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Abstract—Non-orthogonal multiple access (NOMA) has been
considered as a promising technology for enabling massive
connectivity and achieving high spectral efficiency in future
wireless communication. In the literature, most of the existing
NOMA schemes are designed with the assumption of infinite
blocklength, which may lead to suboptimal performance in
practical communication systems. Thus, this paper investigates
the downlink NOMA system with finite blocklength (FBL)
transmission, namely the downlink FBL-NOMA system. We
focus on developing a joint resource allocation scheme from
single-channel to multi-channel systems, aiming at minimizing
the average block error rate (BLER) for the downlink FBL-
NOMA. Specifically, for single-channel systems, the optimal rate
and power allocation scheme are derived in semi-closed form.
For multi-channel systems, we conduct the convexity analysis of
the minimum BLER problem and provide the optimal solution
in waterfilling form for convex cases, as well as an efficient
majorization-minimization (MM)-based algorithm for general
cases. We also propose an efficient method to jointly optimize
channel assignment, rate allocation, and power allocation for
multi-channel FBL-NOMA systems. Simulation results demon-
strate the superiority of the proposed designs over the existing
NOMA and orthogonal multiple access (OMA) schemes in terms
of reliability and efficiency.

Index Terms—Block error rate (BLER), channel assignment,
finite blocklength (FBL), majorization-minimization (MM), non-
orthogonal multiple access (NOMA), power allocation, rate
allocation.

I. INTRODUCTION

The next generation wireless networks will comprise nu-
merous devices and diverse services to support the Inter-
net of Things (IoT) and the future Internet of Everything
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(IoE) with ultra-high rates, ultra-high reliability, and ultra-
low latency [1]. However, this advancement also brings the
significant challenge of fulfilling these increasingly stringent
requirements with the explosive growth of wireless users [2].
To address this challenge, non-orthogonal multiple access
(NOMA) technology has emerged as a promising solution by
accommodating multiple users on the same resource block
with superposition coding at the transmitter and successive in-
terference cancellation (SIC) at the receiver. Therein, resource
allocation of the multiplexed signals becomes a crucial issue
for fully exploiting the merits of NOMA schemes [3], [4].

Numerous works have been proposed to optimize the re-
source allocation for NOMA systems, aiming to improve
spectral efficiency [5]-[10], ensure user fairness [10]-[13],
and enhance energy efficiency [10], [14]-[16]. The above-
mentioned works are based on Shannon capacity, which is
the maximal rate of error-free data transmission theoretically
achievable as blocklength extends to infinity. However, in prac-
tical communication systems, the transmission blocklength is
always finite. Especially for systems with low latency require-
ments, the blocklength can be very short. According to the
finite blocklength (FBL) theory [17] developed in recent years,
FBL transmission results in a noticeable backoff from Shannon
capacity and a non-negligible decoding error probability. This
indicates that the infinite blocklength assumption with Shan-
non capacity and error-free decoding will overestimate the rate
and reliability performance, potentially leading to suboptimal
design in practical systems with FBL transmission. Therefore,
addressing the impact of FBL and optimizing the performance
of practical NOMA systems are critical.

Some of the recent works have considered FBL transmission
in NOMA systems, namely FBL-NOMA. Specifically, the
authors of [18] and [19] studied the joint optimization of
power and rate in two-user FBL-NOMA systems, aiming to
maximize the effective throughput of the stronger user while
guaranteeing the quality of service (QoS) requirement of the
weaker user. Moreover, in [20], the maximum weighted sum
effective throughput design was proposed by jointly optimizing
the subcarrier assignment, power allocation, and rate allocation
for multi-carrier FBL-NOMA systems. The authors in [21]
provided a heterogeneous low-latency FBL-NOMA design
where users were restricted by heterogeneous reliability con-
straints, and the transmission energy was minimized through
the blocklength and power allocation optimization. In [22], the
energy efficiency maximization problem was investigated for
FBL-NOMA systems. Meanwhile, FBL-NOMA is cooperated
with a variety of emerging scenarios and technologies. The
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study in [23] investigated the optimal power allocation scheme
within a ground wireless network, where FBL-NOMA was
employed to enhance the unmanned aerial vehicle (UAV)
throughput while guaranteeing cellular users’ requirements.
The authors in [24] considered energy efficiency maximization
for the reconfigurable intelligent surfaces (RIS)-aided mo-
bile edge computing (MEC) networks with the FBL-NOMA
scheme.

It is worth pointing out that most of the existing works
for NOMA systems [5]-[16], [18]-[24] aim at maximizing
weighted sum rate, max-min fairness, or energy efficiency,
etc. In practice, NOMA users always suffer from unavoidable
decoding errors caused by the FBL transmission and imperfect
SIC, which ultimately leads to degradation in reliability. This
reality highlights the need for a focus on reliability, especially
in mission-critical applications with ultra-reliable and low-
latency requirements, where limited but latency-critical infor-
mation bits must be transmitted reliably in a given slot without
the allowance for retransmissions. Only a few works investi-
gate reliability-oriented NOMA communications. Specifically,
the authors in [25] obtained the asymptotically optimal power
and blocklength allocation for two NOMA users by deriving
the closed-form block error rate (BLER) expression based
on statistical channel characteristics in FBL-NOMA systems.
The studies in [26]-[28] analyzed the bit error rates (BERS)
of users and proposed efficient power allocation methods in
NOMA systems by considering practical modulations and
imperfect SIC. Although the studies in [29] and [30] proposed
power control and blocklength allocation schemes to minimize
the BLER in FBL-NOMA systems, the results were obtained
by using several approximations of the BLER expression and
thus suboptimal. The study in [31] simplified the minimum
error probability NOMA design by only optimizing one user’s
performance while considering the other user’s requirement
as the QoS constraint. Note that most of these reliability-
oriented works [25]-[31] focus on relatively simple single-
channel systems, where a base station (BS) serves NOMA
users through one wireless channel. The wireless channel can
be, e.g., a frequency band in orthogonal frequency division
multiple access (OFDMA) or a time slot in time division
multiple access (TDMA). However, to our best knowledge,
the much more challenging reliability-oriented multi-channel
FBL-NOMA design, where a BS serves users through multiple
orthogonal wireless channels employing NOMA for same-
channel users, is still an open issue.

Therefore, this paper focuses on resource allocation, includ-
ing rate allocation, power allocation, and channel assignment,
for the downlink FBL-NOMA with the aim of minimiz-
ing the average BLER of the system and providing high-
reliability NOMA transmission. The proposed FBL-NOMA
design has the following characteristics: 1) FBL transmission
and imperfect SIC are considered; 2) both single-channel and
multi-channel FBL-NOMA systems are investigated; 3) the
global optimality analyses of the rate and power allocation
are provided for both systems; 4) the rate allocation, power
allocation, and channel assignment are jointly optimized for
NOMA users. The main technical contributions of this paper
can be summarized as follows:
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Fig. 1. The downlink multi-channel NOMA system.

e We consider the reliability-oriented downlink FBL-
NOMA design from single-channel to multi-channel,
aiming at minimizing the average BLER of the system.
Taking into account FBL transmission and imperfect SIC,
the expression of the BLER is derived as a function of
the transmission rate and power.

o For the downlink single-channel FBL-NOMA system, we
analytically characterize the average BLER performance
for two NOMA users. Then, the globally optimal rate and
power allocation scheme are provided.

o For the downlink multi-channel FBL-NOMA system, we
analyze the convexity of the minimum average BLER
problem. Then, the optimal waterfilling-based solution
and the efficient majorization-minimization (MM)-based
algorithm are proposed to solve the problem for convex
and general cases, respectively.

o A joint resource allocation algorithm is proposed via it-
erative channel assignment and rate and power allocation
for solving the average BLER minimization problem.

o Simulation results verify the optimality of the proposed
rate and power allocation scheme, reveal the near-optimal
performance of the joint resource allocation algorithm,
and demonstrate the superiority of the proposed design
over the existing NOMA and orthogonal multiple access
(OMA) schemes in terms of reliability and efficiency.

