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An Entropy Power Inequality for Dependent
Variables
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Abstract—The entropy power inequality for independent ran-
dom variables is a foundational result of information theory,
with deep connections to probability and geometric functional
analysis. Very few extensions of the entropy power inequality
have been developed for settings with dependence. We address
this gap in the literature by developing entropy power inequalities
for dependent random variables. In particular, we highlight the
role of log-supermodularity in delivering sufficient conditions for
an entropy power inequality stated using conditional entropies.

Index Terms—Entropy Power Inequality; Dependent Vari-
ables; log-supermodular; submodular functions; Fisher informa-
tion.

I. INTRODUCTION

When a random vector X has density f , the entropy of X
is

hpXq “ hpfq :“ ´

ż

fpxq log fpxqdx “ Er´ log fpXqs.

(1)
This quantity is sometimes called the Boltzmann-Shannon
or Boltzmann-Gibbs entropy, or the differential entropy. In
dimension d, the entropy power of X is NpXq “ e

2hpXq

d .
As is usual, we abuse notation and write hpXq and NpXq,
even though these are functionals depending only on the
density of X and not on its random realization. The entropy
power NpXq P r0,8s can be thought of as a “measure of
randomness”. It is an (inexact) analogue of volume: if UA is
uniformly distributed on a bounded Borel set A, then it is eas-
ily checked that hpUAq “ log |A| and hence NpUAq “ |A|2{d.
The reason for this particular definition of entropy power
is that the “correct” comparison is not to uniforms but to
Gaussians: observe that when Z „ Np0, σ2Iq (i.e., Z has
the Gaussian distribution with mean 0 and covariance matrix
that is a multiple of the identity), the entropy power of Z
is NpZq “ p2πeqσ2. Thus the entropy power of X is– up
to a universal constant– the variance of the isotropic normal
that has the same entropy as X , i.e., if Z „ Np0, σ2

ZIq and
hpZq “ hpXq, then

NpXq “ NpZq “ p2πeqσ2
Z .
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Looked at this way, entropy power is the “effective variance”
of a random variable.

The entropy power inequality (EPI) states that for any two
independent random vectors X and Y in Rd such that the
entropies of X,Y and X ` Y exist,

NpX ` Y q ě NpXq ` NpY q.

The EPI was stated by Shannon [50] with an incomplete proof;
the first complete proof was provided by Stam in his Ph.D.
thesis [51] (see also [52]). The EPI plays an important role in
Information Theory, where it first arose and was used (first by
Shannon, and later by many others) to prove statements about
the fundamental limits of communication over various models
of communication channels. It has also been recognized as
a very useful inequality in Probability Theory, with close
connections to the logarithmic Sobolev inequality for the
Gaussian distribution as well as to the Central Limit Theorem.
The history of the EPI and its connections to many other
inequalities are described in the surveys [18], [19], [21], [39]
and the connections to the Central Limit Theorem in [25],
[33].

The EPI has been generalized and extended in several
directions. For instance, there has been considerable recent
progress in the understanding of Rényi entropy analogs of the
EPI (see [8], [9], [11], [31], [44], [48], [49], [57]), using which
fruitful connections have been made with other branches of
mathematics [4], [30], [36], [40], [45], [46]. Discrete analogs
have been explored in [1], [12], [22], [23], [27], [37], [42],
[43], [58]. Matrix extensions and connections of the EPI
with powerful functional inequalities like the Brascamp-Lieb
inequality have been discovered [2], [15], [32], [59]. Further
strengthenings, sharpenings, and generalizations can be found
in [3], [16], [17], [34], [35], [41], [56], while so-called reverse
entropy power inequalities for special classes of distributions
have been obtained in [6], [7], [10].

The aim of this paper is to deliver an EPI for dependent
summands. Several previous attempts have been made towards
this same goal, see [14], [24], [26], [53], [54], which we
now briefly recollect. This paper borrows the framework of
[14], where Carlen and Soffer– among other results– derive a
stability version of the entropy power inequality by obtaining a
monotonicity result along the Ornstein-Uhlenbeck semigroup
(in contrast to Stam [52], whose original proof of the EPI used
similar monotonicity result for the heat semigroup), and in the
same paper derived CLT convergence even for some dependent
variables using entropic methods. The first EPI stated and
proved for potentially dependent random variables, as far as
we are aware, comes from Takano [53], [54], who shows that
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an EPI holds for some pairs of dependent R-valued random
variables. Takano’s argument, which also uses monotonicity
in heat flow, requires weak dependence as measured by a
constant δ4, which is the 4-th moment of the averaged nor-
malized difference between the joint density and the product
of the marginals. Based on similar machinery as Takano, a
breakthrough in perspective was achieved by Johnson [24],
who pursued a conditional entropy power inequality (i.e., one
expressed in terms of conditional entropies) for a pair of real-
valued random variables. However, as we will demonstrate
through counterexample, the main result of this paper [24,
Theorem 6] is not correct.

In this paper, we present some new EPIs for dependent
summands, with specific attention paid to demonstrating and
exploring “log-supermodularity” as a sufficient condition for
the veracity of EPIs. In particular we have the following
theorem.

Theorem I.1. Let X,Y be Rd-valued random variables such
that their joint density convolved with the standard Gaussian
in R2d is log-supermodular. Then

e
2
dhpX`Y q ě e

2
dhpX|Y q ` e

2
dhpY |Xq.

