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Abstract—The entropy power inequality for independent ran-
dom variables is a foundational result of information theory,
with deep connections to probability and geometric functional
analysis. Very few extensions of the entropy power inequality
have been developed for settings with dependence. We address
this gap in the literature by developing entropy power inequalities
for dependent random variables. In particular, we highlight the
role of log-supermodularity in delivering sufficient conditions for
an entropy power inequality stated using conditional entropies.

Index Terms—Entropy Power Inequality; Dependent Vari-
ables; log-supermodular; submodular functions; Fisher informa-
tion.

I. INTRODUCTION

When a random vector X has density f, the entropy of X
is

BCX) = h(F) = = [ F(a)log f(a)de = B[ log (),

D
This quantity is sometimes called the Boltzmann-Shannon
or Boltzmann-Gibbs entropy, or the differential entropy. In
dimension d, the entropy power of X is N(X) = e
As is usual, we abuse notation and write h(X) and N(X),
even though these are functionals depending only on the
density of X and not on its random realization. The entropy
power N(X) € [0,00] can be thought of as a “measure of
randomness”. It is an (inexact) analogue of volume: if U4 is
uniformly distributed on a bounded Borel set A, then it is eas-
ily checked that h(U,) = log |A| and hence N(U,) = |A|?/4.
The reason for this particular definition of entropy power
is that the “correct” comparison is not to uniforms but to
Gaussians: observe that when Z ~ N(0,0%I) (ie., Z has
the Gaussian distribution with mean 0 and covariance matrix
that is a multiple of the identity), the entropy power of Z
is N(Z) = (2me)o?. Thus the entropy power of X is— up
to a universal constant— the variance of the isotropic normal
that has the same entropy as X, i.e., if Z ~ N(07J%I) and
h(Z) = h(X), then

N(X) = N(2) = (2re)os.
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Looked at this way, entropy power is the “effective variance”
of a random variable.

The entropy power inequality (EPI) states that for any two
independent random vectors X and Y in R? such that the
entropies of X, Y and X + Y exist,

NX+Y)>=NX)+N(Y).

The EPI was stated by Shannon [50] with an incomplete proof;
the first complete proof was provided by Stam in his Ph.D.
thesis [51] (see also [52]]). The EPI plays an important role in
Information Theory, where it first arose and was used (first by
Shannon, and later by many others) to prove statements about
the fundamental limits of communication over various models
of communication channels. It has also been recognized as
a very useful inequality in Probability Theory, with close
connections to the logarithmic Sobolev inequality for the
Gaussian distribution as well as to the Central Limit Theorem.
The history of the EPI and its connections to many other
inequalities are described in the surveys [[18]], [[19]], [21]], [39]]
and the connections to the Central Limit Theorem in [25],
[33].

The EPI has been generalized and extended in several
directions. For instance, there has been considerable recent
progress in the understanding of Rényi entropy analogs of the
EPI (see [8]I, [Oll, [11[I, 13 1[I, [44]l, (48], [49], [57]), using which
fruitful connections have been made with other branches of
mathematics [4]], [30], [36], [40], [45], [46]. Discrete analogs
have been explored in [1]], [12], [22], [23], [27], [37], [42],
[43]], [58]. Matrix extensions and connections of the EPI
with powerful functional inequalities like the Brascamp-Lieb
inequality have been discovered [2], [15], [32], [59]. Further
strengthenings, sharpenings, and generalizations can be found
in [3]], [16], [17], [34], [35], [41], [56], while so-called reverse
entropy power inequalities for special classes of distributions
have been obtained in [6], [7], [10].

The aim of this paper is to deliver an EPI for dependent
summands. Several previous attempts have been made towards
this same goal, see [14f], [24], [26], [53], [54], which we
now briefly recollect. This paper borrows the framework of
[14], where Carlen and Soffer— among other results— derive a
stability version of the entropy power inequality by obtaining a
monotonicity result along the Ornstein-Uhlenbeck semigroup
(in contrast to Stam [52]], whose original proof of the EPI used
similar monotonicity result for the heat semigroup), and in the
same paper derived CLT convergence even for some dependent
variables using entropic methods. The first EPI stated and
proved for potentially dependent random variables, as far as
we are aware, comes from Takano [53]], [54)], who shows that
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an EPI holds for some pairs of dependent R-valued random
variables. Takano’s argument, which also uses monotonicity
in heat flow, requires weak dependence as measured by a
constant d4, which is the 4-th moment of the averaged nor-
malized difference between the joint density and the product
of the marginals. Based on similar machinery as Takano, a
breakthrough in perspective was achieved by Johnson [24],
who pursued a conditional entropy power inequality (i.e., one
expressed in terms of conditional entropies) for a pair of real-
valued random variables. However, as we will demonstrate
through counterexample, the main result of this paper [24}
Theorem 6] is not correct.

