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ABSTRACT 

The growing application of multivariate spectroscopic methods in process 

monitoring has created a critical need for robust signal unmixing techniques to resolve 

complex, overlapping datasets. This dissertation investigates the applicability and 

limitations of several signal unmixing frameworks for multicomponent optical 

spectroscopic process monitoring. The first project examines the comparative 

performance of Multivariate Curve ResolutionïAlternating Least Squares (MCR-ALS) 

and Nonnegative Matrix Factorization using Multiplicative Update (NMF-MU) on 

simulated excitationïemission matrices (EEMs) under varying conditions of overlap and 

noise levels. The second project evaluates the limits of tensorization in combination with 

PARAFAC decomposition for resolving components from simulated emission decay 

matrices (EDMs), identifying noise thresholds and structural constraints beyond which 

the tensor model fails to deliver interpretable results. The third project applies 

constrained matrix factorization methods, including semi-NMF and convex-NMF, to 

Fourier-transformed EDMs collected during the photodegradation of Rose Bengal, a 

system known to involve excited-state reactions and overlapping emissive species. Each 

approach is benchmarked using simulated or experimental datasets, allowing for 

systematic evaluation of unmixing performance in realistic conditions. Collectively, the 

findings provide practical guidelines on the selection and application of signal unmixing 

methods for PAT, with a focus on model interpretability, resolution performance, and 

robustness under challenging conditions. Across all three projects, findings highlight both 
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algorithmic strengths and contextual limitations, offering practical guidance for selecting 

appropriate signal unmixing techniques in multivariate spectroscopic monitoring. 
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INTRODUCTION  

1.1 Motivation  

Chemical processes routinely encountered in pharmaceutical research, 

manufacturing, food processing, and environmental monitoring industries typically 

involve multiple chemical components and are often very complex. Integrating 

multichannel spectroscopic monitoring within the Process Analytical Technology (PAT) 

framework represents a significant shift in manufacturing process control and quality 

assurance. This integration aligns with regulatory guidance from the FDA and ICH (Q8-

Q12), supporting a systematic pharmaceutical development and manufacturing 

approach.1 The PAT framework emphasizes building quality into products through a deep 

understanding and control of manufacturing processes rather than relying solely on end-

product testing. Regulatory agencies encourage using multichannel, broadband optical 

spectroscopic techniques, which have increased significantly in process monitoring 

applications due to their ability to provide rich, multidimensional information about 

systems under investigation. However, these techniques also present substantial 

challenges in analyzing the resulting multivariate data, as overlapping signals from 

multiple chemical components make it challenging to identify and quantify individual 

species' spectral characteristics accurately. To address this issue, signal unmixing 

Chapter 1 



2 

 

methods have been developed to separate overlapping spectral signals and isolate the 

contributions of each component, enabling precise analysis of complex data.[]  Such 

multi-component, highly overlapped signals are called complex data in this dissertation. 

Despite their effectiveness in extracting pure component spectra and identifying 

corresponding response profiles, the robustness of these methods, particularly under 

conditions of high noise, instrumental variability, and complex sample matrices, remain 

underexplored. For instance, in pharmaceutical manufacturing, real-time monitoring of 

chemical reactions is critical for ensuring product quality, in environmental monitoring, 

robust signal unmixing is essential for accurately analyzing complex pollutant mixtures. 

This research aims to evaluate the robustness of signal unmixing methods for multivariate 

optical spectroscopic process monitoring data. 

Accurate monitoring of these processes is crucial for understanding reaction 

mechanisms, ensuring quality control, and optimizing operations. Optical spectroscopies 

have emerged as a go-to method for reaction monitoring because they provide fast, cost-

effective, and non-destructive measurements. Moreover, spectroscopic techniques offer a 

high-dimensional view of complex systems that is potentially far more informative than 

single-variable measurements by capturing data across multiple variables such as 

wavelengths, frequencies, and time. As was noted earlier, such multi-component, highly 

overlapped signals (referred to in this dissertation as complex data) pose significant 

challenges for analysis. Traditional univariate methods, which focus on a single variable 

at a time and lack the selectivity to resolve overlapping signals, struggle with these 

challenges. In real-world measurements, overlapping signals and instrumental noise make 
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it difficult to disentangle spectra and determine each speciesô contribution. Multivariate 

unmixing techniques, such as self-modeling curve resolution (SMCR), have been 

developed to overcome these issues.2 Unmixing methods excel at resolving overlapping 

spectral features, extracting pure component spectra, and identifying corresponding 

response profiles depending on the broadband multichannel spectroscopic measurement 

technique. 

However, even multivariate unmixing methods are not without limitations.2,3 

While broadband multichannel spectroscopic measurements can offer deeper insight into 

reaction pathways and facilitate real-time process adjustments. Moreover, the utility of 

various unmixing methods is data dependent. For example, SMCR methods are 

inherently non-deterministic, sensitive to initial guesses, and affected by low signal-to-

noise ratios. The wide range of unmixing algorithms developed in different scientific 

domains poses a challenge for effective selection and application. As the use of the 

unmixing methods increases, it becomes essential to systematically evaluate the 

robustness of signal unmixing methods to provide clear and definitive guidance for their 

optimal application. 

This dissertation aims to systematically evaluate the robustness of signal 

unmixing methods for multivariate optical spectroscopic process monitoring data. To 

achieve this overarching goal, the research is organized around three interrelated projects. 

The first project involves a direct comparison of two widely used SMCR methods, MCR-

ALS and NMF-MU, applied to fluorescence datasets of varying complexity to assess 

their robustness and reliability. The second project examines the feasibility of an 
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alternative approach that employs tensorization, which transforms bilinear data (data in 

matrix format usually used in SMCR) into multidimensional (tensor) formats to enable 

three-way analysis methods such as Parallel Factor Analysis (PARAFAC). This strategy 

is designed to overcome the inherent limitations of SMCR methods, namely, their non-

deterministic nature. The third project employs convex NMF, a variant of standard NMF, 

to resolve signals that are not effectively separated by conventional NMF techniques for 

dynamic FT-EDM data to accommodate nonnegative elements in the data due to the 

presence of excited state species Both the tensorization and convex NMF projects are 

validated using multivariate frequency-domain fluorescence data collected on Rose 

Bengal (RB) photodegradation processes as a model system, providing insights under 

realistic experimental conditions. This dissertation seeks to answer key research 

questions: How do MCR-ALS and NMF-MU compare in handling complex multivariate 

data? How do noise levels overlap impact the outcome of these SMCR methods? Can 

tensorization approaches effectively mitigate the limitations of the SMCR methods? Does 

Semi/Convex-NMF provide better signal resolution in cases of excited state reactions 

reflected in negative elements in multivariate frequency-domain fluorescence 

measurements, Fourier transform emission decay matrix (FT-EDM)?   

1.2 Chemical Data Science 

Chemical Data Science (CDS) provides mathematical and statistical methods to 

extract meaningful information from analytical measurements.4,5 These methods enable 

researchers to interpret complex chemical data, deriving valuable insights from 
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experiments and observations. These methods are particularly valuable in spectroscopic 

monitoring, where complex, high-dimensional data require advanced techniques for 

interpretation and analysis. There are subdisciplines under the umbrella of modern CDS, 

such as chemometrics,5 and chemoinformatics.6 The origins of chemometrics, which can 

be seen as a precursor to CDS, can be traced to the 1960s, starting with the increased use 

of computers in the scientific community.7ï9 The field began to take shape during the 

1960s and early 1970s, with foundational contributions from scientists such as 

Malinowski,10,11 Jurs,12,13 and Massart.14 The term "chemometrics" was coined by Wold 

in 1971 for a grant application. Wold, in collaboration with Kowalski, founded the 

International Chemometrics Society in 1974.15. Over time, chemometrics has become 

indispensable in spectroscopic applications, enabling the resolution of overlapping 

signals and the extraction of pure component spectra from complex mixtures. 

Additionally, chemometrics applications span from experimental design,16 pattern 

recognition,17 classification,18 multivariate calibration,19 signal processing and extraction 

to machine learning.20 

CDS finds application across various fields, transforming data interpretation and 

enhancing scientific research and industrial processes. The pharmaceutical industry 

utilizes chemical data science for drug development, quality control, and formulation.21ï24 

These methods aid in analyzing complex datasets from analytical instruments, optimizing 

drug formulations, and ensuring the consistency of pharmaceutical products.25,26 In 

environmental science, chemical data science is used to analyze air, water, and soil 

quality data.27 Techniques such as PCA help in identifying sources of pollution and 
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understanding environmental patterns.28 Chemical data science models are employed to 

predict environmental pollutants' impact and manage and remediate contaminated sites.29 

The food and beverage industry uses chemical data science for quality control, product 

development, and authentication.30 Techniques such as PLS regression and PCA help in 

assessing the quality of food products, optimizing processing conditions, and detecting 

adulteration or fraud.31ï33 Chemical data science also plays a role in sensory analysis, 

where it helps in correlating sensory properties with chemical compositions.34ï36 In 

biotechnology and genomics, chemical data science is used to analyze high-dimensional 

data from genomics,37 proteomics,38 and metabolomics,39 studies. Techniques like 

clustering and classification are employed to identify biomarkers,40ï42 understand 

biological processes, and develop personalized medicine approaches.43 Chemical data 

science aids in integrating various -omics data to provide a comprehensive view of 

biological systems. Forensic science applies chemometrics to analyze evidence from 

crime scenes.44 Techniques such as PCA and clustering compare and match samples, 

such as drugs or explosives, to known references.45,46 Chemical data science improves the 

interpretation of complex forensic data and provides statistical support for court evidence. 

It has evolved into a vital tool in various scientific and industrial fields. MCR-ALS and 

tensor decomposition are significant for spectroscopic monitoring, aiding data resolution 

and real-time process control. This dissertation addresses challenges in unmixing 

spectroscopic signals in complex chemical systems, enabling better analysis and 

interpretation of data. CDS has enhanced data-driven decision-making, deepening our 

understanding of chemical processes and improving product quality. As technology 
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advances, chemical data science will be key in addressing complex problems and 

fostering innovation across fields. 

1.3 Spectroscopic Process Monitoring 

Spectroscopic monitoring can provide real-time, non-destructive measurements 

that enable immediate adjustments and enhance process understanding in cases such as 

reaction mechanisms,47 chemical synthesis,48 and materials manufacturing.49 Process 

monitoring is vital for ensuring product quality, optimizing operations, and complying 

with industrial regulatory standards. Spectroscopic techniques are critical analytical 

methods in modern process monitoring, offering non-invasive, real-time, and highly 

sensitive and selective approaches for analyzing chemical and physical processes. These 

methods leverage the interaction between electromagnetic radiation and matter to provide 

detailed information, enabling insights into process dynamics, material properties, and 

reaction mechanisms. Despite these advantages, spectroscopic monitoring faces 

challenges, particularly in analyzing complex systems.  The complexity of spectroscopic 

data, often characterized by overlapping signals, necessitates advanced data analysis 

techniques. This is where CDS plays a pivotal role. CDS provides the mathematical and 

statistical tools that help to extract meaningful information from spectroscopic 

measurements, transforming raw data into actionable insights. Techniques such as SMCR 

and tensor decomposition are essential for resolving complex spectral data and enabling 

real-time process control. 

 



8 

 

1.4 Classification of Process Monitoring Approaches  

Process monitoring strategies can be classified according to their timing in 

relation to the production process and the requirements for sample handling. Each 

method presents unique benefits and drawbacks, making them appropriate for different 

applications based on the necessary speed, accuracy, and integration with production 

processes. 

Off-line monitoring involves traditional laboratory analysis of extracted samples. 

While this method provides high precision and accuracy through advanced analytical 

techniques, making it suitable for detailed characterization and validation, it also incurs 

significant delays between sampling and results, as samples must be transported to a lab 

and analyzed with specialized equipment. Such delays hinder its usefulness in dynamic 

process control, where real-time adjustments are critical for maintaining product quality 

and optimizing operations. 

At-line monitoring enhances process control by enabling analysis near the 

production line using dedicated instruments. This approach reduces analysis time 

compared to off-line methods, allowing for faster feedback on process adjustments. 

Nevertheless, it still necessitates manual intervention and sample handling, which can 

create bottlenecks and limit scalability for large operations. Despite these challenges, at-

line monitoring is commonly utilized in industries where a balance of accuracy and speed 

is essential, such as food processing and environmental monitoring. 

On-line monitoring utilizes automated systems to continuously divert process 

streams to analyzers, offering near-real-time analysis. This method is more responsive 
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than off-line and at-line techniques, allowing for quicker detection of process deviations 

and facilitating timely adjustments. However, transport delays must still be considered, as 

the diverted process streams need to be moved to the analyzer. On-line monitoring is 

particularly beneficial in industries where real-time data can substantially improve 

process efficiency and product quality. 

In-line monitoring stands as the most advanced approach, involving seamless 

integration of analytical probes or sensors into the process stream. This method allows for 

true real-time measurement without sample extraction, minimizing delays and providing 

immediate feedback for process control. In-line monitoring is especially valuable in 

applications demanding precise control over dynamic processes, such as pharmaceutical 

manufacturing and chemical production. By eliminating sample handling, in-line 

monitoring mitigates risks of contamination and human error, enabling continuous, non-

destructive analysis. 

1.5 Spectral Monitoring  and Process Analytical Technology  

Optical spectroscopic techniques play a pivotal role in modern process 

monitoring, offering real-time, non-destructive, and highly sensitive methods for 

analyzing chemical and physical processes. Spectroscopic techniques span a wide range 

of the electromagnetic spectrum, each offering unique capabilities for process monitoring 

based on their wavelength or wavenumber range. At the lower end of the 

spectrum, infrared (IR) spectroscopy (4000-400 cm ĭ) probes fundamental molecular 

vibrations, providing detailed structural information. Moving to higher 
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wavelengths, near-infrared spectroscopy (NIRS) (780-2500 nm) examines overtones and 

combination vibrations, enabling non-destructive analysis of powders and turbid 

media. Raman spectroscopy, which typically operates in the visible to near-IR region 

(e.g., 532 nm, 785 nm, or 1064 nm laser excitation), leverages inelastic light scattering to 

provide vibrational information, particularly for aqueous systems and molecular structure 

analysis. In the ultraviolet and visible regions (190-800 nm), UV-Visible (UV-Vis) 

spectroscopy examines electronic transitions, making it invaluable for quantitative 

analysis and reaction kinetics studies. Finally, fluorescence spectroscopy, which typically 

operates in the visible region, measures emission from electronically excited states, 

offering exceptional sensitivity for trace component analysis. While all these techniques 

have their unique applications, UV-Vis and fluorescence spectroscopy are particularly 

central to this dissertation due to their relevance to the studied RB photodegradation and 

their widespread use in real-time process monitoring. 

UV-Visible spectroscopy (190-800 nm) examines electronic transitions in 

molecules, following the fundamental Beer-Lambert law relationship where absorbance 

(A) equals the product of molar absorptivity coefficient (Ů), path length (b), and 

concentration (c). This direct relationship between absorbance and concentration makes 

UV-Vis spectroscopy particularly valuable for quantitative analysis in process streams.50 

The technique primarily probes electronic transitions including ˊŸˊ*, nŸˊ*, and charge 

transfer transitions, providing specific information about conjugated systems and metal 

complexes.51 Instrumentation for process UV-Vis spectroscopy combines complementary 

light sources to span the required spectral range.  Detection systems typically employ 
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photodiode arrays (PDAs) or charge-coupled devices (CCDs), which offer high 

sensitivity and rapid data acquisition across multiple wavelengths. Deuterium lamps 

provide intense emission across the UV region (190-400 nm), while tungsten-halogen 

sources cover the visible and near-IR ranges (350-2500 nm). Modern systems employ 

dual-lamp designs with automated source switching for seamless spectral coverage. Real-

time monitoring applications include concentration determination in chemical processes, 

color analysis in dye production, and reaction kinetics studies.52ï54  

Fluorescence spectroscopy measures emission from singlet electronically excited 

states, offering exceptional sensitivity for process monitoring applications. The 

technique's fundamental properties include quantum yield (ū), which quantifies emission 

efficiency as the ratio of emitted to absorbed photons, and fluorescence lifetime (Ű), 

which characterizes the average time molecules spend in the excited state.55 These 

parameters provide complementary information about molecular environment and 

dynamics, enabling sophisticated process monitoring capabilities. 

Process fluorescence instrumentation has evolved significantly with technological 

advances in light sources and detectors. Xenon arc lamps remain common excitation 

sources for their broad spectral output, while LED sources offer improved stability and 

longevity for targeted applications. Pulsed laser sources enable time-resolved 

measurements, revealing dynamics on nanosecond to picosecond timescales. Detection 

systems typically employ photomultiplier tubes for high sensitivity, though avalanche 

photodiodes (APDs) provide superior timing resolution for lifetime measurements. 

Hybrid detectors combining PMT sensitivity with solid-state detector stability have found 
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increasing application in demanding process environments.  Additionally, multichannel 

detectors, which enable simultaneous measurement across multiple wavelengths, and 

advanced optical configurations are critical for enhancing the versatility and efficiency of 

spectroscopic monitoring in industrial settings. 

The extraordinary sensitivity of fluorescence detection, often reaching picomolar 

concentrations, makes it invaluable for monitoring trace components in process streams.56 

Applications including, from bioprocess monitoring,57 of protein expression58 to 

environmental analysis of organic pollutants.59 Real-time fluorescence monitoring 

enables immediate detection of process deviations, particularly valuable in fermentation 

processes where rapid response can prevent batch loss.60 The technique's non-destructive 

nature, amenability of measurements to multivariate analysis and capability for 

continuous monitoring align perfectly with modern process analytical technology 

requirements.  

Spectroscopic techniques play a pivotal role in PAT by providing real-time, non-

destructive measurements that enable continuous monitoring and immediate feedback. 

For example, UV-Vis spectroscopy can track reaction kinetics,53 and quantify product 

concentrations in real time,61 while fluorescence spectroscopy offers high sensitivity for 

detecting trace components and monitoring dynamic processes.62,63 These capabilities 

allow manufacturers to identify deviations early, optimize process parameters, and ensure 

consistent product quality. By integrating spectroscopic data with advanced analytical 

tools, PAT transforms raw measurements into actionable insights, enabling proactive 

process control and reducing the risk of costly batch failures. 



13 

 

The implementation of multichannel spectroscopic PAT solutions requires 

sophisticated data analysis strategies to convert spectral information into actionable 

process knowledge. Chemometric methods form the foundation of this analysis, with 

Principal Component Analysis (PCA) providing dimensional reduction in complex 

spectral datasets. Partial Least Squares (PLS) regression enables quantitative prediction 

of critical quality attributes from spectral measurements, while Self Modeling Curve 

Resolution (SMCR) techniques separate overlapping spectral contributions in complex 

mixtures.64  

The evolution of spectroscopic process monitoring continues to accelerate, driven 

by technological advances and increasing demands for process understanding and 

control. Instrument miniaturization represents a significant trend, with micro-

spectrometers enabling deployment in previously inaccessible process locations.  

Data processing and analysis capabilities continue to evolve rapidly, particularly 

in the application of machine learning to spectroscopic process monitoring.65 Deep 

learning algorithms demonstrate remarkable capability in extracting subtle patterns from 

complex spectral datasets,66,67 enabling more sophisticated process control strategies. 

While traditional chemometric methods remain foundational for spectroscopic data 

analysis, the increasing complexity of modern process monitoring demands more 

advanced tools. Machine learning and deep learning algorithms offer distinct advantages, 

including the ability to handle high-dimensional and multidimensional data, model non-

linear relationships, and transfer their trained understanding to related tasks. These 

capabilities make them particularly valuable for real-time process control and the analysis 



14 

 

of complex systems, where traditional methods may struggle. By integrating these 

advanced algorithms with established chemometric approaches, manufacturers can 

achieve greater process understanding, improved predictive accuracy, and enhanced 

decision-making capabilities. Transfer learning techniques facilitate the deployment of 

calibration models across multiple process lines or facilities, reducing implementation 

costs and improving reliability.68 These advances in data analysis capabilities transform 

the vast quantities of spectral data generated in modern manufacturing into actionable 

process intelligence. These emerging applications demonstrate the continuing evolution 

of spectroscopic process monitoring from a quality control tool to an integral component 

of intelligent manufacturing systems. 

1.6 Dissertation Overview 

This dissertation is organized into six chapters that together assess the robustness 

of signal unmixing in multivariate optical spectroscopic process monitoring data. Chapter 

1 introduces the study by outlining the motivation behind the research, providing an 

overview of chemical data science, discussing the principles of spectroscopic process 

monitoring, and classifying various process monitoring approaches. It also examines the 

integration of spectral monitoring within the process analytical technology framework. 