The definition of log-supermodularity will be recalled in
subsequent sections, where results will be stated and derived
in greater generality. Let us mention that when X and Y are
independent, pX,Y q has a log-supermodular density if both
X and Y have log-supermodular densities. Thus when d “ 1,
Theorem I.1 contains the classical EPI since every density on
the real line is trivially log-supermodular. We emphasize that
although Theorem I.1 will be derived from a more general
inequality that does contain the classical EPI, as stated above
the conditional log-supermodular EPI does not generalize the
classical one for d ě 2.

We will also highlight a recent conjecture of Zartash and
Robeva [60], that log-supermodularity is stable under standard
Gaussian convolution. In very recent work [38], we have
investigated inequalities for log-supermodular densities, and
in particular verified their conjecture. Consequently, one can
relax1 the hypothesis of Theorem I.1 to simply asking that the
joint density of pX,Y q is log-supermodular; we refer to [38]
for details.

Let us outline the rest of the paper. In Section II we fix
notations and definitions requisite for the analysis. In Section
III, we extend Johnson’s [24] (see also [53]) Fisher information
inequality for pairs of random variables to arbitrary number
of summands. In Section IV, we derive a general EPI for
dependent random variables via the Ornstein-Uhlenbeck flow,
with a quantitative error term given by the integral of a Fisher
information quantity along the flow. In Section V we derive
corollaries of the main result, and explain the usefulness of
log-supermodularity. We conclude the paper in Section VI by
correcting the record and discussing some erroneous state-

1Log-supermodularity under convolution with a standard Gaussian im-
plies log-supermodularity. Indeed, by a homogeneity argument, pX,Y q log-
supermodular under convolution with a standard Gaussian Z implies that
pX,Y q is log-supermodular under convolution with tZ for any t ą 0, taking
t Ñ 0 will show that pX,Y q are log-supermodular.

ments in [24]; in particular, we give there a counterexample
to [24, Theorem 6].

II. NOTATION AND DEFINITIONS

We first recall the definition of the conditional entropy.
Given X an Rn-valued random variable and Y an Rk-valued
random variable with a joint density, the conditional entropy
of X given Y is defined as

hpX|Y q :“ hpX,Y q ´ hpY q.

Throughout the remaining paper we denote by X “

pX1, . . . , Xnq the pRdqn-valued random variable, with com-
ponents Xi P Rd and by p : pRdqn Ñ R` the joint density of
X and we assume that p is sufficiently smooth. We may often
use the shorthand notation xj

i :“ pxi, xi`1, . . . , xjq, i, j P

t1, . . . , nu, i ď j. Also, p is function of x “ px1, . . . , xnq,
with, for i “ 1, . . . , n, xi “ pxi,1, . . . , xi,dq P Rd.

Then, the score function of the vector X “ pX1, . . . , Xnq

is defined for x P pRdqn as

ρpxq :“ ´
∇p

p
pxq “ pρ1pxq, . . . , ρnpxqq P pRdqn,

where ∇ denotes the gradient vector. For simplicity of nota-
tions set ∇i “ p B

Bxi,1
, . . . , B

Bxi,d
q so that

ρi “ ´
∇ip

p
P Rd.

Next we define the Fisher information matrix I “ pIijqi,j on
Rn ˆ Rn as

Iij “ IijpXq :“ EXxρi, ρjy “ ExρipXq, ρjpXqy

for i, j “ 1, . . . , n, where x¨, ¨y stands for the usual scalar
product on Rd.

Now denote by f : Rd Ñ R` the density of the sum W :“
X1 ` ¨ ¨ ¨ ` Xn and define similarly its score function as

ρW :“ ´
∇f

f
P Rd.

It will be useful to relate the score function of W to that of
X . For simplicity of notations set x̄i for the vector x without
the coordinates of xi, and the corresponding differential form
dx̄i :“ dx1 . . . dxi´1dxi`1 . . . dxn. Then, we observe that,
with the notation x

piq
w “ pxi´1

1 , w ´
ř

j‰i xj , x
n
i`1q for any

i “ 1, . . . , n,

ρW pwq “ ´

ż

. . .

ż

∇ippx
piq
w q

fpwq
dx̄i

“ ´

ż

. . .

ż

∇ippx
piq
w q

ppx
piq
w q

ppx
piq
w q

fpwq
dx̄i

“ E pρipXq|W “ wq . (2)

In particular, for any pλ1, . . . , λnq P Rn, it holds
˜

n
ÿ

i“1

λi

¸

ρW pwq “ E

˜

n
ÿ

i“1

λiρipXq

ˇ

ˇ

ˇ

ˇ

W “ w

¸

, w P Rd.

(3)
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In general, for a random variable X with density p, its Fisher
information is

IpXq “

ż

|∇p|2

p
.

Finally, we denote by J (or IpW q “ IpX1 ` ¨ ¨ ¨ ` Xnq) the
Fisher information of W , i.e.

J :“ EW pxρW , ρW yq “ E|ρW pW q|2.

III. FISHER INFORMATION INEQUALITY FOR DEPENDENT
RANDOM VARIABLES.

In this section, we extend the Fisher information inequality
for dependent variables obtained by Johnson [24] in the case
n “ 2 to arbitrary n. Denote by 1 :“ p1, . . . , 1q the vector
of Rn with all ones, and recall that x¨, ¨y denotes the scalar
product (of Rd or Rn, depending on the context).