The rest of this paper is organized as follows. In Section II,

we introduce the system model and derive the average BLER
expression. Subsequently, we investigate the rate and power
allocation for single-channel and multi-channel FBL-NOMA
systems in Sections III and IV, respectively. In Section V, a
joint channel assignment, rate allocation, and power allocation
algorithm is proposed. Numerical results are evaluated in
Section VI. Conclusions are drawn in Section VIL

II. SYSTEM MODEL
A. Signal Model

Consider a downlink multi-channel NOMA system, consist-
ing of a BS and K single-antenna users,! as shown in Fig. 1.

ISince the multiple-input multiple-output (MIMO)-NOMA (or multiple-
input single-output (MISO)-NOMA) system can be reduced into several
single-input single-output (SISO)-NOMA systems with carefully designed
precoding and detection matrices [32]-[34], we focus on the single-antenna
NOMA system in this paper.
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The users are denoted as UE, for k£ = 1,2, ..., K and served
by the BS through single antenna and M wireless channels
denoted as C,, for m = 1,2,...,M. These channels are
assigned to M user groups with each group accommodating
two users’ superimposed in the power domain. The total
number of users, K, is equal to 2M. We assume that both
the BS and the users have full knowledge of the channel state
information (CSI).

Denote the users on C,,, as U, ,, for ¢ = 1, 2. Then the signal
transmitted by the BS on each channel C,, after superposition
coding can be written as

Tm = 4/P1,mS1,m + VP2,mS2,m, (1)

where s; ,,, is the signal intended for U; ,,, and p; ,, is the
power allocated to U ,,, satisfying the total power constraint
Z%:l Zle Dim <Prax, Where Py is the total power bud-
get of the BS. Assuming no inter-channel interference, the
received signal at U; ,,, is given by

Yiom = Gi,mTm + Nm, 2)

where g¢;,, is the channel response of channel C,, between
the BS and U; ,,, and n,, is additive White Gaussian noise
(AWGN) with zero mean and variance o2,. For the conve-
nience of further analysis, we define the normallzed channel
gain R ;m=giml?/07, > 0.

In power-domain NOMA, receivers use SIC to decode and
eliminate stronger signals from other users in a successive
manner, and detect their own information from the interference
of weaker signals and Gaussian noise. Then, for the two users
Ui,m, Uz, assigned to channel C,,, suppose without loss
of generality (WLOG) that the channel condition of Uy, is
better than that of Uy, i.e., hi m > ha pm. According to the
SIC process [35], Uy, firstly decodes the signal of Us ,,, with
the signal-to-interference-plus-noise ratio (SINR) given by

mhl,m

P2
m= 3
’712) pl,mhl,m + ]- ( )

Then, by removing the signal of Us ,,, from the received signal,
U, decodes its own signal with the SINR of

:pl,mhl,m- (4)

While U, ,, directly decodes its own signal by treating the
signal of Uy ,, as interference, with the SINR of

Y11,m

P2,m h2 m
o= — 5
2 pl,mh27m +1 ( )
In the following subsection, the average BLER of the FBL-
NOMA system will be derived based on the decoding SINR.

B. Average BLER

According to Shannon’s capacity theorem, when the trans-
mission rate is below the channel capacity and the blocklength
approaches infinity, the optimal decoding error probability at

2In practice, considering the complexity of signal detection, the number
of NOMA users within each channel is generally restricted to at most two
[10], [11], [14], [18]-[22], [25]-[31]. In this paper, we will also focus on this
typical situation.
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the receiver approaches zero. However, in FBL transmission,
the decoding error probability is non-negligible [17]. More-
over, perfect SIC without any error propagation at the receivers
cannot be guaranteed in NOMA systems. To evaluate the
reliability performance and realize the high-reliability FBL-
NOMA design, we employ the average BLER of all users as
the metric in this paper.

Specifically, according to [17], with a given decoding SINR

v, a finite blocklength L, and a BLER ¢, the maximal
achievable rate R can be approximated by

1) Q!
A L 12 ) (opstiia) ©6)

where C'(y) = log,(1 + 7) is the Shannon capa01ty, Viy) =
1—(1+7)"2is the channel dlspersmn and Q~1(-) is the
inverse function of Q(z) = [ W exp(—t2/2)dt. Note that
the achievable rate in (6) commonly referred to as normal
approximation, is derived for the AWGN channel and can also
be applied to fading channels when CSI is known.

Then, the BLER for U; ,,,,% = 1,2, decoding the signal of
Uj.m,j3 =1,2,7 >4, on channel C,, can be expressed as

€ijom = Q (f Vigm> Rjm)) @)

where
1+ ij,m
V Ly (14 7ijm)In (ﬁ)
Yijm (Yijm +2)
and y;;m is the SINR for U;,, decoding the signal of

Uj,m. Rjm is the transmission rate of U; ,,. We assume the
blocklength for each NOMA user on channel C,, is L,,.>

Suppose that sq,, can be recovered only when SIC is
successful [20], [25]; then, the BLER of Uy ,, is given by

€1,m = 1-— (1 - 612,777,) (1 - 6ll,m,)
= €11,m (1 - ElQ,m) + €12,m- 9
The BLER of U, ,, is given by

[ (Yigoms Rjm) =

(8

€2m = €22,m- (10)

Then, the average BLER of all users in the FBL-NOMA
system can be obtained by

M
_ €1,m + €2.m
€ave = § .

i an

m=1

Based on the performance metric provided in (11), the
average BLER is mainly determined by the SINRs and trans-
mission rates, where the SINRs further depend on the power
values of the users. Therefore, we can optimize the rate and
power allocation to minimize the average BLER for downlink
FBL-NOMA systems.

3For the convenience of superposition, we assume that the blocklength
for each NOMA user on the same channel is the same. Employing different
blocklengths for NOMA users may cause abrupt SINR fluctuations on
misaligned resources. The design with distinct blocklengths for NOMA users
could be an interesting topic for future research.
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III. SINGLE-CHANNEL FBL-NOMA DESIGN

This section analyzes the minimum BLER design of down-
link FBL-NOMA systems in single-channel cases. By formu-
lating and solving a single-channel resource allocation prob-
lem, we obtain the globally optimal rate and power allocation
to minimize the average BLER of FBL-NOMA systems.

A. Problem Formulation and Transformation

For the single-channel FBL-NOMA system, the users are
served by the BS through one wireless channel. To simplify
notation, we will omit the channel index m in this section.
Thus, the minimum average BLER problem for the single-
channel system can be formulated by

Py {prlrg)r;}gllii} €= (e1+€)/2, (12a)
subject to p1 + P2 < Phax, ps > 0,2 =1,2, (12b)
C(vij) = Rj,i,j =1,2,j > 4, (12¢)

RM™ < R;,i=1,2, (12d)

where p; and R; are the transmission power and rate of user
U;,© = 1,2. Constraint (12b) is the total power constraint.
The Shannon capacity limit is guaranteed by constraint (12c),
where C(7;;) = logy(1 + 7;;). Constraint (12d) ensures that
each user’s minimum transmission rate requirement is met,
where RI™ > 0 represents the QoS threshold of U;. To
solve P;, we propose the following lemma to rewrite (12b)
equivalently.

Lemma 1. The optimal power allocation of P1 must satisfy
P1+p2 = Pmax-

Proof. Firstly, we will prove that the objective function in
P1 is a decreasing function with respect to py. The partial
derivative of e with respect to ps can be given by

86 1 3612 (9’}/12 1 8622 3’722
_— = 5(1 — 611) =

Op2 Ovi2 Opa 20722 Ops
Since @ function is a decreasing function and f (v;5, R;) is
increasing with respect to 7;;, we have gi—z<0. Thus, € is a
decreasing function with respect to ps, since 0 < ¢;; < 1 is
always true and 2, 722 always increase with py as shown in
(3) and (5) Next, supPose that the optimal power allocation
p‘; and p2, satisfying p; + p2 < Pmax, can achieve the minimal
value of €, which is denoted as ef. Then, we can always find a
pg > p; satisfying pJ{ + p% = Pax. With pJ{ and p%, the value
of the objective function can be reduced to ¢! < €', which
contradicts the optimality of ¢!, Therefore, p1 + p2 = Puax
must hold for the optimal solution of P;. O

13)

Then, we can find that given p; and P .y, p2 can be
uniquely subsituted by Py, — p1. Consequently, P; can be
equivalently transformed into

P> : minimize e,
{p1,R1,R2}
subject to 0 < p1 < Phax, (12¢), (12d).

