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ABSTRACT

The advancement of humanoid robots continues to open new avenues for au-

tomation and e�ciency across various sectors. This thesis documents the development

of dynamic gait synthesis and controller design for a 3D bipedal robot, focused on

achieving stable and e�cient locomotion. A detailed examination of a �oating-base

hybrid dynamic model demonstrates how it encapsulates the complex interactions be-

tween the robot's multi-body system and the environment. Utilizing advanced control

strategies, including Hybrid Zero Dynamics (HZD) and trajectory optimization frame-

works, the study generates an o�ine library of optimized gaits. This library is proposed

to assist in motion planning within clustered spaces by enabling the switching between

gaits as needed. Results con�rm the robot's capability to maintain stability and adapt

to di�erent terrains, underscoring its applicability in assistive technologies and indus-

trial automation. The research underlines the potential of humanoid robots to enhance

operational e�cacy in complex real-world settings, promoting their integration into

human-centric environments.

xii



Chapter 1

INTRODUCTION

1.1 Motivation and Objective

The �eld of robotics is currently experiencing a signi�cant surge in interest due

to the potential integration of autonomous and semi-autonomous devices in everyday

life activities, which are set to fundamentally transform our daily lives. In a future

where robots become an integral part of our lives, they will provide substantial as-

sistance to the elderly and those with disabilities. Moreover, robots are expected to

perform complex tasks in industries such as manufacturing and logistics. The under-

lying promise of robotics depends on their ability to operate e�ectively and safely in

dynamic and complex environments.

Humanoid robots, designed with a high degree of intricacy and multiple Degrees

Of Freedom (DOF) owing to their human-like form, o�er a viable and economical

option for deployment in environments centered around human activities. Their design

obviates the need for extensive modi�cations to existing infrastructure, thus cutting

costs. Additionally, the adaptability of humanoid robots as general-purpose machines

allows them to replace various specialized machines, reducing capital expenditures and

increasing e�ciency by consolidating multiple functions into a single entity.

However, deploying humanoid robots in human-centric and highly dynamic en-

vironments poses several challenges. A critical issue is managing the delicate balance

between high-level motion planning and low-level control. To enhance real-time motion

planning capabilities, various strategies have been developed to improve adaptability

across di�erent scenarios.

Traditionally, methodologies rooted in Reduced Order Model (ROM), Fig. 1.1

have advanced by using simple approximations to address workspace constraints and
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physical limitations, such as actuator capacities and friction cones. Many of these

approaches address high-level motion planning by integrating Model Predictive Con-

trol (MPC) with ROMs to ease the computational burden. ROMs typically eliminate

joint space dynamics and focus on centroidal dynamics approximations. For example,

the Single Rigid Body Dynamics (SRBD) model approximates the dynamics of the

multi-body robot with a single rigid body with a constant moment of inertia. Fur-

ther simpli�cations replace the rigid body with a point mass, resulting to the Linear

Inverted Pendulum (LIP) with �xed height or a Spring Loaded Inverted Pendulum

(SLIP) with pre-set leg sti�ness. Despite these developments, reliance on ROM may

result in control laws that do not take advantage of the full dynamic capabilities of

the robot. On the other hand, although recent advances have been made in trajec-

tory optimization using Full Order Models. The complexity and non-convex nature

of these nonlinear optimization problems present considerable challenges for real-time,

high-frequency control implementation.

Figure 1.1: Relative Complexity of Dynamic Models. From top left to bottom right:
LIPM [109], SLIP [177], CG, IPF [124], Centroidal Dynamics
Model [114], 3-LP [43], and Full-Order model of Digit.

In response to the challenges, recent innovations in the �eld have involved the

use of a library of motion primitives [103, 158, 161, 105]. This dynamic library includes

optimized walking patterns for turning at various angles to adeptly navigate obstacles,
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adjusting torso velocity [53], and modifying torso heights to adapt to environments with

height restrictions [93]. Employing this library of motion primitives not only ensures

dynamic and energy-e�cient movement but also signi�cantly reduces the computa-

tional demands of real-time high-level motion planning optimization. This reduction

in complexity, along with the ability to generate dynamic movements, is central to the

ongoing research and results discussed in this thesis.

1.2 Recent Boom in Consumer Humanoid Robots

The consumer humanoid robot market has experienced a remarkable growth

recently, fueled by technological innovations and rising demand across di�erent sectors.

A review of leading companies in this �eld shows signi�cant progress, Fig. 1.2. A key

driver of this boom is the current labor shortage. In the United States alone, there

are over 10 million jobs [48] considered unsafe or undesirable, and an aging population

exacerbates the challenge for businesses to expand their work-forces.

As of now, manual labor costs are a major factor in the pricing of goods and

services, contributing to approximately 50% [48] of the global Gross Domestic Product

(GDP), which is around $42 trillion per year. The integration of humanoid robots into

various sectors, ranging from industrial manufacturing to agricultural �elds, is poised

to substantially lower labor costs. Eventually, the cost of labor might equal the expense

of renting a robot, leading to a broad, long-term decrease in operational costs.

Humanoid robots are set to revolutionize numerous industries. They have po-

tential applications in corporate labor, which involves over three billion people globally,

in domestic settings aiding more than two billion individuals, and in the care of ap-

proximately one billion elderly people. This widespread adoption of humanoid robots

is poised to transform the labor landscape and rede�ne industry operations across the

globe.
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Figure 1.2: Collage of consumer humanoid robots showcasing advancements in

robotic technology in the recent years. From top left to bottom right:

Optimus by Tesla [111], Nadia by IHMC and Boardwalk Robotics [108],

Electric Atlas by Boston Dynamics [112], PX5 by Xpeng Technologies,

Neo by 1X Technologies [113], GR1 by Fourier Intelligence [54], CL-1 by

LIMX Dynamics [29], Apollo by Apptronik [10], Digit by Agility

Robotics [37], 4NE-1 by Neura [2], Figure 01 by Figure [1]. There are

many more not listed here.
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1.3 Relevant Literature in Bipedal Robot Locomotion

1.3.1 Stability Models

Understanding the stability of bipedal walking is fundamental to the develop-

ment of humanoid robots. Over the years, researchers have proposed various models to

address the challenges associated with achieving stability in both static and dynamic

scenarios. This section explores key stability models, outlining their evolution and

distinctive features.

1.3.1.1 Statically Stable Bipedal Walking

Static stability, Fig. 1.3 underlies the development of early bipedal robot walk-

ers and is characterized by a conservative approach to mobility. These early systems

exhibited slow-walking motions and ine�cient energy utilization. Pioneered by Vuko-

bratovic and colleagues in the early 1970s, the introduction of the Zero Moment Point

(ZMP) concept [78, 165] marked a signi�cant development. The ZMP is the point

on the ground where the total inertial forces and the total gravity forces acting on

a robot are balanced. Quasi-static stability is maintained by controlling the ZMP to

remain within the support polygon, formed by the convex hull of the vertices of the

feet in contact with the ground, ensuring continuous planar contact with the ground.

However, this strategy presents drawbacks, such as the need for larger actuators at the

ankle, resulting in substantial foot size and frequent large contact surfaces, detailed

further in [165].

