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ABSTRACT 

A cable suspended parallel robot is based on the idea of a Gough-Stewart 

platform parallel link manipulator.  The unique feature is that cables are used as the 

links and winches are the actuators.  Traditional parallel manipulators generally use 

heavy prismatic actuators, which tend to be large and cumbersome.  Using cables 

dramatically decreases the weight of the parallel robot and increases the distance in 

which it is able to reach.  These characteristics make cable suspended parallel robots 

useful for tasks such as cargo handling, inspection of airplanes, shipbuilding, and 

camera positioning in large sport stadiums. 

Cables are only capable of supplying pulling tension forces but no 

pushing compressive forces.  The attractive features related to the use of cables, as 

opposed to traditional actuators, are that cables have a large strength to weight ratio, 

lightweight, and can extend long distances.  Since cables can only pull and not push, 

the existing theory on parallel robots is slightly modified to incorporate the additional 

characteristic pertaining to the cables.  The current work includes some existing 

theory on cable-actuated robots and parallel manipulators to form additional ideas 

about the workspace, design, and control of a 6-degree-of-freedom cable suspended 

parallel robot. 
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Chapter 1 

INTRODUCTION 

Parallel robots have recently become a large area of interest in the field of 

robotics.  A parallel robot consists of an end effector, or moving platform (MP), with n  

degrees of freedom connected by at least two independent kinematic chains to a fixed 

inertial base, or base platform (BP).  The end effector is used to perform an operation or 

move through the environment with respect to its inertial base.  The MP is actuated 

through n  simple actuators and, typically, the number of degrees of freedom is equal to 

the number of n  independent kinematic chains.  The actuators are generally, but not 

limited to, prismatic or revolute actuators.  Parallel manipulators are known as closed-

loop kinematic chains [1].  The robot that drew a large amount of attention in the past has 

been the classic serial robot most likely because the analysis of the parallel robots is 

slightly more complex then that of the serial robot.  A serial robot is constructed from a 

succession of rigid bodies each linked to a previous and following rigid body by one 

degree of freedom.  The first link is fixed to an inertial system such as the ground and the 

last link, referred to as the end effector, is free standing.  Serial robots are known as an 

open-looped kinematic chain [1]. 

Parallel robots generally have larger load capacities, faster, more accurate 

motions, and a larger stiffness throughout their workspace as compared to the serial 

robots [1].  These attributes make them quite attractive in real world applications.  The 

increased popularity of parallel robots has opened many questions on the analysis and 

control of new designs as well as their potential applications.  Prismatic actuators are 
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used to drive many of the traditional parallel robots.  Some common prismatic actuators 

include hydraulic and pneumatic pistons and motor driven lead screws.  These systems 

tend to be large, heavy, cumbersome and limited by their length of travel.  Cable 

suspended parallel robots are slightly different from the traditional parallel robots.  In a 

cable suspended parallel robot, the MP is suspended and manipulated by the attached 

cables that are connected to the BP.  The cables act as the prismatic links and motor 

driven winches actuate the cables.  Using cables dramatically decreases the weight of the 

parallel robot and increases the distance in which it is able to reach. 

The National Institute of Standards and Technology (NIST) designed a 

parallel robot known as RoboCrane, where the traditional actuators are replaced by cable 

winch systems and the MP is suspended from the cables.  A cable suspended parallel 

robot was also designed and constructed at the University of Delaware by the author to 

analyze the workspace, design, and control of the robot.  The design included an 

articulated base, which allowed the variation of the cable connection points to be changed 

to different radii.  This thesis will study the design and workspace of cable suspended 

parallel robots.  The work presented in this thesis will also include the preliminary work 

for a hybrid position/force controller tailored to the dynamics of a cable suspended 

parallel robot. 

This chapter will begin with a brief history on the parallel robot and attempt 

to expose a view on the evolution of the robotic research in the direction of parallel robot 

designs.  It then will continue with a general literature survey of the subject matter 

covered throughout the thesis.  Finally, the chapter ends discussing the topics that will be 

addressed in the subsequent chapters of this thesis. 
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1.1 History 

The use of robotics has been recognized as an efficient tool to the industrial 

world ([2 - 4]).  Many of the underlying mechanisms, which form the robotic structures 

today, have existed long before robotics technology was born and date back many 

centuries.  In 1947, Gough presented the basic principals and design for a six-degree-of-

freedom parallel mechanism to test the wear and tear of tires for the Dunlop tire industry.  

In 1955, Dunlop built a functional prototype of Gough’s design as shown in Fig. 1.1. 

 

Fig. 1.1 Original Gough Platform Tire Testing Machine Constructed in 1955 

The parallel mechanism consisted of a MP and BP connected together by six 

linear prismatic actuators.  The MP is connected to each prismatic link by a ball and 

socket joint and the BP is connected to each link by a universal joint.  The MP is adjusted 

through manually turning each lead screw to obtain new positions and orientations.  The 
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tire is attached to the MP and rides on a conveyer belt system, which simulates the road 

surface conditions [5].  In 2000, the Dunlop tire-testing machine was upgraded to a newer 

modern robotic version where the position and orientation of the MP is automated 

through a computer interface.  A picture of the Dunlop tire-testing machine is given in 

Fig. 1.2, which is still operational and used today. 

 

Fig. 1.2 Upgraded Gough Platform Tire Testing Machine used today 

In 1965, Stewart proposed an idea for a six-degree-of-freedom parallel 

platform mechanism [6].  Throughout his article, he suggested several parallel robotic 

designs including flight simulators, ocean oil drilling platforms and multi cable cranes.  

A conceptual sketch of Stewart’s flight simulator design is given in Fig. 1.3. 
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Fig. 1.3 Stewart Platform and the flight simulator 

At the end of his article, Stewart suggested a modification of his design, 

which was the Gough platform created several years before.  The actual Stewart platform 

design found little attention in field of robotics however, the Gough platform has 

received tremendous interest and various designs, including those suggested by Stewart, 

are used as parallel robots today based on this model.  Ironically, many of the parallel 

robots are incorrectly acknowledged as the Stewart platform when it is actually Gough’s 

design that is being addressed.  For the sake of reference purposes, this paper will refer to 

the parallel platform as the Stewart-Gough platform. 

Despite the early emergence of the parallel mechanism, many of the robotic 

manipulators currently used in industry incorporate a large number of serial robots.  The 

modeling and control of serial robots tend to be easier than the parallel robots.  The 

computational capacity needed to control a serial robot is less intense than that of the 

general parallel robot.  In addition, serial robots generally have a larger workspace than 
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parallel robots.  However, serial robots tend to possess very small load capacities 

compared to the actual weights of the robot themselves and are less accurate.  This is a 

result of the open link cantilever structure of the serial robot where each link must 

support its own weight plus all of the following links and the weight of a possible load at 

the end effector.  The cantilever structure of the serial robot provokes small deflections in 

each link that adds up to a large positioning error at the end effector.  Several methods 

are used to correct this undesirable feature.  One possible solution is to stiffen up each 

link by adding more material to each link making it stronger and less susceptible to 

deflection.  Increasing the weight of the manipulator’s link causes the inertial forces of 

each link to become more prevalent during the robot’s dynamic motion.  In order to 

compensate for the increased inertial forces, larger motors and/or gearing are sought out 

to preserve the desired velocity and acceleration characteristics.  A larger motor increases 

the mass and inertia of the system and gearing creates problems with backlash, cogging, 

and friction. 

The study of flexible robots is another area of research that tries to 

compensate for the deflection, backlash, etc through modeling flexible behavior of the 

robot and using the model in the control law ([7 - 23]).  While the subject of flexible 

robotics generally focuses on increasing the accuracy of the robots, the issue of 

dramatically increasing the robots strength to weight ratio is not completely addressed.  

One journal article addressed this specific issue and set up criteria for the design of serial 

manipulators with a high stiffness to weight ratio [24].  This paper provided useful 

information relevant to the design of the serial robot links.  However, in industry, serial 

robots are readily available from various companies and to design a robot from scratch 

may not be reasonable.  With this in mind, researchers ventured into areas which focused 
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on using existing robots in redundant ([19], [21], [25 - 36]) and cooperative ([37 - 44]) 

tasks.  A redundant robotic system is one in which the system has more degrees of 

freedom than is needed to obtain the desired position and orientation.  Examples of 

redundant parallel manipulators include ARCHI a redundant parallel manipulator ([45 - 

46]), ParaDex a 7-DOF redundant parallel manipulator [47], and Eureka a 5-DOF 

redundant parallel mechanism [48].  A cooperative robotic system is one where two or 

more independent robotic systems work together to complete a desired task.  The types of 

robotic systems that are of interest here are those where two or more robots hold the same 

object and work together as they execute the desired task.  The combined efforts allow 

the robots to increase their load carrying capabilities, stiffness and accuracy.  For 

instance, consider two serial robots each possessing six-degree-of-freedom, holding a 

rigid block.  The base of each serial robot is fixed to the ground and each end effector is 

rigidly connected to the block creating a closed loop system.  The weight of the block is 

distributed among each supporting robot.  Since each robot already possesses six-

degrees-of-freedom, the combined efforts of both robots generally results in a system that 

is redundantly actuated.  To execute a task both robots must cooperate in such a way that 

each robot does not fight against the other.  Additional related subjects include the study 

of robotic hand designs ([19], [49 - 53]), robotic hand controllers ([11], [19], [43], [52], 

[54 - 60]) and walking robots ([61 - 65]).  However, these mechanisms are intermittently 

closed looped mechanisms because as the leg is lifted from the ground or the fingers 

discontinue contact with an object, the mechanism is no longer a true closed loop 

manipulator at that instant. 

In studying different mechanisms such as the robotic hands, cooperative 

serial robots and cooperative redundantly actuated robots it is seen that when an object is 
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manipulated through multiple contact points the stiffness is increased, the system has a 

larger strength to weight ratio and the deflection is decreased.  As these systems became 

more understood and as computer and electronic technology advanced, the design of 

parallel robots as an alternative likewise grew.  The cooperative redundantly actuated 

system of robots does increase the agility, stiffness, and accuracy but the redundant 

actuation is not always needed. 

The multiple closed loop kinematic chains that make up the parallel robot 

provide several advantages over that of the open loop serial robot.  The parallel robotic 

manipulators appeared attractive because they can be designed with the minimum 

number of actuators.  For robotic manipulators it is desirable for the robot to have one 

actuator for each degree of freedom.  Reducing the number of actuators simplifies the 

control, design, and reduces cost.  In addition, as the MP and any additional load attached 

to the MP, dynamically executes a task, the total weight of the MP and load is distributed 

throughout the supporting limbs.  Since each limb only carries a fraction of the total 

weight, the stress experienced by each limb and the strain within the limb is reduced thus 

increasing the stiffness, accuracy and potential load capacity.  Therefore, the parallel 

robots are able to perform faster, more accurate motions throughout their workspace 

compared to serial robots because of their closed loop structure, and the size and weight 

of the actuator itself can be reduced. 

The concept of the parallel mechanism is not by any means a new idea.  

Gough designed a functional parallel mechanism in 1947 as previously mentioned.  Even 

before this structure was created, there are documentations of parallel mechanisms that 

date back much earlier.  Many of the preexisting parallel mechanical designs have been 

utilized and transformed into parallel robotic manipulators that are used today.  Some 
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parallel robots that currently exist today include TRI-SCOTT 6-DOF decoupled parallel 

manipulator [66], DELTA parallel robot ([67 - 70]), Delta-4 parallel robot [71], 

CaPaMan Cassino parallel manipulator with 3-DOF [72], modified 6-PSU parallel 

platform [73], PARA-ARM a 5-Bar parallel manipulator [74], and Agile Eye a 3-DOF 

spherical parallel camera orienting mechanism [75].  Existing applications where parallel 

robots are used include milling machines [76], 4-DOF heavy parts handling [77], 5-DOF 

in-parallel haptic interface [78], underground excavation [79], force reflecting joystick 

([80 - 82]), radiation applications [83], active vibration isolation [84], and climbing 

tubular structures [85], just to name a few.  Other designs of parallel robots with 3-DOF 

include the cylindrical parallel robots [86], spherical parallel robots ([75], [87 - 91]), and 

translational parallel robots ([92 - 104]).  Additional articles on planar parallel robots are 

presented in references ([90], [105 - 121]).  One article analyzed several N-DOF parallel 

manipulators with a passive constraining leg and prismatic actuators for the possible use 

in machining applications to increase the accuracy of the end effector [122].  Industrial 

applications of the parallel robot include NASA’s flight simulators, VARIAX milling 

machine, and Fanuc’s 6-DOF positioning parallel robot.  Another area where parallel 

robots began to draw attention was in the field of miniaturized manipulation such as 

micro and nano manipulators ([123 - 128]).  Applications where miniaturized parallel 

robots may be used include surgery and electronic component assembly.  Since the 

parallel robots are to operate on such a small scale, new actuation techniques must be 

sought out.  Some actuation techniques and designs that are currently being researched 

include MEMS [125], Nitinol wires [123], flexure hinges ([128 - 129]), and piezoelectric 

elements ([124], [129 - 131]).  Tasks at this scale benefit from the stiffness and accuracy 

that is provided by the parallel robot structure.  Other research has focused on parallel 
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robots known as minimanipulators ([132 - 135]).  Minimanipulators are parallel 

manipulators, which contain the minimum number of limbs that connect MP to the BP.  

Minimanipulators are designed with the base mounted revolute actuators and inextensible 

limbs to reduce the number of limbs.  This specific type of design focuses on lowering 

the inertia, weight, number of parts, and complexity of analysis. 

Parallel robots possess many attractive attributes where serial robots lack.  

However, parallel robots typically have a small useful workspace because of the 

limitations on the prismatic actuator’s range of motion.  Some research has focused on 

combining serial and parallel robots in an attempt to increase the useful workspace ([136 

- 141]).  Other research has investigated the analysis of hyper-redundant parallel robots 

([142 - 143]).  Hyper-redundant parallel robots consist of serially connected parallel 

robotic units in successive stages.  Some existing hyper-redundant parallel robots include 

a hyper-redundant snake [144], planar elephant robotic trunk [145], a backbone cable 

driven parallel robot [146], TETROBOT highly hyper-redundant parallel robot [147], and 

a double parallel robot for enlarging workspace [143].  These robotic systems provide an 

increased workspace although the weight of the system also increases. 

Cable driven parallel robots provide means of increasing the useful 

workspace without significantly increasing the weight of the mechanism.  The cables 

possess a high strength to weight ratio and can easily be actuated through a winch 

system.  Since the cables are small, the inertial properties of the cables are usually 

considered negligible.  The analysis of cable driven mechanisms is not a relatively large 

area in the study of robotics.  However, as the robotics technology matures, the analysis 

of cable driven mechanisms expands.  Cable driven mechanisms are also referred to as 

wire or tendon driven mechanisms. 
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Research has designed and proposed cable driven mechanisms for various 

applications.  The wire driven parallel manipulator designs range from an apparatus used 

to measure a robot’s pose [148], to conceptual designs for space applications [149], to 

haptic interfaces [109], and instrumentation for wind tunnels [150].  Other wire actuated 

mechanisms include a cable driven backbone [146], FALCON an ultra high speed wire 

driven parallel robot [151], tendon driven manipulators for force transmission ([152 - 

153]), cable parallel manipulator for large radio telescope [154], planar parallel cable 

driven robots ([116 - 118], [121], [155 - 157]) and tendon driven hands ([50], [55]).  

Additional references on the design of general tendon driven manipulators are given in 

references ([158 - 159], [160 - 161]).  One parallel mechanism obtains 6-DOF in a design 

where three cables are attached to a central prismatic link [162].  Analysis of the 

workspace and design of tendon driven parallel robots are found in references ([156], 

[163 - 166]). 

The cable suspended parallel robot is another area in wire driven mechanisms 

that has received a great deal of attention especially by the National Institute for 

Standards and Technology (NIST).  A large area where cable suspended mechanisms are 

used is in the field of industrial cranes.  Most crane designs today incorporate the use of 

only one main cable to manipulate a given load.  For theses types of cranes, the load must 

be oriented by a crew of riggers on the ground, who help suppress the sway and adjust 

the orientation of the load when in motion.  This process becomes very time consuming 

because the load in most cases must be moved very slowly in order to avoid potentially 

dangerous sway or spin of the load.  Some papers on crane concepts used today are found 

in references ([167 - 168]).  Different methods of control have been proposed to help 

suppress the undesirable motion resulting from crane operation ([169 - 171]).  Theses 
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articles address that multiple cables provide additional control of the manipulated load.  

Some research on parallel robotic cranes includes CABLEV a three cable robotic crane 

attached to an overhead trolley system [172], a cable array robotic crane that uses four 

cables ([20], [173]), and a three-cable crane [174].  NIST created a 6-DOF cable 

suspended parallel robotic crane which they called RoboCrane ([175 - 178]).  RoboCrane 

uses six cables to connect the MP to the BP.  As its name suggests, RoboCrane is a 

robotic crane where the MP is suspended from the BP and held in position by not only 

the cables but also gravity.  The actuation of a cable suspended parallel robot is different 

from other parallel manipulators because cable can only possess tension forces. 

NIST proposed numerous applications for RoboCrane [177].  Some of the 

suggested usages for RoboCrane include waste tank redemption [179], underwater 

platform [180], a lunar rover [181], double hull ship welder [182], large-scale 

manufacturing ([183 - 184]), ship repair [185], shipbuilding [186], bridge construction 

[187], and sculpting assistance [188].  NIST has also developed real time control and 

virtual environment software that is used to control and study various applications for the 

NIST RoboCrane ([189 - 193]).  The NIST RoboCrane is shown in Fig. 1.4 where it is 

used in a material handling lifting application and Fig. 1.5 shows RoboCrane as a lunar 

rover. 
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Fig. 1.4 NIST RoboCrane in a lifting application 

 

Fig. 1.5 NIST RoboCrane Lunar Rover Prototype Model 
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A systematic analysis for the particular geometry selected in the design of the 

cable suspended parallel robot by NIST is still lacking.  The University of Delaware has 

designed a 6-DOF cable suspended parallel robot to analyze the different aspects of its 

design, workspace and control.  Pictures of the University of Delaware cable suspended 

parallel robot is shown in Fig 1.6. 

 

Fig. 1.6 University of Delaware Cable Suspended Parallel Robot 

The cable robot is designed with six cables that attach the MP to the BP.  The 

BP is designed so that the cable connection points can be uniformly configured to 
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different radial positions.  The BP is also mounted to a two-dimensional gantry crane 

system that is used to reposition the BP + MP system to different positions parallel to the 

ground.  The analysis of the workspace, path planning, and position control has already 

been previously conducted for the University of Delaware cable robot in references ([194 

- 197]).  Previous work on design and workspace optimization of planar cable suspended 

parallel robot initiated the design and construction of a prototype, which now exists at the 

University of Delaware ([106 - 107]).  The robot was constructed by Lauren McIllwain 

with the assistance of the author on the design. 

1.2 Literature Survey 

This section will present a literary survey of research topics that are used 

throughout each of the successive chapters.  There is a large amount of research in the 

literature related to parallel robots and mechanisms.  A large majority of the literature has 

been published within the previous decade.  The parallel manipulators studied include 

various designs, techniques of actuation, methods of control, and analysis tools used to 

identify and compare the performance of each system.  The preceding sections mentioned 

several articles on various designs of parallel robots.  Some additional articles found in 

the literature that discussed the general synthesis and selection of parallel robot designs 

are given in references ([110], [135], [155], [163], [198 - 212]).  The isotropic design of 

parallel manipulators is considered in references ([213 - 214]) and for tendon driven 

manipulators [160].  The study of the optimal design of parallel manipulators is found in 

references ([69 - 70], [93], [100], [103], [106], [108], [215 - 220]).  Other techniques and 

analysis for the design of robotic manipulators are found in references ([221 - 226]).  To 

analyze a particular robotic design, generally the first step is to define the kinematic and 

dynamic equations for the robot. 
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Kinematics is the study of the motion of a body or system of bodies without 

regard to the forces and/or moments that cause it.  There are several methods used to 

determine the kinematic equations for robotic manipulators.  Some of these methods 

include Kirchhoff’s circulation law [227], Screw Theory ([19], [228 - 238]), quaternion 

kinematics ([239 - 240]), quasi-coordinate modeling [241], and instantaneous kinematics 

([242 - 243]).  Some of the techniques used to reduce the complexity of the kinematic 

equations include Grobner-Sylvester hybrid method [244], Bernstein polynomials [87], 

Hansen’s algorithm based on numeric interval analysis [245], Natural Orthogonal 

Complement (NOC) ([246 - 247]), least squares [248], damped least squares [249], polar 

least squares [250], decoupled polar least squares ([251 - 252]), and other numerical 

methods ([80], [253 - 259]).  Other methods can be found in references ([25], [78], [120], 

[260 - 262]). 

When creating the kinematic equations two different approaches are 

generally used.  The first approach, known as the inverse kinematics, assumes that the 

location of the end effector is known relative to some inertial frame and the joint 

displacements of the robot are desired.  Therefore, given a desired end effector location, 

determine the joint displacements that allow the end effector to reach this point.  The 

second approach, referred to as the forward or direct kinematics, is opposite to that of the 

inverse kinematics.  For the forward kinematics, the joint displacements are given and the 

end effector position is desired. 

