perbolic because the Jacobian matrices of the model had real eigenvalues. George &

Iverson (2014) further established hyperbolicity for their more complex model equa-

tions incorporating dilatancy e�ects. In this thesis, we show that the model introduced

with new algorithms for the rheology closure preserves hyperbolicity.
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1.3 2018 Anak Krakatau event

On Dec. 22, 2018, at approximately 20:55{57 local time (Indonesia Western

Time, UTC+7), an eruption and major lateral collapse of Anak Krakatau volcano dis-

charged huge amount of volcanic material into the 250 m deep caldera and generated

a tsunami in the Sunda Straits of Indonesia. The tsunami hit the adjacent coasts of

Sumatra and Java, causing massive damage, extensive inundation and at least 437 fatal-

ities. This was the second damaging volcanically-generated tsunami in modern history,

next only to the 1883 eruption of Krakatau that caused more than 36,000 casualties on

coastal communities. Combining the data of pre-collapse bathymetry/topography and

submarine observations from Huntet al. (2020), the volume of collapse 
ank was in

the range of 0:175km3 to 0:313km3. The post-event �eld surveys conducted by British

Geological Survey (BGS) (Grilliet al., 2019a) and another international tsunami sur-

vey team (ITST) (Borrero et al., 2020) documented the extreme tsunami e�ects on

the small islands Rakata, Sertung and Panjang facing directly towards the tsunami,

showing vegetation on the islands was stripped by the tsunami up to elevations higher

than 80m. The continuously propagating tsunami hit the nearest coast about half an

hour after the collapse of Anak Krakatau. Four tidal gauges situated near Marina

Jambu and Ciwandan at the western Java coast and Kota-Agung and Panjang at the

southern Sumatra coast recorded leading waves with zero-to-peak amplitudes on the

order of 0.4 to 1.4m, with arrival times of 30 to 60min from the source. The

maximum surface elevation in some regions at western Java coast was measured up to

13m by Muhari et al. (2019) and Putra et al. (2020). These �eld studies provide rich

data o�ering a unique opportunity, the �rst time in over 100 years, to study a major

landslide-generated tsunami that caused widespread loss of coastal communities.

The �rst attempt to show the potential destructive force of the tsunami gener-

ated by a 
ank collapse on Anak Krakatau was made by Giachettiet al. (2012), who

modeled a hypothetical Anak Krakatoa 
ank collapse in their scenario of volume 0:28

km3. This hypothesis 6 year ahead was in fact quite similar to the real event in 2018,

and their simulated waves were more or less in the range of actual wave amplitudes.

5



After the event, (Grilli et al., 2019b) modelled the collapse with the same estimate

of volume in 0:28 km3 as a Savage-Hutter type granular slide or a dense Newtonian

viscous slide (Kirby et al., 2016). The two rheology models gave almost identical re-

sults in wave patterns, and the comparison of wave elevations between modelled results

and observations in tide gauges showed reasonably good agreement. However, vertical

acceleration e�ects were not included in their landslide model, apparently (based on

subsequent analysis) causing an overestimate of wave generation. Pariset al. (2019)

modelled the collapse with a granular slide rheology similar to the rheology model in

(Ma et al., 2015). The model captured the vertical acceleration of the slide better by

using a slope-oriented coordinate for the lower-layer landslide. However, the accelera-

tion was inaccurate due to the limitation that the slope-oriented coordinate can only

base on a certain constant slope angle, which is not realistic in a �eld case with complex

irregular bathymetry/topography. Instead of considering a one-stage Anak Krakatau


ank collapse, Omira & Ramalho (2020) assumed a sequence of two failures of the col-

lapse, consisting of the initial failure of a slide of the volume 0:1km3 and a second failure

of a slide of the volume 0:035km3. Omira & Ramalho (2020) employed a multi-layered

shallow-water model with the viscoplastic Bingham rheology, where the two slides are

released manually in the simulations. Zenga�nenet al. (2020) used more sophisticated

rheology in their model to allow the collapsed 
ank to be released gradually over time.

In their study, the collapse was treated as either a single-stage failure or a gradual mass

failure of a depth-averaged visco-plastic Herschel{Bulkley type 
ow, by manipulating

the parameter of pre-remoulded release volume. They showed that the 
ank collapse

most likely took place as an instantaneous collapse rather than a gradual 
ank failure.

Despite the satisfactory numerical results obtained by the landslide model in above

studies, the vertical acceleration e�ect of the 
ank is more or less not well modelled.

Our model, aiming to simulate the landslide over irregular bathymetry/topograpgy

with very steep slopes, is a better tool to reproduce the movement of Anak Krakatau


ank during its collapse and its post-event deposit.
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1.4 Scope of Present Study

In this study, we propose a two-layer non-hydrostatic model to investigate the

motion of SMFs and tsunami generation and propagation over irregular bathymetry.

The model consists of an upper-layer non-hydrostatic wave model NHWAVE developed

by Ma et al. (2012) and a lower-layer non-hydrostatic landslide model which can simu-

late SMFs for a viscous mud 
ow exhibited by Newtonian 
uid or a granular 
ow with

a Coulomb friction rheology. The lower-layer landslide model solves a non-hydrostatic

extension of a shallow-water type system in standard Cartesian coordinates, with exten-

sions to the non-hydrostatic formulation made in order to account for strong vertical

accelerations. New algorithms to construct the basal stresses in Newtonian viscous

model and granular 
ow model are introduced. The granular 
ow model is based on

the anisotropic stress model of (Hutteret al., 1993), extended to consideration of pore


uid stresses (Iverson & Denlinger, 2001). The model will be well validated by analyt-

ical solutions and laboratory data, and then applied to 2018 Anak Krakatau event, to

explore the 
ank collapse evolution, tsunami generation mechanism, wave propagation

and hazard extent.

The thesis is organized as follows. In Chapter 2, physical principles are de-

scribed, including 3D conservation laws, depth-integrated equations for the lower layer,

and treatment of the non-hydrostastic pressure correction. The derivation of rheology

closures for viscous and granular 
ows is also described in this chapter. in the end of

the chapter, the importance of including the non-hydrostatic pressure, dispersion cor-

rection and vertical advective acceleration is demonstrated. In Chapter 3, a consistent

and conservative form of the governing equations for both granular 
ow and Newtonian

viscous 
ow is given, and the parameters for di�erent rheology closures are discussed.

Criteria for maintaining the hyperbolic structure of the equations are established. In

the end, Numerical treatments for this speci�c system of the governing equations are

described. Chapter 4 compares the model to several laboratory results for granular

slides, and examines model sensitivity to di�erent choices of parameters. In Chapter 5,

the 2018 Anak Krakatau event is investigated by the proposed model. The simulation
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results are tested against the �eld observations, to show the model capacity for such a

large scale event. Conclusions and future model improvements are discussed in Section

6.
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Chapter 2

TWO-LAYER NON-HYDROSTATIC MODEL

2.1 Governing Equations

The model developed here consists of a depth-integrated model for slide motion

in Cartesian coordinates (x; y; z) referenced to a level plane perpendicular to the di-

rection of gravity, and having either a free surface in contact with air (for subaerial

slides) or an interface in contact with an overlying water layer (for submarine slides).

The water and slide volumes are referred to as the upper and lower layers, respectively.

Free surface motions in the water layer are simulated using the non-hydrostatic model

NHWAVE (Ma et al., 2012). A similar coupled system using a slope-oriented model

for the lower layer may be found in Maet al. (2015). The primary goal of the present

work is to develop a model for the lower layer in the Cartesian coordinates of the upper

layer, with the slide model having an adequate representation of vertical acceleration

e�ects needed to accurately model slide motion. The lower layer model is formulated

using either a Newtonian viscous rheology, referred to as mud 
ow, or a rheology based

on granular 
ow rheology (Savage & Hutter, 1989; Hutteret al., 1993). The granular

model follows the initial ideas of Iverson & Denlinger (2001), but with an extensively

di�erent procedure for resolving stress components.

2.1.1 Conservation laws in 3D

The granular and mud 
ows described here will each be treated as deformation

of a single material using the Navier-Stokes equations

� ;t + r � (� u) = 0 (2.1)

(� u);t + r � (� u 
 u) = r � T � r p + � g (2.2)
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Figure 2.1: De�nition sketch for underwater landslide.

whereu denotes velocity in three dimensions,r is the gradient, � represents material

density, g is the gravitational vector oriented in thez direction, p is the total pressure,

and subscripted commas denote partial derivatives.

For the case of a Newtonian viscous rheology, the deviatoric stress tensorT is

given in terms of the rate of deformation tensor or, in tensor notation,Tij = � (ui;j + uj;i ).

For the case of a granular rheology, we �rst consider the laws of motion for liquid and

solid phases separately, given by (Gidaspow, 1994; Iverson & Denlinger, 2001)

(� s� );t + r � (� s� us) = 0 (2.3)

(� s� us);t + r � (� s� us 
 us) = r � T s � r ps + � s� g + f (2.4)

for the solid phase, and

[� f (1 � � )];t + r � (� f (1 � � )u f ) = 0 (2.5)

[� f (1 � � )u f ];t + r � (� f (1 � � )u f 
 u f ) =

r � T f � r pf + � f (1 � � )g � f (2.6)
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for the liquid phase, where the subscripts and f represent solid and 
uid phases re-

spectively, and� is the solid concentration. Here,T s represents the tensor of deviatoric

solid stress,T f represents the tensor of deviatoric pore 
uid stress (as in the Newtonian

model above), andf is the interaction force between the two phases.

Summing the mass conservation equations (2.3) and (2.5) and the momentum

conservation equations (2.4) and (2.6) leads to equations for the 
uid/solid mixture in

the form of (2.1) and (2.2) with mixture density � = � s� + � f (1 � � ), mixture velocity

u = ( � s� us + � f (1 � � )u f ) =� , mixture stress tensorT = T s + T f and total pressure

p = ps + pf . The internal interaction force terms in (2.4) and (2.6) are cancelled in the

mixture equation.

We de�ne the elevations of a substrate underlying the slide (or the water column

in the absence of the slide) byz = � hs(x; t), and the position of the upper surface of the

slide by z = � h(x; t) (Figure 2.1). The slide layers considered here are typically fairly

thin relative to the horizontal length scales of the slide, and thus it is possible to make

use of a depth-integrated form of the equations for the lower layer. Subsequently, we

employ tensor notation and make a distinction between horizontal velocity components

u� and vertical componentw, where �; � are indices for a two-dimensional tensor

notation in horizontal coordinates (x; y). The 3D equations (2.1) and (2.2) written in

this form are

� ;t + ( �u � );� + ( �w );z = 0 (2.7)

(�u � );t + ( �u � u� );� + ( �u � w);z = � ��;� + � z�;z � p;� (2.8)

(�w );t + ( �wu � );� + ( �w 2);z = � �z;� + � zz;z � p;z � �g (2.9)

Kinematic boundary conditions (KBCs) on each surface are given by

h;t + u� h;� + w = 0; z = � h (2.10)

hs;t + u� hs;� + w = 0; z = � hs (2.11)
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where we neglect the possibility of erosion or deposition on the lower boundary as well

as entrainment of water on the upper boundary. Dynamic boundary conditions for the

slide layer at interface are given by

p(1) j � h = p(0) j � h (2.12)

T (1) j � h � n t = � T (0) j � h � n t (2.13)

where the superscript(0) and (1) represent water and slide phase respectively, and

n t = ( h;x ; h;y ; 1)=
p

1 + h2
;x + h2

;y is the upward normal vector at the slide surface.