In response to the limitations of ZMP-based approaches, a more versatile tech-

nique emerged to ful�ll stability requirements. This approach stipulates that for stable

locomotion, the sum of gravity and inertia wrenches applied at the center of gravity

must be within the polyhedral convex cone of the contact wrenches. Unlike ZMP,

which is constrained to �at ground, this approach extends stability analysis to various

terrains [31] and situations where the arms are in contact [72, 32], thus enhancing the

adaptability and stability of bipedal robots across diverse environments and interaction

scenarios.
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Figure 1.3: Statically stable walking (left) keeps the projection of the center of mass
inside the support area, dynamic walking (right) allows for temporary
instability[95].

1.3.1.2 Dynamically Stable Bipedal Walking

Unlike static walking, dynamic walking, Fig. 1.3 involves the periodic ascent

and descent of the Center Of Mass (COM) during each continuous stance phase which

is intermittently captured as the swing foot makes contact for transfer of support. The

inherent complexities from the highly nonlinear and hybrid dynamics, exacerbated by

a substantial degree of under-actuation become more apparent when the static stability

constraint is removed.

In this context, de�ning stability becomes more nuanced, and one approach

involves considering periodicity. Stability of periodic locomotion denotes the dynamic

humanoid system's ability to maintain stability throughout a repeating gait cycle or

periodic motion [68]. Essentially, a dynamically stable humanoid should seamlessly

execute a periodic walking or locomotion pattern without the risk of falling over. This

highlights the intricate interplay of factors involved in achieving stability in dynamic

bipedal walking scenarios.
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1.3.2 Closed-loop Trajectory Planning

Over the past decades, researchers have explored a variety of planning and con-

trol strategies for legged robots, ranging from basic approaches like Raibert's heuristics

to ROM-based planning methods such as Centroidal Dynamics, the Inverted Pendu-

lum (IP), and its numerous variants. These ROMs are pivotal in facilitating dynamic

movement and are typically employed within a hierarchical control structure, Fig.1.4

for online planning and control due to their reduced complexity, allowing for the higher

frequency re-planning necessary for dynamic environments. In these hierarchical frame-

work, at higher level, tasks such as COM and swing foot trajectory planning are or-

chestrated using ROMs in a MPC framework.

Figure 1.4: Di�erent ways how the WBC is employed in the literature [169].

Although not necessary, the choice of ROM is contingent upon the desired

robotic behavior to keep the complexity of the planning problem low: LIP is utilized

for walking [33] on �at ground, SLIP for running on �at ground [123], and Centroidal

Dynamics for dynamic movements such as twisting or somersaulting [28, 16]. Beyond

dimensionality reduction, these models o�er additional bene�ts. For example, the SLIP
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model can generate ground reaction force pro�les similar to those observed in human

motion.

Pioneering work by Raibert on dynamic hopping and running robots achieved

fully three-dimensional locomotion without support structures, performing maneuvers

like front and back �ips and navigating stairs [126]. This planning strategy leveraged

fundamental principles of legged dynamics, optimizing forward velocity and push-o�

forces [129].

More recent methodologies engage the full dynamics of the robot to generate

natural gaits. Research has demonstrated dynamic bipedal walking with ankle joint

actuation [50] and without ankle joint actuation [101], illustrating the versatility of

these approaches. Hybrid Zero Dynamics (HZD) utilizes nonlinear feedback control to

achieve stable locomotion in under-actuated robots, as detailed in Section 1.3.2.4 and

book [171].

Despite their ability to perform dynamic maneuvers, robots can be highly en-

ergy ine�cient if their controllers do not e�ectively harness natural dynamics. The

concept of passive dynamic walking, pioneered by McGeer [99], addresses this by using

gravity alone to propel the robot forward. Although this approach results in energy-

e�cient and human-like walking, its application is limited to sloped surfaces and is

sensitive to minor terrain variations. Recent advances have expanded this technique

by incorporating actuation, enabling walking on level ground.

Building on decades of theoretical and practical insights into passive robots F

ig.1.5, integrated control mechanisms into passive walkers. Further development in

this concept led to the design of a bipedal robot with counter-rotating arms and well-

de�ned mechanical stops, achieving economical walking with mechanically initiated

ankle push-o�s and a simple state-machine for control. This work culminated in the

creation of the Cornell Ranger [14], possibly the world's most cost-e�cient walking

robot, which set a record by walking 40.5 miles on a single battery charge with a Cost

of Transport (COT) of 0.55 [152].
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(a) Slinky toppling down the
stairs

(b) Passive Walker designed
by Steve Collins

(c) Cornell Ranger

Figure 1.5: Passive Walkers

1.3.2.1 Whole Body Operational Space Control

Whole Body Control (WBC), applicable to �oating-base robotics [87, 141], is

a sophisticated multi-tasking, torque-level feedback controller that employs prioritiza-

tion and projection-based techniques to manage operational spaces. Originating from

the theory of Operational Space Control (OSC) [86]�initially developed for �xed-base

systems�WBC ensures asymptotically stable control policies. These policies are capa-

ble of handling multiple tasks, with the ability to control operational forces as needed.

In OSC, tasks are assigned distinct priority levels, and the operational space for lower-

priority tasks is projected into the null space of higher-priority tasks, thus managing

task interactions and priorities e�ectively. A recent look into model based modern

control methods for legged robots can be found in [169]

WBC has been adapted and extended in various studies to address additional

requirements such as joint limit avoidance [98, 49] and collision avoidance [83]. Other

adaptations [148, 76, 89] include the integration of ground reaction forces as inequality

constraints within a quadratic programming framework. Notably, research documented
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in [131] has integrated the capture point concept into the operational space framework,

enhancing the controller's ability to manage dynamic stability either as a task or a

constraint.

A signi�cant advancement in WBC was achieved by Stephens et al. [148], who

developed a two-stage controller involving a contact force solver and a solver for the

full-body constrained inverse dynamics problem. Alternatively, the Centroidal Momen-

tum Matrix (CMM) [114] o�ers another methodological framework by describing the

interplay between external contact wrenches, gravitational forces, and joint accelera-

tions.

Earlier hierarchical approaches to WBC leveraged pseudo-inverse techniques

[141], drawing directly from manipulator control strategies. However, these controllers

often struggle with inequality constraints such as torque limits or friction cone con-

straints due to their limitations in handling complex constraints dynamically. Addition-

ally, the latency involved in computing the null space for each task poses a signi�cant

challenge, leading to delays in response times.

Recent literature proposes various algorithms aimed at reducing the computa-

tional burden of control calculations. Innovations in generalizing WBC [34, 97, 42] now

facilitate the inclusion of diverse task types, including inequalities. The optimization

problems in modern WBC are typically structured as cascades of Quadratic Program

(QP)s. Instead of formulating the WBC problem as a lexicographical problem, we can

formulate it as a sum of weighted least-squares. Sometime the objectives de�ned for

WBC can con�ict with each other, leading to di�culty in optimally tuning the param-

eters for the framework. To optimally tune the parameters, one of the approaches is

to use Bayesian Optimization (BO) [180].

1.3.2.2 Reduced Order Models

The literature describes two widely used approaches in modeling dynamic sys-

tems: a full-order model, which facilitates more dynamic maneuvers due to its detailed
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and comprehensive nature, and a reduced-order model, which aims to decrease compu-

tation time at the cost of simplifying the dynamic behavior. Typically, engineers and

researchers must balance between computational e�ciency and the complexity of the

behaviors modeled.