Chapter 2 details the methodologies employed in this work. It begins with a 

description of multidimensional photoluminescence measurements covering both 

excitationïemission matrices and time- and frequency-resolved emission decay 

matricesðand explains the bilinear modeling of spectroscopic data. The chapter then 
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delves into multivariate mixture analysis via SMCR, presenting three key approaches: 

MCR-ALS, NMF-MU, and Convex NMF. It also discusses the limitations inherent in 

bilinear matrix analysis, such as non-deterministic behavior and rotational or intensity 

ambiguities. It introduces tensorization methods as strategies to overcome these 

challenges of bilinear SMCR methods. The section concludes with an overview of the 

software tools used throughout the study. 

Chapter 3 presents a detailed comparative evaluation of SMCR methods,  

focusing on MCR-ALS and NMF-MU. This chapter uses fluorescence datasets of varying 

complexity to assess the robustness of these widely used signal unmixing techniques.  

Chapter 4 focuses on evaluating tensorization approache as an alternative to 

traditional SMCR. By converting bilinear data (matrix) into multidimensional formats 

(tensor) and employing three-way analysis methods such as PARAFAC, this chapter 

assesses the robustness of the tensorization approach and the evaluation is supported by 

both simulated datasets and experimental measurements derived from broadband, time-

resolved UVïVis spectroscopic data obtained during Rose Bengal (RB) photodegradation 

experiments, thereby validating the effectiveness of tensorization in enhancing signal 

resolution. 

Chapter 5 examines the feasibility of Convex NMFða variant designed to resolve 

signals that conventional NMF cannot effectively separateðusing multichannel 

frequency-domain fluorescence measurements of RB photodegradation as the model 

system. A sample with excited state species present will have nonnegative elements in the 



16 

 

components of FT-EDM. While traditional NMF cannot accommodate non-negative 

elements during unmixing, convex-NMF can potentially handle them. 

Chapter 6, the Conclusion, synthesizes the findings from the previous chapters.  
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METHODS 

This chapter was adapted from the publications below. Further permissions related 

to the material excerpted should be directed to the designated journal. Reprinted (adapted) 

with permission from the following publication.

 

Suskil, C.V.; Murray, M.J.; Sanap, D.B.; Neal, S.L. Photoluminescence Probes in 

Data-Enabled Sensing. Annu. Rev. Anal. Chem. 2023, 16:18.1-18.25. 

2.1 Multidimensional photoluminescence measurements 

Photoluminescence (PL) occurs when materials emit light after absorbing energy 

in the form of photons. This process begins with photon absorption, which excites electrons 

in the material to higher energy states. As these electrons relax back to lower energy levels, 

the excess energy is released as light in the form of fluorescence and/or phosphorescence. 

These non-destructive, contactless measurements, when conducted with various variables 

such as wavelength, frequency, and time, produce multivariate data that can be analyzed 

using multivariate data analysis techniques, potentially providing dynamic insight into the 

system.   

Steady-state photoluminescence spectroscopy measures the intensity of emitted light at 

multiple wavelengths while exciting the material with a continuous light source. While this 

Chapter 2 
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straightforward method requires minimal sample preparation, it fundamentally lacks 

selectivity in processes involving multiple chemical components. In such systems, 

overlapping signals and cumulative contributions, governed by Beer-Lambert's law, 

complicate data analysis and interpretation

Multidimensional photoluminescence measurements (MPMs) are particularly 

valuable for process monitoring because they enable the resolution of overlapping spectral 

signals from multiple chemical species, providing detailed insights into complex chemical 

systems. MPMs offer improved selectivity by distributing emission data across various 

domains. These domains may encompass excitation and emission wavelengths, time, or 

temperature. The enhanced selectivity of MPMs, along with their capacity to produce data 

appropriate for multivariate analysis, allows for the differentiation of overlapping spectral 

features and supports the investigation of intricate interactions within chemical processes. 

This combination of heightened selectivity and the ability to conduct multivariate analysis 

renders MPMs especially for monitoring processes.

2.1.1 Excitation Emission Matrix  

The excitation-emission matrix (EEM) is a foundational technique in 

multidimensional photoluminescence measurements (MPMs). It records fluorescence 

intensity as a function of both excitation (Ex) and emission (Em) wavelengths, producing 

a detailed spectral fingerprint of the sample. Constructing an EEM involves collecting 

fluorescence emission spectra sequentially at different excitation wavelengths. These 

spectra are then compiled into a three-dimensional dataset, mapping fluorescence intensity 

across excitation and emission domains. The EEM provides a comprehensive spectral 

fingerprint that when coupled with advanced chemometric analysis, can facilitate the 
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deconvolution of overlapping signals, a critical step in real-time process monitoring of 

systems with multiple fluorophores and complex reaction pathways. 

Originally conceptualized in 1961 by Gregorio Weber, the EEMðalso referred to 

as the total luminescence spectrumðhas become a critical tool in fluorescence 

spectroscopy.69 Each element of the EEM, Ἆ,  represented as Ὠ , corresponds to the 

fluorescence intensity at a specific pair of excitation and emission wavelengths. 

Mathematically, as shown in Equation 2.1, an EEM can be represented as a combination 

of excitation-specific terms (column factors), ἦ,  and emission-specific terms (row factors), 

ἧ, with the number of contributing components denoted as ὑ, with measurement noise Ἇ. 

This mathematical framework provides the foundation for advanced signal unmixing 

methods essential in process monitoring applications. 

 

 Ἆ ὀὁἢ Ἇ ἦἧἢ Ἇ 2.1 

 

The superiority of EEM over traditional fluorescence methods becomes particularly 

evident in complex systems where multiple fluorophores contribute overlapping signals. 

While single excitation or emission spectra suffice for simple systems, they prove 

inadequate for process monitoring applications where multiple chemical species coexist 

and evolve simultaneously. EEM data provides a multidimensional fluorescence profile 

that enables the resolution of these overlapping spectral contributions through multivariate 

analysis techniques. 
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The application of EEM in process monitoring is particularly powerful when 

combined with chemometric methods. These approaches enable the simultaneous 

quantification of multiple fluorophores and the tracking of their evolution during chemical 

processes, even in the presence of interfering substances. In photocatalytic degradation 

processes, EEM coupled with chemometrics has demonstrated sophisticated monitoring 

capabilities. Khalilian et al. utilized Ag-, S-, N-doped TiO2 as a photocatalyst to degrade 

Rhodamine B dye, optimizing parameters including pH and reaction time. Their 

implementation of MCR-ALS and PARAFAC analysis revealed distinct spectral 

signatures of degradation intermediates, allowing for precise kinetic profiling of the 

photocatalytic process at optimized conditions.70 In water treatment applications, EEM 

fluorescence spectroscopy has demonstrated utility  in monitoring advanced oxidation 

processes (AOPs) in complex matrices. Ben Abdelmelek et al. investigated hydroxyl 

radical-mediated degradation of pharmaceutical and personal care products in reverse 

osmosis retentate, where high concentrations of effluent organic matter present analytical 

challenges. Their research established that changes in specific EEM regions, particularly 

those associated with protein-like fluorescence, correlated with contaminant removal 

efficiency, demonstrating EEM's capability for real-time process monitoring in complex 

water treatment systems.71 In pharmaceutical monitoring, de Faria e Silva and Ryder 

developed a sophisticated polarized EEM approach for analyzing antibody-drug 

conjugates. Their method achieved remarkable precision, with 6% relative error of 

prediction for drug-to-antibody ratio in purified products and 11% for unpurified alkylation 

intermediates. The technique simultaneously monitored protein aggregation through 
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Rayleigh scatter measurements, correlating with hydrodynamic radius (Rh) measurements 

with R² = 0.99.72 Sciscenko et al. demonstrated EEM's capability in tracking the 

degradation of fluoroquinolone antibiotics (ofloxacin, enrofloxacin, and sarafloxacin) 

through various oxidation processes including H2O2/hɜ and photo-Fenton reactions. Their 

five-component PARAFAC model distinguished between parent compounds and 

transformation products, enabling simultaneous monitoring of degradation kinetics across 

different pH conditions (2.8, 5.0, and 7.0). The results showed a strong correlation with 

HPLC measurements and toxicity assessments using Escherichia coli.73 

This dissertation utilized simulated, synthesized, and experimental multicomponent 

excitation-emission matrices (EEMs), detailed in Chapter 3, to systematically evaluate the 

performance of two leading MCR-ALS and NMF for signal unmixing under varying 

spectral overlaps and noise conditions. Simulated EEMs were generated using fluorescence 

spectra of commonly used dyes (see Figure xx) to mimic challenges in real-world process 

monitoring, such as overlapping spectral features and measurement noise, providing a 

controlled environment for algorithm assessment. Synthesized EEMs, constructed from 

standard solutions of polycyclic aromatic hydrocarbons (PAHs) in cyclohexane, 

incorporated more complex spectral profiles, bridging the gap between simulated and real-

world data to test the algorithms' ability to resolve overlapping signals. Experimental 

EEMs, obtained from three-component mixtures with varying spectral overlaps, 

represented realistic process monitoring conditions and contextualized the findings from 

simulated and synthesized datasets, demonstrating the practical applicability of MCR-ALS 

and NMF-MU for real-time tracking of chemical systems. The insights derived from this 



 

 22 

analysis facilitate the identification of the most suitable algorithm for specific scenarios 

and enable a comparative evaluation of both methods when applied to intricate 

multicomponent reactions or process monitoring applications.  

These applications demonstrate EEM's versatility in resolving complex chemical 

processes across various fields. The technique's ability to simultaneously track multiple 

fluorescent species both spectral and evolution characteristics, from pharmaceutical 

compounds to environmental pollutants, while facilitating detailed kinetic and mechanistic 

insights, establishes it as a powerful tool for modern PAT implementations. The integration 

of advanced chemometric methods further enhances its capability for real-time process 

monitoring and control. 

2.1.2 Time and Frequency Resolved Emission Decay Matrix 

Emission Decay Matrix (EDM) measurements represent another powerful 

technique in MPMs, providing a dynamic resolution that complements spectral 

information. The temporal resolution provided by EDM allows for the differentiation of 

chemical components with overlapping spectral features, making it particularly valuable 

for monitoring dynamic processes in real time. The key advantage of EDM lies in its ability 

to differentiate chemical components through their temporal characteristics, even when 

their emission features overlap due to the broad bandwidth in chemical samples. This 

temporal discrimination arises from molecules' distinct excited state relaxation rates, 

influenced by their structural differences, molecular environments, and intermolecular 

interactions.  
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Dynamic photoluminescence measurements can be performed using two ways: 

time-domain and frequency-domain methods. The time-domain method, also known as 

pulse fluorometry, employs short light pulses for excitation, ideally with pulse widths 

significantly shorter than the sample's decay time Ű. Following excitation, the time-

dependent intensity )Ô follows an exponential decay or growth described by, )Ô

)ὸὩ Ⱦ , where ) represents the initial intensity at Ô π , and ʐ  is the fluorescence 

lifetime. The decay time can be determined either from the slope of ÌÏÇ)Ô versus Ô, or 

from the time at which intensity decreases to ρȾὩ of its initial value.  

When analyzing the intensity decay of a multicomponent sample across emission 

wavelengths, it is beneficial to organize the data in a matrix format for accessibility to 

multivariate analysis. Each row in a time-resolved emission decay matrix (TR-EDM) 

represents the decay observed at a particular wavelength, while each column corresponds 

to the emission spectrum recorded at distinct time delays following excitation. Notably, the 

TR-EDM for a mixture is composed of the summed contributions from individual 

component matrices, along with additional terms accounting for detector dark signals and 

noise. The TR-EDMs of individual components are constructed as the outer products of 

their respective emission spectra and intensity decay profiles, represented in Equation 2.2 

 

 Ἆ ἎɆɆἳ Ἇ ἧἨἢ Ἇ 2.2 
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where, ἎɆɆἳ is intensity contribution of Ë   mixture component of a sample, Ἆ is the 

measurement matrix of the sample and Ἇ   is measurement noise, columns of ἧ  are emission 

spectrum of + components and the columns of Ἠ represent corresponding time domain 

emission decays.  

Unmixing signals from TR-EDM presents significant challenges due to several 

inherent complexities in the data, similar to EEM data-related challenges. First, spectral 

and temporal overlap among chemical components makes it difficult to distinguish their 

contributions. Fluorophores often exhibit broad and overlapping emission spectra, and their 

decay profiles can consist of multiple exponential components, leading to ambiguities in 

assigning decay lifetimes. Second, phenomena such as energy transfer, reabsorption, and 

scattering effects further distort the observed decay signals, complicating the separation of 

pure spectral and temporal components. Additionally, many systems exhibit non-

exponential or multi-exponential decay behavior, which further complicates the analysis. 

Even well-established methods like SMCR may struggle to unmix highly complex 

samples that include multiple components with overlapping spectral and decay features 

due to the inherent limitations of bilinear models, as will be discussed in Section 2.4. One 

strategy to address these limitations is tensorization of bilinear data. Tensorization 

transforms the data into a higher-dimensional structure, enabling three-way analysis 

techniques such as PARAFAC. Unlike bilinear SMCR methods, PARAFAC provides a 

unique solution under certain conditions (e.g., Kruskalôs conditions), allowing for the 

unambiguous resolution of spectral and temporal components, detailed in Section 2.5. This 
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advantage makes tensorization particularly powerful for analyzing complex systems with 

significant spectral overlap and noise. 

In this dissertation, a systematic approach was used to generate simulated EDMs  

that assisted evaluate the limits of tensorization methods, such as level of overlap, number 

of components, and noise levels that can be tolerated by the algorithm. The data models 

emission profiles as gaussian functions (mimicking emission peaks) and decay profiles as 

exponential functions, systematically varied to control the number of components, degree 

of spectral overlap, and noise levels. These simulated data sets mimic the challenges 

encountered in real-world process monitoring applications, where overlapping emission, 

overlapping decay profiles, and measurement noise complicate data analysis. By analyzing 

these simulated EDMs, the robustness and reliability of tensorization approaches were 

assessed for resolving complex mixtures, as detailed in Section 4.3.2. 

To validate the transition from bilinear to tensor analysis, experimental data 

from broadband time-resolved UV-visible spectroscopy was utilized, specifically 

monitoring the photodegradation of Rose Bengal (RB) in methanol. Rose Bengal is a 

widely studied photosensitizer with applications in photodynamic therapy as a model, 

environmental dye degradation, and photocatalysis. Its photodegradation involves complex 

pathways, including singlet oxygen (ĭO )-mediated oxidative processes, which lead to 

various photoproducts depending on solvent/environment. Monitoring these processes in 

real time provides insights about the kinetics mechanisms of RB degradation, detailed in 

Section 4.3.1. 
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The study by Rowe et al. employed time-resolved emission dipole moment (TR-

EDM) analysis of 6-propionyl-2-dimethylamino-naphthalene (PRODAN) in various 

isotropic solvents, combined with multivariate analysis, to decompose its emission spectral 

characteristics. Additionally, the study elucidated the photokinetic mechanisms underlying 

PRODAN-solvent interactions, enabling a more precise interpretation of probe-based 

sensing in microheterogeneous systems.74 Kittle et al. utilized time-resolved fluorescence 

spectroscopy to differentiate tumor and normal tissue during surgery. The technique 

achieved fluorescence lifetime recovery with sub-20 ps accuracy which matched with 

published data. The study also showed that this method can determine fluorophore 

concentrations by analyzing lifetime decays. These findings highlight the potential of TR-

EDM for real-time tissue monitoring during surgical procedures.75 In the study by Saraswat 

et al. utilized Time-Resolved Fluorescence Spectroscopy (TRFS) and other complementary 

techniques to investigate the binding interactions between a specific ionic liquid and human 

serum albumin (HSA). The authors employed TRFS to determine the quenching 

mechanism of fluorescence, whether it was static or dynamic, by analyzing the decay 

profiles of the fluorescence emitted from HSA. The study demonstrated that time-resolved 

fluorescence, could effectively distinguish between different quenching mechanisms and 

provide insights into the binding dynamics of the ionic liquid with HSA.76 

The frequency-domain is other type of dynamic photoluminescence measurements 

approach in which a sample is excited by intensity-modulated light. This method typically 

utilizes sinusoidal modulation at frequencies around 100 MHz, chosen to match the 

reciprocal of the anticipated fluorescence lifetime. The resulting emission maintains the 
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modulation frequency but exhibits a phase delay relative to the excitation, quantified by 

the phase shift ה. The modulated excitation follows %Ô % ρ -ÃÏÓ ʖÔ , where 

% represents average intensity, -  the modulation, and ʖ the angular frequency. The 

corresponding emission response &Ô & ρ -ÃÏÓ ʖÔ ה  incorporates both 

phase shift ה and demodulation factor Í, related to the lifetime through ÔÁÎ‰ ‫ὸ and 

Í ρ ʖʐ Ⱦ . 

Frequency-domain decays are measured and calculated from the modulation ratio 

and phase shift of the emission produced by the modulated excitation light source. Based 

on the transform derivative identity, there is a linear relationship between the frequency 

domain decay and the Fourier transform of its derivative. Therefore, a single component 

decay matrix, Ὠ, which is collected at emission wavelength ‗ and modulation 

frequency .can be constructed Equation 2.3 ,‫ 

 

 Ὠ‗ȟ‫ …‗ȟ‫ Ὥ‒‗ȟ‫ ί‗ȟπά‗ȟ‫Ὡ ȟ  2.3 

where …‗ȟ‫  and ‒‗ȟ‫  represent the amplitudes of the oscillating emission that are in-

phase and 90 degree out-of-phase with the modulated excitation, respectively, ί‗ȟπ 

represents the steady-state emission intensity at ‗,  ά‗ȟ‫  is the ratio of the emission 

modulation to the excitation modulation and ‰‗ȟ‫  is the emission phase shift relative to 

the excitation collected at wavelength ‗ and frequency .‫ 

When the fluorescence decay of a mixture of N fluorophores is monitored as a 

function of I emission wavelengths at J modulation frequencies, the emission decay at the 

specified wavelengths can be arranged in an I x J matrix: Ἆ. Since each decay profile is 
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independent of the emission wavelength, the Fourier transformed emission-decay matrix 

(FT-EDM) is susceptible to a variety of numerical analyses. The FT-EDM of N 

fluorophores is the sum of the products of each fluorophoreôs spectrum and decay profile, 

therefore, the matrix Ἆ measured in the frequency domain can be written as described in 

Equation 

 

 Ἆ ἎɆɆ Ἇ ὀɆὁɆ Ἇ ἦἧ Ἇ 2.4 

 

 Except for measurement errors and background noise, represented by the matrix Ἇ, the 

columns of the matrix Ἆ are sums of the emission-decay matrices of the individual N 

components, ἎɆɆ, and products of the emission spectra of the N fluorophores, ὀɆ, stored 

on the columns of the matrix ἦ, and the transpose  of the frequency-domain decays of the 

fluorophores, ὁɆ in the matrix ἧ. 

When a series of matrices Ἆ  are collected with respect to time as the progress of 

a reaction is monitored and concatenated into a single I x MÅJ matrix, Ἆ

Ἆ  Ἆ ȣἎ , where the superposed brace indicates matrix concatenation and M is the 

number of matrices concatenated, the concatenated matrix captures the variety of 

component responses during the reaction. In this work, reaction progress Fourier transform 

emission-decay matrices (RP-FT-EDMs) were constructed to capture the spectral and 

kinetic changes produced during the photodegradation of RB in various solvents. The 

matrix Ἆ formed from a series of Ἆ  can be factored into a product of the emission spectra, 
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ἦ, and concatenated frequency-domain decays of the individual components of the sample 

mixture, ἧ ἧ ἧ ȣἧ . 

Thereôs been a debate about time domain versus frequency domain decay 

measurements.77 Advocates of time domain measurements point out that short signals, like 

those on the nanosecond scale, have very broad Fourier transforms. This means frequency 

domain methods only capture a small part of most decays.78 For example, a 100 ps decay 

requires modulation frequencies above 1.5 GHz, which is too high for most photomultiplier 

tubes. As a result, very fast decays are rarely fully measured in the frequency domain. On 

the other hand, frequency domain advocates say the linear relationship between decay and 

photokinetics in first-order systems makes high bandwidths less critical. They also 

highlight how easy it is to remove the excitation function in the frequency domain. This is 

because signals convoluted in the time domain become simple products in the frequency 

domain.  However, when decay kinetics arenôt first-order, common in microheterogeneous 

media and complex fluids, time domain measurements have a clear edge. They capture the 

full decay profile. Still, this advantage is balanced by the difficulty of suppressing the 

excitation function in time-domain data. Therefore, both time and frequency domain 

measurements can be useful based on the type of system investigated.  