In this paper, we present some new EPIs for dependent
summands, with specific attention paid to demonstrating and
exploring “log-supermodularity” as a sufficient condition for
the veracity of EPIs. In particular we have the following
theorem.

Theorem L1. Let X,Y be R%-valued random variables such
that their joint density convolved with the standard Gaussian
in R%4 is log-supermodular. Then

e Fh(X+Y) > e Th(XIY) + eqh(Y1X)

The definition of log-supermodularity will be recalled in
subsequent sections, where results will be stated and derived
in greater generality. Let us mention that when X and Y are
independent, (X,Y) has a log-supermodular density if both
X and Y have log-supermodular densities. Thus when d = 1,
Theorem |I.1] contains the classical EPI since every density on
the real line is trivially log-supermodular. We emphasize that
although Theorem [L.1] will be derived from a more general
inequality that does contain the classical EPI, as stated above
the conditional log-supermodular EPI does not generalize the
classical one for d > 2.

We will also highlight a recent conjecture of Zartash and
Robeva [|60], that log-supermodularity is stable under standard
Gaussian convolution. In very recent work [38], we have
investigated inequalities for log-supermodular densities, and
in particular verified their conjecture. Consequently, one can
relaxE] the hypothesis of Theorem [I.1|to simply asking that the
joint density of (X,Y) is log-supermodular; we refer to [38]
for details.

Let us outline the rest of the paper. In Section [II} we fix
notations and definitions requisite for the analysis. In Section
we extend Johnson’s [24]] (see also [53]]) Fisher information
inequality for pairs of random variables to arbitrary number
of summands. In Section [[V] we derive a general EPI for
dependent random variables via the Ornstein-Uhlenbeck flow,
with a quantitative error term given by the integral of a Fisher
information quantity along the flow. In Section [V] we derive
corollaries of the main result, and explain the usefulness of
log-supermodularity. We conclude the paper in Section [V]] by
correcting the record and discussing some erroneous state-

Log-supermodularity under convolution with a standard Gaussian im-
plies log-supermodularity. Indeed, by a homogeneity argument, (X,Y") log-
supermodular under convolution with a standard Gaussian Z implies that
(X,Y) is log-supermodular under convolution with tZ for any ¢ > 0, taking
t — 0 will show that (X,Y") are log-supermodular.
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ments in [24]; in particular, we give there a counterexample
to [24, Theorem 6].

II. NOTATION AND DEFINITIONS

We first recall the definition of the conditional entropy.
Given X an R"-valued random variable and Y an R¥-valued
random variable with a joint density, the conditional entropy
of X given Y is defined as

W(X|Y) = h(X,Y) — h(Y).

Throughout the remaining paper we denote by X =
(X1,...,X,) the (R%)"-valued random variable, with com-
ponents X; € R? and by p: (RY)" — R* the joint density of
X and we assume that p is sufficiently smooth. We may often

use the shorthand notation z] := (z;,%it1,...,%;), i,j €
{1,...,n}, i < j. Also, p is function of z = (x1,...,%y),
With, for i = 1, o, N, Ty = (.’,EZ‘J, Ce axi,d) € Rd.
Then, the score function of the vector X = (Xi,...,X,)
is defined for z € (R%)" as
Vp
p(x) = —?(w) = (p1(x), .-, pu(2)) € R,
where V denotes the gradient vector. For simplicity of nota-
. 0 0
tions set V; = (61:(7;,1 ey m) so that
\v2
Pi = 7721) € Rd.
p

Next we define the Fisher information matrix I = (I;;); ; on
R™ x R™ as

I; = I;j(X) = Ex{p;, ;> = Bps(X), pj (X))

for i,j = 1,...,n, where {-,-) stands for the usual scalar
product on R%.