In the previous section, we brie�y reviewed Trajectory Optimization (TO) ap-

proaches, in which the trajectories are optimized using "full-order" models of the whole-

body dynamics of the robot. Typically, due to the complexity of full-order models,

these TO methods are performed o�ine and the resulting joint trajectories are then

executed online using suitable tracking controllers. A trajectory tracking controller is

then used to execute this optimized motion plans. Recently, methods for online tra-

jectory optimization using the whole-body dynamics have also been proposed; these

methods rely on Di�erential Dynamic Programming (DDP) [151] and its variant, It-

erative Linear Quadratic Regulator (iLQR) [150]. These approaches, while innovative,

face signi�cant challenges: optimizing using a whole-body dynamic model is compu-

tationally intensive, making it di�cult to execute at the high frequencies required for

online operations in dynamic environments.

To make optimization feasible online, a large family of methods employ ROM

of the robot's dynamics, capturing only dynamics that is relevant to the task at hand.

These models used within suitable MPC formulations, for example, can be used to

e�ciently generate COM trajectories and footstep locations, enabling the robot to

navigate dynamic and challenging terrains. MPC optimized COM plan is than inter-

polated with a prede�ned structure, such as using cubic splines to serve as desired plan

for low-level control. This strategic simpli�cation of trajectories and dynamics allows

the MPC planner to operate at high frequencies in real-time, e�ectively managing dy-

namic terrains. Here, we review some of the ROMs that are often used to simplify

computations.

Inverted Pendulum Models and Derivatives : Kajita introduced a control

approach centered around a LIP model [81] that conserves potential energy. The LIP
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model has gained considerable traction in capturability [124, 88, 125, 90] and ZMP-

based control strategies [78, 80, 79], with widespread adoption during the DARPA

Robotics Challenge [76, 91]. Capturability is a set based notion of stability and can be

thought of as a set of all states from which the robot can recover without falling, using

a limited number of steps. Teams employed ROM akin to LIP, leveraging variants that

included non-planar con�gurations to account for pelvis and torso dynamics, enhancing

robot model complexity.

A signi�cant variant is the 3 Linear Pendulum (3-LP) model [43], which incor-

porates the dynamics of the swing leg [11] and includes elements such as the pelvis

and torso [63]. Its capability to capture the relation between a biped's COM and its

footsteps in 3D walking as well as the closed-form description of its dynamics render

this model suitable for real-time motion planning using MPC.

Another widely used derivative of LIP is SLIP. While many studies focus on use

of planar SLIP models, Fig.1.1, for analyzing running and hopping motions [15, 126],

the 3D Spring Loaded Inverted Pendulum (3D-SLIP) model has also seen applications

[167, 178, 168, 94]. Numerous robots capable of dynamic behaviors such as 3D walking,

bouncing and running[127, 128, 130], back-�ips [117] and front-�ips [73] were developed

based on the SLIP models and its variants. This model, coupled with reinforcement

learning [55], has shown promise in improving locomotion in legged robots. For in-

stance, a hierarchical control system utilizing a ROM library was developed to generate

walking trajectories for the bipedal robot Cassie. This system guides a deep reinforce-

ment learning strategy, illustrating a successful blend of theoretical motion models

with adaptive control techniques. This method is notable for its simulation-to-reality

transfer and its ability to adjust dynamically to changes in speed and environmental

challenges. The ROM library in [55] contains task-space trajectories for body and foot

movements designed for periodic walking at various speeds. These trajectories, while

not fully dynamically feasible for a full-scale robot, approximate nearly feasible center

of mass motion with realistic ground reaction forces. Each trajectory is optimized using

a 3D bipedal actuated SLIP model with a minimum-jerk swing leg pro�le. Motor angles
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are determined through o�ine inverse kinematics, providing feed-forward inputs for a

Proportional-Derivative (PD) controller. This optimization ensures energetic e�ciency

and employs a direct collocation method that enforces dynamics through equality con-

straints across states. This library is crucial for generating dynamic, kinematically

feasible motions and also serves as the foundation for the reward signal in training the

learned policy for robotic locomotion.

Furthermore, dynamic multi-domain locomotion are also generated by embed-

ding SLIP dynamics [176, 33] into robots with leg compliance, such as Cassie and

Digit. This involves integrating 3D Actuated SLIP [177] with Hybrid Linear Inverted

Pendulum (HLIP) models for enhanced stepping maneuvers.

Centroidal Dynamics : While the LIP model is useful for capturing the re-

lationship between the COM and the footsteps during walking on �at ground, it can-

not inherently capture the signi�cant changes in angular momentum that characterize

dynamic movements like back-�ipping. To address such motions, more complex, cen-

troidal models have been proposed. This model provides a balanced framework for

addressing complex dynamic behaviors while managing computational resources e�ec-

tively.

In a particular study [32], the researchers integrate a centroidal dynamics model

with a comprehensive kinematics model to produce whole-body movements for robots.

They introduce a formulation that includes complementarity constraints, which ad-

dresses situations where the contact mode sequence is not predetermined before tra-

jectory optimization. This enables the solver to explore all potential combinations of

contact sequences simultaneously. This is di�erent from the approach taken in this

work where we assume the contact sequence is �xed a priori and only contact timing

and location are optimized.

The focus of [118] is on generating e�cient and physically consistent multicon-

tact behaviors for legged locomotion and manipulation in robots using learned cen-

troidal dynamics. The authors propose a convex relaxation approach to optimize the

centroidal dynamics, resulting in two computationally e�cient algorithms that solve
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second order cone programs iteratively. The approach taken is to divides the problem

into two steps [18]: the �rst generates the contact sequence in conjunction with the

centroidal dynamics trajectory, and the second computes the whole-body trajectory

that follows the centroidal pattern using DDP rather than a simple inverse kinematics

solver as in [32].

A systematic approach for incorporating feasibility constraints into centroidal

trajectory optimization problems, allowing full-order dynamics to follow centroidal

dynamics, is described in [22, 23]. When the multi-contact optimization problem is

partitioned into two sub-problems, centroidal dynamics, and kinematics, an algorithm

[71, 17] can be used to e�ciently compute full-body motions in multi-contact by iter-

atively solving two distinct optimization problems until they reach a consensus.

Single Rigid Body Dynamic Model : In robotic dynamics, achieving more

dynamic and expressive behaviors often necessitates the use of full-order dynamic mod-

els, which signi�cantly complicate online trajectory optimization. LIP models and their

derivatives, while useful, lack the expressiveness to fully capture all crucial aspects of

robot dynamics. This gap led to the development of the SRBD model, which sim-

pli�es the dynamics by assuming constant, non-trivial rotational inertia based on the

robot's nominal con�guration. This assumption holds under conditions where either

the limbs' masses are negligible compared to the torso, or the limbs remain close to

a standard pose, allowing the model to represent robot dynamics focusing solely on

Cartesian space.

The approach begins by establishing a physically feasible motion for the robot's

unactuated base using MPC. Subsequently, necessary leg torques are computed either

through standard inverse dynamics or WBC, typically employed in fully-actuated sys-

tems. Unlike LIP models that use the Center Of Pressure (COP), or full rigid-body

dynamics that rely on joint torques and ground contact forces, this model primarily

considers contact forces.