Proposition III.1. For Rd-valued random vectors, X1,
. . . , Xn with sufficiently smooth joint density, for any
pλ1, . . . , λnq P Rn, it holds

˜

n
ÿ

i“1

λi

¸2

J ď

n
ÿ

i,j“1

λiλjIij . (4)

Further,
1

J
ě x1, I´11y (5)

when I´1, the inverse matrix of I exists.

When d “ 1 and the Xi are assumed independent (4) yields
Stam [52, Equation 2.9] as Iij “ 0 for i ‰ j. Taking d “ 1 and
n “ 2, (5) recovers the inequality of Johnson [24, Theorem 4],
while the additional assumption of independence one recovers
Blachman [5, Equation 3]. The equivalence between (4) and
(5) in the independent case was attributed to De Bruijn by
Stam in a footnote of [52].

Proof. Fix pλ1, . . . , λnq P Rn. Since
›

›

›

›

›

˜

n
ÿ

i“1

λi

¸

ρW pW q ´

n
ÿ

i“1

λiρipXq

›

›

›

›

›

2

ě 0

expanding the product and taking the expectation, we have
that
˜

n
ÿ

i“1

λi

¸2

J`

n
ÿ

i,j“1

λiλjIij´2
n

ÿ

i“1

λi

n
ÿ

j“1

λjE pxρW , ρjpXqyq ,

is non-negative. But (2) guarantees that

E pxρW , ρjpXqyq “ E pxρW ,E pρjpXq|W qyq

“ E pxρW , ρW yq

“ J.

Hence, for any pλ1, . . . , λnq P Rn it holds
˜

n
ÿ

i“1

λi

¸2

J ď

n
ÿ

i,j“1

λiλjIij “ λT Iλ (6)

as expected, where the last equality is just a rewriting using
the matrix representation (here λ :“ pλ1, . . . , λnq and λT is
the vector λ transposed).

Our aim is now to optimize (6) over all pλ1, . . . , λnq P Rn.
Indeed, (6) implies that

1

J
ě sup

λ1,...,λn

p
řn

i“1 λiq
2

řn
i,j“1 λiλjIij

“ sup
λ1,...,λn

x1, λy2
řn

i,j“1 λiλjIij

where we recall that 1 :“ p1, . . . , 1q. Since I is positive semi-
definite it has a square root we denote by

?
I that is invertible

when I is. Then, setting α “
?
Iλ, the supremum above equals

sup
α1,...,αn

xp
?
Iq´1α,1y2

xα, αy
.

By the Cauchy–Schwarz Inequality and symmetry,

xp
?
Iq´1α,1y2 “ xα, p

?
Iq´11y2

ď xα, αyxp
?
Iq´11, p

?
Iq´11y

“ xα, αyx1, I´11y

which ends the proof using the equality case in the Cauchy–
Schwarz Inequality.

In some situations it will be useful to deal with the Fisher
information of the weighted sum

řn
i“1 λiXi instead of that of

W “
řn

i“1 Xi. We claim that

I

˜

n
ÿ

i“1

λiXi

¸

ď

n
ÿ

i,j“1

λiλjIijpXq (7)

for any λ1, . . . , λn P p0, 1q with
řn

i“1 λ
2
i “ 1, where as usual

X “ pX1, . . . , Xnq.
To see this, observe first that if p is the joint density of

X “ pX1, . . . , Xnq, then for x “ px1, . . . , xnq P pRdqn

qpxq “
1

śn
i“1 λ

d
i

p

ˆ

x1

λ1
, . . . ,

xn

λn

˙

,

is the density of pλ1X1, . . . , λnXnq. Therefore, changing
variables, and using the notation x

λ
:“ px1

λ1
, . . . , xn

λn
q

Iijpλ1X1, . . . , λnXnq

“

ĳ

1

qpxq
x∇iqpxq,∇jqpxqydx1 . . . dxn

“

ĳ 1
λiλj

x∇ippx
λ q,∇jppx

λ qy{pλd
1 . . . λ

d
nq2

p
`

x
λ

˘

{λd
1 . . . λ

d
n

dx1 . . . dxn

“
1

λiλj

ĳ

1

ppxq
x∇ippxq,∇jppxqydx1 . . . dxn

“
1

λiλj
IijpXq. (8)

By (4) for ti such that
řn

i“1 ti “ 1 and Y “ pY1, . . . , Ynq,

IpY1 ` ¨ ¨ ¨ ` Ynq ď
ÿ

i,j

titjIijpY q.

Applying this to λ such that
řn

i“1 λ
2
i “ 1 and X “

pX1, . . . , Xnq for Yi “ λiX and ti “ λ2
i , gives

Ipλ1X1 ` ¨ ¨ ¨ ` λnXnq ď
ÿ

i,j

λ2
iλ

2
jIijpλ1X1, . . . , λnXnq

“
ÿ

i,j

λiλjIijpXq,
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where the equality follows from (8). We note that under of
the assumption of independence (7) yields [14, Lemma 1.3],
which also appears as [13, Theorem 7].

We end this section with a simple but useful remark related
to the Fisher information of a single random variable Xi in
comparison to that of X “ pX1, . . . , Xnq. Given the joint den-
sity p of X (recall that dx̄i :“ dx1 . . . dxi´1dxi`1 . . . dxn),
the i-th marginal is

pipxiq :“

ż

ppx1, . . . , xnqdx̄i, xi P Rd

so that the Fisher information of Xi is given by

IpXiq “

ż

Rd

|∇pi|
2

pi
.