2.1.2 Depth-integrated equations for the lower slide layer

The statistics of past SMFs events (Yavari-Ramshe & Ataie-Ashtiani, 2016)

show that 85 percent of historical landslides have slide lengths on the order of 10

times larger than their thicknesses. Thus, for most landslide 
ows, the ratioD=L

(Figure 2.2) is small when viewed in slope-oriented coordinates. In our Cartesian

frame, the apparent slide thicknessD0 and projected length L0 are increased and

decreased, respectively, by a factor of 1=cos� 0, leading to a global estimate of the

ratio D0=L0 � (D=L)=cos2 � 0. The ratio is thus increased by a factor of 2 for a

slope� 0 = �= 4, for example. Extremely steep slopes can make application of a direct

integration in Cartesian coordinates problematic. In the following, we will assume that

the slopes are small enough that the assumptions needed for shallow depth-integrated


ows are still valid.

Equations for the slide layer are obtained by integrating (2.7) - (2.9) over the

interval � hs � z � � h. The resulting local slide thicknessd = hs � h represents the

thickness in the vertical direction and di�ers from thickness measured in the direction

perpendicular to the slope. The derivation is outlined in Appendix A, with the resulting
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Figure 2.2: Characteristic lengths of 
owing mass.

equations given by

(�d );t + ( � �u� d);� = 0 (2.14)

(� �u� d);t + (� �� � �u� �u� d);� = S�
� + Sh

� + Snh
� (2.15)

(� �wd);t + (� z� � �w�u� d);� = S�
z + Snh

z (2.16)

We further assume that the mixture density� is constant. This neglects the spatial and

temporal changes in average density resulting from mass exchanges with the substrate

and water column, as well as possible vertical variations resulting from strati�cation

of water and solid phases.

Sources representing solid stresses, hydrostatic pressure and non-hydrostatic

pressure contributions are given by

S�
� = (�� �� d);� + � �� j � hh;� + � z� j � h � � �� j � hs hs;� � � z� j � hs (2.17)

S�
z = (�� �z d);� + � �z j � hh;� + � zzj � h � � �z j � hs hs;� � � zzj � hs (2.18)

Sh
� = � � f gd(h + � );� �

1
2

�g (d2);� + �gdh s;� (2.19)

Snh
� = � (�qd);� � qth;� + qbhs;� (2.20)

Snh
z = � qt + qb (2.21)

where the subscriptst or j � h represents variables evaluated at the slide top, andb or
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j � hs represents variables evaluated at the slide bottom.

In the momentum equations, the vertical distributions of velocity components

are accounted for by the momentum distribution coe�cients �. The vertical velocity

and stresses are assumed to be distributed linearly inz, leading to the relations

w =
1
2

[wt + wb] (2.22)

T =
1
2

[T j � hs + T j � h] (2.23)

Here, we impose a traction-free boundary condition,T (1) j � h = 0, at the slide/wa-

ter interface, instead of using (2.13).

2.1.3 Non-hydrostatic pressure correction

Equation (2.20) gives the full expression for the e�ect of non-hydrostatic pres-

sure in the depth-integrated equations. We derive a relation between �q, qb and qt by

imposing a quadratic vertical pro�le for the non-hydrostatic pressure, which is consis-

tent with the assumption of a linear variation of vertical velocity (Jeschkeet al., 2017).

The acceleration is a kinematic e�ect, and we follow arguments based on a perfect


uid, neglecting rheological aspects of the problem. Results are subsequently validated

against analytic results for a dam-break 
ow down a planar slope (Mangeneyet al.,

2000) in Section 2.3.

The Euler equations in the Cartesian coordinate system are given by

u�;� + w;z = 0 (2.24)

u�;t + u� u�;� + wu�;z = �
1
�

p;� (2.25)

w;t + u� w;� + ww;z = �
1
�

p;z � g (2.26)

with KBCs given by (2.10) and (2.11). Integrating (2.24) from� hs to a level z� and
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using Leibnitz' rule and the KBC (2.11) gives

hs;t +
� Z z�

� hs

u� dz
�

;�

� u� (z� )z�
;� + w(z� ) = 0 (2.27)

Setting z� to a constant elevationz givesw(z) as

w(z) = � hs;t �
� Z z

� hs

u� dz
�

;�

(2.28)

At leading order, horizontal velocity is vertically uniform, giving

w(z) = � hs;t � [u� (hs + z)];� (2.29)

The total pressurep consists of hydrostatic pressureph and non-hydrostatic pressure

q,

p(z) = ph(z) + q(z) = � f g(h + � ) � �g (h + z) + q(z) (2.30)

with z-derivative

p;z = � �g + q;z (2.31)

Using (2.31) in (2.26) and integrating the equation fromz to � h gives

q(z) = qt + �
Z � h

z

dw
dt

dz (2.32)

We estimateq(z) by linearizing the integral in (2.32). The resulting expression forq(z)

is consistent with a weakly nonlinear Boussinesq model (Jeschkeet al., 2017) and is

given by

q(z) = qt � �
�
(A1 + A2 + hsA3)(h + z) �

A3

2
(h2 � z2)

�
(2.33)
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where

A1 = � hs;tt � 2u� hs;�t (2.34)

A2 = � hs;� (u�;t + u� u�;� ) � u� u� hs;�� (2.35)

A3 = � u�;�t � u� u�;�� + u�;� u�;� (2.36)

At the bed z = � hs, we get

qb = qt + �d (A1 + A2) +
�d 2

2
A3 (2.37)

The depth-averaged non-hydrostatic pressure �q can be obtained by averagingq(z) over

slide thicknessd to get

q = qt +
�d
2

(A1 + A2) +
�d 2

3
A3 (2.38)

Eliminating A3 between (2.37) and (2.38) �nally gives

�q =
2
3

qb +
1
3

qt �
1
6

�d (A1 + A2) (2.39)

We further assume that the bed is not moving, and the total derivative of depth-

averaged horizontal velocity inA2 can be approximated by the hydrostatic pressure

gradient. Then A1 is zero, andA2 becomes

A2 � � gh;� hs;� � u� u� hs;�� (2.40)

Equation (2.39) becomes

q =
2
3

qb +
1
3

qt +
1
6

�gdh ;� hs;� +
1
6

�d u� u� hs;�� (2.41)

In the context of free surface waves, the �rst two terms in (2.41) give a dispersion
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relation consistent with Boussinesq theory based on the depth-averaged velocityu

(Jeschkeet al., 2017). The third term is referred to below as the dispersion correction

term related to the bed slope, and is usually neglected in models for surface waves. The

importance of this term for slide motion over steep slopes is demonstrated in Section

2.3. The fourth term is a low-order approximation to the correction for curved beds

due to Dressler (1978); (see also Castro-Orgaz & Hager, 2016), which could also be

large in �eld cases. However, this term causes numerical instability issues when local

curvatures are large (George & Iverson, 2014). In the present study, we assume that

the basal surface is smooth with small local curvatures following Grayet al. (1999);

George & Iverson (2014), and leave the term for future study.

2.2 Rheology Closures

In the present work, we consider two types of slide rheology and basal stress: a

Newtonian viscous 
ow model, described in Section 2.2.1, and a granular 
ow model

based on Coulomb friction, described in Section 2.2.2. The numerical implementation

and validation of both closures are presented in Section 4.

2.2.1 Newtonian viscous 
ow

Mud 
ow with more than 50 percent of water by volume behaves more like a

Newtonian 
uid (Pierson & Costa, 1987), and can generally be characterized as low

Reynolds number laminar 
ow. In the 
ow, if the solid particle size is small and solid

concentration is low, the particle velocity is expected to be very close to the carrier 
uid,

and the interactions between solid and 
uid are negligible compared to 
uid viscosity.

Under this circumstance, the solid stress is approximately zero and the contribution

from solid phase is embodied as an increased e�ective viscosity and mixture density.

In this rheology model, the vertical distributions of the horizontal velocity components

are assumed to be parabolic.

We introduce a boundary �tted coordinate � = ( z + hs)=d, where � = 0 rep-

resents the seabed and� = 1 represents slide surface. The horizontal velocity is then
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written as

u� (x; y; z; t) =
3
2

�u� (x; y; t )(2� � � 2) (2.42)

The resulting derivatives of horizontal velocity components at the seabed are given by

u�;� j � =0 = 3
�u�

d
hs;� (2.43)

u�;z j � =0 = 3
�u�

d
(2.44)

Derivatives ofw are obtained from the continuity equation (2.5) assuming incompress-

ibility,

u�;� + w;z = 0 (2.45)

where the derivatives of horizontal velocity components are

u�;� = � w;z =
3
2

u�;� (2� � � 2) + 3
u�

d
(1 � � ) (hs;� � �d ;� ) (2.46)

Integrating (2.46) from the bed to elevation� then gives

w(� ) � wb = �
3d
2

(u�;� ) ( � 2 �
1
3

� 3) � 3 (u� hs;� ) ( � �
1
2

� 2)

+3 ( u� d;� ) (
1
2

� 2 �
1
3

� 3) (2.47)

where the vertical velocity component at the bottom can be obtained from the KBBC

(2.11)

wb = � hs;t � u� j � hs| {z }
=0

hs;� (2.48)

We then have

w(� ) = � hs;t �
3d
2

(u�;� ) ( � 2 �
1
3

� 3)

� 3 (u� hs;� ) ( � �
1
2

� 2) + 3 ( u� d;� ) (
1
2

� 2 �
1
3

� 3) (2.49)
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Horizontal derivatives ofw are given by

w;� = � hs;�t

�
3d
2

(u�;� ) (2� � � 2)� ;� �
�

3d
2

(u�;� )
�

;�

(� 2 �
1
3

� 3)

� 3 (u� hs;� ) (1 � � )� ;� � 3 (u� hs;� );� (� �
1
2

� 2)

+3 ( u� d;� ) ( � � � 2)� ;� + 3 ( u� d;� );� (
1
2

� 2 �
1
3

� 3) (2.50)

where� ;� = hs;� =d� �d ;� =d. The derivatives ofw at the bottom are �nally given by

w;� j � =0 = � hs;�t �
3
d

(u� hs;� ) h;� (2.51)

w;z j � =0 = �
3
d

(u� hs;� ) (2.52)

The basal stress components are then given by

� xx j � hs = 2� eu;x j � =0 =
6� e�u

d
hs;x (2.53)

� yy j � hs = 2� ev;y j � =0 =
6� e�v

d
hs;y (2.54)

� zzj � hs = 2� ew;z j � =0 = �
6� e

d
(u� hs;� ) (2.55)

� xy j � hs = � yx j � hs = � e (u;y j � =0 + v;x j � =0 )

=
3� e

d
(uhs;y + vhs;x ) (2.56)

� �z j � hs = � z� j � hs = � e (u�;z j � =0 + w;� j � =0 )

=
3� eu�

d
� � ehs;�t �

3� e

d
(u� hs;� ) hs;� (2.57)

2.2.2 Granular 
ow model

In nature, a granular 
ow with high solid concentration and large e�ective par-

ticle diameter shows no particular stress-strain rate relation, and the intergranular

stresses satisfy the Coulomb rule (Savage & Hutter, 1989; Iverson & Denlinger, 2001).

Here, we use a modi�ed Coulomb friction approach following the ideas of Hutteret al.
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(1993) and Iverson & Denlinger (2001).

The formulation of the granular 
ow model is characterized by two treatments.