(14)

Due to the complicated expression of ¢, it is difficult to analyze
the convexity of problem P,. Nevertheless, we are able to
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provide the method for obtaining the globally optimal solution
to Po through decomposition and transformation.
Specifically, there exists an equivalent relationship of

minimize €(p1, R1, R2) = minimize é(py), (15)
{p1E€V,R1ER1,R2€R2} {p1€V}

minimize  €(p1, Ry, R2). V, R1 and Ry
{R1€ER1,R2€R2}

are the feasible regions of variables p;, R;, and R, respec-
tively. Thus, we can first optimize over variables R; and Ro,
which leads to the following problem:

P : &(p1)

where €(p1) =

= minimize €, (16a)

{R1,R2}
subject to R1™ < R; < C(vi),i = 1,2, (16b)

where €(p;) is the optimal BLER function with respect to p;.
Note that C'(y22) > Ry can always guarantee the validity of
C(712) > Ro since 712 > 722, Thus, constraint C(y12) > Ra
in (12c) is omitted. Then, we denote the optimal solutions of
Ps as Ry (p1) and R, (p1), which can be derived according to
the following lemma.

Lemma 2. The optimal solutions of Ps are given by

Ri(p1) = RI™, Ry(p1) = RY". (17)
Proof. We can obtain that
86 _ 18611
R, ~ 20R, (1—e€12), (18)
Oe 1 Oeqn 1 Oean
A N S gez 19
om, ~20m, W3R, {19

Thus, € is monotonically increasing with respect to Ry and Ro,
respectively, for 6” is positive [19] and 0 < ¢;; < 1 is always
true in practice. Thus to minimize the objective function of
Ps, the optimal R;(p;) and Ry(p;) can be derived at the
minimum value RT™ and RI*, respectively. O

From Lemma 2, one can observe that, to minimize the
average BLER of the single-channel system, the optimal rates
always drop to the minimum acceptable transmission rates
of users. Thus, Rl(pl) and f%g(pl) are actually constant
functions.

Next, by replacing R; and R, with the optimal solutions
derived in Lemma 2, P> can be equivalently transformed into:

P4 : minimize €(py), (20a)
{p1}
subject to pMit < p; < pax, (20b)
where €(p1) is given by
E(pl) = G‘RliRTm,RQZRTm‘ (21)

Constraint (20b) is derived from (16b) to guarantee the feasi-

bility of Ps, with pmm 21}]71* and pax= %i/hz %

Consequently, problem P; is equivalently transformed into
a single-variable optimization problem P,. Unfortunately, we
can observe that é(p;) is still a highly nonlinear function.
Nevertheless, we can have a semi-closed form solution to Pj.

B. Optimal Solutions

Before solving P4, we first investigate the feasibility of it.
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Proposition 1. Problem Py is feasible, if and only if Ppax >
«, where « is given by

Y (s S B N §
n h1 ho ho'

Proof. The relationship is derived from pax > piin jp
constraint (20b). O

(22)

Remark 1. Proposition 1 shows that, if Pp,x < o, no matter
how to allocate the power for users, at least one user’s
achievable rate cannot satisfy the QoS constraint. This implies
that the total power budget Pp,,x < « is insufficient to support
the FBL-NOMA to achieve the desirable performance.

Now, we tackle the power allocation problem P, when it
is feasible. To investigate the objective function €(p;), we
provide an important property in Lemma 3.

Lemma 3. €(p1) is strictly quasi-convex for py € [p{™™, pax].
Proof. See Appendix A. O

With Lemma 3, we can acquire the optimal p7 to P4 in
semi-closed form.

Proposition 2. The optimal py to Py is given by

Tar
min _ 281 —1 o dé .
Py = A " fdp1 lpy=pin 2 0,
* max __ Pmaxt1/ho 1

b1 =3yp1" = T LR R lfdp1 |p1—p"‘”‘ <0, (23
pJ{ , otherwise,

where p1 is the unique solution to % =0.

Proof. Firstly, it can be easily verified that 9€ is a contm-

uous function with respect to p;. Then, baszéd on (66), i

dp1 |y —pmin=> 0, for p € (pin, pax], we have dp S| py=p > 0
implying that € is monotomcally increasing, and the optimal
power allocation to Py 1s obtained at pt®. Similarly, if
dpl € |p,—pmax< 0, we have {1 dp; lpi=p< O with p € [p mm,pﬁnax),
indicating that € is monotomcally decreasing with p7 = p"®*
in P,4. Otherwise, we can draw the conclusion that there exists
only one point pJ{ in (pipin, pimax) dpi pr=pi= 0
implying that function € is a unimodal function with a valley
point at p;. O

Subsequently, we can derive the optimal rate and power
allocation to Py, which is presented in Theorem 1.

Theorem 1. For problem Py, the optimal p7 is given in (23)
and the optimal p5 is given by

p§ = Prax — p{- (24)
The optimal rates R{ and R} are given by
= R, R} = RY". (25)

Proof. Based on the equivalent relationship between P, and
P1, the optimal p; of P; can be obtained in (23). Then, p}
can be derived with Lemma 1. Besides, by substituting p7 into
(17), we can obtain the optimal rates of P;. O

Remark 2. It is worth pointing out that our proposed optimal
scheme is derived without making approximations for either
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the BLER of the strong user with €; ~ €17 + €12 [25], [29],
[30] or the channel dispersion with V() = 1 [29]. Therefore,
it is more precise and can be widely applied to FBL-NOMA
systems.

Theorem 1 provides the optimal rate and power allocation
scheme for the average BLER minimization in single-channel
FBL-NOMA systems. The complexity of the proposed scheme
mainly depends on that of looking for the root of ddel = 0.
Denote the desirable accuracy as d,,. Then, the complexity
of obtaining the optimal power p]; with the bisection method

is O(logQ(i)) [36]. It is lower than that of the exhaustive
search method which is O( ) [19], [20].

IV. MULTI-CHANNEL FBL-NOMA DESIGN

In this section, we investigate the average BLER mini-
mization problem by providing an efficient rate and power
allocation scheme for downlink multi-channel FBL-NOMA
systems. Specifically, we first perform a convexity analysis
for the optimization problem and provide sufficient conditions
for the convexity of the problem, depending on the values of
some parameters such as channel coefficients, QoS thresholds
of rates, the total power budget of the BS, and transmission
blocklengths. In the case that the problem is convex, i.e.,
the sufficient conditions are satisfied, we derive the optimal
solution analytically in a waterfilling manner. In a more
general case, even if the convexity does not hold, we propose
an efficient MM-based algorithm to solve it.

A. Problem Formulation and Transformation

With the given channel assignment, the average BLER
minimization problem for M channels can be formulated by

M
Ps : minimize €y = €1.m + €2.m) /2M, 26a
° {p1,p2,R1,R2} e mZ:l( L 2 )/ ( )
subject to - SN (prm + p2.m) < Py (26b)
pz}m Z 01 vma iy (260)
C(ijm) = Rjm,Ym,i,3, j > i, (26d)
RI% < R m,Vm, i, (26¢)

where p1 £ {p1.m}M_, and pa £ {pa.m }}_, are the power
values, and R; £ {Ry,,}M | and Ry £ {Ro,,}M_, are
the transmission rates. Constraint (26b) indicates the total
power constraint. The Shannon capacity limit is guaranteed by
constraint (26d). The QoS constraints for users are represented
in constraint (26e). Subsequently, constraint (26b) can be
equivalently transformed by the following lemma.

Lemma 4. 2%21 (P1,m + DP2,m) = Puax is always satisfied
to minimize the objective function of Ps.