Now denote by f: R? — R* the density of the sum W :=
X1 + -+ + X, and define similarly its score function as

\Y
pW = 77'](. € Rd.

It will be useful to relate the score function of W to that of
X. For simplicity of notations set Z° for the vector = without
the coordinates of x;, and the corresponding differential form
dz' := dxy...dw;_ydxiyy ... dx,. Then, we observe that,

with the notation z{) = (7w — 22 Tj» Tiyq) for any
1=1,...,n,
pw (w)

I

|
—
—
<
==
=
53 es

QL

8]l

()
=E (pi(X)|[W = w). 2)

In particular, for any (\q,...,\,) € R™, it holds

(Zn] /\i> pw(w) = E <z": )\ipi(X)‘W = U’) ; weR
i=1 i=1

3)
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In general, for a random variable X with density p, its Fisher

information is v |2
p
I(X) = Ji
(X) )
Finally, we denote by J (or I(W) = I(X; +--- +
Fisher information of W, i.e.

J = Ew ((pw, pw))

X)) the

— Elow (W)[2.

III. FISHER INFORMATION INEQUALITY FOR DEPENDENT
RANDOM VARIABLES.

In this section, we extend the Fisher information inequality
for dependent variables obtained by Johnson [24]] in the case
n = 2 to arbitrary n. Denote by 1 := (1,...,1) the vector
of R™ with all ones, and recall that {-,-) denotes the scalar
product (of R? or R™, depending on the context).

Proposition III.1. For Re-valued random vectors, X1,

.., X, with sufficiently smooth joint density, for any
(Ay.. oy An) € R™, it holds
n 2 n
(Z /\i> J< ) NN (4)
i=1 i,j=1
Further, )
7= )

when 71, the inverse matrix of I exists.

When d = 1 and the X; are assumed independent (@) yields
Stam [52, Equation 2.9] as I;; = 0 for ¢ # j. Taking d = 1 and
n=2, (E]) recovers the inequality of Johnson [24, Theorem 4],
while the additional assumption of independence one recovers
Blachman [5| Equation 3]. The equivalence between (@) and
(@) in the independent case was attributed to De Bruijn by
Stam in a footnote of [52].

Proof. Fix (A1,...,A,) € R™. Since

‘ <Z Ai ) pw (W) — Zn: Aipi(X

expanding the product and taking the expectation, we have
that

(£

is non-negative. But (Z) guarantees that

E (pw, pj(X))) = E ({pw, E (p; (X
=E ({pw, pw))
—J

,An) € R™ it holds

2
=0

ij=1 i=1 =1

)W)

Hence, for any ()\q, ...

(£

as expected, where the last equality is just a rewriting using
the matrix representation (here A := (A1,...,A,) and AT is
the vector A transposed).

J< ) NidT = ATIA (6)

i,j=1
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Our aim is now to optimize (@) over all (Aq,...,\,) € R™.
Indeed, (6) implies that
n 2
1 (Zi:l )‘i) _ <17 >‘>2

— = sup

S 21 NNl i 21 Aidili

where we recall that 1 := (1,...,1). Since [ is positive semi-
definite it has a square root we denote by /T that is invertible
when I is. Then, setting o = v/ )\, the supremum above equals

(VD) ', 1)?
GO
By the Cauchy—Schwarz Inequality and symmetry,
(VI)~ ={a,(VD)"'1)?
<o, aX(VD) 'L, (VI) L)
={a,a)1,I711)

sup

(S RYRETIe 243

1a7 1>2

which ends the proof using the equality case in the Cauchy—
Schwarz Inequality. O

In some situations it will be useful to deal with the Fisher
information of the weighted sum »}"_, A\; X; instead of that of
W =3", X;. We claim that

1 (an )\iXi> <
i=1

for any A1,..., A, € (0,1) with 3" | A
X = (Xl,...,Xn).