First, strong vertical motion of the slide is considered in estimating the basal nor-

mal stress using thez momentum equation (2.16) with non-hydrostatic pressure and

Dw=Dt retained. Second, the model is developed in a horizontal Cartesian coordinate

system oriented with the still water level, based on expressions for stress components

established in local coordinates as shown in Figure 2.3. The local coordinate system

is de�ned with x0 aligned with the local 
ow direction, making the 
ow locally unidi-

rectional aside from vertical motions in thez0 direction. Transformations between the

local and Cartesian system are described in Appendix B.

Figure 2.3: E�ective solid stress components in local coordinates.

After de�ning the coordinates, the solid stress components can be expressed

by the momentum equation (2.4), where the solid stresses are deviatoric, with positive

values corresponding to tensile forces. The relation between di�erent stress components

is de�ned in terms of a solid e�ective stress de�ned by

T e = � (T s � I ps) (2.58)
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whereps = �� sgd+ qs is the total pressure contributed by the solid phase andqs = qt � qb

is non-hydrostatic pressure contributed by the solid phase. Here, for simplicity, we

assume that the non-hydrostatic pressure from the 
uid phase is negligible to the non-

hydrostatic pressure from the solid phase.

In the model, the constitutive relations for the Coulomb law in the local coordi-

nate system are developed following the 2D anisotropy approach of Hutteret al. (1993),

where the horizontal normal stress in thex0 direction di�ers from the normal stress

in y0 direction (referred to as 2D anisotropy hypothesis). The dominant shear stresses

are then � ex0z0 and � ez0x0. The remaining shear stress components� ey0z0,� ez0y0, � ex0y0 and

� ey0x0 still arise, but are comparatively small. The Mohr-circle law for such an element

and the derivation of corresponding Rankine's coe�cients of earth pressure follows the

idea of Pirulli et al. (2007) and is detailed in Appendix C. Hutteret al. (1993) stated

that this hypothesis is only valid when the motion is chie
y to x0 direction and the

sidewise motion is small. This restriction prohibits the popularization of this theory

because the 
ow direction can be arbitrary on a �xed underlying grid. However, the

local coordinates constructed in the present model can satisfy this requirement well,

since the local coordinate system is designed to have thex0 direction coincide with the


ow direction.

There are two sets of information in Cartesian coordinate system and local

coordinate system,. In Cartesian coordinates, we have a function of stress components

� ezz, � exz and � eyz obtained by vertical momentum equation (2.16), i.e.,

� (�� e�z d);� + � e�z j � hs hs;� + � ezzj � hs

= ( � �wd);t + (� z� � wu� d);�

� (�� f �z d);� � � f �z j � hh;� � � fzz j � h + � f �z j � hs hs;� + � fzz j � hs

+ �� sgd+ qs + qt � qb (2.59)
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In local coordinates, the relations of� ez0z0 to the other stress components in the ele-

mentary cube of Figure 2.3 are

� ex0x0j � hs = K x0
act=pas

� � ez0z0j � hs (2.60)

� ey0y0j � hs = K
x0

act=pas

y0
act=pas

� � ez0z0j � hs (2.61)

� ez0x0j � hs = � ex0z0j � hs = � sgn(�u0) � � ez0z0j � hs � tan � bed (2.62)

� ez0y0j � hs = � ey0z0j � hs = � ex0y0j � hs = � ey0x0j � hs = 0 (2.63)

where K x0
act=pas

and K
x0

act=pas

y0
act=pas

are Rankine's coe�cients of earth pressure, and sgn(�u0)

is a sign function. The coe�cient K x0
act=pas

is determined using elementary geometri-

cal arguments, andK
x0

act=pas

y0
act=pas

is determined by Mohr-circle law which is described in

Appendix C. When the slide is moving, they can be expressed as

K x0
act=pas

=

8
<

:

2 sec2 � int

�
1 �

p
1 � cos2 � int sec2 � bed

�
� 1 � int > � bed

�
1 + sin2 � int

�
=

�
1 � sin2 � int

�
� int < � bed

(2.64)

and

K
x0

act=pas

y0
act=pas

=
1
2

 

K x0
act=pas

+ 1 �

r �
K x0

act=pas
� 1

� 2
+ 4 tan 2 � bed

!

(2.65)

The coe�cients are called active if the 
ow is expanding in thex0 or y0 direction (or

divergent 
ow), and called passive if the 
ow is contracting in thex0 or y0 direction (or

convergent 
ow), i.e.

K x0
act=pas

=

8
<

:
K x0

act
@�u0

x=@x0 > 0

K x0
pas

@�u0
x=@x0 < 0

(2.66)
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and

K
x0

act=pas

y0
act=pas

=

8
>>>>>><

>>>>>>:

K x0
act

y0
act

@�u0
x=@x0 > 0; @�u0

y=@y0 > 0

K x0
act

y0
pas

@�u0
x=@x0 > 0; @�u0

y=@y0 < 0

K
x0

pas

y0
act

@�u0
x=@x0 < 0; @�u0

y=@y0 > 0

K
x0

pas

y0
pas

@�u0
x=@x0 < 0; @�u0

y=@y0 < 0

(2.67)

Expression for derivatives of the velocity in local coordinates may be found in Appendix

D. When the slide is stationary, we have

K x0
act=pas

= K
x0

act=pas

y0
act=pas

= K 0 (2.68)

whereK 0 = 1 is the coe�cient of earth pressure at rest (Iverson & Denlinger, 2001).

The components of the symmetric stress tensorT e in Cartesian coordinates are

then determined through the coordinate transformation as

� ezzj � hs = Czz� ez0z0j � hs (2.69)

� e�� j � hs = C�� � ez0z0j � hs =
C��

Czz
� ezzj � hs (2.70)

� e�z j � hs = C�z � ez0z0j � hs =
C�z

Czz
� ezzj � hs (2.71)

whereC�� , C�z and Czz are de�ned in Appendix D. Introducing � e�z j � hs in (2.59), we

have an equation only for� ezzj � hs . After solving it for � ezzj � hs and using the relations

(2.69) and (2.71), we can obtain expressions for all solid e�ective stress components

in Cartesian coordinates. These stress components include vertical acceleration terms

of non-hydrostatic pressure and local and advective term ofw. The solid deviatoric

stress components at bottom are given by

T sj � hs = � T ej � hs + I psj � hs (2.72)

The depth-averaged deviatoric stress components are estimated by assuming that the

23



stress is distributed linearly in the vertical, i.e.,

T s =
1
2

T sj � h s (2.73)

To complete the closure, we further need a model for 
uid stressT f in (2.6), which is

part of the mixture stresses in (2.8) and (2.9). In this model, only laminar pore 
ow

is assumed, and the formulae (2.53) - (2.57) for the Newtonian viscous 
ow model in

Section 2.2.1 are employed as the formulae for pore 
uid stresses, by using clear water

viscosity.

2.3 Importance of New Added Terms

In this section, we illustrate the contributions of non-hydrostatic pressure, dis-

persion correction and vertical advection in cases with steep slopes, by reproducing

a dam break debris 
ow over a frictional or non-frictional dry surface. We compare

results to the analytical solution (Mangeneyet al., 2000) given by

d =
1

9gcos�

�
x
t

� 2c0 +
1
2

mt
� 2

(2.74)

where� is the angle of the bed slope,t is time, x is the direction parallel to the uniform

slope wherex = 0 is the front position of the dam at t = 0, c0 =
p

gd0cos� , d0 is the

initial 
ow depth, and m = � gsin� + gcos� tan� bed. This solution is valid in the region

xL < x < x R , wherexL = � c0t � 1
2mt2 and xR = 2c0t � 1

2mt2.

The model was �rst tested on non-frictional surfaces, for cases including a hor-

izontal (or 
at) bottom and a bed with a slope of � = 30� . The simulation results

demonstrate the importance of non-hydrostatic pressure and the dispersion correction

in the Cartesian coordinate model. As shown in the �rst panel of Figure 2.4 for the


at bottom case, the models with or without non-hydrostatic pressure contributions

produce similar results. The results of the model with and without the dispersion cor-

rection term are identical since the term is zero when the bed was 
at. As bed slope

increases, the non-hydrostatic pressure becomes increasingly important. For the case
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with a slope of� = 30� (second panel of Figure 2.4), the hydrostatic model predicted a

much faster forward velocity of the granular 
ow compared to the analytical solution.

The dispersion correction has a negligible e�ect on the speed of the granular front, but

produces a better shape of the front. This improvement becomes more signi�cant as

the slope increases.

The vertical advective acceleration, which have often been ignored in other one-

layer non-hydrostatic models (Yamazakiet al., 2009; Escalanteet al., 2018), is also

signi�cant in non-hydrostatic simulations with steep slopes. To illustrate this, we ran

a test over a non-frictional surface with the slope of� = 20� . The results were compared

with the analytical solutions in Figure 2.5. It was found that the numerical simulations

were unstable without vertical advective acceleration being included, generating an

unrealistic solitary wave-like front at the leading edge of the granular 
ow.

To quantitatively investigate the importance of these terms in momentum equa-

tions, 1D horizontal versions (2.15) and (2.16) are written as

(� �ud);t + ( � �u�ud);x � �gdh ;x +
�

2
3

(qbd);x � qbhs;x

�

+
�g
6

(d2h;x hs;x )x = 0 (2.75)

(� �wd);t + ( � �w�ud);x � qb = 0 (2.76)

where the �rst term in (2.75) and (2.76) represents local acceleration, the second term

in (2.75) and (2.76) represents the advective acceleration, the third term in (2.75)

is the hydrostatic term, fourth term in (2.75) and third term in (2.76) are the non-

hydrostatic terms, and �fth term in (2.75) is the dispersion correction term. The

contributions to the momentum balance inx and z directions for the case of bed

slope� = 30� without friction are shown in Figure 2.6. In thex momentum equation

(2.6a), the non-hydrostatic term was about 1=4 of hydrostatic term, meaning that

non-hydrostatic pressure was not negligible on a steep slope. The dispersion correction

term in (2.75) is small, but it varies most near the slide front as shown in Figure 2.6c.

It explained the fact that the dispersion correction term did not change the speed of
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slide motion but improved the shape of slide front.

The plot of advective acceleration shown in Figure 2.6b demonstrates its impor-

tance. In the region behind the front, local acceleration is balanced by non-hydrostatic

pressure, and advective acceleration is almost zero. At the slide front, the e�ect of

non-hydrostatic pressure is reduced, and advective acceleration balances the local ac-

celeration. This result can explain the bulge generated at the front of the granular 
ow

shown in Figure 2.5 when advective acceleration is neglected.