In this study, reaction progress during the photodegradation of Rose Bengal (RB) 

was monitored using Fourier-transformed emission-decay matrices (FT-EDMs). These 

multidimensional datasets were constructed by concatenating frequency-domain 

fluorescence measurements acquired at multiple time points during continuous 

photoirradiation. The resulting RP-FT-EDMs captured evolving spectral and decay 
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features associated with the transformation of RB and the formation of photoproducts. To 

decompose these complex datasets into chemically meaningful components, convex-NMF 

was applied. This method allowed the decay profiles to be represented as convex 

combinations of observed data, thereby maintaining interpretability while accommodating 

multiexponential decay behavior. The analysis yielded distinct spectral signatures for 

unreacted RB and blue-shifted photoproducts, enabling the temporal progression of each 

species to be monitored without prior spectral references. This approach demonstrated the 

utility of RP-FT-EDM construction combined with advanced matrix factorization in 

resolving excited-state dynamics and overlapping fluorescence signals in reaction 

monitoring applications. 

Rowe et. al utilized Fourier-transformed emission-decay matrices (FT-EDMs) to 

find the photokinetic behavior of PRODAN and LAURDAN in DMPC vesicles to 

understand how membrane phases affect their fluorescence. The data was collected at 

temperatures near the gel phase transition. The results showed that both probes emit at least 

three spectral components, with intensities changing during the gel-to-liquid-crystalline 

phase transition. Combining FT-EDM with multivariate analysis unmixes 

multicomponents, maximizing the information extracted from the system. The study 

demonstrated the use of FT-EDM in photokinetic analysis to resolve excited states and 

their reactions to local environments, even when spectral overlap occurs.79 A recent study 

investigated the effects of simulated solar radiation on oleic acid-capped CdSe/ZnS 

quantum dots (QDs) utilizing FT-EDM measurements. By combining FT-EDM with 

multivariate data analysis, the researchers effectively monitored the photoluminescence 
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(PL) of QDs, resolving distinct spectral and decay profiles of different subpopulations. The 

analysis identified three PL components: photodarkened QDs, shorter-lived emissions due 

to photoionization; photobrightened QDs, short-lived emissions from surface passivation; 

and photoripened QDs with weak, red-shifted, long-lived emissions reflecting nanoparticle 

growth. The study demonstrates the utility of FT-EDM for process monitoring, enabling 

detailed tracking of QD behavior and transformations under light exposure.80 

Dynamic photoluminescence measurements, whether in the time or frequency 

domain, are powerful tools for capturing the complex characteristics of processes under 

study. More importantly, these multidimensional measurements make the data suitable for 

multivariate analysis, which can help in process monitoring by extracting specific features. 

However, multivariate analysis requires careful data-specific preprocessing, algorithm 

selection, and analysis methodology to effectively separate and interpret the relevant 

chemical signals. The next section provides details of mathematical structure of data. 

2.2 Bilinear Model for Spectroscopic Data  

Typically, spectroscopic measurements follow the Beer-Lambert law. Therefore, 

the data (Ἆ) can be modeled as a linear combination of variables or conditions. As a result, 

multidimensional data from a chemical system can often be expressed in a matrix format. 

This structure facilitates the application of linear algebra-based multivariate methods for 

analysis, provided that the data meets key assumptions, including consistent measurement 

conditions, spectral alignment, and uniform dimensionality across the measurements. The 

data can be modeled as a bilinear model presented in Equation 2.5 
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 Ἆ ἻἫἢ Ἇ ἡἍἢ Ἇ 2.5 

 

where, Ἆ is measured data matrix of the sample and Ἇ  is measurement noise, column of 

ἡ  are spectral features like absorption, excitation, emission, or others based on 

measurement techniques for + chemical components and the columns of Ἅ represents the 

corresponding contribution to the measurement of a system, typically intensity or 

concentration.  

A key challenge in solving the model presented in Equation 2.5 lies in 

determining the number of chemical components (+) contributing to the measurement 

data (Ἆ) in a multicomponent system, as this information is typically unknown. Chemical 

rank (or pseudo rank), which represents the number of independent chemical components 

contributing to measured data (Ἆ). It is essential to differentiate this from mathematical 

rank, a concept in linear algebra that refers to the number of linearly independent rows or 

columns in a data matrix. While the mathematical rank and chemical rank are not the 

same. In practice, the chemical rank is usually much smaller than the dimensions of the 

measured data (i.e., the number of rows and columns). This difference arises because the 

mathematical rank will  be artificially inflated by measurement errors (Ἇ). Accurately 

estimating the chemical rank is therefore crucial for applying multivariate analysis 

effectively and extracting meaningful insights from spectroscopic data. There are several 

methods available to estimate chemical rank in spectroscopic data. Commonly used 
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approaches include estimation techniques such as the magnitude of singular values to 

estimate variance contributed to the measurement of a component calculated by  singular 

value decomposition (SVD),81 information content statistics,82,83 and cross-validation.84  

2.3 Multivariate Mixture Analysis via Self-modeling curve resolution (SMCR) 

 As discussed in Section 2.1, multisensor technologies, such as multidimensional 

photoluminescence measurements, as described by Equation 2.3, frequently produce 

mixed signals originating from multiple chemical components and varying experimental 

conditions. Multivariate mixture analysis can be used by researchers to tackle this 

challenge by decomposing mixed signals into physically meaningful components 

belonging to the broader category of blind source separation techniques (BSS). BSS 

techniques aim to disentangle mixed signals into features that retain physical and 

chemical relevance. Among them, self-modeling curve resolution (SMCR) has emerged 

as a widely used approach for resolving mixture analysis problems far beyond 

spectroscopy. SMCR methods are specifically designed to analyze spectroscopic mixture 

data (Ἆ), as described in Equation 2.5, by decomposing it into factors that represent 

underlying spectral features. These factors include spectral profiles (ἡ) and their 

corresponding responses (Ἅ), without requiring prior knowledge of spectral profile 

shapes. This unique capability makes SMCR a powerful and flexible tool for interpreting 

complex datasets, particularly in process monitoring and other applications where 

understanding the underlying chemical and physical properties is critical. 
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Multivariate Curve Resolution-Alternating Least Squares (MCR-ALS), as will be 

described in Section 2.3.1, is a widely recognized method in chemical analysis and is 

often considered the standard approach within Self-Modeling Curve Resolution (SMCR) 

techniques. However, researchers continue to refine and develop  SMCR variants to 

enhance algorithmic performance. One such advancement is the Positive Matrix 

Factorization (PMF) algorithm, introduced by Paatero and Tapper, which applies the 

alternating least squares approach to minimize weighted residuals within the factor 

product model. This iterative process enforces non-negativity constraints at each step, 

ensuring physically meaningful results. Later, Paatero and Tapper further refined this 

approach by incorporating an approximate conjugate gradient method to accelerate 

convergence during alternating regression. 

A major milestone in factorization techniques was achieved when Lee and Seung 

introduced Non-Negative Matrix Factorization (NMF), as will be described in Section 

2.3.2, initially designed for decomposing image datasets into meaningful non-negative 

components. Unlike MCR-ALS, which relies on least-squares solutions, NMF employs a 

multiplicative update, allowing for more flexible data decomposition. Over time, various 

NMF variants have been proposed, modifying factor update rules, objective functions, 

and constraints to improve its application across different datasets. The diverse range of 

factorization methods available today suggests that no single approach universally 

resolves all mixture data challenges. 

Jiang and Ozaki classified SMCR methods into two distinct groups. The first 

category, unique resolution methods, is founded on mathematical principles that, when 
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aligned with the physical or chemical characteristics of the dataset, can accurately 

reconstruct the true component features. These methods utilize local data properties, such 

as selective response regions or zero concentration areas, through techniques like local 

rank analysis. Some notable examples of unique resolution methods include Evolving 

Factor Analysis (EFA), Window Factor Analysis (WFA), Heuristic Evolving Latent 

Projection (HELP), Subwindow Factor Analysis (SFA), and Parallel Vector Analysis 

(PVA). 

The second category, rational methods, incorporates general assumptions about 

component profiles, such as non-negativity, unimodality, or inherent constraints within 

the dataset. This category includes Orthogonal Projection Analysis (OPA), Multivariate 

Curve ResolutionïAlternating Least Squares (MCR-ALS), Simple-to-Use Interactive 

Self-Modeling Mixture Analysis (SIMPLISMA), Iterative Target Transformation Factor 

Analysis (ITTFA), Positive Matrix Factorization (PMF), and Non-Negative Matrix 

Factorization (NMF) and itôs variants like Semi-NMF and convex NMF. These methods 

are often implemented using iterative algorithms that refine an initial estimate and 

optimize a loss function to improve solution accuracy.  

Most SMCR algorithms are iterative in nature and inherently non-deterministic. 

They require initial guesses for factor estimation, which can greatly influence the final 

solution, will be discussed in the Section 2.4.1. SMCR methods suffer from two major 

limitations: rotational ambiguity and intensity ambiguity. Rotational ambiguity occurs 

when multiple rotated versions of the factor matrices yield the same reconstructed data, 

making the solution non-unique. Intensity ambiguity, or scaling ambiguity, means that 
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the factors can be arbitrarily scaled relative to each other without altering the overall 

product, complicating the determination of absolute component intensities. These 

ambiguities, will be discussed in detail in Section 2.4.2, restrict the uniqueness and 

interpretability of the solutions. Poor initial guesses may lead to slow convergence or 

cause the algorithm to settle on a local minimum of the loss function. Chapter 3 of this 

dissertation presents a systematic comparison between MCR-ALS and NMF-MU using 

simulated, synthetic, and experimental fluorescence EEM datasets commonly 

encountered in process monitoring applications. Sections 2.3.1 and 2.3.2 briefly describe 

the mathematical foundations of MCR-ALS and NMF. 

2.3.1 Multivariate Curve Resolution -Alternating Least Square  

Spectroscopic process monitoring data, as discussed in Section 2.1, can be 

structured in a matrix format that follows a bilinear model, mathematically represented in 

Equation 2.6. The primary objective of MCR-ALS is to estimate the two matrices: ἡ, 

which captures the chemically meaningful spectral profiles of the observed components, 

and Ἅ, which represents their corresponding evolution over the measurement process. In 

MCR-ALS, the optimization process is governed by an objective function, defined 

through a loss function that quantifies the accuracy of the resolved factor product, as 

shown in Equation 2.6. 

 

 
flἡȟἍ ὸὶἎ ἡἍ

4
Ἆ ἡἍ

4
 

2.6 
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where ὸὶɆ denotes the matrix trace, is minimized through an iterative process. During 

each iteration, (Ô) , the factors are estimated alternately using ordinary least squares 

(OLS), adhering to the update rules outlined in Equations 2.7 and 2.8. 

 

 ἡ ἎἍ ἍἍ ἎἍ 2.7 

 

 Ἅ Ἆἡἡἡ Ἆἡ 2.8 

 

The superscript (ɖ) denotes the matrix pseudoinverse. The iterative process continues 

until the factor estimates converge to a predefined value or a maximum number of 

iterations is reached. During the update, numerous data-specific constraints can be 

applied. In this dissertation, only the nonnegativity constraint was enforced by setting any 

negative profile values to zero after each update step. 

2.3.2 Nonnegative Matrix Factorization -Multiplicative Update  

Both NMF-MU and MCR-ALS share the same aim: they factor spectroscopic 

data, Ἆ, into two physically meaningful matrices. For NMF-MU, these matrices are 

denoted as ἥ and ἒ, whereas for MCR-ALS they are represented as ἡ and Ἅ., 

represented in Equation 2.5. The loss function is also similar as shown in Equation 2.9. A 

key difference between MCR-ALS and NMF-MU is that NMF-MU uses a multiplicative 

update rule to minimize the same loss function rather than alternating least squares in 

MCR-ALS. Generally, spectroscopic measurements are expected to produce both 
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measurement, Ἆ, and nonnegative spectral signatures (adsorption, excitation, or emission 

profiles) therefore nonnegativity is the desired property of any unmixing algorithm for 

spectroscopic data. NMF-MU is inherently nonnegative making it a natural choice for 

spectroscopic unmixing. 

 

 
flἥȟἒ ὸὶἎ ἥἒ

4
Ἆ ἥἒ

4
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The multiplicative update used in NMF-MU at each iteration, Ô , is represented in 

Equations 2.10 and 2.11 for estimated factors ἥ and ἒ respectively, where ʐ  denotes the 

Hadamard product. 

  

 ἥ ἥ ᶼ
Ἆἒ

ἥἒ4ἒ
 2.10 

 

 ἒ ἒᶼ
ἥἢἎ

ἥ4ἥ ἒ4
 2.11 

Equivalent to MCR-ALS, the iterative process continues until the factor estimates 

converge to a predefined value or a maximum number of iterations is reached. 

2.3.3 Semi Nonnegative Matrix Factorization 

Semi-NMF is a relaxed version of Nonnegative Matrix Factorization (NMF) that 

allows the input data matrix Ἆ and one of the factor matrices to contain negative values, 

while maintaining nonnegativity in the second factor matrix. Specifically, in semi-NMF, 

the factor matrix ἐ (analogous to ἥ or ἡ) is unconstrained and may include both positive 
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and negative values, while the matrix ἑ (analogous to ἒ or Ἅ) is constrained to be 

nonnegative. This is particularly useful when the original data matrix contains negative 

values, which can occur in spectroscopy. 

The bilinear model for semi-NMF is identical in form to conventional NMF, as 

shown in Equation 2.14. 

 Ἆ █▌ἢ Ἇ ἐἑἢ Ἇ 2.12 

 

However, the optimization is performed under the constraint ἑ , while ἐ is 

unconstrained. The objective is to minimize the Frobenius norm of the reconstruction 

error, as given in Equation 2.15: 

 

 flἐȟ╖ ὸὶἎ ἐ╖
4
Ἆ ἐ╖

4
 2.13 

The update rules for semi-NMF are derived to accommodate the partial nonnegativity 

constraint. While ἐ can be updated using the pseudo-inverse or least-squares solution, ἑ 

is updated using multiplicative rules similar to those in standard NMF, with care taken to 

preserve nonnegativity. The iterative updates for each time step Ô are: 

 

 ἐ Ἆἑ ἑἑ  2.14 

 

 

 

ἑ ἑᶼ
Ἆἐ  ἑ ἐ ἐ    

Ἆἐ  ἑ ἐ ἐ    
 2.15 
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Here,    and   denote the positive and negative parts of a matrix 

respectively, and ʐ represents the Hadamard (element-wise) product. These rules ensure 

that the nonnegativity of ἑ is preserved while ἐ can freely span the real-valued space, 

making semi-NMF suitable for decomposing data with mixed-sign entries. As with other 

matrix factorization techniques, the iterative process continues until a convergence 

criterion based on the change in the objective function or factor matrices is met, or until a 

maximum number of iterations is reached. 

2.3.4 Convex Nonnegative Matrix Factorization 

Convex-NMF is a variant of NMF that imposes additional constraints on the 

factor ἐ, equivalent to ἡ or ἥ. The important thing to note is that the measurement, Ἆ, 

need not be nonnegative to employ convex NMF. The mathematical bilinear model for 

convex NMF is shown in Equation 2.16. Specifically, the factor  ἐ must be convex 

combinations of the columns of the data matrix Ἆ, i.e., ἐ Ἆἤ, where ἤ is a non-

negative weight matrix with columns summing to one, ἐ can be negative or positive 

based on Ἆ and the factor ἑ is strictly positive. This constraint ensures that the factors ἐ 

lie within the convex hull of the data points, making them interpretable as weighted 

averages or centroids of the columns of, Ἆ.  

 

 Ἆ █▌ἢ Ἇ ἐ╖ἢ Ἇ 2.16 
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The loss function for convex NMF is similar to that of MCR-ALS and NMF-MU, 

represented in Equation 2.17.  

 

 flἐȟ╖ ὸὶἎ ἐ╖
4
Ἆ ἐ╖

4
 2.17 

In convex NMF, the function iteratively estimates factors ἐ ,where ἐ Ἆἤ , and ἑ at each 

iteration, Ô, according to Equations 2.18 and 2.19, where ʐ  denotes the Hadamard product. 

Similar to MCR-ALS and NMF-MU, the iterative process continues until the factor 

estimates converge to a predefined tolerance or until a maximum number of iterations is 

reached. 

 

 ἑ ἑᶼ
ἎἎ ἤ ἑἤ

4
ἎἎ ἤ

ἎἎ ἤ ἑἤ
4
ἎἎ ἤ

 2.18 

 

 

 

 

ἤ ἤᶼ
ἎἎ ἑ ἎἎ ἤἑ

4
ἑ
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4
ἑ
  2.19 

 

2.4 Limitations of Bilinear Matrix Analysis  

Bilinear matrix analysis has been a cornerstone of chemometric modeling, 

offering simplicity and interpretability for two-dimensional datasets. However, these 

methods face critical limitations that undermine their applicability for complex, multi-
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component systems. Two key challenges are non-deterministic algorithms and rotational 

and intensity ambiguity, which are discussed in detail below. 

2.4.1 Non-Deterministic Algorithms 

Algorithms based on bilinear models, such as SMCR those discussed in Section 

2.3, rely heavily on iterative optimization algorithms to decompose a data matrix Ἆ into 

physically/chemically interpretable matrices ἡ (alternatively ἥ and ἐ) and C 

(alternatively ἒ and ἑ). These algorithms are inherently non-deterministic, meaning that 

their solutions depend on the initial guesses given to an algorithm. Different starting 

conditions can lead to vastly different solutions, posing significant challenges in 

achieving reliable and reproducible results. For instance, poor initialization may result in 

suboptimal or physically meaningless solutions, even when the data matrix Ἆ has a 

unique factorization. This sensitivity to initialization is exacerbated by the presence of 

noise or measurement errors, which can disrupt the factorization process and reintroduce 

ambiguity. Additionally, iterative algorithms often converge to local minima rather than 

the global minimum, further complicating the interpretation of results. To mitigate these 

issues, researchers typically employ multiple initializations and select the solution that 

best fits the data or aligns with prior knowledge. However, this approach increases 

computational cost and does not guarantee a unique or optimal solution. Thus, the non-

deterministic nature of bilinear algorithms remains a fundamental limitation in their 

application to complex datasets. 
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2.4.2 Rotational and Intensity Ambiguity  

Rotational and intensity ambiguities are inherent challenges in bilinear matrix 

decompositions, arising from the mathematical structure of the factorization. Rotational 

ambiguity occurs because any decomposition governed by Equations 2.1, 2.2, 2.5 and 2.9  

remains valid under a transformation ἠ, where ἠ is an invertible matrix. Specifically, the 

factor matrices can be transformed as ἦ ἦἠ (similarly for factors ἡ and ἐ) and ἧ

ἠ ἧ (similarly for factors Ἅ and ἑ), resulting in a family of mathematically equivalent 

solutions. This ambiguity makes it difficult to extract unique chemical profiles or 

concentrations, as multiple sets of factor matrices may fit the data equally well. Even in 

cases where rotational ambiguity is theoretically absent (e.g., when the data matrix has a 

unique structure), the factorization may still fail due to noise. 

Intensity ambiguity arises in case the scaling of one factor matrix is inversely 

proportional to the scaling of the other. For example, scaling ἦ (or ἡ and ἐ ) by a constant 

‌ and simultaneously scaling ἧ (or Ἅ and ἑ ) by ‌  leaves the overall decomposition 

unchanged: Ἆ ‌ἦ ‌ ἧ . This ambiguity complicates the interpretation of results, 

as the absolute scale of the profiles cannot be determined without additional constraints. 

For instance, normalization constraints (e.g., fixing the norm of ἦ or ἧ) or physical 

constraints (e.g., known scaling from calibration data) can break this relationship and 

reduce intensity ambiguity. 

Efforts to mitigate these ambiguities have focused on introducing meaningful 

constraints that reflect the physical, chemical, or biological properties of the system under 

study. For example, non-negativity constraints ensure that all components represent 
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physically plausible quantities, as negative concentrations or intensities lack real-world 

interpretation. Unimodality constraints enforce a single peak shape, which is particularly 

beneficial for chromatographic profiles where each component is expected to exhibit a 

distinct, unimodal behavior. Closure constraints, often applied in compositional data 

analysis, assume that the sum of all components equals a known total, providing an 

additional layer of structure to the solution space. While these constraints improve 

interpretability, they require prior knowledge of the system, which may not always be 

available. Analysts often face a trade-off between maintaining mathematical generality 

(to avoid overfitting) and incorporating system-specific constraints (to improve 

interpretability). 

In addition to these constraints, trilinearity constraints have proven effective in 

reducing rotational ambiguity, when multiple data sets are available. Trilinearity assumes 

that the data can be represented as a sum of rank-one tensors, which imposes a unique 

structure on the factorization, discussed in Section 2.5. This approach is especially 

powerful in multiway data analysis, where additional dimensions (e.g., time, wavelength, 

or sample number) provide more information to resolve ambiguities. Tools such as 

Borgen plots and their generalizations have also been developed to visualize the feasible 

solution regions of bilinear models, shedding light on the extent of rotational and 

intensity ambiguities. However, these methods are computationally expensive and 

scenario-specific, limiting their broader utility. 
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2.5 Tensorization methods to address bilinear model limitations 

The mathematical foundation of tensors was laid in the 19th century by pioneers 

such as Gauss, Kronecker, and Hilbert, who explored homogeneous polynomials, 

precursors to modern symmetric tensors.85,86 Importantly, while matrices (2nd-order 

tensors) capture only bilinear interactions, tensors generalize this concept to multiway 

arrays, thereby enabling the analysis of more complex, higher-dimensional relationships. 