Now, by the Cauchy–Schwarz Inequality,

IpXiq “

ż

Rd

ˇ

ˇ

ş

∇ippxqdx̄i

ˇ

ˇ

2

ş

ppxqdx̄i
dxi

“

ż

Rd

ˇ

ˇ

ˇ

ˇ

ş ∇ippxq?
ppxq

a

ppxqdx̄i

ˇ

ˇ

ˇ

ˇ

2

ş

ppxqdx̄i
dxi

ď

ĳ

RdˆpRdqpn´1q

|∇ippxq|
2

ppxq
dx̄idxi

“ IiipXq. (9)

Similarly (details are left to the reader), for any i “ 1, . . . , n,

IpXj , j ‰ iq “

ż

pRdqpn´1q

ř

j‰i

ˇ

ˇ

ş

∇jppxqdxi

ˇ

ˇ

2

ş

ppxqdx̄i
dx̄i

ď
ÿ

j‰i

IjjpXq. (10)

IV. EPI FOR DEPENDENT VARIABLES VIA THE
ORNSTEIN-UHLENBECK FLOW

In this section we will use the Ornstein-Uhlenbeck approach
of Carlen and Soffer [14] to the entropy power inequality to
get some general EPI valid for non independent variables.

Given a density f : Rm Ñ R` define the adjoint (for the
Lebesgue measure) operator of the Orstein-Uhlenbeck semi-
group P˚

t , as the solution of the following PDE in Rm

d

dt
P˚
t f “ p∆ ` x ¨ ∇qP˚

t f ` mP˚
t f

where the dot sign stands for the scalar product, ∆ is the
Laplacian, ∇ the gradient operator (a vector) and initial
condition P˚

t f |t“0 “ f . This semi-group has an explicit
representation formula (Mehler-type formula). For X with
density f and Z „ Np0, Iq, it holds

P˚
t fpxq “ etErfpetx ´

a

e2t ´ 1Zqs

“ Erg?
1´e´2tpx ´ e´tXqs

with gspxq “ e´|x|2{2s

p2πsqm{2 the m-dimensional centered Gaussian
density of variance s. Furthermore, e´tX`

?
1 ´ e´2tZ (with

X and Z „ Np0, Iq independent) has density P˚
t f .

One key property is the following relation between the
Shannon entropy and the Fisher information (see [14, Lemma
1.2]):

hpe´tX `
a

1 ´ e´2tZq

“ hpXq `

ż t

0

Ipe´sX `
a

1 ´ e´2sZqds ´ mt.

(11)

We are in position to prove the following proposition which
constitutes a linearized form of the entropy power inequality
for general random variables.

Proposition IV.1. Let X1, . . . , Xn be Rd-valued random
variables and λ1, . . . , λn P p0, 1q so that

řn
i“1 λ

2
i “ 1. Set

Yi “ Yiptq :“ e´tXi `
?
1 ´ e´2tZi, i “ 1, . . . , n, where

Zi „ Np0, Iq are independent standard Gaussian on Rd. Then
for all t ě 0 it holds

h

˜

n
ÿ

i“1

λiYiptq

¸

´

n
ÿ

i“1

λ2
ihpYiptqq

ď h

˜

n
ÿ

i“1

λiXi

¸

´

n
ÿ

i“1

λ2
ihpX1q ` Rt

with

Rt “ RtpX1, . . . , Xnq

“

ż t

0

¨

˚

˝

n
ÿ

i“1

λ2
i pIiipsq ´ IpYipsqqq `

n
ÿ

i,j“1
i‰j

λiλjIijpsq

˛

‹

‚

ds

where we set for simplicity Iijpsq :“ IijpY1psq, . . . , Ynpsqq.
In particular,

h

˜

n
ÿ

i“1

λiXi

¸

ě

n
ÿ

i“1

λ2
ihpXiq ´ lim sup

tÑ8

Rt.

Remark IV.1. Note that for independent random variables
X1, . . . , Xn, RtpX1, . . . , Xnq “ 0 for all t, therefore recov-
ering Carlen-Soffer’s inequality [14, Theorem 1.1] and Stam’s
linearized version of the entropy power inequality.

Proof. Fix t ą 0. Applying (7) to Yipsq “ e´sXi `?
1 ´ e´2sZi with s ď t, we have

I

˜

n
ÿ

i“1

λiYipsq

¸

ď

n
ÿ

i,j“1

λiλjIijpY1psq, . . . , Ynpsqq.
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Therefore, by (11), it holds

h

˜

n
ÿ

i“1

λiYiptq

¸

´ h

˜

n
ÿ

i“1

λiXi

¸

“

ż t

0

I

˜

n
ÿ

i“1

λiYipsq

¸

ds ´ t d

ď

ż t

0

˜

n
ÿ

i,j“1

λiλjIijpY1psq, . . . , Ynpsqq

¸

ds ´ td

“

n
ÿ

i“1

λ2
i

ˆ
ż t

0

IpYipsqqds ´ dt

˙

` Rt

“

n
ÿ

i“1

λ2
i phpYiptqq ´ hpXiqq ` Rt.

This leads to the first part of the proposition.
For the second part it is enough to take the limit t Ñ 8

and to observe that

h

˜

n
ÿ

i“1

λiYiptq

¸

´

n
ÿ

i“1

λ2
ihpYiptqq

converges to hpZn`1q ´
řn

i“1 λ
2
ihpZiq where Zi „ Np0, Iq

are independent. Since hpZiq “ d
2 logp2πeq and

ř

λ2
i “ 1,

hpZn`1q ´
řn

i“1 λ
2
ihpZiq “ 0, ending the proof of the

proposition.