The forward kinematic problem for serial manipulators is much easier to 

solve than the inverse kinematic problem.  This is opposite to that of the parallel 

manipulator where the inverse kinematic solution is much easier to solve for than the 

forward kinematics.  For many parallel manipulators the forward kinematics is quite 
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complex and its solution presents a challenging task because the kinematic equations are 

highly nonlinear.  Many efforts have been put forth in the past towards finding the 

solution to the kinematic equations for various parallel manipulators.  One article 

addresses the forward kinematic solutions for a large set of 6-DOF parallel manipulator 

designs [202].  The difficulty with the forward kinematics of parallel manipulators is 

finding the solution in closed form.  The definition of a closed-form solution is defined 

differently within the robotics community.  Generally, the definition of a closed-form 

solution falls within two different categories.  The first category is the analytical closed-

form solution where no numerical routines are used to obtain an nth order polynomial in 

one variable.  The other definition of closed-form kinematic solution is sometimes 

referred to as the real-time closed-form solution.  For these solutions, the analytical 

kinematic equations can be solved within milliseconds on a computer since only linear 

and/or quadratic equations are to be solved with simple trigonometric functions.  There 

are very few parallel manipulators, which yield real-time analytic closed-form solutions.  

Very few parallel mechanisms present closed form solutions to their kinematic equations.  

Some of the designs, which have found closed form solutions, usually are those with 

reduced degrees-of-freedom or possess a unique configuration [263].  Other designs with 

a closed form solution include the (3-2-1) parallel mechanism ([263 - 265]), (3-1-1-1) 

fully parallel manipulator ([253], [263]), (6-6P) parallel mechanism [240] and (3-PSP) 

parallel mechanism [266].  For the (6-6) parallel manipulator the kinematic equations 

were reduced to a 20-degree polynomial, which has the potential of up to 40 possible 

solutions ([244], [255], [267 - 271]).  The (6-6) parallel manipulator is defined as one 

where six prismatic links connect the MP to the BP where the connection points do not 

intersect one another.  The forward kinematic equations for other parallel manipulators 
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were also derived.  It was discovered that the (3-6) parallel manipulator yielded a 16-

degree polynomial equation ([258], [272]), and the (3-3) parallel manipulator yielded an 

8-degree polynomial equation [273].  It was also found that a 3-DOF translational 3UPU 

parallel manipulator also yielded an 8-degree polynomial with 16 possible configuration 

solutions [98].  The multiple possible solutions resulting from the polynomial equations 

complicate the kinematics.  In many cases, numerical methods must be used to find the 

kinematic solutions.  Additional articles that find a closed form solution to the kinematic 

equations of various parallel manipulator designs are found in references ([111 - 113], 

[274 - 275]). 

Other techniques incorporate additional sensors in the design, which allows 

the direct kinematic solution to be found in closed form.  One article in the literature 

found a closed form kinematic solution using three extra linear displacement sensors on a 

nearly general (6-6) parallel manipulator ([276 - 277]).  Another design integrated two 

extra rotary sensors to solve the direct kinematic equations for a general (6-6) parallel 

manipulator [278].  A different design incorporated a camera into the parallel 

manipulator to find a linear algebraic solution to the direct kinematics, which was solved 

using the least-squares numerical method [248].  In another article, a four cable 

suspended parallel crane used two infrared sensors and one position sensor to obtain a 

closed form kinematic solution [279].  Other articles where extra sensors were used to 

solve the kinematic equations of parallel manipulators are found in references ([270], 

[280 - 282]).  The kinematics for cable suspended parallel manipulators is studied in 

references ([112 - 113], [279]).  Additional articles addressing the kinematics of wire 

driven parallel manipulators are found in references ([117], [148], [153], [168]). 
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Several articles are written on the kinematics of many specific parallel 

mechanisms.  Many of the parallel mechanism and designs have faced resistance from the 

industrial community because of their inherent complex features.  Directions toward 

broadening the communication between industry and research and development 

community have been established through many technical organizations.  These 

organizations have been constructed to focus on organizing and dispersing the research 

and development efforts.  As a result, of these efforts, the analysis of parallel 

manipulators is becoming a well-developed topic.  Additional discussion on the concerns 

and issues that arise with the general analysis and acceptance of parallel mechanism is 

found in reference [216]. 

Dynamics is the study of forces and moments, which act on a body or system 

of bodies.  When the forces and/or moments acting on a body or system of bodies do not 

cause any motion, then the body or system of bodies is in static equilibrium.  Articles 

discussing the static balancing of parallel manipulators are given in references ([88], 

[283]).  In reference [117], the kinematics and statics of a cable driven planar parallel 

manipulator is analyzed.  There are several different methods used to determine the 

dynamic equations of robotic manipulators.  Some common methods used include 

Newton-Euler force and moment equations ([57], [67], [118], [143], [284 - 289]), 

Lagrangian energy method ([14], [20], [71], [172 - 173], [290 - 299]), Hamilton’s 

principle of virtual work ([68], [174], [232], [291], [297], [299 - 305]), and Kane’s 

method [306].  Techniques used to compute the dynamic equations of motion are found 

in references ([239], [241], [247], [260], [291], [302], [305], [307 - 311]).  Another area 

of study common to robotic manipulators is the analysis of the manipulator’s forward and 

inverse force transmission capabilities.  The forward force transmission analysis is to 
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determine the forces and moments generated at the end effector given the magnitude of 

the manipulator’s actuator forces and moments.  Conversely, the inverse force 

transmission analysis is to determine the forces and moments of the actuators given the 

forces and moments at the end effector.  The force transmission is important for topics 

relating to manipulator design and force controlled tasks.  Some articles found on force 

transmission analysis are discussed in references ([60], [152 - 153], [237], [312 - 314]).  

The study of the inertial properties is another important topic of robotic manipulators.  

References presented on this topic are found in ([141], [298], [315 - 317]).  For cable 

suspended parallel robots, the inertial properties of the cables can be neglected due to the 

relative size and mass of the cable with respect to the remaining manipulator and load.  

Considering the mass and inertial properties of the cables significantly complicates the 

dynamic equations of motion for parallel manipulators.  Numerical approximations may 

be necessary in order to solve the dynamic equations.  One reference found discusses the 

models for slackened and tightened cables [318].  This may be useful for cable robots 

where the deflection and weight of the cable are significant and must be modeled. 

Once the kinematic and dynamic equations for a particular robot are derived, 

there are several tools and performance measures used to evaluate and further define the 

robot.  The workspace is one common tool used to evaluate the manipulator’s motion and 

orientation abilities.  The workspace is generally defined as the set of locations within the 

surrounding environment that can be reached by a point on the end effector with a 

desired orientation.  When defining the workspace for a manipulator the translational 

DOF and rotational DOF must both be represented.  Consider a 6-DOF serial robot with 

all revolute joints and a wrist.  The first three revolute joints are used to obtain the 

translational degrees of freedom and the wrist incorporates the remaining three rotational 
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degrees of freedom.  Therefore, if the end effector of a serial robot is able to translate to a 

point in the workspace the wrist is used to obtain the desired orientations.  It is 

understood that not all the orientations may be possible though a large range is generally 

possible.  The workspace for a serial robot is generally represented by a three 

dimensional volume of points.  The volume of the workspace is a good representation of 

the translational motion however, the orientations possible at each point within the 

workspace are not always clear.  Despite this, the three dimensional volume is still a 

good representation of the workspace for a serial robot because in many cases if the end 

effector is able to reach the point in space the wrist can obtain a large range of 

orientations.  When studying serial robots, two different types of workspaces are 

generally studied.  The first type of workspace is known as the Dexterous Workspace, 

which is defined as the set of locations where the end effector is able to reach with all 

orientations.  The second type of workspace is the Reachable or Maximal Workspace and 

is defined as the set of locations that the end effector is able to reach with at least one 

orientation. 

This combination of the translational and rotational degrees of freedom is not 

easily represented with a parallel robotic manipulator because the translational and 

rotational components are coupled through the multiple closed loop structure.  Therefore, 

the complete workspace should be represented in a six-dimensional workspace, which is 

graphically not possible.  As a result, the workspace of a parallel manipulator must be 

divided up into subsets of the workspace.  In reference [1], Merlet presented six 

definitions used to describe the different types of workspace of a parallel manipulator.  

Two of the definitions have already been mentioned.  Another type of workspace is the 

Constant Orientation or Translation Workspace, which is defined as the set of locations 
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of the end effector can reach with a fixed orientation.  The Orientation Workspace is the 

set of possible rotations around a fixed reference point in space.  The Inclusive 

Orientation Workspace is the set of locations that the end effector may reach with at least 

one orientation from a selected range of orientations imposed on the orientation 

parameter.  Finally, the Total Orientation Workspace is the set of locations that the end 

effector may reach with all the orientations from a selected range of orientations imposed 

on the orientation parameter. 

Various articles present definitions for the workspace of robotic 

manipulators.  These articles discussed different types of workspace such as the 

orientation workspace ([256], [319 - 323]), constant orientation or translational 

workspace ([256], [322], [324 - 325]), inclusive orientation workspace ([303], [326]), 

total orientation workspace ([256], [322]), reachable or maximal workspace ([19], [256], 

[327 - 329]), dexterous workspace ([19], [256], [330]), manipulability workspace [331], 

dynamic workspace [42], controllable workspace [164], and workspace boundaries ([332 

- 333]).  The definitions of the different workspaces possible are found in reference [1].  

Articles presenting methods for calculating the workspace of a robotic manipulator are 

given in ([91], [325], [334 - 335]).  Other articles analyzing the workspace optimization 

are found in references ([105 - 108], [205], [333], [336 - 338]).  Some articles found in 

the literature discussing the workspace for tendon and wire driven mechanisms are given 

in references ([106 - 107], [148], [156], [165 - 166], [197], [339]).  Additional references 

related to the workspace analysis for parallel robotic manipulators are discussed in ([340 

- 341]). 

The singularity analysis of parallel manipulators is a very important step in 

the design of robotic manipulators.  The singularities are the poses where the robotic 
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manipulator either gains or looses a degree of freedom.  Articles written on methods for 

calculating the singularities are found in references ([137], [342 - 347]).  Other articles 

analyzing the singularities of specific robotic manipulators are given in ([74], [101 - 

102], [108], [110], [114], [138], [143], [165], [200], [214], [220], [234], [348 - 352]).  

Additional references that discuss the singularity analysis of general classes and types of 

manipulators are found in ([89], [115], [353 - 355]). 

When analyzing a robotic manipulator it is useful to not only know the 

singular configurations but also know when the manipulator is close to the singular 

configurations.  The ideal manipulator is one that is isotropically designed.  Various 

methods are used to determine how close a manipulator is to a singular or isotropic 

configuration.  Many of these methods focus on analyzing the manipulator’s Jacobian 

matrix.  The Jacobian is a mathematical mapping between the joint rates in the joint 

space to the linear and angular velocities in the task space.  Some common methods used 

to analyze the Jacobian matrix of a robotic manipulator include the calculating the 

manipulability ([19], [32], [37], [145], [246], [331], [338], [356 - 358]), condition number 

([19], [215], [246], [359 - 361]), conditioning index [246], and global conditioning index 

(GCI) ([103], [211], [359], [362]).  The mathematical derivation and explanation of the 

manipulability is given in references ([19], [246], [338], [358]) and the GCI is given in 

reference [359]. 

The analysis of the Jacobian matrix is useful when studying the workspace of 

a robotic manipulator.  The manipulability is defined as the square root of the 

determinant of the product of the manipulator Jacobian by its transpose ([246], [358]).  

The condition number, conditioning index, and GCI calculations all deal with the 

eigenvalues of the manipulator’s Jacobian matrix.  The eigenvalues are all calculated for 
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a specific orientation and location of the end effector.  Therefore, not only does each 

point in the workspace need to be considered but also each orientation associated with 

each individual point must be considered.  For parallel robots, this analysis becomes 

extremely cumbersome and overwhelming.  The calculation of the GCI provides a larger 

overview of the behavior of the condition number throughout the workspace.  For 

instance, if the MP of a parallel robot was fixed to a constant orientation and condition 

number was calculated at all the translational points surrounding the BP at some discrete 

grid size.  Then all these points could be somehow averaged such that a “global” insight 

is given for that particular workspace, hence the calculation of the GCI.  The condition 

number, conditioning index provide a means to measure the level of how close the 

manipulator is to an isotropic or singular configuration for a specific location and 

orientation in space.  The GCI provides an overall general idea of the behavior of the 

condition number throughout the workspace in question.  This thesis will use the 

condition number, conditioning index and GCI for the performance analysis of the cable 

suspended parallel robot.  The derivation and further explanation of the condition 

number, conditioning index, and GCI will be provided later in Chapter 3. 

Another common method of measuring the performance of a robotic 

manipulator is by analyzing the stiffness of the robot.  The stiffness map of a robot 

provides the designer with an insight to the capabilities of the end effector to apply a 

force within its workspace.  Stiffness mapping is a common method used to portray the 

level of stiffness of a manipulator within its workspace.  Articles written on the stiffness 

mapping of parallel manipulators is discussed in reference ([205], [363]).  The stiffness 

analysis for specific parallel manipulator platforms is presented in references ([36], [76], 
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[128], [132], [134], [165], [186], [205], [364 - 366]).  In references [186], stiffness of a 

cable suspended parallel robotic crane (RoboCrane) is analyzed. 

For a robotic manipulator the study of topics such as the workspace, 

singularities, stiffness, performance indices, and the derivation of the kinematic and 

dynamic equations are all fundamental steps to the analysis of any robotic design.  

Generally, these areas of study provide aid to the fabrication and formation of control 

laws and trajectory planning.  The control of robotic manipulators is an ever-growing 

topic in an already enormous field of study.  Many articles have been written on the 

control of robotic manipulators.  Small portions of these articles are written specifically 

for parallel manipulators.  The control of parallel manipulators is becoming an increased 

topic of interest in the field of robotics.  Some controllers written for parallel 

manipulators include inverse dynamics and H∞  position control [367], stiffness control 

[368], adaptive control ([369 - 370]), fractional order control [371], integer order control 

[371], force and acceleration control [18], position control ([45 - 46]), PD feedback 

Lyapunov control [33], cooperative control ([38 - 39]), instantaneous kinematic control 

[242], impedance control [372], and feedback position control ([194 - 196]).  The area of 

control that is relevant to the current study includes position and force controllers.  The 

focus of this is with the combined interaction of the position and force controllers 

specifically, the hybrid force/position controller.  There is an increased interest in force 

control to enhance the functionality of robotic manipulators in assembly operations.  A 

few articles found in the literature investigating assembly tasks using robotic 

manipulators are given in references ([2], [38], [373 - 383]).  Other areas where force 

controllers have become popular are with haptic interfaces [384], and object detection 

[385].  Robotic manipulators are not usually driven in force control mode in industry.  
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The main method of control in industry typically relates to various position control 

schemes.  Industry is always seeking means of expanding the capability of robot 

manipulators to encompass a greater number of possible tasks.  The study of force 

controllers has recently increased and become more prominent in research due to the 

technological advances with computers and sensors.  The computer process power has 

dramatically increased allowing the implementation of more sophisticated controllers to 

be used on robotic manipulators. 

Some of the different types of force controller designs include impedance 

control ([372], [374], [379], [386 - 400]), sliding mode force control ([169], [396], [401 - 

404]), switching control [405], active compliant force control ([54], [406 - 410]), and 

passive compliant force control [7].  Various articles written on the hybrid force/position 

controller are found in references ([10], [12], [23], [398], [411 - 420]).  Some of the 

hybrid force/position control variants include fractional order hybrid force/position 

control [421], robust hybrid force/position control [30], robust nonlinear hybrid 

force/position control [16], dynamic hybrid force/position control [422], hybrid 

impedance control [423], and quasi-static hybrid force/position control [17].  Other forms 

of force controllers include parallel force/position control ([52], [398 - 399] [424 - 425]), 

integral force control with robustness [426], hybrid force/vision control ([427 - 428]), 

force feedback adaptive control [11], model-based force control for machining [429], 

adaptive force control for position/velocity controlled robots [430], and dynamic hybrid 

force/velocity control [431]. 

The force sensors used to measure the interaction between the environment 

and the manipulator generally are noisy.  Many articles have been written on the stability 

of the force controller due to this undesirable noise ([409], [417], [419], [432]).  Another 
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area where the notion of stability of force controllers arises is in the flexibility of the 

links ([10], [433]).  In addition, several articles have analyzed the contact transition 

between the end effector and its environment ([54], [59], [291], [394], [432], [434 - 

436]).  This transition between the environment and the end effector become very 

important in routine operations such as assembly tasks.  Several articles are written on 

assembly tasks for robotic manipulators ([2], [38], [373 - 383]).  A large source of error 

and instability that arises in forced controlled tasks results from friction.  There are 

several sources of friction, which provoke instability.  One source of friction resides 

within the manipulator itself, and another source results from the interaction with the 

environment.  If the sources can be identified, measured, and modeled then the 

performance of the system can be improved.  However, this is not an easy task especially 

when various environmental parameters are changed dynamically.  A few articles written 

on identifying and modeling friction are given in references ([12], [191], [316 - 317], 

[381], [437 - 445]).  Additional references addressing the control of friction are found in 

([12], [43], [381], [442 - 443], [445 - 450]). 

An area of study related to all robotic manipulators is that of calibration of 

the manipulator.  When a robotic manipulator is created the machining of the individual 

parts is done within some prescribed tolerance.  This tolerance leads to small inaccuracies 

within the system.  Very little calibration analysis has been found for parallel 

manipulators.  Some articles found on the calibration of parallel manipulators are given 

in references ([82], [261], [451 - 455]). 

The general goal of a robotic manipulator is for it to execute some task or set 

of tasks.  The measure of how well a particular robotic manipulator accomplishes a given 

task is achieved through the performance analysis of the robotic manipulator.  These 
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performance measures can also be used in the creation of a trajectory.  For instance, the 

condition number can be used as a guide to the areas within a workspace that are singular 

or isotropic.  Other techniques are used to specify and create the trajectory for a parallel 

manipulator.  Articles discussing the trajectory planning and sensor processing for 

manipulators are given in references ([137], [456 - 461]). 

A significant volume of work has been done on the analysis of parallel 

manipulators in the areas of kinematics and design.  Fewer studies are found in the areas 

of dynamics and control for parallel manipulators, although this subject is slowly 

growing.  The topics related to singularities and workspace analysis is also increasing, 

but many studies surround specific platforms.  However, it is very apparent that recently 

there is a huge increase in areas pertaining to parallel robotic research.  The current study 

intends to support and provide additional insight to the proliferating analysis of robotic 

research. 

1.3 Scope of Present Work 

The types of robotic manipulators addressed within this thesis pertain to 

parallel manipulators, specifically the cable suspended parallel robots.  The goal of the 

present work is to analyze the workspace and design of a cable suspended parallel robot 

and present preliminary ideas for a hybrid force/position controller.  In Chapter 2, the 

kinematic and dynamic equations of motion are derived for a general, six-degree-of-

freedom (DOF) cable suspended parallel robot.  Thesis equations will be used in the 

subsequent chapters as needed.  Chapter 3 presents a study on the workspace and design 

of a refined range of cable suspended parallel robots.  In Chapter 4, practical design 

applications are presented to confirm the trends discovered in the preceding chapter.  In 

that chapter, three surface cases are presented for which the cable suspended parallel 
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robots are to orient their MP perpendicular to the surface to see how much surface the 

robot is able to reach.  Chapter 5 presents preliminary ideas for a hybrid force/position 

controller to be used on a cable suspended parallel robot.  The derivation for a hybrid 

force/position controller to be used on a traditional parallel robot is given and a Matlab 

Simulink program was created to simulate the controller.  A discussion on the use of this 

type of controller for a cable suspended parallel robot is also briefly given.  Finally, the 

conclusions of the thesis are presented in Chapter 6 with a brief interlude to possible 

future work. 
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Chapter 2 

KINEMATICS AND DYNAMICS 

2.1 Introduction 

In this chapter, the kinematics and dynamics of a cable suspended parallel 

robot will be derived.  Kinematics and dynamics are the basis for the analysis of any 

robotic system.  Once these equations are obtained, the designer is able to evaluate 

and/or automate the system.  A large portion of research has been devoted towards 

obtaining the kinematic and dynamic equations, however there exists only a limited 

set of papers pertaining to cable actuated robots and still a smaller set focuses on cable 

suspended parallel robots. 

Kinematics is the study of the motion of a body or system of bodies 

without regard to the forces and/or torques that cause it.  Kinematics deals with the 

position, velocity, and acceleration as well as any higher order derivatives of the 

position vector.  The derivatives are taken with respect to time as well as other 

variables.  When studying kinematics the only concern is with the geometrical and 

time properties of motion.  As a designer, there are two separate approaches to the 

kinematic study of a body or system of bodies.  One perspective is the kinematic 

synthesis, which entails designing a manipulator to attain certain desired kinematic 

properties.  For example, given a preferred range of positions and orientations and 

possibly the time derivatives of an end effector, the designer must determine the 

geometry and joint motion of the manipulator.  The other perspective, termed 
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kinematic analysis, is opposite to that of the kinematic synthesis.  The kinematic 

analysis involves the study of motion among the various links of a given manipulator.  