The simpli�ed centroidal dynamics model has been e�ectively applied in various
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studies [38, 51, 172] to optimize dynamic motions in biped robots, with successful real-

world implementations [35, 7]. However, for humanoid robots with heavier limbs that

deviate signi�cantly from the nominal pose, the SRBD model may fall short in accuracy.

Despite its utility, the SRBD model has limitations, notably its inability to

account for joint limits and torques. To augment its descriptive capability without

directly optimizing for joint torques or contact forces, several approaches incorpo-

rate elements from computational geometry. For example, [20, 115] proposes mapping

friction limits at the contact level and actuation limits at the joint level to the six-

dimensional (6D) space of centroidal wrenches. This mapping creates 6D polytopes,

geometric �gures representing the set of permissible wrenches within these constraints.

The Contact Wrench Cone (CWC) considers only friction constraints [72, 20], while

the Feasible Wrench Polytope (FWP) accounts for both friction and actuation limits

[115].

Further developments include a dynamic model that considers external forces

and torques [3], providing a more realistic simulation of external in�uences and cre-

ating a feasible time-varying region that accurately re�ects the motion of the robot.

This model also adapts to di�erent plane inclinations, enhancing its utility in diverse

terrains. By integrating complete joint-kinematic limits, a more precise de�nition of

the robot's kinematic capabilities is achieved, termed the reachable region.

1.3.2.3 Learning-based Trajectory Planning

Recent advancements in behavior design for robots have increasingly utilized re-

inforcement learning demonstrating its suitability to control modern, highly dynamic

robots with complex DOF. For the robot to be able to operate in highly dynamic

environment with perception-in-the-loop, the controller often need to run at high fre-

quencies to be able to react fast enough. Approaches like the Whole-Body MPC (WB-

MPC) or hierarchical frameworks like MPC in conjunction with WBC often falter in

such environments as they usually turn out to be mixed integer in nature as the contact

planning needs to happen online.

15



Historically, reinforcement learning approaches depended on prede�ned kine-

matic reference trajectories [175]. However, many early implementations resulted in

unrealistic motions [64, 4, 150] or relied on oversimpli�ed models. Real-world appli-

cations on three-dimensional robots have only recently begun to show promise [149].

Some studies have used planar models or robots with disproportionately large feet to

ensure static balance [153, 139], but these are limited in their practical applicability.

A novel approach involves leveraging black-box reinforcement learning [144],

utilizing policies based on Long Short-Term Memory (LSTM) networks to generate

joint PD commands from inputs such as desired forward velocity. Enhancements such

as Dynamics Randomization [116] have been introduced to improve simulation-to-real-

world transferability by varying parameters like contact friction during training.

Reinforcement learning has also been applied to synthesize periodic gaits. Tech-

niques like Periodic Reward Composition, used in [143], facilitate policy optimization

by rewarding the model based on the dynamics of the stance and swing phases of

gait. This method draws parallels to the Linear Complementarity Problem, assigning

rewards based on the presence of external forces or the absence of velocity in the feet,

with these parameters shifting periodically.

Despite its potential, reinforcement learning is traditionally sample-ine�cient.

To address this, learning can be conducted within a task-space [40], employing a task-

space inverse dynamics controller to produce more e�ective joint-space control inputs.

Recent advances in visual motor policies have signi�cantly improved the navi-

gation capabilities of legged robots in complex environments. For instance, Kareer et

al. developed the Visual Navigation and Locomotion (ViNL) framework [84], enabling

quadruped robots to navigate cluttered indoor settings e�ectively using egocentric vi-

sion to dynamically avoid obstacles without prior environmental mapping. This frame-

work combines a high-level visual navigation policy with a low-level locomotion policy,

both trained via deep reinforcement learning, allowing the robot to dynamically adapt

to new environments with high precision. In addition, Kang et al. [82] introduced an
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approach that integrates model-based control with reinforcement learning. Using on-

demand reference motions, this method improves the traditional RL training process,

allowing robots to respond adequately to a variety of terrain challenges and velocities.

Moreover, Yu et al. [179] proposed a hierarchical control architecture that fuses

high-level vision policies with low-level motion controllers for quadrupedal robots. This

architecture enables robots to traverse uneven terrains, such as stepping stones and

stairs, by leveraging depth images for real-time adjustments of footholds and body

positioning, demonstrating successful sim-to-real transfer capabilities. Similarly, Duan

et al. [41] developed a fully-learned system for bipedal locomotion that navigates

challenging terrains by employing a heightmap predictor trained from simulation data.

This system e�ectively guides robots across unpredictable terrain features without the

need for prior terrain mapping, emphasizing the integration of proprioceptive and visual

information to enhance terrain adaptability without extensive real-world training.

These innovative approaches underline the growing potential of visual motor

policies in improving the autonomy and e�ciency of robotic systems for navigating

complex, real-world tasks, marking a signi�cant evolution toward robust, adaptive

legged locomotion.

1.3.2.4 Hybrid Zero Dynamics (HZD)

Hybrid Zero Dynamics (HZD) is a feedback control technique pioneered by

Jessy Grizzle and colleagues to generate and stabilize periodic dynamic locomotion in

under-actuated bipedal robots [61, 170, 171]. The central concept of HZD revolves

around virtual constraints. Unlike physical constraints imposed by the environment,

virtual constraints are holonomic constraints applied via a feedback controller. These

constraints guide the system's full-order dynamics to conform to a lower-dimensional

manifold known as the Zero Dynamics Manifold, which can be tailored to sustain a

consistent periodic gait robust against impacts�this is the essence of the Hybrid Zero

Dynamics manifold.
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HZD was �rst implemented on Rabbit [26], a planar robot developed at CNRS

under the ROBEA1 project, where the concept of virtual constraints for bipedal legged

robots was established. This foundational work has been extended to more intricate

systems. To explore the role of mechanical compliance [75, 132] in dynamic activities

like running, robots such as Thumper [121, 122] and MABEL [62, 146] were designed

with integrated compliance features. The principles of HZD and Virtual Constraints

have also been adapted for three-dimensional walking [19] by robots like ATRIAS

[74, 30]. Additionally, prostheses [56, 57] and exoskeletons [107] have adapted this

technique to enhance their functionality.

Further applications of HZD include navigating irregular terrains [110]. A no-

table strategy involves using the velocity of the center of mass to control step lengths

during the �ight phase of locomotion [5]; this is based on the observation that the

horizontal distance covered in �ight correlates with the velocity of the center of mass

at takeo�. Other commonly used task space outputs [53] in HZD include torso orienta-

tion, leg lengths, and the orientation of the swing foot, all critical for determining the

resultant gait characteristics. For instance, leg lengths directly in�uence torso height

and foot clearance, while the swing leg's yaw angle helps orient the robot for subsequent

steps.

1.3.2.5 O�ine Trajectory Optimization Frameworks

The evolution of various TO frameworks, such as COALESCE [77], Fast Robot

Optimization and Simulation Toolkit (FROST) [66], and TRajectory OPtimization

In CasADi (TROPIC) [47], has facilitated the management of more complex systems

and accelerated the gait generation process. Notably, C-Frost [67] has signi�cantly

enhanced the speed of gait production, allowing for the creation of extensive libraries

of gaits.

