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ABSTRACT

Interaction between surface gravity waves and mean ows has implications for
wave propagation, breaking and changes in the mean circulation pattern. These physi-
cal processes subsequently modify material transport and mixing in the coastal ocean.
Most of the existing wave-current interaction modeling approaches are based on the
assumptions of weak current or strong current with weak vertical shear. Few of the
former studies consider the interaction of waves with strongly sheared current, in which
the current vertical shear can a ect linear wave dynamics at the leading order. In real
world, however, in coastal zones where fresh riverine water meets salty seawater, such
as in a river mouth, ow structures can be highly complex and the current becomes
strongly sheared due to strati cation and tidal e ects.

In this study we investigate the shortcomings in humerical modeling of waves
and vertically sheared currents. The in uence of an arbitrary current pro le on wave
dispersion and evolution equation is studied. We demonstrate that the widely used
depth-weighted average current value of Kirby & Chen (1989)(KC89), is not the correct
current speed to use directly in the action equation in SWAN or similar wave models,
as this approach neglects the contribution from the derivative of the wavenumber-
dependent weighted current during calculation of the group velocity. We correct this
error and also suggest a strategy for determining the current contribution to group ve-
locity as a function of frequency, employing a Taylor series expansion about the peak
frequency, signi cantly extending the range of accuracy of current information with
minimal additional programming or data passage. The expressions for energy density
and intrinsic frequency used to construct the wave action density are similarly inves-
tigated, using perturbation approximations in the general action balance equation of

Voronovich (1976). The results suggest that the action densitt = Eo= may be

XVii



consistently constructed using the usual expression for energy densiy = 1=2ga?,
together witha =! kO based on the KC89 current speed. The wave action ux
approximation also suggests the use of the currefit as the correct current speed to
be used in the advection velocity, which is the vector form of the advection velocity
suggested by KC89 and discussed by Banihasheatial. (2017). We have further ex-
tended the suggested Taylor expansion around the peak wave number in a modeled
spectrum, with extensions covering the speci cation of action, ux and intrinsic fre-
guency as well as an extension to a general 2D horizontal setting. These results provide
an avenue for calculating wave action and action ux in spectral wave models, using a
compact set of information about the current eld evaluated at the spectral peak wave
number. Lastly the coupled wave-current modeNH WAV E, which couples the wave
model SWAN with a wave-averaged version of the non-hydrostatic model NHWAVE
Ma et al. (2012), is validated using laboratory experiments on wave-current interaction.
We have chosen the experiments done by Kemp & Simons (1982) on the interaction
of non-breaking waves with currents in a laboratory ume. The results from our 3D
non-hydrostatic model agree reasonably well with data from the experiment for wave

following currents.
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Chapter 1
INTRODUCTION

Wave-current interaction plays a key role in understanding coastal ocean dynam-
ics and near shore sediment transport. To analyze and model wave-current interaction,
it is useful to have a clear understanding of the relative magnitude of time and length
scales for both the waves and currents. In most frame works, waves are considered to
vary more frequently than the currents. Therefore, in many situations and over most
coastal and open-ocean areas, there is a clear separation between waves and currents
in horizontal space and time scales. This provides a basis for deriving the conservative
wave-current interaction equations. The theories have been incorporated in numeri-
cal models to include wind wave e ects in ocean circulation without resolving surface
gravity wave motions for computational e ciency. Within the modeling system, ocean
circulation models are coupled with wave generation and propagation models to resolve
the e ect of waves on circulation and vice versa. The spectral wave models include
evolution of wave action density a ected by the mean ow, and the ocean circulation

models account for the wave-averaged forces driving or modifying the mean ow.

1.1 Current E ects on Waves

To describe the wave group evolution, wave action, which is de ned as the total
wave energy divided by intrinsic frequency, is often adopted because of its conservative
characteristics without growth and dissipation e ects (Bretherton & Garrett, 1968).
Existing, widely used wave models such as SWAN (Simulating Waves Nearshore, Booij
et al.,, 1999) are typically based on the underlying dynamics for monochromatic waves

being governed by the wave action balance of Bretherton & Garrett (1968).



Studies have recently been carried out using SWAN model for example in the
Wadden Sea (Cairest al., 2006; Haskoning, 2007; Groeneweq al., 2007), in which
model results were compared with buoy observations in tidal inlets. The objective of
these studies were to determine the predictive skill of SWAN for a number of severe
storm conditions, including a range of wind and wave directions, high water levels
and strong tidal currents through the tidal inlet. These hind casts indicated that, at
the buoy locations positioned around the tidal inlet, the largest discrepancies between
model results and observations are found at short fetches at the lee of the barrier islands,
and in the main tidal channel. Wave-current interaction was shown to have a signi cant
in uence on wave conditions in the tidal channel. In particular, under conditions of
opposing current, wave heights and mean absolute wave periods were found to be
overestimated by the model Groenewegt al. (2007). It is therefore important to
verify the performance of wave-current interaction in wave models such as SWAN, and
to investigate re nements to its implementation.

A speci c aspect considered in the wave evolution models is the in uence of the
current pro le on the dispersion of the waves. Presently, the SWAN model assumes
a depth uniform current when computing wave-current interaction to evaluate the
propagation velocities. The e ect of weak vertical current shear has recently been
accounted for in models using a depth-weighted average current value (Skop, 1987;
Kirby & Chen, 1989). Various studies including van der Westhuysen & Lesser (2007);
Ardhuin et al. (2008) have utilized this depth-weighted currentd (k) as the basis for the
wave-current interaction in propagation models. In application, this approach is often
further truncated to account for the limitations in the standard form for input into the
spectral wave model, which only allows the speci cation of a single current value at each
grid location. This limitation is often dealt with by using O(kp) as the representative
value of U, wherek, denotes the wavenumber at the spectral peak frequency; see, for
example, Eliaset al. (2012). The e ect of choosing a single value for current velocity
based on the peak wave frequency is examined in Chapter 3 and an alternate strategy in

suggested, involving a Taylor series expansion about the peak frequency, which should



signi cantly extend the range of accuracy of current information available to the wave
model with minimal additional programming.

Presumably, the expression for action density needs to be investigated as well.
For the general case, Voronovich (1976) has described the conservation law, in the
geometric optics approximation, for an adiabatic invariant corresponding to the wave
action density. Recently Quinnet al. (2017) have presented an explicit formulation
of the wave action equation using known asymptotic solutions of the boundary value
problem which exploit the smallness of the current magnitude compared to the wave
phase velocity and/or its vertical shear and curvature; the adopted approximations
are shown to be su cient for most conceivable applications. In the limit of vanishing
current shear, the new formulation reduces to that of Bretherton & Garrett (1968)
without shear, and the invariant is calculated with the current magnitude taken at the
free surface. It is shown that in realistic oceanic conditions, the neglect of the vertical
structure of the currents in wave modeling might lead to signi cant errors in wave
amplitude. In Chapter 4, using a modi cation of Kirby & Chen (1989)'s perturbation
solution for weakly-sheared currents, where the basic ow is allowed to be a strong
current with waves propagating at an arbitrary angle to the surface current direction,
we develop approximate expressions for the wave action density and action ux in

terms of a weighted integral over depth of the arbitrary current pro le.

1.2 Wave E ects on Currents

The study of wave e ects on currents was also developed to explain nearshore
current generation and modi cations. The analytical expressions for surface wave force
and wave-current interaction can be classi ed into two types depending on the treat-
ment of the advection terms in the momentum equation. The formulations for wave
forcing are based on either the radiation stress concept (Longuet-Higgins & Stewart,
1960, 1961, 1962, 1964), in which forcing is expressed as the divergence of a stress
tensor expressing excess wave momentum ux, or on the vortex-force or CL formalism

Craik & Leibovich (1976), where wave forcing appears through a combination of terms



expressing vortex force, divergence of wave volume ux, and the dissipation of wave en-
ergy. The di erence between the concepts of radiation stress and vortex force lies in the
treatment of the advection termsq r g in momentum equation. The advection term,
combined with continuity equation, yields wave-averaged forces in radiation stress for-
malism accordingtogr q+q(r gq)=r (g q), while another operation on the advec-
tion term yields the vortex force formalism according t@ r g = %r (ggq) g (r Q).
The rst term on RHS is the gradient of Bernoulli head, which contributes to the pres-
sure gradient force within the water column. The second term on RHS is called the
vortex force. The ow vorticityisdenedas =r (.

The classical wave 'radiation stress' concept were originally presented in terms
of depth-integrated and short wave-averaged equations. However, when it comes to 3D
ocean circulation modeling, it is required that radiation stress be depth-dependent as
a forcing term in the momentum equation. Mellor (2003) provided depth dependent
formulation for radiation stress terms which has been implemented in publicly avail-
able version of ROMS by Warneret al. (2008). Nevertheless, it is pointed out that
the formula by Mellor are inconsistent in a simple test case of shoaling waves with-
out energy dissipation due to inappropriate treatment of pressure terms in radiation
stress (Ardhuin & Belibassakis, 2008). In response, Mellor (2008) modi ed his original
formulation and provided a new approach for depth-dependent radiation stresses to
include a Dirac delta function at the sea surface. Bennis & Ardhuin (2011) showed
that the new formulation was inconsistent with the known depth-integrated momentum
balances in the presence of a sloping bottom. Although they did not discuss the origin
of the inconsistency, they stated that Mellor used a di erent averaging for the pressure
gradient term and for the advection terms of the same equation and believe that this
was the original reason for the problems discussed in their study. Finally, based on the
correct transformation of the horizontal pressure gradient in the equations of Mellor
(2003) and with the radiation stress tensor of Mellor (2008), Mellor (2011a) presented
a closed set of equations in-coordinates which are consistent with Longuet-Higgins
& Stewart (1964) and Phillips (1977). Recently Kumaret al. (2011) implemented the



Mellor (2008) method including the updates presented in Mellor (2011a) in ROMS, and
evaluate an idealized situation of non-breaking and shoaling waves on a steep sloping
topography.

Another version of the formulation for wave forcing is the surface wave force ini-
tially derived by Garrett (1976) in the study of Langmuir circulation generation. The
wave driving forces include the wave dissipation term and the wave-averaged vortex
forcing term, identi ed later by Leibovich (1980) and Smith (1980) as the vertically
integrated form of the 'CL vortex-force' derived by Craik & Leibovich (1976). Dinge-
mans et al. (1987) also presented a similar formulation of this type of wave driving
force. Smith (2006) extended the formulation of Garrett (1976) to include nite-depth
e ects and provided some insight into physical interpretation of each forcing term in
depth-integrated equations. Newberger & Allen (2007) derive wave-averaged forces
consisting of a surface stress and a body force. The surface stress is proportional
to the wave energy dissipation. The body force includes one term that is related to
gradients of part of the radiation stress tensor and a second term that is related to
the vortex force and is proportional to a product of the mean wave momentum and
the vertical component of the mean vorticity vector. In addition, there is a nonzero
normal velocity at the mean surface that arises from the divergence of the mean Eu-
lerian wave mass ux. The formulation is applied to the extended Princeton Ocean
Model (POM) and validated with data from DUCK94 experiment. Shiet al. (2006)
formulate a Craik-Leibovich wave vortex force for a quasi-3D circulation model. The
study showed equivalent results when both models were run with continuous coupling
between currents and waves. Interestingly, this equivalence breaks down when coupling
is updated only intermittently, with a clear indication that the vortex force model re-
tains better accuracy with progressively weakened coupling. This result was thought
to be related to the form of the vortex force term, which can utilize the updated cur-
rent eld and thus partially maintains continuous coupling during time-stepping of the

circulation model, even if corresponding updates to the Stokes drift are not available.



McWilliams et al. (2004) showed a series of equations in di erent time scales for sur-
face waves, infragravity waves and low-frequency currents in a coupled system, and has
provided a careful derivation of the 3-D forcing due to waves acting on currents in a
vortex force formulation. Uchiyamaet al. (2010) presented a wave-current interaction
model with the McWilliams et al. (2004) vortex force formulation using UCLA/ROMS
and SWAN. The model is validated using DUCK94 experimental data. Kumaet al.
(2012) applies the vortex force formulation by McWilliamset al. (2004) in the the cou-
pled ocean-atmosphere-wave-sediment transport (COAWST) modeling system Warner
et al. (2010), which couples USGS/ROMS with SWAN. Several subsequent studies
have used COAWST model with the inclusion of McWilliamset al. (2004) wave vortex
forces in estuaries and coasts under well-mixed conditions (e.g. Olabarrietaal. 2011,
2014; Benetazzet al. 2013). Recently, wave current interaction e ects on mixing and
transport in river plumes has received considerable attention (Akaet al. 2017; Rong

et al. 2014) and is found to play important roles in modifying salinity strati cation,
freshwater transport, and dispersal of river plumes. Gong (2018) have also studied
the e ects of wave current interaction on salt transport and salt intrusion in estuaries
during storm events.