To see this, observe first that if p is the joint density of
X = (Xy,...,X,), then for z = (z1,...,2,) € (RH)"

(2) 1 T Tn
)= ———p| —,...,—
is the density of (A1 Xy,...,A,X,). Therefore, changing
variables, and using the notation ¥ := (%, Ce )

1AL (X) (7)

i,j=1

= 1, where as usual

LJ A1)(17-- An)(n)

e

Viq(z))ydzy ... dzy,

WWZP(;), Vip(£))/(Af ... Ad)?
- - dl‘l N dmn
P (%) /)\d T
R ool | e ORI
= —1I;;(X
mj 3(X)- (®)
By @) for ¢; such that > ¢, =l and Y = (Y1,...,Y,),

I(v; +

Vo) < D tit I (Y
(2]

Applying this to A such that > ;A = 1 and X =
(X1,...,X,) for Y; = \; X and t; = A2, gives

ZA2A2 (X,

_ZMLJ

IaXi+ -+ 2 Xn) s AnXn)
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where the equality follows from (8). We note that under of
the assumption of independence (7)) yields [14, Lemma 1.3],
which also appears as [13, Theorem 7].

We end this section with a simple but useful remark related
to the Fisher information of a single random variable X; in

comparison to that of X = (Xy,..., X,,). Given the joint den-
sity p of X (recall that dz’ := dx;...dx;_1dxip ... dxy,),
the -th marginal is
ple)i= [parmdn, e R
so that the Fisher information of X is given by
12
I(X;) = J M
Re  Pi
Now, by the Cauchy—Schwarz Inequality,
2
\Y dz;
I(X;) = J 7” plo) _x | T
re  \p(x)dz;
‘S LP(I) \/7d‘/'rl
p x)
f dl‘i
R4 ( )dxz
Vl
RdX(Rd)(" 1)
= I;;(X). ©))
Similarly (details are left to the reader), for any ¢ = 1,...,n,
2
.\ V,p(z)dz;
I(Xj7j¢i>=f e I Viple)dri]
(Re)(n—1) Sp(x)d:z:,
< D L(X (10)

J#i

IV. EPI FOR DEPENDENT VARIABLES VIA THE
ORNSTEIN-UHLENBECK FLOW

In this section we will use the Ornstein-Uhlenbeck approach
of Carlen and Soffer [14]] to the entropy power inequality to
get some general EPI valid for non independent variables.

Given a density f: R™ — R, define the adjoint (for the
Lebesgue measure) operator of the Orstein-Uhlenbeck semi-
group P, as the solution of the following PDE in R™

d *
altt =
where the dot sign stands for the scalar product, A is the
Laplacian, V the gradient operator (a vector) and initial
condition Pj f|;—o = f. This semi-group has an explicit
representation formula (Mehler-type formula). For X with
density f and Z ~ N(0,I), it holds

P f(x) = e'E[f(e'z — Ve 12)]

=Elgyr—em(z—e tX)]

. —lz|?/2s . . .
with g4(z) = W the m-dimensional centered Gaussian
density of variance s. Furthermore, et X ++/1 — e=2tZ (with

X and Z ~ N(0,I) independent) has density P/ f.

(A+az-V)PFf+mPrf

One key property is the following relation between the
Shannon entropy and the Fisher information (see [14, Lemma
1.2]):

h(e7'X +4/1—e2t2)

¢
= h(X) + J I(e™*X + /1 —e25Z)ds — mt.
0
(1)

We are in position to prove the following proposition which
constitutes a linearized form of the entropy power inequality
for general random variables.

Proposition IV.l. Let Xi,...,X, be R%valued random
variables and M1, ..., A\, € (0,1) so that Y, | A} = 1. Set
YV, = Yi(t) == et X; +V1—e2Z;, i = 1,...,n, where
Z; ~ N(0,1) are independent standard Gaussian on R%. Then
for all t = 0 it holds

h (i AiYi(t)> - i A2 h(Y;(t

with

Rt = Rt(Xl, .

+ n
:f DA (Lia(s) — I(Yi(s
0 \i=1

» Xn)

+ Z )\ZAJI”(S) ds

ij=1
i#i

where we set for simplicity I;;(s) := I;;(Yi(s),...
In particular,

Y (5))-

;) — limsup R;.

t—o0

h (i )\iXZ) 2:1

Remark IV.1. Note that for independent random variables
X1, Xpn, Re(Xy,...,Xy) = 0 for all t, therefore recov-
ering Carlen-Soffer’s inequality [14, Theorem 1.1] and Stam’s
linearized version of the entropy power inequality.

