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ABSTRACT

The purpose of this dissertation is to assess the ability of tabletop devices, primarily

based on mechanical systems, to serve as detectors for ultralight dark matter.

Dark matter accounts for 85% of the matter in the Universe, yet its composition is

unknown. One possibility is that dark matter is composed of ultralight particles with mass

less than 10 eV/c2 (∼ 10−35 kg), forming a coherent field. The ultralight dark matter field’s

non-gravitational interactions with normal matter would produce a weak, yet persistent, nar-

rowband signal at an unknown frequency. This dissertation considers scenarios where dark

matter is composed of novel spin 1 (vector) or spin 0 (scalar) particles whose interactions

with normal matter result in measurable mechanical effects such as a strain or acceleration.

Several prospective tabletop detectors are proposed, providing an avenue for small-scale ex-

periments to contribute to the search for dark matter.

First, various optomechanical resonators are proposed as detectors for ultralight dark

matter. Specifically, silicon nitride optomechanical membranes are considered to search

for vector ultralight dark matter, and several compact mechanical resonators composed of

high quality materials (superfluid and crystalline solids) are considered to search for scalar

ultralight dark matter. Through a combination of low mechanical dissipation, cryogenic

cooling, and cavity-enhanced optical readout, it is found that optomechanical resonators are

capable of performing dark matter searches in the Hz-MHz frequency range, corresponding

to particles of mass 10−12 − 10−6 eV/c2.

As a broadband and low-frequency supplement to optomechanical resonators, whose

mechanical resonances have limited bandwidth, an optical fiber-based detector is proposed

to perform a broadband search for scalar ultralight dark matter. A case is made that, given

sufficient cryogenic cooling and acoustic isolation, optical fiber-based detectors can be used

to search for ultralight dark matter at sub-Hz frequencies
(
10−17 - 10−13 eV/c2

)
.
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Chapter 1

INTRODUCTION TO ULTRALIGHT DARK MATTER (UDM)

Figure 1.1: Energy budget of the Universe: Normal matter accounts for only 5% of the
energy in the Universe, while 27% is dark matter. Percentages from Ref. [3].

1.1 Dark matter (DM)

Five percent of the energy-matter composition of the Universe comes from normal

matter. The rest of the Universe’s energy budget is attributed to dark energy (68%) and

dark matter (27%) [3]. The Standard Model of particle physics can only sufficiently explain

normal matter, meaning that 95% of the Universe is poorly understood by the scientific

community.

This dissertation is concerned with the detection of dark matter (DM), which accounts

for 85% of the matter in the Universe. Some of the earliest evidence for dark matter comes

from measurements of the rotation curves of galaxies [49] and galaxy clusters [50], and it is
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now understood that dark matter forms the dominant component of galaxies,1 including the

Milky Way.

The name “dark matter” describes almost everything that is known about it: dark

matter is matter, and it doesn’t interact (or interacts only very weakly) with light. Dark mat-

ter has mass and interacts gravitationally with normal matter and itself. Observations of dark

matter’s gravitational effects can be used to determine the quantity (e.g. via measurements

of strong gravitational lensing [52]) and distribution (e.g. via measurements of weak gravita-

tional lensing [53]) within galaxies or galaxy clusters. It is also worth noting that dark matter

theory is consistent with additional astrophysical and cosmological observations [54, 55],

such as measurements of anisotropy in the Cosmic Microwave Background [51].

The spatial distribution of dark matter within the Milky Way is typically estimated

with the Standard Halo Model,2 which assumes dark matter to form a gravitationally-stable

and spherically-symmetric density profile that decreases with distance from the center of

the galaxy ρDM(r) ∝ r−2[3]. In the Solar Neighborhood, the local dark matter energy density

(averaged over hundreds of parsecs) is estimated to be ρDM ≈ 0.4 GeV/cm3 [57]. Dark matter

is approximated as a collisionless gas [56], resulting in a Maxwellian velocity v distribution

given by

fv ∝ e−v·v/2∆vDM
2

(1.1)

below the escape velocity (∼ 530 km s−1) in the Galactic frame, where ∆vDM ≈ 10−3c is the

velocity dispersion [58].

1 Dark energy is spread relatively uniformly throughout the Universe with an energy density
of ∼ 103 eV/cm3 [51], while DM is concentrated within galaxies and galaxy clusters. So
dark energy is much less dense than DM within galaxies. For example, the DM density in
the vicinity of Earth is ∼ 108 eV/cm3 [3]

2 While this simple model for DM is commonly used for analyzing data from direct detec-
tion experiments, it is worth mentioning that the DM halo likely has not reached equilibrium
and contains additional substructure that would affect the local DM density and velocity
distribution [56].
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1.2 DM Candidates

Despite the observational evidence for DM, its composition remains a mystery. It

could consist of composite or elementary particles, which may be fermions or bosons. Dark

matter may be entirely composed of a single particle species, or there may be more than one

type of DM particle, as is the case with normal matter. It is also unknown if DM has any

non-gravitational interactions with normal matter.

The observations supporting the existence of DM mentioned in Section 1.1 may be

considered indirect measurements of DM, because DM’s existence is inferred through the

(gravitational) effects it has on other astrophysical objects being observed. This dissertation

is concerned with designing direct detection experiments, where DM interacts directly with

the detector in the laboratory. Direct detection experiments are often intended to search for

DM’s non-gravitational interactions, which are not known. Therefore, designing a direct

detection experiment typically requires additional assumptions about DM particles and their

interactions with normal matter.3 These assumptions clarify what type of signal to search

for, making it possible to design an experiment.

Figure 1.2: DM candidates, sorted by mass: This dissertation is primarily concerned with
“wave-like” (ultralight) dark matter. Note: 1 eV/c2 ≈ 10−36 kg. Image credit:
Swati Singh.

3 It is worth noting that some DM candidates can potentially be detected through a direct
gravitational interaction [59].
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Because DM has not yet been directly detected, there remains a lot of uncertainty

surrounding the composition of DM. Figure 1.2 includes some of the possibilities that have

been considered, roughly grouped by particle/object mass. Viable candidates span 90 orders

of magnitude in mass, including novel elementary and composite particles as well as heavy

objects such as black holes [60]. As a starting point, initial searches have focused on hypo-

thetical new particles whose existence would also solve other open problems in physics. For

example, a popular DM candidate is the weakly interacting massive particle (WIMP), which

arises in supersymmetric extensions of the Standard Model [3].

Many experiments have been designed to search for WIMPs with particle masses in

the GeV/c2 range [61, 62] using large detectors in low-noise environments to attain high

sensitivity to collisions between individual DM particles and target atoms. The absence of

direct evidence for DM from these searches has motivated a new generation of detection

schemes that broaden the search to a greater variety of candidates, such as ultralight dark

matter (UDM) (particles with mass mDM ≲ 10 eV/c2). In particular, the quantum chromo-

dynamics axion is a popular candidate for UDM, as its existence would provide a solution

to the strong charge-parity problem [63]. However, this dissertation is concerned with scalar

(spin-0) and vector (spin-1) UDM candidates, such as dilatons and dark photons [5].

1.3 Properties of UDM

Ultralight particles are distinguished from heavier DM candidates, because UDM

forms a coherent field that fills the galaxy. The direct-detection signature of heavier DM

candidates such as WIMPs would be transient, due to a random recoil event with the detector.

The UDM field, however, is always present in the laboratory, and it would likely produce a

coherent signal. The properties of the UDM field are discussed in this section and a brief

introduction is given for the different possible UDM signals and the detectors being used to

search for them.
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1.3.1 Particle mass range

Ultralight dark matter is a class of DM candidates defined by having a particle mass

mDM ≲ 10 eV/c2 [64]. Astrophysical measurements impose a lower bound of ∼ 10−22 eV/c2

on the particle mass, below which the de Broglie wavelength would be long enough to affect

large-scale structure formation [40].

Dark matter particles with mDM ≲ 10 eV/c2 would have a de Broglie wavelength

of λDM = h/(mDMvDM) ≳ 1 mm,4 so there would be more than 106 DM particles within

a de Broglie volume (λDM)3, given the local DM energy density ρDM ≈ 0.4 GeV/cm3. The

particle wavelength greatly exceeds the inter-particle separation, meaning that UDM is better

modeled as a classical field than individual particles. Additionally, the large mode occupation

number implies that UDM particles are bosonic (integer spin) [64].

1.3.2 UDM field

Because dark matter does not interact strongly with normal matter, it can be modeled

within the Solar Neighborhood simply as a field in vacuum, resulting in plane wave solutions,

which will be discussed in more detail in Chapter 2:5

φ(t, r) = φ0 cos (ωt − k · r + θ). (1.2)

As explained in more detail in Chapter 2, ω is the Doppler-shifted angular Compton fre-

quency6 and k2 =
(

2π
λDM

)2
, where λDM is the de Broglie wavelength. For the particle mass

ranges considered in this dissertation
(
10−17 eV ≲ mDM ≲ 10−6 eV

)
, the de Broglie wave-

length
(
1014 m ≳ λDM ≳ 103 m

)
would greatly exceed the length span of the proposed exper-

iments. So, as is the case for most terrestrial experiments, the field is considered spatially

4 The average speed of DM particles in the Solar Neighborhood is approximately equal to
the velocity dispersion vDM ≈ 10−3c.

5 For simplicity, UDM is expressed as a scalar field φ, but similar analyses apply to all types
of UDM.

6 The angular Compton frequency is ωDM = mDMc2/ℏ. For particles with non-relativistic
speed vDM, the Doppler-shifted angular Compton frequency is ω = ωDM

(
1 + 1

2
vDM

2

c2

)
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uniform within the laboratory. The field amplitude depends on the local dark matter density,

φ0 ∝
√
ρDM, and the phase θ is unknown.

Figure 1.3: Visualization of the UDM field: The magnitude of the UDM field is displayed
in yellow, for a single plane wave solution (Eq. 1.2). The field is nearly
monochromatic and it is effectively spatially uniform on laboratory length
scales.

As discussed in Section 1.1, dark matter particles do not all have the same velocity.

The local speed distribution translates to a frequency distribution via Doppler shifting, result-

ing in a UDM spectral density with a fractional linewidth of ∆ωDM
ωDM
≈ (∆vDM/c)2

≈ 10−6 [4]

(Fig. 1.4).

To account for the UDM lineshape, the field can be modeled as a superposition of the

plane wave solutions [43] (treated as spatially uniform)

φ(t) = φ0

∑
i

Ai cos (ωit + θi), (1.3)

where Ai is the amplitude of each frequency component. The frequency distribution of the

UDM field is displayed in Fig. 1.4. The phase of each frequency component is considered

random; i.e. θi is a random variable with a flat distribution from 0 to 2π [43]. The result of

this summation is a quasi-monochromatic field, with a coherence time of [4]

τDM ≈ ∆ωDM
−1 =

(
∆vDM

2

c2 ωDM

)−1

≈ 106ωDM. (1.4)
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On timescales less than the coherence time τDM, the field can be treated as monochromatic,

oscillating at the angular Compton frequency ωDM,

φ(t) ≈ φ0 cos (ωDMt + θDM), (1.5)

with a random phase θDM. The amplitude φ0 would be a stochastic variable with a Rayleigh

distribution [65],

p(φ0) =
2φ0

φrms
2 exp

(
−
φ0

2

φrms
2

)
, (1.6)

with a root-mean-square value determined by the local dark matter density φrms =

√
8πGρDM
c2ωDM2 .

Figure 1.4: UDM frequency distribution: The frequency distribution of the UDM field
φ, represented here as a power spectral density S φφ, is calculated from the DM
velocity distribution through Doppler-shifting. The power spectral density of
the UDM field is derived in Ref. [4].

1.3.3 Experimental signatures of UDM

Ultralight dark matter forms a coherent, oscillating field that fills the laboratory.

There is a large number of experimentally measurable effects, corresponding to the large

number of UDM candidates. Ultralight dark matter particles could be pseudo-scalar (spin-

0), scalar (spin-0), or vector (spin-1). And within each of these categories there could exist

a variety of different couplings to normal matter.
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Figure 1.5: Detectors for UDM: Various types of detectors can be used to search for scalar
and vector UDM. This dissertation focuses on scalar bosons and vector bosons
with gauge couplings; kinetic mixing is beyond the scope of this dissertation.
Figure reprinted from Ref. [5] with permission from Swati Singh and Joey Betz.

Some of the possible non-gravitational signatures of UDM include mechanical forces [66],

modulation of atomic energy levels [30], mechanical strains [67], gravitational waves [68],

precession of nuclear or electron spins [69], production of photons [70], and modulation of

the refractive index of optical materials [71]. The multitude of potential UDM signals has

motivated a diversity of detector types in the search for UDM. Figure 1.5 presents the cate-

gories of UDM detectors, both current and future, for scalar and vector candidates. Given the

uncertainty in the frequency of UDM particles, it is important to have experiments spanning

a wide frequency range.
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1.4 Optomechanical detectors for UDM

This work focuses on UDM candidates that are expected to have mechanical sig-

natures, which would be detectable with mechanical detectors. In particular, vector UDM

particles with couplings to atomic matter would exert a material dependent force on a de-

tector [72], and scalar UDM candidates with weak couplings to photons or electrons would

produce a mechanical strain signal [67].

In particular, optomechanical systems use light to measure and control mechanical

motion. These systems are important for a wide variety of sensing applications, with op-

tomechanical devices spanning many orders of magnitude in size while achieving state-of-

the-art sensitivities to mechanical signals. For example, a displacement sensitivity of 10−19

m Hz−1/2 and strain sensitivity of 10−23 Hz−1/2 has been achieved by LIGO [73], a km-scale

gravitational wave detector with 40 kg test masses, while a force sensitivity of 10−18 N Hz−1/2

has been achieved with a 10-µm-diameter optically levitated silica sphere with a mass of only

∼ 1 ng [74].

Figure 1.6 illustrates a basic optomechanical device, where a mirror is attached to

a mechanical oscillator, coupling its motion to light from a laser. Specifically, this is a

cavity optomechanical system [75], where a fixed mirror is added to form an optical cavity

(resonator) that amplifies the optical field and enhances the coupling between the oscillator

and the laser light. Cavity optomechanical systems can be used as mechanical sensors, where

a mechanical signal drives the motion of the mechanical oscillator, which can be measured

optically.

Optical readout is fundamentally limited by photon shot noise due to the quantum

nature of light. Photon shot noise limits the sensitivity of an optomechanical sensor through

two mechanisms: imprecision and backaction. Interferometric measurements of the oscilla-

tor’s position are subject to error from stochastic fluctuations in the measured optical power

due to the random arrival times of photons. This error is referred to as readout imprecision,

and it can be reduced by increasing the optical power or the cavity’s finesse. Backaction

refers to the effect an optical measurement has on the system. Through the radiation pres-

sure force exerted on the mirror by the laser light, photons impart random momentum kicks

9



to the oscillator. The resulting jitter in the oscillator’s motion can potentially obscure the

motion induced by a signal. Imprecision noise and backaction noise are inversely related,

imposing a fundamental limit on an optomechanical sensor’s ability to detect weak mechan-

ical signals. This limit is known as the standard quantum limit (SQL), which is achieved by

tuning the optical power or cavity finesse to balance the effects of imprecision and backac-

tion [75]. Modern cavity optomechanical systems are capable of performing displacement

measurements at the SQL [76], and can even measure displacements below the SQL using

squeezed light [77] and backaction evasion techniques [78].

7

Test Mass

Optical 
Cavity

Fixed
Mirror

Laser Light

Figure 1.6: General cavity optomechanical sensor: The position of a test mass, generi-
cally modeled as a harmonic oscillator, is measured optically (laser light in red)
using an optical cavity. For example, the position of the test mass can be in-
ferred from the optical phase using a homodyne interferometer.

An unavoidable limit to the sensitivity of a mechanical sensor comes from thermal

noise in the oscillator, which can be the dominant noise source in a sensor with low-noise

displacement readout. Furthermore, optomechanical resonators are optomechanical sensors
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that utilize the oscillator’s mechanical resonances to amplify signals over the optical read-

out noise, such that the sensitivity may be thermally-limited near the resonance frequen-

cies [79, 80]. Thermal noise can generally be reduced by cooling the system down, which

can be accomplished with optical feedback cooling, where radiation pressure is used to damp

the resonator’s motion based on feedback from the position measurement [75]. However, for

sensing experiments, feedback cooling can suppress the mechanical signal equally as the

thermal noise [81]. A straightforward alternative is cryogenic cooling, where the system is

coupled to a low temperature thermal bath; i.e. placed in a refrigerator. The compact form

factors of many optomechanical resonators make them compatible with dilution refrigera-

tors, enabling deep cryogenics.

Mechanical resonators in general are well-suited to the search for UDM, in part be-

cause their resonance frequencies typically lie in the Hz-GHz range, a frequency range in

which the sensitivity of precision atomic experiments (which dominate the UDM search at

lower frequencies) is limited [5]. The drawback is the reduction in bandwidth that naturally

accompanies resonant detectors. Given the uncertainty in the UDM field’s frequency, nar-

row detection bandwidths limit the scope of a resonant search for UDM. There are, however,

ways to increase the frequency span of resonator-based searches. The mechanical frequen-

cies of optomechanical resonators are often tunable7 through, for example, stress or pressur-

ization [83], thermal forcing [84], and radiation pressure forcing [85]. A tunable resonator

can effectively increase its bandwidth by performing a frequency scan. Additionally, com-

pact form factors enable the use of detector arrays, which can be used to provide coverage

of a larger frequency range, enhance sensitivity through correlated measurements [66], or

probe for UDM field gradients [4].

1.5 Outline of this dissertation

The purpose of this dissertation is to assess the ability of existing and near-future

tabletop devices, primarily based on mechanical systems, to serve as detectors for ultralight

7 For example, the resonance frequencies of a superfluid helium-based resonator can poten-
tially be tuned by up to ∼ 50 % fractional bandwidth via pressurization [82].
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dark matter.

Chapter 2 introduces vector and scalar UDM, including an analysis to determine the

signals they would produce. An example UDM search is provided to explain generally how

UDM experiments are conducted and how to interpret the results. The chapter concludes

with a summary of the current status of the search for vector and scalar UDM.

In Chapter 3, optomechanical membranes are proposed as resonant detectors for vec-

tor UDM. This chapter is based on the work in Ref. [42].

In Chapter 4, compact mechanical resonators are proposed as detectors to search for

scalar UDM. This chapter is based on the work in Ref. [33].

In Chapter 5, an optical fiber-based detector is proposed to perform a broadband,

low-frequency search for scalar UDM, supplementing the mechanical resonators discussed

in Chapter 4.

Chapter 6 is a summary, including a discussion of future work.

Appendix A provides notation and definitions that may be helpful for understanding

the vector and scalar field theory presented in Chapter 2.

Appendix B provides additional technical details supporting the calculations done in

this Chapter 5.
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Chapter 2

VECTOR AND SCALAR UDM: SIGNALS AND SEARCHES

The purpose of this chapter is to provide the prerequisite analyses and background

information for the UDM searches that will be proposed in Chapters 3, 4, and 5.

In Sections 2.1 and 2.2 derivations are presented for the relevant physical effects in-

duced by non-gravitational interactions between UDM and normal matter, which will deter-

mine the types of detectors considered in subsequent chapters. For additional background on

the notation and definitions used in these sections along with technical details, see Appendix

A.

The capability of a DM detector is determined by how weak a signal it can detect; i.e.

how strong the signal must be to overcome the noise. An example UDM search is provided

in Section 2.3, considering a simple mechanical detector to demonstrate the calculation of

the minimum detectable signal strength in the presence of noise.

An experiment that is sensitive to weaker signal strengths, or different frequencies,

than previous experiments has the ability to either detect dark matter or provide novel con-

straints on the dark matter parameter space. In Section 2.4, fifth forces and equivalence

principle (EP) tests are introduced. EP test experiments currently provide some of the broad-

est constraints on UDM models, setting a benchmark for future experiments. In Section 2.5

presents the full parameter spaces for vector and scalar UDM, summarizing the current state

of the UDM search.
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2.1 Vector UDM signal

This section considers a scenario where UDM is composed of vector (spin-1) parti-

cles with mass1 mDM. A model for the vector UDM field will be provided in order to quantify

the force it exerts on particles.

A variety of possible non-thermal production mechanisms exist for vector UDM in

the Universe [86, 88, 89, 90, 91, 92, 93, 94, 95, 96], such as the misalignment mechanism [86,

88, 89], parametric resonance [91], or quantum fluctuations during inflation [89].

Ultralight dark matter (including scalars and pseudo-scalars [97]) can be produced

via the misalignment mechanism [98].2 In an expanding Universe, the equation of motion

for the spatial components of a vector field Ai is3

Äi + 3H(t)Ȧi +

(
mDMc2

ℏ

)2

Ai = 0 (2.1)

where mDM is the DM particle mass and H(t) is the Hubble constant. The equation of motion

takes the form of a damped harmonic oscillator, where the damping term is due to the ex-

pansion of the Universe. In the early Universe, when H(t) ≫
(

mDMc2

ℏ

)
, overdamping prevents

oscillation, and the field is “stuck” at its initial, random value [86].

At a later time, as H(t) decreases, the field begins to oscillate (in the absence of

damping due to decay processes [86]). The field’s oscillation modes behave as cold dark

matter (and the amount of DM produced depends on the initial field value [88]), which

can be seen by the scaling of their energy density ρ with the Universe scale factor a: ρ ∝

a−3 [86]. The production of vector UDM via the misalignment mechanism is possible for

particle masses mDM ≳ 10−34 eV/c2 [88], which is less stringent than the lower bounds from

astrophysical constraints [40].