COALESCE [77] was developed to address common limitations found in exist-

ing software for solving optimal control problems. Unlike its predecessors, COALESCE

1 http://www.gipsa-lab.grenoble-inp.fr/projet/Rabbit/index.php
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o�ered a user-friendly, e�cient, and versatile interface thanks to its MATLAB-based,

object-oriented design. This design not only simpli�ed problem formulation but also

enhanced problem-solving capabilities by automatically generating analytical gradi-

ents and exporting function scripts. The resulting optimization problem was solved

using the sparse nonlinear Sequential Quadratic Programming (SQP) solver SNOPT

[52]. COALESCE's features included computing and exporting gradients and sparsity

patterns, interfacing with popular solvers like SNOPT, IPOPT, and KNITRO, and

supporting multi-phase optimal control problems with minimal user overhead. These

functionalities made COALESCE accessible to users with basic numerical optimization

knowledge, signi�cantly simplifying the formulation and resolution of optimal control

challenges.

Similarly, FROST [66], an open-source MATLAB toolkit, was developed by

AMBER Lab to address the needs of dynamical system modeling, trajectory optimiza-

tion, and model-based control design, with a particular focus on robots demonstrating

dynamic locomotion with hybrid dynamics. The primary goal of FROST was to es-

tablish a uni�ed software environment that utilized the HZD framework for developing

motion planning and control algorithms for robotic systems. Noteworthy features of

FROST included a custom symbolic math toolbox integrated with the Mathematica

Kernel, hierarchical structures for modeling general hybrid dynamical systems, and

support for multibody systems through standard URDF �les. The toolkit facilitated

the automatic construction of trajectory optimization problems and incorporated scal-

able optimization algorithms, prominently using advanced direct collocation methods.

Additionally, FROST employed virtual constraint-based motion planning and feedback

controllers, enabling the exploitation of full-order dynamics for enhanced robot agility

and performance.

TROPIC [47] is another TO framework that is quiet similar to FROST. What

sets it apart is its reliance on CasADi to leverage its state-of-the-art implementation

of algorithmic di�erentiation to formulate and e�ciently solve gait optimization prob-

lems, and the equations of motion are derived using spatial vector arithmetic with the
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Recursive-Newton-Euler Algorithm used to computeC(q; _q) and the Composite-Rigid-

Body Algorithm used to obtain the inertia matrix H (q) [44].

Horizon [137] is an open-source trajectory optimization framework for robotic

systems, providing an intuitive Python API and a highly customizable modular de-

sign. It accommodates �xed and �oating-base systems, contact switching, variable time

nodes, and multiple solvers, including GN-SQP and Iterative Linear-Quadratic Regu-

lator. Horizon converts optimization challenges into nonlinear programming problems,

enabling solution storage for warm-starting and ensuring dynamic feasibility during

resampling.

Unlike the previously discussed frameworks that utilize whole body dynamics

in TO, Trajectory Optimization for Walking Robots (TOWR) [173] employs a ROM

to simplify and e�ciently solve the problem. TOWR addresses the automated deter-

mination of gait sequence, step timings, footholds, swing-leg motions, and 6D body

motion over uneven terrain without the need for auxiliary modules. It optimizes dis-

crete gait sequences through phase-based parameterization of end-e�ector motion and

forces, using continuous decision variables. The system uses a simpli�ed Centroidal dy-

namics model that accounts for the location and forces exerted by the feet, explicitly

enforcing friction cone constraints based on the terrain shape. The developed solver

TOWR, e�ectively generates dynamic motion plans, incorporating full �ight phases for

various legged systems with di�ering morphologies. These plans have been validated

through simulations and actual tests on the quadruped robot ANYmal. The solver is

openly available, enhancing its utility for ongoing and future research in robotic motion

planning. This work extends existing models by integrating automatic computation

of contact schedules and dynamically feasible motions over complex terrains, thereby

advancing legged robot locomotion optimization.

1.3.3 Motion Planning Through Contact

In the sections above, we have classi�ed di�erent trajectory planning approaches

based on the use of stability models for locomotion and various abstractions of dynamics
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models used to tackle the complexity of the optimization problem. However, another

signi�cantly important classi�cation is based on the contact modeling approaches used

in trajectory planning. This is crucial because humanoid robots are inherently hybrid

systems that must interact with their surroundings. A hybrid model encompasses

various contact modes, each specifying a set of active contacts [119]. Discontinuities in

the robot's trajectory typically arise at transition points de�ned by guard conditions,

such as when the swing foot contacts the ground. At these moments, although the

overall con�guration of the robot remains unchanged, its joint velocities experience

sudden changes, resulting in discontinuities within the state space (Fig. 1.6 below).

Figure 1.6: Discontinuity in state-space due to Contact

1.3.3.1 Contact Explicit Trajectory Planning

Most published motion planning techniques employ hybrid models with mode

schedules either optimized through a higher-level optimization problem or prede�ned

[174, 166, 170]. However, while these methods allow for changes in the mode sequence

through optimization [147], they cannot introduce new modes that were not initially

included in the mode schedule. The work in thesis falls under this category. We assume

that the contact sequence is known a priori and during TO we optimize the contact

position and the contact timing.

1.3.3.2 Contact Implicit Trajectory Planning

As robots increasingly operate in dynamic environments and interact with hu-

mans, the challenges posed by discontinuities due to impacts and friction require more

sophisticated motion planning strategies. This need has spurred the development of

methods that do not rely on a �xed mode schedule and instead address contacts under
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conditions such as Linear Complementary Conditions (LCP). The LCP [100] frame-

work is based on the premise that interacting bodies are impenetrable, implying that

they can only exert forces if in contact, encapsulated by the conditions:

� c � 0; � T
c nc(q) = 0 ; nc(q) � 0; (1.1)

Signi�cant advancements in this �eld include contributions from [102] and [119]. The

former developed techniques for generating complex, human-like motion trajectories

without a prede�ned contact schedule. However, their approach softened the contact

complementarity constraints by incorporating them into the optimization cost, rather

than enforcing them as strict conditions. This allowed external forces to in�uence the

foot when it was not in contact with the ground, deviating from real-world scenarios,

but providing valuable gradient information. While the latter approach formulates

the problem as a Mathematical Program with Complementarity Constraints (MPCC),

leveraging SQP to naturally resolve contact forces while optimizing the trajectory. This

method eliminates the need for a priori mode ordering, allowing for more robust and

e�cient trajectory planning, particularly in high-dimensional systems with numerous

potential contact modes. However, while these methods avoid the need for prede�ned

modes, their reliance on a �rst-order integrator leads to a linear trade-o� between the

complexity of the optimization problem and the accuracy of the plan. This limitation

has motivated the use of higher order extensions [96] of the classic time-stepping method

of Stewart and Trinkle [149], which, when integrated with the rigid body contact

complementarity formulation, achieves greater integration accuracy.

1.4 The Digit Humanoid Robot

Agility Robotics introduced the Digit 1 humanoid robot, a product of continuous

design re�nement that traces its evolution from the MABEL prototype in 2004 to the

present Digit model as shown in Fig. 1.7. The robot has a standing height of 5'9�,

weighs about 140 pounds, has a carrying capacity of 35lbs and can reach to the �oor or

1 Source:https://www.agilityrobotics.com/robots#digit
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up till 5'6". Emphasizing compliance and incorporating insights from SLIP dynamics,

Digit's design features a deliberately heavier torso achieved by relocating actuators

closer to the core. The lower legs are powered by a lightweight, compliant four-bar

system.