The limitation to weak vertical shear is still present in McWilliamset al. (2004)
formulation. Recently, Dong (2016) has presented a new framework to describe wave-
current interaction for arbitrarily sheared current. Following McWilliams et al. (2004),
the study has developed a theory to describe the interactions of waves with strongly
sheared mean ow. Starting with the multiple scale expansion, they derive governing
equations for both waves and mean ow dynamics by applying wave average. With the
presence of strongly sheared mean ow, the wave governing equations are manipulated
to get into the form of Rayleigh stability equations. The multiple scale expansion
and wave averaging are used to separate wave equations and mean ow equations.
The resulting formulation for mean ow leads to vortex force formalism incorporating
current shear e ects.

As mentioned above, most of the existing wave-current interaction modeling



approaches are based on the assumptions of weak current or strong current with weak
vertical shear. Few of the former studies consider the interaction of waves with strongly
sheared current, in which the current vertical shear can a ect linear wave dynamics at
the leading order. In real world, however, in coastal zones where fresh reverine water
meets salty seawater, such as in a river mouth, ow structures can be highly complex
and the current becomes strongly sheared due to strati cation and tidal e ects (Figure
1.1).

Waves propagating against an opposing current can be stopped if the magnitude
of the current, in the direction of wave propagation, exceeds the group velocity of the
oncoming waves. This phenomenon is known as wave blocking, and the location where
the waves are blocked is called the blocking point. This characteristic feature of wave
blocking has drawn the interests of oceanographers and coastal engineers alike for their
ability to be used as signature patterns of underlying large scale motion (e.g. internal
waves) and for the navigational hazards these regions pose. Around the blocking point,
the wave climate transitions rapidly from steepening waves prior to the blocking point
to decaying waves beyond the blocking point. One such example of wave blocking can
be seen in Figure 1.2 at Indian River inlet. The photograph has been taken 3 hours
after high tide, and thus there is a strong current propagating out of the inlet. This
strong current blocks waves that are trying to propagate into the inlet.

Field measurements at river inlets are becoming more common with improve-
ments in eld observation techniques and instruments. The Columbia River is the
largest river on the Paci ¢ coast of North America, accounting for 77% of the total
drainage along the coast between San Francisco and the Strait of Juan de Fuca (Hickey
et al,, 1998). The Columbia plume provides an excellent natural laboratory in which
existing numerical and analytical models can be tested and in which the importance of
various physical processes can be assessed. Strong river ow, wind forcing, and tidal
forcing cause the Columbia River plume to be an extremely dynamic feature, therefore
a wide variety of plume processes has been studied by many previous authors. Kilcher

& Nash (2010) describe the structure and explore the dynamics of the Columbia River



Figure 1.1: Internal plume structure for a moderate ebb near low tide, Columbia
River. Upper panel: Log of shear squared (color) and vertical pro les of
density de cit (black lines; =1026:3kg=n?). Lower panel: East-
ward velocity (color) andlog;0 (gray bars; tick marks indicate decades
above 10 ‘W=kg).Kilcher & Nash (2010)

tidal plume and front. Elias et al. (2012) have recently reported the rst comprehensive
eld observation (USACEMega-Transect Experiment, Moritzet al., 2007) and numeri-
cal modeling (DELFT3D-SWAN; Lessetret al., 2004) e orts for the Mouth of Columbia
River (MCR), with surface waves and wave-current interaction being one of their main
emphases. In their study, they demonstrated that it is not straight forward to model
wave-current interaction over a strongly vertically-sheared surface plume. The distri-
bution of wave height is sensitive to the choice of current intensity experienced by the
waves. They suggested that the wave-orbital weighted formulation developed by Kirby
& Chen (1989) is shown to have better model skill when comparing with measured
data.

Janssen & Herbers (2014) have conducted two pilot experiments in Raccoon
Strait located in San Francisco Bay (May and July 2011) and have collected a dataset
of wave-current interaction in this area. These pilot experiments were conducted to
better understand the current and wave regimes in the area (Figure 1.3). Surface

wave energy is enhanced in the blocking zone where the waves are relatively steep



Figure 1.2: Wave blocking at Indian River Inlet, Delaware, USA, (Chawla & Kirby,
2002)

and breaking occurs. Thomsort al. (2014) have also presented observations of wave
breaking e ects at the o shore front of the Columbia River plume. Their observations
show that wave breaking is an important source of turbulence at the o shore front,
which may contribute to plume mixing. The lateral gradient of current associated with
the plume front is su cient to block (and break) shorter waves.

These initial observations show a complicated interaction between tidal currents,
strati cation, topography and surface waves, the details of which are not yet fully
understood.The interactions between waves and arbitrary strong current can cause
signi cant e ects to mass transport, large amplitude wave crests can cause damage to
coastal structures, and the turbulence induced by the kinematics can be dangerous for
maritime vessels. Since the existing wave-current interaction studies are not adequate
to address the strong and complex interactions occurring in wave-forced river out ows,
In locations such as a river inlet, an approach that can model the nonlinear e ects
is needed. Such work requires theoretical development on wave-current interaction

which has been introduced in the work done by Dong (2016)(DK16 herein after). The



Figure 1.3: Flow velocities observed using ship-board ADCP with the ship track in
along-strait direction. The incoming ood tide is accelerated over the sill
and plunges underneath the lighter bay water about 700m after the sill.
(Janssen & Herbers, 2014)

wave-current interaction theory has been applied in their work to a coupled system of

NHWAVE and SWAN (NH WAVE), with which our research starts.

1.3 Thesis Outline

The speci c objectives of this study are (1) Finding possible ways to account
for current shear e ects in the wave action conservation equation in existing wave
models such as SWAN and (2) Evaluating the performance of the model implementation
presented by DK16 in NHWAVE coupled model against wave ume experiments.

After a preliminary presentation of the results of the wave-current interaction on
strongly sheared mean ows theory presented by DK16 (Chapter 2), we will proceed in
Chapters 3 and 4 by describing the work done to incorporate a better representation of
frequency and direction-dependent group velocity and intrinsic frequency in the neigh-
borhood of the spectral peak, thus improving the present practice of using quantities
evaluated only at the spectral peak. Chapter 5 will give an introduction to the wave
spectrum model SWAN and the wave-averaged non-hydrostatic model NHWAVE for
nearshore and coastal ocean circulation followed by a test case to examine the validity

of the model.
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Chapter 2
WAVE CURRENT INTERACTION THEORY

In this chapter, we describe the procedure for separating wave and current
motions using a multiple-scale expansion. We start with the Euler equations and
decompose the motion into wave and current components. The current is treated as
slowly varying motion with longer scales in time and space compared to waves. Thus
mean ow dynamics can be separated from wave dynamics according to di erent scales.
Following Phillips (1977), any variables such as velocity, pressure, surface elevation and
vorticity can be separated into waves and current. We take for example. can be

written as the superposition of currents and waves.
= + - (2.1)

where represents mean ow variable and™ represents the wave variable. The mean
ow is separated from oscillatory ows by applying wave-averag€®< >%to the

variable in Eulerian framework, which is de ned as the average over the wave phase.
z z
ko~ ko 1o o

< >= — dx = —
N Z2

dt (2.2)

Mean ow variables remain while the oscillatory variables are assumed to be removed

after wave-averaging. This is an Eulerian mean method.

< > = (2.3)
<™>=0 (2.4)
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The linear wave solution can induce other harmonics of oscillation due to nonlinearity.
We apply the WKB representation to the wave motion to include the these harmon-
ics. In general, we expand all dependent variables in multiple scales. The Eulerian

equations are then sorted into mean ow equations and wave equations.

2.1 Governing Equations

We consider incompressible, inviscid ow governed by the Euler equations. Due
to current vertical shear, wave motions are not typically irrotational. A turbulence
model and strati cation e ects can be added to our formulation later. We separate our
problem into horizontal and vertical directions by de ning the coordinatesX;y;z;t) =
(x;z;t), velocity g = (u;v;w) = u+ wi, and gradient vectorr = (@=@X; @=QY,; =@z
(r n; @=@.2We usep for pressure h for still water depth and for instantaneous water

surface elevation. The governing equations and boundary conditions are given by

%t+qr q+}r p+g, = 0 h z (2.5)
rq = 0 h z (2.6)

w = uryh; z= h (2.7)

w = %t+ur hy Z= (2.8)

p = 0; z= (2.9

The curl of the momentum equation leads to a vorticity equation, which is used to

describe the motion's vorticity dynamics.

@ _ :
ert(@r) =C 1)@ hoz (2.10)
where vorticity is dened by = r g, and may be written in terms of horizontal

and vertical components as ( ). In our problem, the motion consists of strong
mean ows with long wave contributions and narrow-banded surface gravity waves.

Weakly nonlinear surface gravity waves have small surface slope so that parameter

12



= koag 1, wherek, is a representative wave number and, is a representative
wave amplitude. All the scaling in our problem is done based on parameter The
oscillatory wave motion is described using complex functioh e= cos + isin , where
( x;t) is the wave phase function, with wave number and absolute frequency de ned
by
k() =1 n ( X51)

L(x;t) = %t(x;t)

k and! are assumed to be slowly varying over horizontal and temporal scales. Wave

number conservation is given by cross-di erentiating to obtain

@&
—+ry =0 2.11
o " (2.12)
2.2 Multiple-scale Approach

In most cases, the spatial and temporal scales of variations of the current and
of average properties of the wave eld are much larger than the period and wavelength
of individual waves. Thus the scales of wave and current variations may be treated

separately. We introduce multiple-scale format in horizontal scabe and temporal scale

t to describe the general modulations of variables,

X=X+ XxX=x+X (2.12)

t=t+ t=t+T (2.13)

We assume that motions contain both fast scale and slow scale variations. The fast
scales denoted byx; z; t) are used to describe local wave-like behavior as well as vertical
variation, while slow scales are used to illustrate the slowly varying features of the mean
ow as well as properties of narrow-banded wave trains in horizontal space and time
denoted by (X; T). The topography is also assumed to vary slowly in horizontal space

ash = h(X). In addition to the general multiple-scale approach, we apply a WKB
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theory to wave motions to facilitate the isolation of problems at each ordenj for each
harmonic frequency () as shown below, wher@ denotes ordering in and m denotes

the harmonic number. We expand the variable , for instance, as

b3

"z X;T)
= n nm(Z;X; T)E™ (2.14)

whereE = € . We require , m = ., Where is any physical variable and
denotes complex conjugationd:c: thereafter), in order to obtain real-valued physical
guantities. Speci cally, the mean ow is represented by terms witm = 0, while linear
waves are represented byn = 1. Quadratic waves appear in terms withm = 2 plus
slow-scale derivatives of linear wave terms. We note that wave terms wilh™ (m 6 0)
are formally removed by wave-averaging. It is thus easy to identify current terms and

waves terms in the expansion. According to

X
= " o= 0oXszZi T+ 10Xz T+ 2 a0(Xz;T) + (2.15)
50 X
= : n;mEm
n mé60

= [ Xz TE+ cel+ 21Xz T)E+ (X2, T)EZ+ cic] +

(2.16)

The instantaneous surface elevation(x;t) consists of the wave-averaged com-

ponent —(X; T) and the oscillatory component £x;t; X; T).
="+~ (2.17)

The total mean water depth seen by waves = h+ , hence we expand the surface

boundary conditions in Taylor series about the slowly varying water surface levekE
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which is consistent with subsequent use of the theory in numerical models.

O =0 +~2) + 320 +0() (218)
@ 2 @2

In addition, both fast and slow scale variations are involved in our problem. To
simplify it, we use the relation between fast and slow scale coordinates X=;t = T=
and substitute for fast scale coordinates using slow scale coordinates. The horizontal
slow scale gradient is dened as . The local slow scale derivative is de ned as
@=@TThe phase function then becomes %;t) = ( X;T)=, and wave number and

frequency are de ned as

K=t n(X0)= 1l ( X;T)= O)

@, ... @1, . _
= Gl xD= g (XiTI= 0

The governing equations are given with surface boundary conditions expandedzat —

%_Ij (ur yu+ W%Z+ -ryp = 0; h z ~ (2.19)
1
%\_II_V+ (ur y)w+ W%Vzv+ —%? g = 0 h z ~ (2.20)
Fy U+ %"Z" =0 h z - (2.21)
W = ur yh; z= h (2.22)
@p 2@, *Cp _ &, _ -
Pt o 2@ 6@ - O 27 (2.23)
W _@w, 2~2@W+ Taw _ @ . (u+ @ Z@)rH
@z 2 @% 6 @ @T @z 2 @%
+ O(%; z=- (2.24)

2.3 Wave-averaged Forces
With strong current and strong shear assumption, the current velocity can reach

the same magnitude as the wave phase speafi=g O(1). The current vertical shear
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is comparable to absolute wave frequency@=@gz!, O(1). The wave amplitude is
assumed to be far less than wave length, apkg = 1. The non-dimensional wave
variables are of orderO( ).