This approach has two additional subsets referred to in robotics as the forward or 

direct kinematics and the inverse kinematics, which will be defined in the following 

sections.  For parallel robots, the inverse kinematics can be found exactly in closed 

form as will be seen in the following sections.  The study of the kinematics is a key 

point of interest in the analysis and design of robotic manipulators [326]. 

Dynamics is the study of the forces and/or torques applied to a system, 

which causes motion of a body or system of bodies.  If the forces and/or torques are 

applied to a system and do not cause any motion, then the system is in static 

equilibrium.  The dynamics of robotic manipulators is a very complex subject.  In 

general, the manipulator is to perform some prescribed motion in its environment.  To 

execute this motion, input forces and/or torques must be applied to the manipulator’s 

active joints.  In the calculation of the needed input force and torque, one must also 

incorporate all the external forces acting on the manipulator.  This calculation can 

become extremely complex due to possible uncontrollable phenomenon such as 

friction.  In many cases, approximations for friction are made.  The validation of these 

approximations is usually justified through the performance characteristics observed 

from a model and experimental data. 

This chapter will begin with a brief explanation of the forward and inverse 

kinematics.  Next, the position kinematics is presented for a general cable suspended 

parallel robot.  This is followed with the derivation of the velocity kinematics using 

the geometric Jacobian and the analytic Jacobian through the form of the inverse 

kinematics.  Then the kinematic acceleration equations are derived for the general 
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parallel robot.  After that, the dynamics are presented using the Newton Euler method 

and the Jacobian given is shown to be the same as the one derived for the kinematics 

in the geometric Jacobian section.  Next, the inertia term is briefly mentioned for 

completeness and finally a conclusion is given summarizing the chapter. 

2.2 Kinematics 

When defining a task or trajectory for a robotic manipulator the individual 

links that make up the manipulator must be carefully coordinated to accomplish the 

desired task.  The task is defined according to either the joint space or the task space.  

The task space sometimes referred to as the operational space, end effector space, or 

Cartesian space, is the subset of the vector space that includes all locations of the end 

effector.  If the desired motion is define in task space, then the end effector trajectory 

is given and the joint motions that product this motion are to be found.  The solution 

to this problem is to solve for the inverse kinematics.  The joint space or actuator 

space is the vector space spanned by the joint variables.  If the trajectory is defined 

according to the joint space then, the individual joint inputs are given and the resulting 

end effector motion is to be determined.  The solution method sought out for this 

problem is the forward or direct kinematics. 

2.2.1 Forward or Direct Kinematics 

Forward kinematics is defined as follows: given the joint displacements 

and their time derivatives determine the trajectory of the end effector.  In the case of 

cable robots, the joint displacements are the lengths of the cables, which attach the MP 

to the BP.  An exact closed form solution for the forward kinematics of a six degree-

of-freedom parallel manipulator based on the actuating link displacements has not 



 33

been found.  The complexity of the solutions resides within the multiple kinematic 

chains that make up the parallel robot.  For the general 6-6 Stewart-Gough Platform, 

the forward kinematic equations yield up to 40 solutions ([267], [269]).  It has been 

proven that for a 3-3 Stewart-Gough Platform the solutions can be reduced to an 8th 

degree polynomial, which yields up to 8 solutions.  Other solutions are available for 

specific parallel robots, but no closed form solution exists for the general 6-6 Stewart-

Gough Platform based only on the given cable lengths.  Many control schemes 

implemented on robots use the forward kinematics as part of their feedback.  For 

parallel robots, this information is in general found only through the numerical 

approximations of the forward kinematic equations.  This inhibits the controllers’ 

effectiveness because of increased computation time for the forward kinematics and 

accuracy of numerical approximation procedure.  Common methods employed to 

avoid the cumbersome nonlinear forward kinematic equations include the placement 

of additional sensors.  These sensors are used to speed up computation time and 

accuracy and in some cases yield a closed form solution.  If three additional 

displacement transducers are placed between the MP and BP, an exact closed form 

solution can be found. 

2.2.2 Inverse Kinematics 

Inverse kinematics is defined as follows: given the end effector trajectory 

determine the corresponding joint displacements, velocities, and accelerations.  The 

solution of the inverse position kinematics can be found in closed form for parallel 

robots.  This is different from that of serial robots where the inverse position 

kinematics in general yields multiple solutions.  The kinematics for the cable 
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suspended parallel robots will be derived in the inverse kinematic since the equations 

can be found in closed form. 

2.2.3 Kinematic and Geometric Model 

In this section, the kinematic equations for a general 6-6 cable suspended 

parallel robot is derived.  The inertial coordinate system FO with its base unit vectors 

xO, yO, zO is attached to the BP, with its origin located at the point O, as shown in Fig. 

2.1.  The coordinate frame for the MP FE with base unit vectors xE, yE, zE is located at 

the center of mass OE of the MP.  There are six connection points on the BP 

represented as (b1, …, b6) and similarly six connection points on the end effector or 

MP, represented as (a1, …, a6).  A sketch of a general cable suspended parallel robot 

is given in Fig. 2.1. 
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Fig. 2.1 General 6-6 cable suspended parallel manipulator 

The position vector from point bi to point ai, i.e. the cable vector O
il  shown in Fig. 

2.2, can be expressed with respect to frame FO as 

 
, 1,...,6O O O E O

i E i i i= + − =l p R a b   (2.1) 

 

where Op  represents the position vector from point O to point OE expressed in frame 

FO.  The vector O
ib  is the position vector from point O to point bi expressed in frame 

FO.  The vector E
ia  is the position vector from point OE to point ai expressed with 
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respect to frame FE.  The matrix O
ER  is the rotation matrix relating the orientation of 

the moving frame FE with respect to the fixed frame FO.  The rotation matrix given in 

Eq. (2.2) is a fixed axis rotation sequence by the roll-pitch-yaw angles of ψ , θ , and 

φ  about the xO, yO, and zO axis, respectively. 

 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

O
E

c c s c c s s s s c s c
s c c c s s s c s s s c

s c s c c

φ θ φ ψ φ θ ψ φ ψ φ θ ψ
φ θ φ ψ φ θ ψ φ ψ φ θ ψ

θ θ ψ θ ψ

− + +⎡ ⎤
⎢ ⎥= + − +⎢ ⎥
⎢ ⎥−⎣ ⎦

R

(2.2) 

 
In Eq. (2.2), ( )args  and ( )argc  stand for the sine and cosine of the appropriate angle 

argument ( )arg .  The magnitude of vector O
il  is 

 
22 2 2 2 , 1,...,6.O

i i ix iy izl l l l i= = + + =l   (2.3) 

 

This equation is the position constraint equation for the cable suspended parallel 

manipulator.  The constraint equation is an expression relating the behavior of the 

bodies that make up the system through their bounding interactions and/or connections 

that restricts their motion. 
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Fig. 2.2 Modeling of the ith cable vector loop 

There are several ways of determining the relationship between the joint 

velocities and the velocity of the MP.  This relationship is in terms of a matrix called 

the Jacobian matrix or simply the Jacobian.  The Jacobian is a mapping between the 

joint rates in the joint space to the linear and angular velocities in the task space.  

There are two common methods used to determine the Jacobian for a robotic 

manipulator.  One method is referred to as the geometric Jacobian and the other is 

analytic Jacobian.  Both of these methods will be described in the following sections. 
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2.2.4 Geometric Jacobian 

The geometric Jacobian, as its name suggests, uses the geometry of the 

individual robotic manipulator under study.  An equation representing the magnitude 

of the cable lengths is sought in order to derive the velocity kinematics in the inverse 

form.  This equation referred to as the constraint equation can be derived by taking the 

dot product of the position vector loop Eq. (2.1).  The dot product operator is 

performed because it yields a convenient expression that eliminates the unactuated 

joint rates when the velocity relationship is derived.  Taking the vector loop equation 

and rewriting it using the dot product notation the equation becomes, 

 

( ) ( )2 ,
TO O O O

i i i i il = • =l l l l   (2.4) 

( ) ( )2 .
TO O E O O O E O

i E i i E i il = + − + −p R a b p R a b  (2.5) 

 

Taking the derivative of the left and right hand sides of Eq. (2.5) with respect to time, 

one obtains the velocity relationship given in Eq. (2.6) shown below. 

 

( ) ( ) ( ) ( )2
T TO O E O O E O O O E O O O E

i i E i E i i E i i E il l = + + − + + − +p R a p R a b p R a b p R a& & && &

(2.6) 

 

A dot above each term denotes the derivative with respect to time.  The terms O
ib&  and 

E
ia&  are both set equal to zero because they are both constant in the expressed frame.  

Now, using the linear algebra identity 

 
2 2 ,T T T T+ = =c d d c c d d c   (2.7) 
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where c  and d  are arbitrary column vectors, Eq. (2.6) is simplified to 

 

( ) ( )2 2 .
TO O E O O O E

i i E i i E il l = + − +p R a b p R a& &&  (2.8) 

 

Substitute Eq. (2.1) into Eq. (2.8) and simplify to obtain, 

 

( ) ( ).
TO O O E

i i i E il l = +l p R a& &&   (2.9) 

 

Now the derivative of the rotation matrix is 

 
,O O O

E E E=R Ω R&   (2.10) 

 

where O
EΩ  is defined as the angular velocity cross product matrix of the MP with 

respect to the BP. 
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After substituting Eq. (2.10) into Eq. (2.9) it becomes 

 

( ) ( ).
TO O O O E

i i i E E il l = +l p Ω R a& &   (2.12) 

 

Applying the substitution 
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O O E
i E i=a R a   (2.13) 

 

to Eq. (2.12), simplifies the results and yield the following equation, 

 
( ).O T O O T O O

i i i i E il l = + ×l p l ω a& &   (2.14) 

 

Now using the linear algebra identity 

 
• × = × •

= • ×
= × •

u v w v w u
v w u
w u v

  (2.15) 

 

where u , v  and w  are arbitrary column vectors, Eq. (2.14) can be rewritten as 

 

( ) , 1,...,6.
TO T O O O O

i i i i i El l i= + × =l p a l ω& &   (2.16) 

 

Eq. (2.16) represents six equations, one for each of the kinematic chains present in the 

6-DOF cable suspended parallel manipulator.  Now rearrange Eq. (2.16) in the 

following matrix form, 

 
=Bq At&   (2.17) 

 

where matrix and vector variables in Eq. (2.17) are defined in the subsequent 

equations Eq. (2.18), Eq. (2.19), Eq. (2.20), and Eq. (2.21) given below. 
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The vector t  is known as the twist vector of the MP.  The twist vector incorporates 

the linear and angular velocities of the MP with respect to the BP.  The matrices B  

and A  are the partial geometric Jacobians.  Pre-multiplying both sides of Eq. (2.17) 

by the inverse of B  yields 

 
=q Jt&   (2.22) 

 

where, 

 
1−=J B A   (2.23) 
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is the Geometric Jacobian matrix of the robot manipulator.  Eq. (2.22) presents the 

relationship between the joint velocities given by q&  and the twist velocities t  of the 

MP. 

The same result given by Eq. (2.22) could also been obtained if initially 

both sides of Eq. (2.9) were divided by il , the magnitude of the cable lengths and then 

simplified with the substitutions.  To verify this, Eq. (2.24) shows the division by il  

just mentioned. 

 

( )
TO

O O Ei
i E i

i

l
l

⎛ ⎞
= +⎜ ⎟

⎝ ⎠

l p R a& &&   (2.24) 

 

Now substitute Eq. (2.10), Eq. (2.11), and Eq. (2.13) into Eq. (2.24) and expand the 

result in matrix form yields Eq. (2.22).  The Jacobian is the same as given by Eq. 

(2.23) multiplied out which is seen from the following equation as 
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×⎢ ⎜ ⎟ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦

la

  (2.25) 

 

Both Eq. (2.23) and Eq. (2.25) are the Geometric Jacobian form of a general cable 

suspended parallel robot.  The Geometric Jacobian will be used exclusively in this 

study. 

2.2.5 Analytic Jacobian 

In this section, the general derivation of the analytic Jacobian will be 

presented.  The analytic Jacobian as opposed to the geometric Jacobian is different in 

that is directly uses the differentiation of the kinematic functions with respect to the 

joint variables when deriving the inverse kinematics.  Obtaining a closed form 

solution for the position and orientation variables is not always possible.  However, 

for parallel robots it is easier to derive the direct or forward kinematic equations.  The 

direct kinematic functions are found from the dot product of the vector loop equations 

given by Eq. (2.5), which is written again below for quick reference. 
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( ) ( )TO O E O O O E O
i E i i E i il += + − + −p R a b p R a b  (2.26) 

 

It is again noted here that Eq. (2.26) represents six equations, each equation for a 

given value of i , where 1,...,6i =  and that this equation is the constraint equation.  

This constraint equation is the equation gives the magnitude of the actuator link 

lengths.  Where q  is defined as the vector of the links lengths as 

 
[ ]1 2 3 4 5 6, , , , , .Tl l l l l l=q   (2.27) 

 

At this point for the geometric Jacobian Eq. (2.26) is differentiated with respect to 

time and carefully separated to form the geometric Jacobian relating the joint rate of 

displacements to the linear and angular velocity of the MP.  To find the analytic 

Jacobian Eq. (2.26) is not differentiated with respect to time but with respect to the 
variables representing the position ( ), ,O O O

x y zp p p  and orientation ( ), ,ψ θ φ  

of the MP.  For simplicity, these variables will be denoted in the vector 

 
, , , , , .

TO O O
A x y zp p p ψ θ φ⎡ ⎤= ⎣ ⎦X   (2.28) 

 

Eq. (2.26) is written in the form where the joint variables are easily known given AX .  

The form sought out for the analytical Jacobian is one that transforms the MP linear 

velocities and the time rate changes of orientation of the MP to the joint rates of the 

actuators which is shown by the following equation 

 
.A A=q J X&&   (2.29) 
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The analytic Jacobian AJ  is expressed as 

 
1 1 1 1 1 1

2 2 2 2 2 2

3 3 3 3 3 3

4 4 4 4 4 4

5 5 5 5 5 5

6 6

O O O
x y z

O O O
x y z

O O O
x y z

A
A

O O O
x y z

O O O
x y z

O
x

l l l l l l
p p p

l l l l l l
p p p

l l l l l l
p p p

l l l l l l
p p p

l l l l l l
p p p

l l
p

ψ θ φ

ψ θ φ

ψ θ φ

ψ θ φ

ψ θ φ

∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂∂

= =
∂ ∂ ∂ ∂ ∂ ∂∂

∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

∂ ∂
∂ ∂

qJ
X

6 6 6 6
O O

y z

l l l l
p p ψ θ φ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥

∂ ∂ ∂ ∂⎢ ⎥
⎢ ⎥∂ ∂ ∂ ∂⎣ ⎦

 (2.30) 

 

and the vectors 

 

1 2 3 4 5 6, , , , , ,
T

l l l l l l⎡ ⎤= ⎣ ⎦q & & & & & &&   (2.31) 

, , , , ,
TO O O

A x y zp p p ψ θ φ⎡ ⎤= ⎣ ⎦X & && && & &   (2.32) 

 

are simply the time derivatives of the MP’s position and orientation AX&  and joint 

lengths q& .  The differentiation will be executed with respect to the variables 

describing the MP’s position and orientation, however the angular velocity is not 

expressed in frame FO as given in Eq. (2.32).  To express everything in the in the 

inertial frame FO the analytic Jacobian must be multiplied by an additional 

transformation matrix. 
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2.2.6 Acceleration 

In this section, the inverse kinematic equations relating the acceleration of 

the MP to the acceleration of the cables will be derived.  Taking Eq. (2.22) and 

differentiating both sides of it with respect to time yields the expression 

 
= +q Jt Jt& &&&   (2.33) 

 

where the chain rule of differentiation is applied.  This equation relates the 

acceleration of the cables q&&  to the acceleration of the MP t& , which is simply the time 

derivative of the twist vector.  The representation of these vectors is given in the 

following subsequent equations. 

 

1 2 3 4 5 6

T
l l l l l l⎡ ⎤= ⎣ ⎦q && && && && && &&&&   (2.34) 
O

O
E

⎡ ⎤
= ⎢ ⎥

⎣ ⎦

p
t

ω
&&

&
&

  (2.35) 

 

The derivative of the robot geometric Jacobian is computed by taking the derivative of 

the individual matrix terms with respect to time.  The expression for these terms which 

make up the matrix J&  are given as follows 

 
O O

Oi i
E

i i

d
dt l l

⎛ ⎞ ⎛ ⎞
= ×⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

l lω ,  (2.36) 

( )
O O O

O E O E O E O Ei i i
E i E i E i E i

i i i

d d
dt l l dt l

⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞
× = + × + ×⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

l l lR a R a R a R a& & . (2.37) 
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Substituting Eq. (2.36), Eq. (2.10), and Eq. (2.11) into Eq. (2.37) and noting that 

0E
i =a& , the equation becomes 

 
O O O

O E O E O E Oi i i
E i E i E i E

i i i

d
dt l l l

⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞
× = × + × ×⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠

l l lR a R a R a ω& . (2.38) 

 

Using Eq. (2.36) and (2.38) the time derivative of the Jacobian matrix, Eq. (2.25) 

becomes 
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(2.39) 

 

Substituting the derived terms given by Eq. (2.39), Eq. (2.35), Eq. (2.34) and Eq. 

(2.25) into Eq. (2.33) gives the kinematic acceleration equation for a parallel robot.  

This relationship could also have been found by directly differentiating the velocity 
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equation.  However, the details of this specific method are not given here.  An article 

in the literature that discusses the acceleration analysis of parallel manipulators is 

found in reference [462]. 

 2.3 Dynamics 

The dynamic equations of motion are used to describe the forces and 

moments that are involved as the robotic manipulator executes a desired task.  These 

equations are represented in either forward or inverse dynamic form.  The forward 

dynamic problem determines the response of the end effector given the input forces or 

torques.  This is useful in simulation and real time feedback control schemes.  The 

inverse dynamic problem solves for the input forces or torques needed to perform a 

desired task.  The inverse dynamic equations are useful in deriving control laws for a 

manipulator using control law partitioning or computed torque methods, which will be 

discussed later in Chapter 5. 

There are several methods used to obtain the dynamic equations of motion 

for multi-body systems.  A few of the more traditional methods commonly used 

include the Lagrangian energy method ([14], [20], [71], [172 - 173], [290 - 296], 

[298]), D’Alembert’s virtual displacement principle ([290], [460]), Kane’s method 

[306], Hamilton’s Principle of virtual work ([68], [174], [232], [291], [297], [299 - 

305]), and the Newton-Euler force and moment equations ([57], [67], [118], [143], 

[284 - 289]).  This chapter will apply the Newton-Euler method to derive the 

equations of motion. 
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2.3.1 Dynamic Equations of Motion 

Dynamics is the study of the forces and torques that cause the body or 

system of bodies to move.  To obtain the dynamic equations of motion for the cable 

suspended parallel robot, the forces and moments are summed up for the MP.  A free 

body diagram is given in Fig. 2.3 to show all the forces and moments acting on the 

MP.  The cables that attach the MP to the BP are considered massless; therefore under 

this assumption have no inertial effects on the dynamics of the MP.  Neglecting the 

mass and inertial effects of the cables significantly simplifies the dynamic equations of 

motion.  If the mass and inertia of the cables were considered then the solutions to the 

dynamic equations would have to be sought out using methods such as the natural 

orthogonal complement (NOC) method ([246 - 247], [302]).  The MP and BP are 

considered rigid bodies with a uniformly distributed mass.  The frame FO is fixed to 

the BP and is considered the inertial frame. 
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Fig. 2.3 Free Body Diagram of MP 

The sum of the forces acting on the MP is expressed in the following equation 

 

( )
6

1
.ext i

i
m x

=

= − − = +∑ ∑F g F T M x 0&&   (2.40) 
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The first term on the left hand side of Eq. (2.40) is the mass of the MP, m , times the 

gravity vector, g , and the next term extF  is the vector of all the external forces acting 

from the environment on the MP.  iT  is the vector describing the cable force 

pertaining to each cable and is summed for all six cables.  The matrix ( )xM  is the 

diagonal mass matrix given as 

 

( )
0 0

0 0 .
0 0

m
x m

m

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

M   (2.41) 

 
The dependence of ( )x  is for such cases where the mass is unevenly distributed over 

the MP.  The matrix given by Eq. (2.41) assumes uniform mass distribution for the 

MP.  The vector x&&  is the translational linear acceleration of the frame FE, rigidly 

attached to the MP center of mass, with respect to the inertial frame FO rigidly 

attached to the BP.  According to the kinematic analysis, x&&  is the vector defined as 
Op&&  in the previous sections.  The sum of the moments about point OE with respect to 

frame FO is given by 

 

( )
6

1
.