1 The mass of vector UDM could come from the Higgs [86] or Stueckelberg mecha-
nisms [87, 88].

2 See Ref. [88] for more details on the misalignment mechanism for vector fields.

3 After inflation, the field is approximately spatially uniform within the observable universe,
such that spatial derivatives are negligible (∂iAµ = 0) [97]. It can then be shown that the time
component of the field can be neglected (A0 = 0) [88].
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Alternatively, quantum fluctuations of a vector field during inflation can produce ul-

tralight vector dark matter [89]. While vector UDM production via the misalignment mecha-

nism requires an additional nonminimal coupling to gravity [89, 91], production via inflation-

ary fluctuations only requires the vector particles to have no significant self-interactions [89].

For inflationary quantum fluctuations to produce the entire late-Universe DM abundance, the

vector UDM particle masses must be mDM ≳ 10−5 eV/c2. However, lighter vector UDM par-

ticles produced in this way could still form a subcomponent of the total DM density [89].

Another non-thermal production mechanism, referred to as “parametric resonance,”

has been recently introduced [91] for vector UDM whose mass arises from a dark Higgs

field. If the initial dark Higgs field value (after inflation) is displaced from its minimum,

its oscillations produce vector UDM particles via parametric resonance. The vector UDM

particle mass must be mDM ≳ 10−18 eV/c2 for this production mechanism to account for the

majority of the DM density [91].

Vector UDM particles are sometimes referred to as “dark photons,” given the similar-

ity to ordinary photons, which can be seen by comparing the theoretical treatment of vector

UDM in this section with the treatment of electromagnetism in Appendix A.2. However,

vector UDM differs from ordinary photons in that they have nonzero rest mass and may

couple to a conserved quantity other than electric charge.

As in the case of photons, vector UDM can be represented by a vector field A′ν with

a Proca Lagrangian density:

L′ = −
c2ϵ′

4
F′µνF

′µν +
c2ϵ′

2

(mDMc
ℏ

)2
A′νA′ν − J′νA′ν. (2.2)

The Lagrangian’s form is similar to the electromagnetic Lagrangian (Eqs. A.9 and A.13)

presented in Appendix A, where the second term is added to account for the mass mDM of

the dark matter particles. Primes (′) are used to distinguish dark matter quantities from the

analogous electromagnetic variables.4 J′ν is a conserved fermionic 4-current density, F′µν ≡

∂µA′ν − ∂νA′µ is the field tensor, and ϵ′ is a constant analogous to the vacuum permittivity ϵ0.

4 See Appendix A for more details on the definitions of these variables.
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A′ν is again a four-potential with components
{

V′
c , A′

}
, where V ′ is the scalar potential and

A′ is the vector potential.

2.1.1 Field solution

The field equations for A′µ are

∂µ
(
∂µA′ν − ∂νA′µ

)
+

(mDMc
ℏ

)2
A′ν =

J′ν

c2ϵ′
, (2.3)

which can be found by applying the Euler-Lagrange equations to Eq. (2.2) (see Appendix

A.2.2).

Note that the ∂µA′µ = 0, given that J′ν is a conserved current 5. Also, given that the

interaction between A′ν and J′ν is necessarily weak, and that normal matter fills only a small

fraction of space in the Galaxy, Eq. (2.3) can be simplified by neglecting the source term.

So dark matter is modeled as a vector field in vacuum,

∂µ∂
µA′ν +

(mDMc
ℏ

)2
A′ν ≈ 0, (2.4)

with sinusoidal solutions of the form6

A′ν = A′νa sin (ωt − k · r + θ), (2.5)

where, ω is the DM’s Doppler-shifted (see Section 1.3.2) angular Compton frequency ωDM =

mDMc2/ℏ, and

k2 =
ω2

c2 −

(mDMc
ℏ

)2
≈

(
2π
λDM

)2

. (2.6)

5 For a conserved current J′ν (e.g. the electromagnetic current density) ∂νJ′ν = 0, so ∂µA′µ =
0 follows from taking the derivative ∂ν of (2.3).

6 The subscript ()a is used to denote the amplitude of each oscillating component. For ex-
ample:

A′0 =
V ′a
c

sin (ωt − k · r + θ)

A′ = A′a sin (ωt − k · r + θ)
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The DM field oscillates in time at its Compton frequency with spatial variation determined

by the de Broglie wavelength λDM = h/mDMvDM. The phase factor θ is not significant in this

discussion; it will be omitted moving forward.

A realistic UDM model should account for dark matter’s velocity distribution (see

Section 1.3), which translates to a frequency distribution via Doppler-shifts, resulting in a

field solution that is a superposition of sinusoids. For simplicity, UDM will continue to be

treated as a monochromatic field throughout this section, but the results can be generalized

to account for the true UDM frequency distribution.

2.1.2 Force on particles

Given a vector field A′ν, the force exerted on a particle can be derived in the same

manner as in Appendix A.2.4. The fact that the vector field has mass does not change the

form of the interaction terms in the total Lagrangian density, so the force exerted by the

vector field on a particle with dark charge q′ and velocity v is simply

F = q′
(
E′ + v × B′

)
, (2.7)

where the dark electric and dark magnetic fields are defined in analogy to electromagnetics,

E′ ≡ −∇V ′ −
∂A′

∂t
, B′ ≡ ∇ × A′. (2.8)

From (2.5), the dark electric field is7

E′ =
(
kV ′a − ωA′a

)
cos (ωt − k · r) ≈ −ωA′a cos (ωt − k · r) (2.9)

and the dark magnetic field is

B′ =
(
A′a × k

)
cos (ωt − k · r) . (2.10)

7 It can be shown from ∂νA′ν = 0 that V ′a ≤ vDM

∣∣∣A′a∣∣∣. And given that vDM ≪ c, it follows
that |k|V ′a ≪ ω

∣∣∣A′a∣∣∣. So contributions from V ′a are suppressed.
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For non-relativistic particles (v ≪ c), it can be shown that the dark magnetic contribution to

the force due to DM is negligible, being suppressed relative to the dark electric contribution

by a factor of v·vDM
c2 .8 So we have

FDM ≈ q′E′ ≈ −q′ωA′a cos (ωt − k · r) . (2.11)

2.1.3 Field amplitude

The strength of the force signal depends on the field’s amplitude. The field amplitude

can be expressed in terms of the energy density. And the energy density of dark matter in the

Solar Neighborhood is estimated to be ρDM ≈ 0.4 GeV/cm3 [57].

The field’s energy density comes from the 00-component of the symmetrized stress-

energy tensor T̄ ′µν. For a vector field with mass, T̄ ′µν resembles the massless form derived in

Appendix A.2.3, with the addition of a mass term:

T̄ ′µν = c2ϵ′
(
−F′µαF′να +

1
4
ηµνF′αβF

′αβ −
1
2

(mDMc
ℏ

)2
A′αA′α

)
. (2.12)

The energy density of dark matter is then9

ρDM = T̄ ′00 ≈
1
2
ϵ′ω2

∣∣∣A′a∣∣∣2 . (2.13)

The field amplitude is determined by the cycle-averaged local DM density:

∣∣∣A′a∣∣∣ ≈ 1
ω

√
2
ρDM

ϵ′
. (2.14)

Thus, the magnitude of the dark electric force is

FDM ≈ −q′ω
∣∣∣A′a∣∣∣ cos (ωt − k · r) ≈ −q′

√
2
ρDM

ϵ′
cos (ωt − k · r) (2.15)

8 From Eqs. (2.7) and (2.10), dark magnetic contribution to the force is

|F| ≤ q′v |B′| ≤ vq′
∣∣∣A′a∣∣∣ |k| = vvDMq′

mDM

ℏ

∣∣∣A′a∣∣∣ = vvDM

c2 q′ωDM

∣∣∣A′a∣∣∣ ≈ vvDM

c2 q′
∣∣∣E′a∣∣∣ .

9 Equation (2.13) includes the approximations c
∣∣∣B′a∣∣∣ ≪ ∣∣∣E′a∣∣∣ and V′a

2

c2 ≪
∣∣∣A′a∣∣∣2, which are a

result of DM being non-relativistic (vDM ≪ c).

19



2.1.4 Coupling strength parameterization

In this dissertation, the strength of the interaction between dark matter and dark

charge will be parameterized with the dimensionless “coupling strength” g′. Vector UDM

has multiple possible coupling channels. For example, two possibilities often considered in

literature are that UDM couples to the baryon minus lepton (B − L) number [42, 66, 72] or

baryon (B) number [42, 43]. However, to maintain generality, the exact coupling channel

will not be specified in this section.

The amount of dark charge in a particle is proportional to the number N′ of elemen-

tary dark charges within it,10

q′ = e′N′, (2.16)

where the “elementary dark charge” e′ has been introduced in analogy to the elementary

electric charge e. Unlike electromagnetism, a vector UDM interaction has not yet been

observed experimentally. So the values of constants e′ and ϵ′ are unknown.

The force in Eq. (2.15) has an unknown magnitude proportional to e′/
√
ϵ′. The

coupling strength g′ is defined as

g′ ≡
e′

e

√
ϵ0

ϵ′
, (2.17)

so that the value of g′ effectively expresses the strength of the vector UDM interaction with

that of electromagnetism. With this convention, the vector UDM force can be written as

FDM ≈ −g′N′FDM,0 cos (ωt − k · r) (2.18)

where

FDM,0 ≡

√
2

e2ρDM

ϵ0
= 6 × 10−16 N. (2.19)

Thus, for vector UDM with couplings to a conserved quantity such as the B − L number, the

signal is an oscillating force described by Eq. (2.18). Measurement of an oscillating force by

a detector that is sufficiently isolated from extraneous forces (noise) can then be interpreted

as evidence for vector UDM.

10 In the case of B − L-coupling, this would be the number of baryons minus the number of
leptons within the particle (N′ = NB−L = NB − NL).
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2.2 Scalar UDM signal

This section considers a scenario where UDM is composed of scalar (spin-0) particles

with mass mDM. A model for the scalar UDM field will be provided in order to quantify its

effects on particles.

Scalar UDM can be produced non-thermally via the misalignment mechanism [98].

The discussion of scalar UDM production from the misalignment mechanism follows that

for vector UDM in Section 2.1, where a scalar field φ is considered instead of the spatial

components of a vector field Ai. The energy density of the scalar field again scales as ∝ a−3

(a is the Universe scale factor), as is expected for cold dark matter [86, 97, 98].

The behavior of a scalar field11 φ ≡ φ (t, r) in vacuum is described by the Klein-

Gordon Lagrangian density [100]

Lφ =
c4

4πG

[
1
2
∂µφ∂

µφ −
1
2

(mDMc
ℏ

)2
φ2

]
. (2.20)

2.2.1 Field solution

The field solution for scalar UDM can be obtained with the same procedure used for

vector UDM (see Section 2.1.1 for more details).

The equation of motion for the scalar field φ can be obtained from the Lagrangian

density using the Euler-Lagrange equations:

∂µ

(
∂Lφ

∂(∂µφ)

)
=
∂Lφ

∂φ
. (2.21)

The resulting equation of motion is

∂µ∂
µφ +

(mDMc
ℏ

)2
φ = 0, (2.22)

which has sinusoidal solutions of the form12

φ = φ0 cos (ωt − k · r), (2.23)

where k2 =
(

2π
λDM

)2
and ω is the Doppler-shifted angular Compton frequency.

11 Per the convention of Ref. [99], the field φ is chosen to be dimensionless.

12 Here, the arbitrary phase θ is ignored, just as in Section 2.1.1 for the vector field solution.
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2.2.2 Variation of fundamental constants

Chapter 4 considers a scalar UDM field that would cause atomic strains through their

interactions with Standard Model particles. Specifically, linear couplings to photons or elec-

trons create a scalar strain signal. These couplings are accounted for by adding interaction

terms to the Lagrangian [99]

Linteraction = deφ
e2c

16πℏα0
FµνFµν − dmeφme,0c2ψ̄eψe, (2.24)

where de and dme parameterize the coupling strength to photons and electrons, respectively.

The Lagrangian for photons in the presence of a scalar field is then13

L = −
(
1 − deφ(t, r)

) e2c
16πℏα0

FµνFµν = −
e2c

16πℏα(t, r)
FµνFµν, (2.25)

where

α(t, r) ≡
α0

1 − deφ(t, r)
. (2.26)

This redefinition of the fine-structure constant to account for the scalar field allows the pho-

ton Lagrangian to keep its original form. Similarly, a scalar coupling to electrons can be

absorbed by the electron mass:

me(t, r) ≡
(
1 + dmeφ(t, r)

)
me,0. (2.27)

Scalar interactions can generally be modeled as a variation of fundamental constants [99,

101]. For scalar couplings to photons and electrons, the fine-structure constant and electron

mass effectively inherit the spatial and temporal dependence of the scalar field. Therefore,

scalar UDM produces an effective variation of fundamental constants that results in physi-

cally measurable effects.

13 Notation: Throughout this dissertation, the fields’ arguments (t, r) are often omitted for
conciseness. However, the scalar field’s arguments have been temporarily reintroduced here,
φ→ φ(t, r), to highlight the fact that me and α have spatial and temporal dependence.
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2.2.3 Field amplitude

As in Section 2.1.3, the field amplitude φ0 can be related to the DM energy density

ρDM by finding the stress-energy tensor:

T µν = ∂νφ
∂Lφ

∂
(
∂µφ

) − ηµνLφ. (2.28)

Using Eq. (2.20) yields

T µν =
c4

4πG

[
1
2
∂µφ∂νφ +

1
2

(mDMc
ℏ

)2
ηµνφ2

]
. (2.29)

We can see from Eq. (2.29) that T µν is already symmetric for a scalar field.14

For the sinusoidal field solution in Eq. (2.23)

ρDM = T 00 ≈
c4

8πG

(
ω

c

)2
φ0

2, (2.30)

where the approximation comes from neglecting the Doppler shift (ω ≈ mDMc2/ℏ).

Therefore, the field amplitude is

φ0 =

√
8πGρDM

c2ω2 . (2.31)

This is the amplitude a single plane wave would have if it accounted for the entire UDM

field. However, scalar UDM is a stochastic field. It has a frequency distribution (Fig. 1.4)

and is a superposition of many such plane waves (Eq. 1.3). Therefore, what has been derived

in this section is really the root-mean-square of the field amplitude [65]

φrms =

√
8πGρDM

c2ωDM
2 , (2.32)

and the field’s linewidth is narrow enough to approximate ω ≈ ωDM. The stochastic field

discussion applies equally to the vector field analysis in Section 2.1.

14 Symmetrization of stress-energy tensor for a vector field is done in Appendix A.2.3.
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2.2.4 Strain signal

The fine-structure constant and electron mass are parameters to the Bohr radius. Os-

cillation of α or me results in oscillation of the Bohr radius:15

a(t, r) =
ℏ

me(t, r) cα(t, r)

=
ℏ

me,0cα0

1 − deφ(t, r)
1 + dmeφ(t, r)

≈ a0
(
1 −

(
de + dme

)
φ(t, r)

)
.

Neglecting higher-order, relativistic corrections, the size of a macroscopic object is

proportional to the Bohr radius [102]. Modulation of the Bohr radius results in an isotropic

strain hDM in a macroscopic object,16

hDM(t, r) ≈ −
(
de + dme

)
hDM,0 cos (ωt − k · r), (2.33)

where the amplitude is simply the scalar field amplitude from Eq. (2.31)

hDM,0 ≡ φ0. (2.34)

Thus, if scalar UDM couples to photons or electrons, the signal is an oscillating strain de-

scribed by Eq. (2.33).

2.3 Example: UDM search with a mechanical detector

This section provides an example to explain mechanical UDM detectors and how to

assess their capability in the context of a dark matter search.

15 The approximation comes from neglecting higher order terms of diφ. The current con-
straints on de and dme (see Section 2.5) ensure that diφ0 ≪ 1 across the particle mass range
considered in this dissertation.

16 hDM(t, r) = δa
a0

(t, r) ≈ − δα
α0

(t, r) − δme
me,0

(t, r)
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Figure 2.1: Macroscopic strain from scalar UDM: Through modulation of the Bohr ra-
dius aB, scalar UDM strains atoms by hDM(t). Considering a simple model with
a 1-dimensional bar of length L0, it can be seen that the equilibrium position
of each atom shifts by an amount ∼ xhDM(t), where x is the atom’s equilibrium
distance from the center of the bar. This causes the bar to expand to a length of
L(t) = L0 (1 + hDM(t)).

2.3.1 Harmonic oscillator as a force sensor

Consider a simple force sensor, modeled as a harmonic oscillator, as in Fig. 2.2.

Suppose the UDM signal is a coherent, oscillating force acting on the test mass m of the

form

FDM = F0 cos (ωDMt) , (2.35)

with amplitude

F0 = g′αmFDM,0, (2.36)

where g′ is the unknown DM-coupling strength and the force amplitude FDM,0 accounts for

the UDM field strength. The factor αm describes the coupling between the DM force and the

detector, and generally depends on the detector geometry and composition.

Unwanted external forces Fext (or “force noise”), such as thermomechanical fluc-

tuations, external acoustic vibrations, or measurement backaction, act on the test mass in
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Figure 2.2: Example force sensor: Mechanical force sensors can be generally modeled as
harmonic oscillators. A driving force Fm displaces the test mass m a distance
xm from its equilibrium position.

addition to the DM signal. The total force on the test mass is

Fm = FDM + Fext. (2.37)

The position of the test mass obeys the equation of motion for a damped, driven harmonic

oscillator

mẍm + mγm ẋm + mωm
2xm = Fm, (2.38)

where γm is the dissipation and ωm is the oscillator’s resonance frequency. The oscillator’s

mechanical quality factor (Q-factor) is defined in terms of the dissipation as Qm ≡ ωm/γm.

In a dark matter search, the force Fm is measured over time. If the dark matter force

signal exists, it would present itself as a spike in the power spectral density (PSD) of the

measured force S m
FF , exceeding the noise floor S ext

FF at a single frequency ωDM.

The force Fm is generally inferred from a measurement of the test mass position xm.17

However, due to imprecision ximp in the position measurement, the apparent position of the

17 In an experiment with an optomechanical detector, for example, the test mass position
is inferred from an optical power measurement in an interferometric setup. In this case,
the experimental data may be the measured photocurrent at a photodetector, from which the
position xm is inferred based on a calibration of the optical readout system.
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test mass is

x = ximp + xm. (2.39)

The Fourier transform of Eq. (2.39) is

x̃ = x̃imp + χxF,m

(
F̃ext + F̃DM

)
(2.40)

where

χxF,m = m−1
(
ωm

2 − ω2 − i
ωωm

Qm

)−1

(2.41)

is the mechanical susceptibility, which is obtained from Fourier transforming Eq. (2.38).

Figure 2.3: Noise curves for example force sensor: Resonant detectors are often limited
by measurement imprecision off resonance. On resonance, the actual motion of
the test mass may be resolvable, in which case the noise floor is set by external
forces. This particular detector has a mechanical quality factor Qm = 100. The
plot is on a log-log scale.

If Fext, FDM, and ximp are not correlated, the PSDs of the oscillator’s apparent position

and apparent force are

S xx = S imp
xx +

∣∣∣χxF,m

∣∣∣2 (
S ext

FF + S DM
FF

)
(2.42)

S FF =
∣∣∣χxF,m

∣∣∣−2
S imp

xx + S ext
FF + S DM

FF . (2.43)
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The total force noise PSD is defined as

S noise
FF ≡

∣∣∣χxF,m

∣∣∣−2
S imp

xx + S ext
FF . (2.44)

The force noise for a harmonic oscillator with Qm = 100 is plotted in Fig. 2.3, assuming

broadband displacement noise due to readout imprecision
(
∂
∂ω

S imp
xx = 0

)
and broadband force

noise
(
∂
∂ω

S ext
FF = 0

)
. The force sensor achieves the best force sensitivity18 on resonance, where

external forces (both noise Fext and signal FDM) are amplified and can overcome the readout

imprecision noise. The sensitivity is limited by external forces
(
S ext

FF ≥
∣∣∣χxF,m

∣∣∣−2
S imp

xx

)
over a

bandwidth ∆ωext.

2.3.2 Standard quantum limit (SQL) for optical readout noise

If the hypothetical force sensor considered so far in this section is a cavity optome-

chanical sensor like the one depicted in Fig. 1.6, the sensitivity can be limited by photon shot

noise. As discussed in Section 1.4, shot noise in the optical readout system encompasses both

readout imprecision and measurement backaction

S noise
FF ≡

∣∣∣χxF,m

∣∣∣−2
S imp

xx + S ba
FF . (2.45)

From the uncertainty relation between photon number N and optical phase θ, it can be shown

that the one-sided PSDs of the fluctuations in phase and photon flux Ṅ of a coherent beam can

be related as
√

S ṄṄS θθ = 1 [103]. The arrival times of photons have a Poisson distribution,

so that the shot noise PSD of the photon flux is related to the average photon number flux
¯̇N as S ṄṄ = 2 ¯̇N. For a single-sided optical cavity the average photon number flux is related

to the laser power P and wavelength λ as ¯̇N = Pλ/2πℏc, assuming the laser wavelength is

resonant with the cavity [103].