Dividing the motions into waves and current in the momentum equation and
applying wave-averaging, we get the momentum equation for the mean ow alone,

given by

1 :
%t+drd+—rﬁ+glz= < grg>; h z (2.25)
The RHS term < &r & > is the wave-averaged forcing. It can be interpreted
either in terms of the radiation stress formalism or the C-L vortex force formalism.
In this study, we adopt the vortex force formalism since it gives a clearer physical
interpretation of the problem. Considering the relatiomgr q=r (gq)=2 q (r Qq),

we de ne

= 2< (qa)> (2.26)
(3;K)= ?<a (r &> (2.27)

where is Bernoulli head and (; K) are vortex forces in horizontal and vertical direc-
tions, respectively. Therefore, the RHS term < g¢r g>= 2(r + J+ Ki,). The
body force is the combination of Bernoulli head gradient and vortex force J;K).
The Bernoulli head gradient represents the wave-induced e ects associated with wave
set down. The vortex force represents wave refraction caused by the current eld. The
form of the vortex force above is slightly di erent from the Craik-Leibovich de nition

of vortex force, which is the distortion of current vorticity by the wave-induced Stokes
drift. The theory indicates that the wave vorticity is directly related to the current
vorticity and wave Stokes drift is derived from the wave orbital velocityw~ Hence the

present form nally leads to the Craik-Leibovich vortex force with wave solutions.
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2.3.1 Leading order wave equation
The leading order wave equations (consistent withn(=1; m = 1) in equation
2:15) are given as follows. As we can see, current vertical shear appears in wave

momentum equation, which generates wave vorticity.

@ = 0 h z ~ (2.28)
i w+ }gz = 0 h z ~— (2.29)

@y . _ A _
@;lkq = 0 h z (2.30)
w = 0; z= h (2.31)
W = igs~ z=" (2.32)

To get the Rayleigh (or inviscid Orr-Sommerfeld) stability equation, we multiply Equa-
tion (2.28) by k and take its vertical derivative @ =@ After combining (2.29) - (2.30),
we have the Rayleigh equation for the vertical component of wave velocity, given by

@g_‘;’ (@+ K w=0. h z - (2.33)

with combined surface boundary condition

, @

@2 (S gk)w=0; z=" (2.34)

and bottom boundary condition (2.31). s is the wave intrinsic frequency at mean
surface. The horizontal orbital velocitye and pressure eld amplitudep-are given in

terms of w by

2k
4(z) = gz e @éw)] (2.35)
i 2@ w
oD = et (236)

The Rayleigh equation 2.33 has very few analytical solutions except for some
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special cases. An approximate solution can be obtained using the perturbation solu-
tions Kirby & Chen (1989), or by using a numerical approach following Fenton (1973).
Hence, Dong (2016)(DK16 herein after) follow the work done by Kirby & Chen (1989) in
terms of the perturbation solutions. The comparison between wave numerical solutions
and perturbation solutions based on measured current velocity pro les is discussed in
DK16 and results suggest that the perturbation solution up tdO( ) is a fairly good
approximation to wave solutions for the real current velocity pro le. Wave-averaged
forces are provided with the perturbation solution instead of numerical solution to
avoid extra computation time. The details of the wave perturbation solution will be
provided further in section 2.4 along with the resulting wave forces. To obtain the wave
forces for weak current in section 2.5, we will rescale the governing equations with weak
current assumption, and reproduce part of the work done in McWilliamst al. (2004)

(MLRO4 hereinatfter).

2.4 Wave Vortex Force formalism by DK16

A formulation for wave-induced Bernoulli head and vortex force is given by
DK16 for the case of strong currents and strong shear. We intend to compare the
vortex force formulation of DK16 with weak current with shear assumption to the
vortex force formalism of McWilliamset al. (2004) in this chapter. Therefore we will
present the forces up toO( 2) here which will be the leading order terms containing
current shear terms. In addition, the slow time derivatives in horizontal vortex force
are neglected since these terms are relatively small. The equations are rearranged as
below.

As mentioned before, the forcing terms in DK16 are originally in terms of the
wave vertical velocityw: Therefore in order to evaluate the forcing terms we need to
seek wave solutions. We seek solutions for the vertical component of the wave orbital

velocity

w= | saF(2) (2.37)
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where a is the amplitude of the wave, s = !  k U(0) is the intrinsic frequency at
the mean water surface, andr (z) has constraintsF (™) = 1;F( h) =0, de ning the
vertical structure of w

The equations governing mean ow in the vortex force formulation in Cartesian

coordinates are given by

1
%t+(Ur h)T + w%; Srpp = or oy +13 (2.38)
@ @ 1@ _ @
@t+(u r o)W+ w@z+ _@Z+ g = @z+ K (2.39)
rpu+ %VZ =0 (240)
W h+U nryh =0 (2.41)
Wj- @ (TUry)” = ryUs (2.42)
ot H H .
b- = P (2.43)

Where USt is the Stokes transport, which in turn is the depth integral of the Stokes
drift as de ned in 2.47 and 2.48. The divergence of the depth-integrated Stokes drift,
r y USt, appears on the RHS of the kinematic surface boundary condition as a wave-
induced mass source/sink term (Hasselmann, 1971). The wave-averaged forces consist
of the gradient of Bernoulli head and vortex force J;K). The depth-dependent con-
tinuity equation indicates the incompressibility of the ow with the wave part removed
after wave-averaged. The mean water surface elevationncludes wave setup/setdown.
P is the wave-averaged forcing term at = —.

With the wave solution given by 2.37 the wave forcing terms presented in DK16

can be rearranged as follows. (For more detailed derivation, see chapter 4 in DK16)
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— 2
S et My W e F (2.44)
2a2. 2F2 k F? - k F2  _
J = 54 |z —Zu;z + F —2 7 r H + F(_Z)'Z z
2F2_ ~ k F? _ .k F? _
+  —5 2 t(k )p —)z T (k )p )zl 1 T
F2 F2
+ Cr H(_ZU;Z)+ ) Cr H(U;z)
A 282 2k F? .
i, —r H(STW(_Z);Z) i, us(z)” (2.45)
2a? 2F? - F2 k| -
K = S4 _2U§Z iz P(_Z)Zk (U:z_"' ;z) (2-46)
2a? k F? F2_ F2. k _
ust = ST p(_z);z 2_zu;z 7 +(_2);z(ﬁ izt u;z) (2-47)
a k F F a’
ust = S4 F(_);Z U;— + ZU;Z(_) (2-48)
with the mean ow vorticity —and —
To= 15 U’Z (249)
T = T H u (250)
The dynamic surface boundary condition (2.43) is given by
p= < ~gz>: Sa’F()=2=  JSa’=2; z=" (2.51)

2.5 Weak current assumption and comparison to wave vortex force for-

malism by McWilliams et al. (2004)

The weak current assumption is usually used in the modeling of wave-current

interaction. In this section, we provide the wave-averaged forces for weak current with

shear and compare them to the form presented in MRLO4. The vortex force formulation

with weak current assumption is implemented in our modeling approach in Chapter 5.

Two methods to obtain the wave forces for weak current are considered. One is
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following MRLO4 and formulates the problem by assuming weak current at the begin-
ning. This will result in a reproduction of the work done in their 2004 paper. Instead
of rescaling the governing equations with weak current assumption, we focus on the
reduction of our wave-averaged forces based on perturbation solutions. The di erences
between the two methods are how to present current e ects on wave solutions. The
rst method leads to the pure wave solutions at leading order and then presents the
current e ect at order O( ?) wave equations. The second method keeps current terms
at leading order wave equations, leaving the orded( ?) wave equations current-free.
Perturbation solutions to the leading order wave equations will include current e ects.
In this section, we adopt the second method. With weak current and weak shear
assumptionjuj=g¢  O( ), the wave-averaged forces in previous section are largely
simpli ed as current related terms go at least one order higher. Following Kirby &

Chen (1989) the perturbation wave solutions gives

fo(z) + f1(2)

w= B (2.52)
fo(z) = sinhk(h+ 2) (2.53)
f = ! I7(0 7 r2(0) inhk(h +
1(2) = E[ 1(0) TIi(2) m]sm ( 2)

+ gk%l‘é(z) coshk(h + z) (2.54)
i(2) = KU, ()sinh2kh+ )d

Z;

2(2) = Ru..( )coshx(h+ ) 1)d

h
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The wave-averaged forces can be reduced to

z

272 z
_ sa coshkgh + 2) N _1 i QU;zz sinhx(z  )d
4 sinh” kd kcosinh“kd 7
h 0 0
+2¢05h.2<(2h+ 2% Rusinh X+ )d 2 R usinhx(h+ )d
Cosinh“kd h tanhkd
| .
. . sinhx(h+2z) o .
+RUjo+ Kuj , + —— (R 1,
. Jo J n keo SN2 kd (KTzj n)
z
ust( )d T, (2.55)
h 7 ,
J = w'u, i, utCr 4 us()d U] (2.56)
Z z ; @ Z z
K = ut()d us, =utu, — ust( )d T, (2.57)
h ’ @z
with
a k
ust ——coshX(z+ h 2.58
2 sintf kd ( ) (2.58)
2
ust = K Gnhad= EX - Ny (2.59)
4ksmlf kh ck
w(z) = r 4 ustdz® (2.60)

h

where E is the total wave energy andN is wave action. The last terms on the right
hand sides of 2.56 and 2.57 are pure gradient terms,and thus can be combined with

the Bernoulli head gradient, giving the nal form of wave vortex force as

Z
_ s’a* coshx(h+ 2) + 1 ‘ Ru,,sinhx(z )d
4 sinfkd ~ _ keosintPkd z

h 0 0
L 2COSNE Y 2) T TR gsinhk(h+ )d Rusinh(h+ )d

CosinhPkd h tanhkd

I .
. » sinhx(h+ z) o _ .

Rujp+ R, + SNEBED o 261
ot KU n + = S kd < Ul n) (261
J = V%StU;z iz ust— (262)
K = u( )d us, = us U, (2.63)

h
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with the dynamic surface boundary condition same as 2.51. Comparing the results
to the widely used in ROMS/SWAN coupled model (Uchiyameaet al., 2010; Kumar

et al., 2012) the vortex forces are identical and the the second and third line in the
bernoulli head equation 2.61 are additional terms compared to their Bernoulli head
equation. The wave induced pressure is also di erent from that in Uchiyamat al.
(2010), equation 9. These di erences are thought to be due to di erent treatment of
the surface boundary condition in the wave motion solution. Our f1(z) in equation 2.54
is equal to zero at the surface where the same treatment can not be seen in MRLO4.
The additional term added tof 1(z) adds the extra terms in our bernoulli equation
while the value at the surface which is equal to zero will simplify our pressure to be
equal to 2.51. Note that in MRL0O4 the combined contribution of Bernoulli head is
separated in two parts of dierent order each. The higher order contribution is a
guasi static balance between the mean pressure, mean surface elevation and the wave
stresses, which is absorbed in the quasi static sea level component (Uchiyaghal.,
2010; Kumaret al., 2012). This term results from subtracting 2.51 from the rst term

of 2.61 evaluated at the surface, which results in the quasi static sea level component

as
ka2
2 sinh Z«d

st —

(2.64)

The lower order quasi static balance is expressed as the Bernoulli head equal
to the second term in 2.61 in (Uchiyameet al., 2010; Kumaret al., 2012) whereas by
assuming weak current in DK16 vortex force formulation will result in ve extra terms
presented in the second and third line of equation 2.61.

Implementing the vortex force wave forcing in our coupled wave-current model

NHWAV E will be discussed in Chapter 5.
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Chapter 3

APPROXIMATION OF WAVE ACTION FLUX VELOCITY IN
STRONGLY SHEARED MEAN FLOWS

The work presented in this chapter has been published in Ocean Modelling
Volume-116, Pages 33-47.

https://doi.org/10.1016/j.ocemo0d.2017.06.002. Rights to this article are pro-
vided in Appendix E.

