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ABSTRACT

Turbulent 
ows laden with �nite-size solid particles are found in a variety of

natural and engineering processes. However, the overall understanding of how the 
ow

properties, such as turbulent intensity and 
ow drag, are modi�ed by the addition

of the particles is still limited. So far, the only rigorous approach to investigate the

modulation mechanisms at the particle scale is to numerically solve the disturbance


ow around each particle, known as the interface-resolved simulations (IRS). However,

the application of IRS in the turbulent particle-laden 
ow is particularly challenging

due to the requirements of resolving all the length and time scales in the turbulent 
ow,

as well as the need to realize the no-slip boundary condition on the moving particle

surfaces.

In recent years, the lattice Boltzmann method (LBM) has emerged as an e�-

cient and accurate numerical approach for computational 
uid dynamics. Compared

to the conventional approaches of directly solving the Navier-Stokes equations, LBM

is simple to code, easy to parallelize, and 
exible in treating boundary conditions. In

particular, the no-slip boundary treatment based on bounce-back scheme and meso-

scopic momentum exchange in LBM take full advantage of the gas kinetic description.

However, the realization of these treatments in particle-laden turbulent 
ow simula-

tions is still rare. So far, the majority of the particle-laden turbulent 
ow simulations

relies on the smoothed-boundary treatments, such as the immersed boundary methods,

which tends to induce arti�cial dissipation. In this dissertation, LBM with a sharp-

interface treatment is developed to investigate turbulence modulation by �nite-size

solid particles.

After a thorough validation, the method is applied to the simulations of a turbu-

lent channel 
ow laden with both �xed and moving particles. The interactions between

xx



the dispersed particles and carrier turbulent 
ows, especially the modulation induced

by the particles on the turbulence intensity and its parameter dependence are exam-

ined. The addition of particles is found to result in a more homogeneous distribution of

turbulent kinetic energy (TKE) in the wall normal direction and a more isotropic TKE

distribution among di�erent spatial directions, comparing to the single-phase turbulent

channel 
ow. To gain further insight, the budget equations of both the total TKE and

component-wise TKE in the particle-laden turbulent 
ows are derived and analyzed

using the simulation data. The budget analysis of the total TKE shows that the pro-

duction rate of TKE from the mean 
ow is modi�ed to become more uniform in the

wall-normal direction by the presence of particles, which is responsible for the more

homogeneous distribution of TKE. Speci�cally, in the bu�er region where the TKE

source is maximized in the single-phase 
ow, the TKE source due to the mean shear is

reduced since both the mean 
ow velocity gradient and the Reynolds stress are reduced

by the presence of particles. This reduction is found to be related to the particle iner-

tia, where particles with larger inertia result in greater reduction of the TKE source.

On the other hand, particles pump energy to turbulent 
uctuations by doing work

directly (moving particles) or inducing disturbances to the mean 
ow (�xed particles),

converting more mechanical energy from the mean 
ow to the turbulent motion. The

strength of this extra TKE source is related to the dynamics of the wake developed

behind particles and therefore is particle-Reynolds-number dependent. The relative

strength of the above two mechanisms determines whether the turbulence intensity of

a turbulent channel 
ow is augmented or attenuated by the presence of particles. The

budget analysis of component-wise TKE reveals that the more isotropic distribution

of TKE among di�erent spatial directions results from the enhanced inter-components

transfer of TKE. This enhancement is found to originate from the spherical shape of

the particles and particle rotation.

In summary, the improved LBM simulation method based on the sharp-interface

treatment provides a better alternative for particle-laden turbulent 
ow simulations

than the commonly used smoothed-interface treatments. The physical results from this

xxi



dissertation research advance our understanding of 
ow modulation induced by �nite-

size solid particles in turbulent 
ows, particularly in wall-bounded turbulent 
ows.
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Chapter 1

INTRODUCTION

1.1 Background and Motivation

Turbulent 
ows laden with solid particles and droplets are ubiquitous in na-

ture and engineering, chemical, biological and environmental applications. Examples

include warm rain formation, sand/dust storms, volcanic ash eruptions; 
uidized bed

reactors, pneumatic conveyance, mixing and fermentation, spray atomization, drug

delivery in human bodies, plankton transport in the ocean, sedimentation of partic-

ulate matters, soil erosion and many others. Understanding how the dispersed par-

ticles/droplets interact with the carrier turbulent 
ow is essential to better predict

hazardous nature processes and design industrial facilities. In contrast to its great

importance, the understanding of the interactions between particles/droplets and the

carrier turbulent 
ow is still very limited. Two general questions of concern are 1)

how does the turbulence a�ect the motion of the particles? 2) how does the presence

of particles modify the carrier turbulent 
ow? The precise answers to these questions

remain open topics challenging the multiphase 
ow community. Using the state-of-

the-art numerical simulation tools, it is hoped that this dissertation could provide new

insights to addressing the second question,i.e., modulation of 
uid turbulence by the

presence of �nite-size solid particles.

1.1.1 Particle Motion in a Turbulent Flow

To keep the topic of this dissertation more focused, no speci�c e�ort will be made

to answer the �rst question regarding the particle motion and transport in a turbulent


ow. Here a concise review of the past progresses under this topic is provided mainly
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to provide a more complete picture of the current understanding of particle-turbulence

interactions.

In 1983, Maxey and Riley (1983) [93] and Gatignol (1983) [43] theoretically

derived the equation of motion of a small solid spherical particle suspended in an non-

uniform 
ow, assuming negligible particle Reynolds number. The force acting on the

particle is expressed as

F = ( mp � mf ) g + mf
DU
Dt

+
1
2

mf

�
DU
Dt

�
dV
dt

�

+ 6�R p� (U � V ) + 6 R2
p
p

�� f �
Z �

0

d(U � V )
p

t � �
;

(1.1)

where terms on the right-hand side (RHS) represent 1) the net gravitational body force,

2) pressure gradient force, 3) added mass force, 4) Stokes viscous drag, and 5) Basset

history force, respectively;Rp is the particle radius; � is 
uid dynamic viscosity; � f is

the 
uid density; mp and mf are the particle mass and 
uid mass occupying the same

particle volume, respectively;U and V are the undisturbed 
ow velocity and particle

velocity, respectively. At a �nite but small particle Reynolds numbers, the Stokes 
ow

assumption no longer applies. Instead of Eq. (1.1), a semi-empirical equation of motion

is usually used,

F = ( mp � mf ) g + mf
DU
Dt

+ CM mf

�
DU
Dt

�
dV
dt

�

+ 6�R p� (U � V ) � (Rep) + 6 R2
p
p

�� f �
Z �

0
K (t; � ) d (U � V ) ;

(1.2)

where each term in Eq. (1.2) has the same physical meaning as in Eq. (1.1), withCM ,

� (Rep), K (�; t ) being the empirical coe�cients or functions (Magnaudet and Eames

(2000) [90], Bagchi and Balachandar (2002) [5]). This equation of motion yields good

predictions of the forces exerted on particles when the particle size is much smaller than

the Kolmogorov length1 in a turbulent �eld. When the particle size is comparable

1 The Kolmogorov length� is the size of a smallest eddy in a turbulent �eld. Smaller
than this length, an eddy will not sustain and its kinetic energy will be dissipated into
heat by the viscous e�ect. The Kolmogorov length is de�ned as (� 3=")1=4, where � is
the kinematic viscosity, " is the local dissipation rate.
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or larger than the Kolmogorov length (these particles are usually termed �nite-size

particles), previous studies indicate that the above equation of motion is only adequate

to describe the part of the force arising from the 
ow structures that are larger than

the particle size, but is not able to capture the rapid variations resulting from the

scales comparable or smaller than the particle size (Bagchi and Balachandar (2002) [5],

Burton and Eaton (2005) [15], Zenget al. (2008) [164]). Another di�culty in practice

when using the equation of motion is to obtain the undisturbed 
owU , since in most

situations, the carrier turbulence is strongly disturbed by the presence of particles. If

the particle size is much smaller than the carrier 
ow scales, one may view the far �eld

as the undisturbed 
ow, and Taylor expand the undisturbed 
ow velocity at the far

�eld to the particle surface and eventually to the particle center location via a Faxen

correction (Maxey and Riley (1983) [93], Balachandar and Eaton (2010) [7]).

However, neither approximation will be accurate if the particle size is not well

separated from 
ow scales (Balachandar and Eaton (2010) [7]). In previous studies,

for example, Bagchi and Balachandar (2003) superposed a frozen isotropic turbulent

�eld to a uniform 
ow �eld to study the drag and lift force acting on a spherical

particle, in which the undisturbed 
uid velocity was prescribed [6]. Zenget al. (2008)

studied the hydrodynamic force acting on a �xed particle in a fully developed turbulent

channel 
ow, where the undisturbed 
ow velocity was obtained from a contrast unladen

case running in parallel [164]. The same strategy was adopted by Burton and Eaton

(2005) in their study of the hydrodynamic force acting on a �xed particle in a decaying

homogeneous isotropic turbulence [15]. In more general cases, the above treatments

may not apply. For instance, a single �nite-size moving particle with adequate inertia

could induce disturbance 
ows that will last for sometime, and eventually alter the

whole 
ow �eld. In this situation, the undisturbed 
ow obtained from the unladen

background 
ow is no longer the undisturbed 
ow felt by the particle. Furthermore,

when there are multiple particles, the 
uid velocity is not only a�ected by each single

particle, but also by the wake of other particles, which also makes the acquisition of

the undisturbed 
ow di�cult. Moreover, the above equation of motion is also unable
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to account for the e�ects of the rapidly changing small-scale eddies induced by the

particle-turbulence interactions. Kim and Balachandar (2012) had shown that the

instantaneous particle force due to these small-scales may not be described by the

deterministic equation of motion in Eq. (1.2) [72]. They therefore suggested to include

a stochastic force component to mimic the contribution of small-scale eddies. However,

a complete description of hydrodynamic forces acting on a �nite-size solid particle in

a turbulent 
ow still remains an open topic (Balachandar and Eaton (2010) [7]).

Besides understanding the motion of a single particle, it is also important to

understand how a group of particles behave in a turbulent 
ow �eld. One of the

most important observations is perhaps the discovery of particle preferential concen-

tration, namely, even in a homogeneous turbulence, the distribution of particles could

be strongly non-uniform locally. Based on the equation of motion, Maxey (1987) calcu-

lated the divergence of the particle velocity and found that particles would accumulate

in regions of high strain rate and low vorticity [92]. When the particle inertia is small,

the intensity of such preferential concentration depends linearly on the particle inertia.

In a particle-laden turbulence, the particle inertia is measured by the particle Stokes

number St, which is de�ned as the ratio of the particle response time to some charac-

teristic time scales of the turbulence, such as the integral time scale, the Kolmogorov

time scale, etc. Later, Squires and Eaton (1991) tracked particles distribution in a

forced homogeneous isotropic turbulent 
ow and found that the strongest concentra-

tion happened atSt � 0:15 based on the integral time scale with over 30 times of the

mean [129]. Wang and Maxey (1993) investigated the particle settling and distribu-

tion of inertia particles in the gravity environment through direct numerical simulation

(DNS) [146]. They studied the e�ect of particle inertia on the intensity of preferential

concentration and discovered that the peak occurs aroundSt = 1 when St is de�ned

based on the Kolmogorov time scale. They therefore argued that the mechanism of par-

ticle preferential concentration is mainly controlled by the small eddies. Fessleret al.

(1994) photographed the instantaneous particle concentration in a vertical turbulent
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channel and con�rmed the signi�cant di�erence between the actual particle distribu-

tion and the random distribution [39]. Their measurements with particle classes of

di�erent inertia supported Wang and Maxey (1993) [146]'s prediction of most signif-

icant preferential concentration happens when particle response time is close to the

Kolmogorov time.

Preferential concentration later served as the basis for understanding many

phenomena of particle dynamics in a turbulent 
ow involving particle-turbulence or

particle-particle interactions. For example, when particles are settling in a turbulent

�eld, their terminal settling velocities are usually found to be larger than that in a

quiescent 
uid. This phenomenon is now understood as a result of particle preferential

sweeping (Wang and Maxey (1993) [146], Maxey (1987) [92], Alisedaet al. (2002) [3]).

As particles accumulate at the periphery of vortical structure where vorticity is small,

they tend to move on the down
ow side of the vortical structure when they are set-

tling in a turbulent �eld, which leads to higher settling velocities (Wang and Maxey

(1993) [146]).

Particle-particle collisions in a turbulent 
ow is another important topic that has

been extensively studied in the past. It plays a key role in understanding the warm rain

development in the cloud physics (Shaw (2003) [126], Grabowski and Wang (2013) [53]).

Sundaram and Collins (1997) investigated particle-particle collision rate in the isotropic

turbulence with DNS [130]. Their observation of enhancement of particle collision rate

at intermediate particle inertia was mainly based on two enhancement mechanisms, 1)

the particle preferential concentration drives particles together increasing their chance

to collide (referred as the accumulation e�ect), 2) the particle velocity are less correlated

at �nite inertia, which creates larger relative velocities between particles (referred as the

transport e�ect). The former had its peak when the particle response time was around

the Kolmogorov time, while the latter was maximized at some larger particle Stokes

number. The complicated e�ects between the two mechanisms brought the largest

enhancement of particle collision rate at about� p � Te, where � p was the particle

response time,Te was the integral time scale of the turbulence. Wanget al. (1998)
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examined Sa�man and Turner (1956) [122]'s early work of collision kernel for zero-

inertial particles with DNS [150]. They argued that Sa�man and Turner (1956)'s kernel

that is based on the assumption of uniformly particle concentration must be modi�ed

when applied to actual coagulation process where the coagulation would certainly cause

non-uniform local distribution. Zhou et al. (1998) proposed asymptotic collision kernel

for particles with small but �nite St purely based on 
ow information, particle response

time and collision radius [167]. The comparison between such kernel and DNS data for

small particle response time� p � � k , where� k is the Kolmogorov time scale indicated

good agreements at di�erentRe and particle sizes. Later, Wanget al. (2000) extended

Sundaram and Collins (1997)'s work by examining the two enhancement mechanisms

separately [151]. Both transport e�ect and accumulation e�ect were quanti�ed for a full

range of particle inertia and several 
ow Reynolds numberRe�
2. While the transport

e�ect, measured by the averaged radial relative velocity magnitudehj wr ji was found to

scale withRe1=2
� , the accumulation e�ect, measured by the radial distribution function

g(r ), r is the radial distance between two particle centers, scales linearly withRe� .

Empirical models that predict both hj wr ji and g(r ) were proposed as functions of

particle Stokes number as well asRe� . For small Re� , the model predictions reasonably

matched the DNS data. Ten Cateet al. (2004) studied the collision frequency of �nite-

size particles in a forced homogeneous isotropic turbulence [136]. They reported that

besides the collisions due to uncorrelated particle motion (primary collisions), a large

number of collisions that due to correlated particle motion (secondary collisions) at

high frequencies were observed, because of the short range hydrodynamic interaction

between particles. The fraction of primary collision is larger for larger particle inertia.

The overall collision frequency increases with the particle volume fraction.

2 In the studies of homogeneous isotropic turbulent 
ows, Reynolds numberRe� is
usually de�ned with the length of Taylor transverse microscale� , and the magnitude of
the velocity 
uctuation. Taylor microscale is an intermediate scale between the inertia
scale and the dissipative Kolomogorov scale (Tennekes and Lumley (1972) [138])
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1.1.2 Turbulence Modulation by Particles

Compared to the one-way e�ects of turbulence on particle motions that have

been partially addressed by the past e�orts, the understanding of turbulence modu-

lation brought by particles is still very limited (Balachandar and Eaton (2010) [7]).

Previous experiments showed that the intensity of a turbulent 
ow can be either aug-

mented or attenuated by the presence of particles, depending on the properties of both


uid 
ow and particles. Many parameters were found to play important roles in deter-

mining the overall modulation e�ects. Gore and Crowe (1989,1991) compiled earlier

results from experimental measurements in particle-laden jet and pipe 
ows and sum-

marized the e�ects of particle-size on the 
ow turbulence intensity. They concluded

that particles with diameters greater than 1/10 of the integral length scale tended to

augment turbulence, while smaller particles often led to turbulence attenuation [51, 52].

Kulick et al. (1994) experimentally studied turbulence modulation in a fully developed

turbulent channel 
ow by glass beads and copper shots. The particle size they chose

was generally smaller than the Kolmogorov scale except for the region very close to the

wall [74]. Several observations were made in their work: 1) for all cases, attenuation

of the turbulence was observed, such attenuation increased with the particleSt as well

as mass loading. 2) the attenuation e�ects were not isotropic among di�erent veloc-

ity components, the attenuation on the transverse (wall-normal) velocity 
uctuation

was found to be more signi�cant than that on the streamwise velocity 
uctuation. 3)

the turbulence attenuation was not homogeneous at di�erent transverse locations. The

strongest attenuation occurred near the channel center where the production was small.

4) The energy spectra analysis also indicated that di�erent 
ow scales were modi�ed

di�erently by the presence of particles [74]. Particles removed energy from large scales

of the 
ow and augmented the small scale motions (Kulicket al. (1994)). An extended

measurement of Kulicket al. (1994)'s study was performed by Paris (2001), where the

turbulence modulation in a turbulent channel 
ow by small cooper and glass particles

are investigated with particle image velocimetry (PIV) [103]. Two types of particles

(70 �m copper and 150�m glass) with similar St but di�erent Rep allowed the author
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to investigate the e�ects of particle Reynolds number on the turbulence modulation.

Particles with larger Rep were reported to result in more signi�cant attenuation of

turbulence (Paris (2001)). Equipped with the PIV apparatus, Paris (2001) was able to

directly measure the dissipation rate of turbulent kinetic energy (TKE) at the channel

center. An increased dissipation rate was observed, but it was insu�cient to result in

a signi�cantly reduced turbulent intensity. Paris (2001) therefore deduced there must

be other mechanisms that strongly a�ecting both production and cascade of the tur-

bulent kinetic energy [103]. Unfortunately, due to lack of ability to perform reliable

measurements in the near wall regions, those results were not further investigated [103].