It is important to include local and advective acceleration terms and non-

hydrostatic pressure when estimating the solid e�ective stress� ezz by (2.59) in the

granular 
ow model. To illustrate this, two numerical tests were carried out for a

debris 
ow over a bed with the slope� = 30� and bottom friction � bed = 10� , one by

calculating � ezz by z momentum equation with vertical acceleration e�ect, i.e., (2.59),

and another byz momentum equation just with hydrostatic assumption, i.e.,

� (�� e�z d);� + � e�z j � hs hs;� + � ezzj � hs

= � (�� f �z d);� � � f �z j � hh;� � � fzz j � h + � f �z j � hs hs;� + � fzz j � hs

+ �� sgd (2.77)

The results of two simulations att = 20s are compared in Figure 2.7. Without the

vertical acceleration e�ect in the determination of solid stresses, the slide front moves

more slowly than predicted by the analytical solution. The vertical acceleration reduces

the apparent weight of the granular mass and thus the corresponding basal frictional

resistance. The numerical result from a landslide model based on a slope-oriented

coordinate (Ma et al., 2015) is included for comparison, and agrees well with the

present results.
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Figure 2.4: Simulation of a dam debris 
ow. Comparisons between numerical results
from hydrostatic simulation (solid blue lines), non-hydrostatic simulation with disper-
sion correction terms (solid black lines) and without dispersion correction terms (solid
red lines), and analytical solutions from Equation (2.74) (dashed lines). First panel:
bed slope� = 0 � without friction at t = 15s; Second panel: bed slope� = 30� without
friction at t = 15s.
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Figure 2.5: Simulation of a dam debris 
ow over a non-frictional surface with the slope
� = 20� . Comparisons between numerical results from non-hydrostatic simulations
without considering the advection terms forw (solid lines) and the analytical solutions
(2.74) (dashed lines). First panel:t = 0s; Second panel:t = 5s; Third panel: t = 10s;
Last panel: t = 15s.
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Figure 2.6: Comparison of the terms in the (a)x- and (b) z� momentum equations for
the case of bed slope� = 30� without friction at t = 15s. Solid blue lines are local ac-
celeration, dashed blue lines are advective accelerations, solid red lines are hydrostatic
pressure contributions, dashed red lines are non-hydrostatic pressure contributions,
and dash-dotted lines are dispersion correction terms. Panel (c) shows a close-up of
the leading edge of the slide in thex momentum balance.
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Figure 2.7: Simulation of a dam debris 
ow over a bed with the slope� = 30� and
bottom friction � bed = 10� . Comparison between numerical results att = 20s both from
non-hydrostatic simulation, but one includes vertical e�ect when estimating the solid
e�ective stress (solid black line) and another does not include the e�ect (solid red line),
numerical results from the landslide model based on slope-oriented coordinate (solid
blue line) (Ma et al., 2015), and analytical solutions from Equation (2.74) (dashed
line).
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Chapter 3

NUMERICAL IMPLEMENTATION

3.1 Mathematical Properties of the Model

In this section, we evaluate the mathematical structure of the governing equa-

tions (2.14) to (2.21) for both granular and viscous rheologies, to provide a description

of numerical issues unique to our model. The equations for both rheologies can be

written into a consistent conservative form of a hyperbolic system with source terms.

The model is strictly hyperbolic under certain assumptions and the eigenstructure can

be determined in an explicit form of real eigenvalues.

3.1.1 Conservative Form of Governing equations

The lower-layer landslide model describes either a mud 
ow by a single-
uid 
ow

with an increased viscosity and density, or a granular 
ow by a two-phase 
ow mixture

with Coulomb friction rheology. The governing equations are derived in Cartesian

coordinates withx and y orthogonal and tangent to the still water level, andz directed

upward. Equations (2.14) to (2.21) are written in semi-conservative form (with both

horizontal components expressed) as

E ;t + F ;x + G ;y = S� + Spu + Spl + N Sq (3.1)

The conserved quantitiesE and 
uxes F and G are given by

E =

0

B
B
B
B
B
B
@

d

ud

vd

wd

1

C
C
C
C
C
C
A

F =

0

B
B
B
B
B
B
@

ud

� xx uud + 1
2cxd2

� xy uvd

� xz uwd

1

C
C
C
C
C
C
A

(3.2)
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G =

0

B
B
B
B
B
B
@

vd

� yx vud

� yyvvd + 1
2cyd2

� yzvwd

1

C
C
C
C
C
C
A

(3.3)

with

c� = g + NSdc + Sl
� � (3.4)

where 
ux coe�cients c� contain a gravity accelerationg from the second term of

hydrostatic pressure contribution in Equation (2.19), a dispersion correctionSdc, and a

portion of stress termsSl
� � from the rheology closures. The termSl

� � and the remaining

portions of the stress termsS� depend on the choice of rheology closure, as described

in Sections 3.1.2.1 and 3.1.2.2. The coe�cientN indicates the non-hydrostatic model

if N = 1 and the hydrostatic model if N = 0. The dispersion correctionSdc =

1=3(h;� hs;� )g. The source termsSpu, representing the e�ect of hydrostatic pressure

exerted by the upper 
uid layer, and Spl , representing the reaction force from the

sloping bottom due to the weight of the slide layer hydrostatic pressure from the lower

layer, are given by

Spu =

0

B
B
B
B
B
B
@

0

� � f

� gd(� + h);x

� � f

� gd(� + h);y

0

1

C
C
C
C
C
C
A

Spl =

0

B
B
B
B
B
B
@

0

gdhs;x

gdhs;y

0

1

C
C
C
C
C
C
A

(3.5)

The source term related to non-hydrostatic pressure correction is given by

Sq =
1
�

0

B
B
B
B
B
B
@

0

� 1
3(qtd);x � qth;x � 2

3(qbd);x + qbhs;x

� 1
3(qtd);y � qth;y � 2

3(qbd);y + qbhs;y

� qt + qb

1

C
C
C
C
C
C
A

(3.6)
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We retain a full description of the z momentum equation in order to have a more

accurate vertical velocityw in the non-hydrostatic model. In the hydrostatic model,

w is estimated directly by averaging the vertical velocity at top surfacewt and bedwb

to obtain

w =
1
2

(wt + wb) =
1
2

[� du�;� � 2u� hs;� ] (3.7)

where the expression is derived from KBCs (2.10) and (2.11) and depth-integrated mass

conservation (2.14), and we approximate horizontal velocity components at surface and

bottom by their depth-averaged counterparts.

3.1.2 Rheology closures

Equation (3.1) gives a consistent form of the governing equations for both vis-

cous and granular 
ow models. These two models are distinguished by di�erent rheol-

ogy closures and embodied by the di�erent expressions ofSl
� � in c� and S� in source

terms. Section 2.2 gives theoretical descriptions of these two types of slide rheology.

This section describes their numerical treatments by specifyingSl
� � and S� for each

corresponding rheology.

3.1.2.1 Newtonian viscous 
ow model

For the case of Newtonian viscous 
ow, the stress termSl
� � in the 
ux coe�cients

c� is zero and thusc� = g + NSdc. The source termS� expressing the laminar viscous

stresses on the right hand side of the equation (3.1) is given by

S� =
1
�

0

B
B
B
B
B
B
@

0

(�� �x d);� + � �x j � hh;� + � zx j � h � � �x j � hs hs;� � � zx j � hs

(�� �y d);� + � �y j � hh;x � + � zy j � h � � �y j � hs hs;� � � zy j � hs

(�� �z d);� + � �z j � hh;� + � zzj � h � � �z j � hs hs;� � � zzj � hs

1

C
C
C
C
C
C
A

(3.8)

where the stress components are given by Equations (2.53) - (2.57).
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3.1.2.2 Granular 
ow model

Two sets of solid stresses are used in the granular 
ow model. The �rst one is

the deviatoric solid stresses used in governing equation, and the second one is the solid

e�ective stresses following the de�nition of soil mechanics. Their relation is

T e = � (T s � I ps) (3.9)

whereps = �� sgd+ qs is the total pressure from solid phase andqs is non-hydrostatic

pressure contributed by the solid phase. The solid e�ective stresses are estimated

from the z momentum equation (2.59). This equation can be simpli�ed by assuming

that vertical normal solid stress is dominant and by having momentum distribution

coe�cients � zx = � zy = 1 rewritten as

� ezzj � hs = �
d �w
dt

d + �� sgd+ qs + qt � qb (3.10)

where d �w=dt denotes the total time derivative d=dt = @=@t+ �u@=@x+ �v@=@yof the

depth-averaged vertical velocity �w. In non-hydrostatic model, all terms in this equation

should be retained, and the total pressure from solid phaseps in (3.9) should include

non-hydrostatic pressure. When the hydrostatic model is used, the vertical acceleration

e�ect (the terms � d �w
dt d + qs + qt � qb in (3.10)) is not considered, and� ezzj � hs contains

only the hydrostatic pressure from the solid phase, i.e.,ps = �� sgd. To give consistent

equations for both hydrostatic and non-hydrostatic models, the equation (3.10) and

the expression forps can be written as

� ezzj � hs = �� sgd+ N (�
d �w
dt

d + qs + qt � qb) (3.11)

ps = �� sgd+ Nqs (3.12)

All other stress components at the bedz = � hs may be expressed in terms of� ezzj � hs

using Equations (2.70) and (2.71). For the Coulomb friction model, the 
ux coe�cients
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and Sl
� � in the equation (3.1) are

cx =
Cxx

Czz
�

� s

�
g +

�
1 � �

� s

�

�
g

+ N
�

Cxx

Czz

�
d �w
dt

�
1
�d

(qb � qt � qs)
�

�
qs

�d

�
+ NSdc (3.13)

cy =
Cyy

Czz
�

� s

�
g +

�
1 � �

� s

�

�
g

+ N
�

Cyy

Czz

�
d �w
dt

�
1
�d

(qb � qt � qs)
�

�
qs

�d

�
+ NSdc (3.14)

where C�� , C�z and Czz are coe�cients from transformation between the standard

Cartesian coordinate and the slope-
ow-oriented local coordinate (see Appendix D).

The source termS� is the sum of solid stressS� s ,

S� s = 1
�

0

B
B
B
B
B
B
B
@

0

� 1
2

h
Cyx

Czz
� ezzj � hs d

i

;y
+

h
Cxx
Czz

� ezzj � hs � ps

i
hs;x +

h
Cyx

Czz
� ezzj � hs

i
hs;y + Czx

Czz
� ezzj � hs

� 1
2

h
Cxy

Czz
� ezzj � hs d

i

;x
+

h
Cxy

Czz
� ezzj � hs

i
hs;x +

h
Cyy

Czz
� ezzj � hs � ps

i
hs;y + Czy

Czz
� ezzj � hs

� 1
2

h
C�z

Czz
� ezzj � hs d

i

�
+

h
Cx � z

Czz
� ezzj � hs

i
hs;� + [ � ezzj � hs � ps]

1

C
C
C
C
C
C
C
A

(3.15)

and 
uid stress S� f

S� f = 1
�

0

B
B
B
B
B
B
@

0

(�� f �x d);� + � f �x j � hh;� + � fzx j � h � � f �x j � hs hs;� � � fzx j � hs

(�� f �y d);� + � f �y j � hh;� + � fzy j � h � � f �y j � hs hs;� � � fzy j � hs

(�� f �z d);� + � f �z j � hh;� + � fzz j � h � � f �z j � hs hs;� � � fzz j � hs

1

C
C
C
C
C
C
A

(3.16)

In our model d �w=dt is approximated by the non-hydrostatic pressure in the slide-layer,

i.e., d �w=dt = [ qb � qt ] =(�d ). To avoid negative values of the total pressureps of the

solid phase at the bed, the range ofqs is set to be [� �� sgd; �� sgd].
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3.1.3 Hyperbolicity of the governing equations

To �nd the characteristics of the equations, a simpli�ed one-dimensional problem

is considered,

E ;t + F ;x = S� + Spu + Spl (3.17)

whereE = ( d;ud;wd)T and F = ( ud; � xx uud + cxd2=2; � xz wd)T . The Jacobian matrix

of the system is

A =

2

6
6
6
4

0 1 0

� � xx u2 + cxd 2� xx uu 0

� � xz uw � xz w � xz u

3

7
7
7
5

(3.18)

with eigenvalues

� L;R = � xx u �
q

� xx (� xx � 1)u2 + cxd and � M = � xz u (3.19)

where the subscriptsL , R and M represent the left, right and middle characteristic

�eld, respectively. To guarantee the hyperbolicity of the system, we have to ensure

that the argument of the square root in� L;R is > 0. A su�cient condition for this

is that � xx > 1 and cx > 0. Non-negativity of the 
ux coe�cients will be proved in

Sections 3.1.3.1 and 3.1.3.2.