As a direct consequence, we obtain the following entropy
power inequality for general random variables.

Corollary IV.2. Let X1, . . . , Xn be Rd-valued random vari-
ables and, for i “ 1, . . . , n,

λ2
i :“

e
2
dhpXiq

e
2
dhpXq ` ¨ ¨ ¨ ` e

2
dhpXnq

Set X̄i “ Xi{λi and Ȳipsq “ e´sX̄i `
?
1 ´ e´2sZi,

s ě 0, where Z1, . . . , Zn „ Np0, Iq are independent standard
Gaussian (on Rd). Finally denote

R̄ “ R̄pX1, . . . , Xnq

“
2

d

ż 8

0

¨

˚

˝

n
ÿ

i“1

λ2
i pĪiipsq ´ IpȲipsqqq `

n
ÿ

i,j“1
i‰j

λiλj Īijpsq

˛

‹

‚

ds

where we set for simplicity Īijpsq :“ IijpȲ1psq, . . . , Ȳnptqq.
Then,

e
2
dhpX1`¨¨¨`Xnq ě

˜

n
ÿ

i“1

e
2
dhpXiq

¸

e´R̄.

Remark IV.2. As for the previous proposition, if Xi are
independent R̄pX1, . . . , Xnq “ 0 and we recover the usual
entropy power inequality.

Proof. It follows by Proposition IV.1 applied to X̄i “ Xi{λi,
i “ 1, . . . , n that

e
2
dhpX1`¨¨¨`Xnq “ e

2
dhpλ1X̄1`¨¨¨`λnX̄nq

ě exp

"

2λ2
1

d
hpX̄1q ` ¨ ¨ ¨ `

2λ2
n

d
hpX̄nq

*

e´RpX̄1,...,X̄nq

“

n
ź

i“1

˜

e
2
dhpXiq

λ2
i

¸λ2
i

e´R̄pX1,...,Xnq

since hpX̄iq “ hpXi{λiq “ hpXiq ´ d log λi and
RpX̄1, . . . , X̄nq “ R̄pX1, . . . , Xnq. The expected result fol-
lows.

V. ENTROPY POWER INEQUALITY FOR CONDITIONAL
ENTROPY

Our next aim is to deal with entropy power inequality for
conditional entropy. We start with a linearized form similar to
Proposition IV.1.

Proposition V.1. Let X1, . . . , Xn be Rd-valued random vari-
ables and λ1, . . . , λn P p0, 1q so that

řn
i“1 λ

2
i “ 1. Set

Yipsq “ e´sXi `
?
1 ´ e´2sZi, s ě 0, i “ 1, . . . , n, where

Z1, . . . , Zn „ Np0, Iq are independent standard Gaussian (on
Rd). Then it holds

h

˜

n
ÿ

i“1

λiYi

¸

´

n
ÿ

i“1

λ2
ihpYi|Yj , j ‰ iq

ď h

˜

n
ÿ

i“1

λiXi

¸

´

n
ÿ

i“1

λ2
ihpXi|Xj , j ‰ iq ` St

where

St “ StpX1, . . . , Xnq “

ż t

0

Ssds

for

Ss :“
n

ÿ

i,j“1

λiλjIijpY1psq, . . . , Ynpsqq

´

n
ÿ

i“1

IiipY1psq, . . . , Ynpsqq `

n
ÿ

i“1

λ2
i IpYjpsq, j ‰ iq.

In particular,

h

˜

n
ÿ

i“1

λiXi

¸

ě

n
ÿ

i“1

λ2
ihpXi|Xj , j ‰ iq ´ lim sup

tÑ8

St.

Proof. Observe that, for any i “ 1, . . . , n,

hpYiptq|Yjptq, j ‰ iq “ hpY1ptq, . . . , Ynptqq ´hpYjptq, j ‰ iq.
(12)

Therefore,

h

˜

n
ÿ

i“1

λiYiptq

¸

´

n
ÿ

i“1

λ2
ihpYiptq|Yjptq, j ‰ iq

“ h

˜

n
ÿ

i“1

λiYiptq

¸

´ hpY1ptq, . . . , Ynptqq

`

n
ÿ

i“1

λ2
ihpYjptq, j ‰ iq.
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Hence, by (11), it holds

h

˜

n
ÿ

i“1

λiYiptq

¸

´

n
ÿ

i“1

λ2
ihpYiptq|Yjptq, j ‰ iq

“ h

˜

n
ÿ

i“1

λiXi

¸

´ hpX1, . . . , Xnq `

n
ÿ

i“1

λ2
ihpXj , j ‰ iq

`

ż t

0

„

I

˜

n
ÿ

i“1

λiYipsq

¸

´ IpY1psq, . . . , Ynpsqq

`

n
ÿ

i“1

λ2
i IpYjpsq, j ‰ iq

ȷ

ds

“ h

˜

n
ÿ

i“1

λiXi

¸

´

n
ÿ

i“1

λ2
ihpXi|Xj , j ‰ iq

`

ż t

0

„

I

˜

n
ÿ

i“1

λiYipsq

¸

´ IpY1psq, . . . , Ynpsqq

`

n
ÿ

i“1

λ2
i IpYjpsq, j ‰ iq

ȷ

ds

where in the last equality we used (12) at time t “ 0
to reconstruct the conditional entropies. Applying the Fisher
information inequality (7), we obtain

I

˜

n
ÿ

i“1

λiYipsq

¸

ď

n
ÿ

i,j“1

λiλjIijpsq

where we set for simplicity Iijpsq :“ IijpY1psq, . . . , Ynpsqq.
On the other hand, if we denote ps the density of
pY1psq, . . . , Ynpsqq,

IpY1psq, . . . , Ynpsqq “

ż

pRdqn

|∇ps|2

ps
“

n
ÿ

i“1

Iiipsq.