3.1 Introduction

Important theoretical advances have been made in the last several decades which
have advanced our understanding of wave-current interaction in ocean circulation. The-
ories have been incorporated in numerical models with the main intent of including
wind wave e ects in ocean circulation without resolving surface gravity wave motions
for computational e ciency. Within typical modeling systems, an ocean circulation
model is coupled with a wave generation and propagation model in order to determine
wave e ects on currents and vice versa. The spectral wave models include the e ect of
the mean ow in the computation of wave action ux, and the ocean circulation models
account for the wave-averaged wave forcing driving or modifying the mean ow.

Spectral wave models are usually based on the theory for waves in the presence
of depth-uniform currents. In the real world, however, currents are usually vertically
sheared to some degree. Recently, various studies (van der Westhuysen & Lesser, 2007;
Ardhuin et al., 2008) have suggested the use of a depth-weighted curr&itk) as the

basis for the wave-current interaction in propagation models, wher@(k) is the rst
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order correction to the phase speed for an arbitrarily varying currert)(z) and is given

by Z,

2k
0= gonaq Y@ cosh(h+2)dz (3.1)

where h is the water depth andk is the wave number (Skop, 1987; Kirby & Chen,
1989). In application, this approach is often further truncated by usingJ(kp) as the
representative value ofJ for all wave components, wheré, denotes the wavenumber
at the spectral peak frequency. This procedure is now included as an option in widely
used models such as Delft-3D and COAWST (Eliast al., 2012; Kumaret al., 2011,
2012). We remark here that the perturbation scheme of Kirby & Chen (1989), de ned
originally for the case of weak current, can be straightforwardly modi ed to cover the
case of a strong current with weak additional shear. Assuming a fairly arbitrary split

between a depth uniform and depth varying current

U(z) = Ug+ U 1(2); 1 (3.2)

and repeating the procedure used to develop the solution in Kirby & Chen quickly
establishes that the choice for leading order current speedll = U, with the details
of the overall solution maintained up to second order. The parameter represents the
magnitude of current shear; a scaling analysis based on nite depth waves with hori-

zontal and vertical length scales proportional tk !, leads naturally to an expression

Ul (3.3)

where characterizes the maximum value of shear in the current pro le, andJs is the
surface current speed. The expressions developed in both the perturbation solution
and the analytic solution for constant shear discussed below are both easier to interpret

using a slightly di erent expression

h
T (3.4)
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which is used throughout the remainder of this chapter.

The purpose of this chapter is to demonstrate the inapproprietness of the use
of the weighted currentU as the current component of the group velocity, and to
examine the e ect of using either the correct or incorrect estimate of the current speed
evaluated only at the spectral peak frequency. We evaluate the accuracy of approximate
solutions in comparison to analytical or numerical solutions for the full theory based on
the Rayleigh stability equation. The theory described here is limited to unidirectional
propagation on a following or opposing current, and so currents and wave numbers
appear as scalars rather than vectors. General vector form will be further discussed in
chapter (4). In section 3.2, the problem for a linear wave in a uniform domain with
arbitrary current U(z) is established. We then outline the common approximations for
group velocity used in modeling and the errors resulting in these applications. In section
3.3, we evaluate the approximations for the analytic case of a wave on a current with
constant vorticity, and establish the consistency of the expressions for group velocity
derived from the perturbation solution of Kirby & Chen (1989). Section 3.4 examines
comparable results of the numerical solution for a current pro le measured at the mouth
of the Columbia River (MCR) (Kilcher & Nash, 2010). In section 3.5, we evaluate the
shortcomings of practical approximations in existing coupled circulation-spectral wave
models, where it is typical to use onlyd(kp) as the current speed. Finally, in section
3.6 we describe a strategy for providing a compact but signi cantly more accurate
representation of current advection velocity in SWAN or similar models, using a Taylor
series expansion of the expression for the wavenumber-dependent current speed about

the reference value at the peak frequency.

3.2 Theory and approximate expressions for the absolute group velocity
Cqga
3.2.1 General theory
We consider the linearized wave motion of an incompressible, inviscid uid,

with wave number k and phase velocityC, = ! k=k?, propagating on a stream of
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velocity U(z) in nite water depth h. Current and depth variables are assumed to be
uniform in horizontal directions (Figure 3.1). ! denotes the absolute wave frequency
in a stationary frame of reference, which also xes the value &f(z). We seek solutions

for the vertical component of the wave orbital velocity
w(x;z;t) = w(z)e'k* ') (3.5)

The problem for the vertical structure of plane waves in a spatially uniform domain,
riding on a vertically sheared currenU (z), is then given by an extension of the Rayleigh
equation to allow for an oblique angle between wave and current direction as well as

possible rotation of the current vector over depth

2)(w kW) (2w = O h z 0
2w [gke+ ¢ w = O; z=0 (3.6)
w = 0 z= h

where primes denote di erentiation with respect taz and g is the gravitational constant.
The quantity (z) =! k U(z) represents a depth-varying relative frequency, with

s denoting the value at the mean surface = 0. The separate use of the kinematic
surface boundary condition for a surface wave of form = aexpi(k x !t) gives
w(0)= i sa

The model (3.6) has been used in a number of studies of arbitrary or idealized

velocity distributions; see reviews by Peregrine (1976), Jonsson (1990) and Thomas
& Klopman (1997). For the general case of arbitraryJ(z), Voronovich (1976) has
described the conservation law, in the geometric optics approximation, for an adiabatic
invariant corresponding to the wave action density. Evaluation of these results requires
knowledge of a solution to (3.6), however. Karageorgis (2012) has shown a method for
constructing expressions for the dispersion relation for waves on a number of vertical

vorticity distributions, but does not consider the further determination of the group
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Figure 3.1: de nition sketch

velocity.

For the case of weak shear, solutions to (3.6) may be obtained using a pertur-
bation approach, described to leading order for deep water by Stewart & Joy (1974)
and extended to nite depth by Skop (1987) and to second order by Kirby & Chen
(1989). Considering deep water waves, Shrira (1993) has further demonstrated how
series solutions may be extended to high order. Alternately, numerical solutions may
be obtained using a shooting method due to Fenton (1973). In the following, we limit
ourselves to the evaluation of the rst and second-order solutions presented in Kirby
& Chen (1989) and further limit ourselves to waves and currents propagating in the
same direction (General form is discussed in chapter 4). For de niteness, we suppose
that waves are propagating towards the right withc > 0 andk > 0, while the current

can be propagating in either x direction.

3.2.2 Perturbation solution of Kirby & Chen (1989)
Following Kirby & Chen (1989), we assume that the steady current velocity is
small relative to some measure of wave phase speed. Here, we use a Froude number

based on the surface velocitys = U(0) de ned by

Us _
F=p—: F 1 4
pa,], JF] (3.7)
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The wave phase speed is given by

= Gyt (F)Cy+(F2)Cy + O(F?) (3.8)

where we indicate ordering w/rF schematically and retain dimensional expressions for
now. Cy is the usual result for linear waves on a stationary water column, and is given

by r—
Co = Etanh kh (3.9)

C, and C, arise from the current-induced Doppler shift, withC; = U in (3.1)
and C, given by

Cy= D [4kIL(0) (1 +2cosh&h)O]
2C, -
0

k2Cy
+ 2
29f5(0),

3 0
+% h[|2(z)|§(z) 11(2)15(2)] dz

U?(2)[1 + 2 costt k(h + 2)] dz (3.10)

with

ZZ
11(2) = U( )sinh(h+ )d
zZ;

1,(2) = U( )coshx(h+ )d (3.11)
h

fo =sinh k(h + 2)

To O(F?), the absolute wave group velocityCy, determined from the perturbation
solution is given by

@O , (1)@ C

o - @ @kCy) _ @k
= @k

o - ekt gk (3.12)

The rst, O(F°) term on the right hand side is the usual expression for the current-free

29



case, given by
2kh

sinh Z&h

Coo = %(1 +G) G= (3.13)

The second component on the RHS of (3.12) gives the expression

z

2 0

0=0+kZ - (2 Gcoshxh)O+ — a (h+ z)U(z) sinh 2k(h+ z) dz (3.14)
sinhxh

@k

which clearly di ers from the apparent phase speed correctiod at O(F). The re-
maining term at O(F?) is derived in sections 3 and 4 for the specic cases studied
here.

It is clear that the expression

suggested for use by a number of authors, does not represent a consistent approximation
for the current component of the group velocity atO(F). This point was made in the
original study of Kirby & Chen (1989), and we re-examine that conclusion in the
context of two cases in 3.3 and 3.4. The result thal) rather than U is the correct
leading-order estimate of current velocity for use in the wave action equation is the
rst main point of this study.

In the following sections, the validity of the rst and second order perturbation
approximation will be examined for two cases; (1) a linear shear current, where the
analytical dispersion relation has been obtained from the Rayleigh equation by Thomp-
son (1949), and (2) a current pro le measured at the mouth of the Columbia River
(Kilcher & Nash, 2010), where a numerical solution is found using a shooting method
described in Dong & Kirby (2012).

3.3 Wave on a current with constant shear
The linear problem for waves riding on a horizontally-uniform current with

constant vertical shear has an exact solution. For the case of co-linear wave and
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current ow, the wave motion is described by a potential, and no vorticity is developed
at the wave frequency (Thompson, 1949). Massat al. (2016) examine the resulting
expressions for group velocity in the co-linear case without and with surface tension,
and consider blocking conditions for waves on an opposing stream, corresponding to
the limit C4a ! 0. For the case of waves propagating at an angle to the current
direction, Constantin (2011) and others have shown that a ow with constant vorticity
and irrotational wave motion does not exist. Ellingsen (2016) points out that this result
simply implies that the waves are then described by a rotational ow with vorticity
uctuating at wave frequency. The resulting problem is completely described by (3.6)
with additional work needed to develop an expression for the vorticity. Ellingsen (2016)
considers the case of deep water and develops expressions for the resulting horizontal
vorticity; the extension to nite water depth is described by DK16; see section 3.1.2.

We limit attention here to the co-linear case and let

U(z)= Us+ z= Ug(l+ %) (3.16)

where Us is the surface velocity, is the constant current shear and is the current
shear parameter de ned in (3.4). The exact dispersion relation, written in terms of the

phase speed relative to surface velocitg,s = C, U, is given by (Thompson, 1949)

tanh kh
Ci=(gh U sCrS)T (3.17)

The exact expression for the absolute group veloci§g, = @!=@is found from (3.17)

to be
g1+ G) (Us=h)C:G

e — U +
ga S 29 (U s=h)Cs

Crs (3.18)

Introducing the Froude numberF = US:IO gh, we normalize the group velocity and

phase speed bygh)*? and obtain

Cs 1+G FGC
pg__ah = Cgea = F + ( 2 ) F C = CTS (319)
rs
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whereC, = CrS:p gh. Using (3.17) leads to

p
Crs = %( 4 + 2F22  F ) (3.20)
with de ned as
tanh kh
= (3.22)

Turning to the perturbation solution of Kirby & Chen (1989), we obtain results
to O(F?) and compare them to the full solution to determine their range of validity.

The dimensionlesD(1) phase speed and group velocity are given by

_1p

Co = X CgO >

1+ G) (3.22)

At O(F), the depth weighted currentU and it's derivative with respect to k are given

in dimensionless form by

_ .0 _ . @ _ F
O = pﬁ =F(1 E)’ @k~ 2 k(1 G) (3.23)
0 1

O =p—=F 1 =G 3.24
P 5 (3.24)
Finally, at O(F?2), the correction to the phase speed is given by

C,= = 2F2 32 (3.25)

| =

The O(F?) correction to the group velocity is then

kC 1
ng = p—_@ 2) = —

1 2 2 3=22
T o (3G 1) (3.26)
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The results for the complete expressions for group velocity are collected here for con-

venience:

(1+G) FGC

Exact Cg,=F+ 2 FC. LCiq (3.27a)
1p _ 1
O(F) Cg= > 1+G)+F 1 > G (3.27b)

O(F3 C

ga = %p‘(u G)+F 1 % G +.SF? %3G 1) (3.270)

16

It may be veri ed after some tedious algebra that the resulting expressio@,,
agrees with the expansion of the exact result (3.27a) truncated at eith@(F ) or O(F ?)
as desired. The perturbation solution is thus consistent with the full solution to the
order considered, with a clear indication that the commonly used is not the correct

advection velocity to use in the wave action equation.