3.1.3.1 Newtonian viscous 
ow model

For the hydrostatic model,c� = g is always positive, and hyperbolicity is guaran-

teed as �xx is always> 1. For the non-hydrostatic model, the range ofSdc is arti�cially

set to [� g; g] to ensure hyperbolicity of the system.

3.1.3.2 Granular 
ow model

For the case of granular 
ow, we examine equations (3.13) and (3.14) forc� term

by term. The �rst term in c� is non-negative as long asCxx =Czz > 0 andCyy=Czz > 0.
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Figure 3.1: The region whereK x0
act=pas

> = tan 2 � bed (shaded region).

We rewrite the expression forCzz in Equation (D.9) as

Czz = ( C0
33 � C0

13 tan � bed)2 + ( C0
13)

2(K x0
act=pas

� tan2 � bed)

+( C0
23)

2K
x0

act=pas

y0
act=pas

(3.20)

whereCzz is non-negative wheneverK x0
act=pas

> tan2 � bed. The same conclusion is true

for Cxx and Cyy . Figure 3.1 shows a shaded region whereK x0
act=pas

> tan2 � bed. We

�nd that in all cases where the Mohr-circle law is applicable, i.e.,� int > � bed, the

hyperbolicity is guaranteed. The second term inc� is non-negative, as the expression

of the mixture density � = � s� + � f (1 � � ) leads to 1� �� s=� > 0. The third and

the last terms may cause the loss of hyperbolicity in certain extreme cases. In certain

locations whereCxx =Czz 2 [0; 1], a large value of the non-hydrostatic pressureqs >

(�gd)=(1 � Cxx =Czz) � �� sgd could makec� < 0. A locally large value ofjSdcj > g

could also lead toc� < 0. In such casesc� is arti�cially set to zero.
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3.2 Numerical Methods

The landslide model is developed here both with and without non-hydrostatic

pressure corrections. In the hydrostatic model, the hyperbolic system of the governing

equation (3.1) is solved using a �nite-volume TVD scheme in space and a Runge-Kutta

scheme in time. For the non-hydrostatic model, a two-step projection method is used

for the hydrostatic and non-hydrostatic components of the governing equations. In

the �rst step, the governing equations with the coe�cient N = 1 but without non-

hydrostatic pressure are solved using the same approach as for the hydrostatic model.

Then, the non-hydrostatic pressure correction is determined by solving a Poisson equa-

tion, and u, v and w are updated accordingly. The Fortran 95 code is parallelized using

OpenMPI (https://www.open-mpi.org/ ), and the linear system resulting from the

Poisson equation is solved using HYPRE (http://www.llnl.gov/CASC/hypre/ ).

3.2.1 Time integration

Integration of the equations in time is carried out using the second-order non-

linear strong stability preserving Runge-Kutta scheme introduced by Gottliebet al.

(2001). The �rst stage of the second-order Runge-Kutta algorithm is

E (1) � En

� t
= � (F ;x + G ;y)n + Sn

� + Sn
pu + Sn

pl (3.21)

and the second stage is

E (2) � E (1)

� t
= � (F ;x + G ;y)(1) + S(1)

� + S(1)
pu + S(1)

pl (3.22)

An intermediate value of conserved variable at then + 1 time level without non-

hydrostatic pressure is obtained by

E � =
1
2

En +
1
2

E (2) (3.23)
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E � is the �nal value of the conserved variable for the hydrostatic model, i.e.,En+1 = E � .

When using the non-hydrostatic model, we set coe�cientN to one and calculate this

intermediate value of conserved variable with equations (3.21) - (3.23). A two-step

projection method is then necessary to obtain the solution at then +1 time level, with

non-hydrostatic pressure, as
En+1 � E �

� t
= S�

q (3.24)

This numerical scheme is di�erent from the approach used for the upper-layer

wave model NHWAVE, where the two-step projection method is applied in each Runge-

Kutta stage. In the present one-layer model, even if in each intermediate Runge-

Kutta stage the velocity is divergence free, the updated �nal velocity calculated under

this structure may still violate the divergence-free condition. For example, after the

second step of the projection method in the �rst stage of the second-order Runge-Kutta

algorithm,
�
u(1)

�
;x

+
�
v(1)

�
;y

+
w(1)

t � w(1)
b

d(1)
= 0 (3.25)

and after the second step of the projection method in the second stage of the second-

order Runge-Kutta algorithm,

�
u(2)

�
;x

+
�
v(2)

�
;y

+
w(2)

t � w(2)
b

d(2)
= 0 (3.26)

The velocity at the �nal stage of the Runge-Kutta algorithm however gives

�
un+1

�
;x

+
�
vn+1

�
;y

+
wn+1

t � wn+1
b

dn+1

=
�

1
2

un +
1
2

u(2)

�

;x

+
�

1
2

vn +
1
2

v(2)

�

;y

+

�
1
2wn

t + 1
2w(2)

t

�
�

�
1
2wn

b + 1
2w(2)

b

�

1
2dn + 1

2d(2)

6= 0 (3.27)
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3.2.2 Spatial discretization

Equations (3.21) and (3.22) are discretized using a Godunov-type �nite volume

method (LeVeque, 2002), based on a HLL Riemann solver (Toro, 2001) and a second-

order reconstruction operator. The PVM-HLL method introduced by Castro D��az &

Fern�andez-Nieto (2012) is used combined with a MUSCL reconstruction method. PVM

(polynomial viscosity matrix) can be seen as a generalization of many well-known

solvers, e.g., Lax-Friedrichs, FORCE, GFORCE, and HLL (Toro, 2013), with well-

balanced numerical schemes. This method is adopted in our model because of its well-

balanced property (Escalanteet al., 2018). The well-balanced property of our model is

demonstrated in Appendix E, where Appendix E.1 shows the analytical solutions and

Apeendix E.2 shows the numerical test results. Equation (3.17) is discretized as

En+1
i = En

i �
� t
� x

�
FHLL

i + 1
2

� FHLL
i � 1

2

�
+

� t
� x

�
Spl;i + 1

2
� Spl;i � 1

2

�

+� t (St;i + Sb;i + S�;i + Spu;i ) (3.28)

where FHLL is the 
ux at the cell interface calculated by HLL Riemann solver as

described below, andSpl;i + 1
2

and Spl;i � 1
2

are 
uxes of the source term at cell faces,

discretized by a well-balanced upwind scheme as

Spl;i + 1
2

= � 1
2

0

B
B
B
@

� 0g=cx;i + 1
2

�
hR

s;i + 1
2

� hL
s;i + 1

2

�

1
2 (� 1 � 1) g

�
dL

i + 1
2

+ dR
i + 1

2

� �
hR

s;i + 1
2

� hL
s;i + 1

2

�
� 1

2g
�

dL
i + 1

2
+ dR

i � 1
2

�
hL

s;i + 1
2

0

1

C
C
C
A

(3.29)

Spl;i � 1
2

= � 1
2

0

B
B
B
@

� 0g=cx;i � 1
2

�
hR

s;i � 1
2

� hL
s;i � 1

2

�

1
2 (� 1 + 1) g

�
dL

i � 1
2

+ dR
i � 1

2

� �
hR

s;i � 1
2

� hL
s;i � 1

2

�
� 1

2g
�

dL
i + 1

2
+ dR

i � 1
2

�
hL

s;i � 1
2

0

1

C
C
C
A

(3.30)

Where

� 0 =
sR jsL j � sL jsR j

sR � sL
� 1 =

jsR j � j sL j
sR � sL

(3.31)
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The other source terms are discretized by a central di�erence scheme. To achieve

second-order spatial accuracy, the conservative variables on the left and right sides of

cell faces are reconstructed from cell center data as

EL
i + 1

2
= E i +

1
2

� x� E i ER
i + 1

2
= E i +1 �

1
2

� x� E i +1 (3.32)

where � E i is the gradient ofE calculated by

� E i = avg
�

E i +1 � E i

� x
;
E i � E i � 1

� x

�
(3.33)

where avg is a slope limiter used to avoid spurious oscillations in the reconstructed

data at the cell faces. In this study, the Minmod limiter is used, which is given by

avg(a; b) =

8
>>><

>>>:

a if jaj 6 jbj and ab > 0

b if jaj > jbj and ab > 0

0 if ab6 0

(3.34)

The variables of bed surface at cell interfaces arehL
s;i + 1

2
= dL

i + 1
2

+ hL
i + 1

2
and hR

s;i + 1
2

=

dR
i + 1

2
+ hR

i + 1
2
.

The HLL Riemann solver gives the approximation of the wave speedsL and sR

at cell faces as

sL = min( uL � cL ; us � cs) sR = max( uR + cR ; us + cs) (3.35)

where

uL = � xx �uL cL =
q

� xx (� xx � 1)�u2
L + cxdL

uR = � xx �uR cR =
q

� xx (� xx � 1)�u2
R + cxdR

us =
1
2

(uL + uR) + cL � cR

cs =
cL + cR

2
+

uL � uR

4
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The 
ux at the cell interface is determined by

FHLL (EL ; ER) =

8
>>><

>>>:

F(EL ) if sL > 0

F � (EL ; ER) if sL < 0 < s R

F(ER) if sR 6 0

(3.36)

where

F � (EL ; ER) =
sRF(EL ) � sL F(ER) + sL sR(ER � EL )

sR � sL
(3.37)

The 
ux can be written in a more compact form as

FHLL (EL ; ER) =
1

2(sR � sL )
[(sR � sL + jsR j � j sL j) F(EL )

+ ( sR � sL � j sR j + jsL j) F(ER)

+ ( sR jsL j � sL jsR j) (ER � EL )]

=
1
2

(1 + � 1)F(EL ) +
1
2

(1 � � 1)F(ER)

+
1
2

� 0(ER � EL ) (3.38)

In this model, the PVM method is used to avoid source-term-causing numerical

instability, instead of the SGM (Zhou et al., 2001) used in NHWAVE. We found that

when bed slope is large, SGM may lead to negative depth, as demonstrated next.

In SGM, the cell face value of slide depth is obtained bydL
i + 1

2
= hs;i + 1

2
� hL

i + 1
2

and

dR
i + 1

2
= hs;i + 1

2
� hR

i + 1
2
, where hs;i + 1

2
is discretized by a central di�erence scheme and

hL;R
i + 1

2
is reconstructed by (3.32). In certain cases, �hi in the expression ofhL

i + 1
2

can be

� hi = avg
�

hi +1 � hi

� x
;
hi � hi � 1

� x

�
= 0 (3.39)

Since

hs;i + 1
2

= hs;i +
1
2

� x
hs;i +1 � hs;i

� x
(3.40)
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we have

dL
i + 1

2
= hs;i + 1

2
� hL

i + 1
2

= di +
1
2

(hs;i +1 � hs;i ) (3.41)

When the bed slope is so large thaths;i � hs;i +1 > 2di , the slide depth at the cell center

dL
i + 1

2
is negative.

3.2.3 Numerical treatment for cessation of granular 
ow

For granular 
ow, a special treatment introduced by Mageney-Castlenauet al.