18 Sensitivity is typically defined as the square root of the noise floor:
√

S noise
FF .
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Given an optical cavity with finesse F , the uncertainty in the optical phase θimp

produces imprecision in a measurement of the displacement of one of the end mirrors as

ximp = θimpλ/8F [103],19 so the imprecision noise displacement PSD is

S imp
xx =

πℏcλ
64F 2P

. (2.46)

To determine the backaction noise, note that each photon exerts a momentum kick of ∆p =

4πℏ/λ on the movable mirror [103]. The radiation pressure force exerted on the mirror is then

Fba = n∆p/τp, where τp = 2L/c is the cavity’s round-trip travel time and n is the number

of photons within the cavity [75]. If the laser wavelength is resonant with the cavity, The

PSD of fluctuations in photon number is S nn = 8n̄/κ and the average cavity photon number

is related to the average photon flux of the laser as n̄ = 4 ¯̇N/κ, where κ = πc/F L is the cavity

decay rate. It can then be shown that the force noise PSD from backaction is related to S imp
xx

as

S ba
FF =

ℏ2

S imp
xx

. (2.47)

From Eq. (2.45), it can be shown that the minimum achievable readout noise floor, referred

to as the standard quantum limit (SQL), is

S noise,SQL
FF ≡ 2ℏ

∣∣∣χxF,m

∣∣∣−1
, (2.48)

which is achieved at a given frequency by tuning the cavity finesse F , laser power P, or laser

wavelength λ, so that S ba
FF =

∣∣∣χxF,m

∣∣∣−2
S imp

xx = ℏ
∣∣∣χxF,m

∣∣∣−1
.

2.3.3 Minimum detectable coupling strength

The detection capability of a prospective detector is typically characterized by the

minimum detectable coupling strength g′min, which is often defined as the coupling strength

for which the detector would achieve a signal-to-noise ratio (SNR) of one. To determine

g′min, first one must calculate the minimum detectable force Fmin, which is defined as the

force signal amplitude required to achieve SNR= 1.

19 This relationship between ximp and θimp applies under the assumptions that the laser wave-
length is resonant with the optical cavity and that the mechanical oscillations are slow com-
pared to the inverse of the average photon lifetime within the cavity: f ≪ c/2LF .
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The PSD of a signal is defined as20

S FF( f ) ≡ lim
τ→∞

〈∣∣∣F̃τ( f )
∣∣∣2〉

τ
(2.49)

where ⟨.⟩ is an expectation value and

F̃τ( f ) ≡
∫ τ/2

−τ/2
dtF(t)e−2πi f t (2.50)

is the finite-time Fourier transform.

In an experiment that involves measurement over a finite time τint, one cannot calcu-

late the PSD directly. Instead, one calculates a periodogram, which is a finite-time estimate

of the PSD, defined as

S FF,τint( f ) ≡

∣∣∣F̃τint( f )
∣∣∣2

τint
. (2.51)

The SNR is defined as a ratio of the signal periodogram to the standard deviation in the noise

periodogram SNR = S DM
FF,τint

/∆S noise
FF,τint

. However, for Gaussian noise statistics, the standard

deviation in the noise floor is approximately as large as its mean [104], so the SNR can be

approximated as

SNR ≈
S DM

FF,τint

S noise
FF,τint

. (2.52)

Given the coherent signal from Eq. (2.35), the periodogram’s magnitude at the signal fre-

quency would be S DM
FF,τint

≈ F0
2τint/2, which is calculated from Eqs. (2.51) and (2.50).

Prior to building a detector and making a measurement, the noise periodogram is

not known. But one can construct a noise model and calculate the noise PSD, which then

approximates the expected periodogram. Setting S noise
FF,τint

≈ S noise
FF , the minimum detectable

force is

Fmin( f ) ≈

√
2S noise

FF ( f )
τint

. (2.53)

20 PSDs and Fourier transforms have so far been expressed in terms of angular frequency
ω. It is sometimes more convenient to use frequency f . The amplitude of the PSD will then
differ by 2π: S (ω) = S ( f )/2π. This doesn’t affect the final result, which depends only of the
ratio of PSDs.
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Thus, given a coherent signal, Fmin ∝ τint
−1/2, suggesting that longer measurement times

grant access to weaker signals. However, this analysis applies only to a coherent, determin-

istic signal. As explained in Section 1.3.2, UDM is a stochastic field with a finite coherence

time τDM. For measurement times less than the UDM coherence time, the field is coherent

but has a stochastic amplitude, which can be accounted for in Eq. (2.53) by multiplying by

a factor of 3 [65]. For measurement times longer than the UDM coherence time, the field

can be treated as deterministic because the stochastic amplitude is effectively sampled many

times, averaging out the randomness. However, the signal is no longer coherent, and it can

be shown that Fmin ∝ (τDMτint)−1/4 [104]. To summarize,

Fmin( f ) ≈
√

2S noise
FF ( f ) ×


3τint

−1/2 τint ≪ τDM

(τDMτint)−1/4 τint ≫ τDM

(2.54)

To bridge the two time-scaling regimes (τint ≪ τDM and τint ≫ τDM) with a smooth function,

the following expression is used for the minimum detectable force:

Fmin( f ) ≈
√

2S noise
FF ( f )

[
3τint

−1/2 + (τDMτint)−1/4
]
. (2.55)

From Eq. (2.36), the minimum detectable coupling strength is

g′min( f ) =
Fmin( f )
αmFDM,0

. (2.56)

The minimum detectable coupling strength g′min from this example UDM search using a

resonant mechanical system is plotted in Fig. 2.4, assuming that FDM,0 is frequency indepen-

dent,21 and that τint ≫ τDM. The red shading represents the regions of UDM parameter space

that would be probed by such an experiment, or have been ruled out if the experiment had

already been conducted and not detected a UDM signal.

2.4 Fifth Forces

In this dissertation, it is assumed that dark matter is composed of hypothetical scalar

or vector particles beyond the Standard Model. But it is important to note that these particles

21 FDM,0 is not generally frequency independent. For example, the amplitude of the vector
UDM force in Eq. (2.19) doesn’t depend on the DM frequencyωDM. However, the amplitude
of the scalar UDM strain in Eq. (2.34) does depend on ωDM.
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Figure 2.4: Example UDM parameter space with constraints: The g′min curves are in-
cluded from the example UDM search with a mechanical resonator in Section
2.3 and the example EP test in Section 2.4.3. The resonance frequency fm of the
mechanical resonator is marked; also marked is the frequency fEP, which is the
Compton frequency for which the interaction length equals the EP test length
scale. The plot is on a log-log scale. In an experiment, g′min is not measured
directly, but is inferred from an experimental observable. For example, the ex-
perimental observable in an optomechanical experiment with an interferometric
readout system would be the measured photocurrent.

may exist even if they are not dark matter. Their existence can be tested with experiments

searching for fifth forces, without considering dark matter at all. The term “fifth force” refers

to a fundamental force, like the strong, weak, electromagnetic, and gravitational forces, that

has not yet been discovered. If any of these scalar or vector particles exist, they would

mediate a fifth force (analogous to how photons mediate the electromagnetic force between

electrically charged objects).

The parameter space for the UDM candidates considered in this dissertation is most

strongly constrained by fifth force experiments (often referred to as EP tests22). These exper-

iments seek to measure a fifth force between stationary objects. The corresponding analogy

22 These experiments are often called equivalence principle (EP) tests. The stated purpose
of EP tests is to test the equivalence principle by searching for a material-dependence in the
acceleration due to gravity. Another paradigm is to view these experiments as searches for
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to electromagnetism is a measurement of the Coulomb force between electrically charged

objects. To better understand these constraints, it will be shown how scalars and vectors

mediate a force between charged particles.

In Section 2.4.1 the static field sourced by a stationary point particle is derived. In

Section 2.4.2 an explanation is given for how this field results in a force between point

particles. In Section 2.4.3 EP tests and their constraints on the UDM parameter space are

discussed.

The analyses presented in this section are more general than the dark matter models

in Sections 2.1 and 2.2. Although the fields are not being considered as dark matter, the

subscripts ()DM continue to be used to maintain consistent notation.

2.4.1 Static field sourced by stationary point charge

As an example, consider a scalar field φwhich couples to electrons. From Eqs. (2.20)

and (2.24), the relevant terms in the Lagrangian density are

L ⊃
c4

4πG

[
1
2
∂µφ∂

µφ −
1
2

(mDMc
ℏ

)2
φ2

]
− dmeφme,0c2ψ̄eψe. (2.57)

To calculate the scalar field sourced by an electron, the Euler-Lagrange equations (2.21) can

be applied with respect to φ while treating the electron as a point charge that is stationary at

the origin: ψ̄eψe = δ (r). The resulting field will also be stationary, so time derivatives of φ

can be ignored. The equation of motion is found to be

−∇2φ +
(mDMc
ℏ

)2
φ = −dme

4πGme,0

c2 δ (r) . (2.58)

This differential equation can be solved by applying the Fourier transform, yielding the so-

lution 23

φ (r) = −dme

Gme,0

c2

e−r/oC
DM

r
. (2.59)

material-dependent fifth forces, as they would not be able to distinguish between a material-
dependent fifth force and an EP violation.

23 oC
DM = ℏ/mDMc is the reduced Compton wavelength. The Yukawa potential decreases

rapidly with r when r > oC
DM, which is why oC

DM is also frequently referred to as the “inter-
action length.”
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For the vector field described by Eq. (2.3), the field can be solved for in the same way by

assuming the four-current to be described by24 J0 = cq′δ(r) and Ji = 0, which results in

V ′ (r) =
q′

4πϵ′
e−r/oC

DM

r
. (2.60)

Generally, a potential of the form V(r) ∝ e−r/oCDM

r is called a “Yukawa potential.” Note that

for massless fields (oC
DM → ∞), a Yukawa potential will reduce to the form of a Coulomb

potential. However, in the scalar case, it remains to be shown that φ exerts a force on another

charged particle.

2.4.2 Force exerted on charged objects

The fact that a vector field exerts a force on a charged particle is not surprising given

the strong analogy to electromagnetism. Using the Yukawa potential from Eq. (2.60) with

Eqs. (2.8) and (2.7), the force between two stationary point particles is found to be

F(r) =
q′1q′2
4πϵ′

(
1 +

r
oC

DM

)
e−r/oC

DM

r2 r̂.

or, using Eqs. (2.16) and (2.17),

F(r) = g′2
N′1N′2e2

4πϵ0

(
1 +

r
oC

DM

)
e−r/oC

DM

r2 r̂. (2.61)

Scalar fields can also exert a force on charged particles. The scalar force can be

explained by considering the effect of a scalar field on a particle’s rest energy. From Eq.

(2.27), the rest energy of an electron in the presence of a static scalar field is

Erest(r) = me(r)c2 =
(
1 + dmeφ(r)

)
me,0c2. (2.62)

The energy has a spatial dependence, which means the electron experiences an external force

F(r) = −∇Erest(r) = −dmeme,0c2∇φ(r). (2.63)

24 See Appendix A.2.1 for the definition of the four-current density components.
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Given the field solution of Eq. (2.59), the force between two stationary electrons due to a

scalar field is

F(r) = −dme
2me,0

2G
(
1 +

r
oC

DM

)
e−r/oC

DM

r2 r̂. (2.64)

To get the force between macroscopic objects, multiply Eq. (2.64) by the number of electrons

in each object, resulting in a force with form similar to Eq. (2.61).

2.4.3 EP tests in the search for UDM

Figure 2.5 illustrates a general EP test, where a test mass M sources a static field,

resulting in a Yukawa potential and exerting a static force on the test masses m1 and m2,

which are made of different materials.25 An EP test is designed to detect material-dependent

fifth forces, which would manifest as a differential force ∆F = F1 − F2. As in Section 2.3, a

vector field is assumed. But this analysis can be easily applied to scalar fields.

Treating the test and source masses as point particles, the force between them due to

the vector field is given by Eq. (2.61). If the minimum detectable differential force in this

experiment is ∆Fmin, and ∆N′m is the difference in the number of charges in the test masses,

the minimum detectable coupling strength for the experiment is

g′min =

√
4πϵ0

e2

∆Fmin

N′M∆N′m

(1 + r
oC

DM

)
e−r/oC

DM

r2

−1/2

. (2.65)

This can be re-expressed in terms of the Compton frequency fDM = c/2πoC
DM as

g′min =

√
4πϵ0

e2

∆Fmin

N′M∆N′m

[(
1 +

fDM

fEP

)
e− fDM/ fEP

r2

]−1/2

, (2.66)

where fEP ≡ c/2πr is defined as the Compton frequency at which the interaction length

equals the separation distance
(
oC

DM = r
)
.

Figure 2.4 includes the minimum detectable coupling strength, in terms of the Comp-

ton frequency, for an example EP test. The shape of the curve is noticeably different from

25 In an actual EP test, the position of the source mass will be modulated at a known fre-
quency, resulting in an oscillating force, as opposed to the static force assumed in this ideal-
ized example. However, this won’t impact the analysis.
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m2
2

Figure 2.5: Example EP test experiment: A source mass M establishes a static field (in
yellow), which exerts fifth forces F1 and F2 on the (typically much smaller)
test masses m1 and m2. The test masses are composed of different materials to
search for material-dependent fifth forces.

the mechanical resonator-based direct UDM search example from Section 2.3. When the

interaction length greatly exceeds the separation distance,26 the expression simplifies to

g′min ≈

√
4πϵ0

e2

∆Fmin

N′M∆N′m
r, (2.67)

which is independent of oC
DM (or fDM). So EP test constraints are constant at low Compton

frequencies. At small interaction lengths, g′min increases rapidly. These properties of EP

test constraints are illustrated in Fig. 2.4, where it can be seen that g′min increases rapidly at

frequencies above fEP.

Here, the test and source masses have been treated as point particles. However, the

shape of all EP test constraints generally resembles that of this simple example. Even for ex-

tended and more complicated charge distributions, g′min is constant at low Compton frequen-

cies, and increases as the interaction length becomes shorter than the relevant experimental

length scales.

26 oC
DM ≫ r or, equivalently, fDM ≪ fEP
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2.5 Current status of the UDM search
The status of any UDM search can be summarized with a parameter space plot, like

the example plot in Fig. 2.4. In this section, the parameter space is presented for each of the
specific UDM candidates considered in this dissertation:

• Figure 2.6: Vector particles coupled to B − L (baryon minus lepton number)

• Figure 2.7: Vector particles coupled to B (baryon number)

• Figure 2.8: Scalar particles coupled to photons

• Figure 2.9: Scalar particles coupled to electrons
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Figure 2.6: Vector B − L parameter space: Upper bounds on gB−L come from EP tests [6,
7, 8] and UDM direct detection experiments [9, 10, 11]. The parameter space
that has been explored by each experiment is denoted by the shaded regions.
Figure adapted from Ref. [5].
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2.5.1 Vector UDM parameter space

As discussed in Section 2.1, vector UDM with direct couplings B − L or B charge is

described by the Lagrangrian density term

Linteraction = −J′νA′ν,

where the current J′ν corresponds to either B − L or B.
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Figure 2.7: Vector B parameter space: Upper bounds on gB come from EP tests [6, 7, 8]
and UDM direct detection experiments [9, 10, 11].

The parameter spaces of both vector B − L (Fig. 2.6) and vector B (Fig. 2.7) UDM

are constrained by the same experiments. The broadest constraints come from EP tests, in-

cluding the MICROSCOPE satellite mission [6, 7] and torsion balance experiments from the

Eöt-Wash Group [8]. Additional constraints come from DM direct-detection experiments,

including the Eöt-Wash torsion balance DM search [9], repurposed data from LIGO’s first

38



observing run [10], and combined constraints from the data taken during the third observing

run of LIGO and VIRGO [11].

In Chapter 3, silicon nitride optomechanical membranes are proposed to search for

vector B − L and B UDM in the 10−11 − 10−9 eV/c2 mass range (frequency: 103 − 105 Hz).

2.5.2 Scalar UDM parameter space
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Figure 2.8: Scalar de parameter space: Solid lines indicate upper bounds on de, which
come from EP tests [6, 7, 8, 12, 13, 14], UDM direct-detection experiments
[15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27], and measurements of stellar
cooling [28]. Dashed lines indicate proposed experiments [19, 29, 30, 31, 32,
33] and natural values for de [5, 34]. Vertical lines indicate astrophysical lower
bounds on the DM mass [35, 36, 37, 38, 39, 40, 41]. Figure from Ref. [5].
Image credit: Abhishek Banerjee.

As discussed in Section 2.2, scalar UDM with a direct coupling to photons is de-

scribed by the Lagrangrian density term

Linteraction = deφ
e2c

16πℏα0
FµνFµν,
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and a direct coupling to electrons is described by the term

Linteraction = −dmeφme,0c2ψ̄eψe.

Scalar UDM with these couplings would effect an oscillation in fine-structure constant α and

electron mass me, respectively (see Section 2.2.2). Oscillations in α and me produce mea-

surable effects such as modulation of atomic energy levels [30], mechanical strains [67], and

modulation of the refractive index of optical materials [71]. These effects can be searched for

with a wide variety of detector types from atomic experiments to gravitational wave interfer-

ometers [5]. The parameter spaces for scalar UDM coupling to photons de and electrons dme

are plotted in Figs. 2.8 and 2.9.
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Figure 2.9: Scalar dme parameter space: Solid lines indicate upper bounds on dme , which
come from EP tests [6, 7, 8, 12, 13, 14], UDM direct-detection experiments [18,
20, 22, 23, 24, 25, 26, 27], and measurements of red giant cooling [28]. Dashed
lines indicate proposed experiments [29, 33] and natural values for dme [5, 34].
Vertical lines indicate astrophysical lower bounds on the DM mass [35, 36, 37,
38, 39, 40, 41]. Figure from Ref. [5]. Image credit: Tejas Deshpande.
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As with vector UDM, significant constraints come from the MICROSCOPE [6, 7, 14]

and Eöt-Wash [8, 12, 13] EP tests. Additional constraints come from the diverse set of ex-

isting UDM direct-detection experiments, including atomic clocks [16, 17, 18], comparisons

of atomic clocks with optical cavities [18, 19, 21, 22], acoustic cavities [20], atomic and

molecular spectroscopy [15, 23], repurposed gravitational wave detectors [24, 25, 27], and

optical interferometry [26].

Also included in Figs. 2.8 and 2.9 are projected constraints from proposed future

experiments, such as atom interferometry [29], nuclear clocks [5], mechanical resonators

(covered in this dissertation) [33], comparison of microwave and optical atomic clocks [30],

molecular spectroscopy [31], comparison of atomic clocks with optical cavities [19], and

comparison of two different optical cavities [32].

In Chapter 4, compact mechanical resonators are proposed to search for scalar UDM

in the 10−12 − 10−6 eV/c2 mass range (frequency: 102 − 108 Hz). Results from this proposal

are also included in Figs. 2.8 and 2.9 as: “Superfluid 4He,” “Sapphire,” “Pillar,” and “Quartz

BAW.” In Chapter 5, an optical fiber-based detector is proposed to search for scalar UDM in

the 10−17 − 10−13 eV/c2 mass range (frequency: 10−3 − 101 Hz).
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Chapter 3

PROPOSAL OF A VECTOR UDM SEARCH WITH AN OPTOMECHANICAL
ACCELEROMETER

In this chapter, silicon nitride (Si3N4) membrane optomechanical accelerometers are

proposed as detectors for vector UDM. The material in this chapter was adapted from Ref. [42],

Searching for vector dark matter with an optomechanical accelerometer, Jack Manley and

others; Phys. Rev. Lett. 126, 061301 (2021). Reproduced here with permission, ©2021

American Physical Society.

Vector UDM coupled to the B − L (“baryon minus lepton”) or B (baryon) charge

exerts an oscillating force on normal matter, as described in Section 2.1. The force on an

object is generally proportional to its mass, with the constant of proportionality being deter-

mined by the object’s material composition. Thus, the signal in a vector UDM experiment

is a material-dependent acceleration. Here, the prospect of searching for vector UDM with

optomechanical accelerometers is considered. The concept of accelerometer-based UDM

detection is well-established [66, 72, 105], forming the basis for searches based on gravi-

tational wave interferometer [43], atom interferometer [106], and precision torsion-balance

experiments [9, 72]. However, this chapter emphasizes that optomechanical accelerometers

can also be operated resonantly, enabling high sensitivity at frequencies (1 - 100 kHz) where

current broadband UDM searches are limited, with a compact form-factor that is amenable

to array-based detection [66].

A detector is proposed based on a Si3N4 membrane fixed to a beryllium (Be) mirror,

forming a Fabry-Pérot cavity. The use of different materials enables sensitivity to DM-

induced accelerations. Through a combination of high mechanical quality factor, cryogenic

cooling, and cavity-enhanced optical readout, it is found that this detector can begin improv-

ing upon the current bounds on the vector UDM coupling strength in an integration time of
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minutes, over a fractional bandwidth of ∼ 0.1%. Addressing challenges such as frequency

tunability (to increase bandwidth) and scalability could enable these and similar optome-

chanical detectors to cover a large frequency range in the vector UDM parameter space.

This chapter is outlined as follows:

• Section 3.1 focuses on the vector UDM signal and how it excites vibrations in a mem-
brane. The result is Eq. (3.18), which describes the membrane’s displacement (PSD)
due to the force exerted on it by UDM.

• The purpose of Section 3.2 is to explain Figs. 3.2 and 3.3, which can be considered
the result of this work. The figures show the expected sensitivity to vector UDM from
the proposed optomechanical membranes in comparison to constraints from previous
experiments.

• Section 3.3 briefly summarizes the chapter.