Proof. Fix t > 0. Applying to Yi(s) = e X, +
V1 —e 257, with s < t, we have
n n
I <Z )\ZY;(S)> < Z AiAinj(H(S), o e ,Yn(s)).
i=1 ij=1
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Therefore, by (TI)), it holds Proof. Tt follows by Proposition applied to X; = X;/\i,
i=1,...,n that
h (i Am(ﬂ) —h (i AiXZ) edh(XattXn) _ oGhOaXittAnXn)
im im 202 272 ¢ %
Y /n 1 > exp {dlh(Xl) -+ T"h( )} e L)
:JI DIAYi(s) | ds—t d \2
0 i=1 edh(X ) _
A _ H o~ R(X1,..X0)
< J ( Z )\ZA]IZ](Yl(S),,Yn(S))> ds —td i=1
0 \ij=1 since h(X;) = h(X;/\) = h(X;) — dlog); and
t R(Xi,...,X,) = R(Xy,...,X,,). The expected result fol-
— Zl 22 ( ) I(Y;(s))ds — dt> + Ry lows, -
- Z A2 (h(Y;(t) — h(X;)) + Re. V. ENTROPY POWER INEQUALITY FOR CONDITIONAL
i=1 ENTROPY

This leads to the first part of the proposition.

Our next aim is to deal with entropy power inequality for

o o conditional entropy. We start with a linearized form similar to
For the second part it is enough to take the limit ¢ — oo Proposition [[V1]

and to observe that

Proposition V.1. Let X1, ..., X, be R¥*valued random vari-

n n ables and \i,...,\, € (0,1) so that Y A} = 1. Set

h <Z /\iyi(t)> — Z N2 h(Y;(t)) Yi(s) = e X;++V1—e27Z;, s 20,1 =1,...,n, where

i=1 i=1 Zyy...,Zn ~ N(0,I) are independent standard Gaussian (on
R9). Then it holds

converges t0 h(Zn41) — 2y A2h(Z;) where Z; ~ N(0,1) . .
are independent. Since h(Z;) = & log(2me) and > \? = 1, h Y. WYY 7 =i
VRN 7 il¥j,0 #1
h(Zns1) — X0 A2h(Z;) = 0, ending the proof of the Z; 2; (YilYy, 5 #19)
proposition [ n n
<h <Z )\iXZ) — Y INA(X|X;, 5 #0) + S,
As a direct consequence, we obtain the following entropy ‘ =1
power inequality for general random variables. where ¢
4 ) St=St(X1,...,Xn)=J Ssds
Corollary IV.2. Let X;,...,X,, be R*valued random vari- 0
ables and, fori=1,...,n, for
2 eittt) So = O AN (Yi(s), . Ya(s))
PeRh(X) 4ol 4 eFh(X) ij=1
~ ~ _ - 27
Set X; = Xi/\ and Yi(s) = e 3°X; + V1 —e"25Z, - Z Lii(Y1(s), - )+ Z Al )3 # 0)-
s =0, where Zy,...,Z, ~ N(0,1I) are independent standard . =t
Gaussian (on R?). Finally denote In particular,
n
R=R(X1,...,X,) h(Z AiXZ) ZAZ (XilX;,j # 1) - limsup S¢.
L= 1=1
- - = ~ Proof. Ob that, f i=1,...
df 2)\2 Tl 1(¥is)) + 2 AT (s) | ds roof. Observe that, for any i N
RGO, # 1) = h(YVi(t),-. ., Ya(t)) — h(Y;(8), ] # 1.

(12)

where we set for simplicity I;;(s) := I;;(Y1(s),. .., Yn(t)). Therefore,

Then,

h(im@ ) ZA2 5(),5 #4)

eah(Xit+Xn) 5 (2 e h(Xi )>
=h (Z Aﬂ@(t)) = h(Yi(t), ..., Ya(t))

Remark IV.2. As for the previous proposition, if X; are
independent R(X1,...,X,) = 0 and we recover the usual + Z Nh(Y;(t), 5 # ).
entropy power inequality.

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.
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Hence, by (T)), it holds
Z AZh( 3(t),J # 1)
) — h(X, .. +ZA2
. J [1 (Z /\iYi(5)> — I(Yi(5),.. . Ya(s))
+ ZAQ
_h(iAle> ZA2 (XilX;,5 # )
+f [I (Z m(s>> — I(Y(s),..., Yu(s))
+ ZAQ

where in the last equality we used (I2) at time ¢ = 0
to reconstruct the conditional entropies. Applying the Fisher
information inequality (7), we obtain

ij=1
where we set for simplicity I;;(s) := I;;(Yi(s),...
On the other hand, if we denote p;g
(Y1(8),...,Yn(s)),

I(Yi(s), ...