3.3.1 Following currents F >0

The results for the rst and second order perturbation solutions expressed in
(3.27) are compared to the full theory in Figure 3.2 for various choices of and for
F > 0, corresponding to currents owing in the direction of wave propagation. (Values
of0 j Fj landO 1 represent variation from weak to strong current and weak
to strong shear, respectively. The values here are chosen purely for example). Both
the rst and second order perturbation solutions are quite good approximations to the
full solution, with little indication that there is a need to use the O(F 2) correction in

practice.
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Figure 3.2: Wave group velocity comparisoanazcgea vs relative depth kh: linear
shear current. Solid lines indicateO(F <) approximation; dashed lines
indicate O(F) approximation.
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Figure 3.3: Ratio of rst order approximations U and O to the second order correction
O + Cg2) for various choices of current shear and Froude numberf.

Solid lines are for the consisten®(F ) contribution U , while dashed lines
are for the depth weighted currentJ , used inconsistently as the current
component of the group velocity.

Figure 3.3 compares the rst order approximationsd and U to the second
order correction 0 + Cg2) for various choices of andF. It can be seen that, as the

current becomes more sheared, the error of neglecting the tek@D =@ kncreases.

3.3.2 Opposing currents F < 0 and blocking

For the case of an opposing current withr < 0, the group velocity of the wave
train is decreased by the current. When the current becomes strong enough to reduce
the group velocity to zero (orCq, ! 0), wave blocking occurs and waves are unable to

transport energy in the direction of propagation. Results for the case of constant shear
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are discussed in Massat al. (2016). We investigate the validity of the perturbation
solution in predicting the blocking current speed by setting the absolute group velocity
to zero in each expression in (3.27). Using the exact expression (3.27a), we obtain the

following nonlinear equation for blocking of waves
F2(C s)+F GC, 2 2 (@+G)C =0 (3.28)

which is solved numerically in MATLAB. The long wave limit for the exact solution is

given by
1
kh! o Fp ——— 2
0 0= @y (3.29)
which is singular for = 1, where the current speed is reduced to zero at the bot-

tom. This singularity results from the linearization of the problem with respect to the
wave motions. A more complete examination of the critical Froude numbédt. in a
hydraulic ow with constant vertical shear yields the resultF. = 1=(1 + 2=12)*2
where criticality corresponds to blocking of upstream propagation of information by

in nitesimal waves.) The O(F) approximation, obtained from (3.27b), is given by

121+ G)
Fp= ———= :
) (3.30)
with long wave asymptoteF, = 1=(1 = 2). This long wave limit is a valid leading

order estimate for the exact result (3.30) only in the limit of small shear ; the source
of this additional restriction is not immediately clear in the context of the smallF
restriction in the perturbation solution. It is noted that a re-ordering of the problem
(3.6) to allow for O(1) current speeds but with a small shear restriction recovers the
same perturbation series to the order given here, and thus the small shear limitation
is perhaps a better interpretation in the context of the large- values associated with
blocking.

Results for the rst order approximation are shown in Figure 3.4 in comparison

to the full theory. Exact and O(F) approximate solutions for the blocking current
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Figure 3.4: Blocking current Froude number vs corresponding relative deptkh for
various choices of current shear. (Solid lines) exact solution, (dashed
lines) O(F) approximation.

speed show signi cant deviations for values déh < 1. For small values of , (3.30)
may be approximated byF, = 1=1 =2), in agreement with the perturbation
solution.
At O(F?), solving the quadratic equation forFy resulting from (3.27c) gives the
expression
B +[B2 4AC]*?

Fp= 31
: — (3:31)

with

G ; C=8 *(1+0) (3.32)

NI =

A= 2323G 1): B=16 1

Real-valued solutions foiF, only exist for positive values of the discriminanB? 4AC.

Since and G are both functions ofkh, it is simpler to solve the equationB? = 4AC

37



for a critical shear . as a function ofkh; doing so gives

h = [
4 362 G - G

= CETTEY (3.33)

NI

Using (3.33) in (3.31) then gives a critical blocking Froude numbef for eachkh,

given by
£ - B_ 81 5.G
T 2A T 233G 1)

(3.34)

with the O(F?2) solution for blocking breaking down for > . at eachkh. The long

wave results are given by
p_
kh! O: c=2( 2 1) 0828, Fpc= (2+ 2) 3:414 (3.35)

with the solution breaking down at smaller current speeds with increasingh and
as indicated by the dash-dot curve in Figure 3.5.
Figure 3.6 compares the rst and second order perturbation solutions to the

exact solution for various choices oF < 0 and . The solutions are compared for
a range ofkh values corresponding to unblocked waves range before the waves are
blocked by the current. Both rst and second order perturbation solutions are accurate
predictors of group velocity for current speeds up to the blocking condition when shear

is small; however, as indicated above, the approximations become weak for long

waves and values of dimensionless shear much in excess of0:5.

3.4 Columbia River velocity pro le

In this section we compare the group velocities obtained from di erent approxi-
mations using a measured current pro le from the mouth of the Columbia River (MCR).
The Columbia River is well known for it's large freshwater discharge and the resulting
development of a rapidly moving, buoyant plume during ebb tide conditions. Here, we
select a sample velocity pro le collected by a pole-mounted ADCP during the RISE

(River In uences on Shelf Ecosystems) project (Kilcher & Nash, 2010). The pro le,

38



Figure 3.5: Blocking current Froude number, vs corresponding relative deptlkh for
various choices of current shear. Solid lines show the exact solution,
dashed lines are theO(F?) approximation. The dash-dot line shows
the locus ofF,. values where the second order solution breaks down, as
indicated in (3.31).

shown in Figure 3.7, represents a maximum ebb condition for the time frame covered
by the le. The normalized shear parameter for this current pro le is 8 which
indicates a strongly sheared current.

We consider the idealized case of wave propagating landward against the op-
posing current at Columbia river mouth. We follow a general procedure of tting
polynomials to either measured pro les or pro les taken from gridded model results in
order to establish a basis for computing weighted current values. Expressions below

are based on the form "

U@)= U~ (D) (3.36)
n=0

with current speed referenced to the surface valldy and with dimensionless,'s. The
relative depth is assumed to be varying betweekh  0:5 to kh 3. Calculations
here are carried out usingN = 6, with the tted pro le for the demonstration case

also shown in Figure 3.7. Results for expressions far, 0, C, and Cg2 resulting
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Figure 3.6:  Wave group velocity comparisorCgy,=Cg, vs relative depthkh for various
choices of current shear and Froude numberF. Solid lines areO(F?)
approximation and dashed lines are th®(F) approximation.
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Figure 3.7: Columbia River current pro le during ebb tide. Solid line is measured
data (Kilcher & Nash, 2010) and the dashed line is a 6th order polynomial
t to the data.

from evaluating the perturbation solutions after introducing the expansion (3.36) are

presented in Appendix A.

3.4.1 Numerical solution

In the absence of an analytic solution for the original problem (3.6), a numerical
method is used to solve the Rayleigh equation. We rst introduce normalized vertical
shape functionsL(z) = (z)= s for the relative frequency andf (z) = w= i sa),
wherea is wave amplitude. (3.6) becomes

00

£ (k2+LT)f =0, h z O
f=0; z= h (3.37)
2
o=+ I 2=0

2
S

We then introduce a non-dimensional vertical coordinate ~= z=h following

41



Fenton (1973) and de ne a new dependent variable

f
hf °

Q(2) = (3.38)

The problem is then reduced to a Riccati equation
dQ — 2M\2. .
@ =1 Q% 1 2 0
5 ~ ) LOO
(2) =(kh)?+ -
2
S .
(gkth+ L° 2)’
Q=0; 2= 1

Q= 2=0; (3.39)

The Riccati equation is solved using a shooting method (Fenton, 1973; Kirby & Chen,
1989; Dong & Kirby, 2012), with the absolute frequency determined from the value
of Q(0). We then calculate the derivative of the absolute frequency w/k using a

central di erence method to evaluate the group velocityCg, numerically.

@ (k+ k) (kK
Cia= @k 5 (3.40)

3.4.2 Comparison of numerical and perturbation results

Using the expressions in Appendix A, group velocity comparisons based on
rst and second order perturbation approximations are shown in Figure 3.8. The
perturbation solutions are seen to be fairly good approximations. Figure 3.9 compares
the incorrect rst order approximation U and the consistent rst order approximation
0 to the second order correction@ + Cy2). The neglected termk@ =@Hks shown to
be as big as 40% of the second order perturbation correction, indicating the magnitude
of the error involved in usingd instead of as the estimate for current velocity in the
wave model. At the same time) provides a fairly accurate estimate of the current

component of the group velocity when compared to the higher ord€(F ?) result.
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Figure 3.8: Wave group velocity comparisorCgy,=Cgy," vs relative depthkh: Mouth
of Columbia River (MCR). Solid line indicatesO(F 2) approximation and
dashed line indicatesO(F) approximation.

Figure 3.9: Ratio of rst order approximations U and O to the second order correction
(0 + Cg2): Mouth of Columbia River (MCR). Solid line is 0 and dashed
line is O
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3.5 Common approximations in modeling

Choices for current values to be used in evaluating current e ects on waves have
historically included depth-averaged current) or surface currentUs. More recently, as
discussed above, several investigators have suggested using the depth-weighted current
U as the choice for e ective current (van der Westhuysen & Lesser, 2007; Ardhuin
et al., 2008; Warneret al., 2010). Lesser (2009) introduced the procedure of using a
single valueU(k,) instead of the frequency dependent(k) to represent the current
used for all frequency-directional components, whelg, is the wavenumber at peak
frequency; this procedure is included as an option in Delft-3D (Lesser, 2009); see also
discussions in Eliaset al. (2012). The approach has also been introduced in ROMS
(Warner et al., 2010).

As has been mentioned above, direct use Bfas a replacement for depth aver-
aged velocity incurs an error ofO(F) in action ux conservation. In this section, we
examine the limitations of these approximations for both the analytic and numerical
cases considered above. We also consider a fourth choic® @), the correct estimate
of the advective current component tdO(F ), but evaluated only at the peak frequency.
We assume that the spectrum is narrow banded in the sense thid kpj =k, 1
for any k within the energetic part of the spectrum and also select three peak wave
numbers corresponding tky,h = 1;2 and 3. Figures 3.10, 3.11 and 3.12 compare the
validity of these approximations for the linear shear current, while Figures 3.13,3.14
and 3.15 show the same comparison for the MCR current pro le. It can be seen that
although the depth weighted currentUO(k,) gives a better approximation compared
to the choice of depth-average or surface current, the e ect of neglecting the term
k@D = @}lan still cause signi cant errors even at the peak frequency. It should also be
noted that, despite the fact that 0(kp) is a more fundamentally accurate choice near
the spectral peak, it still produces a comparable rate of deviation between modeled
and true group velocity estimates with increasing k. This would indicate the po-
tential need to represent frequency dependence bhin applications to broad-banded

frequency spectra, unless a more advantageous strategy can be developed using values
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computed at the peak frequency alone. We explore such an extension in the following

section.

3.6 An improved approximation based on Taylor expansion about Kp

The comparisons of the group velocity approximations in previous sections have
indicated that signi cant errors may be incurred by neglecting either the contribution
of the term k@ =@ ko the group velocity at O(F ) or the wavenumber dependence df.
For the remainder of this discussion, it should be clear that we advocate the use of the
velocity O in place ofU in any coupled wave-current modeling system. In this section,
we describe a possible strategy for additionally recovering wavenumber dependence in
O using only values calculated at the peak wavenumbd,, thereby minimizing the
amount of additional information to be passed from the circulation model to the wave
model.

The Taylor expansion of0(k) about the peak wavenumbek, is given to leading

order by

O(kp) + % o K+ O( K9 (3.41)

Kk (3.42)

O (k)
k

Using the relation between0 and U indicated in (3.14), we obtain

" #
_ @ @ @ @u 2
000 = Ok)* Koy, * K G, * @k " K@R K T O
_ @ @uo 2
= O(kp) + @kkp[Zk Kp] + kp@ . k+ O( k) (3.43)
To O( k), the group velocity is then given by
Co
Coa= — (1+G)+ O(k) (3.44)

This procedure retains the e ect of the wavenumber dependence @Gfbut requires the
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Figure 3.10: Wave group velocity comparisorCgy, = Cg, vs normalized wave number
k = k=k,, with kph = 1: linear shear ow. Solid lines are using

O(kp), dashed lines are based di(kp), dots indicate the depth averaged
approximation and the circles are only using the surface valugs.