3.1 Optomechanical membranes as DM detectors

3.1.1 Material-dependent acceleration signal

As discussed in Section 2.1, vector UDM coupled to B−L or B charge1 exerts a force

on an object2

FDM(t) ≈ g′N′FDM,0 cos (ωDMt) , (3.1)

where g′ is the coupling strength, N′ is the number of dark charges within the object, and the

amplitude FDM,0 is a stochastic quantity with root-mean-square value

FDM,rms =

√
2

e2ρDM

ϵ0
. (3.2)

In the case of B − L-coupling, the number of charges within a single atom is the difference

in the mass number A and atomic number Z. For a homogeneous object k of total mass mk,

the number of B − L charges is

NB−L,k =
Ak − Zk

mamu,kmn
mk, (3.3)

1 Atomic matter is composed of protons (baryon), neutrons (baryon), and electrons
(leptons).

2 Over timescales less than the coherence time τDM and length scales less than the de Broglie
wavelength λDM; see Section 1.3.2. The omitted phase θDM does not impact the final result.
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where mamu is the atomic mass in atomic mass units, and mn is the mass of a nucleon. It

is evident from Eq. (3.3) that the UDM force on an object is proportional to its mass, and

the proportionality depends on the atomic or molecular species. Thus, the signal is best

characterized as a material-dependent acceleration

aDM,k(t) ≈ gB-L
Ak − Zk

mamu,k
aDM,0 cos (ωDMt) , (3.4)

where aDM,0 ≡ FDM,0/mn (aDM,rms ≡ FDM,rms/mn). Experiments are not often sensitive to an

object’s absolute acceleration, but rather a differential acceleration between a test object and

a reference object. It is important for a vector UDM experiment to use two objects made of

different materials. A simple optomechanical accelerometer is illustrated in Fig. 3.1, where

an optical cavity is formed by end mirrors on a reference mass with charge q1 and a test

mass with charge q2, which are attached by a spring to form a mechanical resonator. The

differential acceleration signal is

∆aDM(t) ≡ aDM,2(t) − aDM,1(t) ≈ g′∆12aDM,0 cos (ωDMt) . (3.5)

The differential acceleration is suppressed relative to the absolute acceleration of either mass

by a dimensionless factor ∆12, which represents the difference in charge-to-mass ratio of the

reference and test masses. For coupling to B − L,

∆12 =
A2 − Z2

mamu,2
−

A1 − Z1

mamu,1
, (3.6)

so ∆12 is primarily due to the difference in relative neutron fraction.

The acceleration due to B-coupling is also material dependent, where the charge is

proportional to the mass number Ak, so that

∆12 =
A1

mamu,2
−

A2

mamu,1
. (3.7)

Here, ∆12 comes primarily from the difference in nuclear binding energy. Generally, the

reference and test mass materials are chosen to maximize the quantity ∆12 for a given vector

coupling, in order to maximize the differential acceleration signal ∆aDM.

Note that the polarization of the vector UDM field may not always align with the de-

tector’s preferred axis. The differential acceleration in Eq. (3.5) can be modified to account
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Figure 3.1: Concept for an optomechanical accelerometer sensitive to vector UDM: (a)
Lumped mass model. (b) Membrane-mirror example. Colors represent masses
(materials) with different B or B-L charge (charge density), qk (ρk). Differential
acceleration leads to a measurable relative displacement between the masses.
Figure from Ref. [42]©2021 American Physical Society.

for the random polarization of the vector UDM field, which will vary on timescales compa-

rable to the UDM coherence time τDM [72]. In the Supplemental Material from Ref. [42] it

is shown that, for a sufficiently long measurement, this can be accounted for by dividing by

a factor of
√

3:

∆aDM(t) ≈
g′∆12aDM,0
√

3
cos (ωDMt) . (3.8)

This polarization-averaged differential acceleration is the signal in a vector UDM search.

3.1.2 Optomechanical membrane accelerometer

The subject of this work is the system sketched in Fig. 3.1b, which consists of a Si3N4

membrane rigidly attached to a beryllium mirror.3 The use of different materials is necessary

to ensure that the suppression factor ∆12 is non-zero.4 The system must also be placed in

free-fall. This can be simulated, for example, by suspending the device from a pendulum

with resonance frequency much below the mechanical resonance frequency of the detector.

3 Beryllium mirrors have been used in cryogenic settings, for example, in the James Webb
Space Telescope [107].

4 For a Si3N4-Be system, (∆12)B−L = 0.053 and (∆12)B = 0.0018.
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Optomechanical systems [75] provide numerous platforms for realizing sensitive ac-

celerometers, such as levitated particles [108] or whispering gallery mode resonators [109].

Here, the use of Si3N4 membranes as resonant optomechanical accelerometers is motivated

by their ability to achieve high mechanical quality factors [110, 111], frequency-tunable me-

chanical resonances [84, 85, 112, 113], and high reflectivity in order to function as the end

mirror of an optical cavity [114, 115].

In order to determine how the vector UDM signal will couple to a membrane, one first

needs to determine the membrane’s mechanical vibration modes. Consider a homogeneous

square membrane on the y-z plane with side lengths L and thickness h. The membrane is

centered on the origin so that its edges lie at y = ±L/2 and z = ±L/2. Let u(t, y, z) be the

transverse (in the x-direction) displacement field of the membrane with respect to its frame.

The displacement field obeys a 2D wave equation

ü = vs
2∇2u, (3.9)

where vs is the speed of transverse waves. The total displacement field can be expanded

in terms of the eigenmodes u(t, y, z) =
∑

i j xi j(t)ui j(y, z), where xi j gives the amplitude and

temporal phase of the oscillation while ui j is the dimensionless, normalized spatial distribu-

tion (or modeshape). The modeshape can be further decomposed as ui j(y, z) = ui(y)u j(z).

The modes are orthogonal
(!

dydz ui jumn ∝ δimδ jn

)
with normalization chosen such that∣∣∣ui j

∣∣∣
max
= 1. The membrane is attached to its frame, imposing rigid boundary conditions

on the displacement field: ui(±L/2) = u j(±L/2) = 0. The mode solutions are

ui(y) = cos
( iπy

L
−
π

4

(
1 + (−1)i

))
u j(z) = cos

( jπz
L
−
π

4

(
1 + (−1) j

))
,

(3.10)

with (angular) resonance frequencies

ωi j =
πvs

L

√
i2 + j2. (3.11)
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Each mode can be further characterized by an effective mass, defined as µi j ≡
#

dVρ
(
ui j

)2
[116].

For a membrane with uniform mass density ρ and the modes given by Eqs. (3.10), the effec-

tive mass ends up being mode-independent,

µi j =
ρhL2

4
≡ µm (3.12)

3.1.3 DM-coupling to membrane mechanical modes

The DM signal manifests as a spatially uniform acceleration, affecting the displace-

ment field as üDM(t, y, z) = ∆aDM(t). This driving term can be included into the wave equation

(3.9) to get the equation of motion for a membrane that is driven by the vector UDM field

ü − vs
2∇2u = ∆aDM. (3.13)

Expanding the displacement field in terms of its eigenmodes yields∑
i j

(
ẍi jui j + ω

2
i jxi jui j

)
= ∆aDM. (3.14)

Multiplying both sides of Eq. (3.14) with the operator
#

dVui j, one can reduce the equation

of motion to the form of a driven harmonic oscillator5 for each mechanical mode6

ẍi j + γi j ẋi j + ω
2
i jxi j = αi j∆aDM. (3.15)

The strength of the coupling between the acceleration signal and the i j mode is characterized

by the overlap factor,

αi j ≡

#
dV ui j#
dV u2

i j

. (3.16)

From the mode solutions in Eqs. (3.10), the overlap factors are found to be

αi j
2 =

(
4
π

)4

(i j)−2 sin2
( iπ

2

)
sin2

( jπ
2

)
, (3.17)

5 Mechanical dissipation γi j = ωi j/Qm has been introduced a posteriori, assuming a mode-
independent quality factor Qi j ≡ Qm.

6 Frequency degeneracies exist for different sets of (i, j), and are implicit in the summations∑
i j. The existence of these degeneracies improves the sensitivity (see Eq. (3.24)) at degen-

erate resonances. However, in practice, true degeneracies are difficult to achieve in high-Q
sensors due to local inhomogeneities in density and stress.
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which is zero when either i or j is even. Thus, vector UDM only excites modes where both i

and j are odd.

The total displacement PSD S DM
xx due to UDM can be expressed in terms of the UDM-

induced acceleration PSD S DM
aa (PSD of the differential acceleration ∆aDM) as7

S DM
xx =

∣∣∣∣∣∣∣∑i j

χxa,i jαi j

∣∣∣∣∣∣∣
2

S DM
aa

≈
∑

i j

∣∣∣χxa,i j

∣∣∣2 α2
i jS

DM
aa

(3.18)

where ∣∣∣χxa,i j

∣∣∣2 = ((
ωi j

2 − ω2
)2
+
ω2ωi j

2

Qm
2

)−1

. (3.19)

3.2 Potential of a DM search with optomechanical membranes

3.2.1 Sensitivity requirements

The Eöt-Wash torsion balance EP tests have set strong constraints on vector UDM

coupling strengths gB−L and gB in the kHz to GHz UDM frequency range, imposing stringent

requirements on the minimum detectable differential acceleration ∆aDM,min and DM-strain

sensitivity
√

S DM
aa of next-generation mechanical detectors.

For coupling to B − L, the detector requirements to improve upon EP test constraints

are roughly

gB−L ≲ 10−23
(

f
1 kHz

)1/4

→ ∆aDM,min ≲ 10−13
(
∆12

0.053

) (
f

1 kHz

)1/4 m
s2

→

√
S DM

aa ≲ 10−11
(
∆12

0.053

) (
τint

1 year

)1/4 m
s2 Hz−1/2.

(3.20)

7 The effective susceptibilities χxa,i jαi j for each mode can be approximately added in quadra-
ture because the high quality factor Qm gives sharp resonances in χxa,i j, so that cross terms
are negligible.
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For coupling to B, the requirements are roughly

gB ≲ 10−22
(

f
1 kHz

)1/4

→ ∆aDM,min ≲ 10−14
(
∆12

0.0018

) (
f

1 kHz

)1/4 m
s2

→

√
S DM

aa ≲ 10−11
(
∆12

0.0018

) (
τint

1 year

)1/4 m
s2 Hz−1/2.

(3.21)

In practice, these figures of merit are difficult to achieve with a cm-scale, sub-gram mass

detector like the membrane proposed here. However, these requirements can be met by uti-

lizing high-Q mechanical resonances to amplify the signal, reducing readout requirements

for a thermally-limited measurement. On-resonance, the detector’s compact form factor be-

comes a benefit, facilitating cryogenic cooling to reduce the thermal noise floor and enhance

sensitivity.

3.2.2 Sensitivity and noise

Classical optomechanical systems are fundamentally limited by thermomechanical

(thermal) noise, which refers to the thermal motion of a membrane at finite temperature T ,

and imprecision and backaction noise, which comes from photon shot noise introduced by

the optical readout. Imprecision and backaction noise are described by displacement PSD

S imp
xx and acceleration PSD S ba

aa, respectively.8 Each mechanical mode experiences thermal

noise with acceleration PSD given by [79, 80]

S th
aa,i j =

4kBTωi j

µmQm
. (3.22)

The total displacement noise in the measurement, including contributions from each

mode, is

S noise
xx = S imp

xx +
∑

i j

|χxa,i j|
2
(
S th

aa,i j + S ba
aa

)
. (3.23)

8 See Section 1.4 for an explanation of measurement imprecision and backaction. See Sec-
tion 2.3.2 for expressions for S imp

xx and S ba
aa.
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Equating S DM
xx (from Eq. 3.18) with S noise

xx , the membrane system’s acceleration sensitivity is

√
S DM

aa =

∑
i j

|χxa,i j|
2αi j

2


−1/2 √

S noise
xx . (3.24)

3.2.3 Minimum detectable coupling strength

The minimum detectable differential acceleration9 over an integration time τint ≫

τDM depends on the acceleration sensitivity in Eq. (3.24) as

∆aDM,min ≈

√
2S DM

aa (τDMτint)−1/4 (3.25)

and the minimum detectable coupling strength is

g′min =

√
3

∆12aDM,rms
∆aDM,min. (3.26)

The expected minimum detectable coupling strengths gB−L,min and gB,min are plotted in Figs.

3.2 and 3.3, respectively, for square membranes ranging from 2.5−20 cm wide. It is assumed

that the membranes have thickness h = 200 nm, mechanical quality factor Qm = 109, and

temperature T = 10 mK. It is further assumed that the membranes form an optical cavity

with finesse F = 100, and that the measurement of the membrane’s motion is performed

using a laser with wavelength λ = 1 µm and power P = 0.3 mW.

It can be seen in Figs. 3.2 and 3.3 that cryogenically-cooled optomechanical membrane-

based detectors are capable of reaching new regions of the vector UDM parameter space,

potentially improving upon the current bounds by over an order of magnitude, over nar-

row bandwidths around the resonance frequencies. The proposed Si3N4-Be optomechanical

system achieves better sensitivity to B − L coupling (∆12 = 0.053) than for B coupling

(∆12 = 0.0018). Superior sensitivity to B − L coupling is typical for heterogeneous, vector

9 The discussion in Section 2.3.3 about the minimum detectable force applies to any type
of signal, such as acceleration, displacement, or strain. For the optomechanical membrane-
based detectors proposed here, whose motion would cause a phase shift of the light exiting
the optical cavity that is measured interferometrically, the experimental observable is the
optical power at the interferometer output. The membrane’s acceleration is inferred from the
measured optical power.
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Figure 3.2: Centimeter-scale Si3N4 membranes as vector B-L dark matter detectors:
Solid blue (dashed gray) curves indicate the minimum detectable coupling
strength for square membranes with side lengths ranging from 2.5-20 cm, as-
suming an integration time of τint = 1 year (τint = τDM) and accounting for only
the fundamental mechanical mode. The green curve results from a multimode
analysis for a 20 cm membrane. Shaded regions indicate constraints from EP
tests [6, 8] and LIGO [43]. The right axis indicates the differential acceleration
assuming ∆12 = 0.053. Figure adapted from Ref. [42]©2021 American Physi-
cal Society.

UDM detectors, as differences in relative neutron fraction are typically greater than differ-

ences in atomic binding energy.

While the frequencies of the fundamental modes span from 2 − 25 kHz, higher-order

modes can extend the frequency range of a single membrane.10 Comparing the multimode

10 In theory, a membrane has an infinite number of modes and the frequency range of the
detector is limited by the bandwidth of the optical measurement. For example, a ∼ 1 mm
long optical cavity has a readout bandwidth of c/(2LF ) ∼ 1 GHz, encompassing ∼ 1011

modes of a 10 cm membrane.
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(green) curve and the single mode (blue) curves in Fig. 3.2, it can be seen that the perfor-

mance of a single membrane with higher-order modes is similar to an array of (single mode)

membranes of varying size.

Generally, the acceleration sensitivity is limited by backaction and thermal noise near

the mechanical resonances; the sensitivity is limited by imprecision noise off resonance. For

example, consider a square membrane with side lengths of 10 cm. Near the fundamental

resonance frequency at ∼ 4 kHz, thermal noise and backaction noise are roughly equal,

contributing a combined ∼ 10−12 m·s−2·Hz−1/2 to the acceleration noise floor, while the con-

tribution from imprecision noise is ∼ 10−17 m·s−2·Hz−1/2 (from S imp
xx ≈ 10−17 m·Hz−1/2).

Therefore, the total motion of the membrane is resolved (S imp
xx < S th

xx + S ba
xx) on resonance,

and the detector achieves gB−L,min ≈ 10−24 over a fractional bandwidth of ∼ 10−4.

3.2.4 Search strategies

In the search for vector UDM, optomechanical membranes are able to compete with

larger detectors like LIGO [43] and torsion balances [13] because of their high mechanical

Q-factors for resonant amplification of the acceleration signal (producing a greater phase

shift in light exiting the optical cavity) and their compatibility with cryogenic cooling to

reduce thermal noise on resonance. However, the exceptional sensitivity of resonant sensors

comes at the price of reduced bandwidth, as evident in the blue single-mode curves in Figs.

3.2 and 3.3. As a result, a more complete vector UDM search with resonant optomechanical

membranes will require frequency scanning11 or an array of detectors [42].

3.3 Conclusion

In this chapter, the prospect of performing a search for B − L- or B-coupled vector

UDM using resonant, heterogeneous, optomechanical accelerometers is discussed. As an

example, detectors based on centimeter-scale, cryogenically-cooled Si3N4 membranes have

been considered. It has been demonstrated that such detectors, operating on resonance, are

11 The resonance frequencies of Si3N4 membranes are tunable [84, 85, 112, 113], enabling
frequency scans to increase the effective bandwidth of a single membrane mode.
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Figure 3.3: Projected constraints on B coupling by Si3N4 membranes: Blue curves
are for centimeter-scale membranes as in Fig. 3.3, with the suppression fac-
tor ∆12 adjusted for B coupling. Shaded regions indicate constraints from EP
tests [6, 13] and LIGO [43]. The right axis indicates the differential accelera-
tion assuming ∆12 = 0.0018. Figure adapted from Ref. [42] ©2021 American
Physical Society.

capable of improving upon the current bounds set on the vector UDM coupling strength by

over an order of magnitude. By utilizing higher-order mechanical modes and implementing

detector arrays and frequency-scanning techniques, optomechanical membranes are capable

of performing searches for vector UDM spanning the frequency range 1 − 100 kHz.

In light of the technical challenges that will arise as optomechanical membrane-based

UDM detectors are pursued experimentally [117], the theoretical treatment presented here

will need to be adapted to match experimental constraints. In particular, this analysis for

g′min applies for square, homogeneous membranes. However, the analysis will need to be

adapted to include different geometries, such as a trampoline resonator [118] with photonic

crystal patterning [119] (to increase the optical cavity’s finesse), for which mode-dependent
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parameters (e.g. ui j, µi j, ωi j, αi j) would need to be recalculated.

Additionally, a greater region of parameter space can be reached by performing a

frequency scan than simply measuring for a longer integration time [117]. To optimize a

frequency scan to address of the largest parameter space possible, a theoretical treatment that

considers the relative contributions of each noise source (which determines the on-resonance

detection bandwidth) is necessary. This treatment can also be used to chose (potentially)

tunable experimental parameters, such as the membrane geometry and cavity finesse (prior

to detector construction) or the optical power and wavelength (after detector construction).
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Chapter 4

PROPOSAL OF A SCALAR UDM SEARCH WITH COMPACT MECHANICAL
RESONATORS

In this chapter, compact mechanical resonators are proposed as detectors for scalar

UDM. The material in this chapter was adapted from Ref. [33], Searching for scalar dark

matter with compact mechanical resonators, Jack Manley and others; Phys. Rev. Lett. 124,

151301 (2020). Reproduced here with permission,©2020 American Physical Society.

As described in Section 2.2.2, scalar UDM coupled to photons and electrons pro-

duces an oscillating strain signal. This strain produces a measurable displacement in a body

composed of many atoms, and it can be resonantly enhanced in an elastic body with acous-

tic modes at the dark matter frequency. Recently it has been suggested to search for this

acoustic DM signature using resonant-mass antennae [34], such as re-purposing Weber-

bar [120] gravitational wave (GW) detectors. In fact, data from AURIGA–a resonant-mass

GW detector–has been reanalyzed in the context of scalar UDM to put bounds on scalar DM

coupling [24]. Traditional resonant-mass GW detectors, like AURIGA, are typically very

large (∼ 103 kg), with frequencies around ∼ 1 kHz. Given the uncertainty in the UDM fre-

quency, a more complete search using resonant mass detectors will require many resonators

operating across a large frequency range.

In this chapter, the resonant-mass approach is extended to a broader class of me-

chanical resonators with compact form factors. The compactness of the devices makes them

better-suited to small-scale laboratories, enabling more UDM searches to cover the large fre-

quency range of the UDM parameter space. With masses spanning from a few kilograms

to less than a gram, the resonators considered in this chapter can provide access to a broad

frequency (mass) range of 100 Hz − 100 MHz (10−12 − 10−6 eV/c2). Owing to their small

dimensions and crystalline material, these devices can be operated at dilution refrigerator
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temperatures with quality factors as high as 1010 [46], thereby substantially reducing ther-

mal noise and potentially achieving constraints on dark matter coupling strength that are

orders of magnitude below the current bounds.

The organization of this chapter is similar to that of Chapter 3:

• Section 4.1 focuses on the scalar UDM strain signal and how it excites vibrations in
bar-type mechanical resonators. The result is Eq. (4.14), which is an expression for a
resonator’s displacement PSD due to a DM-induced strain.

• The purpose of Section 4.2 is to explain Figs. 4.3 and 4.4, which are the result of this
work. Figures 4.3 and 4.4 are plots of the minimum detectable coupling strength for
the proposed resonators in comparison to constraints from previous experiments.

• Section 4.3 contains concluding remarks.

4.1 Mechanical resonators as DM detectors

4.1.1 Strain signal

As discussed in Section 2.2.4, scalar UDM coupled to photons or electrons produces

an isotropic and nearly material-independent strain signal that is well-described by

hDM(t) ≈
(
de + dme

)
hDM,0 cos (ωDMt), (4.1)

where de (dme) is the strength of the coupling to photons (electrons). The total coupling

strength is defined as dDM ≡ de + dme . The amplitude hDM,0 is a stochastic quantity with

root-mean-square value

hDM,rms ≡

√
8πGρDM

c2ωDM
2 . (4.2)

In the presence of scalar UDM, atoms are strained according to Eq. (4.1), resulting in the

deformation of a macroscopic solid (rather, any form of condensed matter). Deformation

is characterized by the displacement vector u(t, r), a field describing the displacement of a

volume element from its equilibrium position within the solid. The UDM strain signal acts

as a perturbation to the displacement field. In an isotropic elastic medium, the effect can be

modeled as an isotropic perturbation [34, 121]

u(t, r)→ u(t, r) − rhDM(t), (4.3)
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where r is the position relative to a stationary reference such as the object’s center of mass

or a rigid boundary.

Figure 4.1: Scalar UDM strain in a rigid rod: A quasi-static UDM strain signal results in
a change in length of δL = L0hDM.

Considering a simple 1-dimensional rigid rod in the presence of a quasi-static1 scalar

UDM field, the perturbed displacement field in Eq. (4.3) simply results in a change in length

of the rod, such that δL/L0 = hDM. However, if the DM frequency matches the resonance

frequency of one of the rod’s mechanical oscillation modes, the resulting displacement will

be amplified so that δL/L0 ∼ QmhDM, where Qm is the quality factor of the mechanical

mode. In particular, for the mechanical resonators that will be considered in this chapter,

scalar UDM will only excite breathing (or dilation) modes, where the total length of the

resonator oscillates.