Proof. Similar to the proof of Lemma 1, we can prove this
lemma by contradiction. O

One can observe that solving Ps5 is challenging since the ob-
jective function e,y is highly non-linear and non-convex with
respect to p1, p2, R1 and Rs. To address Ps, we introduce the
channel power budget q £ {¢,,}M_, with DP1,m +DP2,m = Gm-
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Then, with auxiliary variables ¢, and Lemma 4, constraint
(26b) can be equivalently transformed into

Z%:lqm - Pmax, dm > O,Vm

Subsequently, by substituting ps ,,, with ¢,, —p1,m, Ps can be
decomposed into a group of subproblems within channels:

27)

Po.m : €ém (¢m) = minimize €, £ (€1,m + €2.m) /2, (28a)
{p1,m,R1,m.R2,m}

subject to 0 < p1m < Gm,
(26d), (26e),

(28b)

where €., (¢,,) is the optimal value function with respect to
Gm. Actually, problem Pg ,,, can be regarded as the average
BLER minimization problem for single-channel cases, which
is similar to problem P,, except that the total power P, of
the BS is replaced by the channel power budget ¢,,. Thus, one
can immediately obtain the optimal solution p¥ ,,,, R} ,, and
R; ,,, t0 Pg m from Theorem 1, where py ., Ry, and R5
are regarded as functions with respect to qm- To ensure the
feasibility of P, similar to Proposition 1, g, should satisfy

« [2fm 1 1 1
m > O = 2520m + - ¥m. (29)
1 ( hl,m h2,m h2,m

Therefore, with the optimal value function é,, (¢,,) derived
from Pg ., Ps can be equivalently transformed to a power
budget optimization problem among channels:

M
1
P; : minimize éye = — €m (qm) , (30a)
{am} M mZ::l (4r)
subject t0 > g = Prnax (30b)
m < g < Prax, VM, (30¢c)
where €, (¢,) in P7 can be expressed as
gm (qm) = Em‘pl,m:pim1R1,m:R.{€:ImaR2,m:Rg‘,fm . (31)

The feasibility of problem P is given in the following.

Pr%msition 3. Problem Py is feasible if and only if P, >
> e1Qm, Where oy, is given in (29).

Next, we investigate problem P; when it is feasible. Specif-
ically, we first provide several important properties of P; and
propose efficient methods to solve it.

B. Convexity Analysis

To solve problem P, we first analyze the convexity for
problem P; in this subsection. It can be observed that P;
is intractable for its highly non-linear objective function and
unknown convexity. Fortunately, the objective function in Py
can be additively decomposed into several BLER functions
€m(qm), m = 1,..., M. Thus, we will first investigate the
convexity of the function é,, (¢,,) for channel C,,, which can
be extracted as ¢ (q) by temporarily ignoring the subscript m
for simplicity. To begin with, an important property of € (¢) is
provided.

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

6
Lemma 5. The derivative of € (q) is given by
dé(q) _ ) Dyl p1), i p1 # o™, (32)
dg D(q,p1), if pi =pi™,
where pj is the optimal solution obtained from Theorem I with

the corresponding q. Function Dy(q,p1) = g—g is the partial

derivative of € in (21) with respect to q. Function D(q, py) is
given by

~ dp

D(q,p1) = Dy(q,p1) +Dp(q,p1)d7;, (33)
where D,(q,p1) = 83—;1.
Proof. The derivative of € (¢) in (32) can be obtained by the
well-known envelope theorem [37]. O

Then, with the expression in (32), the convexity analysis of
€ (q) is provided in Theorem 2.

Theorem 2. € (q) is convex if one of the following conditions
holds:

1) Dp(a, p™) > 0 and Dp(Prax, p™) > 0;

2) D,(a,p*) <0 and Dy(Ppax, p**) < 0;

3) Dp(Pumax, P"™) < 0, and D (Prax, pP*) > 0, and

—pi)h o
vy = U > 415,V € (G, Pras].

In condition 3), 7{2 is the unique root of

déqs

ha
1 == 34
d'}/12 ( + ’712) hl 9 ( )
where

€12 = 612|R1:R'{ar7R2:Rgur. (35)

The value of ¢ is obtained by

Dy (0,p™), if Dy(a, pP™) >0,

q= 13 D, (0,p™), if Dy(a, pP™) <0,  (36)

Q, otherwise,

where function D, Yp,p1) is the inverse function of ¢ =
D,(q,p1). Note that the above three conditions are mutually
exclusive.

Proof. See Appendix C. O

Remark 3. Theorem 2 provides sufficient conditions for é(q)
to be convex. In practice, the convexity of é(g) holds with a
probability of approximately 97% according to the simulation
results in Section VL

The convexity analysis of é(¢q) can be directly extended to
€m(qm). If each &,,(qy) is convex, problem P; is a convex
optimization problem, which can be solved optimally by using
CVX. Nevertheless, we can give the optimal solution to Pr in
waterfilling form, which is described in Section IV-C. If P;
cannot be confirmed as a convex problem, an efficient MM-
based method is offered in Section I'V-D.

C. Optimal Method for Convex Cases

Suppose that P; is convex, the optimal solution to P7 can
be characterized in the following theorem.
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Theorem 3. If P; is convex, the optimal solution is given by

g = Oy ifp>-— dEm |q¢wam> (37)

m (%)—1(—;;), therwzse,
where p is chosen such that Zm 190 =Prmax and (%)_1(@
is the inverse function of ¢ = “ZT(i"’) with ¢, € [Cm, Prax)-

Proof. The optimal solution in (37) can be derived by applying
the well-known waterfilling method. O

Remark 4. In the case when Pz is convex, Theorem 3 provides
an optimal power budget allocation scheme among channels in
waterfilling form. The values of ¢, can be efficiently found in
the bisection manner due to the monotonic increasing property
of function M . Furthermore, by substituting ¢, into the
solutions of 7?6 m, the optimal rate and power allocation to Ps5
can be derived.

In the following subsection, we will provide a power budget
allocation algorithm for general cases where P; cannot be
confirmed as a convex problem.

D. Efficient Method for General Cases

When the sufficient conditions cannot be guaranteed in The-
orem 2, problem Py is still intractable because the convexity
of its objective function is unknown. To solve it, we introduce
an MM-based method to minimize the average BLER for
obtaining the power allocation among channels.

Based on the framework of the MM algorithm [38], instead
of minimizing the objective function €,,. directly, we consider
iteratively solving a series of simple optimization problems
whose objective functions are tight upper bounds of the orig-
inal objective function. Specifically, for problem P7, denote
the objective function as é.(q) with q = {g,, }}2_,, then,
we provide a surrogate upper bound function G (q|q(l)) in the
following proposition.

Proposition 4. The surrogate upper bound function of €.,.(q)
used in the l-th iteration is given by

Dy =M glamlaD)/M.q € G,

where gm(qm|q,(,ll)) is the surrogate upper bound of €, (qm )
G = G1 X Go X ... X Gpp, with G, representing the domain
of element q,,. Denote the optimal solutions to P, as pl(l)

R*(Tg, and R27(n1 with the given q,(n). Then, gm(qm|qm) can

be constructed as

G(dlq (38)

0y =
Im(@ml@’) = €mly, 0 Ry =P R =R

2,m

> €m (Qm) ,Vam € G, (39)
where p(ll)m can be expressed as
*(1) max
Pims if p p1 )
Pim = d 1 57 max( <Z>) (40)
PEE(n), i P = P (ah),
with L1/m 1
P (gm) = T L @)

2 2,m h27m
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Set G is defined by

M
Gg= {01| Z dm = Pma.ndgyl,,) <gm < Pmaxavm}a

(42)
m=1
where a( ) is given by
l max
() _ max{am,oé }7 lfp*() #pl m,( )) 43
Q) = max ( (1) ( )
Otm, l‘fpl,'rn plm(q )7
with 6y = 2820 (p1 () + 1) — P
Proof. According to Pg ,,, for V¢ € G,,,,we have
ém (¢) = minimize €m|qm:C' (44)

{P1,mEVm ,R1,mER1 m,R2 mER2,m}

where Vp,,, R1,m, and Rg ,,, are the feasible domains of p; ,,
Ry, and Ry ,,, respectively. Based on (31), the expression
of €, (¢) can be given by

€m (C) = Em‘Pl,m=P{,m,R1,7n=R’{‘:rm7R2,m=R;L:rm7(Im=<’ (45)

where pf’m € Vm = [pPm,p2¥(¢)] denotes the optimal

solution to Ps,, when ¢,, = (. Based on the definitions of
pgl)m and G,,, it can be derived that p() € V. Therefore,
we can draw the conclusion that

Am (C) S €m|p1 (O]

=Py, ,,L7R1,’"L:
= gm(Clal?).