Kussin and Sommerfeld (2002) conducted a series of measurements with glass beads in

a fully developed horizontal turbulent channel 
ow. Particle sizes, mass loading as well

as wall roughness were varied in their experiments to study their e�ects on the 
ow

modulation [75]. Turbulence attenuation for small-size particles (dp < � , dp is the par-

ticle diameter) was again con�rmed over the whole channel. However, they observed

the largest attenuation in the streamwise direction rather than the transverse direction

found in Kulick et al. (1994). This di�erence is probably due to the direction in which

the gravity is aligned. In Kulick et al. (1994), the gravity is aligned with the stream-

wise direction since the channel is vertical, while in Kussin and Sommerfeld (2002), the

gravity aligns with the wall-normal direction. With larger size of glass beads, Kussin

and Sommerfeld (2002) reported turbulence augmentation at the channel center and

turbulence attenuation near the channel walls [75]. They attributed these di�erences

to the vortex shedding mechanism occurred at su�ciently large particle Reynolds num-

bers. At the channel center where the particle slip velocity was maximized, the particle

Reynolds number for large particles reached value of 350 to 500, which was enough to

trigger vortex shedding and result in turbulence augmentation. For smaller particles

or the near-wall regions, the particle Reynolds number may not be high enough, so

the general e�ect on the turbulent intensity was still attenuation (Kussin and Som-

merfeld (2002)). Kussin and Sommerfeld (2002) also made the �rst e�ort to study the

e�ect of wall roughness on turbulence modulation by particles [75]. The slip velocity
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of the particles on the wall was observed to increase with the wall roughness, and

larger particle slip velocity was found to enhance the momentum transfer in the wall

normal direction. For such reason, stronger reduction of turbulence was led by larger

wall roughness (Kussin & Sommerfeld (2002)). Moran and Glicksman (2003) examined

the empirical criterion of particle-size on turbulence modulation summarized by Gore

and Crowe (1989) in their circulating 
uidized bed experimental facility. Large-scale

velocity 
uctuations that likely resulted from particle clustering were observed [100].

This study implies that the diameter of single particle may not be used as the indicator

for the particle size e�ect when particle clusters form as a result of particle-particle

collisions [100].

Yang and Shy (2005) measured the modulation in a nearly homogeneous isotropic

turbulence by three di�erent settling particles, 12�m copper, 40�m glass and 24�m

lead. Each type of particles hasRep < 1, where Rep is measured by the terminal

settling velocity in still 
uid, but corresponds to three di�erent St, 0.36, 1.0, 1.9, re-

spectively [157]. In contrast to the previous studies where turbulence attenuation was

reported, in this study turbulence was generally augmented by the particles, which

may be due to the transfer of energy from particle potential energy to turbulence. The

turbulence augmentation was found more profound forSt > 1 than St < 1, which is

maximized aroundSt = 1. Yang and Shy (2005) deduced that this could be related to

the fact that the preferential concentration was maximized around the sameSt [157].

To consider the roles of particleSt, particle size and the 
ow property in turbulence

modulation, Tanaka and Eaton (2008) proposed a new nondimensional parameter, par-

ticle momentum numberPa, to qualify the sign of modulation e�ects [132]. The idea

was to introduce an additional source term in the N-S equation to represent the par-

ticle force acting on the 
uid phase. By assuming the particle force follows the form

of Stokes drag,Pa could appear in this additional term after non-dimenionalization.

With di�erent non-dimensionalization scales,Pa can be de�ned either according to the

particle Reynolds numberRep asPaRe = 1
18

Re2
L

Rep

� p

� f

�
dp

L

� 3
, or the particle Stokes number

St as PaSt = StRe2
L

� �
L

� 3
, where ReL is the characteristic 
ow Reynolds number,L
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is the characteristic length,� p and � f are the particle and 
uid density, respectively.

Tanaka and Eaton (2008) compiled 80 previous experimental measurements in their

analysis and showed that turbulence augmentation happened with either very largePa

(PaSt > 105) or very small Pa (PaSt < 103), while turbulence attenuation occurred

in between [132]. Though this analysis tried to include more factors in the qualitative

prediction of turbulence modulation, it is still hard to make direct connection between

the magnitude of the additional forcing term in the N-S equations to the modulation

of turbulent kinetic energy. Furthermore, it is also not clear why the dependence of

turbulence modulation onPa is not monotonic. Tanaka and Eaton (2010) later stud-

ied the 
ow modulation in a nearly homogeneous isotropic turbulence in a chamber

laden with glass and polystyrene particles using high-resolution PIV [133]. The spa-

tial resolution of their experimental apparatus was 60�m , which was roughly half of

the Kolmogorov length of the carrier air turbulence. Three types of particles, 250�m

polystyrene, 250�m glass and 500�m glass were used. Since the spatial resolution of

the measurement was smaller than the size of the particles, the 
ow �eld around the

particles could be resolved. Through visualization, Tanaka and Eaton (2010) showed

that TKE in the ambient 
ow around each particle was signi�cantly reduced. This

attenuation of TKE was attributed to the greatly increased system inertia (particles

were way heavier than the air turbulence), as well as the enhanced viscous dissipation

induced by the strong viscous shear and local pressure gradient around each particle.

On the other hand, Tanaka and Eaton (2010) also observed locally augmented TKE

around the particles when the background turbulence was turned o�. The later ef-

fect, however, was much weaker than the two attenuation mechanisms, so the overall

modulation was still attenuation [133]. Bellaniet al. (2012) investigated the e�ects

of particle shapes on the turbulence modulation in their homogeneous isotropic tur-

bulence [8]. Two neutrally buoyant particles, one of spherical shape, and the other

of prolate shape were examined in their experiments, and their sizes (dp = 8mm for

the spherical particles anddp = 8mm, lp = 16mm for the ellipsoidal particles, where
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dp and lp are the lengths of equatorial and polar axes) were close to the Taylor mi-

croscale (� 12:2mm) of the carrier turbulence. With comparable particle sizes, particle

Stokes numbers and the same particle volume fraction (0:14%), the spherical particles

attenuated the turbulent intensity by 15% which was �ve times of the attenuation

for ellipsoidal particles. Bellaniet al. deduced the signi�cant di�erence could be due

to that ellipsoidal particles align preferentially with the principal axis of 
uid strain,

which induced much smaller additional dissipation relative to the 
ow compared to

spherical particles. Unfortunately, no further investigation was made to con�rm such

deduction.

Apart from experimental investigations, numerical simulations especially direct

numerical simulations, were widely employed to study the turbulence modulation by

particles. In the early time, due to the lack of computational resources, it was only

possible to study the turbulence modulation resulted from particles whose sizes were

much smaller than the turbulent scales. In these occasions, particles were usually as-

sumed as point masses, whose forces acting on the 
uid phase were treated as the

inverse of the particle forces calculated with the equation of motion. For example,

Squires and Eaton (1990) [128] studied the turbulence modulation resulted from light

and heavy particles in a forced homogeneous isotropic turbulence with varied parti-

cle mass loading. For all particles mass loadings, strong attenuation on the turbulent

kinetic energy was observed because particles induced additional dissipation to the tur-

bulent kinetic energy. It was also found from the spectra analysis that the energy and

dissipation spectra were increased at the high wave numbers relative to the low modes

with larger mass loadings. Elghobashi and Truesdell (1993) [32] conducted DNS to

study the two-way interaction between decaying turbulence and inertia particles. The

e�ect of gravity on the turbulence modulation was investigated. They reported that,

when gravity was absent, a faster decaying rate of turbulent kinetic energy could be

observed when the 
ow was laden with particles. In the gravity environment, settling

particles converted potential energy to the kinetic energy. Such kinetic energy was

transferred �rst to the small scales of turbulent motions and then reversely cascaded
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to large scales isotropically. Liet al. (2001) [85] numerically investigated turbulence

modulation resulted from small glass and copper particles in a vertical channel 
ow

as studied earlier by Kulicket al. (1994) [74]. The particle-particle collision was also

considered in their investigation, which was found to increase the turbulence attenua-

tion. Similar to Kulick et al. (1994), Li et al.(2001) also observed decreases of velocity


uctuation in wall-normal and spanwise directions for moderate mass loading. How-

ever, di�erent from the former, locally increased streamwise velocity 
uctuation was

reported by Li et al. (2001), as a result of particles inhibited the transfer of turbulent

kinetic energy from streamwise velocity components to the other two directions and

led to greater anisotropy in the 
ow [85]. In contrast to the conclusion in Kulicket

al. (1994) that particles with larger St result in greater turbulence attenuation, Liet

al.(2001) observed the opposite in their simulations.

In the numerical investigations using the point-particle assumption, turbulence

attenuation was more often reported. This is perhaps because the constraint on

particle-size leads to the regime where the attenuation mechanisms dominate. In this

regime, the particle e�ect on the 
uid kinetic energy functions through the work in-

duced by the particles, which can be represented asf i ui , wheref i is the force exerted

by particles, ui is the local 
uid velocity (Squires and Eaton (1990) [128], Kulicket al.

(1994) [74], Liet al. (2001) [85])3. For a point particle, the particle force described by

the equation of motion can be reduced to the Stoke drag (ui � vi )=�p, wherevi is the

particle velocity, � p = � p=� f � d2
p=18� is the particle response time. Therefore, the work

done by the particles can be calculated asf i ui = � (ui � vi )ui =�p. By Reynolds decom-

position, the part of particle work corresponding to TKE readsh� u0
i u

0
i + u0

i v
0
i i =�p, where

hi means the ensemble averaging. When the particle velocity 
uctuationv0
i and 
uid

velocity 
uctuations u0
i are of the same order of magnitude, the ensemble average of

3 The rigorous de�nition of particle work should bef i vi . Here f i ui actually represents
an extra term appearing in the 
uid kinetic energy equation due interactions between
the 
uid and particles. A more general and rigorous form of the particle work is derived
in Appendix C.
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inter-correlation is usually smaller than the self-correlation. Therefore,h� u0
i u

0
i + u0

i v
0
i i =�p

is expected to be negative and acting as an additional dissipation to TKE. An opposite

scenario was however described by Ferrante and Elghobashi (2003) in their study of the

two-way coupling e�ect on the decaying rate of an homogeneous isotropic turbulence,

where they found the heavy tracer particles (St << 1) tended to result in smaller

decaying rate [37]. In this special scenario, particles almost followed the trajectories of


uid points, i.e., u0
i and v0

i were perfectly correlated, but the magnitude of the particle


uctuation velocity v0
i was larger than its 
uid counterpart u0

i , because the larger den-

sity, the particles tended to preserve their initial 
uctuation level for longer time. The

above analysis is only able to reveal an incomplete picture of the turbulence modula-

tion. When the particles are of �nite-size, they also bring distortion and discontinuity

to the 
uid phase. These e�ects, however, is no longer captured if the actual no-slip

boundary condition on the particle surfaces is not resolved (Eaton (2009) [28], Tanaka

and Eaton (2010) [133]).

When the particle-size is comparable to the length scales of a turbulent 
ow,

dp � � or dp > � , the no-slip condition on a particle-
uid interface must be imposed

locally to resolve the interactions between the two phases accurately, as neither the local

disturbance 
ow nor the equation of motion for a particle is known. Prosperetti (2015)

called such issue the \life and death by boundary conditions" in his recent review [116].

The simulations with resolved no-slip boundary on particle surfaces are usually named

particle-resolved simulations (PRS), or interface-resolved simulations (IRS). Pan and

Banerjee (1997) used DNS to simulate an open-channel turbulent 
ow with around

100 �nite-size particles [102]. To the author's knowledge, their work was the �rst DNS

work that resolved the solid-
uid interfaces. The 
uid 
ow was solved using a pseudo-

spectral method, while the no-slip boundary condition on the particle surfaces was

handled by an immersed boundary method (IBM). A brief introduction of IBM will be

given later in the review of methodologies. They considered both static and moving

particles, with varying volume fractions fromO(10� 4) to O(10� 3). The particle size

e�ect was also accounted for with two distinct particle sizes. When the particles were
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�xed on the wall, strong turbulence enhancement was observed near the wall region,

which was likely caused by the particle-induced vortex shedding. The particles with

larger size tended to cause more signi�cant enhancement than the small-size particles

due to their greater disturbances to the 
ow. For moving particles, the modulation

brought by particles was much smaller. This is because the relative motion between

the 
uid and particulate phases in this case was weaker, resulting in smaller particle

Reynolds numbers. A quadrant analysis indicated that, compared to the single-phase


ow, the Reynolds stress in particle-laden 
ows was less dominated by the sweeping

and ejection events.

Kajishima et al. (2001) studied a turbulent 
ow in a vertical channel modi�ed

by a few �nite-size particles [68]. The bulk 
ow moved upwards while the particles

settled downwards under the gravity. By their parameter settings, the particle Reynolds

number reached about 300 to 400, so vortex shedding was triggered. Although the

particle volume fraction was only 0:1%, the vortex shedding in the particle wakes

stretched over a long distance and as such resulted in strong turbulence augmentation

for velocity components. Particle clustering was observed that could play a role in

further amplifying the turbulence augmentation. Kajishimaet al. (2001) also ran a

budget analysis of TKE using their DNS data. They showed that unlike the point-

particle simulations where the coupling termhu0
i f

0
i i tended to act as an additional

dissipation, in their simulation with �nite-size particles, this term always served as an

extra energy-production mechanism [68].

Ten Cateet al. (2004) investigated turbulence modulation by �nite-size particles

in a forced homogeneous isotropic turbulence through DNS [136]. In their simulations,

the particle size was roughly 4 times of the Kolmogorov length scale of the single-

phase turbulence. The values of volume fraction and mass loading for all cases were

around 1%, which was larger than the dilute regime4 so the particle-particle collisions

4 There is no rigorous de�nition for the limit of dilute suspension, but typically a
particle-laden 
ow with a particle volume fraction smaller than 0.1% can be viewed as
a dilute suspension where particle-particle interactions do not play a signi�cant role [7].
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potentially played an important role. The energy spectra indicated that the presence

of particles suppressed the velocity 
uctuations at large scales whereas generated 
uid

motions at the scales of the order of particle size. It was also demonstrated that

the particle volume fraction seemed to have a more obvious impact on the turbulence

modulation than the particle inertia, which had not been emphasized in the previous

studies with small particles.

Burton and Eaton (2005) conducted a careful DNS study by �xing a single

�nite-size particle (dp = 2� ) in a decaying isotropic turbulence [15]. An overset grid,

i.e., a coarse uniform grid based on a Cartesian coordinate for the background tur-

bulence oversets with a body-�tted non-uniform grid based on a spherical coordinate

system attached to particle was used to provided better quantitative details for the

ambient 
ow around the particle. The ensemble averages from multiple realizations

demonstrated a signi�cant attenuation of TKE within a particle diameter from the

particle surface. An enhanced dissipation rate in the region within 1.5 diameters from

the particle surface was also discovered. Further away from the particle surface, the

modulation caused by the particle was insigni�cant. Only a minor modulation was ob-

served outside 5 diameters from the particle surface. This observation recognized the

turbulence modulation as a local e�ect, which indicated that resolving the turbulent

boundary layer around the particle surfaces played a key role to fully understand the

turbulence modulation brought by particles.

Uhlmann (2008) examined a vertical channel turbulence modi�ed by �nite-size

particles using IRS [140]. Compare to its earlier counterparts, this study was a mile-

stone where the amount of particles reached a few thousand. The particle volume

fraction was 0:41%, and the particle Reynolds number in this study was about 136,

which was below the value for signi�cant vortex shedding. However, an signi�cantly

enhanced TKE was still observed. Uhlmann (2008) surmised this could be a result of

particle induced hydrodynamic instability which was found responsible for advancing

the turbulent transition. The shape of the mean 
ow velocity was also modi�ed to

become more 
attened by particles. This was because particles accumulated in the
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near-wall region drove high speed 
uid from the channel center towards the wall where

low speed 
uid resides. Di�erent from the observations by Kajishimaet al. (2001) [68]

that the turbulent intensity was enhanced for all velocity components, Uhlmann (2008)

only reported an enhance 
uctuation for streamwise velocity whereas the 
uctuation

levels in the other two components were found reduced. The reason for such di�erence

is an interesting topic that requires further investigation.

Entering the second decade of the twenty-�rst century, the numerical simula-

tions of turbulent 
ows laden with �nite-size particles became a more popular research

topic in the computational 
uid dynamics (CFD) community. This is attributed to

the developments of both the supercomputers and simulation algorithms. Lucciet al.

(2010) studied the e�ects of �nite-size particles on TKE, dissipation rate and two-way

coupling energy input in a decaying homogeneous turbulence [89]. In their simula-

tions, the particle sizes were chosen to be between 1:2 to 2:6 Taylor micro-scale of the

background turbulence, with varying inertia, particle size and mass loading from one

case to another. For all particle-laden cases, the time-dependent TKE fell below the

single-phase counterpart, since the enhancement of dissipation rate was larger than

the two-way coupling energy input. With their simulation setup, particleSt was found

to have a more pronounced e�ect on the reduction of TKE than the particle volume

fraction, which led to an opposite conclusion in contrast to the study by Ten Cateet al.

(2004). The di�erence was probably due to role played by gravity. Lucciet al. (2010)

also calculated the ensemble-average of the force-velocity coupling term as a function

of the angle between the particle force and 
uid velocity. It was found that the particle

force and 
uid velocity were more likely aligned in the same direction, which resulted

in an overall positive two-way coupling e�ect that served as an additional source rather

than sink of TKE [89].

Xu and Subramaniam (2010) examined the level of 
ow modulation resulted

from particles clusters and uniformly distributed particles with the same particle size

and particle volume fractions, under identical upstream conditions [156]. Particle clus-

ters were found to enhance the turbulence more than the uniformly scattered particles.
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Butto and Prosperetti (2012) set up simulations of a homogeneous isotropic

turbulence passing a �xed particle and nine-particle array [9]. The focus was to measure

TKE and dissipation rate in the wake regions to obtain a sense of how the turbulence

was modulated. Most of the dissipation induced by the particles was found to occur

in the neighborhood of the particles, the region with enhanced dissipation did not

propagate far in the wake and the propagation distance decreased with the turbulence

intensity. The two-way coupling e�ect was again detected as an additional source of

TKE, and its value was in good correspondence with the extra dissipation induced by

particles.