4.1.2 Compact mechanical resonators

This chapter is concerned with resonant detectors, which are capable of amplifying

the DM-induced strain signal in proportion to their mechanical Q-factor. Under consider-

ation are four compact mechanical resonators that are composed of high-quality materials

(superfluid helium, crystalline sapphire, and crystalline quartz), making them inherently ca-

pable of attaining high Q-factors. Due to their differences in size, each of the proposed

detectors operates in a different frequency range, affording access to a large region of the

scalar UDM parameter space from 100 Hz to 100 MHz.

1 In the quasi-static scenario, the DM frequency is far below the frequency of any mechan-
ical resonances, so that the oscillation of the UDM field is significantly slower than the
response time of the rod.
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For DM frequencies 100 Hz ≲ fDM ≲ 25 kHz, we consider a superfluid helium bar

resonator, which is probed optomechanically as discussed in Ref. [122] [rendered in Fig.

4.2(a)]. The detector would consist of a rigid cylindrical shell that houses the superfluid

helium. The detector’s design follows that of Ref. [123], with dimensions given in the

caption of Fig. 4.2. To aid in cavity optomechanical readout, one of the end faces of the

cylindrical shell is assumed to be a movable boundary. In practice, this can be approximately

realized by using a flexible membrane as the end face. The resonant medium is the 2.7 kg

volume of superfluid, which is inherently low loss. A mechanical quality factor of Qm = 109

is assumed, which would be limited by doping and clamping loss [122].

For DM frequencies 50 kHz ≲ fDM ≲ 2.5 MHz, we consider a 0.3 kg HEM® sapphire

cylinder intended for use as an end-mirror in future cryogenic GW detectors [44] [rendered

in Fig. 4.2(b)]. The resonator dimensions provided in the caption of Fig. 4.2 are motivated

by the design in Ref. [44]. Crystalline sapphire is a high-quality acoustic material capable of

attaining a Q-factor of Qm = 109 [124, 125].

For DM frequencies 550 kHz ≲ fDM ≲ 27 MHz, we consider a cm-scale sapphire

pillar resonator, which is similar in character to the sapphire cylinder, though significantly

reduced in size [rendering in Fig. 4.2(c)]. This design is based on a quartz “micropillar”

resonator developed by Neuhaus et al [126, 127], where the pillar is suspended in the middle

of a thin quartz membrane for acoustic isolation (illustrated by the gray triangle in Fig.

4.2(c)). The pillar is assumed to be re-scaled to the dimensions given in the caption of Fig.

4.2 and reconstructed of sapphire, whose higher density and sound velocity produces larger

strain coupling in order to begin setting new constraints in the MHz regime with only ∼ 0.3

grams of mass and an assumed Qm = 109.

Finally, for DM frequencies 10 MHz ≲ fDM ≲ 350 MHz, a quartz bulk acoustic wave

(BAW) resonator [46] is considered [rendering in Fig. 4.2(d), with dimensions given in the

caption]. A scalar UDM search with BAWs was initially proposed in Ref. [34] and has

been included in this analysis for completeness. Quartz BAWs can achieve Qm = 1010 [46],

enabling a UDM search at the relatively unprobed MHz frequencies (see Figs. 2.8 and 2.9).

In order to determine how strongly the scalar UDM strain signal couples to each
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(a)

(b)

(c)

(d)

Figure 4.2: Resonator acoustic modes: Renderings of each of the proposed resonators,
with a simulated acoustic mode displayed in red-blue scale. (a) Superfluid he-
lium detector; R = 10.8 cm, L = 50 cm. (b) Sapphire cylinder; test mass. From
Ref. [44] R = 15 mm, L = 10 cm. (c) Rendering of sapphire pillar. s = 4 mm,
L = 1 cm. (d) Rendering of quartz BAW resonator. From Ref. [45, 46] L = 1
mm, D = 30 mm, R = 300 mm, where L is the thickness and R is the radius
of curvature of the top surface. Figure adapted, with permission from Russell
Stump, from Ref. [33]©2020 American Physical Society.

resonator, one first needs to determine their acoustic modes. For this analysis each resonator

is treated as isotropic, homogeneous, and linearly elastic. Considering only longitudinal

modes, the equation of motion for the displacement field u (t, r) is then [128]

ü = vs
2∇2u, (4.4)

where vs is the sound speed. The total displacement field can be expanded in terms of its

eigenmodes, u(t, r) =
∑

i xi(t)ui(r), where xi(t) gives the amplitude and phase of the oscil-

lation while ui(r) is the dimensionless spatial distribution, or modeshape. The modes are

orthogonal
(#

dVui · u j ∝ δi j

)
with normalization chosen such that |ui|max = 1. Each mode
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can be further characterized by an effective mass µi, defined as2

µi ≡

$
dVρ |ui|

2 . (4.5)

Three of the resonators (superfluid helium, test mass, and pillar) can be treated effectively

as 1D rods oriented along the x-axis with longitudinal modes ui(r) = ui(x)x̂. The mode

solutions are simply

ui(x) = cos
(
ωi

vs
x + θi

)
(4.6)

where ωi is the mode’s angular frequency and θi is the phase, both of which will be deter-

mined by the boundary conditions. Figure 4.2 displays a basic rendering of each device with

an acoustic mode. At free acoustic boundaries, the motion of the edge of the bar is uncon-

strained, reaching maximum displacement |ui(xfree)| = 1. At fixed acoustic boundaries, the

oscillator’s motion is restricted, so that |ui(xfixed)| = 0.

The test mass and pillar can be treated as 1D bars with length L, cross-sectional area

A, and free acoustic boundaries. If the end faces are located at x = 0 and x = L. The spatial

modes are described by Eq. (4.6), with θi = 0 and ωi = iπvs/L. From Eq. (4.5), the effective

mass is found to be mode independent, µi = ρAL/2, which is just half the total mass of the

resonator.

The geometry of the proposed superfluid helium cylinder differs only in that the end

face at x = 0 is assigned a rigid acoustic boundary condition. The spatial modes are described

by Eq. (4.6), with θi = −π/2 andωi = (2i−1)πvs/2L. The effective mass is again µi = ρAL/2.

The geometry of BAWs is slightly more complicated due to their rounded end face.

However, the displacement modes for BAWs are characterized in Ref. [45]. The displace-

ment modes are quasi-longitudinal with the dominant component’s modeshape given by

ui(x) ≈ sin
[ iπx

L

]
exp

− iπ
2

√
2

5RL3

(
y2 + z2

), (4.7)

with frequency ωi ≈ iπvs/L and effective mass

µi ≈
ρL
2i

√
5RL3

2
, (4.8)

2 The mass density ρ of each resonator will be considered spatially uniform.
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where R is the radius of curvature of the curved end face of the BAW resonator.

4.1.3 DM-coupling to acoustic modes of an arbitrary resonator

To include the DM signal into the equations of motion for the resonator, replace the

displacement field in Eq. (4.4) with the perturbed displacement field described by Eq. (4.3)

to get

ü − vs
2∇2u = rḧDM. (4.9)

Considering a resonator with non-degenerate acoustic modes, each mode can be treated in-

dependently,3 such that

ẍiui + ωi
2xiui = rḧDM. (4.10)

Multiplying both sides of Eq. (4.10) with the operator
#

dVui·, one can reduce the equa-

tions of motion to the form of a driven harmonic oscillator4

ẍi + γi ẋi + ωi
2xi = αiḧDM. (4.11)

The strength of the coupling between the scalar strain signal and the ith mode is characterized

by the overlap factor

αi ≡

#
dV (ui · r)#

dV |ui|
2
. (4.12)

From the mode solutions detailed in Section 4.1.2, the overlap factors are found to be

αi
2 =


8L2(iπ)−4

(
1 − (−1)i

)
test mass and pillar

64L2(2i − 1)−4π−4 superfluid helium

64L2 (iπ)−4 BAWs

(4.13)

Evidently, for the sapphire cylinder and pillar, only odd-ordered modes couple to the scalar

strain signal. For the superfluid helium and BAW resonators, both even and odd modes are

excited by scalar UDM.

3 The UDM strain hDM is (nearly) monochromatic, so it will excite a mode only if the DM
frequency is near the mode frequency.

4 Mechanical dissipation γi = ωi/Qm has been introduced a posteriori, assuming a mode-
independent quality factor Qi ≡ Qm.
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The displacement PSD due to UDM S DM
xx can be expressed in terms of the DM strain

PSD S DM
hh , adding the modal susceptibilities χxa,iαi in quadrature (see Section 3.1.3),

S DM
xx =

ω4
∑

i

∣∣∣χxa,i

∣∣∣2 αi
2

 S DM
hh , (4.14)

where ∣∣∣χxa,i

∣∣∣2 = ((
ωi

2 − ω2
)2
+
ω2ωi

2

Qm
2

)−1

. (4.15)

4.2 Potential of a DM search with compact mechanical resonators

4.2.1 Sensitivity requirements

As in Chapter 3 with vector UDM, EP tests [8] have set constraints on scalar UDM

coupling strengths de and dme . As described in Section 3.2.1, compact detectors can over-

come the requirements on minimum detectable strain hmin and DM-strain sensitivity
√

S DM
hh

with cryogenic cooling and resonant amplification.

For coupling to photons, the requirements are

de ≲ 10−3
(

f
1 Hz

)1/4

→ hmin ≲ 10−21
(
1 kHz

f

)3/4

→

√
S DM

hh ≲ 10−19
(
1 kHz

f

) (
τint

1 year

)1/4

Hz−1/2.

(4.16)

For coupling to electrons, the requirements are

dme ≲ 10−2
(

f
1 Hz

)1/4

→ hmin ≲ 10−20
(
1 kHz

f

)3/4

→

√
S DM

hh ≲ 10−18
(
1 kHz

f

) (
τint

1 year

)1/4

Hz−1/2.

(4.17)

4.2.2 Sensitivity and noise

In Chapter 3, detailed consideration was given to imprecision, backaction, and ther-

mal noise. The resonators in this chapter have significantly larger effective mass than an
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Figure 4.3: Projected constraints on dme from compact mechanical resonators: Solid
lines indicate the minimum detectable coupling strength across several low-
order modes for each proposed resonator. For each resonator, multiple res-
onances achieve sensitivity below constraints set by EP tests[8] and AU-
RIGA [24]. Dashed lines indicate the ultimate thermal limit to detection.
The thermal limit is achieved at every resonance, although the plot’s limited
resolution gives the appearance that some of the resonances are less deep. The
integration time is τint = 1 year. Also included is a region satisfying the nat-
uralness criterion for a scalar field [47], which is defined to be consistent with
other work [34, 47, 48]. The naturalness criterion is not a constraint, but can be
considered a region with additional theoretical motivation. Figure adapted from
Ref. [33]©2020 American Physical Society.

optomechanical membrane, reducing the effects of measurement backaction. Thus, on res-

onance, thermal noise sets the limit on detection sensitivity (dashed lines in Figs. 4.3 and

4.4), although measurement imprecision will still limit the detection bandwidth for each

mechanical mode.
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Figure 4.4: Projected constraints on de from compact mechanical resonators: The pro-
jected constraints from resonators are the same as in Fig. 4.3. The natural
region and EP test constraints and have shifted, reducing the region of new pa-
rameter space that can be probed by each resonator. For example, the projected
constraints from quartz BAWs do not improve upon EP test constraints on de.
Figure adapted from Ref. [33]©2020 American Physical Society.

Thermomechanical noise drives each mechanical mode into Brownian motion [129]

with acceleration PSD given by

S th
aa,i =

4kBTωi

µiQm
. (4.18)

Readout imprecision S imp
xx can be generically included, so that the total measured displace-

ment noise PSD for each resonator is given by

S noise
xx = S imp

xx +
∑

i

∣∣∣χxa,i

∣∣∣2 S th
aa,i. (4.19)
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Equating S DM
xx (from Eq. 4.14) with S noise

xx , the DM-induced strain sensitivity of a detector is

√
S DM

hh =

ω4
∑

i

∣∣∣χxa,i

∣∣∣2 αi
2

−1/2 √
S noise

xx . (4.20)

In the absence of readout noise, thermal noise determines the broadband strain sen-

sitivity of a resonator. However, a high-Q resonator’s thermal motion typically exceeds

the readout imprecision only over narrow bandwidths around the mechanical resonance fre-

quencies, where the thermal noise is resonantly amplified. The “bandwidth” of a single

mechanical resonance is considered the frequency range over which S imp
xx ≤

∣∣∣χxa,i

∣∣∣2 S th
aa,i, and

the on-resonance thermally-limited strain sensitivity for each mode is

√
S DM,th

hh,i =

√
4kBT

µiQmαi
2ωi

3 . (4.21)

While high-Q resonators generally favor on-resonance sensitivity over bandwidth, the

resonators discussed here permit high-sensitivity optomechanical readout. Sapphire cylin-

ders and pillars can be mirror-coated (e.g. using crystalline coatings [130]) and coupled

to a Fabry-Pérot cavity. The thermal displacements of the end-faces are on the order of

10−14 m/
√

Hz (cylinder) and 10−16 m/
√

Hz (pillar) near the fundamental mode, implying a

fractional bandwidth of 10−5 (cylinder) and 10−7 (pillar) for a shot-noise-limited displace-

ment sensitivity of
√

S imp
xx 10−18 m/

√
Hz (achievable with mW of optical power for a cavity

finesse of 1000).

Superfluid helium and quartz BAW resonators have been probed non-invasively with

low-noise microwave circuits. Low-noise readout of BAWs is typically achieved through

capacitive-coupling to a superconducting quantum interference device (SQUID) amplifier,

enabling fractional bandwidths of 10−6 at 10 MHz for a device at 10 mK with Qm ∼ 108 [131].

Here, readout noise is assumed at the level
√

S imp
xx = 10−19 m/

√
Hz, based on the BAW de-

vices characterized in Ref. [45]. Similarly, superfluid helium resonators can be capacitively-

coupled to superconducting microwave cavities. Imprecision noise is assumed at the level√
S imp

xx = 10−16 m/
√

Hz, which has been achieved in a similar superfluid helium resonator

that had been designed to perform a resonant gravitational wave search [83].
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4.2.3 Minimum detectable coupling strength

For an integration time τint ≫ τDM, the minimum detectable strain for a detector can

be expressed in terms of the strain sensitivity (Eq. 4.20) is

hDM,min ≈

√
2S DM

hh (τDMτint)−1/4 , (4.22)

and the minimum detectable coupling strength is

dDM,min =
hDM,min

hDM,rms
. (4.23)

While the strain signal depends on the total coupling strength dDM, it is conventional to

consider each coupling separately, as is done in Figs. 2.8, 2.9, 4.3, and 4.4.

Figures 4.3 and 4.4 plot the estimated minimum detectable coupling strength for each

proposed detector, including readout imprecision at the levels discussed in Section 4.2.2,

over the first several mechanical modes. The dashed lines indicate the ultimate thermal limit

on detection, in the absence of measurement imprecision, assuming a temperature of T = 10

mK for the superfluid helium, sapphire pillar, and quartz BAW detectors. For the sapphire

cylinder, T = 10 K is assumed as an experimental constraint due to the low thermal conduc-

tance of the test mass suspensions [132]. Note that while the mode shapes ui (indicated by

color-coding) in Fig. 4.2 are rendered numerically in COMSOL® [133], the results plotted

in Fig. 4.3 and Fig. 4.4 are analytical.

The superfluid helium detector is capable of achieving a thermally-limited strain sen-

sitivity of
√

S DM,th
hh,1 = 2.5·10−21 Hz-1/2 on its first mechanical mode at f1 ≈ 120 Hz, improving

upon the current bounds on both dme and de by more than an order of magnitude. The first

mode of the sapphire cylinder is also capable of setting new constraints on both couplings,

with
√

S DM,th
hh,1 = 2.4 · 10−22 Hz-1/2 at f1 ≈ 54 kHz. The sapphire pillar is capable of reaching

the current bounds on de, and improving upon the bounds on dme by an order of magnitude,

with
√

S DM,th
hh,1 = 7.7 · 10−23 Hz-1/2 at f1 = 550 kHz.

Typical hmin values derived for the devices in this work are ∼ 10−24 − 10−23. Despite

the upward trend of the Eöt-Wash constraints with frequency, it is evident in Eqs. (4.16)

(4.17) that higher frequency detectors require a lower hmin in order to maintain the same
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minimum detectable coupling. This scaling arises from the inverse relationship between the

DM field amplitude φ0 and Compton frequency fDM. High-frequency searches are further

challenged by the shorter signal coherence time τDM (Eq. 1.4) and smaller dimensions of

the resonators, which decreases the DM-mode coupling factor αi, as evident in Eq. (4.13).

Therefore, designing mechanical resonators to beat limits set by EP tests is difficult above

MHz frequencies. Despite these challenges, some lower-order mechanical modes of quartz

BAWs can set new constraints on dme at around ∼ 10 MHz with a sensitivity of ∼ 5 · 10−23

Hz-1/2, owing largely to the elevated Q-factor of 1010.

4.2.4 Search strategies

As with the resonant detector proposed to search for vector UDM in Chapter 3, com-

pact mechanical resonators are capable of probing the scalar UDM parameter space orders

of magnitude below the current bounds because of their ability to achieve high mechanical

Q-factors and their compatibility with cryogenic cooling. These two factors permit access to

very small UDM signals, but require a sacrifice in bandwidth. As can be seen Figs. 4.3 and

4.4, the total frequency coverage of a single detector is enhanced by simultaneously moni-

toring multiple mechanical modes. And the gaps between mechanical modes can, in theory,

be filled using an array of detectors with different resonance frequencies. An alternate route

to increasing the bandwidth of a resonant UDM search is to perform a frequency scan, where

an experiment is decomposed into a series of shorter measurements at different frequencies.

A detector’s ability to perform a frequency scan is limited by its tunability. While the

sound speed of quartz and sapphire are both thermally tunable, ultra-cryogenic operation lim-

its the utility of this approach. Superfluid helium-based resonators, however, are well-suited

to perform frequency scans, as their resonance frequencies can be tuned via pressurization

(which has been used to change the sound speed of superfluid helium by 50% [82]).

4.3 Conclusion

Considering compact mechanical resonators, with cm-scale dimensions and sub-kg

mass, it has been shown that small-scale mechanical experiments have the ability to probe
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novel regions of the scalar UDM parameter space over a large frequency range from 100 Hz-

100 MHz, corresponding to 10−12 − 10−6 eV scalar mass range. Exceptional on-resonance

strain sensitivities are made possible by the naturally high-quality materials (superfluid and

crystalline solids) and compatibility with cryogenic cooling. The reduced bandwidth inher-

ent to resonant detection schemes can compensated for by the small size of the individual

devices, which facilitates bandwidth-enhancing techniques such as detector arrays and fre-

quency tuning.

Looking forward to the prospect of performing an experiment to search for scalar

UDM with mechanical resonators, it is worth noting that a prototype resonant GW detector

using a superfluid helium resonator (similar to that discussed in this chapter) has been built at

the University of Alberta [83]. Such a detector is coincidentally sensitive to scalar UDM, and

efforts are underway to construct a similar device with the intention of performing a scalar

UDM search following the analyses presented here [134]. Additional theoretical treatment

will be necessary to conduct a UDM search and interpret the results, such as recalculating

mode-dependent parameters (e.g. ui, µi, ωi, αi) for the specific detector geometry and opti-

mizing a frequency scan while accounting for the on-resonance detection bandwidth of the

detector (as discussed in Section 3.3).
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Chapter 5

PROPOSAL OF A SCALAR UDM SEARCH WITH AN OPTICAL FIBER-BASED
DETECTOR

The optomechanical detectors proposed in Chapters 3 and 4 resonantly amplify the

UDM signal to achieve exceptional sensitivities over narrow bandwidths. However, given

the large uncertainty in the UDM frequency, it is desirable to have a detector with broadband

sensitivity. The purpose of this chapter is to design a tabletop experiment that is inherently

broadband.

Consider the scalar UDM candidates addressed in Chapter 4, which cause a mechan-

ical strain, or a fractional oscillation in the length of a detector. The resulting total change

in length (displacement) can be resonantly amplified by a high-Q mechanical mode to pro-

duce a measurable displacement. Without resonance, the same displacement can in theory be

achieved simply by using a larger detector. Optical fibers can be kilometers in length while

maintaining a compact form factor. In this chapter, an optical fiber-based detector for scalar

UDM is investigated.

Lacking high-Q mechanical resonances, spooled fibers are inherently broadband strain

sensors that can be many kilometers in length with a small cross-sectional area, resulting in

measurable displacements while maintaining a small volume. However, simple designs for a

fiber-based detector of the UDM strain signal encounter a problem: scalar UDM will strain

everything in the lab equally. A fiber’s length is typically measured interferometrically using

a laser whose center wavelength is determined by the length of the laser cavity. As dark

matter strains the laser cavity, the laser’s resonant wavelength is strained in proportion to

the fiber length, canceling any UDM-induced phase shift in an interferometric measurement.

This example enforces an important concept for UDM searches, which is that experiments

must be designed to perform differential measurements. In Chapter 3, this was accomplished
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by comparing different materials, which are differentially-accelerated by vector UDM. In

Chapter 4, this was accomplished through resonance, where the amplified strain signal in the

resonator would exceed the strain in experimental components that are not resonating.

The scalar UDM-induced strain signal is best considered material-independent, mak-

ing it difficult to detect simply using optical fibers. However, there is another, typically

smaller, signal arising from scalar UDM: modulation of refractive indices. Unlike the me-

chanical strain signal, refractive index modulation is a material-dependent effect. It can be

searched for by comparing optical fibers in which the light travels through different materi-

als, such as solid core and hollow core fibers, where the optical mode is confined to silica

and air/vacuum, respectively.