Bilinear models, as depicted in Equations 2.1, 2.2, 2.5 and 2.9,  represent spectroscopic 

data as a product of two matrices,  each corresponding to physical characteristics such as 

the spectral profiles and system evolution. Although this formulation captures the 

essential contributions of different chemical components, it suffers from inherent 

ambiguitiesðsuch as rotational and intensity ambiguities discussed in Section 2.4 which 

limit its ability to resolve overlapping signals in complex systems by SMCR methods. 

Tensor based factorization can address this challenge. In this dissertation, tensors refer 

specifically to 3-way or cubic data, which allows for a richer representation of 

interactions beyond what matrices can offer. Practical applications of tensors emerged in 

the mid-20th century with the introduction of the Tucker Decomposition (TKD) by 

Tucker in 1963, designed to analyze three-way data arrays.87 This was followed in 1970 

by the development of the Canonical Polyadic Decomposition (CPD), independently 

introduced as CANDECOMP by Carroll and Chang and as PARAFAC by Harshman.88,89 

These tensor methods represented a fundamental shift from matrices to multiway arrays, 

providing unique solutions under certain conditions without requiring orthogonality 

constraints, as will be discussed in Section 2.5.2.90  
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In reaction progress monitoring, time-resolved spectroscopic measurements yield 

multivariate data that covers both spectral and temporal information, as described in 

Section 2.1.2. The measured TR-EDM can  be modeled by Equation 2.5. Although each 

row of Ἆ is a mixture of emission signals, the decay of a single chemical component 

following excitation is well characterized when an emitter is not in microheterogeneous 

media, polymers or complex solvents. by an exponential function such as )Ô

)ὸὩ Ⱦ , where ) represents the initial intensity at Ô π , and ʐ  is the fluorescence 

lifetime. Even though )Ô represents the decay of one component, the recorded EDM 

comprises mixtures of these decays. A key feature of exponential functions is their shift 

invariance: any time-shifted segment is proportional to the original signal. This property 

is exploited through Hankelization to construct a tensor from TR-EDM measurements 

stored as a matrix, Ἆ. 

2.5.1 Matrix to tensor transformation via Hankelization  

In spectroscopic process monitoring, the experimental data are typically organized 

in an ) ÂÙ * matrix ἡ, where each row represents a recorded spectrum and each column 

corresponds to a measurement along the process evolution. Conventionally, the data are 

modeled bilinearly as 

 

 Ἆ Ἅἧἢ Ἇ 2.20 

where Ἅ contains the normalized emission (spectral) profiles, ἧ contains the decay 

profiles of the + signal components, and Ἇ accounts for noise and measurement errors. 
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This bilinear representation, however, suffers from ambiguities that make deterministic 

unmixing challenging. To overcome these ambiguities, we adopt a state space 

formulation. In this framework, the evolution of the systemôs state (which is related to the 

chemical concentrations) is given by 

 

 ὂ  Ἃὂ ἪἽ 2.21 

where ὂἲ is the state vector at time Ê, Ἃ is the evolution matrix, Ἢ is the control vector, and 

Ἵ  represents an external input. The corresponding measured spectrum at time Ê ρ is 

then 

 Ἤ  Ἅὂ ἬἽ 2.22 

with Ἤ as a direct transmission term. Because the state ὂ depends on its past values, the 

output can be interpreted as the convolution of the input perturbation with the systemôs 

impulse response. For each measurement channel É (for example, each wavelength), the 

impulse response is defined through the Markov parameters: 

 

 Ç  ἫἱἋ
*ρἪ 2.23 

where Ἣἱ is the É  row of the matrix Ἅ. Consequently, the spectral response at channel É 

is modeled as 

 Ἳȟ  ÇÉËόὮὯ 

,

+ ρ  

 2.24 
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with , being the length of the impulse response. It is essential to note that the convolution 

is performed between the input perturbation and the impulse response, rather than 

directly on the evolving state. 

To exploit the shift invariance of the impulse response, we rearrange its samples into a 

Hankel matrix for each channel É. The Hankel matrix ἒ  is constructed as follows 

 

 ἒ
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ủ
ủ
Ủ
 2.25 

Each row of the spectral data is then expressed as Ἤ ἒÉἽ  

 

with Ἵ being the input vector. While a single exponential would yield a rank 1 Hankel 

matrix (due to perfect shift invariance), in practice the impulse response is a linear 

combination of multiple exponentials, so the rank of ἒ reflects the number of distinct 

components. 

A crucial step in our approach is the explicit factorization of the Hankel matrix. 

The observability matrix for the channel É is defined as in Equation 2.26 
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 2.26 

and the reachability matrix,RÉ ȟ as  RÉ Ἢ ἋἪ ἋἪ
    ȣ Ἃ Ἢ. Thus, the Hankel 

matrix can be written as ἒ ἛRÉ.  This factorization illustrates how ἒ encapsulates 
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both the manner in which the state influences the measurement (observability) and the 

effect of the input on the state (reachability). 

By stacking the Hankel matrices from all ) channels, the bilinear data is converted 

into a three way (block Hankel) tensor H. In this tensor, the first mode contains the 

spectral (emission) information, the second mode comprises the sequential impulse 

response samples, and the third mode captures the inherent shift invariance of the impulse 

responses. This tensorization is pivotal as it sets the stage for a unique and deterministic 

signal unmixing process.  

Once the tensor H is formed, PARAFAC is applied to (parallel factor analysis) to 

decompose it into a sum of + rank-1 tensors: 

 

 H Ἣ ἷʐ Ἲʐ 2.27 

 

 

where ʐ  denotes the outer product, and the factors Ἣ, ἷ, and Ἲ represent the spectral, 

observability, and reachability components associated with the Ë  signal, respectively. A 

uniqueness condition, expressed via Kruskalôs condition ensures that this decomposition 

is unique (up to scaling and permutation) provided that the subspaces spanned by the 

factors are sufficiently diverse. 
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2.5.2 Tensor decompositions with unique factors like PARAFAC under Kruskal's 

conditions 

Once the tensor H is formed, PARAFAC is applied (parallel factor analysis) to 

decompose it into a sum of + rank-1 tensors: 

 

 H Ἣ ἷʐ Ἲʐ 2.28 

 

where ʐ  denotes the outer product, and the factors Ἣ, ἷ, and Ἲ represent the spectral, 

observability, and reachability components associated with the Ë  signal, respectively. A 

uniqueness condition, expressed via Kruskalôs condition ensures that this decomposition 

is unique (up to scaling and permutation) provided that the subspaces spanned by the 

factors are sufficiently diverse. 

An important requirement for the uniqueness of the PARAFAC decomposition is 

that the factor matrices satisfy certain structural properties related to linear independence, 

the Kruskal condition. Let the Kruskal rank (or k-rank) of a matrix be the maximum 

number of its columns that are linearly independent. Then, for three-way data, the 

PARAFAC decomposition is unique (up to scaling and permutation) provided that ËἍ

ËO ËR ςὑ ς, where ËἍ, ËO, and ËR denote the k-ranks of the matrices Ἅ, O, and 

R, respectively, and + is the number of components modeled by PARAFAC. In other 

words, to meet the Kruskal condition, the data must exhibit sufficient diversity in each 

mode. For reaction monitoring using spectroscopic application, this implies that the 

emission spectra (captured in Ἅ) must be sufficiently distinct; the kinetic information in 

the time evolution (reflected in O) and the delay structure (contained in R) must also be 
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linearly independent. In practical terms, the sample and spectral diversity must be high 

enough and the number of components + low enough relative to the data dimensions to 

satisfy this inequality. 

In this framework, the unique decomposition provided by PARAFAC yields the 

emission profiles directly in Ἅ. Once these emission signatures have been reliably 

extracted, the decay profiles can be further resolved using SMCR methods as described in 

Section 2.3. This two-step strategy, first obtaining a unique set of spectral profiles 

through tensor decomposition, and then resolving the kinetic details via SMCR, addresses 

the inherent ambiguities of traditional bilinear methods. 

In Chapter 4, the efficacy of this approach is demonstrated on both simulated 

emission decay matrices and experimental data from the photodegradation of Rose 

Bengal. The results illustrate that the tensor-based method yields a robust and unique 

unmixing of complex, overlapping signals, thereby significantly improving the resolution 

of reaction progress monitoring data. 
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Comparison of MCR-ALS and NMF-MU on Simulated and Experimental 

Excitation-Emission Matrices  

This chapter was adapted from the submitted paper below. Further permissions 

related to the material excerpted should be directed to the designated journal. 

 

Sanap, D.B.; Neal, S.L. Comparison of MCR-ALS and NMF-MU on Simulated and 

Experimental Excitation-Emission Matrices" Journal of Chemometrics, 2024, Submitted.

Chapter 3 
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3.1 Abstract 

Self-Modeling curve resolution (SMCR) is a versatile data analysis methodology 

used in many scientific disciplines to isolate overlapping signals from multivariate mixture 

data. Many SMCR algorithms have been developed by investigators from diverse 

communities. The number of options can make selecting and using SMCR algorithms 

effectively a challenge. Previous studies have compared various algorithms using a variety 

of simulated and experimental data types. In this report, two widely used algorithms ï 

Multivariate Curve Resolution-Alternating Least Squares (MCR-ALS) and Non-negative 

Matrix Factorization with Multiplicative Update (NMF-MU) ï are applied to simulated 

fluorescence Excitation-Emission Matrices (EEMs) constructed to feature systematically 

varying numbers of fluorescent components, degrees of spectral overlap, and levels of two 

types of noise. Multiple realizations of the noisy data matrices are analyzed to produce 

results with statistical validity. The simulated data results are compared to those of data 

synthesized from standard measurements and experimental mixture data for context.  

Both algorithms compute factors alternatively that minimize the matrix residuals, 

but their different factor updating strategies lead to different results for matrices comprised 

of highly overlapped and/or noisy components, i.e. that exhibit rotational ambiguity. The 

comparisons indicate that the longer MCR-ALS step lengths not only lead to faster 

convergence, but also often produce more accurate results because pure profiles often lie 

on feasible region boundaries. The comparisons also show that the longer, unconstrained 

MCR-ALS step lengths make its results more dependent on the factor update order when 

the spectral profiles on the matrix columns and rows exhibit different levels of overlap. 

The incremental, multiplicative NMF-MU updates produced more accurate results in cases 
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of highly overlapped matrix factors at higher noise levels, especially the kinds of low 

frequency noise often observed in spectral measurements. 

3.2 Introduction  

Self-modeling curve resolution (SMCR) methods are a class of data analysis 

techniques that aim to resolve multivariate mixture measurements into factors that 

capture physically meaningful features of constituent components without prior 

knowledge of the components.1ï3 These techniques are used in many fields to isolate 

(unmix) overlapping signals in matrix-formatted data including chemistry,4 remote 

sensing,5 recommender systems,6ï8 and biomedical and materials hyperspectral image 

processing.9 Because of this wide utility, many SMCR algorithms have been developed 

by investigators in a number of scientific fields. This wealth of options can make 

selecting and using SMCR algorithms effectively a challenge, particularly for 

investigators who have limited data analysis experience, insufficient access to practical 

and definitive guidance through collaborations with experts, or when a new data type 

requires analysis.   

Lawton and Sylvestre introduced SMCR in the 1970s.1,10 Their goal was to 

uncover pure electronic spectra and corresponding concentration profiles from UV-

visible absorbance measurements of two-component dye mixtures. Since the 1970s, 

several authors have developed algorithms that extended SMCR beyond two 

components.10ï13 Mathematically, SMCR is applicable to any matrix that is a sum of the 

outer products of mixture component factors. In rare cases, matrices are comprised of 

factor combinations that can be recovered unambiguously, but profile shapes and 

overlaps usually impose rotational and/or intensity ambiguities that produce infinite 

numbers of feasible factors whose product accurately reconstructs the data matrix, 



 

 55 

especially as the number of components increases and the signal-to-noise ratio (SNR) 

decreases.14  

SMCR techniques are typically categorized by how they handle this ambiguity. 

Jiang and Ozaki categorized SMCR techniques15 that use the physical or chemical 

features of the data, such as the appearance/disappearance of compounds in separations, 

to impose mathematical constraints on the SMCR solution,16ï20 as unique resolution 

methods, and techniques in which generic knowledge about component profiles, such as 

non-negativity, unimodality or other data features, constrain SMCR solutions as rational 

methods.12,21ï26 Rajkó also categorized SMCR algorithms into two groups;27 in that 

scheme, SMCR refers specifically to methods that obtain the range of factor solutions, in 

the spirit of Lawton and Sylvestreôs original approach, and multivariate curve resolution 

(MCR) methods use iteration and constraints to extract unique solutions from the feasible 

regions without specifying them. 

SMCR algorithms that use iterative methods to locate feasible matrix factors are 

widely used. These algorithms typically apply constraints based on general, rather than 

specific, features of the factors, such as nonnegativity or unimodality.28 Of these, 

multivariate curve resolution by alternating least squares (MCR-ALS)22 and its 

variants,3,28ï30 which use least squares regression iteratively applied to the row and 

column spaces of a data matrix to find factors, is the benchmark and most widely used 

SMCR algorithm in chemical analysis. Of the algorithms that implement the positive 

matrix factorization (PMF) strategy outlined by Paatero and Tapper,31 the non-negative 

matrix factorization by multiplicative update (NMF-MU) algorithm introduced by Lee 

and Seung,25 and its variants,32ï36 which decompose data matrices into content-relevant, 

non-negative factors, are very widely used. Despite their similarities, the algorithms have 

distinct mathematical formulations for updating matrix factors that can produce 
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differences in execution, especially when severe component profile overlap and/or noise 

lead to rotational ambiguity in matrix factors.  

A number of studies comparing the execution of MCR-ALS to NMF-MU and 

other SMCR algorithms for a variety of data types have been reported.37ï42 Often 

investigators found that the performance of the two algorithms is similar, but there are 

notable exceptions. Tauler et al.37 observed significant differences between MCR-ALS 

and PMF in the analysis of aerosol source apportionment data, though the performances 

of MCR-weighted alternating least squares (WALS) and PMF were similar. In the study 

by Albuquerque & Poppi38 comparing NMF, MCR ALS, and MCR WALS for analysis 

of surface enhanced Raman imaging spectroscopy data, NMF-MU performed slightly 

better than MCR ALS for low noise data, but substantially better than MCR WALS, 

which performed best for data with high noise. In a recent study,41 comparing the 

effectiveness of MCR-ALS to several algorithms, including NMF-MU, for the analysis of 

electromyography (EMG) data collected from stroke survivors, investigators reported 

superior repeatability and intra-subject consistency for MCR-ALS. Omidikia and 

coworkers also recently compared the results of applying several algorithms, including 

MCR-ALS, NMF-MU, and Bayesian nonnegative factor analysis (BNFA),42 to  

simulated environmental sample composition matrices (with and without rotational 

ambiguities), environmental source apportionment data, and liquid chromatography ï 

diode array detection (LC-DAD) data. The authors concluded that the important 

differences in the results were produced by differences in algorithm response to rotational 

ambiguity and noise. They also noted interesting differences in the algorithmsô 

trajectories within the feasible ranges of the simulated data with rotational ambiguity, 

pointing out that some algorithms are more likely to converge on the feasible region 
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boundary. They advocated more systematic investigation of algorithm convergence for 

more complex cases, including multiple constraints.    

This article describes the results of applying MCR-ALS and NMF-MU algorithms 

to simulated fluorescence excitation-emission matrices (EEMs) that exhibit 

systematically varied numbers of fluorescent components, component spectral overlaps 

and levels of two types of noise. Fluorescence measurements are standard tools in many 

fields and the fluorescence EEM is a multivariate fluorescence format that provides a 

fingerprint of complex samples that has found application in fields from biochemistry and 

biophysics43,44 to environmental chemistry.45,46 The matrix variations were selected to 

increase the difficulty of mixture matrix resolution to explore differences in the 

algorithmsô execution. Multiple realizations of the noisy matrices are simulated to 

provide statistical validity. The simulated data results are compared to and contextualized 

by analysis of synthetic (from laboratory standards) and experimental fluorescent mixture 

matrices.  

3.3 Methods 

3.3.1 SMCR algorithms 

SMCR techniques to unmix multivariate mixture data into their pure component 

responses have been extensively reviewed elsewhere.3,47 This brief overview specifies the 

nomenclature and parameters used in the MCR-ALS and NMF-MU investigation that 

follows. The mathematical model that describes experimental data matrices resolvable by 

SMCR algorithms is given by Equation 1: 

 

 $ ἦἧἢ Ἇ 3.1 
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In this work, D is an EEM of a fluorescent mixture, the columns of ἦ  are the 

excitation spectra of the pure mixture components, the columns of ἧ are their 

corresponding emission spectra, and Ἇ is a matrix of residuals not explained by the 

product XYT. The excitation spectra are assumed to be normalized to unit length and the 

emission spectra are scaled to reflect the relative quantum yields and concentrations of 

the components.  

In the analysis of experimental data using SMCR algorithms, the determination of 

the number of components, K, i.e., the number of columns of ἦ  and ἧ, is the first step. A 

number of statistical and information-theory based approaches to the determination of 

K,48ï50 typically applied to the matrix factors computed using the singular value 

decomposition (SVD),51 have been described. Since the number of components present in 

the matrices analyzed in this study is known, this step is not required.  

SMCR algorithms seek factor estimates, X and ἧ, (superposed carats (^) indicate 

estimates) that are combinations of orthogonal matrix factors, U and Q (generated by 

principal components analysis or the singular value decomposition). The estimates also 

satisfy the measurement requirements, e.g., non-negativity, and form products that 

estimate the original matrix within the limits of the measurement error: 

 

 $  5╠╣  %  8╨4  %  54╣ ╠╣   % 3.2 

 

When the components contributing to D overlap, their signals are mixed in the 

columns of U and Q, so the factors, X UT and ἧ Ἕἢ , cannot be determined 

unambiguously because any invertible matrix T produces factor estimates that reproduce 

D within the noise. The limited circumstances under which matrix factors can be 

unambiguously recovered are briefly discussed in Section 5 of the Methods Addendum in 
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the Supplemental Information (SI). All SMCR algorithms are limited by this ñrotational 

ambiguityò because it is inherent in bilinear matrix structure. However, the extent of the 

ambiguity can be reduced by constraints3,42,52,53 including nonnegativity, closure, sparsity,  

and known values. (See, for instance, Ref. 3 for a wider discussion of constraints.) While 

it is beyond the scope of this work, it also is worth noting that trilinear data sets, i.e., 

composed of multiple bilinear matrices that share row and column factors at different 

scales, do not suffer from rotational ambiguity, and can be analyzed unequivocally even 

when factor profiles are severely overlapped, though noise may undermine accurate 

factor resolution.52,54,55  

In MCR-ALS and the original NMF algorithm (NMF-MU), the objective function is given 

by the loss function for the resolved factor product shown in Equation 3: 

 

 fl8ȟ9 ὸὶ$ 894 $ 894  3.3 

where tr(Å) the matrix trace, is minimized by alternately estimating the factors using 

ordinary least squares at each iteration, t, according to Equations 4 and 5:  

 

 8Ô ρ $9Ô9Ô
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where superscript + indicates the matrix pseudoinverse. Iterations continue until 

the factors stabilize with the features imposed by the data and any constraints. Many 

constraints have been used to shrink the solution space of MCR-ALS problems and 

increase the probability of generating physically interpretable results. In this work, only 
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the nonnegativity constraint was applied to the factors in MCR-ALS by setting all 

negative profile values to zero after every update.  

In the NMF-MU algorithm, which uses a multiplicative update to minimize the same loss 

function as MCR-ALS (Equation 3), each factor is updated using adjustments computed 

from the loss function derivatives at each iteration, t, according to Equations 6 and 7. 

 

 8Ô ρN 8Ôʐ
$9Ô

8Ô9Ô
49Ô

 3.6 
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 3.7 

 

where ʐ  denotes the Hadamard product, until the factor product approximates the 

data matrix within the limits of the measurement error.36 The nonnegativity constraint is 

inherent in NMF-MU because the negative terms in the loss function derivatives are 

subtracted to generate Equations 6 and 7. As both MCR-ALS and NMF-MU alternatively 

update excitation and emission factors, two scenarios arise. In the first, the excitation 

factor (ἦ) is updated first, via Equation 3.4 for MCR-ALS or Equation 3.6 for NMF-MU, 

followed by the emission factor (ἧ), via Equation 3.5 or 3.7; this option is labeled 

"excitation first" (Ex1st). In the second, labeled "emission first" (Em1st), emission factor 

ἧ is updated first, followed by excitation factor ἦ.  