Recently, Vreman (2016) studied a homogeneous isotropic turbulence modi�ed

by an array of �xed �nite-size particles [141]. An interesting observation in this work

was that particles modi�ed the homogeneity as well as the isotropy of the 
ow even

though the particle shape was spherical and the particle distribution was uniform.

While TKE was found attenuated everywhere, the attenuation of radial velocity 
uc-

tuation was larger than that for the azimuthal and polar components. TKE was also

found to transport from the far �eld to the particle surface to compensate the signi�cant

enhancement of dissipation in the boundary layer around the particle surface.

Shaoet al. (2012) studied the 
ow modulation resulted from large size particles

in a fully developed horizontal channel 
ow [124]. Di�erent sizes of both neutrally

buoyant particles and heavy particles were considered, with particle volume fractions

ranging from 0.79% to 7.08%. When the background turbulence was inhomogeneous

and anisotropic, the characteristics of turbulence modulation were similar. With neu-

trally buoyant particles, the 
uctuation level of the streamwise velocity decreased near

the wall while those of the other two velocity components increased. Shaoet al. (2012)

surmised that particles entrained by the large-scale vortices could serve as dissipation

source for those scales and induce smaller-scale structures simultaneously. Small scales

in a turbulent �eld were usually more isotropic. Smaller particles were found to cause

more signi�cant modulations at a given volume fraction. This was attributed to the

larger total surface area the small particles had. On the other hand, heavy particles
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settled more on the bottom wall and created wall roughness. Vortex shedding ascended

from the rough wall into the channel center, which created signi�cant increases of tur-

bulent intensity in the core region. A same phenomenon was also illustrated by Pan

and Banerjee (1997) [102]. However, in contrast to this previous work where large par-

ticles resulted in more remarkable modulation to the turbulence, Shaoet al. reported

the opposite. It is well known that the near-wall 
ow in a turbulent channel usually

exhibits alternative high and low speed streaks. Shaoet al. (2012) discovered that

heavy particles would �rst occupy in the region of low-speed streaks. However, their

explanation of this feature was not convincing enough.

Picano et al. (2015) considered the scenario of neutrally buoyant particles at

relatively large volume fractions (up to 20%) in a fully developed horizontal turbulent

channel 
ow [114]. Similar to the observation made by Shaoet al. (2012), Picano

et al. (2015) also discovered a more isotropic velocity 
uctuations in the near wall

region when particles were present. When the particle volume fraction reached 20%,

the particles block the transverse transport of TKE from the near-wall region to the

channel center. A strong TKE attenuation was therefore obtained around center re-

gion. More recently, PR-DNS were frequently used to study turbulence modulation

under a variety of circumstances, such as in a square duct (Linet al. (2017) [86]), by

non-spherical particles (Ardekaniet al. (2017) [4]), and by binary and poly-disperse

particles (Lashgari et al. (2017) [82] and Fornariet al. (2017) [40]). Those studies

revealed a variety of phenomena under the topic of turbulence modulation, but deeper

investigations towards the true mechanisms are still desired.

In the review by Balachandar and Eaton (2010), �ve di�erent mechanisms of

turbulent modulation were summarized [7]. The turbulence could be attenuated by a)

the enhanced inertia of the particle-laden 
ow, b) the increased dissipation arising from

the particle drag and c) the enhanced e�ective viscosity due to particle suspension; or

augmented by d) the wake and the self-induced vortex shedding and e) the buoyancy-

induced instabilities due to the particle preferential concentration. Typically, those

mechanisms do not appear alone, and the overall modulation brought by particles

18



represents a competition between di�erent mechanisms. Di�erent mechanisms may

also a�ect the 
ow at di�erent length scales, so the augmentation and attenuation can

happen simultaneously and redistribute the energy among di�erent ranges of length

scale. Due to lack of proper quanti�cation to the e�ects of those mechanisms, there

is still no consensus on predicting the turbulence modulation on even the qualitative

level. The con
icting observations in the previous studies are yet to be explained and

the controlling parameters a�ecting the overall modi�cation are yet to be clari�ed.

This dissertation is aimed at investigating these open questions.

1.2 Methods in the Study of Particle-Fluid Interactions

1.2.1 General Introduction

In this section, the major methodologies developed to study particle-
uid inter-

actions are brie
y reviewed. In terms of modern 
uid mechanics, theoretical analyses,

experimental measurements and numerical simulations are recognized as three pillars

for studying the 
ow physics. Due to the strong non-linearity of the turbulence 
ows,

theoretically solving the governing equations to study the particle-laden turbulent 
ows

is barely possible. For �nite-size particles, the equation of motion may not be available

to predict the behavior of particles in a turbulent �eld. The ambient 
ow around each

particle must be resolved in order to understand the true two-way interactions between

the two phases, making theoretical analysis impossible to realize. On the other hand,

although contributed greatly to the general understanding of the turbulence modula-

tion by particles, direct experimental measurements of the local 
ows such as the thin

boundary layer around a particle surface are still di�cult. Even if the state-of-the-art

PIV apparatus can achieve the sub-Kolmogorov scale resolution, obtaining su�cient

data to make meaningful analyses on particle-
uid interactions is still the bottleneck

of experimental studies. This disadvantage was implied in many experiment reports,

such as Paris (2001) [103] and Tanaka and Eaton (2010) [133]. Putting aside the better

resolution a numerical simulation can achieve, one of the most important advantages

of numerical simulations over experimental measurements is the easiness to access the
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data of both the carrier 
ow and dispersed particles. In a numerical simulation of

particle-
uid two-phase system, the pressure and velocity of the whole 
uid �eld, and

the position, velocity, angular velocity as well as the acceleration of each particle can

be recorded at any time frame, which is barely possible to achieve in any experimental

measurement.

As demonstrated before, a complete assessment of the two-way interactions in

a particle-laden turbulent 
ow relies on fully resolving both the carrier turbulence

and the distortion and discontinuity on the particle surfaces. In terms of numerical

simulations, this requires the use of direct numerical simulations (DNS). Compared

to the other popular turbulent 
ow solvers such as Reynolds-averaged Navier-Stokes

(RANS) equations and large eddy simulations (LES), DNS solve the N-S equations

directly without making any approximation (see Ferziger (2012) [38]). In order to

provide a direct and accurate solution for a turbulent 
ow, DNS are required to resolve

all the eddy structures, from the largest eddy that has the scale of the domain size, all

the way to the smallest eddy where the kinetic energy is dissipated into heat by the

viscous e�ect. A typical size of the large eddy in a turbulent �eld is scaled as the integral

length scalel, l = u03=", where u0 is the velocity 
uctuation and " is the dissipation

rate. On the other hand, the dissipative eddy size is measured by the Kolmogorov

length scale� , � = ( � 3=")(1=4). The ratio between the two scales determines the grid

size in a DNS, which isN � (l=� ) = ( u0L=� )(3=4) = Re(3=4)
L . For a turbulent 
ow, the

Reynolds numberReL is over a thousand, which poses an extremely demanding grid

resolution requirement on DNS. For this reason, DNS studies of turbulent 
ows are

still constrained to relative low Reynolds numbers and idealized 
ow geometries.

When solid particles are present, DNS of turbulent 
ows becomes more compli-

cated because the dynamics of the particles must also be captured in the simulations.

In the limit of tracer particles, i.e., when the size of the particles is su�ciently small,

particles follow the local carrier phase 
ow and it is not necessary to solve the parti-

cle dynamics independently. A simpli�ed approach for this situation is the one-
uid

approach, where an additional governing equation for the particle concentration is
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solved, and the 
uid density depends on the local particle mass fraction (Balachandar

and Eaton (2010) [7]). One step further from the one-
uid approach is the equilib-

rium Eulerian approach, where particles are allowed to have di�erent velocity from

the surrounding carrier 
uid. In this case, the particle velocity can be explicitly ex-

pressed as an expansion of 
uid velocity according to the particle Stokes numberSt

(Balachandar and Eaton (2010) [7]). Similar to the one-
uid approach, the equilibrium

Eulerian approach solves the governing equations of the carrier phase with a concentra-

tion equation of the particle phase. Previous studies demonstrated that the equilibrium

Eulerian approach led to fairly accurate results when the particle Stokes numberSt

was below 0:2. When St further increases, the particle velocity expanded in terms of

the local 
uid velocity is no longer accurate. The dynamics of particles needs to be

solved independently. Specially, if the inter-particle collisions are so frequently that

the time interval between two successive collisions of a particle� c is much smaller than

the time � p the same particle takes to respond to the change of its surrounding 
uid,

particles can be viewed as another continuous 
uid phase, leading to the representation

of two-
uid approach. The momentum and energy equations of the particle phase are

solved. The interactions between the 
uid and solid phases are treated as source and

sink terms in the governing equations of each phase (Croweet al. (2011) [24]).

This two-
uid representation of the particle-
uid two-phase system brings mainly

two bene�ts. First, as the inter-particle collisions become frequent, particles at the

same location reach certain equilibrium state. In this situation, the motion of indi-

vidual particles becomes less relevant and the interaction between the two phases is

better described by the group motion of particle clusters. Second, situations where

inter-particle collisions are dominating usually involves trillions of particles which is

impossible to track individually. Treating the particle phase as continuous 
uid can

greatly save the computational resources. Fox and his collaborators recently expanded

the two-
uid approach to the moderate-dilute and dilute particle suspensions. Their

approach follows the idea of gas kinetic theory, where the evolution of probability
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distribution functions of particle velocity are tracked through a Boltzmann Bhatnagar-

Gross-Krook (Boltzmann-BGK) equation (Passalacquaet al. (2009) [105], Passalacqua

and Fox (2011) [104], Fox (2014) [41]). Speci�cally, when the distribution functions

are not far from their equilibrium, the macroscopic hydrodynamic equations of the

particle phase can be obtained via the Chapman-Enskog expansion. This description

of the particle-phase 
ow is relatively new. Although it has appealing application

prospect, the �delity of such description remains to be validated using well-established

experimental and numerical data.

The above numerical approaches do not solve the dynamic evolution equation of

the motion of each particle. When the particles are not acting as tracers, or the particle

concentration is not within the dense limit, particles are considered as Lagrangian ob-

jects, whose motion must be solved separately. The Lagrangian point-particle approach

is perhaps the most widely used approach in terms of particle-laden 
ow simulations.

In this approach, particles are viewed as point masses with certain amount of momenta

and energy but have no real size. The force acting on each particle is prescribed by the

equation of motion, and the particle motion is updated independently via Newton's

law. The Lagrangian point-particle approach can be applied to arbitrarySt (Balachan-

dar and Eaton (2010) [7]). Depending on the particle size and particle volume fraction,

point-particle simulations can be classi�ed into one-way coupling, where particles do

not alter the carrier 
ow (Maxey (1987) [92], Squires and Eaton (1991) [129]); two-way

coupling, where the dispersed particles interact with the carrier turbulence(Squires

and Eaton (1990) [128], Elghobashi and Truesdell (1993) [32], Ferrante and Elghobashi

(2003) [37]), and four-way coupling, where the hydrodynamic interactions and colli-

sions between particles interact with the carrier 
ow (Elghobashi (1994) [31], Liet al.

(2001) [85]). In the later two categories, the modulation brought by particles on the

carrier 
ow is re
ected through a force term acting on the 
uid that is opposite to

the summation of particle force over the grid cell volume. Due to the assumption that

particles have no real size, the point-particle approach does not require the treatment

of no-slip boundary condition on particle surfaces. The computation domain is still
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�lled with continuous 
uid. This feature, while enables the use of e�cient numerical

algorithms for the 
uid 
ow simulation, does not correctly represent the discontinuity

brought by the particle surfaces. Therefore, it should not be adopted as the simulation

tool capable of providing a complete description of turbulence modulation due to the

presence of particles.

1.2.2 Interface-Resolved Direct Numerical Simulation Tools

As stated before, correctly representing the discontinuity and distortion brought

by the particle surface is crucial in reaching a full description of particle-
uid inter-

actions. This requirement is necessary when particles have sizes comparable or larger

than the 
uid scales. Imagine a rather large particle immersed in a turbulent �eld,

the ambient 
ow at di�erent locations near the particle surfaces could be distinct and

results in quite di�erent hydrodynamic interactions locally. Thus, the no-slip bound-

ary condition must be accurately handled everywhere on each surface point, which is

a demanding task in the particle-laden 
ow simulations. So far, the interface-resolved

direct numerical simulations (IR-DNS) are the only tool that can meet the requirement

of representing the no-slip condition on a particle surface.

In general, two categories of schemes are applied in IR-DNS. One category is to

solve the NS equations in the time-dependent 
uid domain subjects to the no-slip con-

dition on the interfaces of the solid objects. This requires frequent reconstructions of

the grid mesh in order to adapt to the constantly changing 
uid domain due to particle

motion. The arbitrary Lagrangian-Eulerian (ALE) particle mover is a good example of

this category of schemes. It uses a technique based on a combined formulation of the


uid and particle momentum equations, together with an ALE moving, unstructured,

�nite-element mesh technique to deal with the movement of the particles (Huet al.

(2001) [63]). The ALE particle mover has been applied to various particle sedimenta-

tion problems in both two-dimension and three-dimension (Huet al. (2001)). However,

due to the substantial computational costs brought by the re-meshing process, applying

ALE simulations in systems with large numbers of particles is still challenging (Maxey
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(2017) [91]). So far, ALE simulations are commonly used as high-�delity benchmarks

for other numerical algorithms in particle-
uid interactions. Besides ALE simulations,

the technique of overset grid is also used in the IR particle-laden turbulent 
ow sim-

ulations (Burton & Eaton (2005) [15]). In the study of Zenget al. (2008) [164] on

the hydrodynamic force of a �xed spherical particle in a turbulent channel 
ow, the

bulk region of the 
ow was covered by a mesh in a Cartesian coordinate, while the

surrounding region of the particle was �lled by a mesh gradually transiting from a

spherical coordinate attached to the particle, to a Cartesian coordinate that matches

the outside. In these examples, the use of high-resolution mesh attached to the particle

ensures the 
uid-particle interaction on the particle surface is accurately captured. The

grid mesh in the spherical coordinate also allows the no-slip boundary condition to be

easily satis�ed. However, this technique of overset grid is also restricted in cases with

small numbers of �xed particles. Schemes based on the body-�tted meshes attached

to the particles are generally not suitable for the IR simulations with large numbers of

moving particles.

Another category of schemes used in the IR DNS is based on a unvarying Eu-

lerian grid. This category of schemes does not require any re-meshing when the 
uid

domain changes due to particle moving, thus it is much more computationally e�-

cient than the schemes based on body-�tted meshes. Over the time, multiple schemes

have been developed under this category. Generally speaking, those schemes can be

classi�ed into two groups, the �ctitious domain methods, and the resolved boundary

methods (Maxey (2017) [91]).

1.2.2.1 Fictitious Domain Methods

The �ctitious domain methods assume the whole computational domain includ-

ing the volume occupied by the solid particles is �lled with 
uid, thus the N-S equations

for the incompressible 
ow are solved in the whole computational domain. An extra

forcing term is applied to certain regions so the 
uids inside the particle domain move

as rigid bodies while the 
uids in the 
uid domain behave as if the actual particle
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surfaces are present. Depending on whether the extra forcing term is applied locally

adjacent to the 
uid-particle interface or in the whole particle domain, the �ctitious

domain methods can be further divided into immersed boundary methods or immersed

body methods. In this section, some representative �ctitious domain methods used in

the IR simulations are brie
y discussed.

The distributed Lagrange multiplier/�ctitious domain (DLM/FD) method is an

immersed body method initially developed by Glowinskiet al. (1999, 2001) [48, 49]

for the direct numerical simulation of viscous incompressible 
ow with suspended solid

particles. The basic idea is to treat the whole computational domain as 
uid and

apply a pseudo-body force in the region occupied by the particle to enforce rigid body

motion. In order to simplify the process in determining the pseudo-body force, direct

forcing/�ctitious domain (DF/FD) methods are developed by Sharma & Patankar

(2005) [125] and Yu & Shao (2007) [163]. The applications of DF/FD in IR-DNS of

particle-laden turbulent 
ows can be found in Shaoet al. (2012) [124] and Yuet al.

(2017) [162] among other studies. The momentum equations for a particle-
uid system

usually read

� f
du
dt

= r � � ; in 
 f (1.3a)

M
dU
dt

= FH +
�

1 �
� f

� p

�
M g; (1.3b)

d(J � ! )
dt

= T H ; (1.3c)

where u, U , and ! are the 
uid velocity, particle translational velocity and angular

velocity, respectively. � is the stress tensor of the 
uid. 
 f denotes the 
uid volume.