In this chapter an optical fiber-based detector is proposed that consists of a 10 km

solid core fiber and a 15 km hollow core fiber. By comparing the fibers’ refractive indices

over time, the detector achieves broadband sensitivity to scalar UDM at frequencies too low

(≲ 100 Hz) for mechanical resonators. It is found that, by implementing cryogenic cooling

and vibration suppression techniques, optical fibers are capable of performing a broadband

search for scalar UDM couplings to photons at sub-Hz frequencies. A fiber-based detector is

additionally well-suited to constrain Solar halo UDM models (introduced in Section 5.3.2)

for 10−3 Hz ≲ fDM ≲ 101 Hz.

This chapter is outlined as follows:

• The purpose of Section 5.1 is to describe how a fiber-based detector can be used to
search for scalar UDM via its modulation of refractive indices.

• Section 5.2 provides quantitative models of the expected sources of noise, which are
summarized in Fig. 5.2.

• Section 5.3 discusses the results in terms of the minimum detectable coupling strength
of fiber-based detectors, which can be found in Figs. 5.4 and 5.5 for two different DM
models.

• Section 5.4 briefly summarizes the chapter.

Appendix B provides details on the calculations done in this chapter, including a derivation

of expressions for the detector’s signal and noise, detail on the modulation of refractive
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indices by scalar UDM, and an estimate of the mechanical properties of optical fibers that

are needed to estimate the thermomechanical noise floor.

5.1 Optical fibers as DM detectors

As discussed in Section 2.2.2, scalar UDM coupled to photons causes an oscillation in

fine-structure constant. Fractional fluctuations in α can be expressed in terms of the coupling

strength de as
δα

α0
(t) ≈ deφ(t) ≈ deφ0 cos (ωDMt) . (5.1)

In Chapter 4, the effect this would have on the size of an object through modulation of the

Bohr radius was considered. However, the proposed fiber-based detector would be sensitive

to scalar UDM through its effect on an optical fiber’s refractive index.

Laser

Fiber A
(solid core)

Fiber B
(hollow core)

Photodetector

measure optical 
phase difference

Figure 5.1: Conceptual model for an optical fiber-based detector: Relative oscillations
in the refractive indices of two fibers can be detected using a balanced Mach-
Zehnder interferometer. Scalar UDM affects the refractive index of the solid
core fiber, shifting the optical phase and resulting in an oscillation in output
optical power at the UDM frequency. The fiber lengths are chosen to be L0,A =

10 km and L0,B ≈ 15 km.
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The refractive index of an optical material generally depends on the fine-structure

constant [71, 135], and for small fluctuations in α, the resulting fractional fluctuation in

refractive index is1

δn
n0
= ϵnα

δα

α0
. (5.2)

While the coefficient ϵnα may not be directly measurable, it can be related to a material’s

optical dispersion2 as [71, 135]

ϵnα = −2ϵnωL . (5.3)

Here it is proposed to search for scalar UDM by comparing the refractive indices

of two different types of fibers, solid core and hollow core fibers, which are differentially

affected by oscillations in the fine-structure constant. In solid core fibers, the optical mode is

contained within silica, for which ϵnωL,silica = 0.013 at an optical wavelength of 1550 nm (see

Appendix B.2.1). In hollow core fibers, the optical mode is mostly contained within air (or

vacuum), for which ϵnωL,air ≪ ϵnωL,silica [136, 137].

A simple model for a fiber-based scalar UDM detector is a balanced3 Mach-Zehnder

interferometer, as depicted in Fig. 5.1, where the length of the solid core fiber (nA ≈ nsilica ≈

1.5) is 10 km, and the length of the hollow core fiber (nB ≈ nair = 1 [138]) is then ∼ 15 km.

Oscillations in the relative optical lengths of the fibers can be measured interferometrically

using a laser with central wavelength λ0,L = 1550 nm.

Generally, both lengths4 and refractive indices are affected by oscillations in the fine-

structure constant. However, both fibers have nearly the same material composition, and the

scalar UDM-induced strain signal is nearly material-independent [102], so the strain is com-

mon mode to both fibers and does not affect the optical phase difference at the interferometer

1 ϵnα ≡
α0
n0

∂n
∂α

∣∣∣∣∣
α=α0

. See Appendix B.1.1 for the definition of the ϵ-coefficients used throughout

this chapter to relate fractional changes in various quantities.

2 ϵnωL ≡
ω0,L

n0

∂n
∂ωL

∣∣∣∣∣
ωL=ω0,L

, where ω0,L is the laser’s center (angular) frequency.

3 “Balanced” in this context means the time delays introduced by each fiber τ0,i = n0,iL0,i/c
are equal τ0,A = τ0,B ≡ τ0.

4 See Section 2.2.4 for a description of the scalar UDM-induced strain signal.
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output. The strain of the laser cavity, however, has an effect on the experiment, as a shift in

the laser’s central wavelength will affect the fibers’ refractive indices via optical dispersion.

Therefore, the detector effectively compares the refractive indices of the two fibers, which

are differentially influenced by scalar UDM. Small fluctuations in α due to scalar UDM result

in a phase difference signal with magnitude5

∆ΦDM = ω0,Lτ0ϵnωL,silica
δα

α0
, (5.4)

which includes both the direct modulation of the solid core fiber’s refractive index by UDM

as well as the change in index from optical dispersion (due to UDM shifting the laser wave-

length).

Thermal Noise (300 K) Thermal Noise (300 K bare)

Thermal Noise (10 mK) Thermal Noise (10 mK bare)

Shot Noise (1 mW) Acoustic Noise (NHNM)

10-3 10-2 10-1 100 101

10-10

10-8

10-6

10-4
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P
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Figure 5.2: Estimated phase noise for the fiber-based detector: Contributions are in-
cluded from each of the noise sources detailed in Section 5.2. Several thermal
noise curves are included, corresponding to fibers with (solid lines) and without
(dashed lines) polymer coatings at temperatures of 300 K and 10 mK.

5 See Appendix B for a detailed treatment of the UDM-induced phase difference.
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5.2 Noise analysis

This section provides a discussion of the potential sources of noise that would act to

obscure the DM-induced phase difference. The effect of each noise source is quantified by a

one-sided phase noise power spectral density (PSD) S ∆Φ( f ).

5.2.1 Thermal noise in fibers

For the frequency range considered in this chapter (∼ 10−3 − 102 Hz), the dominant

noise source will likely be thermal noise in the optical fibers, which will induce optical phase

fluctuations δϕ at the fiber outputs. Thermal noise in fibers includes contributions from two

effects, often referred to as “thermomechanical” noise S TM
δϕ and “thermoconductive” noise

S TC
δϕ [139].

Thermomechanical noise refers to spontaneous thermal fluctuations of a fiber’s length.

The fluctuation-dissipation theorem provides an accurate model for thermomechanical noise

in fibers, resulting in a phase noise PSD given by [140]

S TM
δϕ,i( f ) =

(
2πn0,i

λ0,L

)2 2kBT L0,iξi

3πEiAi

1
f
, (5.5)

where T is the temperature, L0,i is the physical length, ξi is the mechanical loss tangent, Ei

is the Young’s modulus, and Ai is the cross-sectional area of Fiber i.6 Several experiments

have directly measured thermomechanical noise in single mode fibers [141, 142], and the

thermomechanical noise model described by Eq. (5.5) has been verified down to frequencies

as low as 0.05 Hz [143].

While thermomechanical noise accounts for the spontaneous fluctuations in fiber

length due to internal friction, thermoconductive noise results from local temperature fluctu-

ations within an optical fiber [144, 145]. Spontaneous local temperature fluctuations affect

the fiber’s length and refractive index via thermal expansion and the thermo-optic effect, re-

spectively [139]. Thermoconductive noise is approximately frequency-independent at lower

frequencies (≲ 1 kHz), and scales with temperature and fiber length as S TC
δϕ ∝ T 2L [146].

6 The exact values of the parameters used in this work are discussed in more detail in Ap-
pendix B.3.
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Thermomechanical noise, scaling as S TC
δϕ ∝ T L/ f , dominates at lower frequencies and tem-

peratures. In solid core fibers, S TC
δϕ has been estimated using the parameters (for SMF28 [1])

and Eq. (1) from Ref. [142]. Thermoconductive noise in hollow core fibers will be lower

than that of solid core fibers due to the reduced thermo-optic effect.

The thermal noise for each fiber is not correlated, so the total differential phase noise

at the detector’s output due to fiber thermal noise is roughly just the sum of the thermal phase

noise in each fiber,

S thermal
∆Φ =

∑
i

(
S TM
δϕ,i + S TC

δϕ,i

)
, (5.6)

and the thermomechanical contribution will be more significant for the experimental param-

eters considered here.

The thermal noise floor can be reduced by lowering the temperature. The total ther-

mal noise in the detector is plotted in Fig. 5.2 for both room temperature (300 K) and cryo-

genic temperature (10 mK).7 Thermomechanical noise can be further reduced by reducing

the fibers’ mechanical loss tangents ξ. Mechanical loss in fibers likely comes primarily from

the polymer coatings that protect the silica cladding, and there is some evidence suggesting

that reducing the thickness of the coatings reduces the thermomechanical noise floor in op-

tical fibers [142], although further investigation is needed to quantify the effect. Fibers with

coatings as thin as 10 µm have been demonstrated, without significantly affecting the me-

chanical strength of the fiber within a laboratory setting [138]. To reduce thermomechanical

noise, the use of thinner coatings is suggested. Thermal noise estimates for bare (without

coating) fibers8 are included in Fig. 5.2 as an approximation for thinly-coated fibers. How-

ever, it should be noted that bare fibers may be difficult to manufacture and handle due to

fragility.

7 Cooling ∼25 km of fiber (weighing 1 − 2 kg) to 10 mK is a technical challenge that may
require advances in cryogenic technology.

8 See Appendix B.3 for a discussion of mechanical dissipation in optical fibers.
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5.2.2 Laser noise

Interferometric experiments are subject to noise from the driving laser, due to random

fluctuations in the optical frequency and intensity.

Laser frequency noise can produce differential phase noise in a balanced interferome-

ter where each arm has different levels of optical dispersion. For the sensitivity of a balanced

interferometer to reach the thermal noise floor at 10 mK temperature, laser frequency noise

needs to be limited to less than ∼ 10−1 (Hz/ f )1/2 Hz·Hz−1/2; this would require an ultrastable

laser [147].

An alternative approach is presented in Fig. 5.3, where the laser is stabilized to Fiber

B, which acts as a delay line in a Mach-Zehnder interferometer. As a result, the laser’s

frequency noise PSD takes the form of the fiber delay line’s (FDL)9 phase noise PSD:10

S δν,L = (2πτ0)−2 S δϕ,FDL [148]. This procedure effectively eliminates laser frequency noise

from the analysis, replacing it with phase noise from Fiber B (which would have been present

to the same level in a balanced interferometer).

For the detector depicted in Fig. 5.1, the “observable” is the phase difference ∆ΦA.

At low frequencies
(

fDM ≪ τ0
−1

)
, this is simply ∆ΦA = 2πnALA/λL (prior to receiving cor-

rections from the phase modulator). Because the laser is stabilized to Fiber B, the laser

wavelength is proportional to the optical path length of Fiber B: λL ∝ nBLB. Therefore, the

detector’s function is to compare the optical path lengths of Fibers A and B, as ∆ΦA is pro-

portional to the ratio nALA/nBLB. The balanced interferometer displayed in Fig. 5.1 is still a

reasonable conceptual model for the detector, and it can be seen from the derivation for ∆ΦA

in Appendix B that the DM signal from Eq. (5.4) only changes in sign (∆ΦDM
A = −∆ΦDM)

and the phase difference PSD from thermal noise in Eq. (5.6) still holds (S thermal
∆Φ,A = S thermal

∆Φ
).

In addition to laser frequency noise, random fluctuations of the laser’s optical inten-

sity would limit the sensitivity of a detector like that depicted in Fig. 5.3. Experiments for

9 Ultra-stable lasers have been demonstrated using FDL-stabilization. For example, a
linewidth of 200 mHz has been achieved with a 5 km FDL at room temperature [143].

10 This relationship holds for low frequencies, as the bandwidth of the control loop is limited
by the time delay in the FDL [148]: f ≪ τ0

−1 ≈ 20 kHz.
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measuring thermal noise in fibers have successfully minimized laser intensity noise to below

the thermal noise floor with methods such as heterodyne detection [142] or with the use of

differential amplifiers [141]. Assuming these methods are implemented, laser intensity noise

is neglected in this analysis.

Fiber B
(hollow core)

Fiber A
(solid core)

PD A

PD B

PM

DM 
signal

feedback
control

feedback
control

tunable 
laser

(measures        )

(measures        )

Figure 5.3: Detector model with FDL-stabilized laser: Fiber B serves as a delay line in
an interferometer to stabilize a tunable laser. Using feedback from the mea-
surement at Photodetector B (PD B), the laser frequency is tuned such that ∆ΦB

remains constant. The phase difference ∆ΦA would then contain the DM sig-
nal. The phase difference ∆ΦA depends linearly on the optical power when the
recombining beams are kept near quadrature bias (∆ΦA mod 2π = π/2). In the
presence of noise and long term instabilities, quadrature bias can be maintained
by including a phase modulator (PM) that is driven by feedback from Photode-
tector A (PD A). The DM signal is then present in the feedback signal supplied
to the phase modulator. A derivation for ∆ΦA due to both scalar UDM and noise
can be found in Appendix B.1.

5.2.3 Acoustic noise in fibers

Mechanical vibrations, which may originate from a variety of sources such as human

activity, natural seismic activity, or local weather, often pose a challenge for terrestrial ex-

periments at low frequencies. Such accelerations deform fibers, altering their optical path
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lengths and resulting in phase noise. Here an estimate is provided for the amplitude of me-

chanical vibrations, which will be generically refered to as “acoustic noise,” and techniques

will be discussed to potentially reduce the resulting phase noise to a subdominant level.

The USGS New High Noise Model (NHNM) for seismic noise, which can be found

in Table 4 in Ref. [149], is used to estimate the effects of mechanical vibrations. The NHNM

provides an estimate of seismic acceleration noise S seismic
aa for a hypothetical, relatively noisy

location on Earth. The estimate is obtained by overlaying spectral measurements of seismic

activity from various locations around the world and fitting a piecewise function to the high-

noise points of the composite spectrum, ignoring narrow, location-specific peaks. For the

frequency range considered in this work (∼ 10−3 − 102 Hz), the NHNM roughly predicts an

upper bound of

S seismic
aa ≲ 10−9

(m
s2

)2
Hz−1, (5.7)

where both the horizontal and vertical components of the acceleration are approximately

equal in magnitude [149, 150]. The NHNM in Ref. [149] extends from 10−5 Hz to 10 Hz,

which is extrapolated to frequencies above 10 Hz by assuming white acceleration noise ∼

10−9
(

m
s2

)2
Hz−1. As a first estimate, it is assumed that seismic noise accounts for all of the

vibrations the fibers will experience: S acoustic
aa ≈ S seismic

aa

To quantify how an acceleration aacoustic affects a strain hacoustic in a spooled fiber, the

vibration-sensitivity of the spool is defined as Γa ≡ hacoustic/aacoustic. Vibration-induced strains

in optical fibers can be suppressed by using low vibration sensitivity fiber spools, a technol-

ogy designed to reduce frequency noise in fiber delay line (FDL)-stabilized lasers [151].

This technique has been shown to produce ultrastable lasers at room temperature, reach-

ing the thermomechanical noise floor in km-scale fibers at sub-Hz frequencies [143]. Such

vibration-insensitive fiber spools have achieved sensitivities Γa ≲ 10−11
(
m/s2

)−1
to both hor-

izontal and vertical accelerations [152]. Thus, it is expected that acoustic noise induces a

strain noise in each fiber on the order of

S acoustic
hh = |Γa|

2 S acoustic
aa ≲ 10−31 Hz−1. (5.8)

78



Accounting for the strain-optic effect11 ϵnL,i and differences in optical dispersion ∆ϵnωL ,12 it

can be shown that the output phase difference due to strains hacoustic
i in both fibers is (see

Appendix B.1)

∆Φacoustic
A ≈ ω0,Lτ0

[(
1 + ϵnL,A

)
hacoustic

A −
(
1 + ∆ϵnωL + ϵnL,B

)
hacoustic

B

]
, (5.9)

suggesting that acoustic noise can be suppressed by a factor
(
∆ϵnωL + ∆ϵnL

)
≈ 10−1 (see

Appendix B.2) in an experiment where the individual fiber strains are correlated and of equal

magnitude hacoustic
A = hacoustic

B , so that

S acoustic
∆Φ,A =

∣∣∣ω0,Lτ0
(
∆ϵnωL + ∆ϵnL

)∣∣∣2 S acoustic
hh . (5.10)

This can be accomplished by cowinding the fibers on a spool or cylinder, a technique that

has been used to observe the thermal noise floor in fiber-based interferometers [141, 142].

By cowinding both fibers on a single spool with Γa ≲ 10−11
(
m/s2

)−1
, acoustic noise at the

level predicted by the NHNM can be reduced to a level comparable to that of thermal noise

in this experiment, as can be seen in Fig. 5.2.

Note, however, that some locations, particularly urban environments, may be sub-

ject to anthropogenic vibrations that exceed the NHNM, in which case additional measures

may need to be taken to isolate against vibrations (active or passive vibration isolation plat-

forms). Further suppression of vibration-induced phase noise can also be achieved using the

feedforward method [153, 154].

5.2.4 Photon shot noise and optical power

The phase difference ∆Φ between the arms of an interferometer is inferred by measur-

ing the output optical power P after the junction where the arms recombine. Assuming that

the recombining beams have equal optical power and are maintained at quadrature bias,13

11 ϵnL ≡
L0
n0

∂n
∂L

∣∣∣∣∣
L=L0

. Also see Appendix B.2.2 for discussion of the strain-optic effect in fibers.

12 Differences in the ϵ-coefficients for the fibers are defined as ∆ϵwv ≡ ϵwv,A − ϵwv,B.

13 At quadrature bias, the average phase difference between recombining beams at an inter-
ferometer’s output is ⟨∆Φ⟩ mod 2π = π/2.
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the PSDs of the phase difference and output optical power fluctuations ∆P are related by

S ∆Φ = S ∆P/ ⟨P⟩2, where ⟨P⟩ is the average output optical power.

Photon shot noise imposes a limit on the sensitivity of interferometric measurements,

as small fluctuations in the measured optical power due to shot noise are indistinguishable

from small phase fluctuations in an interferometer.14 The one-sided PSD of the fluctuations

in measured optical power due to shot noise is [103]

S shot
∆P =

2hc
λ0,L
⟨P⟩ . (5.11)

For simplicity, it is assumed that the optical power splitting ratio at each fiber junction is

adjusted so that the optical power imminent on each photodetector is equal. In this case, it

can be shown that the average power on each photodetector is

⟨P⟩ =
PL

2 + 10γBLB + 10γALA
, (5.12)

where γi is the optical loss of Fiber i and PL is the optical power coming from the laser. The

total contribution of shot noise to the differential phase noise of the detector is

S shot
∆Φ,A =

4hc
λ0,LPL

(
2 + 10γBLB + 10γALA

)
, (5.13)

which is simply double the shot noise measured at each detector (see Appendix B.1).

The effects of shot noise can be reduced by increasing the optical power. Figure

5.2 shows that a detector with bare fibers, operating at T = 10 mK, achieves a noise floor

(combined thermomechanical and acoustic noise) of ≳ 10−7rad/
√

Hz. Reducing the total

shot noise in this experiment to the subdominant level of
√

S shot
∆Φ,A ≲ 10−7rad/

√
Hz requires

an average optical power on each photodetector of ⟨P⟩ ≳ 50 µW.

In order minimize the laser power needed to produce the desired output optical power,

it is important to use fibers with minimal optical loss. Recent advances in hollow core fiber

technology have yielded hollow core fibers with a propagation loss of 0.17 dB/km (γ =

14 Optical power fluctuations due to photon shot noise should be distinguished from laser
intensity noise, as discussed in Section 5.2.2. The effects of photon shot noise are not reduced
by the same methods that would reduce the effects of laser intensity noise, such as heterodyne
detection [142] or balanced photodetection [141].
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1.7×10−5 m−1) at λ0,L = 1550 nm [155], reaching the level of low-loss solid core fibers (0.18

dB/km for SMF28 [1]).

In Fig. 5.2, the total shot noise is plotted for a detector with a 10 km solid core and

∼ 15 km hollow core fiber, assuming a laser power of PL = 1 mW. To account for optical

loss, the optical power being diverted into the solid and hollow core fibers would be 0.25 mW

and 0.42 mW, respectively, and the power reaching each photodetector would be ⟨P⟩ = 0.16

mW.15

5.3 Potential of a DM search with optical fibers

5.3.1 Minimum detectable coupling strength

The minimum detectable DM-induced phase difference is approximately

∆ΦDM
A,min ≈

√
2S noise
∆Φ,A

[
3τint

−1/2 + (τDMτint)−1/4
]
, (5.14)

where S noise
∆Φ,A includes contributions from the noise sources discussed in Section 5.2.

The minimum detectable coupling strength de,min of the detector is then

de,min =
∆ΦDM

A,min

ω0,Lτ0ϵnωL,silicaφrms
. (5.15)

Figure 5.4 compares the de,min of fiber-based DM detectors with the current con-

straints on de in the frequency range 10−3 Hz ≤ fDM ≤ 102 Hz, assuming a measurement

time τint = 1 year. The solid red represents a room temperature experiment, and is limited by

thermal noise. Cryogenic cooling will be necessary to set new constraints on de with a single

fiber-based detector; purple curves represent a detector operating at 10 mK.