Xj,j #1)

J#Z)]d

), # z)]ds

Y (s)).
the density of

|Vps|?

- J(]Rd')" Ps

7Yn(s)) Z Iu

It follows that

i(t),7 # 1)

gh(i)"Xl Z/\z (Xi| X, # 1)
i=1 i=1
tr n 7
+ L [ Z AzA]IZJ(S) — Z ILZ(S)
i,5=1 i=

1
+ Y A(Y;(5), 5 # i)]ds
i=1
as expected.

The second part of the theorem follows from the fact that,
in the limit ¢ — oo,

= Y Nh(YilY;,j # i) —

(S
=1 =1
Z AR

where Z;, i =1,...,n+ 1, are i.i.d. standard Gaussian vari-
ables in R?, for which it is known that h(Z;) = 4 log(2me).
In particular b (Z,41) — > A?h(Z;) = 0 leading to the
desired conclusion. O

n+1
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As a direct consequence, we deduce a general entropy power
inequality for conditional entropy.

Corollary V.2. Let Xq,...,
ables and, fori=1,...,n,

X,, be R-valued random vari-

) e T h(XilX;,j#9)
A= —.
PN edh(Xil X0

i

Set X; = X;/\i and Yi(s) = e *X; + V/1—e 257,
s =0, where Zy,...,Z, ~ N(0,1I) are independent standard
Gaussian (on R?). Finally denote

S=58(Xy,...,Xn)
2 (P & _ _
0 i,j=1 i=1
£ Y NIV (). # z)]ds
i=1

where we set for simplicity I;;(s) := I;;(Y1(s),...
Then it holds

h(Xl +Xn) > <Z e% X |XJ’]7£7/)> S. (13)

< 0 for all i # 7 and all s > 0, then

% +X)>Z

Proof. By Proposition [V.1] applied to X;, it holds

In particular, if I;;(s)

2h(X| X ,57#1)

e%h(X1+»--+Xn) _ eﬁh(A1X1+--~+A2X2)
> exp{ Z /\2 X |Xga] = Z)} —limsup;_, ., St(X1,...,Xn)
=1
A2
h(X; |XJ NEZ))] _
- H ( e_S
=1

since h(X;|Xj,j # i) = h(X;|X;,j # i) — log\; for all

i=1,...,n, and
limsup Sy (X1, ..., X,) = S(X1,..., X,).
t—0
The first result follows.
~ For the second conclusion, by (T0) applied to
Yi(s),...,Yn(s), forall i =1,...,n, it holds
I(Y;(s),7 # 1) Z
J#i
n — —
(Z I;; 3)) — Li(s).
j=1
Therefore, since > | A7 =1,

i=1 i=1 i=1
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In turn,

g

AZAJIZ](S) - Z jzz(s)
+ zn] NI(Yj(s), # i)]ds

7;:]1

©
QQJ
0

The assumption I;;(s) < 0 ensures that S < 0 leading to the
desired entropy power inequality for conditional entropy. [

Remark V.1. The reader might be surprised by the opposite
expression of R in Corollary and S in Corollary
Indeed, for n = 2, R and S take the form (after some algebra
and using that \3 + \3 = 1)

R g J [Af(ms) — I(Y1(5))) + A3 (Faa(s) — I(Ya(s)))
0

+ 2)\1/\21"12(t)]dt

[ = A (Iaa(s) = 1(Ya(s))) = A3(Tua(s) — 1(Yi(s)))
+ 2)\1)\2]12(5)](18

We emphasize the terms I;;(t) — I(Y;(t)) appear in both R
and S, but with opposite signs. This change arises from the
decomposition formula of the entropy (12). The conditional
entropy power inequality (Corollary [V2)), leverages that the
non-negativity of I;;(t) — I(Y;(t)) (see @) can be combined
combined the assumption I15(s) < 0, to directly yield S < 0.
Such an argument cannot be applied directly to guarantee the
negativity of R.

In [24)], it is claimed that, under the conditiorﬂ Ii2(s) =0
, the following conditional entropy power inequality

th(XlJng) 2 th(Xlle) + €2h(X2\X1)

holds. This goes in the opposite direction of our condition
I12(s) < 0. In fact, as we will show in the appendix, with a
counter-example, the statement in [24|] is incorrect.