In the interest of straightforward comparisons of the two algorithms, care was taken to use 

comparable settings for both. Since the factorization of bilinear data matrices (Equation 2) 

is inherently non-deterministic, algorithm performance depends on the initial guesses for 

the factors, in addition to the inherent problem features that define rotational and intensity 

ambiguity. Initial guesses that are far from the solution may cause slow convergence or 
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convergence on a local minimum of the loss function (Equation 3).30,56,57 Initial guesses for 

both column and row factors were constructed using random values drawn from the 

standard normal distribution with small off-sets of values close to zero. Random 

initializations may increase the number of iterations required, but have the value of being 

feature agnostic. All algorithm comparisons are based on the averages of trials carried out 

using the same fixed set of 300 random initial factors to mitigate variations in the initial 

guess location on the objective function. Both algorithms were run with the convergence 

criteria set to 0.001% change in the relative residuals of noise-free and noisy data, which 

is one order of magnitude more stringent than the typical level in the example provided by 

Jaumot et al.58 The maximum number of iterations was set to 1000 to avoid non-

convergence in the rare case of an infinite loop. 

3.3.2 Data set construction: Simulated Data Sets 

Simulated EEMs were constructed from the fluorescence emission spectra of 

widely used dyes (See Figure 1) obtained from online sources.59,60 The spectra of 

tryptophan (A), coumarin 1 (B), riboflavin (C), Nile red (D) and cyanine 5 (E) were 

selected because their maxima are nearly evenly spaced on the wavelength axis and their 

bandwidths and shapes are similar, as Figure 1B shows. Excitation spectra were 

simulated by reflecting the emission spectra across y-axes set at the centers of the Stokes 

shifts of the dyes. Increasingly complex multicomponent systems were simulated using 

every combination of two (100), three (100) and four (25) profiles of the excitation and 

emission spectra, producing a total of 225 noise-free simulated EEMs. These EEMs do 

not represent realistic mixtures, but exhibit systematically varying degrees of spectral 

overlap. Additional details regarding EEM simulation are provided in the SI. 
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Figure 3.1 A: Normalized fluorescence excitation spectral profiles for simulated EEMs;  

B: Normalized fluorescence emission spectral profiles for simulated EEMs; C: 

Normalized fluorescence excitation spectral profiles for synthetic EEMs; D: Normalized 

fluorescence emission spectral profiles for synthetic EEMs. 

Increasing levels of noise were added to each simulated EEM using the recently 

developed NoiseGen software package,61 which simulates a variety of noise types and 

allows systematic variation of several noise characterization parameters. The 

methodology used in NoiseGen to generate noise is detailed elsewhere.62 EEMs were 

simulated using two types of noise: shot noise (multiplicative noise with the 

proportionality set to 0.5) and a composite model of spectral noise comprised of shot 

noise, pink (flicker) noise (power law noise with spectral density slope set to 1), brown 

noise (power law noise with spectral density slope set to 2), and random walk noise 

(power law noise with spectral density slope set to 5). The level of noise added to each 

matrix was set by choosing the noise relative standard deviation. Six relative standard 

deviation (RSD) levels were used to simulate EEM noise: 0.1 RSD, 0.2 RSD, 0.5 RSD, 
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1.0 RSD, 1.5 RSD and 2.0 RSD. Evaluation of the execution of both algorithms in two 

update modes (see below) for each of the 225 simulated matrices at thirteen noise levels 

(including none) brought the total number of evaluation trials to  3510000. 

3.3.3 Data set construction: Synthesized Data Sets 

The synthesized EEM data sets were constructed from the EEMs of standard 

solutions of anthracene (F), 2,3-benzanthracene (G), chrysene (H), 9,10-dimethyl 

anthracene (I), and perylene (J) in cyclohexane collected using the videofluorometer.13 

Excitation profiles between 235 nm and 550 nm in 5 nm intervals, emission profiles 

between 348 nm and 600 nm in 4 nm intervals (see Figures 1C and 1D, respectively), and 

corresponding noise factors were extracted from the standard matrices using the SVD51 as 

described in the SI.  As in the case of the simulated EEMs, synthetic EEMs were 

constructed using every combination of two, three and four excitation and emission 

spectral profiles, producing a total of 225 EEMs. Analyzing all 225 EEMs synthesized 

with both algorithms in two update modes (see below) using 300 random initializations 

produced a total of 270000 evaluation trials. 

3.3.4 Experimental Data Set Collection 

EEMs of three-component mixture solutions, collected using the 

videofluorometer,13 were analyzed using MCR-ALS and NMF-MU to contextualize the 

results of the simulated and synthetic EEMs analyses. The first mixture consisted of 

fluorophores that have moderately overlapped spectra:  9,10-diphenylanthracene 

(ρȢψφ ρπὓ), 2,3-dibenzanthracene ( ρȢςφ ρπὓ), and 1,2,5,6-dibenzanthracene 

( ςȢτω ρπὓ) in cyclohexane. The spectra of the second mixture are significantly 

overlapped in both dimensions, and therefore, are more challenging to resolve: 
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benzo[k]fluoranthene (ρȢπω ρπὓ), benzo[a]pyrene( ςȢςφ ρπὓ), and perylene ( 

σȢυρ ρπὓ), also in cyclohexane. 

 

 
Figure 3.2 Resolution heatmaps showing %A values for factorization of 2 -component 

EEMs as a function of resolution difficulty of the constituent factors. A: MCR-ALS  

Ex1st mode; B: NMF-MU  Ex1st mode; C: MCR-ALS  Em1st mode; D: NMF-MU  

Em1st mode.  Heavy white grid lines define the boundary between EEMs with and 

without rotational ambiguity. Factors printed in black are identifiable, i.e., generate 

selective response windows; those in red are not. 

3.3.5 Model assessment parameter 

The mixture models resolved by MCR-ALS and NMF-MU were characterized by 

%A, a composite parameter constructed using the data matrix variance explained by the 

model, R2, and accuracy (correlation coefficients) of the resolved factors, rk. Calculation 

of these statistics is detailed in the SI. For a +-component EEM, there are ς+ correlation 

coefficients, + each for the excitation (column) and (row) factors, and the explained 
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variance, totaling ς+ ρ resolution diagnostics. To simplify the comparison of these 

values, the ς+ ρ assessment statistics are combined in a radar plot, which converts the 

diagnostics for two-, three- and four-component EEMs to pentagons, heptagons, and 

nonagons, respectively. The area of the radar plot of each set of resolved factors is 

reported as the ϷἋ, its the relative area compared to that of a perfectly resolved model, 

which has the largest possible area for any EEM. A %A value equal to 100% indicates 

complete resolution of all factor profiles. An example of %A values for an EEM that is 

resolved differently by the two algorithms is shown in Figure S1. The four-component 

mixture EEM exhibits severe overlap in both the excitation (column) and emission (row) 

space, as well as substantial shot and power law noise (RSD = 2.0), so this matrix cannot 

be fully resolved by any SMCR algorithm. The large difference in %A in this case 

reflects the impact ill-conditioned matrices produced by severe overlap and/or noise can 

have on pseudo-inverse matrices calculated during MCR-ALS(See Equations 4 and 5). 

3.3.6 Resolution Heatmaps 

One way to organize the results (%A) for the large number of mixture EEMs 

analyzed in this investigation is to use a graphical representation, i.e., a heatmap of the 

%A values of the SMCR solutions of a set of matrices. Simulated EEMs that have the 

same number of components and noise level are arranged by the factor overlap, forming a 

set. Figure 2 shows the resolution heatmaps for the noise-free, two-component data set. 

The %A resolution heatmaps are arranged so that the spectral overlap of the excitation 

profiles increases from left to right and increases from bottom to top for emission 

profiles. The actual difficulty of mixture matrix resolution depends on the matrix 

rotational ambiguity, which is a function of factor profile overlap in both matrix 

dimensions and increases with the number of components, factor profile similarity and 
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level of measurement noise. Since factor resolution is a complex function of profile 

properties in the row and column space, no parameter linked to either factor axis can sort 

EEMs in order of resolution difficulty, especially for mixtures of three or more 

components. Factor selectivity and profile shape similarity were used to interpret 

heatmap results rather than order factors. A detailed description of these parameters and 

their calculation are provided in Sections 5-7 of the Methods Addenda in the SI.  

A heatmap shows the %A resolution values for each EEM constructed using the 

excitation factors along the map horizontal axis, and emission factors along the vertical 

axis. Factor components that do not have selective presence windows are labeled in red. 

(Selective presence windows are necessary, but not sufficient, conditions for factor 

recovery according to the theory of data-based uniqueness.63 See Section 5 of the 

Methods Addendum in the SI for more discussion of selectivity and uniqueness.) Each 

%A result appears in a color-coded grid square: darker squares indicate higher %A 

values. The heavy white grid lines in Figure 2 highlight the boundary between EEMs 

with and without rotational ambiguity, which appear at the lower left corner of the map. 

To investigate the impact of differences in the emission and excitation profile overlaps on 

algorithm resolution, heatmaps showing %A values for the EEMs in óupdate excitation 

firstô (Ex1st, top rows) and óupdate emission firstô (Em1st, bottom rows) application 

modes for both algorithms were constructed. Mean difference heatmaps highlight any 

contrast in the %A values for the two algorithms for the EEMs in a set: 

 

 ɝϷ! Ϸ!   Ϸ!  3.8 
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3.3.7 Software 

The EEMs were analyzed using SMCR routines written by the authors on the 

MATLAB platform (version 2022a, The MathWorks, Inc., Natick, MA). The routines 

implement the MCR-ALS algorithm described by Tauler and de Juan3,64 and the NMF-

MU algorithm described by Lee and Seung.25,26 Routines to calculate the profile overlap, 

selectivity, similarity and resolution assessment parameters (%A) also were written by 

the authors using established methods as detailed in the SI. 

3.4 Results and Discussion 

Resolution Heatmaps that depict the mean and standard error %A resolution values 

of the SMCR solutions on the EEMs simulated with composite noise as a function of the 

factor overlap, number of mixture components, and level of composite noise are provided 

in Figures S2 ï S4 for MCR-ALS and S5 ï S7 for NMF-MU. (As will be discussed below, 

selected results of the analysis of EEMs containing shot noise are provided in Figures S19 

and S20.) Heatmaps for MCR-ALS and NMF-MU applied to the synthetic EEM data sets 

as a function of the number of mixture components are shown in Figures S8 and S9, 

respectively. As expected, the maps show declining resolution as the degree of spectral 

profile overlap, number of components, and level of noise increase, regardless of update 

order, as is indicated by lighter grid square colors. Differences in the results of the two 

algorithms are presented in ȹ%A difference heatmaps for Ex1st or Em1st application mode 

to noise-free simulated, RSD 0.1 noise simulated, RSD 2.0 noise simulated and synthetic 

data sets in Figures S10 ï S13. These data indicate that in EEMs impacted by rotational 

ambiguity, the results depend on the update order. The ȹ%A difference heatmaps for Ex1st 

versus Em1st application of each algorithm, shown in Figures S15 ï S18, confirm that 

MCR-ALS exhibits a greater dependence on update order than NMF-MU, though the scale 

and regularity of the differences tend to decline as the number of number of components 
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and level of noise increase. Consequently, difference heatmaps for óMCR-ALS Ex1stô 

versus óNMF-MU Ex1stô and for óMCR-ALS Em1stô versus óNMF-MU Em1stô are the 

focus of the following discussion.  

3.4.1 Noise-free simulated data sets 

The ȹ%A resolution difference heatmaps in Figure 3 show the average 

ɝϷὃ   (óexcitation firstô mode, top row) and ЎϷὃ  

 
 (óemission firstô 

mode, bottom row) values for the two-, three- and four-component noise-free data sets. 

The algorithms performed identically for most of two-component EEMs expected to have 

no rotational ambiguity (See Figure 3A and 3D). The exception was the non-ideal 

resolutions for matrices constructed with excitation profile B-C using MCR-ALS in the 

Em1st mode and NMF-MU in both. This factor has selective presence windows for both 

components according to the distance calculations (See Table S1), but is very strongly 

overlapped. The %A values averaged across all 100 2-component EEMs show that MCR-

ALS generally performs better than NMF-MU for noise-free simulated EEMs. This is 

consistent with the results reported by Omikidia 
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Figure 3.3 Mean performance differences (%ȹA) between MCR-ALS and NMF-MU for 

noise-free simulated EEMs in Ex1st and Em1st cases, ɝϷ!  Ϸ!  

 Ϸ!  ÁÎÄ ЎϷ! Ϸ!   Ϸ! . Profiles labeled in 

black are identifiable based on distance calculations; those in red are not. A: Two-

component Ex1st data; B: Three-component Ex1st data; C: Four-component Ex1st data; 

D: Two-component Em1st data; E: Three-component Em1st data; F: Four-component 

Em1st data. 

et al.,42 who observed that MCR-ALS tends to converge at the boundary of the 

feasible region. However, the two- and three-component difference heatmaps in Figures 

3A and 3B, respectively, indicate that in the Ex1st mode MCR-ALS resolutions are 

generally higher than NMF-MU for EEMs constructed using more overlapped excitation 

factors, and NMF-MU resolutions are often better for EEMs exhibiting higher overlap in 

the emission factors. This trend is less clear in the three-component set and is not 

observed for the four-component set (Figures 3B and 3C). When the update order is 

reversed (Em1st mode), NMF-MU generates larger %A values in the case of the most 
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overlapped excitation combinations for the two-component data set and MCR-ALS %A 

values are somewhat larger for more overlapped emission factors (see Figure 3D). This 

switch in the performance trend persists, but is less distinct in the three-component data 

(see Figure 3E). MCR-ALS performs better than NMF-MU on four-component data in 

either update mode (see Figures 3C and 3F).  

Part of the explanation for the difference in MCR-ALS performance in the two update 

modes is illustrated in Figure 4, which shows the evolution of factor profiles for a notable 

example. The EEM formed by excitation profile combination A-C and emission profile 

combination C-D is interesting because these profile combinations are the most severely 

overlapped factor pairs in the simulated set. The fact that both combinations have one 

factor that is not  selective  (see Tables  S1  and  S2  for  parameter  values) and that the 

factors also exhibit significant shape similarity add to the resolution difficulty. Both 

algorithms compute search directions that minimize the least-squares objective function 

(Equation 2), but the NMF-MU algorithm computes a shorter step length, also called the 

learning rate, that avoids negative elements in the solution. The larger step lengths 

computed by MCR-ALS, which may produce iterates that have negative elements, move 

toward the feasible region boundaries more quickly, so MCR-ALS solutions converge 

more quickly than those of NMF-MU, as the model residuals in the third column of 

Figure 4 show. (The number of iterations was stopped at 900 for the trial depicted in the 

graph to avoid oscillations that develop in the objective function for large numbers of 

iterations. Figure S14 shows the evolution of the solution after 1000 iterations. The %A 

values for both algorithms are the same in Figure S14 and in Figure 4.) In the MCR-ALS 

Ex1st case in Figure 4 row 1, the algorithm first steps toward the boundaries of the 

solution feasible region in the excitation domain, producing higher resolution for the 
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excitation profiles A-C (Figure 4D), but limiting the resolution of the emission profiles 

C-D (Figure 4E). In the Em1st case in Figure 4 row 3, the algorithm first 

 
Figure 3.4 Comparison of MCR-ALS and NMF-MU progress during factorization of the 

(AC)ex - (CD)em EEM combination.    A: Correlation coefficients (x) of Ex1st MCR-

ALS estimated output and input excitation profiles vs. iteration number; B: Correlation 

coefficients (x) of Ex1st MCR-ALS estimated output and input emission profiles vs. 

iteration number; C: Ex1st MCR-ALS progress - log of root mean square model residuals 

vs. iteration number; D: MCR-ALS estimated output( x ) and input (- -) excitation 

spectra; E: MCR-ALS estimated output( x ) and input (- -) emission spectra; F-J: Ex1st 

NMF-MU correlation coefficients(F & G), algorithm progress(H) and estimated spectra(I 

& J); K-O: Em1st MCR-ALS correlation coefficients(K & L), algorithm progress(M) and 

estimated spectra(N & O); P-T: Em1st NMF-MU correlation coefficients(P & Q), 

algorithm progress(R) and estimated spectra(S & T). The maximum iteration number of 

this trial was 900. 

steps toward the boundaries of the solution feasible region in the emission 

domain, maximizing resolution for the emission profiles C-D (Figure 4O) and limiting 
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the resolution of the excitation profiles A-C (Figure 4N). The emission and excitation 

profile estimates are more accurate in the Em1st case because the smaller excitation 

profile overlap and similarity lead to lower ambiguity of the emission factors. (The 

overlap and similarity parameters, ɗC and ɟC from Equations S14 and S18, are equal to 

0.19 and 0.96 for A-C versus 0.36 and 0.99 for C-D). The lower excitation profile overlap 

leads to  Ϸ!  equal to 99.66 compared to Ϸ!  equal to 97.63.  

The root mean square (RMS) of model residuals at each iteration in column 3 of 

Figure 4 show that MCR-ALS converges more quickly, and to lower values, than NMF-

MU regardless of the update order. On the other hand, the gradual model refinement of 

NMF-MU, depicted in Figures 4F and 4G for Ex1st mode and Figures 4P and 4Q for 

Em1st mode, produces nearly accurate estimates for both the excitation (Figures 4I and 

4S) and emission profiles (Figures 4J and 4T) in the Ex1st and Em1st modes, leading to 

%A values equal to  99.85 and 99.86, respectively.  

Note that both algorithms recovered the excitation profile of component #1 (A) 

and the emission profile of component #2 (D) accurately. The selective presence and 

absence windows in the component #1 emission (C) and excitation (A) profiles, 

respectively, established the uniqueness of the excitation profile (A) using Manneôs 

second resolution theorem65 and the second form of Rajkoôs data-based uniqueness 

resolution theorem.63 Similarly, selective presence and absence windows in the 

component #2 excitation (C) and emission (D) profiles, respectively, establish the 

uniqueness of the emission profile (D).  

Overall, these results show that MCR-ALS provides better resolution of noise-free or 

high signal-to-noise ratio data when updated first in the domain that exhibits higher 

overlap, even in cases of rotational ambiguity. This reflects the fact that smaller profile 

overlap and similarity reduce the ambiguity of factors in the dual domain. The more 
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deliberate search of the NMF-MU algorithm produces results that are more robust with 

respect to update order and can be more accurate than MCR-ALS when there are some 

constraints on the feasible region, as in EEM (AC-CD), or high component profile 

overlap or noise complicate factor pseudoinverse calculations. It is interesting that the 

Em1st heatmaps in Figure 3 are not simple reflections of the Ex1st maps across an axis 

through the minor (anti-) diagonal since the Ex1st vs Em1st ȹA% maps for NMF-MU in 

Figures S15 ï S18 show virtually no update order dependence in the algorithm. This 

distinction in the performance of MCR-ALS in the two domains likely reflects the data-

specific nature of the algorithmsô search path across the objective function surface, as 

well as the asymmetry and variability in the size and shape of the feasible regions in the 

emission and excitation domains. 

3.4.2 High-noise simulated data sets 

The high-noise simulated dataset consists of the 225 two-, three- and four-

component simulated EEMs adjusted by addition of composite noise scaled so that the 

average relative standard deviation of the noise in each matrix is two, as described in the 

Methods section. Heatmaps illustrating the differences in EEM resolution for the two 

SMCR algorithms applied to these data sets are shown in Figure 5. The heatmaps 

showing the resolution values for MCR-ALS and NMF-MU applied to these data sets are 

provided in Figures S4 and Figure S7, respectively. Most of the resolution differences for 

the two- and three-component EEMs expected to have no rotational ambiguity, sitting 

near the lower left corners of the heatmaps(see Figure 5A, 5B, 5D and 5E), were zero, in 

spite of the presence of noise. In the noisy EEMs, emission factor B-C as well as 

excitation B-C produced results indicative of some rotational ambiguity in the Ex1st 

mode.  These results, along with the small %A differences observed for some EEMs 
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constructed with emission factor C-E in Ex1st mode (Figure 5A) indicate that noise 

distorted the limited selective presence windows present in these highly overlapped 

profile combinations. The dependence of MCR-ALS on the update order, i.e. better 

performance on EEMs 

 

 
Figure 3.5 Mean performance differences (%ȹA) between MCR-ALS and NMF-MU  for 

high noise (2 RSD) simulated EEMs in Ex1st and Em1st cases, ɝϷ!  