M and J are the particle mass and particle moment of inertia tensor, respectively.FH

and T H are the hydrodynamic force and torque,� f and � p are the 
uid and particle

density, g is the gravitational acceleration. In DF/FD, since the volume occupied by

the particles is also �lled with 
uid, the momentum equation of 
uid is modi�ed as

� f
du
dt

= r � � + � ; whereu = U + ! � r ; in P(t): (1.4)
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Here � is the pseudo-body force applied to the particle volumeP(t) to enforce the

rigid body motion. Using the de�nition of hydrodynamic forceFH and torque T H

FH =
Z

@P
n � � ds; T H =

Z

@P
r � (n � � ) ds; (1.5)

and Eq. (1.4) to eliminateFH and torque T H from Eq. (1.3b) and Eq. (1.3c), a weak

form of the governing equations applicable for the whole computational domain 
 can

be derived

� f
du
dt

= r � � + � ; in 
 ; (1.6a)

u = U + ! � r ; in P(t); (1.6b)

r � u = 0; in 
 ; (1.6c)
�

1 �
� f

� p

�
M

�
dU
dt

� g
�

= �
Z

P (t)
� dx; (1.6d)

�
1 �

� f

� p

�
d (J � ! )

dt
= �

Z

P (t)
r � � dx: (1.6e)

DF/FD method (and DLM/FD method) solves the above system. In particular, the

last two equations of Eq. (1.6) involve volume integrals on the right-hand side. In order

to calculate these volume integrals accurately, DF/FD method uses two grid meshes, an

Eulerian mesh that �lls the whole computational domain for the 
uid 
ow simulation,

and a Lagrangian mesh that attaches to each suspending particle for volume integral

calculation. Information is interpolated between the two grid systems following the

discrete approximations of the� -function. The Lagrangian mesh points are normally

distributed uniformly in the particle volume with a grid spacing that is comparable to

the grid spacing in the Eulerian mesh to ensure numerical stability in the interpolation

(Yu & Shao (2007) [163]). The coupling system in Eq. (1.6) is decoupled using a

fractional-step method solving two sub-problems, a 
uid sub-problem foru � and p

u � � un

� t
= �

1
� f

r p + f
�
un ; un� 1; � � � ; u �

�
+

1
� f

� n ; (1.7a)

r � u � = 0; (1.7b)
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wheref (un ; un� 1; � � � ; u � ) represents the discretization of the advection and di�usive

terms in Eq. (1.6a) that depends on the chosen algorithm, and a particle sub-problem

for U n+1 , ! n+1 , un+1 , � n+1

un+1 � u �

� t
=

1
� f

�
� n+1 � � n

�
; (1.8a)

un+1 = U n+1 + ! n+1 � r ; (1.8b)
�

1 �
� f

� p

�
M

�
U n+1 � U n

� t
� g

�
= �

Z

P
� n+1 dx; (1.8c)

�
1 �

� f

� p

� �
J � (! n+1 � ! n )

� t
+ ! n � (J � ! n )

�
= �

Z

P
r � � n+1 dx: (1.8d)

At each time stepn, the 
uid sub-problem is �rst solved to evolve the velocity

�eld from un to u � . Then, the particle sub-problem is solved to further evolve to

system to the next time stepn + 1. Note that each sub-problem is a closed system, so

it can be processed independently. In particular,un+1 can be temporarily excluded by

combining the �rst equations in Eq. (1.8) as

U n+1 + ! n+1 � r � u �

� t
=

1
� f

�
� n+1 � � n

�
: (1.9)

Then the integration of Eq. (1.9) can be substituted to Eq. (1.8c) and Eq. (1.8d) to

eliminate � n+1

M
U n+1

� t
=

�
1 �

� f

� p

�
M

�
U n

� t
+ g

�
+

Z

P

�
� f u �

� t
� � n

�
dx; (1.10a)

J �
! n+1

� t
=

�
1 �

� f

� p

� �
J � ! n

� t
� ! n � (J � ! n )

�
+

Z

P
r �

�
� f u �

� t
� � n

�
dx: (1.10b)

The right-hand sides of Eq. (1.10) are all known terms, so Eq. (1.10) updates the

particle velocity U n+1 and angular velocity ! n+1 . The two integrals in Eq. (1.10) are

calculated using the Lagrangian mesh, where the velocityu � is interpolated from the

Eulerian mesh.U n+1 and ! n+1 are substituted back to Eq. (1.9) to obtain the pseudo-

body force � n+1 on the Lagrangian mesh. Finally,� n+1 is interpolated back to the

Eulerian mesh to �nish the particle sub-problem and updateun+1 on the Eulerian mesh.

More details of the DF/FD method can be found in Yu & Shaoet al. (2007) [163].
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The immersed boundary method (IBM) is by far the most widely used method

in a variety of numerical simulations involving 
uid-boundary interactions. They share

common features as the immersed body methods except that the pseudo-body force

is applied locally on the particle surfaces to enforce the rigid body motion. The �rst

version of IBM was proposed by Peskin to study the 
ow in the human heart (Pe-

skin (1973) [112]). Review of the early developments of IBM can be found in Peskin

(2002) [113] and Mittal and Iaccarino (2005) [98]. There are generally two types of

IBM. The �rst type is sometimes referred as \the penalty method", which assumes the

particle (particle can be generalized to any immersed solid body) surfaces as slightly

deformable materials connected by springs and dampers. Lagrangian points are dis-

tributed on each particle surface. At each time step, these Lagrangian points advect

with the local 
uid velocity and thus slightly deviate from their reference locations that

follow strictly to the rigid body motion. This displacement between the actual location

of a Lagrangian point and its reference location generates a restoration force on the

Lagrangian point (Goldstein et al. (1993) [50]). This restoration force is modeled as

a spring-dashpot force with two free parameters on the sti�ness of the spring and the

damping coe�cient of the dashpot. However, this parameter dependence is not desired

in the simulations. In addition, the actual locations of the Lagrangian points need to be

tracked, which brings extra computational costs. Compared with the penalty method,

the second type of IBM based on direct forcing is more popular over the years. One

most widely used version by Uhlmann (2005) [139] is recapitulated below.

In IBM, the incompressible N-S equations are also applied to the whole compu-

tational domain 
,

@u
@t

= rhs + f = ( u � r ) u � r p + � r 2u + f

r � u = 0

9
=

;
in 
 ; (1.11)

where f is the pseudo body force represents the action of the actual particle surface

upon the 
uid around. At each time step, the time-discretized form of the momentum
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equation can be written as

un+1 � un

� t
= rhs n+1 =2 + f n+1 =2; (1.12)

where n + 1=2 is an intermediate time between the two successive time stepsn and

n + 1. The detailed form of rhs n+1 =2 depends on the scheme of the N-S solver. To

force the velocityun+1 to its desired valueud consistent with the no-slip condition, the

pseudo body forcef n+1 =2 is simply

f n+1 =2 =
ud � un

� t
� rhs n+1 =2: (1.13)

In the direct forcing IBM of Uhlmann (2005), this force term is evaluated at the

Lagrangian points distributed on the particle surfaces to reduce the oscillation of hy-

drodynamic force calculation. On the Lagrangian points, the counterpart of Eq. (1.13)

is

Fn+1 =2 =
U d � U n

� t
� RHS n+1 =2; (1.14)

where U d is given by the rigid-body motion of the particle. The remaining part on

the right-hand side of Eq. (1.14),i.e., U n + RHS n+1 =2�t, is equal to a preliminary

velocity ~U , which is interpolated from its counterpart ~u = un + rhs n+1 =2�t at the

neighboring Eulerian grid points. Similar to the DF/FD method, the N-S equations is

solved without applying the pseudo-body force at the begin of each time step, so~u is

available before the interpolation. Once the pseudo-body force at the Lagrangian mesh

is obtained from Eq. (1.14), it is interpolated back to the Eulerian mesh to updateun+1

and pn+1 . The whole process is repeated to advance in time.

Two interpolations between the Lagrangian and Eulerian meshes occur at each

time step, i.e., the interpolation of ~U at the Lagrangian mesh from~u at the Eulerian

mesh, and the interpolation off n+1 =2 from Fn+1 =2 backward. These interpolations can

be expressed as

~U
�

X (m)
l

�
=

X

x 2 


~u (x) � h

�
x � X (m)

l

�
h3; 81 � m � Np; 1 � l � NL ; (1.15a)
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f (x) =
NpX

m=1

NLX

j =1

F
�

X (m)
l

�
� h

�
x � X (m)

l

�
� V (m)

l ; 8x 2 
 ; (1.15b)

where the subscriptl and the superscript (m) of X (m)
l represents thelth Lagrangian

point on the mth particle. h3 is the cell volume of the Eulerian mesh, assuming the

Eulerian mesh is uniform and isotropic in di�erence directions. �V (m)
l is the volume

controlled by the Lagrangian point located atX (m)
l , which is approximately equal toh3

to optimize the computational accuracy and e�ciency. � h is the regularized� -function

to realize the interpolations. A typical formula of� h was given by Peskin (2002) [113]

� h(x) =
1
h3

�
� x1

h

�
�

� x2

h

�
�

� x3

h

�
; x = ( x1; x2; x3) ; (1.16)

where

� (r ) =

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

0; r � � 2
1
8

�
5 + 2r �

p
� 7 � 12r � 4r 2

�
; � 2 � r � � 1;

1
8

�
3 + 2r +

p
1 � 4r � 4r 2

�
; � 1 � r � 0;

1
8

�
3 � 2r +

p
1 + 4r � 4r 2

�
; 0 � r � 1;

1
8

�
5 � 2r �

p
� 7 + 12r � 4r 2

�
; 1 � r � 2;

0; 2 � r;

: (1.17)

This regularized� -function � h is designed to have the following properties

X

x

� h (x � X ) h3 = 1; (1.18a)

X

x

(x � X ) � h (x � X ) h3 = 0: (1.18b)

These properties are discrete analogues of the Dirac� -function, which conserves the

total amounts of force and torque in the interpolations (Uhlmann (2005) [139]).� h

described in Eq. (1.16) expand the real sharp interface between a particle and the 
uid

to a virtual smoothed interface ranging over four grid spacing. Such smoothed particle

interface has the advantage of suppressing the high-frequency oscillations result from

the interpolations, but it may violate certain physical property at the actual sharp

interface. The above regularized� -function is also only second-order accurate for a
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smooth �eld (Roma et al. (1999) [119]). In the actual particle-laden 
ow simulations,

due to the jump of velocity gradient over the particle surface, the interpolation of the

velocity �eld has only �rst-order accuracy. A further improvement of the numerical

accuracy of IBM can be found in Breugem (2012) [14]. So far, IBM have been widely

used in many particle-laden turbulent 
ow simulations, such as Uhlmann (2008) [140],

Lucci et al. (2010) [89], Xu & Subramaniam (2010) [156], Picanoet al. (2015) [114],

among many others.

1.2.2.2 Resolved Boundary Methods

The Physalis method is a resolved boundary method developed mainly by Pros-

peretti and his colleagues (Takagiet al. (2003) [131], Zhang & Prosperetti (2005) [165],

Sierakowski & Prosperetti (2016) [127]). The basic idea of the Physalis method is that,

even at �nite-Reynolds numbers, the 
ow near a particle surface is still dominated

by the viscous stress. Therefore, this part of 
ow can be view as Stokes 
ow and its

velocity, pressure and vorticity can be expressed analytically as series of the location

using the solutions of Stokes 
ow equations. The Stokes 
ow equations are solved in

the particle frame of reference. In the Physalis method, grid nodes within a certain

distance from a particle surface that satisfy the Stokes 
ow assumption are de�ned as

the cage nodes. The velocity and pressure at the cage nodes provide the necessary

boundary conditions for the 
ow outside to evolve based on the full N-S equations. At

each time step, provisional estimates of the vorticity and pressure on the cage nodes

are matched with the analytic expression of Stokes 
ow solution to determine the coef-

�cients in the series. Once these coe�cients are known, the velocity at the cage nodes

can be obtained from the analytic expressions. This velocity in the particle centered

frame of reference is then transferred to the inertial frame and the full N-S equations

are solved in the entire domain to update the provisional estimates of vorticity and

pressure on the cage nodes. This process is repeated iteratively until a convergence is

achieved. So far, the applications of the Physalis method in large-scale particle-laden

turbulent 
ow simulations are still rare. Botto & Prosperetti (2012) [9] investigated
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the 
ow modulation of an homogeneous isotropic turbulence by a single �xed particle

and an array of �xed particles using the Physalis method.

The lattice Boltzmann method (LBM) is a mesoscopic simulation tool that has

great potential in the particle-laden 
ow simulations (Chen & Doolen (1998) [19], Aidun

& Clausen (2010) [1]). A common mistake made by many people is to compare LBM

to IBM, or DF/FD as a scheme to treat the no-slip condition on particle surfaces.

In fact, LBM is a 
uid 
ow solver that can be viewed as an alternative of directly

solving the N-S equations. Unlike the latter, LBM solves a quasi-linear evolution

function of the molecular distribution probability functions at a given set of discrete

velocities. The quasi-linearity of the governing equation gives LBM great easiness in

programming. Another major advantage of LBM compared to the N-S solvers is that it

circumvents the need to solve the pressure Poisson equation for hydrodynamic pressure.

In LBM, the hydrodynamic pressure is locally obtained from the zeroth-order moment

of the distribution functions. The disadvantage of LBM, however, is that the number

of variables, i.e., the distribution functions is typically much larger compared to the

number of macroscopic variables, pressure and velocity solved in the N-S equations,

which makes LBM more memory demanding than the latter.

The potential of LBM in dealing the no-slip condition originates from the same

fact that the number of variables solved in LBM is much larger than the number of

hydrodynamic constraints on a particle surface. Since LBM should be treated as a

counterpart of the N-S equations, it can be incorporated with the above introduced IR

schemes, such as IBM (Feng & Michaelides (2004,2005) [35, 36]), DF/FD method (Nie

& Lin (2010) [101]). These combined methods should still be classi�ed as �ctitious

domain methods, similar to their counterparts incorporated with the N-S solvers. The

resolved boundary method in LBM is known as the bounce-back schemes, where the

necessary distribution functions at the boundary grid nodes are directly constructed to

satisfy the no-slip constraints. This way of boundary treatment maintains the sharp-

ness of the particle-
uid interfaces, and avoids the unnecessary smoothing induced by

the interpolations between Lagrangian and Eulerian meshes in the �ctitious domain
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methods. In the ongoing particle-laden turbulent 
ow simulations presented in this

dissertation, LBM with the bounce-back schemes will be employed. A detailed intro-

duction of LBM will be presented in Chapter 2.1.

1.3 Summary

In this Chapter, studies of the particle-
ow interactions in the last few decades

are reviewed. In general, the current understandings on the interactions between the

carrier turbulent 
ows and the dispersed solid particles are still limited, especially when

the �nite-sizes e�ects of the particles have to be taken into consideration. When the

sizes of the particles are comparable to or larger than the Kolmogorov length scale

of the turbulent 
ows, how to describe the hydrodynamic force and torque acting a

suspending particle and how to estimate the 
ow modulation e�ects by the particles are

still open questions. The ability to resolve the disturbed 
ow around the suspending

particles is the key to answer such questions. So far, the interface-resolved direct

numerical simulations (IR-DNS) are the only tool capable of resolving the disturbed


ow around the particles. The state-of-the-art schemes of IR-DNS are reviewed. In

this dissertation, IR-DNS based on the lattice Boltzmann method incorporated with

sharp-interface treatments of no-slip condition on particle surfaces are conducted to

investigate the 
ow modulation induced by �nite-size particles in a turbulent channel


ow.

The remaining chapters of the dissertation are arranged as follows. In Chap-

ter 2, a detailed introduction of LBM will be given. This introduction covers all the

ingredients to develop a code for particle-laden 
ow simulations, including the collision-

propagation kernel of LBM, the initial and boundary condition treatments, the calcu-

lation of hydrodynamic force and torque, and the re�lling process that initializes the

distribution functions for the fresh 
uid node points.

Then, in Chapter 3, the structure and parallel implementation of the developed

code and a series of validation tests will be presented. These validation tests include

a three-dimensional decaying Taylor-Green vortex 
ow, a transient laminar pipe 
ow,
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single-phase turbulent channel and pipe 
ows, a uniform 
ow passing a �xed sphere,

the sedimentation of a spherical particle in a quiescent 
ow, and particle-particle and

particle-wall interactions.

Two particle-laden turbulent 
ow simulations are planned in this dissertation.

First, a turbulent channel 
ow modi�ed by a few static particles will be given in

Chapter 4, with particle sizes and volume fractions varied in the simulation settings.

A more general problem of a turbulent channel 
ow laden with a large amount of free-

moving particles will be shown in Chapter 5. Detailed budget analyses of the turbulent

kinetic energy in those particle-laden 
ow will be conducted to reveal the mechanisms

responsible for the 
ow modulation phenomena due to solid particles.

At last, the main conclusions of the present dissertation and an extending dis-

cussion of the 
ow modulation by particles will be provided in Chapter 6. The sup-

plementary materials, including a detailed Chapman-Enskog expansion that connects

LBM with the N-S equations, a leading-order expansion of non-equilibrium moments in

LBM, and the derivation of the volume-averaged hydrodynamic equations, such as the

budget equations for stresses and turbulent kinetic energy in particle-laden turbulent


ows will be provided in the Appendix.
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Chapter 2

THE LATTICE BOLTZMANN METHOD

To realize a successful direct numerical simulation of turbulent 
ow laden with a

large amount of �nite-size particles, the numerical method must bear several features.

First, a direct numerical simulation requires a su�cient grid resolution to resolve all

the time and length scales in a turbulent 
ow. Such a demanding resolution can be

barely handled by a single computer, so the numerical method must possess outstanding

scalability and compatibility for parallelization. Second, to make the simulation results

trustworthy, the numerical method needs to possess at least second-order accuracy

both temporally and spatially. Third, the implementation of the no-slip boundary

condition should be easy to implement and not deteriorate the overall accuracy of

the simulation. The evaluation of hydrodynamic forces and torques on the particles

must be straightforward. At last, the numerical scheme needs to be stable and robust

enough, when complex geometries and 
ow structures are involved. Based on those

requirements, the lattice Boltzmann method (LBM) is adopted as the simulation tool.

In this Chapter, the lattice Boltzmann method and its implementation details relevant

to the simulations involved in this dissertation are reviewed.

2.1 Theory of the Lattice Boltzmann Method

LBM can be viewed as a fully discretized �nite-di�erence scheme for continu-

ous Boltzmann equation (He and Luo (1997)) [60]. Di�erent from the conventional

CFD methods based on direct discretizations of the N-S equations, LBM solves the

mesoscopic kinetic equation for the molecular distribution functions with a �nite set

of discrete molecular velocitiesei (Chen and Doolen (1998) [19], Aidun and Clausen

(2010)) [1]. Typical choices of discrete velocity sets are the nine-velocity model in
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two dimensions, which referred as the D2Q9 lattice, and the �fteen, nineteen or twenty

seven-velocity model in three dimensions,i.e., D3Q15, D3Q19 and D3Q27, respectively.

The construction of those lattice grids usually considers enough symmetry in each di-

rection and isotropy in di�erent directions. For example, as also shown in Fig. 2.1, the

discrete velocities in the D2Q9 and D3Q27 lattices can be summarized respectively as:

ei =

8
>>>>>><

>>>>>>:

(0; 0)c; i = 0;

(� 1; 0)c; i = 1; 3;

(0; � 1)c; i = 2; 4;

(� 1; � 1)c; i = 5 � 8;

(2.1)

and

ei =

8
>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>:

(0; 0; 0)c i = 0;

(� 1; 0; 0)c i = 1; 2;

(0; � 1; 0)c i = 3; 4;

(0; 0; � 1)c i = 5; 6;

(� 1; � 1; 0)c i = 7 � 10;

(� 1; 0; � 1)c i = 11 � 14;

(0; � 1; � 1)c i = 15 � 18;

(� 1; � 1; � 1)c i = 19 � 26;

(2.2)

wherec = � x=� t is lattice velocity unit in LBM, � x and � t are the spatial and temporal

spacings.