In what follows we give a sufficient condition on the
density p of the random vector (X1, ..., X,,) for the condition
I;;(s) < 0 in Corollary to hold for all s > 0. To that aim
we need to introduce the notion of log-supermodular functions
on (R%)™,

Definition V.3. A function u: (RH)" — (0,00) is said
to be log-supermodular if for all x (X1, Zn)yy =
(Y1, .-, Yn) € (RN™ it holds

u(@)uly) < u(z A y)u(z v y)

2Strictly speaking, in [24], the author is dealing with the heat flow and
not the Ornstein-Uhlenbeck flow. However this is just a matter of scaling and
reformulation as there is a correspondence between the two flows.
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where x v y € (RY)™ denotes the componentwise maximum
of v and y and x Ay € (RY)™ denotes the componentwise
minimum of x and y.

To be precise, if x; = (vi1,...,%i4), ¢ = 1,...,n, and
similarly for y,
Ay = min(z11,y11) .- -, MD(Tn d; Yn,d))
and
zvy=(max(z11,¥1.1),- .., Max(Tp.d, Yn,d))-

The class of log-supermodular densities is widely studied
in various field of mathematics; we refer to the introduction
of [[60] for an account of the literature and discussion. Note
that, in some older literature, log-supermodular densities are
called multivariate totally positive of order 2 (MTP).

It is known (see, e.g., [55] or [20, Proposition 2.5])
that a continuously twice-differentiable function w is log-
supermodular if and only if #26%1 log u > 0 for all distinct
(4, k), (4,0, 4,5=1,...,n, k,l=1...,d.

We will need to deal with log-supermodular densities that
remain log-supermodular after convolution with a Gaussian
with covariance matrix proportional to the identity matrix (i.e.
of the form I, with x > 0 and [ the identity matrix). We
will call this class of densities C. Namely, if g5 stands for the
centered Gaussian density with covariance matrix sl,q (s >
0) on R™, and let £ denote the space of log-supermodular
density functions we denote by

C={peL:pxgse L, Vs>0}.

As discussed in Karlin and Rinott [28] convolution of any
two log-supermodular densities need not be log-supermodular
(see [28], page 486] for a counterexample with two Gaussian
densities). In [29] it is proved that a Gaussian density with
covariance matrix Y is log-supermodular if and only if the
off-diagonal entries of ¥~ are non-positive. In [60, Theorem
6] Zartash and Robeva give some conditions for a log-
supermodular density p to belong to C. Note that by a straight-
forward scaling argument, having p * g5 log-supermodular
for all s > 0 in the definition of C is equivalent to having
p* gs, log-supermodular for any specific s, > 0. In particular
C # . Moreover, they conjecture (see [60, Conjecture 10])
that, in fact, C coincides with the class of all log-supermodular
densities.
We will prove the following Corollary.

Corollary V4. Let p € C be a log-supermodular density of a
random vector X = (X1,...,X,) € (RY)™. Then it holds

2 2 - 2 s
egh(X1+~-~+Xn) > eEh(X1|Xl,z;ﬁ1) 4ot 6Glh(Xn|X1,z;aén).

Proof. We observe first that, if u € C is twice differentiable
on (R%)™, by definition,
Pru((z)) = E[Qm(ﬂ? —e'X)]

t

y)dy

J LUWgyi—emm(z —e”
Rn,

=t f . u(zel, ... ,znet)gm(:ﬂ — z)dz
Rn,

=up * g, ;= (),
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nt t

where we set u(z) = e™u(z1€e,. ..,z et). Therefore, if
u € C, uy is log-supermodular, and by definition of C, the
convolution ut * g ;—;==¢ is also log-supermodular. Equiva-
lently this can be rephrased as: if w € C is smooth enough,
Pfu is log-supermodular.

Our aim is now to prove that, with the notations of Corollary
it holds

Iij(Yl(S), e ,Yn(S)) <0

for all ¢ # j, and to apply Corollary [V.2] Since p is the density
of (X1,...,X,), for (z1,...,2,) € (R})",

)\nxn)a

dens1ty of the random vector (Xj,... ,)_(n) =
SV ) (the \;’s are defined in Corollary |V. they
satisfy )\i “e (0,1) and Y. A\? = 1). Denote by Ds the
density of (Y;(s),...,Y,(s)) where we recall that Y;(s) =
e X, +V1l—¢ 2SZ,, with Z; ~ N(0,1I) an independent
standard Gaussian. We know that p, = PX*p and by the above
observation that p, is log-supermodular.