(2003) is applied to preserve stationary solutions corresponding to cessation of mo-

tion in the sediment layer. Theoretically, if the basal shear stress in the local co-

ordinate � sz0x0j � hs is smaller than the critical shear stress� c = � ez0z0j � hs tan � bed =
� ezz j � h s

Czz
tan � bed, the slide is stationary. Sincev0 is always zero in the local coordinate

system, the momentum equation in thex0 direction is actually one-dimensional. We

can discretize this one-dimensional equation in time by

�u0�� d�� � �u0�d�

� t
=

1
�

� sz0x0j � hs (3.42)

where the superscripts�� and � represent the variables obtained with or without

Coulomb shear stress e�ect. This can be rewritten as

T =
�

� t
Q�� �

�
� t

Q� (3.43)

whereT = � � sz0x0j � hs and Q = �u0d. This equation is plotted in Figure 3.2 as a dashed

line. If � �
� t �u0�d� > � c and � �

� t �u0�d� < � � c, i.e., j �u0�d� j > � t
�

� ezz j � h s
Czz

tan � bed, the slide

can move and the basal stress components are

� ezxj � hs = �
Czx

Czz
� ezzj � hs (3.44)

� ezyj � hs = �
Czy

Czz
� ezzj � hs (3.45)
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On the other hand, if j �u0�d� j 6 � t
�

� ezz j � h s
Czz

tan � bed, the slide is stationary, and the stress

components are

� ezxj � hs =
�

� t
�u� d� (3.46)

� ezyj � hs =
�

� t
�v� d� (3.47)

which ensures that the velocity components in the Cartesian coordinate are zero.

To implement this scheme, we add a step after each stage of Runge-Kutta algo-

rithm according to

E �� � E (1)

� t
= Sn

�b (3.48)

E �� � E (2)

� t
= S(1)

�b (3.49)

where

S�b =
1
�

0

B
B
B
B
B
B
@

0

� Czx
Czz

� ezzj � hs

� Czy

Czz
� ezzj � hs

0

1

C
C
C
C
C
C
A

if j �u0�d� j >
� t
�

� ezzj � hs

Czz
tan � bed (3.50)

S�b =

0

B
B
B
B
B
B
@

0
�

� t �u� d�

�
� t �v

� d�

0

1

C
C
C
C
C
C
A

if j �u0�d� j 6
� t
�

� ezzj � hs

Czz
tan � bed (3.51)

With this special treatment, the basal shear stress terms should be removed from solid
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stressS� s of the total stressS� as

S� s = 1
�

0

B
B
B
B
B
B
B
@

0

� 1
2

h
Cyx

Czz
� ezzj � hs d

i

;y
+

h
Cxx
Czz

� ezzj � hs � ps

i
hs;x +

h
Cyx

Czz
� ezzj � hs

i
hs;y

� 1
2

h
Cxy

Czz
� ezzj � hs d

i

;x
+

h
Cxy

Czz
� ezzj � hs

i
hs;x +

h
Cyy

Czz
� ezzj � hs � ps

i
hs;y

� 1
2

h
C�z

Czz
� ezzj � hs d

i

�
+

h
Cx � z

Czz
� ezzj � hs

i
hs;� + [ � ezzj � hs � ps]

1

C
C
C
C
C
C
C
A

(3.52)

Figure 3.2: Plot of (3.43) (dashed line) showing the admissible state imposed by the
Coulomb friction law.

3.2.4 The non-hydrostatic model

To solve for the non-hydrostatic pressure, we discretize the non-hydrostatic part

of the governing equations (3.24) using �nite di�erences on a staggered-grid as shown

in Figure 3.3.

The expressions of updated horizontal velocity components �u, �v, and �w, at their
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Figure 3.3: Numerical scheme stencil: side view (left) and plane view (right).

corresponding locations are

�un+1
i;j = �u�

i;j �
� t

�d �
i;j

�
1
3

d�
i;j qn

t;x;i;j +
1
3

qn
t i;j d�

;x;i;j + qn
t i;j h�

;x;i;j

+
2
3

d�
i;j qn+1

b;x;i;j +
2
3

qn+1
b i;j d�

;x;i;j � qn+1
b i;j h�

s;x;i;j

�
(3.53)

�vn+1
i;j = �v�

i;j �
� t

�d �
i;j

�
1
3

d�
i;j qn

t;y;i;j +
1
3

qn
t i;j d�

;y;i;j + qn
t i;j h�

;y;i;j

+
2
3

d�
i;j qn+1

b;y;i;j +
2
3

qn+1
b i;j d�

;y;i;j � qn+1
b i;j h�

s;y;i;j

�
(3.54)

�wn+1
i + 1

2 ;j + 1
2

= �w�
i + 1

2 ;j + 1
2

�
� t

�d �
i + 1

2 ;j + 1
2

h
qn

t i + 1
2 ;j + 1

2
� qn+1

b i+ 1
2 ;j + 1

2

i
(3.55)

where the subscriptsi;j and i + 1
2 ;j + 1

2
represent the locations of variables. Heredn+1 = d�

is applied since there is no update of slide depth in this step. The derivatives and

approximating values above are given in Appendix F. Sincew is assumed to vary

linearly in z, we have

�wn+1
i + 1

2 ;j + 1
2

=
1
2

�
wn+1

t i + 1
2 ;j + 1

2
+ wn+1

b i+ 1
2 ;j + 1

2

�
(3.56)
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Equation (3.55) becomes

wn+1
t i + 1

2 ;j + 1
2

= 2 �w�
i + 1

2 ;j + 1
2

� wn+1
b; i+ 1

2 ;j + 1
2

�
2� t

�d �
i + 1

2 ;j + 1
2

h
qn

t i + 1
2 ;j + 1

2
� qn+1

b; i+ 1
2 ;j + 1

2

i
(3.57)

where wn+1
b can be obtained from KBBC (2.11) with an assumption ofun+1

b = �un+1 ,

i.e.,

wn+1
b i+ 1

2 ;j + 1
2

= �
hn+1

s i+ 1
2 ;j + 1

2
� hn

s i+ 1
2 ;j + 1

2

� t
� �un+1

i + 1
2 ;j + 1

2
hn+1

s;x;i + 1
2 ;j + 1

2

� �vn+1
i + 1

2 ;j + 1
2
hn+1

s;y;i + 1
2 ;j + 1

2
+ Eb� n+1

b (3.58)

and wn+1
t is actually the vertical velocity at the slide top surface updated by non-

hydrostatic pressure to revise the velocity vertical pro�le. Substituting equations

(3.53), (3.54), (3.57) and (3.58) into the mass conservation equation (2.7) with a con-

stant mixture density discretized at i + 1
2 ; j + 1

2

1
� x

�
�un+1

i +1 ;j + 1
2

� �un+1
i;j + 1

2

�
+

1
� y

�
�vn+1

i + 1
2 ;j +1

� vn+1
i + 1

2 ;j

�

+
1

d�
i + 1

2 ;j + 1
2

�
wn+1

t i + 1
2 ;j + 1

2
� wn+1

b i+ 1
2 ;j + 1

2

�
= 0; (3.59)

we obtain a Poisson-type equation for non-hydrostatic pressure at slide bottomqb as

QB � qn+1
b;i+ 1

2 ;j + 3
2

+ QR � qn+1
b;i+ 3

2 ;j + 1
2

+ QC � qn+1
b;i+ 1

2 ;j + 1
2

+QL � qn+1
b;i� 1

2 ;j + 1
2

+ QF � qn+1
b;i+ 1

2 ;j � 1
2

= RHS (3.60)

The coe�cients appearing in (3.60) are given in Appendix F. Solving the Poisson-type

equation (3.60) gives the non-hydrostatic pressure correction at the slide bottom, which

is used to update �un+1 , �vn+1 and �wn+1 with equations (3.53), (3.54) and (3.55).
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Chapter 4

MODEL VALIDATIONS

In this Chapter, We tested our two-layer model against two laboratory observa-

tions to validate the model from di�erent perspectives.

4.1 Tsunami Generation by a 2D Submarine Landslide

The �rst test is based on 2D laboratory experiments described in Grilliet al.

(2017) and further utilized as a benchmark for the US National Tsunami Hazard Miti-

gation Program (NTHMP) Landslide Tsunami Benchmark Workshop (Kirby & others,

2019). The experiments were performed in a tank of width 0:25 m and working length

6:27 m, �tted with a slope at an angle of 35� to the horizontal. The experiment

described here was performed with an initial water depth of 0:33 m. Slide material

consisted of glass beads with density� b = 2500 kg/m3 and diameterd = 4 mm. The

slide material was placed initially on the slope as a triangular deposit held in place

behind a sluice gate, and was released by raising the gate. Waves were generated by

the motion of the slide, and time series of free surface elevations were measured at 4

gauges WG1{WG4. Figure 4.1 (Grilliet al., 2017) shows pictures and sketches of the

experimental setup.

4.1.1 Numerical setup and results

Both the viscous and granular slide models were tested against this benchmark.

A sensitivity study of this case was performed by Grilliet al. (2017). Following Grilli

et al. (2017) we discretized the computational domain into 552 grid cells in the along-


ume direction and 24 grid cells in the cross-
ume direction, with grid size of 0:01m,

and 9 vertical sigma layers were used in the water layer. The computed landslide shapes
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Figure 4.1: Setup for the laboratory experiment of tsunami generation by submarine
slides made of glass beads moving down a 35� slope in a tank with useful length 6:5m,
width 0:25m, and water depth 0:330m. (From Grilli et al., 2017)
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were compared with the experimental measurements, and time series of generated waves

computed at four gauges were compared with measured data.

In the simulations with the viscous slide model, a bulk density of� = 1951kg/m3

was used as suggested by Grilliet al. (2017). Several values of the e�ective kine-

matic viscosity were tested, with a value of� e = � e=� = 0:00001m2=s providing

the best �t to the slide motion and shape. This value is larger than that used in

Grilli et al. (2017), and closer to the theoretical range they estimated for viscosity,

� e 2 [0:0213; 0:0489]kg/(m�s). It should be noted that, unlike in the previous study,

we do not use an additional bottom friction term in the viscous model whereas Grilli

et al. (2017) used a Manning friction coe�cient n = 0:04, hence this provided an addi-

tional source of energy dissipation in their model. Figures 4.2 shows the comparisons

between laboratory observations and numerical results computed by the viscous slide

model with non-hydrostatic pressure. A good agreement is observed.

In the simulations with the granular slide model, as in Grilliet al. (2017), the

solid density is� s = 2500kg/m3 and the solid concentration is set to� = 63:4%, giving

the same mixture density as used for the viscous slide. We calibrated the internal and

bed friction angles to obtain the best results, and set these parameters to� int = 8 �

and � bed = 4 � . Section 4.1.2 explains the physical basis for using relatively low values

for these parameters. As shown in Figure 4.3, the observed slide motions are also well

simulated by the non-hydrostatc granular model.

The time series of surface elevations computed by NHWAVE coupling with

viscous model and granular model are compared to those observed at the four wave

gauges WG1{WG4 in Figure 4.4. Results from both models match the experimental

data well and show no signi�cant di�erences with each other.