Consequently, G(q|q(?)) can be proved to be an upper bound
function of é,.(q). O

R R m=RL",, .qm=C
(46)

Therefore, the MM-based algorithm begins with a feasible
point q(°) and updates the solution with the following rule:

qth) = arg min G(q|q(l)). 47)
qeg

Remark 5. Since set G C &,, where &, is the feasible domain

of q in P, it can be demonstrated that the solution obtained

in (47) is always feasible for Pr.

Next, we explore the convexity of problem (47) and acquire
the optimal solution of q(*% in waterfilling form in the
following result.

Theorem 4. The problem in (47) is a convex optimization
problem and its optimal solution can be obtained by

_( oA dg, )
( ) lf‘,u > - gmfiq(;:qu | W,

*(1+1) _ Qm, qm=0m
m - dgm 1 . .
(Gg=) " (=q), otherwise,
(48)
where [ is chosen such that Zm 14 7,5”1) =Poax and
0 )
(%)_1@0) is the inverse function ()(];(p = % with
Gm € [a%), Pinax]. Function % can be given by
l l l max l
g (@mlas) _ [ Dom(@m.pi0) i P1oy # PP (ale),
2 l l max [,
dgm Dm(%napg,)m)v lfp*( ) = =DPim (an))v
(49)

*(1) )

where p} ;, is the optimal solution to Pg v, with the given g, .

Dy (Gm,p1,m) and D,, (qm,p(1 )m) have expressions similar
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to Dy(q,p1) and f)(q p1) in Lemma 5, respectively, by just
)

adding the subscript m. The value of (dq’” )~1(—f1) can be

efficiently searched with the bisection method.

Proof. We can derive that

l max I
g (g g) {Dq 2 (s D30), B 1) £ pax(gf),

d?é1 (gm)

! 1
daz, et if py 1) = prax(gl),
" (50)
where % P} O —pmax (gD is proved to be positive accord-

ing to (73) in Appendix C. Function D2 ,, (¢, pgl)m) which
02 (am.p$",)
o942, Tty <L>
indicated by (68) in Appendix C. Note that the condition for
l(Jl)m> o fé)m to hold is log,(1 + 'yl( )m) RJT“fn, which can
*(fT)L + h2 m ) - h;m :
Thus, gm(qm|qm ) is convex for ¢, € [ag,l,,), Piax]- Then, for
each iteration, G(q|q®)) in (47) is convex for q € G. Thus,
the optimal solution in (48) can be derived using the well-
known waterfilling method. The optimal solution in (48) can

be derived using the well-known waterfilling method, where

, 1s positive when r® 5

represents iim

, as

also be expressed as ¢q,, > ORSm (p

)
the value of (dgm )~Y(—f1) can be efficiently found in the
bisection manner, owing to the monotonic increasing property
dgun (0,010 ON
dq .

O

of function from the convexity of g, (Gm|gm

Thus, g can be updated iteratively by solving the problem
in (47) optimally with Theorem 4 until convergence. The
convergence analysis of the proposed MM method is provided
in the following theorem.

Theorem 5. The proposed MM method converges in the sense

of [39].

Proof. 1t can be easily derived that G(q|q(") satisfies the
following two conditions:

G(ala®) > éwe(q), Vg € G,
G(q(l)|q(l)) = €ave (q(l))~

(D
(52)

Then, we have

éne(@'™) < G(@"V1q") < G(a"]a") = Ewe(a?).
(53)
Consequently, the sequence of éu.(q®)), I = 0,1,.. is
monotonically nonincreasing. The objective value is bounded
below by éave(q(l)) > 0. Furthermore, it can be derived that

G(q|q®) also satisfies the following two conditions:

VG(qWq") = Véue(a"),
G(q|q(l)) is continuous in both q and q'".

(54)
(55)

Then, since the above four conditions (51), (52), (54), (55) are
satisfied, according to [39], [40], Theorem 5 can be proved.
O

As a result, with the convergence result obtained from the
proposed MM-based algorithm, the rate and power allocation
to Ps can be derived for multi-channel FBL-NOMA systems
by solving P ., based on Theorem 1.
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Algorithm 1 Rate and Power Allocation Algorithm for Multi-
Channel FBL-NOMA

Input: Total power budget Pp.x, blocklengths {L,,}, QoS
thresholds {R[%}, and channel gains {h;,}.
Output: Rate allocations {Ri,m}, power allocations {p; ,, }.
1: Confirm the feasibility of PP; based on Proposition 3.
2: if The sufficient conditions in Theorem 2 are satisfied then
Obtain the optimal solution q with Theorem 3.

3: else
4: Initialize the iteration index [ = 0, precision dypy, and
q(O) c g

5: repeat
Solve (47) with the current q(l) via Theorem 4 and
denote the obtained solution as q(+1).

7: Update [ :=1+ 1.

: until Convergence
9: Set g = qV.
10: end if

11: Solve Ps ,,, with q based on Theorem 1.
12: Return solutions {R; ,,,} and {p; m }.

E. Complexity Analysis

For multi-channel downlink FBL-NOMA systems, the de-
tails of the proposed resource allocation algorithm are de-
scribed in Algorithm 1. The algorithm mainly contains two
stages: determining the convexity of the objective function in
‘Pz, and subsequently optimizing the rate and power allocation.
To facilitate further analysis, we denote the precision for
searching ¢, p1,m, and the water level y as d4, 0p, and 9y,
respectively.

In the first stage, the complexity of determining the con-
vexity of the objective function in P7 is O(M é log, (3-))-
In the second stage, if P; is convex, the complex-
ity of obtaining the optimal rate and power allcation is
given by O(M log, (5 )log2( )log2( )), while for gen-
eral cases, the complex1ty of the MM-based method is
O(IumM log,(5-)log,y (& )), where Iy is the number of
iterations in the MM scheme.

Therefore, the complexity of the proposed rate and power
allocation for multi-channel FBL- NOMA systems is given by

O(M (5 logy(5-) + logz( 5. 108y (5 )logz( ~))) in convex

cases or O( ( logz( ~) + Ium log2( )logz((%))) in gen-
eral cases.

V. CHANNEL ASSIGNMENT

In the previous section, we have investigated rate and
power allocation for downlink FBL-NOMA systems with the
given channel assignment. In this section, we propose a joint
optimization of channel assignment, rate allocation, and power
allocation for the average BLER minimization in downlink
FBL-NOMA systems.

Specifically, denote the channel assignment as the matching
matrix II with binary elements 7y, ,,, where 7, ,, represents
whether user UE; is assigned to channel C,,, i.e.,

0,
Tkym = 17

if UEy, is not assigned to C,,, (56)
if UEy is assigned to C,,.
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Algorithm 2 Joint Channel Assignment, Rate Allocation, and
Power Allocation Algorithm for Multi-Channel FBL-NOMA

Input: Total power budget Py, blocklengths {L,,}, QoS
thresholds {R}%,}, and channel gains {;,}.
Output: Channel assignment II, rate allocations {R; ., }, and
power allocations {p; m }.
1: Initialize the channel assignment, rate allocation, and
power allocation.
2: repeat
3: Update the channel assignment matrix 1I based on the
swap matching scheme.
4: According to the current II, update R; ,,, and p; ., by
applying Algorithm 1.
5: until Convergence
6: Return the current II, {R; ,,,} and {p; n, }.

Based on our proposed system model, 7., satisfies the
following constraints:

M K
Z Tk,m = 1,Vk‘, and Zﬂ'k,m = Z,Vm, (57)
m=1 k=1

where constraint (57) indicates that each user is assigned
to one channel and each channel is occupied by two users.
To solve the channel assignment problem, we employ the
swap matching scheme [41]. In this scheme, swap operations
are performed by choosing two users on different channels
and exchanging their channel assignments. For determining
whether a swap operation should be accepted, we introduce
the definition of BLER minimization swap-blocking (BM-SB)
pair.

Definition 1. A pair (UEy,,Cp,,), (UEg,,Cpn,) is defined
as a BLER minimization swap-blocking pair if and only
if €,(I1) > e,(M), Ym € {mi,my}. Here, I and II
are the matching matrices before and after swap operation,
respectively. €, (I) and €,,(II) are the average BLERs of
channel C,, under the matching matrix II and I, respectively.