Ϸ!   Ϸ!  ÁÎÄ ЎϷ! Ϸ!   Ϸ! . Profiles 

labeled in black are detectable based on distance calculations; those in red are not. A: 

Two-component Ex1st data; B: Three-component Ex1st data; C: Four-component Ex1st 

data; D: Two-component Em1st data; E: Three-component Em1st data; F: Four-

component Em1st data. 

constructed with more overlapped excitation profiles in Ex1st mode and on EEMs 

with more overlapped emission profiles in Em1st mode, persists for the high noise data, 

but the pattern is less definitive than in the noise-free case. Variability is expected in 
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these patterns given the stochastic nature of the added noise. Similarly, better NMF-MU 

performance, or poorer MCR-ALS performance, on EEMs constructed with more 

overlapped emission profiles in Ex1st and on EEMs constructed with more overlapped 

excitation profiles in Em1st is observed, but the resolution differences are typically 

smaller than in the noise-free cases and only consistently observed in the two-component 

maps. However, NMF-MU %A values are consistently higher than those for MCR-ALS 

in the most severely overlapped EEMs, regardless of component number or update order, 

reflecting the impact of noise-induced matrix condition number inflation on MCR-ALS 

performance. The fact that MCR-ALS resolution of EEMs simulated with RSD 2.0 shot 

noise only is comparable to and in many cases higher than that of NMF-MU for severely 

overlapped EEMs, as Figures S19 and S20 illustrate, supports the conclusion that low-

rank bilinear representations are susceptible to low frequency measurement errors, that 

undermine the least-squares calculation. Note also that the NMF-MU multiplicative 

update does not explicitly push the solution into the matrix row or column space, 

consequently it may be able to exclude noise features that lie in the matrix factor spaces. 

3.4.3 Data sets synthesized from standard EEMs 

The term "synthesized EEM" refers to excitation-emission matrices constructed 

by multiplying excitation and emission profiles extracted from EEM measurements of 

pure single-component standards and adding them to noise constructed using the 

corresponding residual SVD components, as outlined in Section 2 of the Methods 

Addenda in the SI. In contrast to the simulated data sets, which were designed to increase 

EEM complexity in terms of factor profile overlap and noise levels systematically using 

unimodal spectral profiles and specified errors, the complexity of the synthetic series is 

varied by using dissimilar factor profiles, including multimodal spectra, and errors 
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computed from measured noise. The complexity of these factor combinations is reflected 

in the fact that only four of the one hundred two-component EEMs were constructed 

without rotational ambiguity, and that fewer than half of the three-component EEMs and 

none of the four-component matrices have any components that exhibit selective 

presence windows. 

 

 

 
Figure 3.6 Mean performance differences (%ȹA) between MCR-ALS and NMF-MU for 

synthesized EEMs in Ex1st and Em1st cases, ɝϷ!  Ϸ!  

 Ϸ!  ÁÎÄ ЎϷ! Ϸ!   Ϸ! . Profiles labeled in 

black are detectable based on distance calculations; those in red are not. A: Two-

component Ex1st data; B: Three-component Ex1st data; C: Four-component Ex1st data; 

D: Two-component Em1st data; E: Three-component Em1st data; F: Four-component 

Em1st data. 
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As the mean %A resolution heatmaps in Figures S8 and S9 and ȹ%A resolution 

heatmap in Figure 6 show, there is some similarity in the performance of MCR-ALS and 

NMF-MU on the synthesized data sets to that observed for the noisy simulated data:  

average %A values for both algorithms decrease as the number of components increases, 

but there is much more variation in the ȹ%A values in all of the synthetic data heatmaps. 

The two component heatmaps (Figure 6A and 6D) show some evidence of the MCR-ALS 

dependence on update order but there is little, if any, dependence on the update order in 

the Ex1st and Em1st maps of the 3- and 4-component data sets (Figure 6B, 6C, 6E and 

6F).  In these cases, the NMF-MU immunity to low frequency measurement error leads to 

higher %A values for three and four factor combinations similar to those better resolved 

by MCR-ALS in the noise-free data. These results illustrate the utility of the composite 

noise model for simulating EEM measurements, as comparing the results in Figure S19G 

ï S19L to the heatmaps in Figures S8A ï 8C and 8G ï 8I shows. 

3.4.4 Experimental Data Sets 

The Experimental EEMs of three-component mixtures of polycyclic aromatic 

hydrocarbons that have similar, moderate noise levels, but very different levels of 

spectral overlap were analyzed to test the conclusions of the comparisons using simulated 

and synthetic EEMs. The matrices are shown in Figure S21A and S21B. The two 

algorithms are expected to resolve the mildly overlapped mixture equally well, but the 

modest levels of noise with significant low frequency elements and the strong spectral 

overlap is expected to destabilize pseudoinverse calculations in MCR-ALS.  

The component spectra of the first mixture, which is composed of micromolar 

concentrations of 1,2,5,6-dibenzanthracene, 2,3-benzanthracene, and 9,10-

diphenylanthracene in cyclohexane, exhibit minimal overlap in both the excitation and 
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emission domains. As expected, the performance of the two algorithms on this EEM was 

virtually indistinguishable, irrespective of the algorithm update order (Ex1st or Em1st). 

The %A values for MCR-ALS and NMF-MU using the Ex1st update order are 98.278 

and 98.191, respectively, and 98.288 and 98.194, respectively, using the Em1st update 

mode. The results of the analyses are illustrated in Figure S22. 

 
Figure 3.7 SMCR resolution of overlapped experimental EEM (dotted lines indicate the 

reference profiles). A: Ex1st MCR-ALS estimated excitation profile; B: Ex1st MCR-ALS 

estimated emission profiles; C: %A Radar plots for Ex1st (cyan) and Em1st (yellow) 

MCR-ALS solutions, constructed from R^2, % explained variance, X1 - X3, correlations 

between input and output (estimated) excitation profiles, and Y1 to Y3, correlations 

between input and output (estimated) emission profiles; D: Em1st MCR-ALS estimated 

excitation profiles; E: Em1st MCR-ALS estimated emission profiles; F through J: 

corresponding plots for NMF-MU solutions. 

The spectra of the second mixture, which contains nanomolar concentrations of 

BkF, BaP, and perylene in cyclohexane, exhibit significant overlap and similarity in the 

excitation and emission domains, especially in the spectra of BkF and BaP. As in the case 

of the synthesized data set, the emission spectra are broader and more overlapped than 

the excitation spectra, and here, the excitation profiles of BkF and BaP also are bimodal. 

Consequently, neither algorithm can resolve the factors of all three components 

completely, regardless of the update order. (The perylene spectrum is resolvable 

according to data-based uniqueness.) The %A values for MCR-ALS are 74.486 and 
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79.946 in the Ex1st and Em1st modes, respectively. The results illustrated in Figure 7 

show that the principal difference in the solutions is in the estimates of the BkF spectra, 

particularly its excitation spectra, indicated by the X1 coordinates in the %A radar plots 

in Figures 7C and 7H. The MCR-ALS profiles exhibit the profile instability produced 

when low-rank data models capture low-frequency noise, leading to ill-conditioned 

pseudoinverses. As expected, the NMF-MU resolution is relatively independent of the 

update order and less impacted by noise than MCR-ALS. The NMF-MU %A values for 

the Ex1st and Em1st update modes are 90.182 and 90.530, respectively. 

3.4.5 Conclusion 

This paper described a systematic comparison of multivariate curve resolution by 

alternating least squares (MCR-ALS) and nonnegative matrix factorization by 

multiplicative update (NMF-MU), two widely used Self-Modeling Curve Resolution 

(SMCR) algorithms, applied to simulated multicomponent fluorescence excitation-

emission matrices (EEMs) constructed using systematically varied numbers of 

fluorescent components, component spectral overlaps and levels of two noise types. The 

data were simulated with shot and composite noise analyzed in 300 realizations to 

establish the statistical validity of the results. The simulated data results were compared 

to and contextualized by analysis of synthetic (from laboratory standards) and 

experimental fluorescent mixture matrices. The algorithm comparison results were 

summarized in resolution parameter heatmaps that depict the MCR-ALS and NMF-MU 

results as a function of the overlap of the mixture component spectral profiles. Difference 

heatmaps summarize distinctions in resolution trends for variations in the two algorithms.  

As expected, the comparison results show that the algorithms exhibit identical 

performance when applied to matrices with no rotational ambiguity at high signal to 
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noise ratio. As expected, the accuracy of both algorithms declines as the number of 

mixture components, degree of spectral profile overlap and level of noise increases. A 

longer step size causes MCR-ALS to converge more quickly and move iterates to the 

boundaries of feasible regions. This is a real advantage when spectra exhibit selective 

presence and complete (i.e., all interferent) absence bands. MCR-ALS resolutions do 

show a consistent dependence on the algorithm update order. For example, when the 

profiles along the columns are more overlapped, updating column factors before row 

factors produces more accurate results. The NMF-MU algorithm shows no update order 

dependence, but computes a shorter step length to avoid negative solution elements, 

converging more slowly. The algorithm can find better factor profile estimates when the 

feasible region is extended or in the presence of significant low-frequency noise. 

Analysts can use these observations to decide which algorithm is more likely to provide 

useful results or to compare the results of applying both algorithms to complex data sets. 
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Assessing the Limits of Tensor-Based Signal Unmixing on Simulated Time-Resolved 

EmissionïDecay Matrices 

4.1 Abstract 

An extensive evaluation of Hankel-based slicing tensorization combined with 

PARAFAC and constrained NMF has been conducted to assess the robustness of this 

unmixing strategy for time-resolved emissionïdecay matrices of varying complexity and 

increasing noise. Simulations spanning two- and three-component mixtures with 

controlled spectral and kinetic overlap reveal exact factor recovery under noise-free 

conditions, followed by a predictable, gradual loss of accuracy as factor profile overlap 

and noise increase. Factorization update order choices influence robustness in 

challenging regimes. Application to experimental UVïVis data of Rose Bengal 

photodegradation in methanol produces spectra and kinetic profiles of the solvent, parent 

dye, and two blue-shifted photoproducts. These findings define the practical operational 

boundaries and offer guidance for deploying Hankel-based tensor unmixing in real-time 

spectroscopic process monitoring. 

4.2 Introduction  

The real-time spectroscopic monitoring of chemical reactions or processes is 

ubiquitous in modern process analytical technology.91,92  Multichannel spectroscopies 

such as UVïVis and fluorescence are routinely employed in monitoring applications to 

verify quality, optimize conditions,93 and characterize transient intermediates.94 However, 

Chapter 4 
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the spectra or decays recorded during such experiments are typically a mixture of signals 

from multiple species, whose bands often overlap significantly, thereby obscuring both 

compositional trends and kinetic details. This challenge has necessitated the development 

of multivariate signal unmixing methods, which can numerically isolate individual 

component spectra along with their concentration or decay profiles directly from the 

measurement array without the need for reference standards. Practical implementations of 

multivariate unmixing, such as multivariate curve resolution -alternating least squares 

(MCR-ALS) and the non-negative matrix factorization (NMF) algorithm proposed by 

Lee and Seung, have become essential tools in analytical spectroscopic process analytical 

technology.95,96  

Multivariate unmixing characterizes each dataset with a bilinear model; however, 

this mathematical representation is inherently non-unique. Consequently, entire families 

of equally valid factorizations can emerge due to rotational and intensity ambiguities, 

rendering the final solution contingent upon initial estimates, noise levels, and user-

imposed constraints. These limitations prompt an exploration of tensorizationðthe 

conversion of bilinear measurements into multi-way arrays and analysis through higher-

order decompositions, such as the PARAFAC model.97ï102 Tensor methods leverage 

additional structural information present in multi-way data and, under moderate 

conditions,103 can produce unique component estimates,104 thus eliminating the 

ambiguities that constrain bilinear approaches.  

This chapter describes evaluation of the robustness of tensorization as an 

alternative to traditional bilinear multivariate unmixing in spectroscopic reaction/process 

monitoring, employing both controlled simulations of emission decay matrices, and 

broadband, time-resolved UVïVis measurements of Rose Bengal photodegradation as 

illustrative case studies. 
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4.3 Materials & Methods 

All time-resolved UVïVis absorbance matrices examined in this chapter were 

collected by Dr Johanna L. Herman during her Ph.D. research at the University of 

Delaware in Prof. Sharon Neal's lab.105 The present author performed no primary data 

acquisition; the role here is limited to re-analysis. Rose Bengal (2,4,5,7-tetraiodo-

3ǋ,4ǋ,5ǋ,6ǋ-tetrachlorofluorescein, Ó 95 %, Aldrich Chemical Co.) and HPLC-grade 

methanol (Fisher Chemical) were used as received; no acceptors, quenchers, or radical 

traps were present in these experiments. The results described in this chapter are re-

analysed below with Hankel tensorization with, PARAFAC decomposition followed by, 

and constrained NMF or PARAFAC followed by inversion of spectral tranformation.. 

4.3.1 Time Resolved UVïVis Absorption of Rose Bengal Degradation under 

Simulated Solar Irradiation  

Time-resolved absorbance measurements were performed on a diode-array 

spectrophotometer (HP 8452A) covering 200ï800 nm with 1 nm resolution. All spectra 

were baseline-corrected against an air or methanol blank and acquired in 10 mm 

path-length quartz cuvettes (either open-top or septum-capped). To track reaction 

progress, the cuvette was periodically transferred from the solar simulator to the 

spectrometer sample compartment, and a full spectrum was recorded at each time point. 

4.3.2 Simulated Time-Resolved Emission Decay Matrix Data 

To assess robustness of tensorization under controlled conditions, two sets of  

simulated TR-EDMs were generated: a two-component set that mimics a simple binary 

system, and a three-component set that represents a moderately complex mixture. Each 

matrix models the wavelength-by-time response of a multichannel spectrometer and is 

constructed from independently constructed emission spectra and kinetic decays. 
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The simulated data follow the notation of Section 2.1.2. Each noise-free 

time-resolved emissionïdecay matrix (TR-EDM) is written as Equation 4.1 (cf. Equation 

2.2): 

 

 Ἆ ὁἳὂἳ  
ἧἨἢ 4.1 

where ὁἳ is the column-normalised emission profile of the Ë  chemical component, ὂἳ
  is 

its time-domain decay trace, and + is the number of components (2 or 3). The design 

strategy ensures that both spectral and kinetic overlap increase smoothly across the two 

data sets. 

 The spectrum of component Ë Ë ρȢȢ+ is described by a Gaussian band,  

Equation 4.2, evaluated on an evenly spaced wavelength grid:  

 

 Ù ʇ Å Ⱦ   4.2 

Fixed bandwidths were adopted throughout: ʎ = 0.5 and 0.8 (arbitrary units) for +=2; 

ʎ = 0.3, 0.5 and 0.7 (arbitrary units) for + = 3. Peak centres, ʈ  were selected to 

progress smoothly across the wavelength axis. After computation the spectrum is 

normalized to unit Euclidean norm. 

 The decay profile  of a component, Ë , is modeled after first-order exponential 

Equation 4.3 sampled on a uniform time grid and normalized analogously, 

 

 Ú ὸ Å Ⱦ   
  4.3 

4.3.3 Resolution difficulty parameters 

For any set of column-normalised profiles (emission or decay), given by the 

matrix Ἔ   ἸȟἸȣἸ ,  overlap can be measured using the complement of the 
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Gramian determinant, defined as ʃ   ἬἭἼἜἜἢ . For each component É, the 

variance-inflation factor (VIF) is obtained by regressing column É onto the remaining +

ρ columns. Denoting the corresponding coefficient of determination by Ὑ  , the VIF of 

É component is defined as 6)&ρȾρ  Ὑ . High VIF values signal severe 

multicollinearity and therefore more challenging factor recovery; they are used here only 

as design parameters to ensure the simulated data span easyïtoïdifficult regimes. 

4.3.4 Simulated Matrix Construction  

For the two-component set, fifteen peak-center pairs and fifteen decay-rate pairs 

were selected so that both  6)& and  6)& increase smoothly. For the three-component 

set, by screening > 10 000 random triplets of band centers, fifteen triplets were retained 

whose largest VIF increases smoothly while spanning the wavelength axis. Each 

simulated timeïresolved emissionïdecay matrix (TR-EDM) was assembled by adding the 

outer products of every normalized emission spectrum in the set with its matching 

normalized decay curve (Equation  4.2) and adding signal-dependent shot noise at four 

relative standard deviation (RSD) levels (0.1, 0.5, 0.8, and 1.0) using NoiseGen 

software.106 For each set, fifteen emission profile pairs were multiplied by fifteen 

decay rate pairs, producing 225 noise free TR EDMs. Simulation of these matrices at 

each of the four noise levels yielded a total of 900 data matrices, which is a total of 2250 

matrices analyzed in this study. Ten independent noise realizations were generated at 

each RSD level; performance metrics in Section 4.4 are the means over those ten 

runs.4.3.5 Tensor Construction & Analysis  

As Equation 4.2 specifies (with Section 2.1.2), the raw time-resolved spectral 

matrix is denoted Ἆ (size I × J), with each of its J columns representing a length-I 

spectrum and each of the I rows representing a length-J kinetic profile. As is detailed in 
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Section 2.5.1, at the ith wavelength, the first half of the row vector of length J is 

rearranged into an J/2 × J/2 block in which each column is a row segment shifted by one 

element. The resulting I blocks are then stacked along the third mode to form an 

J/2 × J/2 × I Hankel tensor, for trilinear decomposition to the matrix reachabilty, 

observability and spectral profiles using PARAFAC. Matrix decay profiles can be 

recovered from D using NMF with the spectral profiles constrained to the  PARAFAC 

result. 

4.3.5 Tensor Construction & Analysis 

As Equation 4.2 specifies (with Section 2.1.2), the raw time-resolved spectral 

matrix is denoted Ἆ (size I × J), with each of its J columns representing a length-I 

spectrum and each of the I rows representing a length-J kinetic profile. As is detailed in 

Section 2.5.1, at the ith wavelength, the first half of the row vector of length J is 

rearranged into an J/2 × J/2 block in which each column is a row segment shifted by one 

element. The resulting I blocks are then stacked along the third mode to form an 

J/2 × J/2 × I Hankel tensor, for trilinear decomposition to the matrix reachabilty, 

observability and spectral profiles using PARAFAC. Matrix decay profiles can be 

recovered from D using NMF with the spectral profiles constrained to the  PARAFAC 

result. 

4.3.6 Performance Heatmap Construction 

Resolution performance was quantified by projecting both true and recovered 

component profiles into the truncated SVD subspaces of each matrix (Section 2.1.2). 

Specifically, for a given TR EDM, Ἆȟ the rank-K SVD, Ἆ ἣἤ  is computed. The true 

and estimated emission spectra (ἧ, ἧ) are column-normalised (Equation 4.3) and then 

mapped into the emission coordinate space via ἣ . Likewise, the true and estimated 
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decay traces (Ἠ, Ἠ) are row-normalised (Section 2.1.2) and projected via ἤ . For each 

component, Ë, the minimal Euclidean distance between its true and recovered coordinates 

are computed in both the spectral and kinetic subspaces. Summing these per-component 

minima yields the scalar error score, ɝ , referenced as distance sum here. By plotting 

ɝ  values on a 15 × 15 grid indexed by the spectral and kinetic overlap indices, 

heatmaps that indicate the regions of high and low resolution accuracy across the 

simulated design space are generated. 

4.4 Results  

PARAFAC unmixing proceeds by alternately updating each of the three factor 

matricesðhere corresponding to the emission spectra, the Hankelized row mode, and the 

Hankelized column mode. Because any one of these three blocks can be updated first, 

second, or third, there are six distinct update orders (labeled ABC, ACB, BAC, BCA, 

CAB, and CBA. In this implementation of the PARAFAC decomposition, the three 

tensor modes are assigned as follows: Mode A corresponds to Hankel rows (time shift), 

Mode B to Hankel columns (frequency shift), and Mode C to the emission wavelength 

domain, factor C contains the emission spectra. Update orders CAB and CBA are 

considered 'emission-first' in this analysis, as they begin updates with factor C, which 

contains the emission profiles As was reported in Chapter 3 for MCR ALS, the sequence 

in which subproblems are solved can subtly influence convergence and the final factor 

estimates under non ideal conditions, so it is essential to benchmark all six PARAFAC 

update orders. In this chapter,  

 

 



 

 88 

  
Figure 4.1 Summed distance error, ɝ  ,heatmaps for two component, noise-free 

,RSD = 0.0 simulated EDMs, plotted over a 15×15 grid of excitation spectral overlap 

versus decay kinetic overlap. Panels (A)ï(F) correspond to the six factor update ordersð

ABC, ACB, BAC, BCA, CAB, and CBAðused in the PARAFAC & constrained NMF 

. 

 

In the noise free limit (RSD = 0.00; Figures 4.1 and 4.2), all six update orders 

recover both two and three component EDMs with accuracy (ɝ π) across the entire 

15 × 15 grid of spectral versus kinetic overlap. Even at the highest overlap levels, every 

combination of update sequence converges to the exact component spectra and decay 

profiles, confirming the theoretical uniqueness of the Hankelized PARAFAC model 

when data perfectly satisfy the trilinear assumption. 
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Figure 4.2 Summed distance error, ɝ  ,heatmaps for three component, noise-free 

,RSD = 0.0 simulated EDMs, plotted over a 15×15 grid of excitation spectral overlap 

versus decay kinetic overlap. Panels (A)ï(F) correspond to the six factor update ordersð

ABC, ACB, BAC, BCA, CAB, and CBAð used in the PARAFAC & constrained NMF. 