Recall that a smooth density u is log-supermodular if and
only if logu = 0 for all dlstmct (i, k), (4,0), 4, =

d. Hence 10g ps = 0 for all

p(r1, . xn) = Ao App(Aizn,

is the
(3

2
W
L,....n, kL =1,...,
distinct (4, k), (4,1).

Finally, integrating by parts, we get

_ J‘ <Viﬁ57vjps>
(R)™

Ps
d
’;1 JRd n

0?logps _

kzlf axz kax]k

which is the expected result. This ends the proof of the
corollary by means of Corollary O

> Oz k0T

., Y, (s))

dlogps 0ps
6a:ik c%cM

Ps <0,

VI. ON THE CONDITIONAL ENTROPY POWER INEQUALITY
OF JOHNSON
We work in dimension d = 1 and with n = 2. Let (X,Y)
be a random vector and (X;,Y;) = (X,Y) + (21, Z2) with
Z1 ~ N(0, f(t)), Z2 ~ N(0,¢(t)) are independent normal.
In [24] f and g are implicitly defined in the proof of Theorem
6 and given by the relation

fie)=e g'(t) = e (14)

Under the condition that, for all ¢, I12(Xy,Y:) = 0, [24)
Theorem 6] states that

2hXHY) 5 2h(X[Y) | 2h(Y]X)

h(X¢|Y2) h(Yi|X:)

Writing (T4) explicitly does not give a clear path towards
proving the existence of solutions and we will not pursue
their existence or non-existence of solutions. However, as we
now demonstrate, this theorem is incorrect. For this, assume
that (X,Y") is a random vector of Gaussian law N (0, X) with
covariance matrix

€ (0,1).

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

Then,

Xi
Y;

)-(3)+(%

s (Y T ).

—a

where f and g satisfy (I4), and where Z; ~ N(0, f(¢)),
Zs ~ N(0,g(t)) are independent. Note that by coordinate
symmetry of the random Variables f() = g(t). In fact an
explicit solution f(t) = /a2 + (1 —a?)etmet — 1. is
easily obtained, but we Wlll not make use of thls expression.
Since (Xy,Y;) is Gaussian a direct computatiorﬂ yields the
Fisher information matrix to be

-1 _ I (X, Y:)  Lao(Xe,Yr)
¢ Lo(X.,Y:) Ino(Xy, Y2)

_ 1 ( 1+ f(t) a )
(1+ f(¢t))? — a? a 1+ f@t) )°

In particular, with our choice of a € (0, 1), it holds

) ~ N(0,%),

with

a
(1+f(#))? —a®
0. According to [24, Theorem 6] this should imply

Lo (X, Y:) = >0

for all t >
that

h(XHY) 5 2h(X[Y) | 2h(Y|X),

(&

However since for a d-dimensional Gaussian Z with covari-
ance X one has h(Z) = % log(2me det(X)7), we have

hY|X) =h(X|Y) =h(X,Y)

—h(Y) = % log(2me(1—a?)),

and hence

M XHY) — 4re(1 —a) < dme(1 —a)(1 + a)
th(X\Y) +€2h(Y\X)’

and contradiction.

Acknowledgements: The authors thank Oliver Johnson for
fruitful discussion and helpful comments, as well as two
anonymous reviewers whose careful reading and suggestions
improved the quality of this paper.

3We mention that this identity corresponds to equality in the multivariate
Cramer-Rao (see for example [47, Equation 29.4]), that

S () = I-1(0)

where > refers to order as positive definite matrices and Zg(&) is the
covariance of 6 an estimator of a parameter # € © < R?, and I~
the inverse of the usual Fisher information matrix associated to the parameter
Q. Taking a location model, so that 6 € R4 is the mean of a variable X and
6 = X, the Fisher information matrix (and the covariance matrix as well)
is independent of 6 and we recover the notion defined here, the inequality
reads as the covariance of X, X > I—1. Knowing that the Gaussian location
model satisfies an exact equality in Cramer-Rao is ¥ = I~1, or as utilized
above, one has the Fisher information matrix [ = 31,
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