4.1.2 Reduced friction angles

In the experiment presented by Grilliet al. (2017), the internal and bed friction

angles were measured as� int = 34� and � bed = 24� . These two coe�cients represent

the ability of the slide material to withstand a shear stress subaerially. However,

50



Figure 4.2: Comparison of observed slide cross sections in experiments with the high-
speed camera with those computed by the viscous slide model with non-hydrostatic
pressure (red lines), at timest = (a) 0, (b) 0 :02, (c) 0:17, (d) 0:32, (e) 0:47 and (f)
0:62s.
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Figure 4.3: Comparison of observed slide cross sections in experiments with the high-
speed camera with those computed by the non-hydrostatic granular slide model (red
lines), at times t = (a) 0, (b) 0 :02, (c) 0:17, (d) 0:32, (e) 0:47 and (f) 0:62s.
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Figure 4.4: Comparison of measured (dashed black lines) time series of surface elevation
at four wave gauges to simulated results calculated by NHWAVE coupling with viscous
model (solid blue lines) and granular model (solid red lines).

the particles in a moving submarine mass are a�ected by the water buoyancy and

complicated hydrodynamic force. In the version of coupled granular 
ow and wave

model developed in Maet al. (2015), the liquefaction e�ect from the buoyancy and

hydrodynamic force was solely represented by a liquefaction parameter, which was

prescribed empirically. In the present granular model, only the water buoyancy e�ect

was included and embodied as a reduced gravity (1� �� s=� )g in equations (3.13) and

(3.14) for cx and cy. By considering the buoyancy e�ect only, the results from the

current granular model and the model based on a slope-oriented coordinate system

(Ma et al., 2015) were comparable using the liquefaction parameter (1� �� s=� ); in

this case we have, (1� �� s=� ) = 0 :1876 and measured friction angles were used in the

model (see, Grilli et al., 2017). Figure 4.5 shows the comparison of slide motions in

Ma et al.'s and the present model; we see that granular slides move at the same speed

in both simulations, albeit with slightly di�erent shapes. Our model applied a special

treatment introduced in Section 3.2.3 of the mechanism used to stop the landslide, and
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this treatment might lead to the observed di�erences. The simulated slides based on the

above parameters moved slower than in the experiments. Apart from the buoyancy, the

hydrodynamic force is from solid-water interactions in 3D, and is hard to be analytically

predicted in a depth-averaged model. To consider the hydrodynamic force, Grilliet al.

(2017) used 0:5 as the liquefaction parameter and obtained results in good agreement

with observations. This larger value of the parameter can reduce the Coulomb friction

and speed up the motion of the slide on the slope. This treatment was equivalent to

using smaller internal and bed friction angles. In future work, we will try to �nd a

relationship between the hydrodynamic force and the submarine friction angles. In the

present work, however, for simplicity we empirically set the friction angles to the listed

constant values.

4.1.3 Sensitivity to material parameters

Sensitivity of model results to material parameters was examined by repeating

the simulations of the experiment. These parameters included the e�ective viscosity in

the viscous slide model and the basal as well as internal friction angles in the granular

slide model. We investigated how changes in the parameters resulted in not only to

changes in slide motions, but also changes in wave generation.

The viscous slide model was tested with� e = 0:00001, 0:0001, and 0:001m2=s.

Figure 4.6 shows the slide motions for the three cases. Overall, as would be expected,

increasing slide viscosity reduces its velocity, although changing this parameter has a

complex e�ect on geometry and process of slide motion. For landslide wave genera-

tion, there is a simple rule of thumb by which, the smaller the initial volume and initial

acceleration, and the larger submergence depth of the slide, the smaller the resultant

waves (Grilli et al., 2017). Here, the left panel of Figure 4.7 shows the slide center

of mass motion with respect to timeS(t), velocity U(t) = dS=dt, and acceleration

A(t) = dU=dt, and we see that the larger value of e�ective viscosity leads to a smaller

initial acceleration. The right panel of Figure 4.7 shows time series of wave elevations
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Figure 4.5: Comparison of computed slide cross sections by the present non-hydrostatic
granular slide model (blue lines) and those computed by the model of Maet al. (2015)
(red lines), at times t = (a) 0 :0 (b) 0:02, (c) 0:17, (d) 0:32, (e) 0:47 and (f) 0:62s.
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generated by the corresponding slide motions at four gauges. As expected, the simu-

lated free surface elevations with larger viscosity at wave gauges shows a reduction in

wave generation.

Figure 4.6: Comparison of computed slide cross sections by the non-hydrostatic viscous
slide model with � e = 0:00001m2=s (blue lines), � e = 0:0001m2=s (red lines) � e =
0:001m2=s (green lines), at timest = (a) 0 :0 (b) 0:02, (c) 0:17, (d) 0:32, (e) 0:47 and
(f) 0:62s.

E�ects of the two friction angles in the granular slide model were examined

separately. The sensitivity study for the basal friction angle was performed �rst, in

which the basal friction angle was varied as� bed = 4 � , 6� and 8� and the internal friction

angle was constant at� int = 8 � in all simulations. As shown in Figure 4.8, the slide
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Figure 4.7: Sensitivity of surface elevations to slide motions by varying slide e�ective
viscosity. Left panel: slide center of mass motionS(t), velocity U(t), and acceleration
A(t); right panel: comparison of measured (dashed black lines) time series of surface
elevation at four wave gauges to simulated results calculated by NHWAVE coupling
with the viscous model. Solid blue lines denote the viscous slide with� e = 0:00001m2=s,
Solid red lines denote� e = 0:0001m2=s, and solid green lines denote� e = 0:001m2=s.
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with larger basal friction angles moved more slowly down the slope than the slides with

smaller values, especially in the tail. When the slides reached the 
at bottom of the

tank, the slide mass with the smaller parameter travelled a longer distance compared

to its counterparts. Consistent with earlier results, Figure 4.9 shows that the slide

mass accelerated more quickly and larger tsunami waves were generated by the slides

with smaller basal friction angles.

The sensitivity on the internal friction angle was tested by setting� int = 8 � ,

12� and 16� with the basal friction angle was �xed at � int = 4 � in the tests. Figure

4.10 and the left panel of Figure 4.11 showed that the slides with di�erent internal

friction angles generally moved in a similar manner, both on the plane slope and on

the 
at bottom. This parameter, however, slightly a�ected the shapes of the slides,

which subsequently in
uenced the resulting tsunami waves as shown in right panels of

Figure 4.11.

4.1.4 Importance of upper-layer non-hydrostatic pressure

To show the importance of modeling e�ects of non-hydrostatic pressure from the

upper water layer onto the slide, we re-ran simulations using both the non-hydrostatic

viscous and granular slide models without passing the non-hydrostatic pressure from

the upper-layer to the slides. The comparisons shown in Figure 4.12 illustrate the

in
uence of the upper-layer non-hydrostatic pressure on the viscous slide, while the

comparison in Figure 4.13 shows its e�ect on the granular slide. Obviously, the non-

hydrostatic pressure reduces the speed of slide motion and generates the bulge at the

slide front that was observed in the experiment. This demonstrates that only including

hydrostatic pressure in the dynamic boundary condition of the landslide model would

cause top lose some details of the SMF processes.

4.2 3D Granular Flow on a Cylindrical Surface

The experiment conducted by Grayet al. (1999) has frequently been used as a

benchmark for granular 
ow model on irregular topography (Grayet al., 1999; Pirulli
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Figure 4.8: Comparison of computed slide cross sections by the non-hydrostatic gran-
ular slide model with � bed = 4 � (blue lines), � bed = 6 � (red lines), and� bed = 8 � (green
lines), at times t = (a) 0 :0 (b) 0:02, (c) 0:17, (d) 0:32, (e) 0:47 and (f) 0:62s. The
internal friction angle is constant to be� int = 8 � .
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Figure 4.9: Sensitivity of surface elevations to slide motions by varying slide basal
friction. Left panel: slide center of mass motionS(t), velocity U(t), and acceleration
A(t); right panel: comparison of measured (dashed black lines) time series of surface
elevation at four wave gauges to simulated results calculated by NHWAVE coupling
with the granular model. Solid blue lines denote the granular slide with� bed = 4 � ,
solid red lines denote� bed = 6 � , and solid green lines denote� bed = 8 � . The internal
friction angle is constant to be� int = 8 � .
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Figure 4.10: Comparison of computed slide cross sections by the non-hydrostatic gran-
ular slide model with � int = 8 � (blue lines), � int = 12� (red lines), and � int = 16�

(green lines), at timest = (a) 0 :0 (b) 0:02, (c) 0:17, (d) 0:32, (e) 0:47 and (f) 0:62s.
The internal friction angle is constant to be� bed = 4 � .
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Figure 4.11: Sensitivity of surface elevations to slide motions by varying slide internal
friction. Left panel: slide center of mass motionS(t), velocity U(t), and acceleration
A(t); right panel: comparison of measured (dashed black lines) time series of surface
elevation at four wave gauges to simulated results calculated by NHWAVE coupling
with the granular model. Solid blue lines denote the granular slide with� int = 8 � , solid
red lines denote� int = 12� , and solid green lines denote� int = 16� . The basal friction
angle is constant to be� bed = 4 � .
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Figure 4.12: Comparison of computed slide cross sections by the non-hydrostatic vis-
cous slide model with upper-layer non-hydrostatic pressure (blue lines) and those com-
puted by the same model without the upper-layer non-hydrostatic pressure (red lines),
at times t = (a) 0 :0 (b) 0:02, (c) 0:17, (d) 0:32, (e) 0:47 and (f) 0:62s.
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Figure 4.13: Comparison of computed slide cross sections by the non-hydrostatic gran-
ular slide model with upper-layer non-hydrostatic pressure (blue lines) and those com-
puted by the same model without upper-layer non-hydrostatic pressure (red lines), at
times t = (a) 0 :0 (b) 0:02, (c) 0:17, (d) 0:32, (e) 0:47 and (f) 0:62s.
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et al., 2007; Chenet al., 2006). In this experiment, a semi-elliptical granular slide

was released at rest and rushed down a parabolic cross-slope topography as shown in

Figure 4.14. The computed edge of the slide could be directly compared to the observed

avalanche boundary. The experiment found that the slide tail moved much slower than

the front, and the mass elongated into a thin and long shape before �nal deposition.

This test was used to demonstrate whether the current model could reproduce this

phenomenon and simulate the deposit correctly.

Figure 4.14: Sketch of the dry granular 
ow on irregular slope. (From Pirulliet al.
2007)

In the simulation, a uniform grid size of 0:0073658m was used in bothx and

y directions to discretize a computational domain with 410 grid cells inx and 160

grid cells in y direction. Both granular 
ow model and Newtonian viscous 
ow model

were tested against this case. In the granular 
ow model, the slide properties were

set based on the experimental measurements. The solid density was� s = 2500kg/m3,
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the sediment concentration was set to be� = 60:0%, the internal angle of friction

� int = 40� and basal angle of friction� bed = 30� . In the Newtonian viscous model, a

bulk density of � = � s� = 1500 kg/m3 and an e�ective viscosity � e = 1:245 kg/(m�s)

of viscous slide were adopted.

For the granular 
ow model, model performance on the slide motion and the

di�erence between our new presented granular 
ow model and conventional Savage-

Hutter type model (Iverson & Denlinger, 2001) were examined. In the conventional

model, horizontal normal stresses are assumed to be isotropic in (x0; y0)-plane (referred

to as 2D isotropy hypothesis), whereas in our model, the horizontal normal stress inx0

direction is not same to that in y0 direction following the idea of Hutter et al. (1993)

(referred as 2D anisotropy hypothesis). Figure 4.15 shows the simulated landslide

thickness from the non-hydrostatic granular 
ow model with 2D anisotropy hypothesis.