46



Figure 3.11: Wave group velocity comparisorCg, = Cg, vs normalized wave number
k = k=ky, with koh = 2 : linear shear ow. Solid lines are using

O(kp), dashed lines are based di(kp), dots indicate the depth averaged
approximation and the circles are only using the surface valugs.
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Figure 3.12: Wave group velocity comparisorCg, =Cj, vs normalized wave number

k = k=k,,with k,h = 3: linear shear ow. Solid lines are using)(ky),
dashed lines are based od(k,), dots indicate the depth averaged ap-
proximation and the circles are only using the surface valuds.
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Figure 3.13: Wave group velocity comparisorCg, = Cj, vs normalized wave number
k = k=k,,with k,h = 1: MCR velocity prole. Solid lines are using

0(kp), dashed lines are based di(k,), dots indicate the depth averaged
approximation and the circles are only using the surface valugs.

49



Figure 3.14: Wave group velocity comparisorCg, = Cj, vs normalized wave number
k = k=ky,with k,h = 2: MCR velocity prole. Solid lines are using

0(kp), dashed lines are based di(k,), dots indicate the depth averaged
approximation and the circles are only using the surface valugs.
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Figure 3.15: Wave group velocity comparisorCg, = Cj, vs normalized wave number
k = k=ky, with koh = 3: MCR velocity prole. Solid lines are using

0(kp), dashed lines are based di(k), dots indicate the depth averaged
approximation and the circles are only using the surface valugs.
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passage of only one or two additional coe cients to the wave model, depending on
whether expressions based dd or U are employed. The extra data can then be used
in the wave model to compute frequency and direction-dependent current values for
use with each component wave.

The accuracy of the approximation is compared to prediction of group velocity

using O(k) evaluated only at the peak wavenumber as

O(ky) = O(kp) + kp%kk (3.45)

P

For the linear shear case, the Taylor series coe cients are given by

Us
Gcc Rt ©
% = %F[Gz(coshlh 1)+2G 2] (3.46)

For the numerical case, the rst two derivatives ofJ are obtained from (A.9)
and (A.27).

Comparisons for both analytic and numerical cases are shown in Figures 3.16-
3.18 and 3.19 -3.21 for three di erent cases &fh = 1;2 and 3. Considering a narrow-
banded spectrum in frequency or wave number, it is seen that the Taylor series approach
provides a good estimate of the group velocity while including the rst order correc-
tion to the group velocity, as explained in (3.9), and evaluating it for just one peak
wavenumber shows rapid deviation from the exact solution. The Taylor series approx-
imation could thus be used as the basis for estimating frequency-dependent current
values, with the wave model being able to construct a reasonable estimate of the group

velocity using a minimal set of additional information.

3.7 Discussion and Conclusions
The main aims of the present work have been to emphasize that the depth-

weighted current valueU in (3.1) is not the appropriate leading-order estimate for
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Comparison of absolute group velocityCya =Cg, Vs normalized wave
numberk = k=ky,with koh = 1: linear shear ow. Solid lines are based

on the Taylor series expansion of)(k) about kp, dashed-dotted lines
are based orlf)(kp) and dashed line is usindJ (k).

Figure 3.16:
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Comparison of absolute group velocityCya =Cg, Vs normalized wave
numberk = k=ky,with koh = 2: linear shear ow. Solid lines are based

on the Taylor series expansion of)(k) about kp, dashed-dotted lines
are based orlf)(kp) and dashed line is usindJ (k).

Figure 3.17:
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Comparison of absolute group velocityCya =Cg, Vs normalized wave
numberk = k=ky,with koh = 3: linear shear ow. Solid lines are based

on the Taylor series expansion of)(k) about kp, dashed-dotted lines
are based orlf)(kp) and dashed line is usindJ (k).

Figure 3.18:
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Figure 3.19: Comparison of absolute group velocityCqa =Cj, Vs normalized wave
number k = k=k;,with koh = 1: Mouth of Columbia River (MCR).

Solid lines are based on the Taylor series expansion®fk) about Ko,
dashed-dotted lines are based dﬁ(kp) and dashed line is usindJ(kp).
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Figure 3.20: Comparison of absolute group velocityCqa =Cy, vs normalized
wave numberk = k=kywith k,h = 2: Mouth of Columbia River
(MCR).Solid lines are based on the Taylor series expansion Bf(k)

about k,, dashed-dotted lines are based 0B(k,) and dashed line is
using O(kp).
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Figure 3.21: Comparison of absolute group velocityCqa =Cj, Vs normalized wave
number k = k=k;,with koh = 3: Mouth of Columbia River (MCR).

Solid lines are based on the Taylor series expansion®fk) about Ko,
dashed-dotted lines are based dﬁ(kp) and dashed line is usindJ(kp).
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current velocity in expressions for group velocity, and that the use of velocity evaluated
at peak frequency can lead to rapid accumulation of error at frequencies away from
the peak. The rst point has been demonstrated by showing that the retention of
wavenumber dependence i¥ when di erentiating the approximate dispersion relation

to obtain group velocity leads to results which are consistent with an exact solution
in the case of waves on a current with constant shear, and with a numerical solution
computed using a candidate, strongly sheared current pro le from MCR.

In order to illustrate the e ect of an incorrect choice of current on wave predic-
tions, we end with an example of a shoaling calculation based monochromatic waves
propagating in constant depth against an increasingly strong opposing ow. We take
the MCR current pro le shown in Figure 3.7 as referenc&)(xy,;z) and construct a
current distribution

Xo

U(x;z) = U(xm;z)xx—

— (3.47)
where X, represents an o shore starting point and the wave shoals in the interval
Xo X Xm. Using wave action conservation for waves on a depth uniform current
then gives a wave height distribution

s
H(X) _ Ceo (%)
Ho Co(X) o

(3.48)

where subscripts 0 denote initial values at, and H is waveheight, with energy density

E = 1=8gH 2. Figure 3.22 shows results for cases witB; and evaluated using
current values0;0;U and Us. The relative accuracy of the result based o) has
been established in Section 4 and is used here as the reference for the three remaining
choices. Results are shown for incident waves with periods ranging from 6 to 12 seconds.
As would be expected, the prediction based o8 deviates the most from the value
based on depth-averaged curred for shorter waves, where the in uence of the larger
currents near the surface is enhanced, and from the value based on surface current

Us the most for longer waves, where the weighting over depth becomes more uniform.

59



The prediction based onU is always closer to the correct answer than predictions
made using surface or depth-averaged values, but errors are still signi cant and can be
corrected using the proper expressiod.

The second point is cautionary in nature, and we have proposed a method for
extending the range of model accuracy without imposing a massive increase in required
data exchange between circulation and wave models.

The results here are limited to an examination of the group velocit€y, and do
not address the corresponding approximations for wave action density. In particular,
it is important to determine whether the action density can be approximated using
a simple formN = Eqo= , with Eo = 1=2ga? based on depth-uniform currents and

=1 kU with U related to the available weighted forms otJ in some simple
manner. This problem has also been recently considered Quienal. (2017).

In the next Chapter, Using a modi cation of Kirby & Chen (1989)'s perturbation
solution for weakly-sheared currents, where the basic ow is allowed to be a strong
current with waves propagating at an arbitrary angle to the surface current direction,
we develop approximate expressions for the wave action density and action ux in
terms of a weighted integral over depth of the arbitrary current pro le.

Further, the theory described in this Chapter was limited to unidirectional prop-
agation on a following or opposing current, and so currents and wave numbers appear
as scalars rather than vectors. The expressions for depth-weighted currents given here
are extended to two horizontal dimensions for use in modeling, and the Taylor series
expansion about peak wavenumber similarly has been developed in full vector form.
These extensions have been developed and utilized in an extension of the SWAN wave

model, which will be further discussed in Chapter 5.
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Figure 3.22: Wave shoalingH (x) =H, for waves on an opposing current of the form
shown in Figure 3.7. Results are shown for four choices of current values,
each used as a representation of depth-uniform current in determining
wave action. O: solid line; U: dashed line;U: dots; U: circles.
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Chapter 4

APPROXIMATION OF WAVE ACTION CONSERVATION IN
VERTICALLY SHEARED MEAN FLOWS

The work presented in this chapter has been published in Ocean Modelling
Volume 143, 101460.

https://doi.org/10.1016/j.ocemo0d.2019.101460. Rights to this article are pro-
vided in the Appendix E.

We develop asymptotic expressions for wave action density and action ux,
using an extension of Kirby & Chen (1989)'s perturbation solution for weakly-sheared
currents allowing for a basic ow with Froude numberF = U:p gh = O(1) but with
weak vertical shear. The accuracy of the expressions for action density and ux are
established by comparison to analytic results for a current with constant shear, and
to numerical results for a eld case involving a buoyant ebb-tidal plume with strong
vertical shear and for a case involving a numerically determined pro le for a wind-driven
current. We compare our results to those from recent work of Quinet al. (2017), and
nd unresolved discrepancies in that prior work. We provide additional suggestions for
e ciently implementing the required extensions in coupled wave/circulation models
using a Taylor series expansion based on conditions at peak frequency and direction.
These results generalize the previous work of Banihasheetial. (2017) to motions in

two horizontal dimensions, and cover the determination of the wave action.

4.1 Introduction
Signi cant advances have been made in the numerical modeling of wave-current

interaction in recent decades. An important component in these advances has been the
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recognition of wave action as the fundamental conserved quantity expressing the wave-
averaged energy of a slowly-varying wave train. The simplest description is typically
based on the underlying dynamics for monochromatic waves, governed by the wave

action balance of Bretherton & Garrett (1968) and given by
Ni+r, F =0 (4.1)

where subscripted commas denote partial di erentiation. For the case of depth uniform
mean currentU, action densityN = E= and action ux F = N cg,, WhereE is energy
densityy, =! k U = P gktanhkh is intrinsic frequency,h and k = jkj are depth
and wavenumber, andcga = !« = « + U is the absolute group velocity vector in
stationary coordinates.

Phase-averaged spectral wave models typically calculate wave properties based
on the linear theory for waves superposed on depth-uniform currents. However, currents
in the eld are occasionally strongly sheared over the vertical, leading to the need for
a treatment of the rotationality or shear in the ow eld. An approximate treatment
for the e ect of current shear may be based on a perturbation approach that has been
developed through a sequence of papers (Stewart & Joy, 1974; Skop, 1987; Kirby &
Chen, 1989; Ellingsen & Li, 2017), with Kirby & Chen (1989, hereafter referred to as
KC89) providing a solution to second order for the nite depth case for currents that
are assumed to deviate only weakly from depth-uniformity.

The main utility of the approximate solution has been the speci cation of a
depth-weighted currentU, speci ed by Skop (1987) and KC89 and given by (4.12) be-
low, as a representative depth-uniform current for determining intrinsic frequency and
action density in spectral wave models (van der Westhuysen & Lesser, 2007; Ardhuin
et al., 2008). As pointed out in the original study of KC89 and recently elaborated on
by Banihashemiet al. (2017, hereafter BKD17), the depth weighted currentD does
not represent a consistent approximation for the current contribution to the group

velocity cg, at leading order. BKD17 demonstrate the inappropriateness of the use
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of the weighted currentU as the current speed in the expression for absolute group
velocity, and establish the accuracy of the alternate valu® which follows naturally
from consideration of the dependence &f on wavenumberk when di erentiating the
dispersion relation to get group velocity. The accuracy of this result provides a target
for determining appropriate expressions for the group velocity for use in estimating
wave action ux.

Models for spectral wave conditions more commonly solve fbk(x;t; ; ) us-
ing a spectral action balance equation, which, for Cartesian coordinates, is given by
(Hasselmann, 1973)

S

Ni+Trn (NCga)+(cN), +(cN). = (4.2)

where the third and forth terms represent transport in spectral space;( ). Expres-
sions for these propagation speeds are taken from linear wave theory (Whitham, 1974;
Dingemans, 1997) for waves superimposed on depth-uniform currents. The right hand
side of the equation represents source and sink terms associated with wave generation,
dissipation and nonlinear wave-wave interactions. The introduction to each source term
included in SWAN, for example, can be found in Booigt al. (1999). In applications
using wave models which take as input a single Eulerian current vector at each grid
point from the circulation model, this approach, based on a wavenumber-dependent
current speed, is often simpli ed by using the current value at the peak wave frequency
or wavenumber,0(kP) (for example, Eliaset al., 2012), or at some weighted-average
wavenumber value. BKD17 further examine the e ect of using either the correct or
incorrect estimate of the current speed evaluated only at the spectral peak frequency.
The study suggested an alternate strategy, involving a Taylor series expansion of the
depth-weighted current about the peak frequency, which signi cantly extends the range
of accuracy of current information available to the wave model with minimal additional
transfer of data between wave and circulation models.