E

O O O O
ext i i E E EO

i=
= − − × = + ×∑ ∑M 0 M a T I ω ω I ω&  (2.42) 

 

The first zero term after the equal sign is placed there to remind us that gravity causes 

no moments on the body with respect to the MP coordinate system if the MP 

coordinate system is placed at the body’s center of mass.  The term extM  is the 

external moments acting on the MP from the environment, including the pure 
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moments and any moments caused by the external forces extF .  The third term on the 

left hand side of Eq. (2.42) is the sum of the moments acting on the MP caused by 

each of the cables attached at point ai.  The term O
EI ω&  represents the Coriolis forces 

and the cross product expression O O
E E×ω I ω  is the centrifugal forces.  The matrix I  

is the inertia matrix of the MP defined according to frame FE.  The vectors O
Eω&  and 

O
Eω  are the angular acceleration and angular velocity, respectively, of the MP 

expressed in the inertial frame FO. 

For most robotic manipulators it is convenient to combine the force and 

moment equations into one complete matrix equation just as was done for the 

kinematic equations.  In order to combine the above equations into one matrix 

equation of motion consider the following substitutions. 

 

Gravity vector: 
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0
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where ( )xG  is a 6-dimensional vector. 

External Forces and Moments: 
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 53

 

Mass-Inertia Matrix: 
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3 3

3 3
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x
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Coriolis and Centripetal Matrix: 
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Cable forces and Moments: 
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Now, note that for one cable the following can be written 
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where ˆ ie  is the unit vector along the length of the cable and is expressed as 
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with the base of the vector located at the tip of the vector O
ib  and pointing in the 

direction from the point bi to the point ai.  Using this in the cable forces and moments 

term, the following can be written 
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where it can be seen that 
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is the transpose of the geometric Jacobian.  And 

 

1 2 3 4 5 6
T

= ⎡ ⎤⎣ ⎦u T T T T T T   (2.52) 

 

is a vector of the magnitude of the cable forces.  Rewriting the equations of motion in 

matrix form and using the previous substitutions results in: 
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( ) ( ) ( ),T
extx x x x− = + − +J u D X C X G f&& &&   (2.53) 

2.3.2 Calculation of Inertia 

The inertia matrix I  for the MP used in the previous equations of motion 

is a matrix represented by the following: 
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Most of the MPs considered are constructed of or can be broken up into simpler 

shapes whose inertia is already known relative to axes specific to each shape.  This is 

possible because the mass moment of inertia is an additive quantity.  By using the 

parallel axis theorem, all the individual shapes can be related to one coordinate frame.  

The mass moment of the entire body can be calculated as the sum of the moment of 

inertia of all the individual bodies.  The geometries considered in this thesis can all be 

approximated as thin plates [463]. 

2.4 Conclusion 

In this chapter, the kinematics and dynamics equations for a three-

dimensional cable suspended parallel robot are derived which will be used in the 

following chapters.  The kinematics is derived in the inverse form due to the ease of 

derivation and closed form solution.  The inverse kinematics yields the cable lengths 

for a given position and orientation of the MP.  In the derivation for the kinematics, 

the Jacobian is found and presented using two different methods, the geometric and 
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analytic method.  The Jacobian transforms the velocity of the MP to the joint rates in 

the actuators.  The dynamics are derived using the Newton-Euler method.  In the 

derivation of the dynamics, the inertias of the cables were assumed negligible.  

Finally, the inertia matrix is presented in general form. 
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Chapter 3 

WORKSPACE AND ANALYTICAL DESIGN 

3.1 Introduction 

This chapter analyzes the workspace of a cable suspended parallel robot.  

Workspace is generally defined as the set of locations that a point on the MP is 

capable of reaching.  For a serial robot, this definition usually can be associated with 

two types of workspaces.  The first type referred to as the Dexterous Workspace is 

defined as the set of locations where the end effector is able to reach with all 

orientations [1].  The second type referred to as the Reachable or Maximal Workspace 

is defined as the set of locations that the end effector is able to reach with at least one 

orientation ([1], [327]).  The translational motion of the end effector is most often 

achieved through the first three joints for a serial robot.  The orientation is obtained 

through a wrist that incorporates the remaining three joints. 

A parallel robot has redundant links that connect the end effector or MP to 

the ground or BP.  The translation and orientation of the MP is achieved only through 

the coupled motion of the redundant links.  Due to this coupling between the 

redundant links, the translation and orientation cannot be simply divided into one set 

of joints causing translation and another set of joints causing orientation.  The 

increased complexity of the parallel robot led to more refined subsets of workspaces.  

Several different types of workspaces are defined by Merlet in addition to the ones 

already mentioned [1].  Another type of workspace is the Constant Orientation or 
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Translational Workspace [1], the set of locations that the end effector, is able to reach 

when the orientation is fixed.  Similarly, the Orientation Workspace ([1], [320], [323]) 

is the range of orientations that the end effector may rotate through at one fixed point.  

The Inclusive Orientation Workspace [1] is the set of locations that the end effector 

may reach with at least one orientation from a selected range of orientations imposed 

on the orientation parameter.  Finally, the Total Orientation Workspace [1] is defined 

as the set of locations the end effector can reach with all orientations from a selected 

range of orientation imposed on the orientation parameter [1]. 

Cable suspended parallel robots are slightly different from the traditional 

parallel robots.  Their difference lies within the actuation used to move the end 

effector.  Common actuators include pneumatic and hydraulic pistons, and motor 

driven lead screws.  These actuators can push and pull on the MP.  However, for cable 

actuation, the MP is suspended from cables under the force of gravity and cables can 

only pull not push.  Therefore, the workspace criteria for cable suspended parallel 

robots must also incorporate the notion of equilibrium in its definitions.  The 

workspace for cable suspended parallel robots is defined as all points within a given 

search region that yield tensions for all the cables.  The types of workspaces 

considered in this chapter include the Constant Orientation or Translational 

Workspace and the Total Orientation Workspace. 

The goal of this chapter is to not only determine the workspaces but also 

observe and compare the changes in the workspace as different geometric parameters 

are varied.  Since the geometric configuration parameters of a cable suspended parallel 

robot include an endless list of possibilities, the chapter will begin with the description 

of the range models that are considered in the current analysis.  The next section 
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proceeds to provide the definition for the workspace of cable suspended parallel robot 

as opposed to traditional parallel robots.  Then the chapter presents definitions of 

performance indices used to evaluate and measure the capabilities of one robotic 

design against another.  The chapter continues with the details of the simulation 

studies and an explanation of the results found.  The results are separated into sections 

emphasizing particular trends discovered.  Due to the large amount of data, not all the 

figures could be presented on the individual shapes of the constant orientation 

workspace.  Sample graphs are given in some sections with the completed set given in 

the appendices.  Finally, the chapter ends with the conclusion that summarizes the 

results pointing out useful trends. 

3.2 Workspace Model 

The model studied is that of a general 6-6 cable suspended parallel robot.  

Several models are studied to retrieve a fundamental understanding of the effects that 

the geometric shape, MP size, and MP orientation impose on the workspace.  The 

scope of the specific range of models that were studied is described in this section. 

One restriction used to focus the enormous range of models pertained to 

the cable connection points.  The base points of the manipulator (b1, …, b6) are all 

contained within the same plane (zO = 0) as shown in Fig. 3.1.  These points are 

positioned at a radial distance rbase from the base coordinate system FO that is located 

at O the center of the BP.  The MP similarly has a set of connection points (a1, …, a6) 

located at a radial distance rend from the moving coordinate frame FE attached to OE 

the center of mass of the MP.  These points are located on the (zE = 0) plane relative to 

frame FE.  The cables are connected between points bi on the base to points ai on the 

MP as seen in Fig 3.1. 
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Fig. 3.1 A schematic of a 6-6 cable suspended parallel robot 

The position vector of point bi on the base frame is defined by 

 
cos( )
sin( ) .
0

base i
O

i base i

r
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β
β

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

b   (3.1) 

 

The variable rbase is the radial distance from the base coordinate frame FO and iβ  

denotes the angular location of point bi on BP with respect to the positive xO axis as 

depicted in Fig. 3.2a.  The position vector of the cable connection points on the MP is 

as follows: 
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The variable rend is the radial distance from the MP coordinate frame FE and iα  

denotes the angular location of point ai on the MP with respect to the positive xE axis 

as shown in Fig. 3.2b.  In the analysis rbase, is fixed to a constant value and rend is 

varied over a discrete range from rend equal to rbase and smaller. 

 

Fig. 3.2a (Left) Schematic of BP, 3.2b (Right) Schematic of MP 

Another restriction used to narrow the types of parallel robot geometries 

considered is the arrangement of the cable connection points ai and bi are on the circle 

rend and rbase of the MP and BP respectively.  A geometric parameter γ  is used to 
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define the placement of the points ai and bi.  Using γ , the connection points are 

symmetrically configured on the radius of the platform in question to form a range of 

semi hexagonal shapes.  The complete definition of γ  is given in a later section. 

3.3 Workspace Definition 

As previously mentioned, the workspace for a cable suspended parallel 

robot is defined as the set of locations yielding tension in all the cables.  For the 

current analysis, no dynamic effects are considered.  The static equilibrium of the 

cable suspended parallel robot is used to find the force of each cable.  The static force 

and moment balance on the MP are 
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=
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∑ = − × =

∑

∑

F g T 0
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  (3.3) 

 

where it can be seen that there are no external moments applied to MP and the only 

forces considered are the cable tension forces and the gravitational force.  All other 

external forces and moments are ignored.  To relate the external forces represented by 

Eq. (3.3) to the forces in the cables, the dual relationship between kinematics and 

statics can be used as follows: 

 
T

ext =f J T   (3.4) 
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where T  is the vector of cable forces present in each cable, J  is the Geometric 

Jacobian matrix of the robot defined in Eq. (2.26), and extf  is a 6 dimensional vector 

containing the external forces and moments given by 

 

3 1

.ext

m

×

⎡ ⎤
= ⎢ ⎥

⎣ ⎦

g
f

0
  (3.5) 

 

The first three rows in Eq. (3.5) represent the external forces and similarly the last 

three rows represent the external moments in the xO, yO, and zO direction, respectively.  

For this section, the gravitational force is considered as an external force.  Now, to 

obtain the equations for the force of each cable, Eq. (3.4) is rearranged in the 

following manner 

 
ext=T Jf%   (3.6) 

 

where 

 

( ) 1T −
=J J%   (3.7) 

 

The workspace volume for the cable robot is later on characterized by the set of points 

where the center of mass of the MP can be positioned while all cables are in tensions.  

To this end, at each point within the possible workspace, the equation describing the 

force in each cable is used to see if tension is obtainable ([1], [106 - 107], [246]). 
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3.4 Performance Indices 

Performance indices are qualitative and/or quantitative tools used to 

measure and compare various aspects of a robot’s abilities and characteristics.  These 

attributes of the robot, for example, may relate to the robot’s ability to accurately 

maintain a prescribed motion or force transmission or it may incorporate the volume 

of space in which the robot is able to perform the task also referred to as the robot’s 

workspace. 

The Jacobian for the cable suspended parallel robot is defined in the 

preceding Chapter 2 entitled Kinematics and Dynamics.  The quality of performance 

of a robot with respect to the force and velocity transmission can be addressed through 

examining the behavior of the robot’s Jacobian matrix ( J ).  This is determined 

through checking the condition number of J  or J% .  The condition number κ  is 

defined as 

 

( ) ,l

s

σκ
σ

≡J%   (3.8) 

 

the ratio of the largest singular value lσ  to the smallest singular value sσ  of the 

matrix J% .  The singular value is the square root of the eigenvalues of TJJ% %  and TJ J% % .  

The condition number ranges from 

 
1 .κ≤ < ∞   (3.9) 

 

When the condition number approaches one the matrix is said to be well conditioned 

or isotropic, i.e., is far from singularities.  Conversely, as the condition number 

approaches infinity, the matrix is said to be ill conditioned.  An ill conditioned 
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Jacobian matrix will amplify any error present in the kinematic or dynamic motion.  

Using the condition number directly as presented in Eq. (3.8) is not very convenient 

due to the presence of the infinite right hand bound.  This bound makes it difficult to 

obtain a useful “scaled” measurement.  It is more common in practice to use an 

inverted form of the condition number referred to as the conditioning index η , defined 

as 

 
1 ,η
κ

⎛ ⎞= ⎜ ⎟
⎝ ⎠

  (3.10) 

 

where the bound on η  is now normalized to the range defined between 

 
0 1.η≤ ≤   (3.11) 

 

When the conditioning index is near zero the Jacobian matrix of the robotic 

manipulator is ill conditioned and more susceptible to error; when the conditioning 

index is near one the robot is well conditioned.  The range presented by the 

conditioning index allows different robots to be compared on a closed right and left 

bounded scale as opposed to the bounds presented by simply using the condition 

number directly. 

So, the condition number or the conditioning index can be used as a 

performance index to measure force and velocity transmission.  However, the 

condition number is computed at each individual point in the possible workspace 

region studied, for a specific orientation of the end effector.  This is useful information 

but in order to obtain a general understanding of the behavior of the condition number 



 66

over the entire workspace volume for one specific constant orientation the detailed 

information becomes overwhelming.  The Global Conditioning Index (GCI) is used to 

obtain a comprehensive or “global” perspective of the condition number’s behavior 

over the entire workspace for the constant orientation chosen [359].  Using the 

conditioning index, due to its convenient bounds and the size of the workspace 

volume, the GCI is defined as 

 
( )

.W

W

dW
GCI

dW

η
=

∫

∫
  (3.12) 

 

The denominator of the right hand side of Eq. (3.12) is the workspace volume of the 

robot manipulator and the numerator is the conditioning index pertaining to a 

particular point in the workspace.  The GCI is bounded by the range 

 
0 1.GCI≤ ≤   (3.13) 

 

Similarly, when the GCI is near zero the entire workspace tends to be ill conditioned 

and when the GCI is near one the entire workspace tends to be well conditioned. 

The GCI supplies the designer with another performance index tool that 

can be used.  The GCI is a way of comparing the entire workspace volume to Jacobian 

performance.  In general, when designing a robot, you want the largest workspace 

with the least amount of singularities where the singularities result from a bad or ill 

conditioned Jacobian.  In addition, a good robotic design incorporates one with an 

agile MP, i.e. one that is able to orient itself over a large range of motion.  Other 
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attractive attributes for a good robotic design is one with a large strength to weight 

ratio, high accuracy, and quick response or fast motion.  Due to the difficulty of 

obtaining the exact solution to the integral’s in Eq. (3.12) a discrete version of GCI 

definition is sought and expressed as 

 

( )
1

n

j
jGCI

w

η
==

∑
  (3.14) 

 

where w  is the total number of n  discrete “good” points that form the workspace and 

the numerator is the summation of the conditioning index for each point in the grid 

defining the workspace volume.  For cable suspended parallel robots the “good” 

points refers to those points that yield tension in all the cables.  Eq. (3.14) is much 

easier to compute the GCI.  However, the accuracy of the results depends on how 

small the search region is discretinized ([99], [103], [246], [359], [361 - 362], [464]). 

3.5 Simulation Studies and Analysis 

This section will explain the details of the simulations studied including 

the complete definition of γ , the specific models considered and the set of constant 

orientations used for the study.  The following subsections will present the analysis of 

the results found from the simulations with the addition of selected case studies to 

help support and explain the trends discovered. 

As mentioned, several different models are used to attain a better 

understanding of the effect that the geometric parameters have on the workspace.  

Four different geometric designs are studied and compared.  These designs included a 

geometric configuration for γ  = 45°, 30°, 15° and 0°, where γ  is the angle between 
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BP connection points (b1, b2), (b3, b4), (b5, b6) and MP connection points (a1, a6), (a2, 

a3), (a4, a5) as shown in Fig. 3.3a.  The design for γ  = 45°, 30° and 15° is a symmetric 

semi-hexagon and the design for γ  = 0° is where the MP and BP are equilateral 

triangles, the ideal case of the 3-3 Stewart platform.  The configuration of the cable 

suspended parallel robot for γ  = 45° is shown in Fig. 3.3a and for γ  = 0° is shown in 

Fig. 3.3b.  The figures for γ  = 15° and γ  = 30° are found in Appendix C.  When γ  = 

0° the base points (b1 and b2), (b3 and b4), (b5 and b6) become one ideal connection 

point.  Similarly, the MP connection points (a1 and a6), (a2 and a3), (a4 and a5) become 

one ideal point.  The orientation of the MP to the BP is in such a way that the long 

side of MP would line up with the short side of the BP when FE is aligned with FO as 

seen in Fig. 3.3a.  Dissimilar BP to MP geometries is not considered in this current 

study, in other words mismatching the γ  angles for the BP to MP.  When γ  = 60° the 

platform is a regular hexagon and no solutions exist because the Jacobian matrix is 

singular and therefore was not considered any further. 
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Fig. 3.3a Schematic of BP and MP for γ  = 45° 
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Fig. 3.3b Schematic of BP and MP for γ  = 0° 

A program was created in Matlab for workspace analysis of cable 

suspended parallel robots.  The program inputs include the connection points of the 

BP and MP, the radius of these connection points on both platforms, the given 

constant orientation of the MP, the desired search volume and incremental step size 

for the mesh search.  Preliminary runs were executed for each geometry using large 

step sizes and various dimensions, the resulting workspace was analyzed and the 

constant values were chosen.  To keep consistency, the step size was fixed along all 
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three axes (xO, yO, zO) to 0.4, the search for possible workspace volume was fixed to 

the region of (-8 ≤  xO ≤  8, -8 ≤  yO ≤  8, 0 ≤  zO ≤  10), and finally (rbase = 6) was 

fixed constant for every model considered.  The step size was chosen based on 

computer computation time.  With the fixed rbase value selected, the search region was 

chosen such that all possible locations that the MP could possibly reach were 

generously included for a given MP radius (rend). 

Once a particular geometry, MP size, and MP orientation is selected, the 

program checks every point in the volume to see if all the cables yield tensions when 

the MP is positioned at a point of the possible workspace volume.  If the point in 

question does yield tension in all the cables, the condition number of the Jacobian at 

that point for the constant orientation is computed and the point is included in the set 

of points that define the workspace volume.  After all the points in the search volume 

are checked, a global condition index is computed over the workspace of good points, 

where again “good points” refers to points that result in tension in all cables.  The 

weight of the MP, ( mg  = 10), is held constant for every parallel robot considered.  

The cables holding the MP are only checked to see if all of them contain pulling 

forces and are not slack. 

The Matlab program was run numerous times for a variety of geometries 

and sizes for an elaborate set of constant orientations.  Four different geometries and 

three different ratios of the MP to the BP are extensively studied.  Table 3.1 displays a 

list of all the parallel robots considered. 

 



 72

Table 3.1: Cable Suspended Parallel Robots Studied 
Parallel Robot (rend/rbase)% Geometry γ  (deg) 

Robot 1 100% 0° 
Robot 2 50% 0° 
Robot 3 1% 0° 
Robot 4 100% 15° 
Robot 5 50% 15° 
Robot 6 1% 15° 
Robot 7 100% 30° 
Robot 8 50% 30° 
Robot 9 1% 30° 
Robot 10 100% 45° 
Robot 11 50% 45° 
Robot 12 1% 45° 

Table 3.1 Cable Suspended Parallel Robots Studied 

The workspace sizes as well as the behavior of the Jacobian matrix are 

used as the performance indices for each parallel robot at each constant orientation.  

For parallel robots, the orientation greatly affects the properties of the workspace due 

to the coupled translation and orientation of the redundant links, as was previously 

mentioned.  Because of this, the workspace analysis for each parallel robot was 

studied for a large set of orientations.  These orientations included all combinations of 

the following discrete list given in Table 3.2. 
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Table 3.2: Set of Orientations 
 Degree 

ψ  0°, 10°, 20°, 30°, 330°, 340°, 350° 
θ  0°, 10°, 20°, 30°, 330°, 340°, 350° 
φ  0°, 10°, 20°, 30°, 40°, 50°, 60°, 300°, 310°, 320°, 330°, 340°, 350° 

Table 3.2 Set of Orientations 

Where ψ  is the rotation of the MP about the xO axis, θ  is the rotation of 

the MP about the yO axis, and φ  is the rotation of the MP about the zO axis.  The 

orientation of the MP with respect to the BP is related through rotation matrix defined 

in Eq. (2.2). 

For this analysis, each individual robot given in Table 3.1 is set to every 

constant orientation combination given in Table 3.2 to determine the Constant 

Orientation or Translational Workspace for that specific robot at the particular 

orientation chosen.  Once each robot is checked for the complete set of orientations, 

the orientations are combined to get different perspectives on the Total Orientation 

Workspace.  Additional case studies may be included in certain sections in order to 

emphasize and further support any trends revealed.  The specific conditions pertaining 

to the study will be mentioned in the corresponding sections in which they are used. 