(a) MABEL (b) ATRIAS

(c) Cassie (d) Digit

Figure 1.7: Evolution of Robot Design at Agility Robotics from MABEL to Digit

Equipped with an array of sensors, Digit adeptly navigates its environment.

Real-time cameras positioned both at the bottom and top of the torso generate point

clouds [138], providing a comprehensive view. A Lidar sensor on the top further en-

riches environmental awareness. Employing sensor fusion, data from these sensors

collaborates to create a virtual model for constructing occupancy grids, facilitating

high-level motion planning.
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A distinctive engineering element found in Digit and its ancestors is the in-

corporation of �ber-glass springs in the leg's kinematic chain, enhancing the robot's

impact-absorbing capabilities. Combined with the 4-bar mechanism springs, this intro-

duces two degrees of freedom to the kinematic loop, resulting in a three-degree freedom

system. The strategic concentration of heavy actuators on the torso lightens the load

on the legs.

One notable challenge in control lies in the linked degrees of freedom at the ankle,

driven by two distinct 4-Bar systems. The foot functions as a parallel manipulator,

demanding simultaneous orientation control of both actuators, motorA, and motorB at

the tarsus. This intricate design showcases Digit as a unique and sophisticated robot,

embodying advancements in compliance, sensor integration, and impact mitigation as

shown in Fig. 2.4b.

1.5 Contributions

Periodic gaits have been utilized in gait libraries for various purposes, such as

realizing navigation amidst obstacles [163, 159, 104], human-robot collaborative loco-

motion [157, 163, 25, 106], and enhancing robustness and adaptation [24]. Previous

research has primarily focused on the theoretical tools required for the stable concate-

nation of periodic gaits [164, 163, 160, 162], often using simpli�ed 3D bipedal walking

models.

This thesis takes the initial steps toward computing periodic walking motions

for full-order humanoid robots, with Digit as the example. The main objective is to in-

tegrate these gaits into a gait library that will enhance Digit's capabilities. Speci�cally,

the contributions of this thesis include:

ˆ Formulation of the kinematic and dynamic model of Digit, including necessary
approximations to simplify the model for fast and e�cient real-time control.

ˆ Optimization of periodic orbits for forward walking gaits for the Digit robot,
generating a library of gaits with various footstep lengths and forward velocities.
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ˆ A controller for tracking the optimized periodic gaits, incorporating objectives
such as controlling torso orientation, swing foot orientation, and minimizing cen-
troidal angular momentum to stabilize the gait on a higher �delity model.

ˆ Implemented a rigorous simulation testing framework to validate the feasibility
of the optimized gaits.

This work integrates a more e�cient approach to formulating kinematic and dynamic

models of humanoid robots by leveraging Rigid-Body Dynamics Algorithms (RBDA)

and CasADi's symbolic framework for Automatic Di�erentiation (AD). Compared to

previous methods, this approach constructs gradients, large-and-sparse Jacobians, and

Hessians more e�ectively. It signi�cantly extends the parent framework's capabilities

to handle complex models, including kinematic loops, leaf springs, and various contact

types. While a few other frameworks can manage such models, they do not utilize

RBDA and CasADi's AD tools. An exception is Horizon [137], which is designed for

longer horizon trajectory planning rather than gait synthesis.

1.6 Organization

Chapter 2 delves into the �oating-base hybrid dynamic model of the Digit robot,

emphasizing the combination of continuous and discrete dynamics that govern the

robot's interaction with the environment. This chapter covers the full kinematic chain

of the robot, providing detailed explanations of the spatial vector algebra used to model

the robot's dynamics and the interaction forces at play during its movements.

Chapter 3 focuses on the formulation of the nonlinear trajectory optimization

problem using the HZD framework to optimize dynamic walking gaits for Digit hu-

manoid robot. It details the implementation of virtual constraints and feedback lin-

earization techniques to develop stable and e�cient walking primitives for the hu-

manoid robot, setting the stage for the real-world application of these theoretical con-

structs.

Chapter 4, as previously described, details the controller architecture used to

ensure that the trajectories optimized in Chapter 3 are followed accurately by the robot.
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It provides insights into the robust controller design, emphasizing constraint handling

within a quadratic programming framework to maintain stability and performance.

Chapter 5 presents simulation results that demonstrate the e�cacy of the HZD

framework in achieving dynamic and stable walking for the Digit robot. It evaluates

the controller's performance in simulation, showing how the robot maintains stability

and adapts to changes in its environment based on the developed control strategies.

Chapter 6 concludes our thesis and o�ers prospective on future directions rele-

vant to this work.
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Chapter 2

FLOATING-BASE DYNAMIC MODEL FOR DIGIT

In this chapter we will discuss the �oating-base kinematic and dynamic model

developed for Agility Robotics' Digit robot in the next section. The fundamental ad-

vantage of using a �oating-base model is that it simpli�es implementation. Because

the robot rapidly makes and breaks contacts interacting with its environment, using a

�oating-base model with contacts enforced as holonomic constraints simpli�es imple-

mentation. Although the rigidly attached frame to the torso is often utilized as the

kinematic model's base frame, any arbitrary body [156] could also be used. Trans-

ferring between two sets of equations of motion, each obtained using a di�erent rigid

body as the reference frame, is as easy as applying a simple transformation.

2.1 Background: Modeling Of Bipedal Robots

This section aims to provide an overview of the continuous and discrete dynamics

governing legged robotic locomotion. In classical nonlinear control design, analysis is

typically conducted on a control-a�ne dynamical system described by:

_x = f c(x) + g(x)u (2.1)

x+ = f d(x � ; u) (2.2)

h(x) = 0 (2.3)

wherex 2 X � Rn represents the set of controllable states,u 2 U � Rm denotes

the control input, f c : Rn ! Rn and g : Rn ! Rn� m are locally Lipschitz continuous

functions of x, f d represent the discrete dynamics andh(x) is the guard condition

dictating when discrete events occur. While this broad depiction applies to feedback
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control systems, the dynamics of most bipedal robots take on a more specialized form

discussed in subsequent sections. This thesis focuses on 3D locomotion, meaning that

the robot's movement is unrestricted except by foot interactions with the environment.

Bipedal robots are often modeled as a tree-like structure composed of a series

of rigid links. Due to this structure's generalizability, methods for generating symbolic

or algebraic expressions for the robot's kinematics and dynamics are frequently used.

Since the robot's interactions with the environment constantly change, a practical

modeling approach is to construct an unconstrained representation of the robot and

enforce ground contacts through forces generated by holonomic constraints at the feet.

This is known as the �oating-base model of the robot.

2.1.1 Con�guration Space

Consider a humanoid robot, the con�guration space for that particular robot

can be de�ned asQ 2 Rn wheren is the number of DOF (degrees of freedom) of the

unconstrained �oating-base model. Let

q = ( qb; ql) 2 Q = R3 � SO(3) � Ql = SE(3) � Ql � Rn (2.4)

where qb = ( pb; � b) 2 SE(3) describes the base frame attached to the torso with

Cartesian position,pb = (p x; py ; pz) and orientation, � b = ( � br ; � bp ; � by ) with respect

to the world frame, andql 2 Ql � Rl describes the local coordinates representing the

joint angles between the links. This de�nes the number of DOF,n to be 6 + l for the

unconstrained �oating base model. The state space for such a model, assuming all the

joints in the kinematic tree are either revolute or prismatic joints isX = TQ � R2n

with the coordinatesx = ( qT ; _qT )T 2 X .