In this study, the change in the estimate of action density and action ux due to

64



current shear is investigated, using asymptotic approximations of the VVoronovich (1976)
action balance equation obtained using a strong-current extension of the KC89 pertur-
bation solution. In section 4.2, the problem for a linear wave in a horizontally-uniform
domain with arbitrary current U (z) is established. In section 4.3 and B, KC89's per-
turbation solution for weakly-sheared currents is modi ed to allow for steady currents
which are strong and oriented at arbitrary angles to the wave propagation direction.
Approximate expressions for the wave action density and action ux are then devel-
oped following a procedure described in Appendix B. The approach is similar to that of
Quinn et al. (2017), although our results di er signi cantly. In section 4.4, we evaluate
the approximations for the analytic case of a wave on a current with constant vorticity,
and establish the consistency of the expressions for action and action ux derived from
the perturbation solution of KC89. Section 5 considers an application to a eld case
involving a strongly sheared vertical pro le measured in the Mouth of the Columbia
River (Kilcher & Nash, 2010). In Section 6, we extend the proposed Taylor series ex-
pansion of the expressions for the wavenumber-dependent approximations about the
reference value at the peak frequency, originally presented in BKD17, to include wave
directionality and the variation in intrinsic frequency appearing in the denominator
of the action density. The di erences between our results and those of Quiret al.
(2017) are discussed in section 4.7, along with suggestions for further work. A Supple-
ment provides a number of plots comparing action density and ux estimates based on
the usual depth-uniform current expressions and using the surface or depth-averaged

currents as the representative values.

4.2 General theory

We consider the linearized problem for periodic surface waves in an incompress-
ible, inviscid uid, with wave number k and phase velocityc, = (!=k )K, propagating
on a stream of velocityU(z) in nite water depth h. Here,! denotes the absolute
wave frequency in a stationary frame of reference, which also xes the valueld{z).

A unit vector pointing in the direction of wave propagation is de ned ak = k=k. The
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problem is formulated in terms of the vertical component of the wave orbital velocity,

written in complex form as
w(x;z;t) = V@e‘(k X )+ e (4.3)

where c:c denotes the complex conjugate. The problem for the vertical structure of
plane waves in a spatially uniform domain is then given by an extension of the Rayleigh
equation to allow for an oblique angle between wave and current direction as well as

possible rotation of the current vector over depth,

(2)(Wzz  K%w) 22(Z)W; h z 0 (44a)

(0w, (0) [gk*+ (0) (0)w(0) = O (4.4b)
w( h) = 0 (4.4¢)
where g is the gravitational constant. The quantity (z) = ! k U(z) represents a

depth-varying relative frequency. We subsequently denote the values of currdni{0)
and intrinsic frequency (0) at the mean surfacez = 0 by Ug and , respectively.
The amplitude of w may be related to surface displacement amplituda through the

kinematic surface boundary condition linearized w/r the uctuating motion, given by

it + Us N = W(O) (4-5)
with  given by
(x:t) = ge‘("x ')+ cic; (4.6)
leading to the relationw(0) = i sa. This result can be extended to cover the full

water depth by introducing a dimensionless shape functidn(z) according to

w(z)= i saf(z); f( h)=0; f(0)=1 4.7)
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The form of (4.4a) is intended to indicate that the problem is simply solvable
for the case of current pro les without curvature, or .,, = 0. The model (4.4a)-(4.4c)
has been used in a number of studies of arbitrary or idealized velocity distributions; see
reviews by Peregrine (1976), Jonsson (1990) and Thomas & Klopman (1997). For the
general case of arbitrarylU (z), Voronovich (1976) derived a conservation law, in the
geometric optics approximation, for an adiabatic invariant corresponding to the wave
action density, with N and F in (4.1) given by

z 0

_ 1 - g 1 .2
0 U 1 2k ..
F = Z A _2k2 2z + WU;ZZ F JWJZdZ
voVGE e W) giaYet gge W (48D)

These results may be written in more compact form using the substitution (4.7), giving

ZO
N = Eo 1 S 2(0) 2 2 ,f2dz (4.9a)
S ngz h
EO ZZO
F = — Ug+cg 1 = f2dz
S gzoh
v + 2 2A Lf 2 .
21e A@Q)+ 2 h A ,f 2dz (4.9b)

where Ey = (1=2) ga? is the energy density for a wave on a depth-uniform current,

crs = ( s=K)K is the wave phase velocity relative to the surface current, and
A= (U2 U@ (4.10)

The adiabatic invariant N in (4.8a) or (4.9a) is not clearly in the form of wave
energy divided by frequency, as expected from the work of Bretherton & Garrett (1968),
but takes on this form in cases where analytic results fav are available, such as the

special case of waves on a current with constant vertical shear (Jonssral., 1978).
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Additionally, the ux vector F in (4.8b) or (4.9b) isn't clearly in the form of action
density times group velocity,N c4,, but can also be shown to be in this form for the
constant shear case.

Analytic solutions for progressive waves for the problem (4.4a)-(4.4c) are limited
to the cases of currents with constant vertical shear, including the uniform-over-depth
limit of zero shear. For more complex pro les, results may be obtained using per-
turbation solutions due to Stewart & Joy (1974) for deep water or Skop (1987) for
nite depth, with solutions extended to second order by KC89. Shrira (1993) has fur-
ther demonstrated how series solutions for deep water may be extended to high order.
Ellingsen & Li (2017) have extended the basis for perturbation solutions to include
currents with constant shear in the leading order solution. Alternately, numerical solu-
tions may be obtained using a variety of methods, including shooting methods (Fenton,
1973; Dong & Kirby, 2012) or an iterative approach to the boundary value problem
described by Li & Ellingsen (2019), used below in Section 4.5.

4.3 Approximate solution and analysis of action and action ux expres-

sions

KC89 considered the propagation of a wave train which was colinear with the
mean current, and assumed thaF = U=c 1, whereF represents a Froude number
for the mean ow, U describes the current magnitude, and is a reference phase speed,
usually taken to beIO gh. Here, we consider the case of arbitrary orientation of wave
and current, and allow for strong currentsF = O(1), in which case the current enters
the wave dispersion relation at leading order. This generalization of the results of Skop
(1987) and KC89 has also been described previously by Dong & Kirby (2012) and
Ellingsen & Li (2017). The results are repeated here as a basis for discussion of the
approximate forms for action density and ux. We also modify the treatment of the
surface boundary condition forf (z) from prior studies in order to simplify numerical

applications.
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4.3.1 Scaling framework and series solution

An appropriate scaling of the problem and the resulting perturbation solution
is described in B, and leads to a problem characterized by parametdts(describing
the strength of the current), (characterizing the magnitude of current shear), and
(characterizing the ratio of water depth to wavelength). Here, we consider the case
of ;F = O(1) and 1, which allows for the development of a formally ordered
expansion in powers of. The solution to the resulting problem is carried out toO( )

in B. In particular, the intrinsic frequency is approximated by

2=!" k U@=(!' k O k Ui(@=~+ 41(2 (4.12)
where 7
= s i U (z) coshX(h + z)dz (4.12)
sinh2kh '

andUq(z) = U(z) 0. The vertical velocity w is given to O(1) by

w(z) = i-af ¢(2) (4.13)
with
_ sinhk(h + z)
fo(z) = ~sinhkh (4.14)
and the dispersion relation
~? = gktanhkh (4.15)

The leading-order correction to the vertical shape functiom is given by

fi1(z) = %[I 1(0) 11(z) (12(0)=tanhkh)]fo(z) + I;(Li)fo;z(z) (4.16)

where, in contrast to KC89 or Quinnet al. (2017), we retain the homogeneous part of

the solution for f 1(z) in order to specify a boundary conditionf 1(0) = 0, as discussed
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in B. The integrals in (4.16) are given by
z

12) = sinh Tkh R U. ()sinh2k(h+ )d
z;
I,(z) = sinh *kh R U. ()coshx(h+ ) 1)d (4.17)
h

The solution for w up to O( ) is then given by

w= i safo(z)+ f1(2)] (4.18)

with ¢=~+ (0=~ k Ui;0)=~ Kk (Us UO). For later use, the depth

dependent intrinsic frequency (z) can also be written as

(2= s k (U@ Uy (4.19)

4.3.2 Approximate expressions for action density and ux

Results presented here favor a framework where quantities are de ned primarily
in a frame moving with the velocity O, with associated intrinsic frequency =~ This
choice is not unique, and is often replaced by representations based on conditions at
the water surface. A particular example is that of Quinret al. (2017), who developed
asymptotic expressions foN and F by starting from (4.8a) and (4.8b) and introducing
expansions forw, (or phase speedC), and for the amplitude of their w relative to
surface wave amplitudea.

Here, we pursue a di erent approach starting from (4.9a) and (4.9b), where the
original expressions have been simpli ed using the transformation (4.7) and the known
properties of the problem prior to expansion. This transformation and the simpli ed
expressions (4.9a) and (4.9b) are still an exact description of the original problem. In
order to assess the di erence between the two choices of reference frames, we develop a
generic approximation which speci es neither, and then specialize it to the two frames

of interest. The basic development of the framework is described in C, and leads to
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(C.4) and (C.18) for action densityNg and ux F o in which a nal choice of reference
frame velocity and leading order dispersion relation has not been made. As in Quinn
et al. (2017), the choice of surface conditions as a reference leads to an expression for
action density containing anO( ) component, where here is basically similar to 5 in
Quinn et al. The expression is given here by (C.19) or

(s ) (4.20)

E
N = =2 1+
S
This expression is similar in form to (4.2) in Quinret al. (2017), but the O( ) compo-
nents in the two studies do not appear to have a close correspondence. This is discussed
further in section 4.7.1. In contrast, the approximation resulting from the choice of the

depth-weighted current reference frame gives the estimate (C.20) or
E
N'= —2+0(? (4.21)

This result was suggested by KC89 based on an analysis of the constant shear case of
Section 4.4, but was not formally established there as a general result. We note that
the two formulas (4.20) and (4.21) are asymptotically equivalent to within the accuracy

of the approximation, which can easily be established by substituting between and

~. However, actual numerical values from the two expressions are seen to diverge in
particular examples, as will be shown for a linear shear pro le in section 4.4 and for a
wind driven current in section 4.7.1.

It is clear, from these results, that a formulation in terms of ~and U is a more
compact version of the approximation. Similar treatment for the action ux (C.18)
leads to the expressions

" ! #
F o= =0 0+ cyet $+E(1 G) (s - +0(2) (422

S S
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and )
Eo h i
F== 0+¢ +0(? (4.23)

~

We note the striking result that both versions of the approximate action ux identify
0=0+ Q(k U ) as the correct current advection velocity. The appearance 3
results from the treatment of the integral of the product of the zeroth and rst order
shape functionsfo and f1; see (C.13) - (C.17). The current) is the vector form of the
advection velocity suggested by KC89 and discussed recently by BKD17. This result

may be obtained directly from the de nition of group velocity,

Cga = 'w=( +k O)x

Q;k+U+Q k U;k

Cgr + 0 (4.24)

Unlike the expressions (4.20) and (4.21) fax , the expressions fof do not
appear to be consistent with each other to the order of approximation considered. An
attempt to rearrange (4.22) to the form of (4.23) to within cancellation of0( 2) terms
leads to the result

" #

F 0+ ey + E(l G)(s - (4.25)

- Bo
where the remaining term atO( ) results from the treatment of thel 4 integral in (C.11)
(or the rst occurrence of (1 G) in (C.18) ), where noO( ) expansion term occurs
in the surface-oriented expression, whereas ti@( ) expansion term occurring in the
U -oriented expression cancels the second (1G) term contributed by the integral |5
in (C.17). A similar attempt to work from (4.23) to (4.22) also leaves ar®©( ) residual
which di ers from the one in (4.22).

The results (4.20) and (4.22) foN and F are expected to be far accurate
representations of action density and ux than simple constructs based on surface or

depth-averaged currents, but the relative accuracy of the two asymptotic approaches
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remains to be examined. We will take up this question again in sections 4.4 and 4.7.1.