 

Under limited noise conditions (RSD = 0.10; Figures 4.3 and 4.4), 

two component mixtures remain essentially perfectly resolved, ɝ  is less than 0.05 for 

over  90 % of the simulations, but three component systems begin to show slight 

differences between update orders. Emission first update orders (ABC, ACB) maintain 

ɝ  < 0.10 up to overlap (ɗC) å 0.75, whereas ɝ  rises to 0.10ï0.15 in regions of 

limited overlap for the other update orders. 
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Figure 4.3 Summed distance error, ɝ  ,heatmaps for two component, RSD = 0.1 

simulated EDMs, plotted over a 15×15 grid of excitation spectral overlap versus decay 

kinetic overlap. Panels (A)ï(F) correspond to the six factor update ordersðABC, ACB, 

BAC, BCA, CAB, and CBAð used in the PARAFAC & constrained NMF. 

 

 

 
Figure 4.4 Summed distance error, ɝ  ,heatmaps for three component, RSD = 0.1 

simulated EDMs, plotted over a 15×15 grid of excitation spectral overlap versus decay 

kinetic overlap. Panels (A)ï(F) correspond to the six factor update ordersðABC, ACB, 

BAC, BCA, CAB, and CBAð used in the PARAFAC & constrained NMF. 

 

 



 

 91 

At higher noise (RSD = 0.50 and 0.80; Figures 4.5ï4.8), the valid overlap region 

contracts markedly. For two components, emission-first orders (CAB, CBA) still achieve 

ɝ  < 0.10 for overlap (ɗC) up to ~ 0.70 at RSD = 0.50, but collapse to ɝ  > 0.20 at 

ɗC > 0.50 by RSD = 0.80. Three-component heatmaps show no update order sustaining 

ɝ  < 0.15 beyond ɗC  å 0.60 at RSD = 0.50, and no order yielding ɝ  < 0.30 outside 

ɗC < 0.40 at RSD = 0.80. These results delineate the practical boundary where noise 

begins to overwhelm trilinear structure. 

 

 
Figure 4.5 Summed distance error, ɝ  ,heatmaps for two component, RSD = 0.5 

simulated EDMs, plotted over a 15×15 grid of excitation spectral overlap versus decay 

kinetic overlap. Panels (A)ï(F) correspond to the six factor update ordersðABC, ACB, 

BAC, BCA, CAB, and CBAð used in the PARAFAC & constrained NMF 
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Figure 4.6 Summed distance error, ɝ  ,heatmaps for three component, RSD = 0.5 

simulated EDMs, plotted over a 15×15 grid of excitation spectral overlap versus decay 

kinetic overlap. Panels (A)ï(F) correspond to the six factor update ordersðABC, ACB, 

BAC, BCA, CAB, and CBAð used in the PARAFAC & constrained NMF. 

 

 

 
Figure 4.7 Summed distance error, ɝ  ,heatmaps for two component, RSD = 0.8 

simulated EDMs, plotted over a 15×15 grid of excitation spectral overlap versus decay 

kinetic overlap. Panels (A)ï(F) correspond to the six factor update ordersðABC, ACB, 

BAC, BCA, CAB, and CBAð used in the PARAFAC & constrained NMF 
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Figure 4.8 Summed distance error, ɝ  ,heatmaps for three component, RSD = 0.8 

simulated EDMs, plotted over a 15×15 grid of excitation spectral overlap versus decay 

kinetic overlap. Panels (A)ï(F) correspond to the six factor update ordersðABC, ACB, 

BAC, BCA, CAB, and CBAð used in the PARAFAC & constrained NMF. 

 

 

In the worst-case noise scenario (RSD = 1.00; Figures 4.9 and 4.10), 

two-component mixtures are only marginally resolvable at very low overlap (ɗC <0.30), 

with ɝ  > 0.25 elsewhere for all six update orders. Three-component systems fail 

uniformly (ɝ  > 0.50 across nearly the entire grid), indicating complete breakdown of 

tensor-based unmixing under extreme noise. Together, these findings define clear 

operational limits and highlight emission-first update orders (CAB, CBA) as the most 

robust strategy for Hankel-based PARAFAC in reaction/processs-monitoring studied 

here. 
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Figure 4.9 Summed distance error, ɝ  ,heatmaps for two component, RSD = 1.0 

simulated EDMs, plotted over a 15×15 grid of excitation spectral overlap versus decay 

kinetic overlap. Panels (A)ï(F) correspond to the six factor update ordersðABC, ACB, 

BAC, BCA, CAB, and CBAð used in the PARAFAC & constrained NMF 

 

 

 

 

 
Figure 4.10 Summed distance error, ɝ  ,heatmaps for three component, RSD = 1.0 

simulated EDMs, plotted over a 15×15 grid of excitation spectral overlap versus decay 
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kinetic overlap. Panels (A)ï(F) correspond to the six factor update ordersðABC, ACB, 

BAC, BCA, CAB, and CBAð used in the PARAFAC & constrained NMF. 

 

 
Figure 4.11 Panels AïT present the raw time-resolved emissionïdecay matrices that form 

the basis of all subsequent simulations. The panels are arranged row-wise (AŸD, EŸH, 

IŸL, MŸP, QŸT) in the 5 × 4 grid. Rows (noise level); from the first to the fifth row 

the relative shot-noise standard deviation (RSD) increases step-wise through 0 (AïD), 0.1 

(EïH), 0.5 (IïL), 0.8 (MïP) and 1.0 (QïT), illustrating progressively more severe 

experimental conditions.Columns (mixture complexity and overlap); within each row: 

first column (A, E, I, M, Q) ï two-component, low-overlap mixture; second column (B, 

F, J, N, R) ï two-component, high-overlap mixture; third column (C, G, K, O, S) ï three-

component, low-overlap mixture; fourth column (D, H, L, P, T) ï three-component, high-

overlap mixture. All panels share identical colour limits so that the increasing visual from 

the top to the bottom rows reflects only the added noise, while the left-to-right 

broadening of spectral and kinetic features reflects the growing difficulty imposed by 

component overlap and mixture complexity. 

 

To explore the abstract heat map metrics in concrete data, two representative 

EDMs were selected: one from the lowleft corner of heatmap referred as low overlap 

EDM  and one from the high overlap corner of heatmap referred as high overlap EDM. 

And their raw emissionïdecay matrices across noise levels in Figure 4.11.  
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Figure 4.12 The sum of minimum coordinate distances (ȹ ) is plotted against relative 

shot-noise standard deviation (RSD) for two test matrices representing low-overlap and 

high-overlap cases. Blue and orange curves correspond to two-component mixtures of 

low and high overlap EDMs respectively, while green and purple correspond to three-

component mixtures of low and high overlap EDMs respectively.  

 

The sum of minimum coordinate distances, ȹ , is a direct measure of how far 

each recovered component lies from the true factorsðideal recovery corresponds to ȹ  

= 0, and larger values indicate poorer unmixing. Figure 4.12 therefore shows the 

maximum noise each EDM can tolerate while still yielding chemically meaningful 

profiles. In the low-overlap case (blue) the two-component mixture remains within the 

reliability band (ȹ  < 0.1) up to RSD å 1.0, and the three-component mixture (yellow) 

up to RSD å 0.25. By contrast, the high-overlap EDM exceeds the same threshold by 

RSD å 0.3 for K = 2 and RSD å 0.2 for K = 3, thus quantifying the coupled impact of 

overlap and noise on factor recovery. Interestingly, for certain update orders in Figure 
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4.12 (e.g., ABC and CAB), the minimum distance metric at RSD = 1.0 is slightly lower 

than at RSD = 0.8, contrary to the expected trend of worsening resolution with increasing 

noise. This non-monotonic behavior may reflect random variation due to the limited 

number of replicates analyzed (10 for each RSD level in Figure 4.12). A more robust 

trend might emerge with a larger number of replicates per noise condition, which would 

help average out the variability in convergence and highlight systematic effects of noise 

and update order. 

 

 

 
Figure 4.13 Resolved component profiles for the low-overlap synthetic slice across noise 

levels (update order ABC). The 5 Ĭ 4 grid is organized by rows of increasing shot noise 

(RSD = 0, 0.1, 0.5, 0.8, 1.0) and columns of mixture type: (A, E, I, M, Q) 2-component 

emission (B, F, J, N, R) 2-component decay (C, G, K, O, S) 3-component emission (D, H, 

L, P, T) 3-component decay 
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In Figure 4.13, solid lines are the tensorization based profile estimates; dashed 

lines are the reference inputs. In panels AïD (RSD 0) all recovered profiles overlap 

perfectly with the references. By RSD 0.5 (panels IïL) the three-component emission 

peaks begin to fuse and the corresponding decays diverge, whereas the two-component 

profiles remain nearly unchanged. At RSD 0.8 and 1.0 (panels MïT) only the two-

component case retains recognizable features, demonstrating that low-overlap binaries 

can tolerate noise up to RSD å 0.8, while three-component mixtures collapse by RSD å 

0.5. 

 

Table 4.1 Signal-to-noise ratios (SNR) and lack-of-fit (LOF) values for the low-overlap, 

2-component and 3-component analyzed in Figure 4.13. SNR values were calculated 

using a SVD approximation of the EDM, and LOF was computed from the Frobenius 

norm of the residual between the original and reconstructed matrices. 

RSD SNR (2-comp) LOF SNR (3-comp) LOF 

0 - - - - 
0.1 25.54 3.96% 24.17 4.24% 

0.5 5.47 18.15% 4.89 20.86% 

0.8 3.46 28.21% 3.68 27.45% 

1 3.03 31.85% 2.69 37.34% 

 

The results presented in Figure 4.13, with corresponding LOF values summarized 

in Table 4.1, demonstrate that higher noise levels (higher RSD) lead to significantly 

poorer model fits, as reflected by increased LOF. In both 2- and 3-component synthetic 

datasets, LOF values remained below 5% at RSD = 0.1 but exceeded 30% at RSD = 1.0, 

especially in the more complex 3-component case. This inverse relationship between 

signal quality (SNR) and lack-of-fit confirms that decomposition performance is highly 

sensitive to noise. In contrast, the experimental UVïVis dataset analyzed in Figure 4.14 

exhibited an exceptionally high SVD-based SNR of 311.35, indicating minimal 

measurement noise and suggesting that the good resolution achieved is not limited by 
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signal quality. However, many real-world spectroscopic applications involve lower SNR 

conditions (e.g., in situ or trace analysis), and the results here imply that such datasets 

may suffer from poor fits and unreliable component resolution. This remains an 

important area for future investigation to determine how robust these tensor-based 

methods are when applied to experimentally acquired low-SNR data. 

Following these simulated low and high overlap EDM, the Hankel-

PARAFAC + NMF workflow is applied to broadband, time-resolved UVïVis 

measurements of Rose Bengal photodegradation in methanol. This experimental dataset 

(Figure 4.14) evaluates whether the noise and overlap limits identified above hold under 

real laboratory conditions and produces chemically interpretable spectra and kinetics for 

the solvent, parent dye, and its photoproducts. The four-component resolution delivers a 

chemically intuitive picture of the photodegradation process. The purple traceðassigned 

to the methanol solvent backgroundðremains essentially flat over the entire time course, 

confirming its invariance. The orange spectrum of unreacted Rose Bengal decays 

monotonically, disappearing completely by the end of the experiment. Concurrently, the 

yellow profile of the major photoproduct rises rapidly and then plateaus, while the blue 

minor-product trace grows more slowly and steadily. Together, these trends 

unambiguously reveal the sequential consumption of the parent dye and the formation of 

two distinct photoproducts under the experimental conditions used. 
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Figure 4.14 Mesh plot of the experimental UVïVis absorbance matrix for Rose Bengal in 

methanol. The absorbance intensity (a.u.) is shown as a function of emission wavelength 

(nm) and irradiation time (s). The data exhibit high signal-to-noise ratio (SNR = 311.35), 

indicating excellent measurement quality. 
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Figure 4.15 Four component tensor based resolution of Rose Bengal photodegradation in 

methanol. (Left Panel) Pure absorption spectra for all four componentsðsolvent 

background (purple), unreacted Rose Bengal (orange), major photoproduct (yellow), and 

minor photoproduct (blue)ðextracted by PARAFAC from the Hankelized emissionï

decay tensor. (B) Corresponding kinetic intensity profiles obtained by constrained NMF 

with fixed spectral loadings, showing the temporal evolution of each species throughout 

the photodegradation reaction.. 

 

Both recovered photoproduct spectra exhibit significant blue-shifts relative to the 

parent Rose Bengal absorption: the major product peaks Ḑ50 nm to the blue of the dye, 

and the minor product is shifted even further. This spectral displacement, coupled with 

the kinetic profiles showing solvent invariance (purple), complete Rose Bengal 

consumption (orange), rapid emergence of the blue-shifted major product (yellow), and 

gradual build-up of the minor product (blue), provides a clear, self-consistent picture of 

sequential photoconversion pathways under these conditions. 

4.5 Conclusion  

In systematically constructed simulations, two  and three component TR EDMs 

spanning the full range of emission and decay overlaps were perfectly resolved in the 

noise free case, as expected, and maintained high fidelity through the limited noise levels 
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(Ò 0.1 RSD). Beyond this threshold, recovery deteriorated first for the most overlapped 

component pairs and at the higher noise (Ó 0.5 RSD), delineating clear boundaries for 

reliable factor extraction. The use of six alternative PARAFAC update orders showed 

only minor order dependent variation, confirming that the HankelŸPARAFAC 

workflow is far less susceptible to the rotational and scaling ambiguities that constrain 

bilinear SMCR methods. 

Application to experimental broadband UVïVis emissionïdecay tensors of 

Rose Bengal photodegradation in methanol yielded four chemically interpretable 

componentsðconstant solvent background, parent dye decay, and two blue shifted 

photoproductsðwith expected consumption and production kinetics. The solvent 

remained invariant, the original Rose Bengal signal decayed to zero, and the major and 

minor products appeared in sequence, validating the method under real world conditions. 

Overall, Hankelization coupled with PARAFAC emerges as a powerful 

alternative to traditional bilinear unmixing for dynamic spectroscopic process monitoring. 

Quantitatively, two-component matrices were resolved with ȹ  Ò 0.05 whenever the 

combined overlap index was ɗ  Ò 0.70 at 0.10 RSD, and accuracy stayed within ȹ  Ò 

0.10 up to ɗ  å 0.70 even at 0.50 RSD; the reliable zone shrank to ɗ  Ò 0.50 at 0.80 RSD 

and to ɗ  < 0.30 at 1.00 RSD. For three components, emission-first update orders held 

ȹ  Ò 0.10 as long as ɗ  Ò 0.75 at 0.10 RSD, but that limit contracted to ɗ  Ò 0.60 at 0.50 

RSD, ɗ  < 0.40 at 0.80 RSD, and the method failed altogether at 1.00 RSD (ȹ  > 0.50 

everywhere). It delivers unique spectral and kinetic factors without requiring reference 

spectra or anchoring constraints, and its performance degrades slowly with increasing 

noise and overlap. These findings establish practical guidelines for its useðand suggest 

fruitful directions for future work, including the incorporation of regularization to extend 

its applicability to even higher noise regimes and more complex reaction networks. By 
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plotting each methodôs ȹ  and explained-variance side by side, one can quantitatively 

chart their relative resilience. Moreover, defining a single ñbreakdown thresholdò on 

ȹ ðsay, ȹ  > 0.20 for two components or ȹ  > 0.30 for threeðprovides an 

operational parameter that flags when tensor unmixing ceases to produce chemically 

reliable factors. In practice, such a threshold could be monitored in real time to switch 

automatically to alternative unmixing strategies or to trigger additional experimental 

controls. This focus on a clear, quantitative breakdown criterion will guide future 

algorithm selection and workflow automation in real-time spectroscopic monitoring. 
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Assessing Semi-NMF and Convex-NMF for Reaction Monitoring of Rose Bengal 

Photodegradation Using Multivariate Frequency-Domain Dynamic Fluorescence 

This chapter was adapted from the manuscript below

 

Zhang, Y, Sanap, D.B.; Neal, S.L. ñAssessing Semi-NMF and Convex-NMF for 

Reaction Monitoring of Rose Bengal Photodegradation Using Multivariate Frequency-

Domain Dynamic Fluorescence ", 2025, planned submission. 

 

5.1 Abstract 

This chapter examines the use of semi-NMF and convex-NMF to analyze 

frequency-domain fluorescence data collected during the photodegradation of Rose Bengal 

(RB) under varied solvent and oxygenation conditions. Reaction progress emission-decay 

matrices (RP-FT-EDMs) constructed from these measurements contain nonnegative 

elements but also reflect excited-state interactions that produce multiexponential decays 

and spectral evolutionðfeatures not well-captured by standard NMF methods. 

Semi-NMF and convex-NMF were applied in both standard and transposed 

orientations to evaluate their ability to resolve overlapping spectral and kinetic 

components. In all conditions, two dominant speciesðunreacted RB and a blue-shifted 

photoproductðwere consistently recovered. A third, weaker component, likely 

Chapter 5 
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representing a minor photoproduct or excited-state intermediate, was most clearly resolved 

using transposed semi-NMF. 

These results support the applicability of matrix factorization methods that can 

accommodate negative elements in the data and align with theoretical expectations from 

the photokinetic matrix framework. This analysis provides new insights into RB 

photodegradation dynamics and demonstrates the value of flexible, unsupervised 

decomposition techniques for complex fluorescence data. 

5.2 In troduction  

Initially introduced by Lee and Seung in 1999, nonnegative matrix factorization 

(NMF) provides a parts-based representation of multivariate data by unmixing an input 

matrix into the product of two nonnegative matrices.96 Because many spectroscopic 

measurements yield inherently nonnegative data, NMF has become widely used in 

chemometrics and signal processing.107ï109 However, strict nonnegativity constraints are 

not suitable for all data types, particularly those that may contain some negative-valued 

elements. Numerous variants of NMF have been developed across disciplines to 

accommodate the specific structural or physical characteristics of different data types, 

such as sparsity, partial negativity, or convexity.110 This chapter evaluates whether semi- 

and convex-NMF can resolve chemically meaningful spectral and decay profiles in 

dynamic, multichannel frequency-domain fluorescence data with overlapping 

components and potentially negative elements. 

The photodegradation of Rose Bengal (RB) was selected as a model system to 

evaluate the performance of semi-NMF and convex-NMF under realistic experimental 

conditions. RB exhibits multicomponent emission and decay behavior influenced by 

solvent polarity, oxygenation, and irradiation time.111ï114 Frequency-domain emissionï
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decay matrices (FT-EDMs) were collected during photodegradation and concatenated 

into reaction progress FT-EDMs (RP-FT-EDMs). These datasets may include negative-

valued elements arising from presence of excited-state decay component, making them 

suitable for analysis using semi- and convex-NMF. 

A combination of reaction progress monitoring using multivariate frequency-

domain fluorescence spectroscopy and multivariate signal unmixing is utilized to study 

the photodegradation of Rose Bengal (RB) in air-saturated and degassed water-saturated 

octanol, as well as in an aqueous solution. The primary objective is to assess the utility of 

semi-NMF and convex-NMF, algorithms for unmixing signals that are not necessarily 

nonnegative, for factorization of multivariate frequency-domain fluorescence matrices. 

Because Fourier transform emission-decay matrix (FT-EDM) measurements can be 

decomposed into component spectra and frequency-domain decay profiles without prior 

knowledge of sample composition, it is possible to discern differences in photoproduct 

formation pathways and rates. Although constrained NMF has successfully elucidated 

critical aspects of RB photodegradation, the presence of an excited-state reaction can lead 

to negative elements in FT-EDMs that the approaches used in previous studies (e.g., 

constrained and unconstrained NMF-MU) do not capture. To address this limitation, the 

present study implements semi-NMF and convex NMFðtwo variants of standard NMF 

designed to accommodate negative elements in data and factor matrices. Semi-NMF 

specifically allows only selected factors to remain nonnegative (for example, emission 

intensities), while convex NMF further imposes linear combination constraints that 

enhance the interpretability of the resulting spectral components. The focus is on 

evaluating the impact of incorporating negative elements in the factorization of reaction 

progress FT-EDMs and comparing the results of semi-NMF and convex NMF when 

applied to the complex matrices acquired during RB photodegradation. 
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5.3 Experimental Methods 

All multichannel frequency-domain fluorescence data and RP-FT-EDM matrices 

analyzed in this chapter were originally collected by Dr. Yinan Zhang during her Ph.D. 

research in Dr. Sharon Nealôs laboratory at the University of Delaware. The present 

author conducted no primary data acquisition; the current work is limited to re-analysis 

using alternative matrix factorization approaches.115 The current analysis focuses 

exclusively on analyzing these datasets using semi-NMF and convex-NMF, which differ 

methodologically from the constrained NMF approaches originally applied. 