2.1.2 Continuous Single Stance Dynamics

Mechanical system dynamics are typically modeled using nonlinear, second-

order ordinary di�erential equations. The system's state comprises its con�guration

q (2.4) and velocity v. The Euler-Poincaré representation is commonly used for de-

scribing rigid multi-body system dynamics. Detailed derivations employing Lagrangian
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Analysis, which leverage the mechanical system's energy properties, are found in var-

ious robotics textbooks (see [142, ch. 7]). Speci�cally, the Euler-Poincaré equations

describe the motion of �oating base systems ([155, ch. 3]). The equations are:

M (q)•q+ H (q; _q) = Bu + J T
st (q)� st (2.5)

In this equation, M 2 R(n+6) � (n+6) is the mass matrix,H (q; _q) combines the Coriolis

matrix C 2 R(n+6) � (n+6) and the gravity term G 2 Rn+6 , B 2 Rm� (n+6) is a selector

matrix, u 2 Rm represents the joint torques,� st 2 R6 denotes the 6D forces on the

contact link in the body frame, and Jst 2 R6� (n+6) is the contact Jacobian. These

dynamics can also be represented in a state-space format.

2.1.3 Contact Constrained Dynamics

The robot's foot or hand may have a variety of shapes and hence create a variety

of contacts with the environment, as seen in Fig. 2.1. Numerous dynamic walkers, such

as Rabbit, Thumper, MARLO, ATRIAS, and a variety of quadrupeds, have point feet.

Other foot geometries include those that make line contact like Cassie or those that

make planar contact like Digit. Due to the potential of having signi�cantly varied foot

geometry, it is required to determine the number of DOF that become constrained once

contact is established. The advantages of approximating the planar and line contacts

with a single frame attached to the center of the foot rather than attaching multiple

frames, each at a vertex of the foot are shown in [92] with simulation results.

2.1.3.1 Point Contact

The foot of the Digit robot has a signi�cant surface area for contact. The model-

ing approach for the foot depends on the speci�c problems we aim to address. Various

research studies in the literature have optimized for multi-domain gaits, incorporating

heel-strike and toe-o� to achieve more e�cient and natural motions where the con-

tact either needs to be modeled as a line or plane contact. However, for the scope of

this thesis, we have chosen to model the feet as point contacts as we assume �at-foot
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Figure 2.1: Di�erent Types of Contact: Point Contact (left), Line Contact (middle)
and Planar Contact (right).

walking. This is done by attaching a frame of reference to a point in the middle of

the contacting surface. The contact is modeled as a holonomic constraints, which is

an explicit constraint on the relation between the position states of the robot,q. To

exclude the naturally limited DOF from the attached frame, several sorts of contacts

with varying geometries can be simulated. The contact force wrench depicted in the

frame attached to the contact foot may have up to six components, depending on the

shape of the foot:

� st =
h
� fx

st � fy
st � fz

st � mx
st � my

st � mz
st

i T
(2.6)

where the �rst three components are the ground reaction forces that maintain the

foot in position and prevent slippage, and the last three components are the ground

reaction torques (i.e., ground reaction moments) that the ground exerts on the foot to

prevent loss of contact due to toppling. Since the contact is unilateral[59] in nature, the

normal force� fz
st is constrained to be positive, meaning the foot can only push against

the ground and not pull.

The holonomic constraints [60] for contacts impose kinematic constraints on the

location or orientation of a contact point with respect to the walking surface. Thus, the

maximum number of constraints associated with a single contact is six. The location,

pst (q), and orientation, � st (q), of the frame attached to the center of the foot's base

may be retrieved from the homogeneous transformation matrix,Tst
w , which converts

the local coordinates in the attached frame to global coordinates and is a function ofq.
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Additionally, we assume that no slippage or toppling occurs between the two touching

entities, and hence that the foot's position and orientation stay constant during the

single stance phase:

� st(q) = St � 6

2

4
pst(q)

� st(q)

3

5 = constant (2.7)

where St � 6 is a selection matrix [134] that is used to determine which DOFs need to

be constrained. Because we assume that the foot does not slip or topple, the contact

frame's linear and rotational velocities are both zero:

St � 6

2

4
vst(q)

! st(q)

3

5 = Jst(q) _q = 0 t � 1 (2.8)

The Jacobian for this holonomic constraint is calculated somewhat di�erently. It can-

not be determined simply by calculating the partial derivative of (2.7) with respect to

q, as this would provide the analytical Jacobian, which is not what is required. The

geometric jacobian may be derived by performing a simple transformation on the an-

alytical jacobian, or simply taking the Jacobian of the spatial velocity recovered from

(2.9) with respect to q.

(Tst
w (q)) � 1 _Tst

w (q; _q) =

2

6
6
6
6
6
6
4

0 ! z
st � ! y

st vx
st

! z
st 0 � ! x

st vy
st

� ! y
st ! x

st 0 vz
st

0 0 0 0

3

7
7
7
7
7
7
5

(2.9)

Further di�erentiating the above kinematic constraint in (2.8) with respect to q gives

us a constraint on the dynamics of the system,

Jst(q)•q+ _Jst(q) _q = 0 t � 1 (2.10)

It should be emphasized that the above assumption about the contact being modeled

as a point contact with no DOF holds only for �at-foot walking. When optimizing

a motion for multi-domain walking [133, 181], the contact cannot be represented by

a single point contact; instead, we must consider numerous contact sites at which
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translational degrees of freedom must be eliminated for each point. The literature

often considers multiple contact points each at the foot geometry's vertices, with each

of those contact points considered as a ball joint, with only the position of that point

being holonomically constrained to be �xed on the ground.

2.1.3.2 Friction at Point Contact

When contacts are viewed as holonomic constraints, the Lagrangian multipliers

associated with the contact can attain any value that is needed to keep the foot �at

and �xed; thus, it is necessary to constrain the magnitude of the contact friction forces

while optimizing for a gait that is within the friction cone. First, for the foot that is

in contact with the ground, unilaterality implies:

� fz
st > 0 (2.11)

Since we assume no slippage and a coulomb model of friction, the resulting ground

contact force must be contained inside the friction cone; that is,
q

(� fx
st )2 + ( � fy

st )2 < �� fz
st (2.12)

where� is the Coulomb's coe�cient of friction. The friction cone constraint described

above can also be approximated by a polygon-based pyramid with any number of sides.

Typically, a four-sided pyramid is used in most of the literature. The cone constraint

de�ned in (2.12) is non-linear in nature and hence to simplify and maintain linearity

of the constraint in the optimization problem it is approximated as shown in (4.4). As

seen in Fig. 2.2, these approximations can be conservative or relaxed.

When the contact is planar, the foot can be in rotation around one of its

edges [27] despite the fact that it is not moving. This is owing to the foot's lim-

ited size. As a consequence, the reaction moment generated by the ground must be

bounded, as illustrated in (4.4), when optimizing for a gait.

� l� fz
st < � mx

st < l� fz
st (2.13a)

� L� fz
st < � my

st < L� fz
st (2.13b)
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Figure 2.2: Di�erent Approximations of Friction Cone Constraints: Relaxed
Pyramid (Left), Conservative Pyramid (middle), and Non-Convex Cone
(right)

whereL is half the foot's length andl is half the foot's breadth.