4.4 Waves on currents with constant mean- ow shear

In this section, we examine the accuracy of the asymptotic expressions fbrand
F for the case of waves on a current with constant vertical shear. This case has been
studied extensively, with the basic solution described for co-linear propagation in one
horizontal dimension (Thompson, 1949) and subsequently extended to two horizontal
dimensions for waves oblique to the current (Craik, 1968; Ellingsen, 2016, among
others). Ellingsen (2016) provides a clear description of the in uence of wave orbital
motion on the vorticity eld for the case of oblique waves. Jonssoat al. (1978) gave
expressions for the action density and ux for the 1D case of co-linear wave and current;
the extension to the general case is given below based on the theory of Voronovich
(1976). In this section, we determine the accuracy of the approximate expressions in a
space covering variations dfh, F, (representing the angle between the wave direction
and the surface current), and a shear parameter de ned below. Consider a current

pro le with constant shear (and possible rotation) given by

U@)= Us+ z (4.26)

The current shear does not have to be collinear with eithel s or k (Figure 4.1). In

this case, the BVP (4.4a-4.4c) simpli es and is given by

(W,, k?w) = 0; h z 0
2w,(0) (gk* sk )w(@) = 0 (4.27)
w( hy =0

The possibility of (z) taking on a value of zero at a critical level is not typically

of interest in surface wave dynamics; see also Ellingsen & Li (2017). The solution to
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Figure 4.1: De nition sketch for linear shear current. The angle between the sur-
face velocity and wave direction is while the angle between the surface
current and current vertical shear is
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(4.27) is given by

w(z) = i saf (2) | (4.28)
uz) = <a E(rz(rz ) )@+ Ef;z(z) (4.29)
@D = == R @+ f.02) (4.30)
with vertical shape function
_ sinhk(h + z)
f(z)= ~sinhkh (4.31)
and with dispersion relation
2=(gk <K )tanhkh (4.32)

Constant current shear a ects the vertical structure of wave orbital velocity and wave
pressure by modifying the dispersion relation and twisting wave horizontal velocity in

the current shear direction. Absolute and relative phase speed vectors are related by
Ca= Crs + K(K Uy) (4.33)

wherec, = c,K = (1=k )K and ¢;s = sk = ( s=K)K, with subscripts s denoting values

at the SWL z = 0. From (4.32), an expression folcs is given by

h

i
= 5 (gktanh kh+(R tanhkh)®»™ K tanhkh (4.34)

Gs

Inserting the wave solutions in (4.9a) and (4.9b) gives exact expressions for the action

density and ux, given by

(4.35)
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and

F = N cga; Cga= Us+ Cyrs (4.36)

The relative group velocity cyrs is given by

_ KlgL+ G)es] +[R(RK )1 G) Ik
29 (K )os

Cgrs = S,k (4.37)
Turning to the perturbation solution of Section 4.3, we obtain results t@®( ) in
the U reference frame and compare them to the full solution to determine their range

of validity. The weighted current U is given by

tanh kh
O = Us ok (4.38)
and the corresponding ux advection velocityQ is then given by
0=0+RK U= U, ta”;l‘(kh RR Y1 ©) (4.39)

with action N' and action ux F determined by (4.21) and (4.23).

The % error 100(1 N'=N) for the rst order perturbation approximation of
the action density (4.21) compared to the exact result from (4.35) is shown in Figure
42 for Q1 < kh < 10, =2< < = 2, relative angle = 0 and for dierent
choices of current strength and shear. Additional results for = =4 and =2 are
provided as Figures D1 and D2 in the Supplement, Appendix D. (Angles and
represent the orientation ofk and  relative to the surface currentUs, as indicated in
Figure 4.1. Current strength is represented through a Froude number based on surface
current speed,F = jUsj:p gh, while shear is represented by dimensionless parameter

= hj 53U

The results show a considerably improved accuracy in the predicted action den-

sity, compared to values constructed using other common approaches, such as using

the surface velocityU s, with N given by Ng = Eq= ¢; Figures D3 - D5 in Supplement)
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Figure 4.2: % error in wave action density 100(1 N'=N ): linear shear with variation
of kh and , rst order perturbation approximation, =0.

or depth-averaged velocityU, with N given by N = Eq=—, —=! k U; Figures
D6 - D8 in Supplement). Opposing currents require a more complex calculation of
blocking conditions; this limit is not crucial to the development here and deserves it's
own treatment in connection with wave propagation near buoyant plumes and other
frontal features; see BKD17 for examples of the relative magnitudes of errors in those
cases.

An extensive comparison of the correct and approximate action ux velocities
for the 1D case has been discussed in BKD17. Figure 4.3 shows the composite error of

JFj as a function ofkh and for = 0 usingthe rst order perturbation approximation,
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with additional results for = =4 and =2 in Figures D9 and D10 in the Supplement.
Results for the same range of parameters using the surface and depth-average current
values are shown in Figures D11 - D16 in the Supplement.

As mentioned is section 4.3.2, the relative accuracy of the two asymptotic ap-
proaches in the frame of reference based on the surface current and the depth weighted
current remains to be examined. Figure 4.4 and 4.5 provide a simple comparison of
equations (4.20) vs (4.21), and (4.22) vs (4.23). The comparison is done for a linear
shear pro le with variation of , F andkh, with =0and = 0. The gain in accuracy
provided by the estimatesN' and F is shown, in spite of the two expressions being

asymptotically equivalent within the accuracy of the approximation.

4.5 Columbia River velocity pro le

In this section, we compare the action densities obtained from di erent approx-
imations using a measured current prole from the Mouth of the Columbia River
(MCR), where fresh riverine water meets salty seawater and the current becomes
strongly sheared due to strati cation and tidal e ects. Here, we select a sample ve-
locity pro le collected by a pole-mounted ADCP during the RISE project (Kilcher &
Nash, 2010). The pro le, shown in Figure 4.6, was also used in BKD17, and represents
a maximum ebb condition for the time frame covered by the le. The water depth is
h = 25 m, the normalized shear parameter for this current pro le is 8, which in-
dicates a strongly sheared current, while the Froude number 5 0:15. The current
pro le is assumed to be unidirectional.

We consider the case of waves propagating landward against the opposing cur-
rent. We follow a general procedure of tting polynomials to either measured pro les
or pro les taken from gridded model results in order to establish a basis for computing

weighted current values. Expressions below are based on the form

X
U@=Ud an(p)" (4.40)

n=0
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Figure 4.3: % error in wave action ux 100(1j Fj5F j): linear shear with variation
of kh and , rst order perturbation approximation, =0.
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Figure 4.4: Comparison of action density estimates: linear shear with variation of
kh, with- = 0 and = 0. Dashed dotted lines indicateN'=N using
the asymptotic expression (4.21) in the frame of reference based on the
depth weighted current, dashed lines indicat® =N using the asymp-
totic expression (4.20) in the frame of reference based on the surface
current.
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Figure 4.5: Comparison of action ux: linear shear with variation ofkh with =0
and = 0. Dashed dotted lines indicateF =F using the asymptotic
expression (4.23) in the frame of reference based on the depth weighted
current, dashed lines indicateF =F using the asymptotic expression
(4.22) in the frame of reference based on the surface current.
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Figure 4.6: Columbia River current pro le during ebb tide. The solid line is measured
data (Kilcher & Nash, 2010) and the dashed line is a 6th order polynomial
t to the data.

with current speed referenced to the surface valuds and with dimensionlessa,'s.
(Note that ag = 1 due to the normalization by the surface current velocity, while
a; = sh=U , Where g is the current shear at the surface.) Calculations here are
carried out usingN = 6, with the tted pro le for the demonstration case also shown
in Figure 4.6. For the given pro le the coe cients in (4.40) are then given by

U(z) = 228 1+ 8:22% + 40:26(%)2 + 120;52(E)3

+197:O4(§)4 + 160:36(%)5 + 50:85(%)6 (4.41)

In the absence of an analytic solution, a numerical method is used to solve
the Rayleigh equation. In BKD17 the procedure used by Dong & Kirby (2012) was
considered to solve the boundary value problem. The vertical velocity(z) was found
by solving a Riccati equation using a shooting method due to Fenton (1973), also
discussed in KC89. Here, we use the Direct Integration Method (DIM) presented by Li

& Ellingsen (2019) which is faster and easier to parallelize than the shooting method.

82



The method starts by rewriting (4.4a) - (4.4c) with the substitution (4.7) as

26\ _ 22(2)
(Fzz kf)_k U kcs

Crzs Cslc(Crs) ©° =0 (4.42b)

f; h z O (4.42a)

wherecs is the relative wave phase speed at the surface and

k U.(0)tanhkh

le(Gs) = -
% kK U.(2)f (2)sinhk(z + h)
s hn k(k U Kcs)coshkh (4.432)
o2 = Etanhkh (4.43b)
f(2) = w(2)=w0) (4.43c)
U = U2 U, (4.43d)

The DIM method treats equations (4.42a) and (4.42b) as two coupled equations with
f and ¢s as the unknowns, and then obtains the numerical solution to the set of
equations. The results are used in (4.8a) and (4.8b) to obtain numerical values for
wave action density and ux, which are taken to be the reference "exact" solutions.
The accuracy of the rst order perturbation approximation of the wave action
density N' and wave action ux F relative to the numerical solution obtained from the
DIM is shown in Figure 4.7. The results are plotted against a parametdwz, instead of
kh wherez, is speci cally de ned assuming a linear pro le down from the surface until
the current falls to zero at depthz,. In this case thez, would bez, = Us=UJ0)  3m.
Similar to the linear shear case, the results show improved accuracy in the
estimate of action density compared to the common approaches using depth averaged

or surface current values, displayed as Figures C17 - C20 in the Supplement.

4.6 Taylor series expansion of N'(k) and F (k) about k P.
The use of the rst order correction to the group velocityQ and the more

simpli ed procedure of using a single valu®) (kP) instead of the frequency dependent
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Figure 4.7: % error in wave action density 100(1 N'=N) (left) and wave action ux
100(1 j FjHF j) (right): MCR current pro le with variation of kzy and
, Ist order perturbation approximations (4.21) and (4.23).

form has been investigated in BKD17 for the case of co-linear waves and current.
BKD17 suggested an alternate strategy, involving a Taylor series expansion about
the peak frequency, which should signi cantly extend the range of accuracy of current
information available to the wave model with minimal additional data transfer between
wave and circulation models. Writing the components of the e ective advection velocity

asQ = (0;;0)), the Taylor expansion in component form is given by

@

Ori(k)= 0k + (K K) ‘gt + Ok k) (4.4)

where subscriptT denotes the value obtained from the truncated series. Using the

relation between0 and U gives

@& @& @&k @K #
_ @ k @ ki~ @U
= Q@U K @k + KR AT (4.45)
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The Taylor series expansion in component form is then given by

_ kP @ kP @,
Ori(k) = UO(kP)+ (K @2 Ltk kp)@(kp
kP @
+ ?(k kp) @kkp
kP kP @u
e koK) GF v (4.46)

The same approach is used to calculate the intrinsic frequency relative to the

value at the peak wave number as

w=1 kO e (kKK Ok ) (4.47)

where we take advantage of the fact that the local value bfis known for each frequency
component.

Returning to the case of a current with constant shear, we show results for
the accuracy of the action densityNT for three peak wave numbers corresponding
to kPh = 1;2 and 3 in Figures 4.8-4.10, with the peak direction® = 0, the current
non-rotational over depth ( = 0) and a range of directions of =3. Figures C21 -
C23 in the Supplement compare the action ux approximatiorF, for the same cases.
Corresponding results for action density” for the MCR current pro le are provided in
Figure 4.11 fork,h = 1; 2 and the directional spreading of=5, while the comparison
for the action ux F7 is shown in Figures C24 and C25 in the Supplement.

Overall, it is seen that the Taylor series approach provides a robust estimate
for action density and action ux, using only information about the depth-weighted
current velocity at the spectral peak frequency. These expressions should be relatively
simple to implement in spectral wave models, but implementation would require the
calculation of U(kp), U.x(kp) and Uk (kp) in the circulation model using the 3D
velocity eld available there, and the passage of the three vector quantities at each

grid point, rather than the passage of as single current velocity vector as presently
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Figure 4.8: % error 100(1 N7T=N) in wave action density N+ for the Taylor series
expansion about the peak wavenumbekP with k = k=kP: Constant
shear current,kPh =1, =0.

implemented.

4.7 Discussion and Conclusions
4.7.1 Comparison to results of Quinn et al. (2017)

Despite the similarity in approach to developing approximations for action den-
sity and ux in this study and that of Quinn et al. (2017), the results are signi cantly
di erent, as revealed in a comparison of the two results for the analytic case of a cur-

rent with constant shear. For this casel °°= 0 simpli es the result for action density
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Figure 4.9: As in Figure 4.8: Constant shear currentkPh =2, =0.
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