5.3.1 Chemicals and Materials 

The following chemicals are used as received: Rose Bengal (RB, 95% pure, 

Aldrich Chem. Co.), 1-Octanol (OctOH, 99% pure, Acros Organics), HPLC-grade lab 

water (HOH, Fisher Chemical), sodium hydrogen phosphate (Na2HPO4, Fisher 

Scientific), and sodium dihydrogen phosphate (NaH2PO4, Fisher Scientific). 

5.3.2 Solution Preparation  

The 0.01 M, pH 7.4 phosphate buffer (PB) was prepared by dilution of a 

7.74:2.26 (v/v) mixture of 1.0 M sodium dihydrogen phosphate and 1.0 M sodium 

hydrogen phosphate using HPLC grade water. Phosphate buffer saturated octanol 

(PB/OctOH) was prepared by combining equal volumes of PB and 1-octanol in a large 

Erlenmeyer flask, stirring vigorously for 4ï6 hours, followed by at least 72 hours of 

motionless equilibration, after which the organic phase was gently separated for use. 

Stock RB solutions (100 mM) were prepared in air-saturated solvent and stored in the 

dark at 4 °C. Stock solution purity was monitored by UV-VIS absorbance; stock 

solutions were discarded when the absorbance of 1:25 dilutions fell below 10% of their 
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initial value. Working solutions, prepared at 10 ɛM to avoid RB aggregation,  were 

prepared by stock solution dilution.  

Solutions were degassed in fluorescence cuvettes (FireflySci, Type 41FL) 

equipped with a modified screw cap that supported two HPLCïtype needles (Hamilton) 

with beveled, curved nonïcoring tips that were inserted through a Teflon/silicone septum 

and connected to a nitrogen supply valve and vent, respectively. Solvents were degassed 

for 30 to 60 minutes prior to each measurement and 15 to 30 minutes in between each 

irradiation. The solutions were stirred using magnetic stirrers during degassing. 

5.3.3 Solar Simulator 

Simulated solar radiation is generated by a 300 W xenon arc lamp powered by an 

ILC Technology PS300-1 power supply, housed in an ILC Technology R400 lamp 

housing with an integrated heatsink and fan. An 18 cm water-filled glass cylinder with a 

collimating quartz lens at the light's entrance and a quartz window at the light's exit is 

used as a cut-off filter in the IR wavelength range. 

5.3.4 Multichannel Frequency-Domain Spectrofluorometer 

The K2 fluorometer is a multifrequency, analog cross-correlation frequency-

domain (sometimes referred to as phase-modulation) lifetime spectrofluorometer. The 

excitation source is a 270 nm light-emitting diode (LED), whose output is amplitude 

modulated by an RF frequency synthesizer(Marconi, model 2022A) at approximately 20 

equally or logarithmically spaced frequencies between 2 and 300 MHz depending on RB 

decay time in the solvent. Fluorescence is captured at a 90° angle to the excitation in an 

emission channel equipped with concave holographic grating-based compact 

monochromator to separate emission bands between 200 and 800 nm. The bandpass 

varies according to the slit employed. A side-on photomultiplier tube (PMT type R928, 
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Hamamatsu) combines the modulated fluorescence signal with a cross-correlation 

frequency signal provided by a second frequency synthesizer to the second dynode of the 

PMT (Novatech, model 425A). A 16-bit data acquisition card is utilized to acquire and 

process the heterodyned result. The decay measurements were collected across the 

fluorophore spectrum at 5 nm intervals using the K2 analog frequency domain (AFD) 

mode. Decay time data were acquired using polystyrene suspended in water and aqueous 

erythrosin B (10 mmol) as the reference lifetime standards. The decay times of these 

standards were assigned the widely accepted values of 0 and 0.090 ns, respectively.116 

Steady-state fluorescence emission spectra were acquired using the steady-state 

emission mode of the K2 fluorometer, using the LED excitation at 270 nm, the emission 

wavelength scanning step size set to 1 nm and the monochromator slits set to 2 mm. The 

samples were measured in a 10 mm path length quartz fluorescence cuvette (FireflySci, 

Type 21FL with a PTFE stopper or Type 41FL with a screw cap equipped with a PTFE-

faced silicone septum). 

5.3.5 Data Acquisition 

RB emission during photoirradiation was monitored using wavelength-resolved 

frequency-domain emission-decay measurements using the K2 fluorometer described 

above. At least 2.0 mL of RB in the target solvent was transferred to a 3.5 mL quartz 

fluorescence cuvette and positioned in the path of the solar simulator output beam in 

order to initiate photoinduced reactions. The solar simulator was adjusted to deliver 41.5 

mW/cm2 of radiation to each sample in the following intervals: 1 minute for PB solutions 

and 5 minutes for neat or wet octanol for five to six consecutive measurements. When 

needed, the solutions were degassed prior to each irradiation before the emission 
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measurement. Experiments were typically performed in duplicate, but sometimes in 

triplicate, to ensure reproducibility. 

5.3.6 Data Analysis  

When analyzing the kinetic changes of excited-state species, frequency domain 

analysis relies on the linear relationship between the derivative of a frequency domain 

decay and the photokinetic rates impacting excited-state molecules.117 By using a series 

of data mining algorithms, the multi-component matrix-formatted measurements obtained 

in reaction progress monitoring can be factored into the spectra and frequency domain 

decays of the components, allowing a more thorough investigation. 

5.3.6.1 FT-EDM Construction  

Matrix-formatted frequency-domain emission-decay measurements reveal decays 

and interactions of excited-state species. This study monitors the photodegradation of RB 

as a function of wavelength and modulation frequency, as shown in Figure 5.1. A 

detailed mathematical description of FT-EDM construction is in Section 2.1.2. When the 

fluorescence decay of N fluorophores is monitored at I emission wavelengths across J 

modulation frequencies, the emission decay can be arranged in an I x J matrix. A series of 

these matrices, collected over time to monitor reaction progress, is concatenated into a 

single I x MÅJ matrix, capturing the variety of component responses. In this work, 

reaction progress Fourier transform emission-decay matrices (RP-FT-EDMs) were 

constructed to capture spectral and kinetic changes during the photodegradation of RB in 

various solvents. The matrix formed from a series can be factored into the emission 

spectra and concatenated frequency-domain decays of individual components constructed 

to capture the spectral and kinetic changes produced during the photodegradation of RB 

in various solvents. The matrix Ἆ formed from a series of Ἆ  can be factored into a 
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product of the emission spectra, ἦ, and concatenated frequency-domain decays of the 

individual components of the sample mixture, ἧ ἧ ἧ ȣἧ .  

 

 

 
Figure 5.1 Monitored RB photodegradation in degassed PB at increasing irradiation 

times: A) top: emission spectra of RB photodegradation; bottom: modulation ratios and 

phase shifts of RB photodegradation, B) RP-FTEDM constructed by concatenating FT-

EDMs collected in degassed PB at increasing irradiation times. 

5.3.6.2 Singular Value Decomposition 

Estimating the number of numerically distinguishable spectral components 

contributing to the matrix Ἆ, or its chemical or pseudo-rank, N, is the initial step in 

spectral unmixing. In this report, algorithms based on the singular value decomposition 

(SVD) are used to estimate N without prior knowledge of the target sample mixture 

composition. The SVD partitions the concatenated matrix Ἆ into the fewest possible 
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orthonormal basis vectors that describe the matrix content along the columns (spectra) 

and rows (decays) and a diagonal matrix of singular values that reflect the variance 

associated with each singular (basis) vector product.118 For experimental matrices, which 

contain instrumental noise and other measurement errors, the number of singular values 

calculated by the SVD corresponds to the formal rank, R, which is the smaller matrix 

dimension. However, only N of the R basis vectors are required to reconstruct the RP-FT-

EDM of an N-component mixture in the least squares sense; the remaining singular 

vectors are uncorrelated to data. It is a secondary benefit that the signal-to-noise ratio 

(SNR) of the reconstructed data matrix will be enhanced and the spectral components 

will be reinforced by eliminating the variance associated with non-significant (noise) 

components.  In the work described below, the significance of each SVD component was 

evaluated based on the statistical significance of the variance associated with each 

singular value,84 the high-frequency content in each spectral/column singular vector,119 

and the autocorrelation (smoothness) of each spectral/column singular vector.120 Using 

only the significant orthogonal basis vectors, the reconstructed concatenated matrix is 

given by the Equation : 

 

 Ἆ ἣἤἢ ἦἧἢ
 

  5.1 

 

where superposed carets indicate reconstructed matrix estimates, superposed bars indicate 

truncated matrices, the matrix ἣ is composed of the N significant orthonormal column 

factors (spectral basis/singular vectors), ἤ is composed of the significant orthonormal 

row factors (concatenated decay basis/singular vectors),  is the diagonal singular value 

matrix truncated to exclude the insignificant singular values, ἦ is the estimate of the 

sample component spectra constructed from the column factors and the columns of ἧ are 
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estimates of the concatenated frequency-domain decays of the sample components 

observed during the progress of the reaction under investigation. 

 Figure 5.2 illustrates the features used to estimate the chemical rank of 

concatenated FT-EDMs collected during the photodegradation of RB in degassed PB as a 

representative example of the data analysis of the measurements collected in the other 

solvents. The first four singular vectors in the column and row domains, respectively, are 

depicted in Figure 5.2A and Figure 5.2B. The singular values and the corresponding 

reduced eigenvalues are shown in Figure 5.2C. The f-statistics calculated from the 

reduced eigenvalues and the f-test critical level for the matrix size are shown in Figure 

5.2D. Figure 5.2E shows the high-frequency content and autocorrelations of the first 

fourteen spectral (column) singular vectors. The number of reduced eigenvalues above 

the line through the noise eigenvalues (orange o in Figure 5.2C), number of f-statistic 

values above the critical level (blue * in Figure 5.2D), number of autocorrelation values 

close to unity (orange Å in Figure 5.2E) and number of high-frequency content values 

closer to zero (blue ƶ in Figure 5.2E) form a consensus that three significant fluorescent 

components contribute to RB photodegradation in degassed conditions. Following a 

similar approach, in this chapter, all the data sets were analyzed using three component 

model, as previously analyzed in Dr. Yinan Zhang's dissertation. 



 

 114 

 
Figure 5.2 Pseudo-rank estimation (SVD partition) of RB photodegradation (RP-FT-

EDM) in degassed PB. A) The first four column (wavelength) singular vectors; three has 

been determined as significant, B) The first four row (frequency) singular vectors; three 

has been determined as significant, C) Log of singular values (blue *) and reduced 

eigenvalues (orange O), D) F-test of reduced eigenvalues (blue *) and critical frequency 

(orange dash line),  and E) Column (spectral) singular vector autocorrelations (orange O) 

and high-frequency content (blue æ) for the first fifteen components. 

   

5.3.6.3 Matrix factorization  

The emission spectra and frequency-domain decays of the sample mixture can be 

isolated from the RP-FT-EDMs using matrix factorization. It can be challenging to 

analyze the fluorescence of mixtures because fluorophore spectra and decay profiles are 

often broad and highly overlapped. The combination of semi-NMF and convex-NMF.121 
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was used to identify individual component responses in the mixture RP-FT-EDMs. These 

algorithms seek physically feasible spectra and decay profiles that are consistent with the 

set of emission-decay matrices and are described in Sections 2.3.3 and 2.3.4. Both 

algorithms were run for a maximum of 50,000 iterations, with a convergence criterion set 

at a relative residual tolerance of 10-6 % . For convex-NMF, the emission profiles 

obtained from semi-NMF were used to initialize the factorization, thereby guiding the 

solution toward physically meaningful and consistent spectral estimates. 

5.3.6.4 Photokinetic Matrix Description 

The frequency-domain fluorescence decays captured in the RP-FT-EDMs reflect 

both the deactivation and interconversion of excited-state species. When excited-state 

reactions are present, such as energy transfer or reactive intermediate formation, these 

dynamic interactions introduce structure into the decay that cannot be fully described by 

independent monoexponential components. To formally describe these processes, the 

concept of a photokinetic matrix, ἕ is introduced. 

In its most general form, the emission-frequency-domain data matrix, Ἆ, can be 

modeled as an Equation 5.2 

 

 Ἆ ἦἥ Ἠ ᴂ  5.2 

Where, ἦ is an I×N matrix whose columns represent the emission spectra of each 

fluorophore. ἥ is an N ×N matrix matrix of eigenvectors of the photokinetic matrix ἕ. 

 is a diagonal matrix related to the initial concentrations in the eigen basis. Ἠ ᴂcontains 

the frequency-domain decay signatures of each kinetic mode (rows: modulation 

frequencies; columns: fluorophore components). 
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The matrix ἕ describes the excited-state dynamics as a system of coupled first-order 

differential equations Equation 5.3 

 

 
▀ὁ

▀◄
ἕὁ  5.3 

 

where ὁ is the vector of instantaneous concentrations of the excited fluorophores. In the 

absence of excited-state reactions, ἕ is diagonal, and the components decay 

independently. However, in the presence of interconversion (e.g., excimer formation, 

triplet state reactions), ἕ contains off-diagonal elements. These lead to multiexponential 

decays and spectral features that evolve during the measurement sequence. 

The photokinetic matrix can also be directly estimated from frequency-domain 

decay data by rearranging the relationship between the frequency-dependent decay 

response and the photophysical transitions as in Equation 5.4 or 5.5  

 

 ὁ Éʖἓ ◐  5.4 

 

 

 ἕ ἧ
░□╪▌

ἧ
░□╪▌

  5.5 

where ἧ is the matrix of frequency-domain decay responses,  is a diagonal matrix of 

modulation frequencies, and   indicates the pseudoinverse. 

This formalism underpins the choice of semi-NMF and convex-NMF in this 

study. Because real RP-FT-EDMs derived from RB photodegradation often include 

overlapping and non-monoexponential decay contributions, standard NMF methods that 

assume separable, nonnegative signals are insufficient. In contrast, semi-NMF allows 

flexibility in the decay domain to accommodate oscillatory or negative elements that arise 
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from coupled photophysical states, while convex-NMF incorporates structural constraints 

on the solution space that reflect linear mixing of observable decay signatures. 

5.4 Results and Discussion 

This chapter presents the results of applying semi-nonnegative matrix 

factorization (semi-NMF) and convex nonnegative matrix factorization (convex-NMF) to 

reaction progress emission-decay matrices (RP-FT-EDMs) constructed from frequency-

domain fluorescence measurements under varying solvent and oxygenation conditions. 

Each matrix was decomposed in both its original (standard) and transposed orientation to 

evaluate the influence of constraint placement on component resolution. The primary aim 

is to determine the extent to which chemically meaningful componentsðunreacted RB, 

blue-shifted photoproducts, and low-intensity speciesðcan be resolved using these 

unsupervised methods, and how the results compare to those previously obtained using 

constrained NMF.115  

Figure 5.3 shows the concatenated RP-FT-EDMs collected during 

photoirradiation of RB in phosphate buffer (PB) and phosphate buffer-saturated 1-octanol 

(PBOctOH), under both air-saturated and degassed conditions. These matrices summarize 

changes in emission intensity and decay behavior as a function of irradiation time. 

Degassing noticeably reduces the rate of spectral change in PB, consistent with the role 

of oxygen in promoting photodegradation. In contrast, the PBOctOH matrices show only 

minor differences between air-saturated and degassed samples. In both solvents, 

prolonged irradiation introduces overlapping emissions from photoproducts, distorting 

apparent degradation kinetics when monitored at a single wavelength. These complexities 

necessitate multivariate decomposition to disentangle overlapping spectral and temporal 

contributions. 
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In Figure 5.3, the signal-to-noise ratio (SNR) for each RP-FT-EDM dataset was 

estimated using a rank-3 singular value decomposition (SVD). For each matrix, the 

Frobenius norm of the reconstructed signal was divided by the residual norm. The 

estimated SNRs were: 29.2 for air-saturated PBOctOH, 19.4 for degassed PBOctOH, 

56.7 for air-saturated PB, and 16.4 for degassed PB. 

 

 
Figure 5.3 RP-FT-EDMs of Rose Bengal photodegradation under varied solvent and 

oxygenation conditions. (A) Air-saturated phosphate buffer-saturated 1-octanol 

(PBOctOH), (B) Degassed PBOctOH, (C) Air-saturated phosphate buffer (PB), (D) 

Degassed PB. Each matrix was constructed by concatenating frequency-domain 

emission-decay measurements collected over increasing irradiation times. 

The decomposition methods used in this study differ fundamentally from the 

constrained NMF approach described in earlier work by Zhang.115 Constrained NMF 

used known spectra to anchor the decomposition, whereas semi-NMF and convex-NMF 

recover components solely from the data structure. In semi-NMF, the RP-FT-EDM 

matrix Ἆ is factorized so that ἐ contains decay profiles and ἑ contains emission spectra. 

Only ἑ is constrained to be nonnegative, allowing greater flexibility in fitting decay 

behavior. In convex-NMF, an additional structural constraint is introduced: the decay 

matrix is restricted to lie within the convex hull of the data, such that ἐ Ἆἤ. Here, ἐ 

limits the solution space to linear combinations of measured decay profiles, where ἤ . 
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Matrix orientation determines which domain is constrained. In the standard orientation, 

emission profiles are constrained to be non-negative; in the transposed orientation, 

constraints on the decay domain limit solutions to multiexponentials. This switch can 

affect how minor or overlapping components are resolved. Constraining one domain 

often allows the other to evolve more freely, which may help the algorithm reach better 

local minima in cases of FT-EDMs that have negative elements. This orientation-

sensitive constraint placement is a key methodological difference from constrained 

NMF115 and a central focus of the following analysis. 

In Figure 5.4, representing air-saturated PBOctOH, a three-component model was 

used to resolve components using both decomposition methods. The unreacted RB peak 

appeared at 585 nm, in line with prior reports. The photoproduct component was 

identified at 580 nm in the standard orientation for both methods, and shifted to 575 nm 

(semi-NMF) or 565 nm (convex-NMF) when the matrix was transposed. The third 

component showed variability across methods, with emission maxima ranging from 580 

to 595 nm, suggesting it may represent a minor photoproduct or impurity. Transposed 

semi-NMF produced the clearest separation among components, with more defined decay 

profiles and improved temporal resolution. Convex-NMF yielded smoother but less 

temporally resolved profiles, particularly in the third component, which was only weakly 

expressed. 

 

Table 5.1Lack-of-fit (LOF) values for semi-NMF and convex-NMF applied to four 

experimental datasets in both normal and transposed orientations.. 

Dataset Semi-NMF 
Normal 

Semi-NMF 
Transposed 

Convex-NMF 
Normal 

Convex-NMF 
Transposed 

Air -saturated PB 3.6 3.13 3.67 3.13 
Air -saturated 

PBOctOH  
2.22 2.21 2.43 2.21 

Degassed PB 4.03 3.92 4.3 3.92 
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Degassed 

PBOctOH 
2.02 2.03 2.23 2.03 

 

 

 
Figure 5.4 Semi-NMF and convex-NMF resolution of RP-FT-EDM from air-saturated 

PBOctOH. (A) Semi-NMF (standard orientation), (B) Convex-NMF (standard 

orientation), (C) Semi-NMF (transposed orientation), (D) Convex-NMF (transposed 

orientation). Each panel shows resolved emission spectra (left) and concatenated decay 

profiles (right). 

In Figure 5.5, derived from degassed PBOctOH data, major component 

assignments remained consistent: RB at 585 nm and photoproduct at 580 nm (standard 

orientation). In the transposed configurations, blue shifts were again observed for the 

photoproductð575 nm for semi-NMF and 570 nm for convex-NMF. The third 

component was weakly recovered and difficult to interpret, particularly in convex-NMF, 

where decay structure is distorted. The transposed semi-NMF result again provided the 

clearest temporal differentiation, suggesting that nonnegativity in the decay domain 

improves the separation of overlapping signals even under low photoproduct yields. 
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Figure 5.5 Semi-NMF and convex-NMF resolution of RP-FT-EDM from degassed 

PBOctOH. (A) Semi-NMF (standard orientation), (B) Convex-NMF (standard 

orientation), (C) Semi-NMF (transposed orientation), (D) Convex-NMF (transposed 

orientation). Each panel shows resolved emission spectra (left) and concatenated decay 

profiles (right). 

In Figure 5.6, the air-saturated PB dataset, which exhibits the most pronounced 

spectral evolution, enabled clearer separation of the three components. The unreacted RB 

was consistently located at 570 nm, while the photoproduct appeared between 565 and 

570 nm depending on the method and orientation. Convex-NMF in the transposed 

configuration produced the strongest blue shift (555 nm) for the photoproduct, which 

may reflect algorithmic exaggeration rather than a chemically distinct species. The third 

component was most clearly resolved in transposed semi-NMF, appearing at 590 nm with 

a longer decay profile. In constrained NMF115, a red-shifted impurity at ~600 nm was 

identified, and a similar component was recovered here with some variability in intensity 

and spectral location. 












































