Additionally, fibers with thinner polymer coatings can be utilized reduce thermome-

chanical noise. As a benchmark, Fig. 5.4 includes the projected de,min for detectors where

the coatings have been entirely removed (bare) as dashed curves. It is clear from the figure

that the benefit of removing the coatings diminishes at lower temperature, where the intrinsic

15 For a cryogenic experiment, the optical power dissipated in the system sets minimum re-
quirements on the cooling power of the refrigerator. Cooling powers on the order of 1 mW at
10 mK temperature may not be achievable with existing dilution refrigerator systems [156].
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Figure 5.4: Projected constraints on de from optical fibers, assuming a Galactic DM
halo: The projected constraints from fiber-detectors operating at temperatures
of 300 K and 10 mK, with (solid) and without (dashed) polymer coatings, for
an integration time τint = 1 year. The detectors are primarily limited by thermal
noise; cryogenic detectors are limited by acoustic noise at higher frequencies
(above ∼ 10−1 Hz). Also included are projected constraints from an array of
10 detectors, using bare fiber at room temperature. The strongest experimen-
tal constraints in this mass range come from MICROSCOPE [6] and Kennedy
et al [18]. The fiber-based detectors proposed here can potentially probe new
regions of the parameter space below ∼ 10−1 Hz.

mechanical loss tangent ξ of fused silica increases beyond its room-temperature value. It is

also important to note that, while fiber coatings can be made quite thin [138], the fragility of

bare optical fibers may present a significant challenge to constructing a detector.

The combined sensitivity of an array of N detectors (subject to uncorrelated noise)

generally improves with N−1/2 [66]. Also included are the expected constraints from an array

of 10 independent detectors with bare fibers in green, which would enable room-temperature
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optical fibers to set new constraints on de.
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Figure 5.5: Projected constraints on de from optical fibers, assuming a Solar DM halo:
The projected constraints from fibers, as well as the experimental constraints
from Ref. [18], are re-scaled from Fig. 5.4 according to a Solar halo’s expected
density and coherence time. Constraints from the MICROSCOPE EP test do
not depend on the DM energy density ρDM and are unchanged from Fig. 5.4.

5.3.2 Solar DM halo model

It is worth noting that the optical fiber detectors proposed in this chapter are well-

suited to probe an alternative dark matter model where UDM forms a halo centered on

the Sun, a well-motivated scenario in the particle mass range 10−17 eV ≲ mDMc2 ≲ 10−13

eV [157].

In Section 1.1, the Standard Halo Model was described for dark matter in the Milky

Way, which assumes a density profile that decreases with distance from the center of the

Galaxy ρDM(r) ∝ r−2 [3]. Throughout this dissertation, it has also been implicitly assumed
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that this Galactic halo is smooth, lacking any noticeable substructure. Referred to as the

“Galactic halo model,” this is the most commonly-used model for DM in direct detection

experiments. In the Galactic halo model, the dark matter density and coherence time at

Earth take on values determined by the average density and velocity dispersion within the

entire Solar Neighborhood (averaged over a few hundred parsecs): ρDM ≈ 0.4 GeV/cm3 [3]

and τDM ≈ 106ωDM
−1 [4]. However, DM may have a drastically different local substructure

that remains consistent with the Standard Halo Model on larger scales.

It is possible that DM forms gravitationally bounded objects, which could potentially

form a halo bound to an external gravitational source, such as the Sun or Earth [157]. In this

scenario, the local DM halo could have a greater density and coherence time at Earth than

in the Galactic halo model, leading to potentially stronger constraints on coupling strength

from direct detection experiments. The halo’s size and density would generally depend on

the mass of the DM particles. Earth halos are well-motivated at particle masses 10−13 eV ≲

mDMc2 ≲ 10−7 eV [157], and several recent experiments have set constraints on the Earth

halo model for DM [19, 21, 23, 26, 27].

A fiber-based detector is aptly suited to search for a local DM halo that is gravita-

tionally bound to the Sun, as such Solar halos are well-motivated in the particle mass range

10−17 eV ≲ mDMc2 ≲ 10−13 eV [157]. In this range, a Solar halo could have an energy density

up to ∼ 105 times greater than that of a Galactic halo. To recalculate de,min for a Solar DM

halo, ρDM is re-scaled using Supplementary Figure 2 from Ref. [157] and the coherence time

becomes τDM = 108s
(

1Hz
fDM

)3
[158]. The projected constraints from optical fibers, using a So-

lar halo model for DM, are plotted in Fig. 5.5. Constraints on de from previous experiments

have also been re-scaled accordingly.

5.4 Conclusion

In summary, optical fibers can be used to search for scalar UDM-induced oscillation

in the fine-structure constant α via refractive index effects. While terrestrial experiments are

often made difficult at low (≲ 1 Hz) frequencies by seismic noise, acoustic isolation and
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suppression techniques have been demonstrated in km-scale optical fibers, enabling a fiber-

based detector to reach a limit set by the thermomechanical noise floor. Thermal noise can be

reduced with cryogenic cooling, thinner protective fiber coatings, and detector arrays. These

methods enable fibers to perform broadband searches for scalar UDM coupling to photons

at sub-Hz frequencies, supplementing the compact mechanical resonators (which operate at

≳ 100 Hz) from Chapter 4.

Additionally, a fiber-based detector would be particularly well-suited to search for

Solar DM halos in the 10−17 − 10−13 eV mass range. In the context of a Solar halo, fibers can

be used to set novel constraints over three decades of bandwidth (∼ 10−2 − 101 Hz).
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Chapter 6

SUMMARY AND FUTURE WORK

6.1 Summary

Dark matter is the dominant form of matter in the Universe, yet its composition is

unknown. The uncertainty in dark matter’s composition spans 90 orders of magnitude in

particle/object mass [60]. Of the many existing theories for dark matter, this work has fo-

cused on ultralight dark matter, which is expected to produce weak coherent signals that

could be detected by compact, but high-precision, systems. In this dissertation, novel detec-

tors have been presented to search for several vector and scalar UDM candidates, including

optomechanical membranes, a variety of compact mechanical resonators, and optical fibers,

providing an avenue for small-scale experiments to cover a region of the ultralight dark mat-

ter parameter space from 10−17 − 10−6 eV/c2 particle mass.

Centimeter-scale silicon nitride membranes can be used to perform vector UDM

searches in the 1-100 kHz frequency range
(
10−11 -10−10 eV/c2

)
. Membranes with high-

quality mechanical oscillation modes can resonantly amplify the vector UDM force sig-

nal, achieving the best sensitivities over narrow bandwidths near the resonance frequencies.

When coupled to an optical cavity for displacement readout, an optomechanical membrane

dark matter detector is capable of reaching the thermal noise floor on-resonance. The detec-

tor’s small size facilitates cryogenic cooling, which will be necessary to exceed the bounds on

the vector UDM coupling strength set by previous experiments. Furthermore, the tunability

of silicon nitride membranes’ mechanical modes enables frequency scan search techniques

to effectively increase the detection bandwidth of each mechanical mode.

Similarly, this work has shown that the concept of resonant-mass detection can be

applied to laboratory-scale experiments for scalar UDM across the Hz-MHz frequency range
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(
10−12 − 10−6 eV/c2

)
. Existing and near-term compact mechanical resonators based in high

quality materials (superfluid and crystalline solids) naturally achieve high mechanical quality

factors for resonant amplification of the UDM signal. Again, cryogenic cooling and cavity

optomechanical readout enable on-resonance sensitivities capable of reaching unexplored

regions of the scalar UDM parameter space, where detector arrays, frequency scanning,

and simultaneous monitoring of higher-order mechanical modes can be used to enhance

bandwidth.

To supplement mechanical resonators in the search for scalar UDM, optical fibers can

be used to construct a broadband detector at sub-Hz frequencies
(
10−17 - 10−13 eV/c2

)
. The

lack of resonant amplification can be compensated for in fibers simply by their long (several

kilometers) length. With optical propagation losses below 0.2 dB/km, an optical cavity is

not necessary to reduce readout imprecision due to photon shot noise to a subdominant level

for ∼ mW input laser power. However, optical fibers experience relatively high mechanical

loss and are susceptible to vibrations. Therefore, thermomechanical and acoustic noise place

stricter limits on the sensitivity of a fiber-based detector than on high-quality mechanical res-

onators. Nevertheless, relying on cryogenic cooling or fiber detector arrays, a case has been

made for optical fibers as next-generation UDM detectors, encouraging further investigation

of cryogenically-cooled and acoustically-shielded fibers as DM detectors.

6.2 Suggestions for future work

The process of analyzing experimental data deserves additional consideration, as the

minimum detectable signal in an experiment will depend on the data analysis method. The

expression for the minimum detectable signal (Eq. 2.55) used in this dissertation is a rea-

sonable approximation for measurement times τint significantly shorter than or longer than

the DM coherence time τDM [104]. For τint ≪ τDM, the signal is approximately coherent

and entirely contained within a single frequency bin of the discrete Fourier transform. For

τint ≫ τDM, the signal power is spread across many frequency bins, which can be averaged

over to effectively increase the signal-to-noise ratio. The exact scaling of the minimum de-

tectable signal with measurement time when τint ≈ τDM is unclear, as the signal is spread
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unequally across a small number of frequency bins. This detail is important for optimizing

a frequency scan, for example, which will likely be necessary for a thorough UDM search

using resonant detectors. Furthermore, experimental constraints on coupling strength are

typically derived using a Bayesian framework, and it is not yet clear how compatible these

two approaches are in the regime τint ≈ τDM for UDM, whose stochastic nature has only

recently been taken into consideration [65]. Additional data processing details that were not

included in this work, such as managing gaps in the data [159] and processing data from de-

tector arrays [160], can likely be borrowed from the fields of astronomy, gravitational wave

detection, and axion ultralight dark matter searches [161, 162].

As a superfluid helium detector for scalar UDM is currently being built at the Uni-

versity of Alberta [134], additional theoretical analyses will be required. Specifically, the

overlap factor αi should be recalculated for the exact modes of the detector. The overlap

factor will likely differ from the estimate in Chapter 4, as 1) the fully constructed detector

is expected to have different acoustic boundary conditions and 2) the modeshapes will not

be purely longitudinal. Furthermore, the sensitivity of the superfluid helium resonator to

vector UDM is an interesting prospect that has not yet been considered. Assuming fixed

acoustic boundaries, the even-ordered acoustic modes are sensitive to strains (scalar UDM),

while the odd-ordered modes would be sensitive to accelerations (vector UDM). A search

for both vector and scalar UDM can be run simultaneously, although the detector may need

modification to gain sensitivity to the material-dependent vector UDM-induced acceleration.

In theory, this can be achieved by using a container composed of a material that has a dif-

ferent neutron fraction than the superfluid helium. Alternatively, a relatively large mass of

the material could simply be rigidly fixed to the container. A theoretical treatment of the

vector UDM-coupling to the detector modes would be required to determine the minimum

detectable coupling strength. However, a rough estimate can be given using the detector

described in Chapter 4: with an acceleration sensitivity of ∼ 10−14 m·s−2·Hz−1/2, the current

constraints on vector B − L UDM (see Section 3.2.1) at ∼ 1 kHz can be exceeded in an

integration time of seconds, assuming ∆12 = 0.05. Therefore, a superfluid helium detector

can be used to supplement the vector UDM search using optomechanical membranes that is
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currently in preparation at the University of Arizona [117] based on the work presented in

this dissertation.

Looking forward, a natural extension of this work is to consider mechanical detectors

operating in the quantum regime [163]. The systems discussed in this proposal are predom-

inantly classical in nature; quantum effects have not been considered in detail beyond shot

noise in the optical readout. Mechanical oscillators, when cooled such that kBT < ℏωm, are

said to be operating in the “quantum regime,” where quantum zero-point fluctuations (de-

scribed by the Heisenberg uncertainty principle) dominate over thermal fluctuations. Sen-

sors operating in the quantum regime will generally achieve better sensitivities, however

the noise analyses presented here will no longer apply. Furthermore, the next-generation

of UDM searches may explore additional quantum effects such as entanglement between

detectors, as a network of entangled detectors achieves better noise-reduction than can be

achieved with a network of independent detectors [164].
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Appendix A

LAGRANGIAN FORMALISM

This appendix introduces notation and definitions relevant to the phenomenology of

vector and scalar fields. In Section A.2, the formalism is applied to electromagnetism as an

example. This appendix may be a helpful reference for the material presented in Sections

2.1 and 2.2.
For a more complete treatment of the subjects presented in this appendix, see

• Ref. [165] regarding vector analysis in four-dimensional spacetime,

• Refs. [166, 167] regarding quantum field theory,

• and Refs. [166, 168] for derivations of the Lorentz force in the single particle approx-
imation.

Variable Definition SI Base Units
Aµ Electromagnetic four-potential kg·m·A−1 ·s−2

Jµ four-current density A·m−2

Fµν Faraday Tensor kg·A−1 ·s−2

ψ fermion field (adjoint ψ̄) m−3/2

L Lagrangian Density kg·m−1 ·s−2

mψ mass of fermion kg
qψ electric charge of fermion A·s
ρψ electric charge density of fermion field A·s·m−3

γµ Gamma matrices -
σi Pauli matrices -
ηµν Minkowski metric -
Π̂ kinetic momentum kg·m·s−1

ei basis vector -

Table A.1: Some relevant variable definitions for this appendix.
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A.1 Four-vector analysis conventions

The metric signature
(
+ − − −

)
will be used. The sign conventions for compo-

nents of four-vectors and four-derivatives are stated explicitly in Table A.2.

Four-vector/derivative Components

∂µ
(
∂0, ∂1, ∂2, ∂3

)
=

(
1
c
∂
∂t ,−

∂
∂x ,−

∂
∂y ,−

∂
∂z

)
∂µ (∂0, ∂1, ∂2, ∂3) =

(
1
c
∂
∂t ,

∂
∂x ,

∂
∂y ,

∂
∂z

)
Aµ

(
A0, A1, A2, A3

)
=

(
V
c , A

)
Aµ (A0, A1, A2, A3) =

(
V
c ,−A

)

Table A.2: Sign conventions for four-vectors and four-derivatives (Cartesian).

The index 0 refers to the time component, r0 = ct. The indices {1, 2, 3} refer to

the spatial components. For example, in Cartesian coordinates,
(
r1, r2, r3

)
= (x, y, z). Bold

variables such as r refer to three-component vectors or operators, often representing the

spatial components of a four-component vector or operator.

Indices denoted by Roman letters refer purely to spatial dimensions. For example,

i ∈ {1, 2, 3}. Indices denoted by Greek letters include all four dimensions. For example,

µ ∈ {0, 1, 2, 3}.

Shorthand known as the Einstein summation convention [165] is frequently used

throughout this dissertation:

AµAµ ≡

3∑
µ=0

AµAµ = A0A0 + A1A1 + A2A2 + A3A3. (A.1)

A.1.1 Pauli and gamma matrices

Gamma matrices γµ are 4 × 4 matrices of the form[100]:

γ0 =

1 0

0 −1

 (A.2)
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γi =

 0 σi

−σi 0

 (A.3)

where 0 and 1 are the 2 × 2 zero and identity matrices, and σi are the 2 × 2 Pauli matrices:

σ1 =

0 1

1 0

 , σ2 =

0 −i

i 0

 , σ3 =

1 0

0 −1

 . (A.4)

For example, written out completely, γ2 is

γ2 =



0 0 0 −i

0 0 i 0

0 i 0 0

−i 0 0 0


. (A.5)

A.2 Example: Electromagnetism

Lagrangian densities are used to describe how particles behave and interact. The La-

grangian densities for several hypothetical particles which could compose dark matter are

given in the main text. In this section, it is demonstrated how to interpret these expressions

and recover the equations of motion needed to understand the DM signal, taking electromag-

netism as an example.

The electromagnetic Lagrangian density will be explained and used to derive classical

electromagnetism, given by Maxwell’s equations and the Lorentz force.

A.2.1 The electromagnetic Lagrangian density

Electromagnetism (EM) describes the behavior of photons and their interaction with

charge-carrying fermions.

Photons are massless, spin-1 particles that couple to electric charge. In the classi-

cal limit, the photons are described by a relativistic vector field, the electromagnetic four-

potential Aµ. Its time component contains the classical scalar electric potential V , and its

spatial components compose the classical vector potential A:

Aµ(t, r) =
{

V(t, r)
c

, A(t, r)
}
. (A.6)
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For brevity, the arguments (t, r) are omitted. The spatial and temporal dependence of the

fields is implied.

The electromagnetic field tensor, Fµν, is defined as

Fµν ≡ ∂µAν − ∂νAµ. (A.7)

In Cartesian coordinates:

Fµν =



0 −
Ex
c −

Ey

c −
Ez
c

Ex
c 0 −Bz By

Ey

c Bz 0 −Bx

Ez
c −By Bx 0


. (A.8)

With these definitions, the Lagrangian density of the free EM field is [100]

LA = −
c2ϵ0

4
FµνFµν. (A.9)

Charge-carrying fermion (such as electrons and protons) fields can be described with

the bispinor ψ its adjoint bispinor ψ̄:

ψ =



ψ1

ψ2

ψ3

ψ4


, ψ̄ ≡ ψ†γ0 =

(
ψ∗1 ψ∗2 −ψ

∗
3 −ψ

∗
4

)
. (A.10)

The four-current density of the charged fermion field is given by [166]

Jµ ≡ cqψψ̄γµψ =
{
cρψ, vψρψ

}
. (A.11)

The Lagrangian density of a free fermion field, with particle mass mψ and electric

charge qψ, is

Lψ = iℏcψ̄γµ∂µψ − mψc2ψ̄ψ. (A.12)

The electromagnetic interaction between the EM field and charged fermions is de-

scribed with the interaction Lagrangian density

LAψ = −JµAµ. (A.13)
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The full EM Lagrangian density, accounting for photons (A.9), fermions (A.12), and

their interaction (A.13), is

LEM = LA +Lψ +LAψ = −
c2ϵ0

4
FµνFµν + iℏcψ̄γµ∂µψ − mψc2ψ̄ψ − cqψψ̄γµψAµ. (A.14)

A.2.2 Maxwell’s equations

The equations of motion for the electromagnetic field Aµ can be obtained from the

Lagrangian density using the Euler-Lagrange equations [167]:

∂µ

 ∂LEM

∂
(
∂µAν

) = ∂LEM

∂Aν

. (A.15)

On the right side of (A.15), we have:1

∂LEM

∂Aν

= −Jν. (A.16)

As for the left side of (A.15):

∂µ

 ∂LEM

∂
(
∂µAν

) = −c2ϵ0

4
∂µ

 ∂

∂
(
∂µAν

) FαβFαβ

= −
c2ϵ0

4
∂µ

 ∂

∂
(
∂µAν

) [(∂αAβ − ∂βAα

) (
∂αAβ − ∂βAα

)]
= −

c2ϵ0

2
∂µ

 ∂

∂
(
∂µAν

) [∂αAβ
(
∂αAβ − ∂βAα

)]
= −

c2ϵ0

2
∂µ

∂
(
∂αAβ

)
∂
(
∂µAν

) (
∂αAβ − ∂βAα

)
+ ∂αAβ

∂
(
∂αAβ

)
∂
(
∂µAν

) − ∂ (
∂βAα

)
∂
(
∂µAν

) 


= −
c2ϵ0

2
∂µ

[
ηµαηνβ

(
∂αAβ − ∂βAα

)
+ ∂αAβ

(
ηµαη

ν
β − η

µ
βη

ν
α

)]
= −c2ϵ0∂µ (∂µAν − ∂νAµ)

1 Note that ∂
∂Aν

Fαβ = ∂α
∂Aβ
∂Aν
−∂β

∂Aα
∂Aν
= ∂αη

ν
β−∂βη

ν
α = 0, since ηνβ is a constant. Similar algebra

yields ∂
∂Aν

Fαβ = 0. So ∂LA
∂Aν
= 0 for all ν.
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So the result of (A.15) is

∂µ (∂µAν − ∂νAµ) =
Jν

c2ϵ0
, (A.17)

which is the Proca equation for a massless vector field coupled to a fermion current density.

Choosing to define the electric and magnetic fields in terms of the four-potential as

B = ∇ × A (A.18a)

E = −∇V −
∂A
∂t
, (A.18b)

(A.17) can be found to yield Maxwell’s equations:

∇ · E =
ρψ

ϵ0
(A.19a)

∇ · B = 0 (A.19b)

∇ × E = −
∂B
∂t

(A.19c)

c2∇ × B =
J
ϵ0
+
∂E
∂t

(A.19d)

A.2.3 Energy density of the electromagnetic field

The canonical stress-energy tensor for a vector field is [169]

T µν = ∂νAα

∂LA

∂
(
∂µAα

) − ηµνLA. (A.20)

T µν can be symmetrized by adding an additional term [167]:

T̄ µν = T µν +
1
µ0
∂αAνFµα = c2ϵ0

(
−FµαFν

α +
1
4
ηµνFαβFαβ

)
. (A.21)

In general relativity, the symmetric tensor T̄ µν is what couples to gravity [170], which will

be important in Appendix 2.1.3 where the field amplitude is related to the energy density for

vector dark matter.

The 00-component of the symmetric stress-energy tensor T̄ µν is the energy density of

the electromagnetic field, which can be shown to be

T̄ 00 =
1
2

(
ϵ0E2 +

1
µ0

B2
)
. (A.22)

116



A.2.4 Lorentz force

In classical electrodynamics, photons are treated as a field, while fermions can be

treated as individual particles. The classical fermion is localized in space and has its own

equation of motion. In this section, the fermion field will be considered in the single par-

ticle approximation, where ψ’s components are considered wavefunctions instead of opera-

tors [168], in order to recover the classical EM force on a charge-carrying particle.