2.1.3.3 Constrained Dynamics

In case we want to eliminate the ground reaction forces from the continuous

dynamics we can solve the system of equations to calculate the constrained dynamics

by coupling the �oating-base dynamics in (2.5) with the contact holonomic constraint

in (2.10) and solving the system of equations [9]. One way to solve this system of

equations is to directly solve for� st by inserting the •q from the �oating-base dynamics

equation into the holonomic constraint equation.

� st(q; _q; u) = � [Jst(q)M � 1(q)J T
st (q)]

� 1
[ _Jst(q; _q) _q+ Jst(q)M � 1(q)(Bu � H (q; _q))] (2.14)

To get the constrained equation of motion, the contact wrench in (2.14) satisfying the

holonomic constraints can be substituted back into the �oating-base dynamics.

M (q)•q+ N T H (q; _q) + 
 (q; _q) = N T Bu (2.15a)


 (q; _q) = � J T
st (Jst(q)M � 1(q)J T

st (q))y _Jst _q (2.15b)

N = I � J T
st (Jst(q)M � 1(q)J T

st (q))yJstM � 1 (2.15c)
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Even with the constrained dynamics in (2.15), there is no assurance that the contact

wrenches will be contained inside a friction cone. The constrained system described

above may be expressed in state-space form as follows:
2

4
_q

•q

3

5 =

2

4
_q

M � 1(q)( � N T H (q; _q) � 
 (q; _q))

3

5 +

2

4
0

M � 1(q)N T B

3

5 u (2.16)

2.1.4 Discrete Dynamics

As more robots are brought into unstructured workplaces, the capacity to engage

e�ectively and safely with a complex and dynamic environment becomes critical. For

many robots, especially bipedal robots, dynamic interaction with the environment

requires producing impacts, since slow movements such as the bipedal robot's feet

approaching the ground at small absolute velocities are not an option. Numerous formal

descriptions of contact models exist in the literature. These may be classi�ed into two

subcategories: planned and unplanned encounters, each of which can be approximated

as elastic or inelastic.

If the contact is assumed to be elastic, the contact forces may be described as

a function of the contacting bodies' deformation. These elastic models behave more

like real-world occurrences, but in practice add parameters that are di�cult to iden-

tify. While in inelastic model where they are considered as rigid contacts, the contact

wrenches act over an in�nitesimally-small �nite interval of time and are modeled as

a vector of impulses. During the impact, the biped's con�guration variables do not

change, but the generalized velocities undergo a jump. The evolution of dynamics

during this in�nitesimally small interval of time can be written as:

M (q� )( _q+ � _q+ ) = J T
sw(q� )Fimp ; (2.17)

where the superscripts `� ' and `+ ' denote the pre-impact and post-impact states,

respectively, and theFimp denotes the impulse acting on the swing foot at the step's

conclusion. To calculate the post-impact velocities in such a way that the impulse

operating on the swing foot does not cause the foot to slide or topple, we must also
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Figure 2.3: A Simple Hybrid System

incorporate a kinematic constraint such that the_q+ is in the swing foot contact null

space jacobian:

J T
sw(q� ) _q+ = 0; (2.18)

Combining (2.17) and (2.18), we get:
2

4
M (q� ) � J T

sw(q� )

Jsw(q� ) 0

3

5

2

4
_q+

Fimp

3

5 =

2

4
M (q� ) _q�

0

3

5 (2.19)

Using the Schur Complement we can calculate the impact map:

_q+ =
�
I � M (q� )� 1J T

sw(q� )(Jsw(q� )M (q� )� 1J T
sw(q� )) � 1Jsw(q� )

�

| {z }
� _q (q� )

_q� ; (2.20)

2.1.5 Hybrid Dynamical Systems

Bipedal robots exhibit both continuous and discrete behavior, which lends itself

well to models of hybrid systems. A bipedal walking gait often consists of one or

more distinct continuous phases interrupted by discrete transitional events. Single-

domain walking, shown in Fig. 2.3, is a basic illustration of this. The robot crosses an

instantaneous double-support and single-support domain in a repeating pattern.

A hybrid system composed of a continuous dynamical phase and a discrete phase

may be analytically represented as follows:

H =

8
<

:
_x = f (x) + g(x)u if x 2 D

x+ = �( x � ) if x � 2 S
(2.21)
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whereD = f x 2 TQ j pz
swfoot (q) > 0g, S = f x 2 TQ j pz

swfoot (q) = 0 ; _pz
swfoot (q; _q) < 0g,

f and g are de�ned in (2.16), and the overall impact map for the whole state is de�ned

as below using the Relabeling matrix,R because the leg in contact is switched from

left to right at the end of the continuous phase,
2

4
q+

_q+

3

5 =

2

4
R(q� ) 0

0 R(q� )� _q(q� )

3

5

| {z }
�( q)

2

4
q�

_q�

3

5 (2.22)

2.2 Constrained Floating-Base Dynamic Model of Digit

After deriving a generic unconstrained dynamic model for Digit as outlined in

previous sections and speci�ed in (2.25), we aim to incorporate constraints speci�c to

Digit. These constraints include kinematic loop constraints for the legs, sti� spring

constraints, and others. By incorporating these constraints, the dynamic model is

simpli�ed, leading to a signi�cant reduction in the state-space of the robot. This

simpli�cation enhances the e�ciency of the optimization process, making it faster to

solve.

If a full order Digit model with all 54 DOF, see Fig. 2.4 is to be built for

optimization and control, the kinematic loops can be described using a holonomic

constraint since these loops add a kinematic constraint. Take the 4-bar mechanism

with the Achilles rod, Fig. 2.5. The loop may be broken at the place where the heel-

spring and Achilles rod ends were �rst attached, and we can see that the position of

endpoints of each of these sub-chains are same. As a result, the constraint may be

represented as follows.

� c(q) = 0 $ jj pi hs� end
w (q) � pi hp

w (q)jj 2
2 = 0; i 2 f l; r g (2.23)

and the corresponding holonomic constraint on the dynamics becomes,

J� (q)•q+ _J� (q) _q = 0 (2.24)

whereJ� = @�c(q)
@q , all additional kinematic loops are treated in the same way, and their

jacobians are added toJ� . When we analyze the full-order model with connecting rods
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and springs that may be described as torsional springs, the Lagrangian dynamics of

this whole system in a single stance phase are as follows:

M (q)•q+ H (q; _q) = Bu + J T
st (q)� st + J T

� (q)� � + Bsp� sp(q; _q) (2.25a)

J� (q)•q+ _J� (q) _q = 0 (2.25b)

Jst(q)•q+ _Jst(q) _q = 0 (2.25c)

The underlaying kinematic model used to calculate the dynamic model is implemented

using spatial algebra due to its compact and e�cient formulation. Rather than de�ning

two three-dimensional (3-D) vectors to describe a force and another two to describe

an acceleration, along with writing two equations of motion for each body, the use of

a 6-D vector notation simpli�es this process. This approach [45] allows for the pairing

of corresponding 3-D vectors and equations, resulting in a more concise and organized

notation with fewer quantities and equations. The algorithms used for the computation

of jacobians and the Inertia matrix and non-linear e�ect matrix were developed in [44].

(a) Con�guration Space of Digit (b) Saggital view of Digit

Figure 2.4: Digit Humanoid Robot
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