Then, the system keeps searching for BM-SB pairs and
executing the swap operations until no BM-SB pair exists.
According to Definition 1, the average BLER of the system
will decrease after each accepted swap operation. Meanwhile,
the average BLER is lower bounded by a finite value. There-
fore, the proposed channel assignment algorithm will converge
after a finite number of swap operations, with the complexity
of O(K?) [41]. However, the exhaustive search algorithm for
channel assignment has a complexity of O(K!/2%/2), which
is prohibitive for a large K.

Finally, with the proposed rate and power allocation meth-
ods and the channel assignment algorithm, a joint resource
allocation scheme for downlink FBL-NOMA systems can be
provided by iteratively performing the channel assignment
based on the swap matching scheme and the rate and power
allocation scheme proposed in Section IV. The details are
described in Algorithm 2.
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VI. NUMERICAL RESULTS

In this section, we demonstrate the performance of the
proposed downlink FBL-NOMA design through numerical
simulations. Specifically, we consider a 1 km radius cell
with the BS in the center serving K uniformly distributed
users. We use a channel model with the path loss given by
—(128.1 4 37.61og;,d) dB, where d represents the distance
between the BS and the user, measured in kilometers. OFDMA
is employed to allocate orthogonal frequency bands to wireless
channels. Each channel is assigned to two NOMA users and
has an equal bandwidth of 1 MHz. The noise power spectral
density is —174 dBm/Hz for all users. The blocklength for
each user is set as L,, = 100.

For convenience, the proposed minimum BLER design for
FBL-NOMA systems is denoted by FBL-NOMA-BM. Specif-
ically, for single-channel cases, FBL-NOMA-BM employs the
rate and power allocation provided in Theorem 1. For multi-
channel cases, FBL-NOMA-BM applies the joint resource
allocation in Algorithm 2. For comparison, six benchmarks
are considered as follows:

1) FBL-NOMA-ES: the exhaustive search for rate alloca-
tion, power allocation, and channel assignment to achieve min-
imum BLER in FBL-NOMA. In this method, the continuous
rate and power variables are uniformly discretized into a finite
set of values within their respective feasible domains. Then,
we evaluate every possible combination of these values, along
with various channel assignments, to determine the optimal
solutions for average BLER minimization.

2) IBL-NOMA-BM: the minimum BLER NOMA scheme
with infinite blocklength assumption, where BLER ap-
proaching zero is assumed. The average BLER mini-
mization problem is transformed into a feasibility prob-
lem with the objective function being constant, i.e.
zero. Thus, VR; ,€[RM™ , C(Viim)], i€{1,2}, and Vp; €

i,
2F1m 1 gm+1l/ham 1 : :
[ 72| are the optimal solutions. In our

simulation, we set R; . = Ri%. p1m = (P + PPa)/2,
and p2 . = ¢m — P1,m for comparsion.

3) FBL-NOMA-SBM: the minimum statistical BLER [25]
scheme for FBL-NOMA.

4) PM-NOMA-EPM: the minimum error probability
NOMA scheme based on practical modulations [26].

5) IBL-NOMA-SRM: the maximum sum rate NOMA
scheme with infinite blocklength assumption [10].

6) FBL-OMA-BM: TDMA for two users on the same
channel, and OFDMA for user pairs on different channels,
with minimum average BLER scheme and FBL transmission.
The transmission power of each user’s signal is the total
channel budget g,,. The blocklength for each user is halved
to Lyoma = Lm/2, for ensuring that the total amount of
time-frequency resources occupied by all users is equivalent
in both the NOMA and OMA schemes.

In the following subsection, the performance of the pro-
posed FBL-NOMA-BM will be compared with the above
benchmarks.
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(a) d1 = 0.25 km, d2 = 0.30 km (b) d1 = 0.25 km, d2 = 0.40 km
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Fig. 2. Comparison of the average BLER versus the power
allocation p; for the single-channel case.
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Fig. 3. Comparison of the average BLER versus the total
power budget Py, for the single-channel case.

A. Single-Channel Performance

In Fig. 2, we investigate the average BLER versus the
power allocation p; for the single-channel case. The channel
power budget P, ,x is given with different values. The distance
between the BS and the strong channel user is denoted as dj,
while the distance between the BS and the weak channel user
is denoted as da. The QoS thresholds are set as R* = R}* =
3 bps/Hz. We compare the power allocation solution derived in
Proposition 2 with the globally optimal solution obtained via
the exhaustive search. One can observe that the derived power
allocation is exactly the globally optimal solution. Note that
Fig. 2 covers the three cases of the optimal power allocation
in Proposition 2.

In Fig. 3, we compare the average BLER obtained via
different schemes versus the total power budget Pn.. for
the single-channel case. One can observe that the proposed
FBL-NOMA-BM scheme achieves the optimal performance as
the exhaustive search algorithm, and outperforms the bench-
marks in terms of BLER performance. It indicates that the
traditional infinite blocklength regime, the minimum error
probability scheme based on practical modulations, and the
maximum ideal sum rate design based on Shannon capacity
cannot exploit the full potential of FBL-NOMA. Additionally,
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Fig. 4. Comparison of the average BLER versus the QoS
thresholds R and RI* for the single-channel case.

the result of FBL-NOMA-SBM indicates that the minimum
statistical BLER design may be suboptimal for instantaneous
BLER minimization. For IBL-NOMA-SRM, the performance
of BLER is extremely poor, which is consistent with the result
obtained in [26]. This is because the design of IBL-NOMA-
SRM ignores the impacts of error propagation and FBL
transmission. Furthermore, it is observed that the proposed
FBL-NOMA-BM outperforms FBL-OMA-BM, which verifies
the superiority of NOMA scheme in FBL systems.

Fig. 4 illustrates the average BLER versus the QoS thresh-
olds RT™ and RI™ for the single-channel case. The distances
between the BS and two users are set as d; = 0.25 km and
ds = 0.40 km. The total power budget Py, is set as 22 dBm.
It can be found that our proposed FBL-NOMA-BM scheme
achieves the optimal performance as that of the exhaustive
search, and outperforms the IBL-NOMA-BM, FBL-NOMA-
SBM, PM-NOMA-EPM, IBL-NOMA-SRM, and FBL-OMA-
BM schemes. Additionally, Fig. 4 shows a trade-off between
RI™ and average BLER, implying that higher transmission rate
requirements of users tend to compromise system reliability.
The simulation results also indicate that, under the same BLER
requirements, our proposed scheme allows users to transmit
at higher rates compared to other schemes, thereby effectively
improving the spectral efficiency of the system.

Fig. 5 illustrates the average BLER versus the blocklength
L for the single-channel case. One can observe that as the
blocklength L increases, the average BLER of FBL-NOMA-
BM and all NOMA benchmarks can be reduced. Besides,
compared to other benchmarks, the proposed FBL-NOMA-
BM scheme achieves the most significant improvement in
BLER performance.

In Fig. 6, we compare the average BLER versus the channel
gain ratio ¢ = \/hq/ho for the single-channel case, by setting
di = 0.25 km and h; = hot2. It can be observed that,
with the fixed P,.x and hj, all the schemes finally show
an upward trend of the average BLER performance with the
increasing t. Besides, as the channel gain ratio ¢ decreases
to 1, FBL-NOMA-SBM and PM-NOMA-BM exhibit notable
performance degradation. Furthermore, the average BLER of
FBL-NOMA-BM consistently decreases as t approaches 1;
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Fig. 6. Comparison of the average BLER versus the channel
gain ratio t = \/hy /hy for the single-channel case.

however, despite significant improvement in ho, it does not
exhibit a waterfall-like decline, as is observed in FBL-OMA-
BM. These observed phenomena indicate that with reduced
channel gain differences between users, NOMA'’s performance
gain diminishes due to the difficulties of signal distinction
in power-domain under similar channel conditions, resulting
in inferior performance compared to OMA. Even though,
the superiority of the proposed algorithm over other NOMA
benchmarks can be verified.