Considering just the ψ-terms (Lψ and LAψ), the Hamiltonian density of the fermion

field is [166]

H =
∂L

∂ψ̇
ψ̇ − L

= iℏcψ̄γ0∂0ψ −
(
iℏcψ̄γµ∂µψ − mψc2ψ̄ψ − cqψψ̄γµψAµ

)
= −iℏcψ̄γi∂iψ + mψc2ψ̄ψ + cqψψ̄γµψAµ

= ψ†
[
cγ0γ ·

(
p̂− qψA

)
+ qψV + γ0mψc2

]
ψ ≡ ψ†Ĥψ

where p̂ = −iℏ∇ is the momentum operator from non-relativistic quantum mechanics[171]

and

Ĥ = cγ0γ ·
(
p̂− qψA

)
+ qψV + γ0mψc2 (A.23)

is simply the one particle Hamiltonian operator [168].

The Hamiltonian can be used to find the time-derivative of the position operator

through the Heisenberg equation of motion:

d r̂
dt
=

i
ℏ

[
Ĥ, r̂

]
=

ic
ℏ

[
γ0γ · p̂, r̂

]
= cγ0

[
γi∂i, r̂

]
,

using the fact that the position operator r̂ commutes with γµ, A, and V .
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The velocity operator is defined as2 [168]

v̂ ≡
d r̂
dt
= cγ0γ. (A.24)

The momentum of a particle in the classical limit is given by the kinetic momentum

[166],

Π̂ = p̂− qψA. (A.25)

The force is the time derivative of the kinetic momentum,3

dΠ̂
dt
=

i
ℏ

[
Ĥ, Π̂

]
+
∂Π̂

∂t

=
i
ℏ

(
cγ0 [

γ · p̂, p̂
]
+ mψc2

[
γ0, p̂

]
+ qψ2cγ0 [

γ · A, A
]
− qψmψc2

[
γ0, A

]
− qψ2 [V, A]

− qψcγ0 [
γ · A, p̂

]
− qψcγ0 [

γ · p̂, A
]
+ qψ

[
V, p̂

] )
− qψ

∂A
∂t

= −qψ∇V − qψ
∂A
∂t
+ qψcγ0γ × (∇ × A)

= qψ (E + v × B) .

This is the Lorentz Force.

2 [
γi∂i, r̂

]
ψ = γi∂i (r̂ψ) − r̂γi∂iψ

= γi
(
∂ir je j

)
ψ

= γieiψ = γψ.

3 Note that [Aµ, Aν] =
[
γµ, Aν] = [

γµ, p̂ν
]
= 0. Also, it can be shown that[

V, p̂
]
= iℏ∇V, and[

γ · A, p̂
]
+

[
γ · p̂, A

]
= iℏγ × (∇ × A) .
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Appendix B

FIBER-BASED DETECTOR: ADDITIONAL CALCULATIONS

This appendix provides supporting information for Chapter 5. Section B.1 presents

a model, with both signal and noise, for the phase difference ∆ΦA, which is effectively the

output of the fiber-based detector. The analysis includes contributions from each major noise

source and is general to both electron-coupled and photon-coupled scalar UDM. Section B.2

explains how the fibers’ refractive indices may vary during the experiment, due to both scalar

UDM and acoustic noise. Section B.3 provides estimates of properties of optical fibers that

are necessary to estimate thermomechanical noise.

B.1 Derivation of output phase difference

In this section an expression for the output phase difference ∆ΦA is derived for the

detector displayed in Fig. 5.3 in terms of fluctuations due to both noise and the dark matter

signal.

This analysis is general to DM-modulation of both electron mass me and the fine-

structure constant α; fundamental constants will be generally represented by the variable

x ∈ {me, α}. However, it will be shown in Appendix B.2.1 that the detector is not sensitive to

oscillation in me.

B.1.1 Definitions and model assumptions

Assumption 1: The analysis is restricted to low frequencies, defined by fDM ≪ τ0,i
−1;

i.e. this derivation holds when the DM Compton frequency is significantly below the inverse

time delay of both fibers.

Assumption 2: All fluctuations are small:
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{
δx
x0
,
δLi

L0,i
,
δni

n0,i
,
δωL

ω0,L

}
≪ 1.

Definition of ϵ-coefficients: Consider a quantity w(v) with steady-state value w0 ≡

w(v0) determined by the steady-state value of its parameter v0.1 Assuming small fluctuations

(δv ≪ v0) in v about v0, the fractional fluctuations of w can be expressed to first order as

δw
w0
≈ ϵwv

δv
v0

where

ϵwv ≡
v0

w0

∂w
∂v

∣∣∣∣∣
v=v0

. (B.1)

I also define the quantities ∆ϵwv ≡ ϵwv,A−ϵwv,B, which is the difference in ϵ-coefficient between

Fiber A and Fiber B.

Effect Expression
DM-index coupling δni

n0,i
= ϵnx,i

δx
x0

DM-length coupling δLi
L0,i
= ϵLx,i

δx
x0

Mechanical vibrations δLi
L0,i
= hacoustic

i

Vibrations (strain-optic) δni
n0,i
= ϵnL,ihacoustic

i

Optical dispersion δni
n0,i
= ϵnωL,i

δωL
ω0,L

Fiber thermal noise δϕi = δϕ
thermal
i

Shot noise (at detector) δϕi = δϕ
shot
i

Table B.1: Summary of fluctuations included in the the derivation of ∆ΦA, due to both noise
and DM. Each effect is expressed as a fluctuation in length, refractive index, or
simply optical phase.

B.1.2 Fractional fluctuations of fiber refractive index and length

Fiber i’s refractive index ni (x, ωL) depends on the fundamental constant x, the laser

frequency ωL due to optical dispersion, and vibration-induced strains hacoustic
i via the strain-

optic effect:
δni

n0,i
= ϵnx,i

δx
x0
+ ϵnωL,i

δωL

ω0,L
+ ϵnL,ihacoustic

i . (B.2)

1 Here, the quantities w and v can represent any of the variables {x, L, n, ω}.
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Additionally, the fiber lengths depend on fundamental constant x, as the length of a solid

is proportional to the Bohr radius, which will be affected by fluctuations in me or α (aB ∝(
meα)−1

)
[67]. Thus, for both fibers ϵLx,i = −1.

Figure B.1: Illustration of fiber interferometer, with relevant phases marked: The in-
ferred output phase difference ∆Φi(t) = ϕL(t) − ϕi(t) + δϕshot

i is determined by
measuring the output optical power.

B.1.3 Optical phase at fiber output

If the phase of light entering a fiber is ϕL(t), then the phase of light exiting the fiber

will be equal to the input phase at an earlier time ϕi(t) = ϕL(t − τi(t)), where τi is the time it

takes for an optical wavefront to traverse the entire length of the fiber. In the low frequency

limit (Assumption 1) the time delay is simply related to the fiber’s instantaneous optical path

length τi(t) = ni(t)Li(t)/c, and the output phase is

ϕi(t) = ϕL(t) − ωL(t)ni(t)Li(t)/c.

Including small fluctuations of the optical frequency, fiber index, and fiber length, the output

optical phase can be written as

ϕi ≈ ϕL − ω0,Lτ0,i

(
1 +

δni

n0,i
+
δLi

L0,i
+
δωL

ω0,L

)
.

The explicit time dependence of each variable (t) has been omitted.
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Accounting for both noise and DM-induced effects (Table B.1), the optical phase at

the output of Fiber i is

ϕi = ϕL︸︷︷︸
input
laser
phase

+ δϕthermal
i︸  ︷︷  ︸

fiber thermal
fluctuations

− ω0,Lτ0,i


1︸︷︷︸

DC term

+ ϵnx,i
δx
x0︸ ︷︷ ︸

DM-index
coupling

+ ϵnωL,i
δωL

ω0,L︸     ︷︷     ︸
optical

dispersion

+ ϵLx,i
δx
x0︸ ︷︷ ︸

DM-length
coupling

+
(
1 + ϵnL,i

)
hacoustic

i︸               ︷︷               ︸
mechanical
vibrations

+
δωL

ω0,L︸︷︷︸
laser

frequency
fluctuations



(B.3)

B.1.4 Laser stabilized to Fiber B

As illustrated in Fig. 5.3, Fiber B acts as a delay line for stabilizing the laser. The

inferred phase difference at Photodetector B is ∆ΦB = ϕL − ϕB + δϕ
shot
B , where ϕshot

B is the

apparent phase imparted by shot noise. Stabilization can be achieved by tuning the laser’s

frequency using feedback based on the optical power measured by Photodetector B. For

example, the laser’s frequency can be tuned such that ∆ΦB mod 2π = π/2, maintaining

quadrature bias between the recombining beams before Photodetector B. At quadrature bias,

where the output optical power depends linearly on the phase difference ΦB, it can be shown

(using Eq. B.3) that the laser frequency fluctuations will be

δωL

ω0,L
=

(
1 + ϵnωL,B

)−1
 π2 + δϕthermal

B − δϕshot
B

ω0,Lτ0,B
−

(
1 + ϵnL,B

)
hacoustic

B −
(
ϵnx,B − 1

) δx
x0

 . (B.4)

B.1.5 Detector output phase difference

The experimental observable in this experiment is the differential phase ∆ΦA between

the output of Fiber A and the interferometer’s short arm, which is inferred from the measured

optical power at Photodetector A. Here it is assumed that quadrature bias is maintained

between the recombining beams before Photodetector A, which can be accomplished with

a phase modulator that is driven by feedback from the power measured at Photodetector A.

The DM signal would then be present in the feedback signal supplied to the modulator.
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The phase difference ∆ΦA can be calculated using Eqs. (B.3) and (B.4). Ignoring

zero-frequency terms, ∆ΦA is the sum of individual contributions from DM effects and each

noise source

∆ΦA = ∆Φ
DM
A + ∆Φthermal

A + ∆Φacoustic
A + ∆Φshot

A .

Noting that ϵnx ∼ ϵnωL ≈ 10−2 (see Appendix B.2) and ignoring higher-order terms, it can be

shown that

∆ΦDM
A ≈ ω0,Lτ0

(
∆ϵnx + ∆ϵnωL

) δx
x0

(B.5)

∆Φacoustic
A ≈ ω0,Lτ0

[(
1 + ϵnL,A

)
hacoustic

A −
(
1 + ∆ϵnωL + ϵnL,B

)
hacoustic

B

]
(B.6)

∆Φthermal
A ≈ −δϕthermal

A + δϕthermal
B (B.7)

∆Φshot
A ≈ δϕshot

A − δϕshot
B , (B.8)

where both fibers are assumed to have equal optical path lengths τ0,i ≡ τ0 for simplicity.

B.2 Refractive index effects

B.2.1 DM-coupling to refractive index

The dependence of an optical material’s refractive index on fundamental constants

such as α and me can be estimated using a Lorentz model2 for the atoms/molecules [71, 135].

This analysis primarily follows the treatments in Refs. [71, 173] for the classical

Lorentz model. For small oscillations, the binding force of an electron to a molecule can be

approximated as harmonic [174]. Given an external electric field E, the equation of motion

for the electron’s displacement z from equilibrium is

z̈ + γ ż + ω0
2 z =

e
me

E, (B.9)

where a velocity-damping term is assumed [173, 174]. The Fourier transform of the dipole

moment p̃ = e z̃ is then related to that of the driving field Ẽ as

p̃ =
e2

me

(
ω0

2 − ω2 − iωγ
)−1

Ẽ. (B.10)

2 The Lorentz model approximation loses accuracy for a variety of circumstances, such as
for strong optical fields or dielectrics with chemical bonding [172].
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Given a volume of atoms/molecules with number density N, the polarization is P = N p [173].

The Fourier transform of the polarization is related to that of the driving electric field as

P̃ = ϵ0χẼ, where the electric susceptibility is then

χ =
Ne2

ϵ0me

(
ω0

2 − ω2 − iωγ
)−1

. (B.11)

For a dilute gas, the refractive index n can be simply related to the susceptibility as n2 − 1 =

χ [173]. However, for a non-dilute medium (such as a solid) the local electric field is not

simply equal to the external field E [71, 173], and the relationship between the refractive

index n and the susceptibility χ presented in Eq. (B.11) is

n2 − 1
n2 + 2

=
χ

3
. (B.12)

The analysis can be generalized to account for multiple electron and phonon modes by

considering the total electric susceptibility as a sum of the susceptibility of each mode:

χ →
∑

k χk [71]. Far from the resonances, the damping terms can be neglected [71, 174],

such that each mode’s susceptibility takes the form

χk =
e2

ϵ0

Nk

Mk

fk

ωk
2 − ω2 , (B.13)

where Nk is the effective number density, Mk is the reduced effective mass, fk is the oscillator

strength, and ωk is the resonance frequency [71]. The number density is inversely propor-

tional to the atomic/molecular volume [determined by the Bohr radius aB ∝ (αme)−1], such

that Nk ∝ (αme)3. For electron modes, Mk = me; for phonon modes, Mk is independent of

α, me, and ω [71]. The oscillator strengths fk are also approximately independent of α, me,

and ω [71]. Noting that e2/ϵ0 = 4πℏcα it can be shown that, for both electron and phonon

modes,

χk ∝
(
1 − ω2ωk

−2
)−1

. (B.14)

The dependence on fundamental constants α and me is entirely accounted for by the reso-

nance frequencies ωk. For phonon modes ωk ∝ me
3/2α2; for electron modes ωk ∝ meα

2 [71].

If the laser frequency is assumed to be in a range where it is reasonable to consider

either only phonon modes or only electron modes (i.e. relationship between ωk and the
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fundamental constants is independent of mode number k), it can be shown from Eqs. B.12

and B.14 that
x
n
∂n
∂x
= −

(
x
ωk

∂ωk

∂x

) (
ω

n
∂n
∂ω

)
(B.15)

where x ∈ {α,me}. Equation (B.15) allows one to calculate the response of a material’s

refractive index to variations of fundamental constants using the material’s dispersion, which

can be measured experimentally.

For variations in α,
α

n
∂n
∂α
= −2

(
ω

n
∂n
∂ω

)
, (B.16)

regardless of the type of mode. However, the refractive index’s dependence on me depends

on which mode type dominates:

me

n
∂n
∂me
=


−

(
ω
n
∂n
∂ω

)
electron modes

−3
2

(
ω
n
∂n
∂ω

)
phonon modes

(B.17)

Following Ref. [135], it is assumed that electron modes dominate the dispersion of fused

silica, in which case

ϵnα,silica = −2ϵnωL,silica (B.18)

ϵnme,silica = −ϵnωL,silica. (B.19)

Optical dispersion and, therefore, DM-coupling to the refractive index of air, are significantly

less than that of silica, so it is generally assumed that
{
ϵnx,air, ϵnωL,air

}
= 0.

The DM signal (Eq. B.5) is proportional to ϵnx,silica + ϵnωL,silica. Evidently, from Eqs.

(B.18) and (B.19), the detector is only sensitive to DM-induced oscillations in α, not me.3

From the three-term Sellmeier equation for fused silica [175], ϵnωL,silica = 0.013.

3 ϵnme,silica + ϵnωL,silica = (−ϵnωL,silica) + ϵnωL,silica = 0. A more detailed analysis (beyond the
simple Lorentz model used here) of the refractive index of silica may affect this result.
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Quantity Variable [Units] Solid Core Hollow Core
refractive index n0 [-] 1.47 [1] 1
optical loss γ [m−1] 1.8 × 10−5 [1] 2.8 × 10−5 [2]
optical dispersion ϵnωL [-] 0.013 [175] 0
stress-optic effect ϵnL [-] −0.17 [176] 0
mechanical loss tangent ξ [-] 10−2 [142, 177] 10−2*
diameter of coating dcoat [µm] 242 [1] 302*
diameter of cladding dclad [µm] 125 [1] 185 [138]
diameter of photonic crystal region dpc [µm] 0 70 [138]
total cross-sectional area A [µm2] 4.6 × 104 6.8 × 104

Young’s modulus E [GPa] 20 25

Table B.2: Parameters used for optical fibers with coatings at room temperature. The solid
core fiber is assumed to be SMF28 [1], and the hollow core fiber is assumed to
be nested antiresonant nodeless fiber (NANF) [2]. See Appendix B.3 for infor-
mation on how the parameters are affected by removing the fiber coatings and
operating at cryogenic temperatures. *The loss tangent and coating thickness
for hollow core fiber is assumed equal to those of SMF28.

B.2.2 Strain-optic effect

Mechanical vibrations will strain the fibers. In the solid core fiber, this will lead to a

change in the refractive index via the strain-optic effect

δn
n0
= ϵnLhacoustic. (B.20)

From the analysis in Ref. [176], which considers a linear strain along a single mode fiber, it

can be shown that

ϵnL,solid ≈ −0.17. (B.21)

The strain-optic effect then has a greater impact than optical dispersion
(∣∣∣∆ϵnL

∣∣∣ > ∣∣∣∆ϵnωL

∣∣∣) on

the acoustic phase noise given by Eq. (5.10).

B.3 Mechanical properties of fibers

Fiber thermomechanical noise, as discussed in Section 5.2.1, depends on the physical

properties of the fibers: the mechanical loss tangent ξ, the effective Young’s modulus E, and

the cross-sectional area A.
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Key parameters for the fibers considered in this work are summarized in Table B.2.

While the physical properties ξ and E have not been measured specifically for SMF28 fibers,

the estimates found in Table B.2 have been shown to reliably predict thermomechanical noise

in SMF28 fibers [142] via Eq. (5.5).

The quoted value for the loss tangent ξ = 10−2 comes from measurements of a solid

core fiber at kHz frequencies [177]. For simplicity, ξ = 10−2 is also assumed for the lower

frequencies considered in this work, for both solid and hollow core fibers. Dong et al [142]

have characterized thermal noise in SMF28 fibers down to sub-Hz frequencies assuming

ξ = 10−2, suggesting that this is a reasonable assumption.

The Young’s modulus (E) is approximated for a fiber by a weighted average, over

cross-sectional area, of the Young’s moduli of each material [177]:

E ≈
AcoatEcoat + AcladEclad

A
. (B.22)

The values Eclad = 66.1 GPa for a silica fiber and Ecoat = 3.3 GPa for the polymer coat-

ing (assuming acrylate) are used, based on measurements at kHz frequencies [177]. The

Young’s moduli are assumed to be frequency-independent. The values for E in Table B.2 are

calculated from Eq. (B.22) with the following cross-sectional areas

A ≈
π

4

(
dcoat

2
− dpc

2
)

Acoat =
π

4

(
dcoat

2
− dclad

2
)

Aclad ≈
π

4

(
dclad

2
− dpc

2
)
,

which approximate the hollow and photonic crystal regions to be empty space.

B.3.1 Bare fibers

The fluctuation-dissipation theorem predicts that thermomechanical noise increases

with mechanical dissipation. Thus, decreasing a fiber’s mechanical loss tangent ξ will lower

the thermomechanical noise floor, improving the experiment’s sensitivity.

Much of the mechanical loss in optical fibers likely comes from the polymer coatings.

Fibers with thinner coatings will experience less dissipation. Dong et al. [142] have shown
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that the thermomechanical noise floor is lower in fibers with thinner coatings. However, the

study is insufficient to draw a quantitative relationship between ξ and coating thickness.

It has been shown that fused silica optical fibers with a polymer-coating have a loss

tangent ξ ≈ 10−2 [142, 177]. However, bulk fused silica can potentially achieve ξ ≈ 10−8

at room temperature [178]. Fused silica fibers are often used as suspension wires for test

masses in gravitational wave detectors. In this context, mechanical dissipation in the violin

modes (transverse oscillations) of bare fibers at room temperature is typically around ξ ≈

10−7−10−6 [179, 180, 181]. Noting that mechanical loss in a spooled optical fiber will likely

differ from that of bulk silica or violin modes in silica suspensions under tension, a value of

ξ = 10−6 is assumed for bare fibers at room temperature. By setting dcoat = dclad the fibers’

cross-sectional areas and effective Young’s moduli are recalculated, with all other parameters

in Table B.2 unchanged.

B.3.2 Low-temperature effects

Measurements of the temperature dependence of the Young’s modulus of fused sil-

ica [182] and the refractive index of fused silica fibers [183] suggest that n0 and Eclad can be

assumed constant with respect to temperature without appreciably affecting the estimates in

Fig. 5.2. However, the mechanical loss tangent ξ of fused silica at kHz-MHz frequencies

has been shown to exhibit a strong temperature dependence, with a maximum of ξ ∼ 10−3 at

around 30-50 K [178, 184] before beginning to decrease with lowering temperature beyond

that, although it is unclear how well this translates to fibers. In this work, it is considered to

use thinner of fiber coatings as a way to reduce the loss tangent, approaching that of fused

silica. It is assumed that ξ = 10−3 for cryogenic (10 mK) bare fibers, based on measurements

in Ref. [185].

At low temperatures (∼ 200 K), the acrylate coatings transition from a rubbery state to

a stiffer, glassy state with a Young’s modulus Ecoat ≈ 40 GPa [186], and the effective Young’s

modulus has been adjusted for coated fibers at 10 mK accordingly with Eq. (B.22). However,

due to the absence of data on mechanical dissipation in optical fibers at low temperatures,
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ξ = 10−2 is assumed for coated fibers at all temperatures, and it should be noted that the loss

tangent is likely to decrease as the coatings stiffen at cryogenic temperatures.

Further study of optical fibers at low temperatures and with thinner coatings is nec-

essary to improve upon these estimates of ξ.
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Appendix C

PERMISSIONS TO USE COPYRIGHTED MATERIAL

This appendix includes permissions to use copyrighted material.

Figure C.1: Permission to use material from Ref. [42]. DOI: 10.1103/Phys-
RevLett.126.061301
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Figure C.2: Permission to use material from Ref. [33]. DOI: 10.1103/Phys-
RevLett.124.151301
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