3.5.1 Workspace Volume 

One of the performance indices commonly used to evaluate any type of 

robotic manipulator is the size and shape of the workspace volume.  As previously 

mentioned, the workspace for parallel manipulators is complicated by the fact that the 

translation and orientation of the manipulator’s end effector is couple together.  Many 

serial robots are designed in such a way that this difficulty is almost eliminated.  One 
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example is a 6-DOF serial robot integrated with a concurrent axis wrist.  For this 

specific type of serial robot, the workspace is defined by the translation of the first 

three joints, for the remaining three joints incorporate the orientation.  So it is possible 

to generally define the workspace as a three dimensional volume.  This representation 

is not possible for a 6-DOF parallel robot.  The workspace volume for a parallel robot 

changes as the orientation of the MP changes.  The MP may be able to reach certain 

points in space but possibly with only a limited set of orientations.  A complete 

representation of the workspace for a parallel robot must be presented by a six 

dimensional workspace for which a graphical illustration is not possible.  The 

workspace can only be represented as subsets of this workspace.  The definitions of 

these subsets were previously given [1]. 

The types of workspace that are studied in this chapter include the 

Constant Orientation Workspace and the Total Orientation Workspace.  The 

workspace volume is determined for the twelve robots given in Table 3.1 for every 

constant orientation combination of ψ , θ , and φ  mentioned in Table 3.2.  This 

inevitably led to an extensive collection of Constant Orientation Workspace data 

where a graphical representation of the “good” points with their corresponding 

conditioning index values can be displayed for each of the robot and orientation 

configuration.  Due to the vast amount of information involved the individual 

workspace volume shapes for each robot at every constant orientation is not presented.  

However, the trends pertaining to certain aspects of the workspace will be discussed.  

The data from the Constant Orientation Workspace is combined for the set of discrete 

orientations to form the Total Orientation Workspace.  In order to present the results 

for the Total Orientation Workspace in a systematic and comprehensive manner the 
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data is organized into a series of subset plots.  The results displayed in Fig. 3.4, Fig. 

3.5, Fig. 3.6, Fig. 3.7 and continued in Appendix (A) present the variation in the 

workspace volume for γ  = 0°, 15°, 30°, 45° respectively where each surface 

represents a value for (rend/rbase) = 100%, 50%, 1%.  The three surfaces in each graph 

correspond to a constant value of φ .  The top most surface in every plot is the 

(rend/rbase) = 100% surface followed by the surface for (rend/rbase) = 50%, and the 

bottom surface is for (rend/rbase) = 1%.  Each surface is constructed from the values 

associated with the number of good points that make up the workspace volume for a 

particular range of orientations.  If an orientation did not produce any workspace 

points then the point was set to zero for the surface.  The surface gives an idea of the 

magnitude of the Total Orientation Workspace as a particular MP rotates through a set 

of orientations pertaining to a constant value of φ . 
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Fig. 3.4 Workspace Volume for γ  = 0°, (rend/rbase) = 100%, 50%, 1%, and for φ  = 
0° 
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Fig. 3.5 Workspace Volume for γ  = 15°, (rend/rbase) = 100%, 50%, 1%, and for φ  
= 0° 
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Fig. 3.6 Workspace Volume for γ  = 30°, (rend/rbase) = 100%, 50%, 1%, and for φ  
= 0° 
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Fig. 3.7 Workspace Volume for γ  = 45°, (rend/rbase) = 100%, 50%, 1%, and for φ  
= 0° 

The behavior of the workspace given by Fig. 3.4, Fig. 3.5, Fig. 3.6, Fig. 

3.7 with the completed set of graphs given in Appendix (A), reveal several useful 

trends.  One trend noticed is that the workspace volume for a positive rotation of the 

MP is exactly matched by a mirrored negative rotation of the MP in both magnitude as 

well as a reflected shape.  This is directly related to the symmetric geometry chosen 

for the MP and the BP.  Some specific examples of the symmetric rotations are given 

in Table 3.3 and are easily verified through a quick check of the workspace surfaces 

given by Fig. 3.4, Fig. 3.5, Fig. 3.6, Fig. 3.7, and Appendix (A). 
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Table 3.3: Examples of the Symmetry within the Data 

( ), ,ψ θ φ  Rotation 1 ( ), ,ψ θ φ   Mirrored Rotation 2 

(30°, 30°, 0°) (-30°, 30°, 0°) 
(10°, -30°, 20°) (-10°, -30°, -20°) 
(10°, 30°, 20°) (-10°, 30°, -20°) 
(10°, 10°, 10°) (-10°, 10°, -10°) 
(-10°, 10°, 10°) (10°, 10°, -10°) 
(30°, 20°, 10°) (-30°, 20°, -10°) 
(30°, 30°, 10°) (-30°, 30°, -10°) 
(30°, 10°, 10°) (-30°, 10°, -10°) 
(20°, -20°, 30°) (-20°, -20°, -30°) 

( ), ,ψ θ φ± ± ±  ( ), ,ψ θ φ±m m  

Table 3.3 Examples of the Symmetry within the Data 

The mirror pattern related to the workspace volume is given by the last 

row in Table 3.3 if the angular values considered are between π±  radians or 180± o  

degrees.  If the angular values considered are between ( )0 2angle π≤ <  radians or 

( )0 180angle≤ <o o  then the mirrored workspace is given by 

 
( ) ( ), , 2 , , 2abs absψ θ ψ π ψ θ π ψ↔ − −  (3.15) 

 

or, 

 
( ) ( ), , 360 , , 360 .abs absψ θ ψ ψ θ ψ↔ − −o o  (3.16) 

 

In Eq. (3.15) and Eq. (3.16), the left hand side is the current rotation and the right 

hand side yields the mirrored workspace of this rotation. 
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To reduce the extensive amount of data pertaining to the multiple 

orientations observed, averages of the workspace volumes are used.  All the 

workspace volume magnitudes for every set of ψ  and θ  orientations related to a fixed 

value of   are averaged for a particular γ  geometry and (rend/rbase) size.  That is, each 

surface given by Fig. 3.4, Fig. 3.5, Fig. 3.6, Fig. 3.7 and Appendix (A) is averaged 

forming an Average Workspace Volume for the specific value of φ , γ  and (rend/rbase) 

that define the surface.  If a surface contains constant orientations that do not yield any 

workspace volume points then these orientations are excluded from the average 

workspace volume calculation.  This data is then graphed over the set of φ  

orientations versus the average workspace volume value, which is presented in Fig. 

3.8 for γ  = 0°, Fig. 3.9 for γ  = 15°, Fig. 3.10 for γ  = 30°, and Fig. 3.11 for γ  = 45°. 
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Average Workspace Volume vs. φ  for γ  = 0O
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Fig. 3.8 Graph of Average Workspace Volume vs. φ  for geometry γ  = 0° 
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Average Workspace Volume vs. φ  for γ  = 15O
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Fig. 3.9 Graph of Average Workspace Volume vs. φ  for geometry γ  = 15° 
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Average Workspace Volume vs. φ  for γ  = 30O
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Fig. 3.10 Graph of Average Workspace Volume vs. φ  for geometry γ  = 30° 
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Average Workspace Volume vs. φ  for γ  = 45O

-50

0

50

100

150

200

250

-80 -60 -40 -20 0 20 40 60 80

φ  (deg)

A
ve

ra
ge

 W
or

ks
pa

ce
 V

ol
um

e
rend/rbase = 100%
rend/rbase = 50%
rend/rbase = 1%

 

Fig. 3.11 Graph of Average Workspace Volume vs. φ  for geometry γ  = 45° 

From these graphs it is observed that the average workspace volume 

decreases as the MP rotates itself away from the orientations associated with φ  = 0° 

and towards orientations related to φ  = ±  60°.  In addition, as γ  increases and 

(rend/rbase) decreases the range of possible orientations decrease and eventually cease 

to exist.  The limit on the range of orientation of the MP may partially be explained by 

observing the behavior of the cables as the MP attempts to reach these different 

orientations.  The span of orientations is restricted since cables are only able to pull 

and not push. 

For example, consider the case where the rotation of the MP about the xO 

and yO axes is fixed to ψ  = 0°, θ  = 0° and the MP is rotated by φ  about the zO axis as 

far as it is able to go.  A sketch of the four cable suspended parallel robots with 
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(rend/rbase) = 100% is given in Fig. 3.12 displaying the configuration of the maximum 

rotation possible for this example. 

 

Fig. 3.12 Limits of MP φ  Orientation for (ψ  = 0°, θ  = 0°), (rend/rbase) = 100%, 
where (top left) is for γ  = 0°, (top right) is for γ  = 15°, (bottom left) is for γ  = 
30°, (bottom right) is for γ  = 45° 
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The value of the maximum φ  angle that the MP is able to rotate through 

for each γ  value with (rend/rbase) = 100% is given in Table 3.4.  It is noted that at this 

maximum orientation, the MP aligns itself with the BP and every other cable is 

positioned vertically with the direction of gravity and parallel to the zO axis.  Any 

additional rotation about the zO axis is physically not possible for the cables would 

have to oppose equilibrium with gravity and the cables are only capable of pulling not 

pushing. 

 
Table 3.4: Orientation Range MP can travel when (ψ  = 0°, θ  = 0°), (rend/rbase) = 
100% 

Geometry γ  Orientation Range on φ  
0° ± 60° 
15° ± 45° 
30° ± 30° 
45° ± 15° 

Table 3.4 Orientation Range can travel when (ψ  = 0°, θ  = 0°), (rend/rbase) = 100% 

However, the surfaces given in Fig. 3.4, Fig. 3.5, Fig. 3.6, Fig. 3.7, and 

Appendix (A) show that rotations past the φ  limitations given by Table 3.4 are in fact 

possible, but only when the MP is oriented by a large ψ  and θ  angles.  For these few 

unique orientations, the workspace is extremely small.  It is easily seen now that the 

geometry pertaining to γ  = 60° is not able to rotate at all about the zO axis when the 

MP is initially parallel to the BP under static conditions.  This configuration, when 

tested, resulted in a singular Jacobian matrix.  The further detailed investigation of this 

exact singularity is left for future work. 
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Another trend observed from the workspace surfaces relates to the ratio of 

the MP to the BP, which is denoted by (rend/rbase).  For all γ  values, it is found that as 

the ratio (rend/rbase) decreases the workspace volume also decreases.  The geometry γ  

= 0° has the largest workspace volume compared to other γ  values of the same size 

and orientation and as γ  increases the workspace decreases.  The workspace volume 

is the largest when the ratio of the MP to the BP is (rend/rbase) = 100%, i.e. the same 

size, for any γ  value.  This trend contradicted the case for a two dimensional planar 

cable suspended parallel robot, where the workspace increased as the MP size 

decreased [107]. 

A case study was conducted to further support the trends regarding the 

ratio (rend/rbase).  In this study the orientation of the MP is fixed to (ψ , θ , φ ) = (0°, 

0°, 0°), for all four γ  geometry values and the Constant Orientation Workspace is 

determined for (rend/rbase) = 100%, 90%, 80%, 70%, 60%, 50%, 40%, 30%, 20%, 10% 

and 1%.  The possible workspace volume is fixed to the region of (-8 ≤  xO ≤  8, -8 ≤  

yO ≤  8, 0 ≤  zO ≤  10), and (rbase = 6) is fixed constant for every model considered.  

However, the step size is reduced to 0.1 along all three (xO, yO, zO) axes to increase the 

accuracy.  A plot of the workspace volume versus (rend/rbase) is displayed in Fig. 3.13. 
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Workspace Volume vs. (r end /r base )%  for (ψ , θ , φ ) = (0o, 0o, 0o)

0

50000

100000

150000

200000

250000

0 20 40 60 80 100 120

(r end /r base )%

W
or

ks
pa

ce
 V

ol
um

e

γ  = 0

γ  = 15

γ  = 30

γ  = 45

 

Fig. 3.13 Workspace Volume vs. (rend/rbase)% for ( ), ,ψ θ φ  = (0°, 0°, 0°), with 
reduced step size to 0.1 along all three (xO, yO, zO) axes 

From the plot, it is observed that as (rend/rbase) increases the workspace 

volume increases with the maximum value reached when (rend/rbase) = 100%.  The 

curves appear to be smooth and therefore present no evidence to support any other 

maximum for this particular case study. 

In an attempt to begin to understand, on a local level, why the workspace 

increases as the ratio of the MP to the BP increases several points are chosen with 

various orientations.  At each point the condition number and the tension values for 

the cables are computed for several different ratios of (rend/rbase).  The tension values 

of each cable and corresponding conditioning index for that particular point and 

orientation are the specified ratio is given in Table 3.5.  The values of the cable forces 
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are given in Fig. 3.14, Fig. 3.15, Fig. 3.16, and Fig. 3.17 for the ratio (rend/rbase) = 

100%, 55.319%, 55.318% and 10% respectively. 

 
Table 3.5 Cable Forces and Conditioning Index Values for (xO, yO, zO) = (1, 1, 
10) and (ψ , θ , φ ) = (30°, 60°, 0°) 
(rend/rbase)

% 
T1 T2 T3 T4 T5 T6 Conditionin

g Index 
100% 1.3209 2.3605 0.68469 3.0053 2.8393 1.3577 0.039942 

55.319% 0.98239 2.5328 2.8428e-
005 3.6975 3.4091 0.39941 0.017609 

55.318% 0.98236 2.5328 -1.5265e-
006 3.6976 3.4091 0.39937 0.017608 

10% -7.7891 11.181 -8.1901 12.031 15.779 -12.219 0.0026668 

Table 3.5 Cable Forces and Conditioning Index Values for (xO, yO, zO) = (1, 1, 10) 
and (ψ , θ , φ ) = (30°, 60°, 0°) 



 91

 

Fig. 3.14 Cable Suspended Parallel Robot for γ  = 0°, (rend/rbase) = 100%, at (xO, 
yO, zO) = (1, 1, 10) and ( ), ,ψ θ φ  = (30°, 60°, 0°) 
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Fig. 3.15 Cable Suspended Parallel Robot for γ  = 0°, (rend/rbase) = 55.319%, at (xO, 
yO, zO) = (1, 1, 10) and ( ), ,ψ θ φ  = (30°, 60°, 0°) 
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Fig. 3.16 Cable Suspended Parallel Robot for γ  = 0°, (rend/rbase) = 55.318%, at (xO, 
yO, zO) = (1, 1, 10) and ( ), ,ψ θ φ  = (30°, 60°, 0°) 
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Fig 3.17 Cable Suspended Parallel Robot for γ  = 0°, (rend/rbase) = 10%, at (xO, yO, 
zO) = (1, 1, 10) and ( ), ,ψ θ φ  = (30°, 60°, 0°) 

As the MP decreases in size, relative to the BP, the cables are not able to 

maintain tension and, at some point, the MP begins to require the cable to push to hold 

the MP at the desired orientation and position in question.  These figures reveal that 

the cable force in cable 3 becomes negative when (rend/rbase) = 55.318%.  This means 

that cable 3 must push on the MP in order to maintain that specific position and 

orientation.  The conditioning index as shown in Table 3.5 is not singular but is 

tending towards an ill conditioned number as the ratio of the MP to the BP decreases.  

After comparing several different situations, it is found and verified that the cables do 

require pushing forces to maintain the desired position and orientation.  The condition 
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number at a majority of the “good” points defining the workspace volume is 

comparably well behaved for positions and orientations where (rend/rbase) is the largest 

possible. 

3.5.2 Global Conditioning Index 

The Global Conditioning Index (GCI) is used to encompass a more 

general perspective of the behavior of the condition number over the entire workspace 

volume into one value.  As mentioned before, when the GCI is near one the robot 

Jacobian is well conditioned and when it is near zero the Jacobian is ill conditioned.  

After the MP is checked at each point in the region under study and all the “good” 

points are obtained with their corresponding condition number, then the GCI is 

calculated to get a comprehensive understanding of the condition number for the 

entire workspace.  The GCI values are displayed in Fig. 3.18, Fig. 3.19, Fig. 3.20, and 

Fig. 3.21 and continued in Appendix (B) in a manner similar to that for the workspace 

volume results.  The three surfaces in each plot are created from the individual 

Constant Orientation Workspace GCI values over the complete set of ψ  and θ  angles 

related to a constant value of φ  for a particular γ  geometry.  The ratio (rend/rbase) = 

100%, 50%, and 1% defines the three surfaces in each plot starting from the top 

surface and proceeding to the bottom surface respectively. 
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Fig. 3.18 GCI distribution for γ  = 0°, (rend/rbase) = 100%, 50%, 1%, and for φ  = 
0° 
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Fig. 3.19 GCI distribution for γ  = 15°, (rend/rbase) = 100%, 50%, 1%, and for φ  = 
0° 
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Fig. 3.20 GCI distribution for γ  = 30°, (rend/rbase) = 100%, 50%, 1%, and for φ  = 
0° 
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Fig. 3.21 GCI distribution for γ  = 45°, (rend/rbase) = 100%, 50%, 1%, and for φ  = 
0° 

The trends discovered for the GCI behavior follow patterns similar to 

those found for the workspace volume magnitude.  One trend found is that as the ratio 

of the MP to the BP decreases the GCI also decreases.  Another pattern displayed 

from the graphs is that the smaller the γ  value the better the GCI.  When the MP 

rotates from the orientation (ψ , θ , φ ) = (0°, 0°, 0°), the GCI generally tends to 

decrease.  Again, due to symmetry of the parallel robot the GCI, values are mirrored in 

the same fashion as the workspace volume magnitudes. 
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The average of the GCI values are used to consolidate the extensive 

amount of data pertaining to the multiple orientations observed.  All the GCI values 

for every constant orientation related to a fixed value of φ  (rotation about the zO axis) 

are averaged for each γ  geometry angle and (rend/rbase) percent ratio.  This data is then 

graphed over the set of orientations related to the constant φ  versus the average GCI 

value, which is presented in Fig. 3.22, Fig. 3.23, Fig. 3.24 and Fig. 3.25 for γ  = 0°, 

15°, 30°, and 45° respectively. 

Average GCI vs. φ  for γ  = 0O
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Fig. 3.22 Graph of Average GCI vs. φ  for geometry γ  = 0° 



 101

Average GCI vs. φ  for γ  = 15O
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Fig. 3.23 Graph of Average GCI vs. φ  for geometry γ  = 15° 
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Average GCI vs. φ  for γ  = 30O
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Fig. 3.24 Graph of Average GCI vs. φ  for geometry γ  = 30° 
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Average GCI vs. φ  for γ  = 45O
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Fig. 3.25 Graph of Average GCI vs. φ  for geometry γ  = 45° 

From the graphs it is observed that the average GCI value increases 

slightly as the MP rotates itself from the set of orientations associated with φ  = 0°, 

and then decreases as it approaches φ  = ±  60° from φ  = 0°.  Taking a closer look at 

these trends it is noticed that at a certain set of φ  orientations the average GCI reaches 

a maximum value then quickly decreases.  The orientation where the maximum 

average GCI is reached appears to be somewhere near the orientations presented in 

Table 3.4.  The data for the parallel robot with γ  = 45° and (rend/rbase) = 50% 

presented in Fig. 3.25, tends to not conform to this trend.  The number of good points 

found for the workspace is very small, influencing the accuracy of the GCI 
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calculation.  Choosing a smaller mesh size does produce a more accurate GCI value.  

For this study, however, the topic was not investigated any further. 

The GCI, unfortunately due to its definition, gives only a “global” view of 

behavior of the condition number.  This has the advantage of consolidating an intense 

amount of data into a format that is easier to analyze however it can be misleading 

because the exact behavior is generalized.  Some specific points will be discussed in 

an attempt to understand how the condition number is distributed over the workspace. 

The condition number is calculated at each point in the workspace that 

yielded tension in all the cables for a specific orientation, geometry, and size of the 

MP.  The behavior of the condition number depends on the constant orientation 

selected for the MP and its position in the workspace.  However, certain trends of the 

condition number value are present in the workspace volume.  In each workspace 

volume, the condition number is noticeably larger for points near the (zO = 0), plane.  

That is, when the MP is close to the BP the condition number increases or the 

conditioning index decreases.  This was expected, for as the MP approaches the BP 

the cables become increasingly horizontal, which causes the normal force component 

to decrease and the horizontal force component to increase.  The static equilibrium 

equations require the weight of the MP, ( mg ), to be balanced by the normal force 

component in the cables.  As the MP approaches the BP, the horizontal force 

component in each cable increases in order to maintain the vertical force required to 

balance the force of gravity.  In other words, as the cables approach a horizontal 

orientation the tensions in the cables approach infinite values.  A simple two-

dimensional diagram is given in Fig. 3.26, to further explain the point visually.  The 

concept further extends to the three-dimensional case for some angle is always present 
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in at least some of the cables for all the designs considered.  The design pertaining to 

the case of γ  = 60°, did not yield any solutions and as stated previously was not 

considered any further.  Even though the condition number increased as the MP 

approached the BP, the possible workspace volume was not restricted by this.  The 

limitation on the possible workspace is due to the tension in the cables, i.e. the fact 

that the cables are only able to pull and not push on the MP. 

 

Fig. 3.26 Simple sketch of cable tensions and their normal tangential components 



 106

The defining shape of the workspace volume for a specific parallel robot 

depends on the constant orientation of the MP.  As the MP rotated to different 

orientations, the Constant Orientation Workspace revealed many interesting trends.  