It follows that

h

˜

n
ÿ

i“1

λiYiptq

¸

´

n
ÿ

i“1

λ2
ihpYiptq|Yjptq, j ‰ iq

ď h

˜

n
ÿ

i“1

λiXi

¸

´

n
ÿ

i“1

λ2
ihpXi|Xj , j ‰ iq

`

ż t

0

„ n
ÿ

i,j“1

λiλjIijpsq ´

n
ÿ

i“1

Iiipsq

`

n
ÿ

i“1

λ2
i IpYjpsq, j ‰ iq

ȷ

ds

as expected.
The second part of the theorem follows from the fact that,

in the limit t Ñ 8,

h

˜

n
ÿ

i“1

λiYi

¸

´

n
ÿ

i“1

λ2
ihpYi|Yj , j ‰ iq Ñ

h pZn`1q ´

n
ÿ

i“1

λ2
ihpZiq,

where Zi, i “ 1, . . . , n ` 1, are i.i.d. standard Gaussian vari-
ables in Rd, for which it is known that hpZiq “ d

2 logp2πeq.
In particular h pZn`1q ´

řn
i“1 λ

2
ihpZiq “ 0 leading to the

desired conclusion.

As a direct consequence, we deduce a general entropy power
inequality for conditional entropy.

Corollary V.2. Let X1, . . . , Xn be Rd-valued random vari-
ables and, for i “ 1, . . . , n,

λ2
i :“

e
2
dhpXi|Xj ,j‰iq

řn
i“1 e

2
dhpXi|Xj ,j‰iq

.

Set X̄i “ Xi{λi and Ȳipsq “ e´sX̄i `
?
1 ´ e´2sZi,

s ě 0, where Z1, . . . , Zn „ Np0, Iq are independent standard
Gaussian (on Rd). Finally denote

S̄ “ S̄pX1, . . . , Xnq

“
2

d

ż 8

0

„ n
ÿ

i,j“1

λiλj Īijpsq ´

n
ÿ

i“1

Īiipsq

`

n
ÿ

i“1

λ2
i IpȲjpsq, j ‰ iq

ȷ

ds

where we set for simplicity Īijpsq :“ IijpȲ1psq, . . . , Ȳnpsqq.
Then it holds

e
2
dhpX1¨¨¨`Xnq ě

˜

n
ÿ

i“1

e
2
dhpXi|Xj ,j‰iq

¸

e´S̄ . (13)

In particular, if Īijpsq ď 0 for all i ‰ j and all s ą 0, then

e
2
dhpX1¨¨¨`Xnq ě

n
ÿ

i“1

e
2
dhpXi|Xj ,j‰iq.

Proof. By Proposition V.1 applied to X̄i, it holds

e
2
dhpX1`¨¨¨`Xnq “ e

2
dhpλ1X̄1`¨¨¨`λ2X̄2q

ě exp

#

2

d

n
ÿ

i“1

λ2
ihpX̄i|X̄j , j ‰ iq

+

e´ lim suptÑ8 StpX̄1,...,X̄nq

“

n
ź

i“1

˜

e
2
dhpXi|Xj ,j‰iq

λ2
i

¸λ2
i

e´S̄

since hpX̄i|X̄j , j ‰ iq “ hpXi|Xj , j ‰ iq ´ log λi for all
i “ 1, . . . , n, and

lim sup
tÑ8

StpX̄1, . . . , X̄nq “ S̄pX1, . . . , Xnq.

The first result follows.
For the second conclusion, by (10) applied to

Ȳ1psq, . . . , Ȳnpsq, for all i “ 1, . . . , n, it holds

IpȲjpsq, j ‰ iq ď
ÿ

j‰i

Ījjpsq

“

˜

n
ÿ

j“1

Ījjpsq

¸

´ Īiipsq.

Therefore, since
řn

i“1 λ
2
i “ 1,

n
ÿ

i“1

λ2
i IpȲj , j ‰ iq ď

n
ÿ

i“1

Īiipsq ´

n
ÿ

i“1

λ2
i Īiipsq.
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In turn,

S̄ “ 2

ż 8

0

„ n
ÿ

i,j“1

λiλj Īijpsq ´

n
ÿ

i“1

Īiipsq

`

n
ÿ

i“1

λ2
i IpȲjpsq, j ‰ iq

ȷ

ds

ď 2

ż 8

0

n
ÿ

i,j“1
i‰j

λiλj Īijpsqds.

The assumption Īijpsq ď 0 ensures that S̄ ď 0 leading to the
desired entropy power inequality for conditional entropy.