At any given spatial location x, the molecular distribution function f i corre-

sponding to each discrete velocityei evolves, as

f i (x; ei � t ; t + � t ) � f i (x; t) = 
 i ; (2.3)

where the right-hand side (RHS) 
i is known as the collision operator. A typical LBM

step shown in Eq. (2.3) can be divided into two sub-steps, known as the collision step,

f �
i (x; t) = f i (x; t) + 
 i ; (2.4)
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Figure 2.1: D2Q9 and D3Q27 lattice grids.

plus the propagation (streaming) step,

f i (x; ei � t ; t + � t ) = f �
i (x; t) : (2.5)

There are multiple choices of the collision operator, the simplest one is known

as Bhatnagar-Gross-Krook (BGK) or single-relaxation time (SRT) collision operator,

which leads to the lattice BGK (LBGK) model,

f i (x; ei � t ; t + � t ) � f i (x; t) = �
1
�

h
f i (x; t) � f (eq)

i (x; t)
i

+ Fi ; (2.6)

where � is the non-dimensional relaxation time, which is related to the kinematic

viscosity � as

� = ( � � 0:5) c2
s� t ; (2.7)

with cs being the speed of sound.

f (eq)
i is the equilibrium distribution function of f i , in standard LBGK model it

is a function of conserved moments in the molecular collision process,i.e., local density

� and velocity u as

f (eq)
i = wi

�
�

�
1 +

u� ei�

c2
s

+
u� u� (ei� ei� � c2

s� �� )
2c4

s

��
(2.8)
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where � �� is the Kronecker delta function,� and � are spatial coordinates.wi is the

weighting factor, for D2Q9 lattice, the weighting factor reads as

wi =

8
>>><

>>>:

4=9; kei k = 0;

1=9; kei k = c;

1=36; kei k =
p

2c:

(2.9)

For D3Q27 lattice, wi is de�ned as

wi =

8
>>>>>><

>>>>>>:

8=27; kei k = 0;

2=27; kei k = c;

1=54; kei k =
p

2c;

1=216; kei k =
p

3c:

(2.10)

The part inside the braces of Eq. (2.8) is obtained from a Taylor expansion of

Maxwellian distribution with the assumption of kuk << c s, i.e., Ma = kuk=cs is small.

For such reason, LBM is only valid when theMa is small, i.e., in the incompressible

limit. All terms on the order O(Ma3) or higher are neglected in Eq. (2.8). It should

be noted that other than the standard LBGK equilibrium, there are LBM models

with non-standard formats of equilibria that are also functions of non-conserved stress

components (Inamuro (2002) [65],Yoshinoet al. (2007) [160],Wanget al. (2015) [143],

Peng et al. (2016) [109], Wanget al. (2018) [147]). Those models are developed to

either enhance the numerical stability (Inamuro (2002) [65]), or extend the application

of LBM. For example, Yoshino et al. (2007) [160] and Wanget al. (2015) [143]

included stress tensor in the equilirbium distribution, which allows the non-Newtonian


ow simulations within LBM. Peng et al. (2016) [109] and Wanget al. (2018) [147]

introduced stress components into the equilibrium and extended LBM to non-standard

rectangular and cuboid lattice grids.

The last term Fi in Eq. (2.6) represents the e�ect of external force. In LBGK

model, it can be written as (Guoet al. (2002) [56])

Fi =
�

1 �
1
2�

�
wi

�
ei � u

c2
s

+
(ei � u)

c4
s

ei

�
� F; (2.11)
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whereF is the macroscopic external force term. With the presence of this external force,

the hydrodynamic quantities are calculated locally as the moments of the mesoscopic

distribution functions, as

� =
X

i

f i ; p =
X

i

c2
sf i ; � u =

X

i

ei f i +
� t

2
F;

� �� = �
�

1 �
1
2�

� X

i

h
f i � f (eq)

i

i
ei� ei� ;

(2.12)

wherep is the local pressure,� �� = � (@u� =@x� + @u� =@x� ), ei� and ei� are the vector

basis of discrete velocityei in � and � directions, respectively.

Eq. (2.12) states that there exists a coupling between the density and pressure

in standard LBM. Such coupling originates from the ideal gas law in the kinetic theory

p=� = RT = c2
s, where R is the gas constant andT is the temperature. Apparently,

when applied to incompressible 
ow simulations, this coupling could cause an inconsis-

tency due to the intrinsic �nite cs in LBM. For example, in a steady state uni-direction

pressure-driving 
ow (e.g., Hagen-Poiseuille 
ow in a pipe), the pressure decreases lin-

early while the velocity maintains constant in the streamwise direction. With standard

LBM, the coupling between pressure and density causes the density to decrease along

the streamlines, which results in an increased velocity under the restriction of con-

servation laws. To solve this problem, He & Luo (1997) proposed the incompressible

formula of LBGK [59], in which the density is decomposed into two parts, a constant

background density� 0 and a second part representing the density 
uctuation�� , with

� 0 >> �� . The equilibrium distribution Eq. (2.8) then becomes

f (eq)
i = ��w i + � 0wi

�
u� ei�

c2
s

+
u� u� (ei� ei� � c2

s� �� )
2c4

s

�
(2.13)

For the incompressible formula, the hydrodynamic density, pressure and momentum

are calculated as

�� =
X

i

f i ; p =
X

i

c2
sf i ; � 0u =

X

i

ei f i +
� t

2
F: (2.14)

The above incompressible LBGK model can reproduce the incompressible N-S equa-

tions when the pressure does not vary with time (He & Luo (1997) [59]). There are
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also alternative LBM models that result in incompressible N-S equations under certain

restrictions, e.g., Guo et al. (2002) [55] and Duet al. (2006) [27]. However, due

to the �nite speed of soundcs in LBM, none of these models is equivalent the fully

incompressible N-S equations. In the actual implementation, the characteristic 
ow

velocity needs to be carefully bounded in order to satisfy the restriction onMa. With

these two considerations, the LBM referred in this dissertation actually represents the

compressible N-S equations in a nearly incompressible limit.

2.2 Multi-Relaxation Time Model

While the LBGK model is straightforward to implement, several de�ciencies

have long been discovered. First, the relaxation time in LBM is directly related to the

transport coe�cients (see Eq. (2.7), for example),i.e., viscosity, thermal di�usivity, etc.

Since all the distribution functions relax at the same rate 1=� , the viscosity and thermal

di�usivity will always be identical and result in a �xed Prandtl number (Lallemand

& Luo (2000) [80]). Second, with BGK collision operator, the exact no-slip boundary

can only be realized with speci�c choice of relaxation time� (He et al. (1997) [61]).

Furthermore, the BGK collision operator was found to be numerically unstable when

� is approaching 0.5. Since LBGK model only has one relaxation time, it does not

possess 
exibility to improve numerical stability in such case.

An alternative way to handle collision in LBM is to de�ne hydrodynamic mo-

ments based on linear transforms of distribution functions, and relax those moments

independently with di�erent relaxation times. This idea leads to the multi-relaxation

time (MRT) model, whose evolution equation usually reads in a vector form as

jf (x; ei � t ; t + � t ) � f (x; t)i

= � M � 1S
�
�m (x; t) � m(eq) (x; t)

�
+ M � 1 j	 ( x; t)i :

(2.15)

M is the transformation matrix which relates the distribution functionsjf i to the same

amount of momentsjmi via a linear mapping

jmi = M jf i ; jf i = M � 1 jmi : (2.16)
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M is designed to have the property that any two row vectors are orthogonal, to prevent

inter-coupling between di�erent moments (see Eq. (2.17)), thus the de�nition of each

moment may not be exactly identical to its hydrodynamic mode in the kinetic theory

(Lallemand & Luo (2000) [80]). For demonstrative purpose, the transformation matrix

with a D3Q27 lattice grid and the resulting moments are listed in Eq. (2.17) and

Table 2.1, respectively. The transformation matrices and moments with other common

lattice types, i.e., D2Q9, D3Q15 and D3Q19, can be roughly viewed as subsets of those

on the D3Q27 lattice.

M =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

0 1 � 1 0 0 0 0 1 1� 1 � 1 1 1 � 1 � 1 0 0 0 0 1 1 1 1� 1 � 1 � 1 � 1

0 0 0 1 � 1 0 0 1 � 1 1 � 1 0 0 0 0 1 1� 1 � 1 1 1 � 1 � 1 1 1 � 1 � 1

0 0 0 0 0 1� 1 0 0 0 0 1� 1 1 � 1 1 � 1 1 � 1 1 � 1 1 � 1 1 � 1 1 � 1

� 2 � 1 � 1 � 1 � 1 � 1 � 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1

0 2 2 � 1 � 1 � 1 � 1 1 1 1 1 1 1 1 1� 2 � 2 � 2 � 2 0 0 0 0 0 0 0 0

0 0 0 1 1 � 1 � 1 1 1 1 1 � 1 � 1 � 1 � 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1� 1 � 1 1 0 0 0 0 0 0 0 0 1 1� 1 � 1 � 1 � 1 1 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1� 1 � 1 1 1 � 1 � 1 1 1 � 1 � 1 1

0 0 0 0 0 0 0 0 0 0 0 1� 1 � 1 1 0 0 0 0 1� 1 1 � 1 � 1 1 � 1 1

0 � 4 4 0 0 0 0� 1 � 1 1 1 � 1 � 1 1 1 0 0 0 0 2 2 2 2� 2 � 2 � 2 � 2

0 0 0 � 4 4 0 0 � 1 1 � 1 1 0 0 0 0� 1 � 1 1 1 2 2 � 2 � 2 2 2 � 2 � 2

0 0 0 0 0 � 4 4 0 0 0 0� 1 1 � 1 1 � 1 1 � 1 1 2 � 2 2 � 2 2 � 2 2 � 2

0 0 0 0 0 0 0 1 1� 1 � 1 � 1 � 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0� 1 1 � 1 1 0 0 0 0 1 1� 1 � 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1� 1 1 � 1 � 1 1 � 1 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1� 1 � 1 1 � 1 1 1 � 1

8 0 0 0 0 0 0� 2 � 2 � 2 � 2 � 2 � 2 � 2 � 2 � 2 � 2 � 2 � 2 2 2 2 2 2 2 2 2

0 � 4 � 4 2 2 2 2 1 1 1 1 1 1 1 1� 2 � 2 � 2 � 2 0 0 0 0 0 0 0 0

0 0 0 � 2 � 2 2 2 1 1 1 1� 1 � 1 � 1 � 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0� 2 2 2 � 2 0 0 0 0 0 0 0 0 1 1� 1 � 1 � 1 � 1 1 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0� 2 2 2 � 2 1 � 1 � 1 1 1 � 1 � 1 1

0 0 0 0 0 0 0 0 0 0 0� 2 2 2 � 2 0 0 0 0 1� 1 1 � 1 � 1 1 � 1 1

0 4 � 4 0 0 0 0 � 2 � 2 2 2 � 2 � 2 2 2 0 0 0 0 1 1 1 1� 1 � 1 � 1 � 1

0 0 0 4 � 4 0 0 � 2 2 � 2 2 0 0 0 0� 2 � 2 2 2 1 1 � 1 � 1 1 1 � 1 � 1

0 0 0 0 0 4� 4 0 0 0 0 � 2 2 � 2 2 � 2 2 � 2 2 1 � 1 1 � 1 1 � 1 1 � 1

� 8 4 4 4 4 4 4� 2 � 2 � 2 � 2 � 2 � 2 � 2 � 2 � 2 � 2 � 2 � 2 1 1 1 1 1 1 1 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (2.17)

S is a diagonal matrix of relaxation parameters,e.g., S = diag (s0; s1; s2; � � � ; s26)

with the D3Q27 lattice. In MRT-LBM, the entries of S can be de�ned di�erently for
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Table 2.1: The de�nitions of moments in a D3Q27 MRT model.

Moment index Order De�nition Physical representation

0 0


f j kek0

�
Mass density

1-3 1 hf j e� i , Momentum in �

4 2


f j kek2 � 2

�
Kinetic energy

5-6 2


f j 3e2

x � k ek2
�
,



f j e2

y � e2
z

�
Normal stress

7-9 2 hf j e� e� i , � 6= � Shear stress

10-12 3


f j

�
3kek2 � 7

�
e�

�
, Energy 
ux in �

13-15 3
D

f j e�

�
e2

� � e2



�
� ��


E
, Normal stress 
ux

16 3 hf j ex ey ez i , Shear stress 
ux

17 4


f j 3kek4 � 11kek2 + 8

�
, Energy Square

18 4


f j

�
3kek2 � 5

� �
3e2

x � k ek2
��

, Energy normal stress coupling

19 4


f j

�
3kek2 � 5

� �
e2

y � e2
z

��
, Energy normal stress coupling

20-22 4


f j

�
3kek2 � 8

�
e� e�

�
, � 6= � Energy shear stress coupling

23-25 5


f j

�
9
2 kek4 � 39

2 kek2 + 19
�

e�
�
, Energy square 
ux in �

26 6


f j 9

2 kek6 � 45
2 kek4 + 30kek2 � 8

�
, Energy cube
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di�erent moments. This feature solves the problem of �xed Prandtl number in the

BGK collision operator. In general, for the isothermal 
ows considered in this disser-

tation, only the relaxation parameters of energy and stress moments are relevant to the

bulk and shear viscosities in the N-S equations, respectively. The other relaxation pa-

rameters can be de�ned with 
exibility and optimized via linear analysis to maximize

the numerical stability of the model (Lallemand & Luo (2000) [80], d'Humi�ereset al.

(2002) [26]). Because of that, MRT models usually have better numerical stability than

their LBGK counterparts, especially for high Reynolds number 
ows. Speci�cally, if all

the odd-order moments have the same relaxation parametersq and all the even-order

moments are given the same relaxation parameters� , and satisfying

sq = 8
2 � s�

8 � s�
; (2.18)

the MRT models regress to two-relaxation time (TRT) models, which eliminate the

velocity slip error on the no-slip boundaries (Ginzburg (2005) [45], Ginzburget al.

(2008) [47]).
�
�m(eq)

�
in Eq. (2.15) is the vector of the equilibrium moments. While the mo-

ments jmi and the distribution functions jf i must be related as Eq. (2.16), same map-

ping is not necessary for their corresponding equilibria. To reproduce N-S equations,

the zeroth, �rst, second and third-order equilibrium moments must be uniquely deter-

mined (Penget al. (2017) [108]). Taking the D3Q27 MRT model described above, the

equilibrium moments of 0 to 16 moments shown in Table. 2.1 are uniquely determined,

and they are:

m(eq)
0 = ��; m (eq)

1 = � 0u; m(eq)
2 = � 0v; m(eq)

3 = � 0w; (2.19a)

m(eq)
4 =

�
3c2

s � 2
�

�� + � 0
�
u2 + v2 + w2

�
; m(eq)

5 = � 0
�
2u2 � v2 � w2

�
; (2.19b)

m(eq)
6 = � 0

�
v2 � w2

�
; m(eq)

7 = � 0uv; m(eq)
8 = � 0vw; m(eq)

9 = � 0uw: (2.19c)

m(eq)
10 = � 2� 0u; m(eq)

11 = � 2� 0v; m(eq)
12 = � 2� 0w; (2.19d)

m(eq)
13 = 0; m(eq)

14 = 0; m(eq)
15 = 0; m(eq)

16 = 0: (2.19e)

43



Again, the density decomposition in He & Luo (1997) [59] is applied in the above

de�nitions, to avoid the undesired coupling between the pressure and 
uid density in

LBM. On the other hand, equilibria of 17 to 26 moments in Table. 2.1, which are

on the fourth- or higher-order, are irrelevant to the N-S equations. In principle, those

irrelevant equilibrium moments can be designed freely. However, to ensure that the dis-

tribution functions satisfy the quasi-equilibrium assumption (such assumption justi�es

the Chapman-Enskog expansion), their expressions are expected to be in consistency

with the corresponding de�nitions of the moments in Table. 2.1, which leads to

m(eq)
17 = � 17�� + � 17� 0

�
u2 + v2 + w2

�
; (2.20a)

m(eq)
18 = � 18� 0

�
2u2 � v2 � w2

�
; m(eq)

19 = � 19� 0
�
v2 � w2

�
(2.20b)

m(eq)
20 = 
 20� 0uv; m(eq)

21 = 
 21� 0vw; m(eq)
22 = 
 22� 0uw; (2.20c)

m(eq)
23 = � 23� 0u; m(eq)

24 = � 24� 0v; m(eq)
25 = � 25� 0w; (2.20d)

m(eq)
26 = � 26�� + � 26� 0

�
u2 + v2 + w2

�
; (2.20e)

where the coe�cients � 17;26, � 17� 19;26, 
 20� 22, � 23� 25, remain free. Particularly, when

de�ning � 17 = 2, � 17 = � 4, � 18 = � 19 = � 1, 
 20 = 
 21 = 
 22 = � 1, � 23 = � 24 = � 25 = 1,

� 26 = � 1, and � 26 = 3, the LBGK equilibrium, i.e., Eq. (2.13) can be recovered.

Finally, j	 i is the vector of the mesoscopic forcing terms in moment space that

leads to the body force term in the resulting N-S equations. For the D3Q27 lattice

grid, 10 out of 27 elements inj	 i should be uniquely determined in order to recover

the macroscopic body force term in the N-S equations, and they are

	 0 = 0; 	 1 =
�

1 �
s1

2

�
Fx � t ; 	 2 =

�
1 �

s2

2

�
Fy � t ; 	 3 =

�
1 �

s3

2

�
Fz� t ; (2.21a)

	 4 = � (2 � s4) (uFx + vFy + wFz) ; 	 5 = � (2 � s5) (2uFx � vFy � wFz) ; (2.21b)

	 6 = � (2 � s6) (vFy � wFz) ; 	 7 =
�

1 �
s7

2

�
(uFy + vFx ) ; (2.21c)

	 8 =
�

1 �
s8

2

�
(vFz + wFy) ; 	 9 =

�
1 �

s9

2

�
(uFz + wFx ) : (2.21d)
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The remaining elements are not relevant to the derivation of the N-S equations so

they can be simply set to 0 for convenience.