Only selected graphs that support the trends found will be shown as needed instead of 

presenting all the individual Constant Orientation Workspace plots, for each of the 

cable suspended parallel robots.  The distribution of the conditioning index η  is used 

instead of the condition number κ  because the conditioning index gives a normalized 

value that can be compared easier. 

One observation revealed that for the orientation of (ψ , θ , φ ) = (0°, 0°, 

0°) the workspace is maximum for any geometry chosen, an example is shown in Fig. 

3.27 where γ  = 0° and (rend/rbase) = 100%.  Another common trend that appeared in 

most of the workspace shapes was the main cluster of workspace volume points for 

any constant orientation of the MP studied is generally located around the zO axis.  In 

addition, it is noticed that the workspace has a concentrated region where the 

conditioning index is larger than the surrounding area.  This region is generally 

located to one side of the volume if there is a rotation about the xO and/or yO axes and 

towards the center if there is no rotation about these axes.  In Fig. 3.27 this region is 

located in the center of the workspace and near the zO = 6 plane surrounding the zO 

axis.  When the MP is rotated, this cluster of workspace points with better 

conditioning index values shifts from the center towards the side with the connection 

point closest to the BP.  An example of this is shown in Fig. 3.28 for γ  = 0° and (ψ , 

θ , φ ) = (30°, 350°, 0°).  This trend still holds when the MP is rotated about only one 

of the xO or yO axes at a time while the other is held constant as shown in Fig. 3.29 for 

γ  = 0° and (ψ , θ , φ ) = (30°, 330°, 0°). 
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Fig. 3.27 Workspace of Cable Suspended Parallel Robot Displaying Conditioning 
Index Distribution for γ  = 0°, (rend/rbase) = 100%, and ( ), ,ψ θ φ  = (0°, 0°, 0°) 
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Fig. 3.28 Workspace of Cable Suspended Parallel Robot Displaying Conditioning 
Index Distribution for γ  = 0°, (rend/rbase) = 100%, and ( ), ,ψ θ φ  = (30°, 350°, 
0°) 
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Fig. 3.29 Workspace of Cable Suspended Parallel Robot Displaying Conditioning 
Index Distribution for γ  = 0°, (rend/rbase) = 100%, and ( ), ,ψ θ φ  = (30°, 330°, 
0°) 

For each of the Constant Workspace Orientation graphs just mentioned 

there is some level of general symmetry that is noticed throughout the workspace.  

One trend that is not completely clear is the variation of the conditioning index value 

for large distances away from the BP.  A separate study revealed that as the MP tends 

towards infinity along the zO axis, the conditioning index for these locations tends 

towards zero, and the Jacobian becomes ill conditioned as displayed in Fig. 3.30 for zO 

= 100, γ  = 0°, (rend/rbase) = 100%, and (ψ , θ , φ ) = (0°, 0°, 0°).  The step size along 

each axis was set to 0.4 and the search region spanned the area ( 8 8O− ≤ ≤x , 

8 8O− ≤ ≤y ) to remain consistent with the majority data.  The only change was the 
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extension search region along the zO axis.  A decreasing conditioning index is not a 

desirable trait for any robotic manipulator.  For a cable suspended parallel robot this 

means that at distances far away from the BP the MP will result in poor transmission 

of the position and orientation as well as the transmission forces and moments. 

 

Fig. 3.30 Workspace of Cable Suspended Parallel Robot Displaying Conditioning 
Index Distribution with a large value of zO for γ  = 0°, (rend/rbase) = 100%, and 
( ), ,ψ θ φ  = (0°, 0°, 0°) 

3.6 Conclusion 

In this chapter, twelve different cable suspended parallel robots were 

studied over a range of orientations as noted in Table 3.1 and Table 3.2.  The different 
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design variations among the robots included the geometric angle γ  and the percent 

ratio (rend/rbase) of the MP to the BP.  The workspace and GCI value were analyzed for 

each robot and compared to determine the “best” design.  The data presented general 

trends that were acknowledged in the preceding sections and for some trends, 

supplementary case studies have been added for a deeper understanding.  It is noted 

that the case studies presented in the sections provide only additional insight and 

support. 

The preferred design is generally one with the largest workspace, the 

highest GCI, and the largest range of orientations.  It was found that the workspace 

volume increases as the geometric γ  angle decreases and/or the (rend/rbase) percent 

ratio increases.  In general, the GCI followed the same trends as the workspace 

volume, that is, it increases as the γ  angle decreases and/or the (rend/rbase) percent 

ratio increases. 

The complete set of Constant Orientation Workspace graphs displaying 

the variation of the conditioning index and the shape of the workspace volume were 

not presented due to the extensive amount of data involved; however, selected trends 

were discussed.  One trend that was noticed was that when the MP is close to the BP 

the robot Jacobian becomes ill conditioned.  Another observation of the Constant 

Orientation Workspace shape was that the points that were reachable were generally 

located around the zO axis in a continuous volume.  In addition, as the MP is rotated to 

different orientations, the Constant Orientation Workspace shape changes accordingly. 

This chapter presented several useful trends and insights to the design 

selection and workspace behavior for cable suspended parallel robots.  Cable 

suspended parallel robots have a smaller workspace when compared to traditional 
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parallel robots for the same size actuation lengths.  However, cables can reasonably be 

extended to lengths far exceeding those of traditional parallel actuators but it is also 

noted that as the MP travels to distances far from the BP the robot Jacobian matrix 

becomes ill conditioned.  From the analysis of all the data it appeared that the cable 

suspended parallel robot associated with γ  = 0° and (rend/rbase) = 100% had the largest 

workspace volume and the best GCI for the largest range of orientations. 
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Chapter 4 

PRACTICAL DESIGN APPLICATIONS 

4.1 Introduction 

The workspace analysis is a tool used to compare one possible design of a 

robot against another.  In the previous chapter, general trends relating several 

geometric parameters to the workspace were observed.  In this chapter, specific design 

cases are presented for various robot geometries and sizes pertaining to cable 

suspended parallel robots.  Each cable suspended robot is compared to observe how 

well one design is able to orient its MP perpendicular to a known surface versus 

another.  The goal of this chapter is to verify that these trends are useful in considering 

the design of cable suspended parallel robots for practical applications. 

A possible application where this particular design analysis may be 

valuable includes tasks such as welding, painting, washing, surface inspection, and 

pick and place tasks, etc.  For such applications, it is desirable to choose a parallel 

robot that is able to manipulate itself over the largest surface area with the highest GCI 

value.  Choosing a robot with the largest workspace volume is quite straightforward 

for it yields increased versatility.  A design with a high GCI is one with a globally 

well-conditioned Jacobian.  This directly correlates to the degree in which the robot is 

able to accurately position and orientate itself throughout the workspace and transmit 

forces and torques. 
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This chapter will begin by defining the problem statement and goals for 

the chapter, including a general definition of the surfaces considered and the 

performance indices used to evaluate the surfaces.  In the next section, the various 

cable suspended parallel robots used and how they are defined is presented.  The 

details of the specific surface cases are presented next along with the results.  Finally, 

the chapter ends with a summary of the conclusions based on the design cases 

considered. 

4.2 Problem Statement 

The objective of this design problem is to determine which cable 

suspended parallel robot can orient itself perpendicular to the surface in question with 

the largest workspace and highest GCI.  The workspace in this case will be measured 

by the amount of surface area in which the robot is able to reach.  Three different 

surface conditions are considered for this design problem.  Each surface is broken up 

into a discrete mesh of nodal points that define the particular surface.  The first 

surface, Surface 1, is a half cylinder positioned with its longitudinal axis parallel to the 

xO axis and center located at some distance from the BP.  The second surface, Surface 

2, is also a half cylinder located at some distance from the BP though its longitudinal 

axis is parallel to the yO axis.  For both cylinder surfaces the MP is not rotated about 

the zO axis but fixed to φ  = 0°, in addition the dimensions of both surfaces are the 

same.  The reason for using the same surface oriented in two different manners is to 

attempt to gain a deeper understanding of the workspace shape.  The third surface, 

Surface 3, is a simple (xO, yO) plane located at zO = constant.  For this surface, each 

robot is evaluated at every node for a set of constant φ  orientations.  The detail of 

each surface case studied is given in the Case Study Results Section.  In Table 4.1, the 
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surfaces are assigned a number, which will be used occasionally throughout the rest of 

the chapter for quick reference. 

 
Table 4.1: Design Surfaces 
Surface # Surface Description 

1 Half cylinder with longitudinal axis parallel to xO 
2 Half cylinder with longitudinal axis parallel to yO 
3 Plane located at zO = constant 

Table 4.1 Design Surfaces 

A Matlab program was created to evaluate how well a particular cable 

suspended parallel robot is able to reach and orient itself perpendicularly to the 

discrete nodal points defining a surface.  The inputs to this program are the robot 

geometry γ , the percentage of the MP to the BP, the surface and for the simple plane 

the MP orientation φ  about the zO axis.  The program evaluates whether or not the MP 

of a cable suspended parallel robot is able to locate itself perpendicular to the surface.  

The criteria used to deem a point on the surface reachable is that all the cables must be 

in tension under static conditions.  No dynamic affects are considered for any of the 

examples presented in this chapter.  The tools used for comparison include calculating 

the condition number for each reachable surface point, summing the total number of 

workspace volume or surface points and calculating the GCI. 

4.3 Design Model  

The cable suspended parallel robots selected will adhere to the same 

restrictions that were presented in the previous chapter on workspace.  A brief review 

of these restrictions is mentioned again here for completeness.  The base points (b1, 
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…, b6) are restricted to the (zO = 0) plane and the MP points (a1, …, a6) are restricted 

to the (zE = 0) plane.  All BP points will be located at a common radius of rbase and 

similarly all MP points are located at a common radius of rend.  The radius of the BP is 

fixed to (rbase = 6) for every robot.  For a chosen robot, the geometry for the BP and 

the MP are both defined by the same geometric γ  value that is defined in the 

workspace chapter.  Dissimilar geometric shapes of the BP and MP are not 

considered.  Several different geometric shapes and sizes of the MP are chosen.  The 

shapes included geometries for γ  = 0°, 15°, 30°, and 45° where the same shape 

applies to both the MP as well as the BP.  Fig. 4.1 presents a quick reference of these 

shapes.  The exact values of the MP to BP ratios used are defined separately in the 

relevant sections for each surface. 
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Fig. 4.1 Three Dimensional view of all four γ  geometries 

4.4 Case Study Results 

The size of each surface used was chosen to be considerably larger than 

the BP and spanned to regions well beyond an area where the MP is able to reasonably 
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reach.  The dimensions were based on preliminary sample runs where the surfaces 

were meshed with a large grid to compensate for computational time involved.  The 

exact dimensions chosen were the ones that yielded the most perceptive results.  In the 

next subsections, the cylinder surfaces 1 and 2 are presented together for obvious 

comparison reasons, followed by the case study for the plane surface. 

4.4.1 Surface 1 and 2: Cylinder 

Surface 1 is a half cylinder with its longitudinal axis parallel to the xO 

axis, and Surface 2 is a half cylinder with its longitudinal axis parallel to the yO axis.  

For comparison purposes, the dimensions of both half cylinders are fixed to the same 

values with a radius of (rcyl = 2), length of (Lcyl = 16) and center located at the point 

(xO = 0, yO = 0, zO = 10).  To insure consistency the mesh step size along the 

longitudinal axis of the half cylinder is fixed to 0.1 and the angular step size fixed to 

2° for every run. 

The cable suspended parallel robots chosen include four different γ  

geometries and eleven different ratios of the MP to the BP for forty-four different 

robots for this analysis.  The values for γ  and the percentages for (rend/rbase) are shown 

in Table 4.2. 
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Table 4.2: Cable Suspended Parallel Robots Considered for Surfaces 1& 2 
Parameter Value 

γ  0°, 15°, 30°, 45° 
(rend/rbase) % 100%, 90%, 80%, 70%, 60%, 50%, 40%, 30%, 20%, 10%, 1% 

Table 4.2 Cable Suspended Parallel Robots Considered for Surfaces 1 & 2 

Each cable suspended parallel robot is evaluated at every point that 

defines the half cylinder surface to determine if the point in question will yield tension 

in all the cables.  If the point does yield positive tensions for all the cables then the 

condition number is calculated for that point.  When the entire surface is checked the 

GCI is calculated.  As previously mentioned, the MP is fixed to φ  = 0° and not rotated 

about the zO axis as it is positioned at each point on either of the half cylinder surfaces. 

A plot of the workspace volume versus the (rend/rbase) percent ratio is 

displayed in Fig. 4.2 for Surface 1.  It is observed for all γ  geometry values, that the 

workspace decreases as (rend/rbase) decreases.  In addition, as γ  increases the 

workspace volume decreases.  A plot of GCI versus (rend/rbase) for Surface 1 is shown 

in Fig. 4.3.  The GCI value increases as (rend/rbase) increases and γ  decreases. 

Surface 2 yielded similar trends, as is observed from Fig. 4.4 and Fig. 4.5, 

to Surface 1.  That is, the workspace decreases as (rend/rbase) decreases for all 

geometries and as γ  increases the workspace decreases.  However, changing the 

orientation of the longitudinal axis of the half cylinder surface from the xO axis for 

Surface 1, to the yO axis for Surface 2, the workspace increases but the GCI decreases 

and becomes slightly worse.  The shape maximum workspace is in Fig. 4.6 and Fig. 

4.7 displaying the conditioning index distribution for the cable suspended parallel 

robot with γ  = 0° and (rend/rbase) = 100% for Surfaces 1 and 2 respectively. 
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Workspace Volume vs. (rend/r base )% for Cylinder parallel to xO  at zO  = 10

0

500

1000

1500

2000

2500

3000

0 20 40 60 80 100 120

(r end /r base )%

W
or

ks
pa

ce
 V

ol
um

e γ = 0

γ = 15

γ = 30

γ = 45

 

Fig. 4.2 Workspace Volume vs. (rend/rbase)% for Surface 1 
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GCI vs. (r end /r base )% for Cylinder parallel to xO  at zO  = 10

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0 20 40 60 80 100 120

(r end /r base )%

G
C

I

γ = 0

γ = 15

γ = 30

γ = 45

 

Fig. 4.3 GCI vs. (rend/rbase)% for Surface 1 
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Workspace Volume vs. (r end /r base )% for Cylinder parallel to yO  at zO  = 10
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Fig. 4.4 Workspace Volume vs. (rend/rbase)% for Surface 2 
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GCI vs. (r end /r base )% for Cylinder parallel to yO  at zO  = 10
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Fig. 4.5 GCI vs. (rend/rbase)% for Surface 2 
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Fig. 4.6 Workspace Volume displaying the conditioning index distribution for 
Surface 1 
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Fig. 4.7 Workspace Volume displaying the conditioning index distribution for 
Surface 2 

4.4.2 Surface 3: Simple Plane 

The third surface considered, Surface 3, is a simple plane defined as (-8 ≤  

xO ≤  8, -8 ≤  yO ≤  8, zO = 5).  The surface is represented by a mesh of grid points 

with a step size of 0.1 along each of the xO and yO axes.  The cable suspended parallel 

robots considered for this surface include all combinations of the four values of γ  and 

five ratios of (rend/rbase) shown in Table 4.3. 
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Table 4.3: Cable Suspended Parallel Robots Considered for Surface 3 
Parameter Values Used 

γ  0°, 15°, 30°, 45° 
(rend/rbase) % 100%, 80%, 50%, 20%, 1% 

Table 4.3 Cable Suspended Parallel Robots Considered for Surfaces 3 

The MP for each robot is rotated through a discrete set of constant orientations about 

the zO axis defined by (-60° φ≤ ≤  60°) with a step size of 10°.  These values are 

presented in Table 4.4 for quick reference.  It is understood that (ψ  = 0°, θ  = 0°) 

must be true for the MP to be perpendicular to the plane. 

 
Table 4.4: Set of Orientations Used for Robots Encountering Surface 3 

 Degrees 
ψ  0° 
θ  0° 
φ  0°, 10°, 20°, 30°, 40°, 50°, 60°, 300°, 320°, 330°, 340°, 350° 

Table 4.4 Set of Orientations Used for Robots Encountering Surface 3 

The graphs of the reachable workspace points versus the range of φ  orientations for 

all the ratios of (rend/rbase) are shown in figures Fig. 4.8, Fig. 4.9, Fig. 4.10 and Fig. 

4.11 for the geometric values γ  = 0°, 15°, 30°, and 45° respectively for Surface 3.  

The reachable workspace refers to the number of point locations on the surface that 

the MP is able to encounter with tension in all the cables. 
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Workspace Volume vs φ  for plane at zO  = 5, with γ = 0O 
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Fig. 4.8 Workspace vs. φ  for γ  = 0°, Surface 3 
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Workspace Volume vs. φ  for plane at zO  = 5 with γ = 15O
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Fig. 4.9 Workspace vs. φ  for γ  = 15°, Surface 3 
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Workspace Volume vs. φ  for plane at zO  = 5 with γ = 30O
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Fig. 4.10 Workspace vs. φ  for γ  = 30°, Surface 3 
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Workspace Volume vs. φ  for plane at zO  = 5 with γ = 45O
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Fig. 4.11 Workspace vs. φ  for γ  = 45°, Surface 3 

As observed from the graphs of the workspace volume vs. φ  shown in 

Fig. 4.8, Fig. 4.9, Fig. 4.10 and Fig. 4.11, as γ  increases the workspace decreases.  In 

addition, as (rend/rbase) decreases the workspace decreases for each γ  value.  These 

results directly support the trends relayed in the Workspace and Analytical Design 

Chapter 3.  The behavior of the GCI values versus the φ  orientations is similarly 

displayed in Fig. 4.12, Fig. 4.13, Fig. 4.14, and Fig. 4.15 for γ  = 0°, 15°, 30°, and 45° 

respectively.  It is noted that the abrupt end of the curves is where no points exist at 

that orientation and therefore no values for the GCI exist.  It can be seen that the γ  = 

0° geometry has the highest GCI for comparative orientations and (rend/rbase) ratios.  

However, for the three robots {γ  = 0°, (rend/rbase) = 100%}, {γ  = 0°, (rend/rbase) = 
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80%} and {γ  = 15°, (rend/rbase) =100%} the GCI values are fairly close to one another 

for small orientations away from φ  = 0°.  In addition, the workspace is relative the 

same for {γ  = 0°, (rend/rbase) = 80%} and {γ  = 15°, (rend/rbase) =100%} for these same 

small range of orientations about φ  = 0°.  The workspace for γ  = 0° and (rend/rbase) = 

100% at the orientation φ  = 0° is drawn in Fig. 4.16 to see the distribution of 

workspace points with the corresponding values of the conditioning index. 

GCI vs. φ  for plane at zO  = 5 with γ = 0O
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Fig. 4.12 GCI vs. φ  for γ  = 0°, Surface 3 
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GCI vs. φ  for plane at zO  = 5 with γ = 15O 
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Fig. 4.13 GCI vs. φ  for γ  = 15°, Surface 3 
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GCI vs. φ  for plane at zO  = 5 with γ = 30O

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

-80 -60 -40 -20 0 20 40 60 80

φ  (deg)

G
C

I

rend/rbase = 100%
rend/rbase = 80%
rend/rbase = 50%
rend/rbase = 20%
rend/rbase = 1%

 

Fig. 4.14 GCI vs. φ  for γ  = 30°, Surface 3 
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GCI vs. φ  for plane at zO  = 5 with γ = 45O
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Fig. 4.15 GCI vs. φ  for γ  = 45°, Surface 3 
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Fig. 4.16 Workspace Conditioning Index Distribution for ( ), ,ψ θ φ  = (0°, 0°, 
0°), γ  = 0°, (rend/rbase) = 100%, Surface 3 

4.5 Conclusion 

For each surface studied, the best design is the one with the (rend/rbase) = 

100% and the geometry γ  = 0°.  This confirms the trends presented in the previous 

chapter.  However, it is noted from the comparison of Surface 1 and 2 that the 

orientation of the MP with respect to the object it is to encounter does make a 

difference in its ability to maneuver over the surface and how much surface the MP is 

able to reach.  The results obtained for Surface 2 where the longitudinal axis of the 

half cylinder was parallel to the yO axis displayed a slightly larger workspace and a 

lower GCI when compared to Surface 1.  This revealed that for Surface 2 the MP is 
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able to reach a larger number of points on the half cylinder but now has a globally 

increased error in it’s ability to reach these points. 

Therefore, from the results of three surface case studies, it is concluded 

that the trends presented in Chapter 3 regarding the behavior of the workspace volume 

and GCI are valuable tools for design.  However, these tools present only guidelines in 

the design process and it is seen that the location and orientation of the object or 

surface that is to be manipulated does influence the performance of the robot chosen. 
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Chapter 5 

FORCE CONTROL 

5.1 Introduction 

The control of a robotic manipulator is an important field in robotics.  The 

controllers implemented on robots today have become more sophisticated with the 

growth of computer technology.  A robotic manipulator is designed to perform certain 

tasks executed by a controller.  Several control techniques are available for numerous 

robotic applications.  Position controllers are commonly designed for tasks where the 

manipulator is to follow a trajectory through space.  However, when the manipulator’s 

end effector is in contact with its environment, position controllers may not be 

sufficient.  In this case, it may be more appropriate to employ some level of force 

control.  For example, consider a task where the manipulator is to wash a window 

surface.  If the manipulator is to use a sponge, then a position controller may be 

adequate.  However, the environment must be known accurately and/or the sponge 

must be compliant enough to help regulate the force applied to the window.  Note that 

when mentioning position controllers it is meant to refer to both position and 

orientation control of the manipulator.  Similarly, when indicating force control it is 

understood to generally imply both force and moment control of the manipulator.  