B. Multi-Channel Performance

For the multi-channel system simulation, to ensure com-
parative fairness, we apply the waterfilling algorithm for the
channel power budget allocation and the swap matching for the
channel assignment in all benchmarks except FBL-NOMA-
ES. Additionally, to verify the effectiveness of the proposed
channel assignment method with swap matching, we also
compare it with two user pairing algorithms proposed in
[8] and [9], denoted as FBL-NOMA-BM-UP- [8] and FBL-
NOMA-BM-UP- [9], respectively. In FBL-NOMA-BM-UP-
[8], we select the user with the best channel condition and
the one with the poorest channel condition from the set of
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TABLE I
PROBABILITIES OF &, (¢m) IN (31) BEING CONVEX.
gm (dBm) 5 10 15 20 25
Probability 96.97% | 96.85% | 96.94% | 97.38% | 97.20%
TABLE II

PROBABILITIES OF PROBLEM P7 BEING CONVEX.

Number of Channels 5 10 15 20
Probability 85.87% | 73.74% | 63.33% | 54.38%

z=P==0x:-:=B:-:

<,
5
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Fig. 7. Comparison of the average BLER versus the total
power budget P,,.x for the multi-channel case.

unassigned users for pairing, after which these user pairs
are randomly allocated to each channel. In FBL-NOMA-BM-
UP- [9], since this paper focuses on single-antenna systems,
instead of maximizing the normalized channel correlation, we
maximize the channel gain difference Dy, k, = |hk, — i,
[42] and follow similar procedures proposed in [9] for user
pairing and channel assignment.

In Tables I and II, we show the probabilities of the function
€m(¢m) in (31) and the problem P; being convex, respectively,
based on 10,000 random experiments. In these experiments,
users are randomly distributed and grouped in the cell, and the
QoS threshold RTar for each user is randomly set within the
range of [2, 10] bpS/HZ As shown in Table I, the probability
of €., (¢m) being convex fluctuates around 97% for different
values of channel power budget ¢,,. Furthermore, Table II
indicates that the probability of P; being convex decreases
as the number of channels increases, due to the reduced
probability of é,,(g,,) being convex simultaneously on all
channels. However, even when there are 20 channels, the
probability is still above 50%, implying that with a given
channel assignment, the proposed algorithm has a relatively
high likelihood of obtaining the optimal rate and power
allocation for the multi-channel case.

Fig. 7 illustrates the average BLER versus the total power
budget P, .x in the multi-channel case. There are 10 users
uniformly distributed in the cell. The QoS threshold RTar for
each user is randomly set as 4 bps/Hz or 2 bps/Hz. One can
observe that the performance of the proposed FBL-NOMA-
BM scheme is close to the optimal performance achieved by
the exhaustive search algorithm FBL-NOMA-ES. This means
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the proposed FBL-NOMA-BM scheme for the multi-channel
case.

that our proposed resource allocation algorithm can achieve
near-optimal performance efficiently. In addition, our channel
assignment scheme surpasses those in [8] and [9]. This is
because, unlike the user pairing schemes in [8] and [9] which
only consider users’ channel conditions, our algorithm directly
aligns with the optimization objective, leading to superior
performance. Furthermore, similar to the single-channel case,
the proposed scheme can achieve better performance than
IBL-NOMA-BM, FBL-NOMA-SBM, PM-NOMA-EPM, and
IBL-NOMA-SRM schemes in the multi-channel case. The
superiority of NOMA over OMA can also be confirmed
through the simulation result of the FBL-OMA-BM scheme.

Fig. 8 shows the average BLER versus the number of
users in the multi-channel case. The QoS threshold RZTafn for
each user is randomly set as 4 bps/Hz or 2 bps/Hz. Due to
the complexity of the exhaustive search algorithm, for FBL-
NOMA-ES, we only provide simulation results for scenarios
with a relatively small number of users. One can observe that
the average BLER increases monotonically with respect to the
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number of users. This is because the total power budget of the
BS is fixed, and when the number of users increases, the power
allocated to each user decreases, leading to a worse average
BLER performance. The simulation results also confirm the
superiority of the proposed algorithm over other benchmarks.

The cumulative distribution functions (CDFs) of the number
of MM iterations in Section IV-D, the number of swap
operations in channel assignment, and the number of outer
iterations in Algorithm 2 are depicted in Fig. 9. Specifically,
Fig. 9(a) shows that the MM-based algorithm requires more
iterations as the convergence precision dy decreases, where
mm = (éave(q*(l+1)) - éave(q*(l)))/€ave(q*(l))- Meanwhile,
as the number of users increases, more swap operations
and outer iterations in Algorithm 2 are required to ensure
convergence, as shown in Fig. 9(b) and Fig. 9(c). Never-
theless, with our proposed FBL-NOMA scheme, even in a
system with 20 channels and 40 users, convergence can be
achieved within 14 swap operations and 8 outer iterations. In
contrast, the exhaustive FBL-NOMA scheme would have to
search 40!/22° ~ 8 x 10*! channel assignment combinations,
resulting in prohibitive complexity. The simulation results
demonstrate the scalability of our proposed scheme in systems
with a relatively large number of channels.

VII. CONCLUSION

In this paper, we investigated the BLER minimization
design for downlink single-channel and multi-channel FBL-
NOMA systems. Specifically, for single-channel systems, we
derived the optimal rate and power allocation scheme in semi-
closed form. For multi-channel systems, after analyzing the
convexity of the minimum BLER problem, we were able to
provide the optimal solutions in waterfilling form for convex
cases and propose an efficient MM-based algorithm for general
cases. We also developed an efficient scheme to jointly opti-
mize channel assignment, rate allocation, and power allocation
in FBL-NOMA systems by incorporating the swap matching
scheme with the proposed rate and power allocation scheme.
Simulation results demonstrated the superior reliability and
efficiency of our proposed design compared to the existing
NOMA and OMA schemes. The extensions of the framework
developed in this paper to robust design with imperfect CSI
and exploration of the trade-offs with other performance
metrics are interesting topics for future work.

APPENDIX A
PROOF OF LEMMA 3

Firstly, it is evident that €(p;) is twice differentiable on
[piin, pax] Then, we focus on verifying the second-order
condition of a strictly quasi-convex function, which requires
that a point p; satisfying dd =0 also satlsﬁes = > 0 [43].
To facilitate the proof, we ﬁrst denote €;; as

€ij = €ij| R, =R Ry=RI- (58)
Then, % = 0 is equivalent to
d611 d 12 d€22
1- Cazg 2 g (s
dp, —— (1 —&2) + dp (1—én)+ y (59)
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6” < 0 and the chain rule, we can derive that

According to

‘éeplll <0, (é;}f > 0, (ifp” > 0. Furthermore, dT; is given by
d’¢ _ 1dén 1déo
—_— == = A1 (1 —€12) — = Aa(1 —€
dp% 2 dp, 11( 612) 2 dp, 12( 611)
1de d~ dé
€22 €11 6127 (60)
C2dp ~dpy dp
where A;; is given by
o dyy APy d
Aij =T dpr a2 dpy (61)
with I7; expressed as
= dfy;  d3fy df
Ly = fij 2L — —2/>2. (62)
Ty do /d%j

In (62), fij = f(ij, R}™) is the function of ~;;. When £<
0 is satisfied, from (59) we have

d622 d€11

Aj1(1—€ ——= A =— Aq(1 - 63

i (1l — &) + a1 T 1(1 = &12). (63)
Then, by substituting (63) into (60), we have

d2€  1dép 1 déa

— A1 —A)(1-¢€ Aj1—A 64

a2 >3 dp1( 11— A2)( 611)+ 5 1( 11— A2). (64)
It is challenging to directly determine Whether S5 is positive
or not when 576 0 is satisfied from (64). Fortunately,

lower bound of I5; can be provided by

1 Tar

Iy > ——— v € 2% — 1, 4+00). (65)
J 1 4 Vij J [ )

It is worth mentioning that this lower bound is important for

our analysis in this paper, and the detailed proof is shown in

Appendix B. Then, it can be derived that A;; — A15 > 0 and

A1 — Ago > 0. Therefore, we can draw the conclusion that

de d%e
— =0=—-—= >0, 66
dpy dp% (06)

which confirms that é(p;) is a strictly quasi-convex function
min HlaX].

ln [pl 7p1

APPENDIX B
PROOF OF (65)