Remark V.1. The reader might be surprised by the opposite
expression of R̄ in Corollary IV.2 and S̄ in Corollary V.2.
Indeed, for n “ 2, R̄ and S̄ take the form (after some algebra
and using that λ2

1 ` λ2
2 “ 1)

R̄ “
d

2

ż 8

0

„

λ2
1pĪ11psq ´ IpȲ1psqqq ` λ2

2pĪ22psq ´ IpȲ2psqqq

` 2λ1λ2Ī12ptq

ȷ

dt

while

S̄ “
d

2

ż 8

0

„

´ λ2
1pĪ22psq ´ IpȲ2psqqq ´ λ2

2pĪ11psq ´ IpȲ1psqqq

` 2λ1λ2Ī12psq

ȷ

ds

We emphasize the terms Īiiptq ´ IpȲiptqq appear in both R̄
and S̄, but with opposite signs. This change arises from the
decomposition formula of the entropy (12). The conditional
entropy power inequality (Corollary V.2), leverages that the
non-negativity of Īiiptq ´ IpȲiptqq (see (9)) can be combined
combined the assumption I12psq ď 0, to directly yield S̄ ď 0.
Such an argument cannot be applied directly to guarantee the
negativity of R̄.

In [24], it is claimed that, under the condition2 I12psq ě 0
, the following conditional entropy power inequality

e2hpX1`X2q ě e2hpX1|X2q ` e2hpX2|X1q

holds. This goes in the opposite direction of our condition
I12psq ď 0. In fact, as we will show in the appendix, with a
counter-example, the statement in [24] is incorrect.

In what follows we give a sufficient condition on the
density p of the random vector pX1, . . . , Xnq for the condition
Īijpsq ď 0 in Corollary V.2 to hold for all s ą 0. To that aim
we need to introduce the notion of log-supermodular functions
on pRdqn.

Definition V.3. A function u : pRdqn Ñ p0,8q is said
to be log-supermodular if for all x “ px1, . . . , xnq, y “

py1, . . . , ynq P pRdqn it holds

upxqupyq ď upx ^ yqupx _ yq

2Strictly speaking, in [24], the author is dealing with the heat flow and
not the Ornstein-Uhlenbeck flow. However this is just a matter of scaling and
reformulation as there is a correspondence between the two flows.

where x _ y P pRdqn denotes the componentwise maximum
of x and y and x ^ y P pRdqn denotes the componentwise
minimum of x and y.

To be precise, if xi “ pxi,1, . . . , xi,dq, i “ 1, . . . , n, and
similarly for y,

x ^ y “ pminpx1,1, y1,1q, . . . ,minpxn,d, yn,dqq

and

x _ y “ pmaxpx1,1, y1,1q, . . . ,maxpxn,d, yn,dqq.

The class of log-supermodular densities is widely studied
in various field of mathematics; we refer to the introduction
of [60] for an account of the literature and discussion. Note
that, in some older literature, log-supermodular densities are
called multivariate totally positive of order 2 (MTP2).

It is known (see, e.g., [55] or [20, Proposition 2.5])
that a continuously twice-differentiable function u is log-
supermodular if and only if B

2

Bxi,kBxj,l
log u ě 0 for all distinct

pi, kq, pj, lq, i, j “ 1, . . . , n, k, l “ 1 . . . , d.
We will need to deal with log-supermodular densities that

remain log-supermodular after convolution with a Gaussian
with covariance matrix proportional to the identity matrix (i.e.
of the form κI , with κ ą 0 and I the identity matrix). We
will call this class of densities C. Namely, if gs stands for the
centered Gaussian density with covariance matrix sInd (s ą

0) on Rnd, and let L denote the space of log-supermodular
density functions we denote by

C :“ tp P L : p ˚ gs P L,@s ą 0u .

As discussed in Karlin and Rinott [28] convolution of any
two log-supermodular densities need not be log-supermodular
(see [28, page 486] for a counterexample with two Gaussian
densities). In [29] it is proved that a Gaussian density with
covariance matrix Σ is log-supermodular if and only if the
off-diagonal entries of Σ´1 are non-positive. In [60, Theorem
6] Zartash and Robeva give some conditions for a log-
supermodular density p to belong to C. Note that by a straight-
forward scaling argument, having p ˚ gs log-supermodular
for all s ą 0 in the definition of C is equivalent to having
p˚ gso log-supermodular for any specific so ą 0. In particular
C ‰ H. Moreover, they conjecture (see [60, Conjecture 10])
that, in fact, C coincides with the class of all log-supermodular
densities.

We will prove the following Corollary.

Corollary V.4. Let p P C be a log-supermodular density of a
random vector X “ pX1, . . . , Xnq P pRdqn. Then it holds

e
2
dhpX1`¨¨¨`Xnq ě e

2
dhpX1|Xi,i‰1q ` ¨ ¨ ¨ ` e

2
dhpXn|Xi,i‰nq.

Proof. We observe first that, if u P C is twice differentiable
on pRdqn, by definition,

P˚
t uppxqq “ Erg?

1´e´2tpx ´ e´tXqs

“

ż

Rnd

upyqg?
1´e´2tpx ´ e´tyqdy

“ ent
ż

Rnd

upz1e
t, . . . , zne

tqg?
1´e´2tpx ´ zqdz

“ ut ˚ g?
1´e´2tpxq,
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where we set utpzq :“ entupz1e
t, . . . , zne

tq. Therefore, if
u P C, ut is log-supermodular, and by definition of C, the
convolution ut ˚ g?