These references will be used throughout the chapter with clarifications as needed. 

If the environment and the tool on the end effector possess high stiffness, 

the complexity of the task increases significantly.  Consider a case where the 
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manipulator is to scrape paint off a glass window with a metal scraper.  In this 

situation, any small error in the map of the environment (glass window) could cause 

the manipulator to either break the window or wave the scraper in front of the window 

without any contact.  In situations similar to the window washing or scraping, the use 

of force control may be more reasonable.  As a manipulator interacts with its 

environment it becomes very important that this interaction is controlled especially 

when precise movement is needed.  When assembling two parts together using a 

position controller the accuracy of aligning the mating parts must be on the order of 

magnitude greater than the tolerance of the two fitting parts.  If this cannot be 

guaranteed then the position error may result in unwanted contact forces causing the 

end effector to deviate from the desired trajectory.  As a result, the position controller 

continually supplies commands to reduce such error, which in many instances leads to 

critical failure of the parts being assembled or the robot manipulator itself.  In 

addition, if a large amount of friction exists between the parts then the contact force 

interaction between the manipulator and the environment becomes greatly 

complicated.  Although detailed knowledge of the environment is not always known 

or available, the bounds related to the critical failure limits between the manipulator 

and the environment is usually know to some extent.  Through the use of a force 

controller, the precision of assembly tasks can be greatly increased because the force 

controller provides relative measurements between the end effector and the 

environment.  This information can be used to prevent failure and reduce the relative 

error [465]. 

Many applications currently exist where force controllers are or can be 

used.  These applications include tasks such as grinding, deburring [466], fettling, 
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polishing, machining, weighing, pick, place, grasping, and assembly.  Some types of 

force controllers are integral force control with robustness [426], simultaneous 

position and force control ([467 - 468]), sliding mode force control ([169], [396], [401 

- 404]), impedance force control ([372], [374], [379], [386 - 400]), switching control 

[405], active compliance force control ([54], [407 - 410]), passive compliance force 

control [7], parallel force/position control ([52], [398 - 399], [424 - 425]), force 

control with inner position loop [398], force control with inner velocity loop [398], 

force control using passive velocity field control approach [469], hybrid force/vision 

control ([427 - 428]), robust hybrid force/position control [30], dynamic hybrid 

position/force control [422], dynamic hybrid velocity/force control [431], adaptive 

force control of position/velocity controlled robots [430], hybrid impedance control 

[423], and hybrid force/position control ([10], [12], [16], [17], [23], [398], [411 - 421]) 

just to name a few. 

The implementation of a force controller for a cable suspended parallel 

robot is slightly more difficult because the MP is suspended under the influence of 

gravity by the cables.  A cable suspended parallel robot cannot endure any disturbance 

forces that cause the cables become slack and the cables can only submit tension 

forces i.e. pulling forces to the MP and not pushing forces.  This limits the tasks that 

are possible for the robot.  On the other hand, if the cable robot is designed in such a 

way that some of the cables could act in the direction of gravity preventing the cables 

from becoming slack then, the force controller may be more useful.  One application 

where force controllers could be more useful is in the two dimensional cable 

suspended parallel robots.  However, these robots were not investigated within the 

scope of the present work. 
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This chapter will present an analytical model of a force controller that can 

be used on robotic manipulators.  Due to the additional restriction that the cables must 

always be in tension, this chapter will only present preliminary ideas on the notion of 

a force controller for a cable suspended parallel robot.  The difficulty relating to the 

tension requirement and incorporating these constraints into a feasible force control 

law has inhibited further investigation due to time.  Further refinement and real time 

implementation of the force controller for cable suspended parallel robots is left for 

future work.  This chapter will discuss some basic force control concepts including the 

simulation of a hybrid force/position control used on both a six degree-of-freedom 

traditional actuated parallel robot and a cable actuated parallel robot.  The traditional 

parallel robots refer to those that are able to push and pull on their environment with 

the MP and a cable actuated parallel robot can only interact with the environment in 

situations when all the cables possess tension. 

The chapter begins with a brief introduction on the control law-

partitioning concept defined by Craig [465].  Then the following section presents a 

logical explanation for the selection of a practical force controller that is applicable to 

various robotic manipulators.  The section considers the model of traditional parallel 

robots with a brief reference to cable suspended parallel robots.  The next section 

discusses the design of a hybrid force/position controller [465].  This section will also 

present a hybrid force/position controller for the cable suspended parallel robot with 

an additional decision making block.  The decision making block is used to ensure that 

all the cables will remain in tension throughout the execution of the desired task.  The 

chapter continues with the implementation of the hybrid force/position controller on 

both the traditional parallel robot and cable suspended parallel robot through several 
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simulated task trajectories.  A Matlab Simulink program was created to test the 

performance of the controller and observe the behavior of the each parallel robot in a 

virtual environment.  The individual results of each simulation are included and 

discussed in the relevant section.  The following section presents general discussion 

and analysis of the results.  Finally, the chapter ends with a summary of the ideas 

presented throughout the chapter and results of the simulation. 

5.2 Control Law Partitioning  

In this section, a brief description of the control law partitioning [465] 

technique is presented which is similar to the computed torque method ([21], [470]) 

and the dynamic model-based compensation method ([8], [429], [449 - 450]) for 

nonlinear control theory.  The goal of these methods is to decouple the nonlinear 

dynamics of the system through modeling the nonlinearities and incorporating these 

equations as part of the control law.  This section will explain this method from the 

viewpoint of the control law partitioning method. 

When creating a controller for a system generally the first step is to 

determine the kinematic and dynamic equations of motion for the system.  These 

equations are used to understand the behavior of the system such that the selection of 

an appropriate control law can be determined.  The controller usually incorporates 

some aspect of these equations into their design law.  If the dynamic equations derived 

describe the system exactly then the system can be controlled completely.  However, 

every physical real world system naturally possesses some level of nonlinear behavior.  

Due to this complex nonlinear behavior and the intrusion of higher order disturbances, 

the system’s dynamic equations are never known perfectly.  In spite of this, real world 
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systems are controlled with the precision needed using various approximation 

techniques. 

Nonlinear behavior within a system is difficult to control and it is 

common for many control designers to try to apply some linearization method to the 

system.  For systems that do not portray severe nonlinearities, a local linearization 

method may be used to simplify the nonlinear system equations in the neighborhood 

of an operating point to a linear approximate model ([465], [471]).  However, for most 

robotic systems, this method is not well suited because the manipulator generally 

moves through gross motions to separate regions all over its workspace, preventing a 

valid linearization encompassing all the regions.  In this case, another method may be 

considered where the local operating point continuously moves with the manipulator 

constantly linearizing within the vicinity of the desired position of the manipulator.  

This method is referred to as a moving linearization where the linearization takes 

place on a time varying system ([465], [472]).  Although both of these linearization 

techniques are exploited for control purposes in real world applications, they will not 

be employed in the current control law.  Instead, the nonlinear equations of motion are 

dealt with directly and the mathematical expressions are incorporated into the control 

law definition without using linearizations. 

The control law partitioning is a simple scheme devised to separate the 

model-based portion of a system from the servo portion for more complex systems 

[465].  The model-based portion contains the mathematical expressions that describe 

the system including any nonlinear terms.  These terms are used to cancel all the linear 

and/or nonlinearities in the system such that the resulting system is ideally linear.  The 

remaining portion of the system is then controlled the by servo or error part.  This 
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method obviously requires the complete knowledge of the nonlinear behavior and the 

corresponding parameters that form them in order to create the mathematical 

expressions for the model portion.  This is often a problem in practical real world 

implementations of this method.  For example, the model of frictional effects is 

extremely difficult to accurately derive let alone the parameters that influence them.  

However, if the system model is reasonably close to the actual system then the 

difference between the two can be controlled by the servo/error portion.  To gain a 

better understanding of how the control law partitioning method is applied, consider 

the simple example of a one dimensional spring mass system exposed to frictional 

damping as shown in Fig. 5.1. 

 

Fig. 5.1 Spring Mass System exposed to friction damping 
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The dynamic equations of motion for the system are found by summing the forces on 

the block and are given by the following equation. 

 
frict spring m= − − =∑F f f f x&&   (5.1) 

 

The input force supplied by the prismatic actuator is represented as f , the friction 
force and spring force acting against the block is denoted by frictf  and springf  

respectively and m  is the uniform mass of the block.  For the sake of discussion, 

consider the expressions for the friction and spring force as defined in subsequent 

equations. 

 
( )sgnfrict Cb=f x&   (5.2) 

3
spring k=f x   (5.3) 

 

The friction function represents the coulomb friction where Cb  is the coulomb friction 

constant multiplied by the sign of the velocity.  The spring force is represented by a 

cubic function pre-multiplied by k  the spring constant.  Substituting Eq. (5.2) and Eq. 

(5.3) into Eq. (5.1) and solving for the input force, the dynamic equations of motion 

become 

 
( ) 3sgn .Cm b k= + +f x x x&& &   (5.4) 

 

The equations of motion are nonlinear because of the spring and frictional force terms.  

A simple linear mathematical representation could have been chosen but in many 

cases, the nonlinear expression more accurately models the dynamic behavior of the 
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system especially for the case of coulomb friction.  Now using the control law 

partitioning technique the model-based portion of the control law is chosen in the form 

 
.α β′= +f f   (5.5) 

 

The terms α  and β  are constant or nonlinear functions chosen such that the system 

appears as a simple unit mass or unit mass matrix for multi-input multi-output 

systems.  The term ′f  represents the new system inputs at the next time instant and is 

the servo portion of the control law.  For the system given by Eq. (5.4) the values α  

and β  of the model-based portion are chosen as 

 
,mα =   (5.6) 

( ) 3sgn .cb kβ = +x x&   (5.7) 

 

In addition, the servo portion of the control law is selected as 

 
( ) ( ).d v d p dk k′ = + − + −f x x x x x&& & &   (5.8) 

 
Eq. (5.8) represents a classic proportional derivative (PD) controller where pk  is the 

proportional gain constant and vk  is the derivative gain constant.  The variables dx&& , 

dx&  and dx  are the desired acceleration, velocity and position respectively which are 

predefined for all time.  The servo error is defined as the difference between the 

desired trajectory and the actual trajectory as 

 
( )d= −e x x   (5.9) 

 



 146

which is the position and orientation servo error.  It is noted that the actual trajectory 

is subtracted from the desired trajectory.  This is done for the reason that as the actual 

trajectory veers away from the desired trajectory, the difference causes the servo error 

portion to excite with a signal that opposes the deviation and forces the actual 

trajectory to follow the desired trajectory. 

In Chapter 2, the equations governing the motion of a six-degree-of-

freedom cable suspended parallel robot were derived.  Inherent in these equations are 

nonlinear terms for which some mathematical expressions are already given such as 

the Coriolis and centrifugal forces.  Rather than considering linear approximations for 

the nonlinear terms that are already modeled, the mathematical expressions are 

directly used as part of the control law.  The details of the control law used for the 

parallel robot are described in the next section when the selection of a well-defined 

force controller is discussed. 

5.3 Selection of a Force Control Law 

The popularity of the force controllers in industrial applications is slowly 

increasing due to the improvement of force sensors and force control schemes.  

Several different force control laws are available as previously mentioned.  In order to 

derive a feasible control law, the interaction between the manipulator’s end effector 

and the environment must be modeled.  The dynamic equations of motion for a 

general cable suspended parallel robot are derived in Chapter 2 and rewritten again 

here for convenience in Eq. (5.10). 

 
( ) ( ) ( ),T

extx x x x− = + − +J u D X C X G f&& &&   (5.10) 
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This equation can also represent a simplified model of a traditional parallel robot that 

is able to push and pull on the environment with its MP.  It is noted that Eq. (5.10) 

does not include the dynamic effects of the input actuating links on the system 

because of the assumption that the actuating links possess no mass or inertial 

properties.  This assumption may hold if the mass of the MP is much greater than that 

of the actuating links.  The active links in this case are either the cables or traditional 

prismatic actuators connecting the BP to the MP. 

To help obtain a better understanding of the forces and their relative signs, 

consider the following practical example where a block is being lowered into a body 

of water to assemble some structure that is presently under water as shown in Fig. 5.2.  

In the bottom right hand corner of Fig. 5.2 is a free body diagram of the MP. 
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Fig. 5.2 Parallel robot assembling a peg into a hole 

The robot lowering the block into the water is a parallel robot that is 

rigidly fixed to the dock or solid ground.  The block is securely fixed to the MP and as 

the block (and MP) is lowered into the water, it experiences a number of forces.  Some 
of the forces that the block may experience will be the gravitational force ( )xG , the 
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centripetal and centrifugal forces ( ),x xC X&& , the inertial forces ( )xD X&& , the external 

forces and moments extf  resulting from the environment contact and any other 

unknown disturbance forces, and finally the input force from the manipulator’s 

actuators given by TJ u .  If the parallel robot is actuated by cables then the block 

cannot be lowered into the water too fast otherwise the drag forces experienced by the 

block will cause the cables to loose tension and become slack.  However, if the 

parallel robot is actuated by traditional prismatic actuators then the drag force can be 

overcome by increasing the actuator force in the direction that opposes the drag force.  

For ease of writing and explanation purposes, consider the following new 

representations for the terms TJ u  and extf  given by Eq. (5.11) and Eq. (5.12) 

respectively. 

 
T=f J u   (5.11) 

ext dist env= +f f f   (5.12) 

 

The external forces are separated into a set of disturbance forces given as distf , and 

another set of environmental forces envf .  The disturbance forces include the forces 

such as friction, gear cogging, inherent system vibrations, and any other unknown 

disruptive forces and moments.  The environmental forces include the forces and 

moments due to physical contact with the environment.  For the current discussion, it 

will be assumed that the environmental forces are much greater than the disturbance 

forces.  These forces are sensed by the force transducer placed between the 

manipulator and the environment.  The force sensor is usually attached to the 

manipulator’s end effector or MP.  After applying these substitutions to Eq. (5.10) the 

equations of motion become 
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,dist env− = + − + +f DX CX G f f&& &   (5.13) 
.dist env= − − + − −f DX CX G f f&& &   (5.14) 

 

The individual arguments of each term are omitted to simplify the writing.  The 

environmental force can be written as 

 
env env=f K X   (5.15) 

 

where envK  is a constant environmental stiffness matrix.  Now Eq. (5.15) can be 

rewritten as 

 
1 .env env

−=X K f   (5.16) 

 

In addition, upon taking the first and second derivatives of Eq. (5.16) with respect to 

time yields the relationships given in Eq. (5.17) and Eq. (5.18) respectively. 

 
1

env env
−=X K f&&   (5.17) 

1
env env

−=X K f&&&&   (5.18) 

 

Substituting Eq. (5.16), Eq. (5.17), and Eq. (5.18) into Eq. (5.14), the system dynamic 

equations of motion become 

 
1 1 .env env env env dist env

− −= − − + − −f DK f CK f G f f&& &   (5.19) 
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To obtain a force control law using the partitioned controller concept, a logical choice 

leads to the following 

 
( ) ( ){ }1 1 .dist env env env env d fv d env fp d env

− −= − − − + − + − + −f f f CK f G DK f k f f k f f& && & &  (5.20) 

 

The column vectors df , df& , and df&&  represent the desired force trajectory and the rates 

at which they are applied.  In mentioning the desired force, it is understood that this 

refers to the force and moments in general.  The model portion of the controller 

according to Eq. (5.5) is defined for Eq. (5.20) by the variables 

 
1,envα −= −DK   (5.21) 

1 .dist env env envKβ −= − − − +f f C f G&   (5.22) 

 

The servo portion of the controller is defined by the terms within the curly brackets {} 

as 

 
( ) ( ).env d fv d env fp d env′ = = + − + −f f f k f f k f f&& && & &   (5.23) 

 

For discussion purposes, Eq. (5.20) will be referred to as force controller (A ).  To 

study the closed loop dynamics of the system subject to force controller (A ), Eq. 

(5.20) is equated to the system dynamics given by Eq. (5.19), which yields 

 

( ) ( ){ }
1 1 1

1 .
env env env env dist env env env dist env

env d fv d env fp d env

− − −

−

− − + − − = − + − −

− + − + −

DK f CK f G f f CK f G f f

DK f k f f k f f

&& & &

&& & &
 (5.24) 
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After Eq. (5.24) is simplified and all terms are brought to one side the result is 

 
( ) ( ) .d env fv d env fp d env− + − + − =f f k f f k f f 0&& && & &   (5.25) 

 

Now, controller (A ) is not a realistic controller since it assumes that the disturbance 

force distf  is a known quantity.  In real world applications, the behavior of distf  is 

usually not a well-known quantity.  With this in mind, consider a new force controller 

that neglects the distf  term represented as 

 
( ) ( ){ }1 1 .env env env env d fv d env fp d env

− −= − − + − + − + −f f CK f G DK f k f f k f f& && & &  (5.26) 

 

The controller given by Eq. (5.26) will be referred to as force controller (B ).  Again, 

to observe the closed loop dynamics by equating force controller (B ), i.e. Eq. (5.26) 

to the dynamic equations of motion given by Eq. (5.19) yields the following 

 

( ) ( ){ }
1 1 1

1 .
env env env env dist env env env env

env d fv d env fp d env

− − −

−

− − + − − = − − +

− + − + −

DK f CK f G f f f CK f G

DK f k f f k f f

&& & &

&& & &
 (5.27) 

 

After simplifying Eq. (5.27) and rearranging terms, the equation becomes 

 
( ) ( ) ( ){ }1 .dist env d env fv d env fp d env

−= − + − + −f DK f f k f f k f f&& && & &  (5.28) 

 

Now the steady state analysis of Eq. (5.28) is found by setting all time derivatives 

equal to zero.  In doing so Eq. (5.28) simplifies to 
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( ){ }1 .dist env fp d env
−= −f DK k f f   (5.29) 

 

Rearranging Eq. (5.29) in terms of the steady state error yields the expression 

 

1 .dist
d env

env fp
−

⎛ ⎞
− = ⎜ ⎟⎜ ⎟

⎝ ⎠

ff f
DK k

  (5.30) 

 

Eq. (5.30) represents the steady state error in the force when the force controller (B ) 

is applied to the system.  Now suppose df  is chosen in place of the terms ( )env dist+f f  

then the controller becomes 

 
( ) ( ){ }1 1

d env env env d fv d env fp d env
− −= − − + − + − + −f f CK f G DK f k f f k f f& && & &  (5.31) 

 

where Eq. (5.31) will be referred to as force controller (C ).  Now, equating force 

controller (C ), Eq. (5.31) with the system dynamic equations given by Eq. (5.19) 

results in 

 

( ) ( ){ }
1 1 1

1 .
env env env env dist env d env env

env d fv d env fp d env

− − −

−

− − + − − = − − +

− + − + −

DK f CK f G f f f CK f G

DK f k f f k f f

&& & &

&& & &
 (5.32) 

 

After simplifying and rearranging terms, the equation becomes 

 
( ) ( ) ( ){ }1 .dist d env env d env fv d env fp d env

−= − + − + − + −f f f DK f f k f f k f f&& && & &  (5.33) 
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The steady state analysis of Eq. (5.33) again is found by setting all the time derivative 

terms equal to zero.  In doing so, Eq. (5.33) ends up as 

 
( ){ }1 ,dist d env env fp d env

−= − + −f f f DK k f f   (5.34) 

 

or, alternatively in the form as 

 

1 .
1

dist
d env

env fp
−

⎛ ⎞
− = ⎜ ⎟⎜ ⎟+⎝ ⎠

ff f
DK k

  (5.35) 

 

Eq. (5.35) represents the force error when force controller (C ) is applied to the 

system.  Comparing the steady state analysis results for controllers (B ) and (C ), 

given by Eq. (5.30) and Eq. (5.35) respectively, it is observed that the force control 

law (C ) is a better choice.  If the environment is stiff then 1
env

−K  is small (usually the 

case) then the steady state error for controller (C ) is much smaller than that for 

controller (B ).  This suggests in theory that control law (C ) is a good controller, 

however, the real world implementation of a control scheme of this nature is usually 

not practical.  Applications where force trajectories are functions of time are not 

commonly encountered, i.e., the force trajectories are usually constant over time.  In 

this case, df&  and df&&  are permanently set to zero.  Another common problem is that the 

force sensor designs used today tend to be noisy and numerical differentiation of a 

noisy signal only amplifies the problem.  In an attempt to avoid the complications that 

arise from noisy differentiation, a different approach is sought out.  Returning to Eq. 