	 10� 26 = 0; (2.22)

The N-S equations can be derived from Eq. (2.3) or Eq. (2.15) through Chapman-

Enskog multiscale analysis (Houet al. (1995) [62]), asymptotic expansion (Junket al.

(2005) [67], Yonget al. (2012) [158]), linear analysis (Lallemand & Luo (2000) [80]) and

Maxwell iteration (Yong et al. (2016) [159]). Therefore solving the evolution equations

of LBM preserves correct hydrodynamics of 
uid 
ows. In Appendix A , a detailed

Chapman-Enskog multiscale analysis is presented to demonstrate such equivalence.

With both collision operators, theoretical analyses (Heet al. (1997) [60], Junk

et al. (2005) [67]) and numerical simulations have con�rmed that LBM has second-

order accuracy for velocity and �rst-order accuracy for pressure in both space and

time (the space and time step sizes are coupled with �xed lattice velocities� x = c� t

in LBM). However, compared with the second-order �nite di�erence discretizations of

the N-S equations, LBM potentially leads to more accurate results due to a couple of

reasons. First, the advection term in the continuous Boltzmann equation is treated

exactly in LBM via propagation step (Eq. (2.5)). Thus the spatial discretization in

LBM introduces no arti�cial dissipation unlike that in its �nite-di�erence counterparts

(Lee & Leaf (2009) [83]). Second, the collision operators in LBM ensure the exact local

density and momentum conservations, which may not be achieved by �nite-di�erence

or �nite-volume schemes. Third, in principle, all velocity gradients in LBM can be

calculated mesoscopically from the distribution functions1. For example, Eq. (2.12)

shows that the stress tensor in the N-S equations can be evaluated directly from the

1 The mesoscopic way of computing strain rate tensor is achievable with standard
LBGK and MRT-LBM models. It is also well recognized by the LBM community (see
Yong & Luo (2012) [158]). The mesoscopic computation of vorticity components, on the
other hand, was recently proven to be doable with a modi�ed equilibrium distribution
by the author [108]. This property of LBM has not been widely recognized by the
majority users of LBM.
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non-equilibrium part of the distribution functions. This feature o�ers second-order

accuracy for strain rate and vorticity computations in LBM, whereas, for second-order

�nite di�erence, the velocity gradients usually only have a �rst-order accuracy.

2.3 Initial and Boundary Condition Treatments in LBM

De�ning appropriate initial and boundary conditions is crucial for any CFD

method. A special challenge for LBM is that, those initial and boundary conditions are

usually given as macroscopic constraints, but the fundamental variables in LBM are the

mesoscopic distribution functions. While calculating the macroscopic quantities from

mesoscopic distribution functions is straightforward, as demonstrated in Eq. (2.14), the

reverse requires proper design, since the number of the distribution functions is usually

much larger than that of macroscopic constraints. Because of the same reason, the

initial and boundary treatments in LBM are not unique. Previous studies revealed that

di�erent realizations of initial and boundary conditions in LBM could greatly impact

on the accuracy, numerical stability and computational e�ciency of LBM simulations.

In this section, the initial and boundary condition treatments in LBM are summarized.

Special attention will be paid on the treatments of the no-slip condition on curved solid

surfaces, as it is regarded as the key element of the interface-resolved particle-laden


ow simulations.

2.3.1 Initial Condition in LBM

For 
ow simulations focusing on steady or quasi-steady states, the initial dis-

tribution functions usually have marginal e�ects on the results. On the contrary, for

time-dependent 
ows with strong non-linearity, the accurate representation of initial

hydrodynamic constraints is crucial (Meiet al. (2006) [95]). For the �rst scenario,

the initial distribution functions can be simply de�ned as the equilibrium distribution

functions based on the initial hydrodynamic properties,i.e., f i (x; t = 0) = f (eq)
i (�; u),

which is equivalent to setf (neq)
i (x; t = 0) zero. Through Chapman-Enskog analysis,
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the non-equilibrium part of the distribution functions can be related to the stress com-

ponents in the N-S equations. Thus settingf (neq)
i = 0 simply leads the local velocity

gradients to be zero. For a 
ow whose initial velocity �eld is non-uniform, such incon-

sistency can cause signi�cant acoustic noises in the early stage of a simulation (Meiet

al. (2006) [95]). Apparently, to generate hydrodynamically consistent initial distribu-

tion functions, the non-equilibrium part of the distribution functions must be properly

de�ned.

There are two popular methods to de�ne the non-equilibrium part of the initial

distribution functions. The �rst method is to directly construct the non-equilibrium

via Chapman-Enskog expansion. In LBM, the non-equilibrium moments can be ap-

proximated as
�
�m(neq)

�
=

�
�"m (1) + "2m(2) + � � �

�
�

�
�"m (1)

�
, which is related to the

equilibrium moments
�
�m(eq)

�
, as shown by Eq. (A.6b) in Appendix A. Knowing the

initial velocity and pressure �elds, the non-equilibrium moments can be easily con-

structed as
�
�"m (1)

�
= � � tS(� 1)

�
I @t + Ĉ � @�

�
jmi (0) : (2.23)

where the right-hand side of the above equation are functions of local pressure, velocity

and their gradients. In the cases that initial pressure �eld is not given, a pressure

Poisson equation is usually solved �rst to obtain the initial pressure �eld. It is worth

pointing out that the time-derivatives in Eq. (2.23) can be either neglected due to its

third- or higher-order in Ma, or absorbed in the spatial derivatives by substituting the

Euler equations. In Appendix B, the explicit expressions of twenty-seven leading-order

non-equilibrium moments in the D3Q27 model are given in detail. Once the equilibrium

and the leading-order non-equilibrium are both de�ned, the inverse transform matrix

M � 1 is multiplied to obtain the initial distribution functions.

The initial distribution functions can be also de�ned through iteration (Mei et

al. (2006) [95]). For the MRT-LBM model, an iteration procedure to de�ne the initial

pressure �eld can be summarized as

1. Initialize the distribution functions by the equilibrium distribution functions cal-
culated with the given initial velocity �eld and a uniform zero pressure �eld,i.e.,
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jf 0i =
�
�f (eq) (0; u0)

�
.

2. Evolve the distribution functions with the standard collision and propagation
steps,i.e., jf 0i ! j f 0i .

3. Calculate the updated velocity and pressure �elds, then restore the velocity
�eld back to the initial one, i.e., jm0i = M jf 0i , jm0i ! j m0(u0)i , jf 0(u0)i =
M � 1 jm0(u0)i .

4. Check if the pressure �eld converges. If the pressure �eld reaches a steady state,
then end the iteration, else return to Step 2 with the updated distribution func-
tions.

As pointed out in some later analyses,e.g. Guo & Shu (2013) [54], the above

iteration process actually solves the function

jf (x; ei � t ; t + � t ) � f (x; t)i = � M � 1S
�
�m (x; t) � m(eq) (�� (x; t) ; u0)

�
: (2.24)

Through Chapman-Enskog analysis, the above evolution equation leads to the hydro-

dynamic equation of

@t �� + r � (� 0u0) =
�
c2

s

�
r 2p + rr : (� 0u0u0)

�
(2.25)

When a steady state is reached, the above hydrodynamic equation reduces the pressure

Poisson equation for an incompressible initial velocity �eld,

r 2p = � � 0r (u0 � r u0) : (2.26)

Therefore, the converged pressure �eld after the iteration becomes consistent with

the initial velocity �eld. It is noteworthy that the above process also naturally ini-

tialize the non-equilibrium parts of the distribution functions. This is because the

non-equilibrium distribution functions are projected to the non-conserved moments,

which are not constrained in the iterative process.

2.3.2 Boundary Conditions in LBM

For the simulations involved in this dissertation, the boundary conditions mainly

include, a) the periodic condition on the computational domain boundaries, b) the
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stress-free condition on the symmetric surfaces, c) the out
ow boundary on the outlet

of the computational domain, and most importantly d) the no-slip condition on solid

surfaces. The �rst three conditions are usually encountered on the boundaries of the

whole computational domain, thus they will be introduce together. The treatment of

no-slip condition on moving particles is the bottleneck of the interface-resolved particle-

laden 
ow simulations, thus it shall be discussed separately with more details.

2.3.2.1 Periodic, Stress-Free and Out
ow Boundary Treatments in LBM

The period boundary condition can be mathematically expressed as

� (0; t) = � (L; t ) (2.27)

where � may stand for hydrodynamic velocity or pressure,L is the period. In LBM,

the periodic boundary is handled directly on the population as

f i (0; t) = f i (L; t ) ; (2.28a)

f i (L; t ) = f i (0; t) : (2.28b)

The above equations mean that the missing distribution functions on the inlet are

simply copied from their corresponding locations on the outlet, andvise versa.

The stress-free condition is usually applied to symmetric planes and free-slip

surfaces, which can be formulates as

un = 0;
@u t

@n
= 0; (2.29)

whereun and u t are the velocity components normal and tangential to the boundary

surface, respectively.n is the normal direction. In LBM, the stress-free condition on a

straight plane can be easily realized via mirror re
ection with a boundary node being

half lattice spacing away from the location of the physical boundary,i.e.,

f i (xb; t + � t ) = f �
i 0

�
xb � ei k; t

�
(2.30)

wherexb is the location of a boundary node andei k is the lattice direction parallel to

the stress-free surface. In this process, no molecular particle is allowed to cross over the
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boundary surface, thus the non-penetration condition is satis�ed. On the other hand,

the momentum in the tangential direction is maintained, which means the boundary

provides zero shear-stress to the 
uid around.

The out
ow boundary can be involved in the scenarios where the 
ows have a

upstream and a downstream. In those cases, an out
ow boundary is added to truncate

the downstream 
ow that is of less interest, so a small computational domain can

represent a much longer physical domain. A good out
ow boundary should possess

two properties. First, the 
ow generated in the domain of interest can propagate

out the domain smoothly without signi�cantly distorting and re
ecting (Lou et al.

(2013) [87]). Second, the numerical and stability in the whole domain must be ensured

(Lou et al. (2013) [87]). In classical computational 
uid dynamics, out
ow boundary

condition may be realized in multiple ways. One of the most popular realizations is

the Neumann boundary condition,i.e.,

@�
@x

�
�
�
�
x= L

= 0; (2.31)

which is easily handled in LBM as

f i (L; t ) = f i (L � � x ; t) : (2.32)

The above formula is actually a �rst-order �nite-di�erence approximation of the Neu-

mann condition at the hydrodynamic level. With more inner grid points being involved,

the boundary distribution function f i (L; t ) can be approximated with higher accuracy.

Another typical out
ow boundary condition is known as the convective boundary con-

dition, which reads
@�
@t

+ U
@�
@x

�
�
�
�
x= L

= 0 (2.33)

whereU = U (L � 1; t) is the characteristic velocity normal to the outlet boundary. As

summarized in Louet al. (2013) [87],U can be de�ned as 1) the maximum, 2) the mean,

or 3) the local value on the outlet, which eventually leads to almost identical results
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in simulations. Approximating the time-derivative in Eq. (2.33) with the �rst-order

implicit scheme, the LBM realization of Eq. (2.33) is obtained as

f i (L; t + � t ) =
f i (L; t ) + �f i (L � � x ; t + � t )

1 + �
(2.34)

where � = U� t=�x , which is known after the propagation substep. A third outlet

boundary condition that is often used in LBM is known as the extrapolation scheme,

which can be expressed as

f i (L; t + � t ) = 2 f i (L � � t ; t + � t ) � f i (L � 2� t ; t + � t ) : (2.35)

Apparently, the above formula is a �rst-order �nite-di�erence approximation of a con-

stant velocity gradient boundary, i.e.,

@�
@x

�
�
�
�
x= L

= const: (2.36)

2.3.2.2 No-Slip Boundary Treatments in LBM

As a mesoscopic method aiming at solving macroscopic 
uid dynamic problems,

LBM possesses properties from both gas kinetic theory and classic CFD. Therefore, no-

slip boundary treatments on both the mesoscopic level and the macroscopic level could

potentially apply. In classic CFD, when many �nite-size particles are involved, the

most popular treatment of the no-slip condition on the particle surfaces is the immersed

boundary methods (IBM). The incorporation between IBM and LBM,i.e., IBM-LBM,

had been successfully developed by Feng & Michaelides (2004, 2005) [35, 36]. Similar

to the IBM in classic CFD, in IBM-LBM, in addition to the Eulerian grid system

used in regular LBM, Lagrangian grid points are attached to each particle surface. A

discrete regularized� -function is employed to transfer information between the two grid

systems. The realizations of IBM-LBM share a lot in common with their counterpart

in classic CFD. For example, the direct-forcing IBM-LBM implementation described

by Kang & Hassan (2011) [70] is very similar to the direct-forcing IBM developed

by Uhlmann (2005) in classic CFD, except that the temporary velocity �eld on the
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Eulerian grid is evolved using LBM equation. In some earlier developments of IBM-

LBM, such as the ones summarized in Feng & Michaelides (2005) [36] and Peng &

Luo (2008) [111], the implementation of IBM-LBM is more complicated. The velocity

and pressure �elds on the Eulerian grid are interpolated to the Lagrangian grid at the

beginning of each step. Then the N-S equations are solved on the Lagrangian grid to

obtained the pseudo-body force. A conversion from volumetric pseudo-body force to

surface pseudo-body force on the Lagrangian grid is also included for the hydrodynamic

force evaluation on particles. In the opinion of the dissertation author, these operations

are not necessary and will deteriorate the accuracy of the boundary treatment. Besides

the above direct-forcing realization, alternative realization based on the penalty method

is also available in LBM (Feng & Michaelides (2004) [35]), but being less feasible in

simulations involving rigid particles. Nevertheless, the key idea of IBM-LBM remains

the same among di�erent realizations, that is to convert the velocity constraint on a

no-slip boundary to a body force that represents the equivalent e�ects.

Alternatively, the no-slip condition in LBM could also be handled via its meso-

scopic properties inherited from the gas kinetic theory. Bounce-back rules based on an

intuitive picture of molecular particles colliding with a solid wall and reverses their mo-

menta are frequently used to model no-slip conditions in LBM. A typical bounce-back

scheme may be expressed as

f i (x f ; t + � t ) = f �
�i (x f ; t) ; (2.37)

where the molecular particles starting from a boundary node pointx f bounce back to

their original location with inverse momenta (i.e., ei = � e�i ) after colliding with a solid

wall. Since molecular particles always travel one lattice-spacing within� t , the above

equation can only be satis�ed when the solid wall locates half lattice-spacing away

from x f . Therefore, scheme shown in Eq. (2.37) is also known as mid-link bounce-

back, or half-way bounce-back (Ladd (1994a, 1994b) [77, 78]). Heet al. (1997) derived

the analytic solution of LBM in a pressure-driven channel 
ow using Eq. (2.37) to
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treat the no-slip boundary on the channel walls [61]. They con�rmed the mid-link

bounce-back had second-order accuracy.

When the solid wall is not static, a correction term needs to be included into

Eq. (2.37). The mid-link bounce-back scheme becomes

f i (x f ; t + � t ) = f �
�i (x f ; t) + 2 � 0wi

ei � uw

c2
s

; (2.38)

whereuw is the local velocity at the location where the molecular particles collide with

the wall. It is not di�cult to observe that the correction term equals to the di�erence

between the equilibrium distributions associated withei and e�i , i.e., f (eq)
i � f (eq)

�i , at

the collision location.

Mid-link bounce-back scheme preserves its second-order accuracy under the con-

dition that a boundary node is half lattice unit away from a solid surface. However,

when a curved wall is encountered, or when the solid surface is moving relatively to the

grid mesh, such condition is rarely met. In early developments of LBM, curved solid

geometries were approximated by staircase shapes, in order to create appropriate en-

vironment for the use of mid-link bounce-back scheme (Ladd (1994) [78]). As sketched

in Fig. 2.2, when the distance betweenx f and the solid wall is not half lattice spacing,

the molecular particles start from the boundary nodex f would end atx r after bounce-

back, wherex r does not collapse with any grid point. In such cases,f i (x f ; t + � t ) in

Eq. (2.37) and Eq. (2.38) are actually approximated withf i (x r ; t + � t ). Apparently,

such approximation has only �rst-order accuracy, which degrades the second-order ac-

curacy of LBM. Later, di�erent interpolated bounce-back rules were proposed (e.g.,

Bouzidi et al. (2001) [10], Meiet al. (2000) [96], Guoet al. (2002) [57], Yu et al.

(2003) [161], Ginzburget al. (2003) [46], Chun & Ladd (2007) [22], Zhao & Yong

(2017) [166]), which provided more 
exible treatments for the no-slip condition on

curved surfaces. The key idea of interpolated bounce-back is to use interpolation

to approximate f i (x f ; t + � t ) more accurately, so the overall second-order accuracy

of LBM simulations is preserved. In this Chapter, some representative interpolated

bounce-back schemes are introduced.

53



Figure 2.2: Boundary con�guration near a solid wall
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Based on the value of relative distanceq, where q = jx f � xw j =jx f � xbj (see

Fig. 2.2 for notations), Bouzidiet al. (2001) developed two separate schemes to process

the interpolation [10]. When q � 0:5, a virtual distribution is interpolated �rst at a

temporary location betweenx f and x f f , such that this distribution function arrives

exactly at x f after colliding and bouncing back from the wall. Both linear and quadratic

versions of the interpolation is available, whose coe�cients are obtained by Lagrangian

interpolation rule, as

Linear : f i (x f ; t + � t ) = 2 qf �
�i (x f ; t) + (1 � 2q) f �

�i (x f f ; t) + 2 � 0wi
ei � uw

c2
s

; (2.39a)

Quadratic : f i (x f ; t + � t ) = q(2q+ 1) f �
�i (x f ; t)

+ (1 + 2 q) (1 � 2q) f �
�i (x f f ; t) � q(1 � 2q) f �

�i (x f f f ; t) + 2 � 0wi
ei � uw

c2
s

:
(2.39b)

When q > 0:5, if the above scheme is applied, the temporary location has to sit

betweenx f and xw , that the interpolation in Eq. (2.39) becomes extrapolation. For

the sake of numerical stability, such extrapolation should be avoided (Bouzidiet al.