1´e´2t is also log-supermodular. Equiva-
lently this can be rephrased as: if u P C is smooth enough,
P˚
t u is log-supermodular.
Our aim is now to prove that, with the notations of Corollary

V.2, it holds
IijpȲ1psq, . . . , Ynpsqq ď 0

for all i ‰ j, and to apply Corollary V.2. Since p is the density
of pX1, . . . , Xnq, for px1, . . . , xnq P pRdqn,

p̄px1, . . . , xnq “ λ1 . . . λnppλ1x1, . . . , λnxnq,

is the density of the random vector pX̄1, . . . , X̄nq “

pX1

λ1
, . . . , Xn

λn
q (the λi’s are defined in Corollary V.2, they

satisfy λi P p0, 1q and
ř

λ2
i “ 1). Denote by p̄s the

density of pȲ1psq, . . . , Ȳnpsqq where we recall that Ȳipsq “

e´sX̄i `
?
1 ´ e´2sZi, with Zi „ Np0, Iq an independent

standard Gaussian. We know that p̄s “ P˚
s p̄ and by the above

observation that p̄s is log-supermodular.
Recall that a smooth density u is log-supermodular if and

only if B
2

Bxi,kBxj,l
log u ě 0 for all distinct pi, kq, pj, lq, i, j “

1, . . . , n, k, l “ 1, . . . , d. Hence, B
2

Bxi,kBxj,l
log p̄s ě 0 for all

distinct pi, kq, pj, lq.
Finally, integrating by parts, we get

IijpȲ1psq, . . . , Ȳnpsqq “

ż

pRdqn

x∇ip̄s,∇j p̄sy

p̄s

“

d
ÿ

k“1

ż

pRdqn

B log p̄s
Bxi,k

Bp̄s
Bxj,k

“ ´

d
ÿ

k“1

ż

B2 log p̄s
Bxi,kBxj,k

p̄s ď 0,

which is the expected result. This ends the proof of the
corollary by means of Corollary V.2.

VI. ON THE CONDITIONAL ENTROPY POWER INEQUALITY
OF JOHNSON

We work in dimension d “ 1 and with n “ 2. Let pX,Y q

be a random vector and pXt, Ytq “ pX,Y q ` pZ1, Z2q with
Z1 „ Np0, fptqq, Z2 „ Np0, gptqq are independent normal.
In [24] f and g are implicitly defined in the proof of Theorem
6 and given by the relation

f 1ptq “ e2hpXt|Ytq, g1ptq “ e2hpYt|Xtq. (14)

Under the condition that, for all t, I12pXt, Ytq ě 0, [24,
Theorem 6] states that

e2hpX`Y q ě e2hpX|Y q ` e2hpY |Xq.

Writing (14) explicitly does not give a clear path towards
proving the existence of solutions and we will not pursue
their existence or non-existence of solutions. However, as we
now demonstrate, this theorem is incorrect. For this, assume
that pX,Y q is a random vector of Gaussian law Np0,Σq with
covariance matrix

Σ “

ˆ

1 ´a
´a 1

˙

, a P p0, 1q.

Then,
ˆ

Xt

Yt

˙

“

ˆ

X
Y

˙

`

ˆ

Z1

Z2

˙

„ Np0,Σtq,

with

Σt :“

ˆ

1 ` fptq ´a
´a 1 ` gptq

˙

,

where f and g satisfy (14), and where Z1 „ Np0, fptqq,
Z2 „ Np0, gptqq are independent. Note that by coordinate
symmetry of the random variables fptq “ gptq. In fact an
explicit solution fptq “ gptq “

a

a2 ` p1 ´ a2qe4πet ´ 1. is
easily obtained, but we will not make use of this expression.
Since pXt, Ytq is Gaussian a direct computation3 yields the
Fisher information matrix to be

Σ´1
t “

ˆ

I11pXt, Ytq I12pXt, Ytq

I12pXt, Ytq I22pXt, Ytq

˙

“
1

p1 ` fptqq2 ´ a2

ˆ

1 ` fptq a
a 1 ` fptq

˙

.

In particular, with our choice of a P p0, 1q, it holds

I12pXt, Ytq “
a

p1 ` fptqq2 ´ a2
ą 0

for all t ě 0. According to [24, Theorem 6] this should imply
that

e2hpX`Y q ě e2hpX|Y q ` e2hpY |Xq.

However since for a d-dimensional Gaussian Z with covari-
ance Σ one has hpZq “ d

2 logp2πe detpΣq
1
d q, we have

hpY |Xq “ hpX|Y q “ hpX,Y q´hpY q “
1

2
logp2πep1´a2qq,

and hence

e2hpX`Y q “ 4πep1 ´ aq ă 4πep1 ´ aqp1 ` aq

“ e2hpX|Y q ` e2hpY |Xq,

and contradiction.
Acknowledgements: The authors thank Oliver Johnson for
fruitful discussion and helpful comments, as well as two
anonymous reviewers whose careful reading and suggestions
improved the quality of this paper.

3We mention that this identity corresponds to equality in the multivariate
Cramer-Rao (see for example [47, Equation 29.4]), that

Σθpθ̂q ľ I´1pθq

where ľ refers to order as positive definite matrices and Σθpθ̂q is the
covariance of θ̂ an estimator of a parameter θ P Θ Ď Rd, and I´1 is
the inverse of the usual Fisher information matrix associated to the parameter
θ. Taking a location model, so that θ P Rd is the mean of a variable X and
θ̂ “ X , the Fisher information matrix (and the covariance matrix as well)
is independent of θ and we recover the notion defined here, the inequality
reads as the covariance of X , Σ ľ I´1. Knowing that the Gaussian location
model satisfies an exact equality in Cramer-Rao is Σ “ I´1, or as utilized
above, one has the Fisher information matrix I “ Σ´1.
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