To derive a lower bound of I3; in (62) which is only
related to ;;, we aim to eliminate RTar from the expression
in (62). For this purpose, we treat the parameter RT‘“ as the
variable r € [0, log,(14;;)] and investigate the second order
derivative of I5; with respect to r by

dQFij _ L(1+’YZ])1H21H4
dr? (i (i +2))*
2 (293 + 4vi; +1) In®2

(14 7i5) (i (i + 2) = (1 + 535) + r1n2)*’
(67)

2.,
where L is the blocklength. One can observe that dd;” is
negative, implying that I';; is the concave function with respect
to 7. Thus, the minimal value of Ij; with the given +;; is
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derived at = 0 or 7 = log, (14;;), and it can be derived that
the values of I; when RF™ = 0 and when R}™ = logy, (1+i;)
are larger than —"— + The complete proof is omitted here due
to the page limit. Thus Iij > —— +’v17
APPENDIX C
PROOF OF THEOREM 2

According to (32), the expression of %(5) relies on the
location of the optimal pj. Therefore, we aim to determine
the behavior of pj in response to the changes in q. Firstly,
we introduce three functions D,q(q,p1), Dg2(q,p1), and
D, (q, pl), which stand for the second-order partial deriva-

2 .
tives 638;1, ng, g 5, respectively. Then, we have

qu(val) < O7Dq2(qap1) > 07

which can be derived based on the lower bound provided in
(65). The detailed proof is omitted here due to the page limit.

Based on (68), we can investigate the monotonicity of
functions D, (q,p™™) and D,(g,pP*>) with respect to g.
Specifically, we have

dD,(g, ™) min
Tl = qu(q V41 ) <0.

(68)

(69)

Thus, D,(g,p™") is a decreasing function with g. For
D,(q, p**), when D, (g, pi"®*) < 0, we have

dDp(g:P"™) _

max max dpmax
dq = pq(q P )"'Dpz(qapl )——

dq

1
> =Dy 11(q, p7*) Dy 12(q, p71*) > 0, (70)

2
agi]’

where D ;;(q,p1) and Dy ;;(q,p1) represent 2 ” and 72,
respectively. We can derive that D, (g, pi*®*) is monotomcally
increasing with respect to ¢ when Dy(q,p™) < 0. It is
necessary to mention that when D (q p**) > 0, proving
that D, (q, p"®) is an increasing function can be challenging.
Nevertheless, we can conclude that if D, (¢, pi**) > 0 for

¢ € [a, Ppax], we have

Dy(q,p1"™) >0, V¢ < ¢ < Ppax. (71)

Next, we will prove that the conditions proposed in Theorem
2 are sufficient for determining the convexity of the function
¢ (). Firstly, when D, (v, p*i™) > 0 and D, ( Prax, pT") > 0,
we have D, (q, ™) > 0 for g € [, Pmax], according to the
monotonicity of the function D, (g, p™). Based on Lemma
3 and the fact in (71), we also have D,(q,p?™) > 0 for
q € [, Ppax)- Thus, for g € [, Pyay] and py € [piin, pinax],
D,(q,p1) is non-negative based on Lemma 3 and thus pj =
Pt In this case, we have

d2€ (Q) min
dg? = Dg2(q,p1"") > 0. (72)
Hence, ¢ (¢) can be proved to be convex in this case.
Secondly, when D, (a, pi**) < 0 and D, (Pupax, P***) <

min max

0, for ¢ € [, Pmax] and p; € [p™™, p}

positive and p7 = p"®*. Then, we have
d*é (q) 1

dg? > oRL™+1

], Dp(q,p1) is non-

Dpa2(q, p7")(1 — €1)k,  (73)
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where x is given by

Chi(PP™hi4+1) gha+1
(g 12 pPethy 41
y ((pamm +1)(ghi+1) 1>2
(pP**h1 + 1)(gh2 + 1)
2h1 hy maxh +1
gh1+1  pP™h+1 qho+1

> 0. (74)

Thus, € (g) can be proved to be convex in this case.

Then, if D,(Prax, PP") < 0 and D, (Prax, pP7*) > 0,
there exists ¢ € [, Pmax] such that p} = pi. Furthermore,
when p7 = pi, the second-order derivative of € (¢q) can be
expressed as

dq(z ) Dy (g, p}) + qu(qmi)d—;, (75)
de .
where - can be obtained by
dpJ{ — qu(%pD
W Daesh 76)
q D2 (q,p1)

According to (66), we have D,2(q, pl) > 0. Thus, the

d’é(q)
d 2

the relatlonshlp between term D2 (q, pJ{)Dpz (g, pJ{) and term
D2, (g, P1) Therefore, we obtaln

task of investigating

is transformed into evaluating

1
D2 (q,p})Dy2(q,p}) — D2, (q,p}) > 34 (77)

where A = A, + A_, A} and A_ can be given by
Ay =—2D,11(q,p})Dp12(q.p1) Dy (g, p), (78)

A =D§,11(q,p1)D§,12(q,pD
+ D2 15(q,}) Dp11(a, p}) Ti2(1 —énl, 1)
+ Dq,lQ(qapI)Dp,ll((LpJ{)DpQZ (¢,p)) T2, (79)
respectively, with
8’7“ 32’}/" 5’}/--
Tyi= (I =2 — Y 2 . 80
1= (5550~ el gyt ) e O
Then, a sufficient condition for A > 0 can be given by
ha
h7>D r(712) = A >0, (81)
1
where D,.(y12) is the function with respect to ;12 given by
de
Dr(m2) = == (1+m2)- (82)
Y12

It can be derived that D,(y12) > 0 and monotonically
decreases with respect to 712, based on the chain rule. Define
the set A = {q € R[pt = pl}. If

(¢ —p)h
Mo = Ti—l > “YI%VQ € A, (83)

where 7{2 is the unique root of (34), then we have dzz(zq) >0,
Vg € A.

But when Dy, (Prax, P™) < 0 and Dy(Prax, PP*) > 0,
it cannot be guaranteed that pj7 always takes pI. To be
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min

specific, when D, (a, p}
Dy(q,p™™) = 0. Then for q € [a,q), we have p} = p}
and € (q) is convex. For g € (G, Pmax|, We have p} = p{ and
€ (q) is convex when the condition in (83) is satisfied. One can
observe both € (¢) and de({f are continuous at ¢ = ¢, meaning
that € (¢) is differentiable with ¢ on v, Ppax]- Following that,
the mean value theorem can be applied to prove that € (q) is
convex.

To be specific, for g1, 02 € [, Pmax|, When g1 < g9, there
always exists &1 € [01, 02] such that

dé (&) _ €(02) — é(Ql)_ (84)

dq 02 — 01

) > 0, there exists ¢ satisfying

min

When the condition in (83) is satisfied, we have dzz(zq) >0

for ¢ € [a,q) and g € (g, Pmax], respectively. Thus %(qq) can

be determined to be a negative continuous increasing function.
Hence, with g1 < &7, we have %gl) < %‘5]1) <0 and

R ) deé (¢ . dé (o
€(02) = é(o1)+ (1((11)(92791) > é(01)+ ( 1)(92791).
(85)
When g1 > 02, with the similar method, we can also derive
R . dé
€(02) > 6(91)+%(92—91). (86)

Therefore, € (¢) can be proved to be convex for ¢ € [, Pmax]s
based on the first-order convexity condition [43].

Also under the premise that Dp(Puax, p") < 0 and
Dy, (Pmax, p1"*) > 0, when D, (a, p‘lnax) < 0, there exists ¢
satisfying D, (g, p1*®*) = 0. Then, é(q) is convex for ¢ € [« §)
based on (73). é(q) is convex for ¢ € (g, p***] if the condition
in (83) is fulfilled. Similarly, the mean value theorem can be
employed to prove that é(q) satisfies the first-order convexity
condition. Thus, € (¢) is convex for ¢ € [o, Ppax] in this case.

Moreover, when Dy,(Piax, pT") < 0, Dp(Prax, PP) >
0, Dp(a,pin) < 0, and D,(cv, p*@) > 0, one can observe
that p7 = p]; on the entire domain of q. Thus, if the condition
in (83) is met, € (g) is convex.

In conclusion, sufficient conditions for € (¢) to be convex
can be provided in Theorem 2. Furthermore, based on (66),
it is obvious that the three sufficient conditions in Theorem 2
are mutually exclusive. Consequently, Theorem 2 is proved.
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