(2001) [10], Lallemand & Luo (2003) [81]. Therefore, the distribution function atx f

is �rst streamed and bounced back to a temporary location betweenx f and xw , then

interpolated to x f with other post-streaming distribution functions at x f f and x f f f .

This process is formulated as

Linear : f i (x f ; t + � t ) =
1
2q

�
f �

�i (x f ; t) + 2 � 0wi
ei � uw

c2
s

�

+
2q � 1

2q
f i (x f f ; t + � t ) ;

(2.40a)

Quadratic : f i (x f ; t + � t ) =
1

q(2q+ 1)

�
f �

�i (x f ; t) + 2 � 0wi
ei � uw

c2
s

�

+
2q � 1

q
f i (x f f ; t + � t ) �

2q � 1
1 + 2q

f i (x f f f ; t + � t ) :
(2.40b)

At q = 0:5, the above two schemes both converge to mid-link bounce-back scheme in

Eq. (2.38).

Unlike Bouzidi et al. (2001)'s treatments that use di�erent strategies forq � 0:5

and q > 0:5, Yu et al. (2003) proposed a uni�ed scheme that is applicable for any value
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of q [161]. The idea of Yuet al. (2003)'s scheme is straightforward. First, a virtual

distribution function is interpolated between x f and x f f , which ends exactly at the

wall location after streaming a lattice spacing towards the wall,i.e.,

Linear : f �i (xw ; t + � t ) = qf �
�i (x f ; t) + (1 � q) f �

�i (x f f ; t) ; (2.41a)

Quadratic : f �i (xw ; t + � t ) =
q(q+ 1)

2
f �

�i (x f ; t) (2.41b)

+ (1 + q) (1 � q) f �
�i (x f f ; t) �

q(1 � q)
2

f �
�i (x f f f ; t) : (2.41c)

Next, an instantaneous bounce-back happens right after the virtual distribution func-

tion arrives at the wall location

f i (xw ; t + � t ) = f �i (xw ; t + � t ) + 2 � 0wi
ei � uw

c2
s

(2.42)

At last, the targeted f i (x f ; t + � t ) is interpolated from f i (xw ; t + � t ), f i (x f f ; t + � t )

and f i (x f f f ; t + � t ) as

Linear : f i (x f ; t + � t ) =
1

1 + q
f �

i (xw ; t + � t ) +
q

1 + q
f �

i (x f f ; t + � t ) ; (2.43a)

Quadratic : f i (x f ; t + � t ) =
2

(1 + q) (2 + q)
f i (xw ; t + � t ) (2.43b)

+
2q

1 + q
f i (x f f ; t + � t ) �

q
2 + q

f i (x f f f ; t + � t ) : (2.43c)

In practice, it is more e�cient to combine the above three steps into a single equation

involving up to �ve distribution functions, which reads

Linear : f i (x f ; t + � t ) =
q

1 + q
f �

�i (x f ; t) +
1 � q
1 + q

f �
�i (x f f ; t)

+
q

1 + q
f i (x f f ; t + � t ) +

2
1 + q

� 0wi
ei � uw

c2
s

;
(2.44a)

Quadratic : f i (x f ; t + � t ) =
q

2 + q
f �

�i (x f ; t) +
2 (1 � q)

1 + q
f �

�i (x f f ; t) (2.44b)

�
(1 � q) q

(1 + q) (2 + q)
f �

�i (x f f f ; t) +
2q

1 + q
f i (x f f ; t + � t ) (2.44c)

�
q

2 + q
f i (x f f f ; t + � t ) +

4
(1 + q) (2 + q)

� 0wi
ei � uw

c2
s

: (2.44d)
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The accuracy and stability of the above two interpolated bounce-back schemes

have been endorsed by both laminar and turbulent 
ow simulations (e.g., Yu et al.

(2003) [161], Gaoet al. (2013) [42], Wanget al. (2014) [144], Penget al. (2016b) [110],

Penget al. (2018) [107]). However, the implementation of those schemes requires two

or more node points on the 
uid side, which may not be satis�ed in the cases where two

solid surfaces are very close. For example, in a particle-laden turbulent channel 
ow,

both particle-particle and particle-wall collisions can happen and the number of 
uid

node points inside the gap between two solid surfaces may become insu�cient to apply

the above interpolation schemes. A usual treatment in this case is to use the mid-

link bounce-back scheme (Eq. (2.38)) instead, but the overall accuracy of a simulation

could be contaminated even if this case only happens occasionally. Recently, Zhao &

Yong (2017) proposed a bounce-back scheme based only on the distribution functions

at the boundary node x f , but still possess second-order accuracy [166]. Di�erent

from the previous two interpolated bounce-back schemes that use purely post-collision

distribution functions for interpolation, Zhao & Yong (2017)'s single-node bounce-back

scheme involves both pre- and post-collision distribution functions. The construction

of Zhao & Yong's scheme is not unique. A recommended formula can be

f i (x f ; t + � t ) =
2q

1 + 2q
f �

i (x f ; t) +
1

1 + 2q
f �i (x f ; t) +

2
1 + 2q

� 0wi
ei � uw

c2
s

; (2.45)

which is applicable for any value ofq.

In previous studies, the two categories of no-slip boundary treatments,i.e.,

IBM-LBM and bounce-back rules are examined and compared in a series of particle-

laden 
ow simulations (Peng & Luo (2008) [111],Chenet al. (2014) [18]). In general,

IBM-LBM tends to be more stable numerically and a�ected less by the intrinsic draw-

backs of LBM as a mesoscopic method,e.g., non-physical 
uctuation in hydrodynamic

force evaluation (Penget al. (2016b) [110]), lack of Galilean invariance (Penget al.

(2017) [106]). The interpolated bounce-back schemes, on the other hand, tend to re-

sult in better accuracy in particle-laden 
ow simulations than IBM-LBM (Peng & Luo

(2008) [111], Chenet al. (2014) [18]). This may be due to the fact that IBM-LBM
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induces more numerical di�usion when interpolating information between Lagrangian

and Eulerian grids. For the particle-laden turbulence simulations covered in this dis-

sertation, the interpolated bounce-back schemes are chosen to handled the no-slip

boundary conditions in all curved boundary surfaces. More implementation details

will be given in the following chapters regarding each simulation case.

2.4 Force Evaluation in LBM

Accurately evaluating the mutual interaction between the dispersed solid phase

and carrier 
uid phase also places a key role in a successful particle-laden 
ow simula-

tion. Similar to the no-slip boundary treatment, the hydrodynamic force evaluation in

LBM also can be proceeded in either mesoscopic or macroscopic ways. By de�nition,

the hydrodynamic forceF and torque T exerted on a solid body immersed in a 
uid


ow are

F =
Z




�
� pI + �

�
r u + r uT

��
� ndS; (2.46a)

T =
Z



r �

��
� pI + �

�
r u + r uT

��
� n

	
dS; (2.46b)

wherer is the position vector relative to the fulcrum of the solid body, 
 is the surface

area, n is the unit normal pointing into the 
uid region on the 
uid-solid boundary.

In LBM, calculating the hydrodynamic force and torque based on Eq. (2.46) is called

stress integral method (SIM). Since the integration in Eq. (2.46) must be performed

exactly on the solid body surfaces, for IBM-LBM where a set of Lagrangian grid points

are distributed, SIM works out naturally. On the other hand, for LBM simulations

where bounce-back schemes are selected, the stress tensor on a solid surface has to

be extrapolated from the node points on the 
uid side, which not only loses accuracy,

but is cumbersome in computation (Meiet al. (2002) [97], Wenet al. (2012) [152]).

Therefore, SIM is not suitable for the particle-laden turbulent 
ow simulations planed

in this dissertation, due to the choice of bounce-back schemes for no-slip boundary

treatment.
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Alternatively, hydrodynamic forces and torques on a particle can be calculated

via the momentum exchange method (MEM) in LBM. The concept of MEM comes

from the gas kinetic theory. On the microscopic level, the hydrodynamic interactions

between a 
uid and an immersed solid body is realized through the 
uid molecules

hitting and bouncing-back from the solid surface. Since in LBM each distribution

function represents a group of molecular particles with a certain amount of momenta,

the hydrodynamic force can be calculated by simply counting the momentum gain and

loss encountered during the bounce-back process. Ladd (1994a, 1994b) created the

original version of MEM [77, 78], where the force and torque acting on a solid body

are obtained as

F� t =
X

x f ;i

[f �
�i (x f ; t) e�i � f i (x f ; t + � t ) ei ] ; (2.47a)

T � t =
X

x f ;i

(xw � Y c) � [f �
�i (x f ; t) e�i � f i (x f ; t + � t ) ei ] ; (2.47b)

wherexw is the location where a boundary link intercepts with the solid surface,Y c

is the fulcrum of the solid body, and the summation is over all boundary linki and

all boundary nodesx f . In Eq. (2.47), f �
�i (x f ; t) e�i and f i (x f ; t + � t ) ei clearly represent

the momentum loss and gain at a boundary nodex f due a single distribution function,

respectively. According to Newton's Third law, the summation of their di�erence along

all boundary links i at all boundary nodesx f results in the hydrodynamic force acting

on the solid body. Evidently, MEM works out naturally with bounce-back schemes as

both f �
�i (x f ; t) and f i (x f ; t + � t ) are already available and no additional computation

is necessary.

In the past decade, the original MEM shown in Eq. (2.47) was found to lack

the full Galilean invariance property (see Caiazzo (2008a) [17], Clausen & Aidun

(2009) [23], Wenet al. (2014) [153]). Physically, Galilean invariance property means

the momentum exchange between the boundary 
uid and a disperse particle should

not alter when a constant translation velocity is added to both. However, considering

a system with a moving solid wall and a lattice nodex f sitting beside, if the system

59



is assumed to be at equilibrium,i.e., the distribution functions at x f can be approxi-

mated with their equilibrium counterparts with the density �� w and velocity uw , the

momentum exchange between the wall and the 
uid atx f is

� F (x f ) � t =
X

i

(

� 2wi �� wei � � 0wi ei

"
(ei � uw)2

c4
s

�
(uw � uw)

c2
s

#)

: (2.48)

Apparently, Eq. (2.48) violates Galilean invariance as its right-hand side is a function

of uw . In the past, this failure of satisfying Galilean invariance was attributed to the

inappropriate design of MEM, thus several modi�ed schemes are proposed (see Ca-

iazzo (2008a) [17], Clausen & Aidun (2009) [23], Chenet al. (2013) [20], Wenet al.

(2014) [153]). The idea of those modi�ed MEM is to bring in link-wise or point-wise cor-

rections to cancel out the velocity dependent terms on the right-hand side of Eq. (2.48)

so the resulting momentum exchange is Galilean invariant. In particular, Wenet al.

(2014) proposed a Galilean invariant momentum exchange method (GIMEM) reads as

F� t =
X

x f ;i

[f �
�i (x f ; t) (e�i � uw) � f i (x f ; t + � t ) (ei � uw)] ; (2.49a)

T � t =
X

x f ;i

(xw � Y c) � [f �
�i (x f ; t) (e�i � uw) � f i (x f ; t + � t ) (ei � uw)] ; (2.49b)

where the relative velocity between a molecular particle and the solid wall was used

to calculate the momentum exchange between the two objects instead of the absolute

velocity in Eq. (2.47). Although numerical tests showed that those modi�ed schemes

resulted in better hydrodynamic force and torque predictions than the original MEM

(Peng et al. (2016) [110], Taoet al. (2016) [134]), a recent analysis by the dissertation

author revealed that these schemes are rather \�rst-aids" than \complete cures" to the

violation of Galilean invariance issue in LBM (Penget al. (2017) [106]). The reason

for this statement is that no matter what modi�cation is included in the calculation

of hydrodynamic force exerted on a solid body, the reaction force acting on the 
uid

phase is always described by the inverse of the force calculated with Eq. (2.47), which

violates Galilean invariance. Fortunately, the violation of Galilean invariance in latter
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can be naturally amended by the impulsive momentum gain and loss, when a node

point is uncovered or covered by a solid body (Penget al. (2017) [106]). Therefore, in

practice, only the correction on hydrodynamic force evaluation needs to be considered.

For the particle-laden turbulent 
ow simulations in this dissertation, Eq. (2.49) is used

to calculate the hydrodynamic force and torque acting on each suspended particle.

2.5 Re�lling Requirements in Particle-Laden Flow Simulations in LBM

A major bene�t of using �xed Eulerian grid system in particle-laden 
ow sim-

ulations is it does not require remeshing when moving particles change the overall

geometry of the computational domain. However, when a grid point is uncovered by a

moving particle, proper initial distribution functions must be de�ned on this grid point

so the ambient 
ow is not unphysically disturbed. The initialization process of distri-

bution functions on the newly uncovered grid point is usually referred as \re�lling". In

some of the earlier LBM developments, 
uid region is assumed both inside and outside

of solid particles, which makes it unnecessary to re�ll the information at newly uncov-

ered points (Ladd (1994b) [78]). However, due to the 
uid and solid regions may have

signi�cantly di�erent density and viscosity, this natural treatment could fail easily. A

more accepted approach is to exclude the points covered by the solid phase in simu-

lations (Aidun et al. (1998) [2]), i.e., the standard collision-propagation procedure in

LBM is not applied to those points. In such cases, the distribution functions at a newly

uncovered node point is unavailable and must be constructed. There are a few re�lling

schemes in LBM,e.g., Lallemand & Luo (2003) [81], Caiazzo (2008b) [16], Fanget al.

(2002) [34], Penget al. (2016) [110], Chenet al. (2014) [18], Taoet al. (2016) [134].

Particularly, Caiazzo (2008b) proposed an \equilibrium + non-equilibrium" re�lling

scheme where the distribution functions at a newly uncovered pointxuc are separately

handled for their equilibrium and non-equilibrium parts. The equilibrium part is di-

rectly obtained via its de�nition, i.e., Eq. (2.8) or Eq. (2.13), using the local wall

velocity uw and the averaged density (or density 
uctuation if the density is parti-

tioned into the mean part and the 
uctuation part) of all available neighboring 
uid
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nodes�� . The non-equilibrium part at xuc, on the other hand, is copied from the

neighboring nodexuc + ec� t , whereec is the lattice direction giving the minimum value

of (ec � n) =keckknk, n is the outer normal on the solid surface from where the new 
uid

point was uncovered. It is worth emphasizing that to obtainn, one needs to detect the

exact moment whenxuc is uncovered. In practice, however, since the lattice directions

are sparse,n may be approximated by the outer normal associated withxuc at the end

of time step. In summary, the whole \equilibrium + non-equilibrium" re�lling scheme

is expressed as (Caiazzo (2008b) [16])

jf (xuc; t + � t )i =
�
�f (eq)

�
��; uw

��
+

�
�f (neq) (xuc + ec� t ; t + � t )

�
: (2.50)

Similar to the philosophy used in the interpolated bounce-back schemes, the

distribution functions at xuc may also be interpolated or extrapolated from the dis-

tribution at other 
uid grid points. For example, Lallemand & Luo (2003) proposed

a quadratic extrapolation scheme, where the unknown distribution functions atxuc is

extrapolated as [81]

f i (xuc; t + � t ) = 3 f i (xuc + ec� t ; t + � t )

� 3f i (xuc + 2ec� t ; t + � t ) + f i (xuc + 3ec� t ; t + � t )
(2.51)

where the extrapolation directionec has the same de�nition as that in Caiazzo (2008)'s
re�lling scheme. This scheme only re�lls the \unknown distribution functions", which
excludes those naturally propagated from neighboring 
uid nodes, in contrast to the
\equilibrium + non-equilibrium" scheme where all distribution functions are re�lled.
A main problem of this extrapolation re�lling scheme is that the velocity atxuc may
deviate from the velocity at the particle surface, since the scheme puts no constraint
on the resulting velocity at xuc (Peng et al. (2016) [110]). To solve this problem, the
following improvement is proposed:

1. After applying Eq. (2.51), all the distribution functions at xuc are already existed.
Those temporary distribution functions are then transferred into moment space

jm (xuc; t + � t )i = M jf (xuc; t + � t )i : (2.52)

2. Constrain the velocity at the newly uncovered point by setting the three momen-
tum related moments as

m1 = � 0uw ; m2 = � 0vw ; m3 = � 0ww : (2.53)
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3. At last, convert the modi�ed moment vector j ~m (xuc; t + � t )i back to distribution
functions �

�
� ~f (xuc; t + � t )

E
= M � 1 j ~m (xuc; t + � t )i : (2.54)

Besides the schemes introduced above, other re�lling schemes are also available.

Comparative studies among di�erent re�lling schemes revealed that some schemes had

better performances than others, in terms of the numerical 
uctuation in the calcu-

lated hydrodynamic force on a moving solid object (see Penget al. (2016) [110], Tao

et al. (2016) [134]). For the particle-laden turbulent 
ow simulations considered in

this dissertation, both the \equilibrium + non-equilibrium" re�lling and the \velocity-

constrained extrapolation" re�lling scheme are e�cient in computation and numerically

stable. There are also iterative re�lling schemes that may further improve the accu-

racy of re�lled distribution functions (Chen et al. (2014) [18], Taoet al. (2016) [134]).

However, this bene�t may be overwhelmed by the additional computational cost these

iterative schemes induced in the simulations containing thousands of particles in this

dissertation.

2.6 Summary

In this Chapter, the lattice Boltzmann method that will be used for the particle-

laden turbulent 
ow simulations in this dissertation is introduced. Some key ingredients

of LBM involved in those simulations are speci�cally discussed, including 1) a D3Q27

MRT collision model to achieve greater physical 
exibility and better numerical sta-

bility of LBM, 2) treatments for the initial and boundary conditions, especially the

no-slip condition in LBM, 3) ways to evaluate the hydrodynamic force and torque on

a suspending particle, and �nally, 4) the initialization process on the fresh 
uid node

points uncovered by moving solid objects. These ingredients are all important to deter-

mine whether a particle-laden turbulent 
ow simulation provides reliable 
ow physics.