It can be seen that both the front and tail moved slightly slower than in observations.

This lag of motion in time also appeared in other model simulations run based on

slope-oriented or curvilinear coordinates (Grayet al., 1999; Pirulli et al., 2007). The

cause of this problem is very likely that a simple Coulomb friction law with a constant

bed friction angle is inadequate for representing the more complicated basal friction

process (Grayet al., 1999). This would be investigated in future research. The landslide

motions from the non-hydrostatic granular 
ow model with 2D isotropy hypothesis are

shown in Figure 4.16, which illustrates a wider spread-out of the front in the cross-slope

direction than for the earlier simulations shown in Figure 4.15. As a result, the slide

deposit on the 
at run-out zone is thinner and covers a larger area. Comparing the

computed edge of slide to the experimental observations, the 2D anisotropy hypothesis

produced a better deposit shape.

The computed landslides with non-hydrostatic viscous 
ow model are presented

in Figure 4.17, which show a more marked sidewise spread-out of the whole slide than

the results from granular 
ow model. The front shapes of the computed slide match

observations well, however, the slide tail barely moved from the beginning toT = 1:79s,

and the slide deposit on the run-out zone was thinner than that from the granular 
ow
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Figure 4.15: Landslide thickness computed by non-hydrostatic granular 
ow model
with 2D anisotropy hypothesis is illustrated by contours of equal thickness projecting
on (x; y)-plane. The interval of Contours is 0:025m and thickness ranges are di�erently
shaded. Solid lines at x = 1:34 and 1:71m indicate the position where the topography
changes; dashed lines indicate the slide edge in the laboratory experiment.
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Figure 4.16: Landslide thickness computed by the non-hydrostatic granular 
ow model
with 2D isotropy hypothesis is illustrated by contours of equal thickness projecting on
(x; y)-plane. The interval of Contours is 0:025m and thickness ranges are di�erently
shaded. Solid lines at x = 1:34 and 1:71m indicate the position where the topography
changes; dashed lines indicate the slide edge in the laboratory experiment.
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model. Since the experiment was designed for the granular 
ow comparison, it is

expected to see the results of Newtonian viscous model deviate from the observations.

After calibrating the parameter, the model can reproduce some of the most important

aspects of slide motion, including overall moving speed and front deposit.
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Figure 4.17: Landslide thickness computed by Newtonian viscous 
ow model with
non-hydrostatic model is illustrated by contours of equal thickness projecting on (x; y)-
plane. The interval of Contours is 0:025m and thickness ranges are di�erently shaded.
Solid lines at x = 1:34 and 1:71m indicate the position where the topography changes;
dashed lines indicate the slide edge in the laboratory experiment.
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Chapter 5

2018 ANAK KRAKATAU TSUNAMI EVENT

On Dec. 22, 2018, at approximately 20:55{57 local time (Indonesia Western

Time, UTC+7), an eruption and major lateral collapse of Anak Krakatau volcano

discharged huge amount of volcanic material into the 250 m depth caldera and gen-

erated a tsunami in Sunda Straits of Indonesia (Figure 5.1a). The tsunami hit the

adjacent coasts of Sumatra and Java, causing severe damage, extensive inundation and

at least 437 fatalities. In this chapter, we test the proposed two-layer model coupled

with the 2D Boussinesq wave model FUNWAVE{TVD (Shiet al., 2012) against this

large tsunami event based on �eld observations, to illustrate the model capability in

reproducing such �eld cases.

5.1 Numerical model setup

The simulation for the 2018 Anak Krakatau event consisted of two parts: a

near-�eld simulation by the proposed 3D two-layer landslide-wave model for landslide

tsunami generation, and a far-�eld simulation by 2D Boussinesq wave model FUN-

WAVE{TVD for tsunami propagation. The computational domain of the near-�eld

simulation is from 105:2916o E to 105:6046o E in longitude and from � 6:2357o N to

� 5:9765o N in latitude with a uniform grid size of 30m in horizontal (G0 in Figure 5.1,

1155 by 956 cells) and 7 sigma layers in vertical, while the domain of far-�eld simulation,

including the near-�eld region, is from 104:4000o E to 106:1650o E and from � 7:0000o N

to � 5:3361o N, with the grid size of 50m (G1 in Figure 5.1a, 3900 by 3680 cells). Grids

G1 and G2 were interpolated from the Bathymetric and topographic data of (Giachetti

et al., 2012), with local modi�cations around Anak Krakatau according to the August

2019 survey performed by British Geological Survey (BGS) (Huntet al., 2020). The
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total simulation time of the case is 7580s. In the �rst part, NHWAVE was run up to

380s, when the generated leading waves reached approximately the boundary of grid

G0. In the second part, FUNWAVE-TVD was initialized with the surface elevation,

horizontal velocity and post-collapse bathymetry/topography of near-�eld simulations

and carried out for the rest of 7200s. Nine numerical gauges were set in the grids to

obtain the surface elevation at speci�c locations (see Table 5.1 and �gure 5.1). The

Gauges 1-4 correspond to the tide gauges located near Sumatra and Java coastline

(Ina-COAP, 2019). The gauge data are used to validate the numerical results. The

other Gauges 5-9 are numerical wave gauges assigned at the center, southwest, north,

east and west of the Anak Krakatau archipelago, to capture the waves generated by

the landslide source heading to di�erent directions.

Figure 5.1: Location of the Anak Krakatau in Sunda Straits area, with computa-
tional grids de�ned and used in the collapse and tsunami simulations. (a) G1 grid:
bathymetry/topography for far-�eld FUNWAVE simulations with a uniform grid size
of 50m; (b) G0 grid: bathymetry/topography for near-�eld NHWAVE simulations with
a uniform grid size of 30m. Color scales and contours are shown in meter. (From Grilli
et al., 2019b)

The geometries of exposed portion of the Anak Krakatau collapse were estimated

through analyses of pre- and post-event satellite images and aerial photography (Grilli

et al., 2019b), while the submarine collapse geometries were estimated from the �eld

survey and analysis conducted by Huntet al. (2020), who concluded that the whole
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No. Tide/wave gauges Lon E. (deg.) Lat N. (deg.) Depth (m)
1 TG: Marina Jambu 105o 500 27:6" � 6o 110 21:5" 12.1
2 TG: Ciwandan 105o 570 10:8" � 6o 010 02:5" 3.7
3 TG: Kota-Angung 105o 370 08:5" � 5o 300 01:2" 3.7
4 TG: Panjang 105o 190 06:1" � 5o 280 08:7" 3.9
5 WG: Center 105:4066o � 6:1234o 256.9
6 WG: Southwest 105:3733o � 6:1524o 67.4
7 WG: North 105:4246o � 6:0691o 49.8
8 WG: East 105:4954o � 6:1279o 63.3
9 WG: West 105:3571o � 6:1361o 95.5

Table 5.1: Locations and local water depths of tide gauges 1-4 (TG) and numerical
wave gauges 5-9 (WG).

sliding 
ank volume was in the range of 0:175km3 to 0:313km3. The solid black line in

Figure 5.2a is the failure surface of the modelled scenario with the volume of 0:272km3,

between the dashed blue line for the surface corresponding to the volume of 0:175km3

and the dashed red line for 0:313km3. The modelled scenario has a similar initial

volume to the scenario in our previous simulations in Grilliet al. (2019b). Given the

collapse volume in near-�eld simulations, the collapse 
anks were represented as either

a Newtonian 
uid of bulk density � = 1540kg/m3 and e�ective kinematic viscosity

� e = 0:5m2=s, or a granular slide with the solid density� s = 1900kg/m3 and the

solid concentration � = 60%, resulting in the same mixture density as used for the

viscous rheology. The internal and bed friction angles set for the granular material are

� int = 10� and � bed = 2 � , similar to those used by Giachettiet al. (2012) and Paris

et al. (2019).
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Figure 5.2: Geometry of modelled Anak Krakatau collapse. (a) Transect of Anak
Krakatau in direction of 213 deg to north with the failure surface of the modelled
collapse with the volume of 0:272km3 (black line), the surface with the volume of 0:175
km3(dashed blue line) and the volume of 0:313 km3 (dashed red line); (b) Pre-collapse
image of Anak Krakatau superimposed geometry of collapsed volume; (c) 3D view of
the Anak Krakatau. Color scales and contours are shown in meter.
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5.2 Near-�eld landslide tsunami generation and island impact

The simulations with both rheologies (viscous or granular slide) were �rst run

in near �eld by our proposed two-layer model. Snapshots of the downslope mass failure

with both rheologies are shown in Figure 5.3 to 5.6. Right after the failure occurred at

t = 0s, the slide peak melted down in a very short time ( 20s, Stage 1). It is immediately

followed by the collapse of most of the slide to the southwest and small portion of the

slide to northeast. The slide moved fast in this stage and soon (lasting 60s, Stage 2)

reached a steady state, with the material deposit spread over the Krakatau caldera.

The resulting wave generation processes are shown in Figures 5.7 to 5.10.

The Anak Krakatau tsunami was initiated immediately following the failure

of the 
ank, and a leading wave over 40m high was �rst generated in Stage 1. The

leading wave left Anak Krakatau in a dominant southwest direction in Stage 2, and

a deep trough over 50m was generated. The leading elevation continued to propagate

and interacted with the bathymetry and the nearby islands, causing wave re
ected and

superimposed and �nally resulting in large runup on the three islands (Figures 5.14 to

5.16). In the end of near-�eld simulations, the leading waves were found to propagate

in all directions. The maximum surface elevations shown in Figure 5.11 illustrate the

dominance of wave energy transport to southwest direction. From above �gures, the

simulated wave patterns are closely identical for both rheologies, which is more obvious

when comparing of simulated wave elevation time series at �ve wave gauges (Figure

5.12). The comparison of slide motion in side view (Figure 5.13) justify this similarity

in wave elevations. Based on the simple rule of thumb in landslide wave generation,

the smaller initial volume and initial acceleration, and the larger submergence depth of

the slide, leads to the smaller the resultant waves (Grilliet al., 2017). The comparison

of slide motion with di�erent rheology in the �rst 20s (Stage 1 in wave generation)

shows that the slide has almost the same initial acceleration, which determines the

main feature of wave patterns. The only apparent deviation in Figure 5.12 is at Gauge

5 near 180s, which appears to result from the di�erent moving speed of the slide tail

shown in Figure 5.13 afterT = 40s.
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To validate our simulation results, the computed runup is compared to the

observations from �eld survey at three locations, i.e., northern side of Rakata island,

southern side of Sertung island and western side of Panjang island, which were directly

hit by the tsunami and where most near-�eld runup observations are available (Figures

5.14 to 5.16) . The model produced satisfactory results using either rheology. Runups

were generally consistent with the measured values (Figures 5.14 and 5.15), except in

the small curved cove to the west where maximum runup is observed. Borreroet al.

(2020) also observed this discrepancy in their modelled results, and it is likely due to

errors in the bathymetry/topography used around the locations, errors in the initial

landslide geometry and/or errors in measurements without taking into account the

direct damage to the tree canopy from the volcano explosion. The runup on Panjang

island (Figure 5.16) falls quite below the observed tree line. Borreroet al. (2020)

landed on the northern coast of Panjang island where they measured 7-9m runup.

This observation agrees well with our results.
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Figure 5.3: Motion of the granular slide at 10, 20 and 40s. Right panel: 3D view; left
upper panel: side view; left lower panel: plan view of bathymetry/topography with
thickness of the slide. Color scales and contours are shown in meter.
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