In the next Chapter, a series of single-phase and particle-laden 
ow simulations will be

conducted to examine the performance of the method together with its implementation

details.
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Chapter 3

IMPLEMENTATION DETAILS AND CODE VALIDATION

As noted in Chapter 1, the direct numerical simulations of particle-laden tur-

bulent 
ows are highly computationally demanding and time consuming. Before the

�nite-size particle-laden turbulent 
ow simulations are performed, the implementation

details and the simulation codes must be fully validated via a series of test examples.

This chapter covers this content.

3.1 Domain Decomposition and Data Communication

Using LBM in direct numerical simulations of particle-laden turbulent 
ows is

challenging in terms of computational time and resource needs. Such highly demanding

nature comes from several aspects. First of all, in a direct numerical simulation, the

grid resolution must be able to resolve all eddies from the largest ones on the order of

the size of the computational domain to the dissipation scale of the order of Kolmogorov

length. In a homogeneous isotropic turbulence, the ratio between the integral length

scale and the Kolmogorov scale

N �
L
�

=
u03

"d

�
� 3

"d

� � 1=4

=
�

u0L
�

� 3=4

= Re3=4
L (3.1)

determines the grid resolution requirement in a direct numerical simulation. For a

3D turbulent 
ow simulation, the above grid resolution is required in each direction,

i.e., the overall grid size scales withRe9=4
L . Even for a turbulent 
ow at low Reynolds

numbers, the above grid resolution requirement is very demanding. Second, in LBM,

instead of evolving the macroscopic velocity and pressure �elds directly, the particle

distribution functions are solved. When a D3Q27 lattice grid is used, at each grid node

one needs to solve the evolution of twenty-seven distribution functions, compared to

64



the three velocity and one pressure in conventional CFD. Third, the presence of moving

particles in a turbulent 
ow continuously changes the 
ow structure, which makes it

very di�cult to introduce a resource-saving meshing strategy.

Speci�cally, consider the single-phase turbulent channel 
ow between plane

walls. The grid resolution requirement is much more critical near the walls than in

the center region due to the larger velocity gradient inside the boundary layers. For

this 
ow, it is more economic to use �ne grid for the near-wall regions and coarse grid

elsewhere. Since the 
ow is homogeneous in the two directions parallel to the wall,

cuboid grid shape with larger grid lengths in the two homogeneous directions can also

greatly reduce the computational costs. However, when particles are present, neither

of these meshing strategies is applicable. This is because solid particles not only create

large velocity gradients near their surfaces, but promote inter-component transfer of

turbulent 
uctuations. These aspects together make the particle-laden turbulent 
ow

DNS extremely challenging computationally. It is not possible to handle such sim-

ulations using a single-processor machine. The simulation codes must be e�ciently

parallelized on multi-core machines to deliver the results called for by this dissertation.

Typically, the three-dimensional computational domain with a grid resolution

of (nx; ny; nz) is evenly decomposed in two directions,y and z, as sketched in Fig. 3.1.

The data for each subdomain with the size of (nx; ny=npY ; nz=npZ ) is distributed

to an individual-processor, wherenpY and npZ are the number of subdomains iny

and z direction, respectively. According to the physical location of the distributed

subdomain, each subdomain is numbered with two separated indices corresponding to

its sequential number iny and z, from 0 to npY � 1 or npZ � 1, respectively. Processors

di�ered by 1 in only one index are neighboring processors. For example, processor

(2; 2) has four neighboring processors,i.e., (1; 2), (3; 2), (2; 1) and (2; 3), while none

of (1; 1), (1; 3), (3; 1), (3; 3) is regarded as neighboring processors. When the periodic

boundary condition is applied, processors representing physically adjacent subdomains

are also considered as neighboring processors. For example, ify direction is periodic,

then (0; iz) and (npY � 1; iz) are also neighboring processors to each other, whereiz
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Figure 3.1: Two-dimensional domain decomposition.

is the processor index inz direction. The above mapping between a subdomain and

a processor and the relative location between any two processors are �xed in each

execution of the computation codes.

In the propagation substep of LBM, certain distribution functions at the edges

of a subdomain are transferred from outside, thus local data communication is required

to complete the process. This localized data communication is handled by standard

built-in massage passing interface (MPI) FORTRAN subroutines. For two-dimensional

domain decomposition, the data communication happens �rst inz direction and then

in y direction. This is mainly to enhance data communication e�ciency by restricting

the data transfer between only two neighboring processors. As shown in Fig. 3.2, the

propagation at a corner point of processor (i; j ) needs the distribution functions from

not only its neighboring processors (i; j � 1) and (i + 1; j ), but also from (i + 1; j � 1),

which is not a neighboring processor of (i; j ). At each time step, the data transfer in

z direction happens �rst, so the required distribution function (highlighted with blue
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Figure 3.2: Data communication between neighboring processors.

arrow) is �rst transformed from ( i + 1; j � 1) to (i + 1; j ), then further transferred from

(i + 1; j ) to ( i; j ) via data communication in y direction. The direct communication

between (i; j ) and (i + 1; j � 1) is therefore avoided.

When particles are present, additional data communication is necessary among

neighboring processors for the interpolated bounce-back and re�lling. At every time-

step, a processori searches every boundary link inside its subdomain crossing the

nearby particle surfaces, and calculates the relative distanceq (see Chapter. 2.3.2.2 for

its de�nition). Then, based on the value ofq and the interpolation scheme selected,

the processor determines whether it needs distribution functions from its neighboring

processori + 1 to complete interpolation. Once decided, the information of the needed

distribution functions, including their lattice velocity direction and location, is saved

in a requesting array. After the search of boundary links ini �nishes, this requesting

array containing all the required distribution functions from i + 1 is sent out. Next,

processori + 1 retrieves all the requested distribution functions formi and packs them
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in an sending array using exactly the same order they were requested. At last, this

sending array is received by processori to complete interpolated bounce-back and hy-

drodynamic force evaluation. The above direct-requesting algorithm was developed

by Genevaet al. (2017) to enhance the data communication e�ciency among proces-

sors [44]. Again, the similar sequential two-dimension communication strategy is used

to avoid data transfer between non-neighboring processors. The data communication

for extrapolation re�lling also follows the same direct-request algorithm.

In the particle-laden 
ow simulations, the location, velocity, angular velocity

data of all particles are shared among all processors to make detecting boundary links

and re�lling nodes easier. However, to avoid repeated operations, such data on a spe-

ci�c particle are only updated by a single processor whose subdomain contains the

center of this particle, and then transmitted to all processors. Therefore, when the

center of a particle moves from one subdomain to another, the two relevant processors

change the possession of this particle. Unlike the transfer of distribution functions that

is only allowed between neighboring processors, the exchange of particle information

may directly happen between any two nearby processors. Based on the above parallel

strategies, a MPI FORTRAN code is developed. From now on, this code is used to

simulate some representative single-phase or particulate 
ow problems for validation

purposes. When applied to di�erent problems, necessary modi�cation is made to in-

corporate the changes of boundary conditions and the simulation setups, but the kernel

of the code contains the same key ingredients of LBM introduced in Chapter 2.1.

3.2 Validation Case 1: a Three-Dimensional Decaying Taylor-Green Vor-

tex Flow

Decaying Taylor-Green vortex 
ow is one of the very few analytic solutions

of three-dimensional time-dependent N-S equations. In 1936, Taylor & Green �rst

established a short-time solution of this 
ow based on perturbation theory (Taylor &

Green (1936) [135]). Given an initial velocity �eldu0 = ( u0; v0; w0)

u0 (x; y; z; t = 0) = U0 cos (ax) sin (ay) sin (az) ; (3.2a)
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v0 (x; y; z; t = 0) = � U0 sin (ax) cos (ay) sin (az) ; (3.2b)

w0 (x; y; z; t = 0) = 0 ; (3.2c)

where a = 2�=L , U0 is the initial characteristic velocity magnitude, and assuming

periodic boundary conditions in all three directions, Taylor & Green solved pressure

Poisson equation for the initial pressure �eldp0

p0 = �
U2

0

16

�
1 + 2 sin2 (az)

�
[cos (2ax) + cos (2ay)] + pb; (3.3)

wherepb is the background pressure which can be set to 0, with no e�ect on the 
ow.

Next, substituting the initial velocity and pressure �elds into the three-dimensional

incompressible N-S equation

@u
@t

+ u � r u = �
1
� 0

r p + � r 2u; (3.4)

a short time analytic solution of velocity is reached by integrating Eq. (3.4) over a

small time interval. Repeating the same procedure,i.e., iteratively from velocity �eld

to pressure �eld, then to an updated velocity �eld, Taylor & Green (1936) [135] obtained

a perturbation expansion of the velocity �eld, up toO(t5), as

u (x; y; z; t) = � 1 cos (ax) sin (ay) sin (az) + � 1 sin (2ax) cos (2az)

+
2
3


 1 cos (3ax) sin (ay) sin (az) + 
 1 cos (ax) sin (3ay) sin (az)

+ � 1 cos (ax) sin (ay) sin (3az) � � 1 cos (3ax) sin (ay) sin (3az) ;

(3.5a)

v (x; y; z; t) = � � 1 sin (ax) cos (ay) sin (az) + � 1 sin (2ay) cos (2az)

� 
 1 sin (3ax) cos (ay) sin (az) �
2
3


 1 sin (ax) cos (3ay) sin (az)

+ � 1 sin (ax) cos (ay) sin (3az) + � 1 sin (ax) cos (3ay) sin (3az) ;

(3.5b)

w (x; y; z; t) = � � 1 [cos (2ax) + cos (2ay)] sin (2az)

� 
 1 sin (3ax) sin (ay) cos (az) + 
 1 sin (ax) sin (3ay) cos (az)

+ � 1 sin (3ax) sin (ay) cos (3az) � � 1 sin (ax) sin (3ay) cos (3az) ;

(3.5c)
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1
16

t2

�
1
2

�
31
6

t
Re

�
; (3.6c)


 1 = �
15
176

t2

�
1
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�
31
6

t
Re

�
; (3.6d)

� 1 = �
1
16

t2

�
1
2

�
13
2

t
Re

�
; (3.6e)

where Re = U0L=2�� is the initial Reynolds number. As shown in Eq. (3.5), start-

ing from only one initial mode in the velocity �eld, small-scales 
uid motions with

larger wave numbers are gradually developed, demonstrating clearly an energy cascade

process from large to small vortex structures. Based on the above solution, the ana-

lytic expressions of kinetic energy and dissipation rate valid for a short time were also

obtained by Taylor & Green (1936) [135].

As a time-dependent three-dimensional problem, decaying Taylor-Green 
ow

provides a perfect test case to validate the implementation of collision-propagation

kernel and MPI data communication in the simulation code. The parameter settings for

the simulation are shown in Table 3.1. For realizations at di�erent grid resolutions, the

initial Reynolds number, bulk and shear viscosities are �xed as 300, 0:00346 and 0:0370,

respectively. The initial velocity U0, on the other hand, is adjusted according to grid

resolution selected, without exceeding the incompressible limit,i.e., Ma = U0=cs < 0:3.

The simulation uses D3Q27 MRT model, whose relaxation parameters, and

the coe�cients of high-order equilibrium moments that are not determined by N-S

equations are listed in Table 3.2. Particularly, the three coe�cients of �fth-order

equilibrium are purposely chosen to be di�erent so the mesoscopic computation of all
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Table 3.1: Parameter setting in a 3D decaying Taylor-Green 
ow simulation

Case # Re0 N 3 U0 � � V

1 300 643 0.1019 0.00346 0.0370
2 300 1283 0.0509 0.00346 0.0370
3 300 2563 0.0255 0.00346 0.0370

velocity components from the non-equilibrium moments can be achieved as (Penget

al. (2017b) [108])

@xu = �
s4

(5 � 9c2
s) � 0� t

"m (1)
4 �

s5

2� 0� t
"m (1)

5 ; (3.7a)

@yv = �
s4

(5 � 9c2
s) � 0� t

"m (1)
4 +

s5

4� 0� t
"m (1)

5 +
3s6

4� 0� t
"m (1)

6 ; (3.7b)

@zw = �
s4

(5 � 9c2
s) � 0� t

"m (1)
4 +

s5

4� 0� t
"m (1)

5 �
3s6

4� 0� t
"m (1)

6 ; (3.7c)

@yu =
1

(� 24 � � 23)

�
�

3 (� 24 � 2) s7

� 0� t
"m (1)

7 +
3s20

� 0� t
"m (1)

20

�
; (3.7d)

@xv =
1

(� 23 � � 24)

�
�

3 (� 23 � 2) s7

� 0� t
�m (1)

7 +
3s20

� 0� t
"m (1)

20

�
; (3.7e)

@yw =
1

(� 24 � � 25)

�
�

3 (� 24 � 2) s8

� 0� t
�m (1)

8 +
3s21

� 0� t
"m (1)

21

�
; (3.7f)

@zv =
1

(� 25 � � 24)

�
�

3 (� 25 � 2) s8

� 0� t
�m (1)

8 +
3s21

� 0� t
"m (1)

21
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; (3.7g)

@zu =
1

(� 25 � � 23)

�
�

3 (� 25 � 2) s9

� 0� t
�m (1)

9 +
3s22

� 0� t
"m (1)
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@xw =
1

(� 23 � � 25)

�
�

3 (� 23 � 2) s9

� 0� t
�m (1)

9 +
3s22

� 0� t
"m (1)

22

�
: (3.7i)

This property is not possessed by the standard LBGK model, which has to rely on

�nite-di�erence approximations to calculate six cross-velocity gradients,i.e., @j ui ; i 6=

j . From an asymptotic analysis, it is easy to prove that the vorticity �eld obtained by

the mesoscopic method has a second-order accuracy, while the �nite-di�erence approx-

imation only has a �rst-order accuracy (Penget al. (2017b) [108]).

To avoid numerical errors caused by initialization, the initial distribution func-

tions are iterated so they can yield hydrodynamically consistent pressure and stress
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Table 3.2: The coe�cients of high-order equilibrium moments and relaxation param-
eters in the Taylor-Green 
ow simulations (identical in all three cases)

� 17 � 17 � 18;19 
 20;21;22 � 23 � 24 � 25 � 26 � 26

2:0 � 4:0 � 1:0 � 1:0 1:0 1:5 2:0 � 1:0 3:0

s4 s5� 9 s10� 12 s13� 16 s17� 22 s23 s24 s25 s26

1:5 1=(3� + 0 :5) 1:2 1:2 1:5 1:2 1:2 1:2 1:2

�elds with the initial velocity �eld. The reason that the initial pressure �eld is not

directly given in the initialization of the distribution functions is that as a gas-kinetic

theory-like method, LBM eventually leads to the weakly-compressible N-S equations,

as derived in Appendix. A, while the initial pressure �eld solved by Poisson equation

is based on the incompressible assumption. The iteration follows the same process

introduced in Chapter 2.3.1. For Case 1 to 3, the initial distribution functions are

iterated for 1,000, 4,000 and 16,000 steps, corresponding to the same amount of non-

dimensional timet � = 2�U 0t=L = 10. After the iteration, the maximum local pressure

di�erence between two consecutive stepsm� 1 andm, jpm � pm� 1j=� 0U2
0 is about 10� 7.

Because the analytic solution of the decaying Taylor-Green 
ow is only valid

for a small time, to better benchmark the LBM results, the 
ow is also solved by the

pseudo-spectral method (PSM), which has an exponential convergence rate. The PSM

simulation uses a resolution ofN 3 = 2563. Its time step size is chosen to be equal to

that of LBM simulation with the same grid resolution. This setting allows the direct

comparison of results at exactly the same time.

As a start, the time-dependent statistical quantities are compared between dif-

ferent realizations. These quantities include total kinetic energyk, dissipation rateD,

and longitudinal velocity-derivative skewnessS and 
atness F , de�ned as

k = 0:5


u2 + v2 + w2

�
; (3.8a)

D = 2�
�

sij �
1
3

r � u� ij

� 2

+ � V (r � u) ; (3.8b)
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1
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�
(@xu)2 + ( @yv)2 + ( @zw)2�� 3=2

; (3.8c)

F =



1
3

�
(@xu)4 + ( @yv)4 + ( @zw)4��



1
3

�
(@xu)2 + ( @yv)2 + ( @zw)2�� 2 : (3.8d)

Particularly, the dissipation rate is de�ned as in the compressible limit to account for

the error caused by the compressibility in LBM. As shown in Fig. 3.3, the analytic

solutions become inaccurate after a short time, with earlier transitions for higher-order

statistics. More 
ow modes should be included in the perturbation series of the analytic

solutions in order to cater the small scales revealed by the more sensitive high-order

statistics. The LBM results, on the other hand, converge to their counterparts of

PSM with improved grid resolutions. This indicates the D3Q27 MRT-LBM model is

accurate and has been appropriately implemented.

Another aspect worth investigating is the mesoscopic vorticity calculation, which

is achieved by the current model with three di�erent coe�cients in the �fth-order equi-

librium moments. Vorticity contours on a two-dimensional slide atz=L = 0:5 that

computed with Eq. (3.7) at two chosen momentst � = 4 and t � = 8 are shown in

Fig. 3.4 and Fig. 3.5, respectively. The parallel comparisons between the LBM and

PSM results clearly demonstrate the mesoscopic vorticity calculation is feasible and

accurate. However, without optimizing the coe�cients of the �fth-order equilibrium

moments and the relaxation parameters, maintaining the property of mesoscopic vortic-

ity calculation would slightly a�ect the numerical stability of the current LBM mode

(Peng et al. (2017b) [108]). In particle-laden turbulent 
ow simulations where the

stability condition is more critical, such appealing property will not be insisted.

At last, taking advantages of PSM benchmark results, the second-order accuracy

of the LBM model can be demonstrated. For this purpose, the L2 norm

"L 2 (t) =

q P
x;y;z [Qlbm (x; y; z; t) � Qpsm (x; y; z; t)]2

q P
x;y;z [Qpsm (x; y; z; t)]2

; (3.9)

was calculated, whereQlbm and Qpsm represent any LBM and corresponding PSM hy-

drodynamic quantity (velocity, strain-rate, vorticity, etc.), respective. At t � = 4, the L2
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t �
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t �
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Figure 3.3: Time-dependent statistical quantities in a three-dimensional decaying
Taylor-Green 
ow with initial Re = 300: (a) kinetic energy, (b) dissipa-
tion rate, (c) skewness, (d) 
atness. The kinetic energy and dissipation
rate results have been normalized by their initial values.
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