(5.15), it is observed that the environmental force signal is directly related to the 

displacement.  This equation and its derivatives are rewritten here as follows 
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,env env=f K X   (5.36) 
,env env=f K X& &   (5.37) 
.env env=f K X&& &&   (5.38) 

 

The expressions given by Eq. (5.37) and (5.38) relate the force derivatives to the 

velocity and acceleration of the end effector.  The velocity X&  and acceleration X&&  are 

signals that are easily measured since most robotic manipulator acquire adequate 

means of obtaining these signals with reasonable accuracy.  In the design of this next 

controller, consider the use of the kinematic displacement signals instead of using the 

force signals as part of the force controller.  The sensor placed on the manipulator 

already senses the environmental forces and moments envf  and the representation 

given by Eq. (5.36) is preformed at the sensor level.  Force sensors are designed to 

measure the deformation or displacements of an elastic material inside the sensor.  

Many force sensors use the stress strain relationships of precision-machined material 

to gain the force and moment signals needed.  When the sensor is subjected to 

environmental forces and moments, the resulting strains directly influence the resistive 

properties of the material inside the sensor.  This relationship between the sensor 

strain and the forces and moments applied is calibrated and converted into electrical 

signals.  Other more accurate sensors use photoelectric displacement transducers that 

measure the change in light flow, or the change in magnetic flux used in inductive and 

capacitive force sensors.  However, theses sensors become more sensitive to noise.  In 

any case, the force sensor itself already measures the environmental forces and 

moments.  Substituting Eq. (5.37) into the force control law (C ) i.e. Eq. (5.31), the 

new control law becomes 
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( ) ( ){ }1 1 .d env env env d fv d env fp d env

− −= − − + − + − + −f f CK K X G DK f k f K X k f f&& && &  (5.39) 

 

Noting that 1
env env

−K K  is the identity matrix, Eq. (5.39) simplifies to 

 
( ) ( ){ }1 .d env d fv d env fp d env

−= − − + − + − + −f f CX G DK f k f K X k f f&& && &  (5.40) 

 

This will be referred to as force control law (D ).  This control law results in the same 

steady state errors as those given by Eq. (5.35).  To improve steady state errors, an 

integral term can be added to the servo portion of the force control law (D ).  In doing 

so the force controller becomes 

 
( ) ( ) ( ){ }1 .d env d fv env fp d env fI d env dt−= − − + − + − + − + −∫f f CX G DK f k f K X k f f k f f&& && &

(5.41) 

 

The force controller given by Eq. (5.41) will be referred to as the force control law 

( 2D ) for simplicity. 

Now each controller given in this section assumes that the environmental 

stiffness matrix envK  is known.  This assumption may not always be valid for the 

manipulator could experience a changing environmental stiffness as it executes its task 

or the term is unknown completely.  However, many tasks such as assembly include 

interactions with rigid bodies.  Therefore, an approximate environmental stiffness 

matrix is usually guessed to incorporate the stiffness variations encountered.  For the 

current simulations, the environmental stiffness is modeled as a known quantity and 
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held constant for each study.  Variations of environments that are more complex are 

left for future work. 

5.4 Hybrid Force/Position Controller 

There are many tasks for robotic manipulators where the use of position 

and force control is needed.  The type of tasks considered for the current discussion 

relates to situations where the end effector or MP physically interacts with the 

environment.  For the current discussion, it is assumed that the disturbance forces and 

moments are relatively small compared to the forces and moments involved when 

contacting the surface.  These tasks are referred to as constrained or partially 

constrained tasks because the environment, with which the manipulator interacts, 

inhibits the motion in some defined direction.  For instance, when a manipulator is to 

turn a crank, insert a peg, or turn a screw there are certain directions in which a 

controlled force is needed while other directions require position control.  The 

direction in which the desired force or position control action is to be taken is defined 

by a constraint frame FC.  According to this frame, there exist directions that are 

restrained by natural constraints.  Natural constraints are the set of constraints that 

prohibit motion due to physical or mechanical obstacles.  Consider the case where a 

manipulator is to apply a certain amount of force to scrape paint off a rigid glass 

surface.  The direction perpendicular to the surface is a natural position constraint 

because the manipulator is not able to go through the surface.  In addition, if the 

surface is smooth enough such that the frictional forces are negligible then a natural 

force constraint arises because the manipulator is not able to apply arbitrary forces 

tangent to the surface.  Generally, when a manipulator is interacting with a rigid 

surface the directions perpendicular to the surface are defined as natural position 
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constraints and the directions tangent to the surface are defined as natural force 

constraints.  As a result, the directions of control are divided into two separate sets of 

control schemes that are orthogonal to each other and defined by different control law 

criteria.  Note that when indicating a position constraint, this includes position and/or 

orientation constraints and when indicating a force constraint, it is meant to include 

force and/or moment constraints. 

The directions that are to be controlled are sometimes referred to as the 

artificial constraints because in these directions the task is defined by the desired 

trajectories and virtual environments.  The artificial constraints are defined along the 

same directions as the natural constraints.  For instance, in the case where the 

manipulator is to scrape paint from the rigid glass surface, the direction perpendicular 

to the surface has a defined natural position constraint and hence there must be an 

artificial force constraint to control the force task in that direction.  Similarly, in the 

directions tangent to the surface exists a natural force constraint and therefore an 

artificial position constraint must be instilled to control the position task.  In summary, 

for every direction with a natural force constraint, there is a defined artificial position 

constraint and vice versa for every natural position constraint, there exists an artificial 

force constraint.  The constraint definitions just mentioned still hold for surfaces with 

friction because in many cases frictional effects are compensated through position 

control laws.  It is noted again for completeness, that when referring to force control it 

is understood to include the control of the forces and moments, and when referring to 

position control this includes the control of both the position and orientation. 

Each of these directions, as previously mentioned, is defined according to 

the constraint frame FC.  The appropriate placement of the constraint frame depends 
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on the desired task.  For some tasks, as in the case of turning a crank, it is more 

appropriate to attach the constraint frame to the environment.  In other situations, 

attaching the constraint frame directly on the end effector is more suitable such as the 

task of turning a screw or inserting a peg.  During the execution of a task, the 

controlled directions can switch from force control to position control (or vice versa) 

due to a sensed threshold signal.  These complex tasks are broken up into subtasks 

with separate constraint directions defined according to each separate subtask. 

The following example will be used to gain a clearer understanding of 

some of the terms discussed in this section.  The example is an assembly task where a 

parallel robot is to insert a peg into a surface with a hole.  The peg is modeled as part 

of the MP with a force/moment sensor placed between the peg and the MP.  The 

constraint frame FC coincides with the frame FE, rigidly attached to the MP.  The 

number of subtasks depends on where the manipulator is initially positioned with the 

peg.  Each of the subtasks is shown in Fig. 5.3 with a table defining the natural and 

artificial constraints.  The position constraints are acknowledged by using the 

translational and angular velocity variables.  The position variables could have been 

used, however, the description of the desired motion becomes more complicated.  The 

force constraints are described using the force and moment components. 
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Fig. 5.3 Subtasks of a parallel robot assembling a peg into a hole 

The peg is initially above the surface, at this location, the manipulator is 

in pure position control because it is not in contact with the surface environment and 

thus the natural force constraints are all zero.  The position control is to move towards 
the surface with an approach velocity of appv .  The switch from the first subtask to the 

second is enabled when a force sensitivity threshold is exceeded which is initiated 
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when the peg is in contact with the surface.  The force sensitivity threshold is a low-

end force bound that the sensor is able to accurately read.  Most force sensors are 

generally corrupted by level of noise resulting from several sources.  Some of the 

possible sources of the noise may be a result of vibrations within the system, thermal 

changes, electronic error, etc.  In the second subtask, the MP is not able to go through 

the surface in the zC direction or able to rotate about the xC and yC axes, which define 

the natural position constraints.  The natural force constraints arise because the surface 

is modeled as frictionless thus preventing the MP to freely apply forces tangent to the 

surface.  The artificial force constraints are to apply a constant force constF  along the zC 

direction and maintain a zero moment about the xC and yC axes.  The artificial position 

constraints are defined to move the peg towards the hole with a velocity trajectory 

slidev  and prevent any angular velocity about the zC axis.  The trajectory tangent to the 

surface depends on where the peg is located relative to the hole.  It will be assumed 

for the example that this trajectory is known.  The third subtask is enabled through the 

sensed change in velocity in the zC direction and observing the force sensor decreasing 

to zero or below the force sensitivity threshold.  At this stage in the task, the peg is not 

able to translate or rotate about the xC and yC axes and the natural position constraints 

are defined for these directions as shown in Fig. 5.3.  The peg cannot apply forces 

along the zC axis or any moments about the zC axis if the walls of the hole are 

frictionless and as a result natural force constraints are defined.  The artificial force 

constraints are to maintain zero forces and moments along and about the xC and yC 

axes.  The artificial position constraints are to insert the peg with a velocity trajectory 

along the zC direction as represented by insertv  and to keep the peg from spinning about 

the zC axis.  Finally, the fourth subtask is enabled when the peg contacts the bottom of 
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the hole and a force greater than the force threshold sensitivity is sensed along the zC 

axis while observing the velocity decreasing to zero. 

A hybrid force/position controller is used in situations where in one 

direction the task may require force control, and in separate direction, the task may 

require position control.  These directions may be changed while the task is being 

executed but a single direction never requires the force and position control 

simultaneously executed at the same time.  Along each axis or in each direction 

defined by the constraint frame FC, the hybrid controller supplies either a force 

controller or a position controller at any one instant.  This type of controller assumes 

that that the interaction forces and moments between the manipulator and the 

environment are the dominant forces.  Reference [406], provides a further discussion 

of the placement of coordinate systems for force controlled manipulation. 

The hybrid force/position controller will be implemented and studied on a 

traditional parallel robot where the actuators can pull and push on its environment and 

on a cable suspended parallel robot where the MP can interact with the environment 

with only the pulling forces of its cables and the weight of its MP.  The control law 

used for the hybrid force/position controller is defined as 

 

( ) ( ) ( ) ( ) ( ){ }
( ) ( ) ( ) ( ){ }

1

1

, ( )
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⎡ ⎡ ⎤− = − + + − + − +⎣ ⎦⎣
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u J C X G S D X k X X k X X

I S D K f k f K X k f f f
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 (5.42) 

 

The matrix S  is a diagonal matrix known as the selection matrix.  The selection 

matrix contains all zeros except for the entries along its diagonal, which can be either 

zero or one.  The selection matrix is used to switch the controller to the force 
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controller mode or position controller mode.  If the diagonal entry of the selection 

matrix is one, then that axis is in position control mode and the force controller is 

turned off.  Conversely, if the entry is zero the position mode is off and the force 

controller is activated.  A block diagram of the hybrid force/position controller is 

given by Eq. (5.42) is shown in Fig. 5.4. 

 

Fig. 5.4 Hybrid Force/Position Controller 

The position control law of the hybrid controller used for these specific 

cases implements a proportional derivative (PD) controller and the force control law 

(D ) derived in the previous section is used to control the desired force/moment 

trajectory. 

The cable suspended parallel robot uses an additional decision making 

block that checks the tensions in the cables to ensure that all the tensions are positive 

and not slack.  The block intercepts the input control signal that is sent to the robot 
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and if all the tensions are positive, meaning none of the cables are slack, then the 

signal is passed through the block without any modification.  However, if any of the 

cable tensions are not positive then new tension values are calculated so the desired 

trajectory can be completed if possible.  The block diagram of the hybrid 

force/position controller showing the location of the decision making block is given in 

Fig. 5.5. 

 

Fig. 5.5 Hybrid Force/Position Controller with Decision Making Block 

Two methods have been previously implemented on the University of 

Delaware cable suspended parallel robot for position control law ([194 - 196]).  These 

methods include the Lyapunov and feedback linearization method.  For the current 

study, a modified version of the feedback linearization method will be used.  In order 

to ensure the new variables are positive a Matlab function (lsqnoneg.m) is used.  This 

function performs the nonnegative least squares solution.  Additional articles written 
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on the Lyapunov controller are addressed in references ([194 - 196], [465], [473 - 

475]) and feedback linearization methods are addressed in references ([472], [476 - 

478]). 

The selection matrix in the hybrid force/position controller does not 

always have to be either one or zero.  In some cases the tasks requires a force and a 

position control along the same direction.  For these cases, the selection matrix can 

choose a number between one and zero depending on the degree of force or position 

control that is desired.  This type of control is referred to as the mechanical impedance 

control.  Further investigation of this particular type of controller is left for future 

work. 

5.5 Simulation Studies 

The hybrid force/position controller given by Eq. (5.42) is implemented 

on two 6-DOF parallel robots.  The first parallel robot is actuated by traditional 

prismatic actuators that can both push and pull on the environment with its MP such as 

hydraulic pistons or lead screws.  The second parallel robot is the cable suspended 

parallel robot that uses cables for actuation.  The cable suspended parallel robot will 

include the decision making block shown in Fig. 5.5 as an additional part of its 

controller.  Both parallel manipulators will execute each simulation case study and the 

results are compared together.  Some of the properties selected for the both parallel 

manipulators along with other constants used in the simulation are given in Table 5.1. 
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Table 5.1: Values used in Simulation 
Variable Value Description 

envK  100000 (N/m) Environmental stiffness matrix for 
surfaces 

rend 0.54594241454571 m Radius of MP connection points 
rbase 0.54594241454571 m Radius of BP connection points 

(rend/rbase)% 100% Percent ratio of MP to BP 
γ  0° Geometric Constant See Chapter 3 
xxI  0.494815599734625 (kg m2) Moment of Inertia about the xE axis

yyI  0.494815599734625  (kg m2) Moment of Inertia about the yE axis

zzI  0.98927430547503  (kg m2) Moment of Inertia about the zE axis 
m  13.2756 kg Mass of MP 
g  9.81 (m/sec2) Gravitational constant 

mg  130.242 N Weight of MP 
Thickness 0.0127 m Thickness of MP 

Alρ  2700 (kg/m3) Density of Aluminum MP 

Table 5.1 Values used in Simulation 

The dimensions of both parallel manipulators are based on the idealized 

measurements of the University of Delaware Cable Suspended Parallel Robot.  One 

idealization includes the assumption that the MP and BP are equilateral triangles with 

the connection points coinciding as defined by the geometric value γ  = 0° stated in 

Chapter 3.  The University of Delaware cable suspended parallel robot is close to the 

γ  = 0° which is the ideal 3-3 configuration.  The mass and inertia of each actuating 

prismatic link is neglected and the MP is defined as a rigid body with a uniformly 

distributed mass for both manipulators.  Neglecting the mass and inertia properties of 

the legs greatly simplifies the dynamic equations of motion considerably.  If the mass 

and inertia properties of the legs are included in the dynamic equations, then the 

solutions to the dynamic equations of motion must be sought out through numerical 
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techniques such as the natural orthogonal complement (NOC) method ([246 - 247], 

[302], [361]).  The gravity vector in the inertial frame FO is defined in the same 

manner presented in Chapter 2 and Chapter 3.  In addition, no frictional effects 

between the joints are considered. 

A Matlab Simulink program was created to simulate the parallel robot 

influenced by the hybrid force/position controller in the modeled environment.  The 

simulations included five simple cases to verify the functionality of the controller and 

to observe the behavior of the both parallel manipulators.  For each case, the 

environment is modeled as a fixed rigid body defined by an infinite plane according to 

the FO frame with a smooth frictionless profile.  The surface is modeled as an elastic 

spring with a large linear constant stiffness envK .  No additional disturbance forces are 

considered in any of the case studies.  An ideal force and moment sensing probe is 

attached to the MP and is used to apply the desired force trajectory to the surface.  The 

probe is small enough that the environmental moments are negligible and have no 

effect on the MP.  The mass of the probe is considered negligible compared to the 

mass of the MP.  The MP is initially positioned directly above the surface such that 

ideally there is no distance between the surface and the probe attached to the MP.  

This is done to prevent initial impact forces resulting from displacement between the 

environment and the MP and to avoid switching the control direction between the 

force and position.  For each case described in the following sections the position 

trajectory is displayed the FO frame while the forces and moments are described 

according to the FE frame or FC frame.  The forces for each simulation are measured 

in Newtons and the moments are measured in Newton-meters.  The position and 

orientation of the MP are measured in meters and radians respectively.  All the cases 



 168

are planned so that the position trajectory is within the workspace boundaries defined 

according to the cable suspended parallel robot and an attempt is made to come as 

close to the boundaries as possible while maintaining the prescribed force trajectory.  

This was done obviously to make the simulations more interesting and provide better 

insight to the true capabilities of the parallel manipulators especially for the cable 

suspended parallel robot. 

The idealizations considered for the following studies are presented to 

simplify the analysis.  Each case is chosen to provide preliminary source of 

information for future work on cable suspended parallel robot control.  Additional 

realistic and/or complex parameters can be explored as future work for a more 

complete investigation if desired.  The following sections will present each case 

individually and display the results for each parallel robot with an analysis of the 

results for that particular case.  After each case is presented, an additional discussion 

and analysis is given summarizing all the results supporting explanations. 

5.5.1 Case 1 

The task for this case is for each parallel robot to push the MP against a 

planar surface along the zO axis with a constant force and no additional motion along 

any other direction.  The parallel robot is to exert a force that is slightly less than the 

weight of the MP.  The parallel robot is force controlled along the zE axis and position 

controlled along the remaining directions.  The simulation was run for 10 seconds.  

The natural and artificial constraints for the Case 1 task are given in Table 5.2. 
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Table 5.2: Natural and Artificial Constraints for Case 1 
Natural Constraints Artificial Constraints 

, 0x env =F  0x =v  

, 0y env =F  0y =v  

0z =v  , 129z env N=F  

, 0x env =M  0x =ω  

, 0y env =M  0y =ω  

, 0z env =M  0z =ω  

Table 5.2 Natural and Artificial Constraints for Case 1 

The position and orientation of the MP for the traditional parallel robot are 

shown in Fig. 5.6, the forces and moments experienced by the MP are shown by Fig. 

5.7, and the input forces given to the actuating prismatic links are shown in Fig. 5.8.  

The cable suspended parallel robot’s position and orientation of the MP are given in 

Fig. 5.9, the forces and moments the MP experiences are given in Fig. 5.10 and the 

tensions in each cable are given in Fig. 5.11. 
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Fig. 5.6 Plot of the position and orientation of the MP as the Case 1 task is 
executed for the traditional parallel manipulator 



 171

 

Fig. 5.7 Plots of the forces and moments acting on the MP as the Case 1 task is 
executed for the traditional parallel manipulator 
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Fig. 5.8 Plots of the input force experienced by each actuator as the Case 1 task is 
executed for the traditional parallel manipulator 
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Fig. 5.9 Plot of the position and orientation of the MP as the Case 1 task is 
executed for the cable suspended parallel manipulator 



 174

 

Fig. 5.10 Plots of the forces and moments acting on the MP as the Case 1 task is 
executed for the cable suspended parallel manipulator 
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Fig. 5.11 Plots of the tensions experienced by each cable as the Case 1 task is 
executed for the cable suspended parallel manipulator 

The cable suspended parallel robot can only push on the environment in 

the positive zO direction with a force equal to the weight of its MP, as expected.  The 

traditional parallel robot is able to push on the environment with as much force as the 

actuators can supply.  In either case, when the MP exerted force on the environment 

the initial force resulted in large vibrations with amplitude nearly double the desired 

force value.  In some situations, unsteady motion results if the desired force exerted by 

the MP on the environment in the direction of gravity is to close to the weight of the 

MP for the cable suspended parallel robot. 

For the traditional parallel robot, the initial actuator inputs called for 

pushing forces as seen by the negative input force values shown in Fig. 5.7.  During 
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the instances where pushing forces were needed the decision-making block was 

enabled for the cable suspended parallel robot to recalculate the cable input forces so 

that only positive pulling input forces were sent to the cables as seen in Fig. 5.11.  As 

a result, the force variation appeared denser initially but the maximum amplitude of 

the cable forces are not that much different from the maximum forces for the 

traditional parallel robot except that the cable forces contained all pulling (positive) 

forces. 

To satisfy curiosity, additional simulations were run for Case 1 where the 

desired force was varied over a large range of values.  It was found that if the desired 

force is less than the weight of the MP then the force could be applied.  However, the 

desired force has a lower bound.  This lower bound is obviously limited in the real 

world application by the force sensitivity threshold of the sensor, but these noise 

disturbances are not considered in the simulation.  The controller revealed to possess 

an extremely small noise disturbance due most likely to computer calculation 

limitations.  This limitation is in general much smaller than the force sensitivity 

threshold of common force/torque sensors.  This result was observed to be common in 

both parallel manipulators. 

What appeared more interesting is when the desired force was chosen to 

be equal or very close to the weight of the MP for the cable suspended parallel robot.  

When the desired force is equal to the weight of the MP for the traditional parallel 

robot, the initial actuator forces will oscillate between pushing and pulling forces and 

ideally result in a zero force within the actuators and the MP will simply rest on the 

surface.  When the cable suspended parallel robot applies a desired force that is equal 

to the weight of the MP, the initial cable tensions are extremely large and vibratory.  
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At this initial stage, the decision making block is enabled and is seeking new input 

tension values that are neither negative nor zero.  However, in this particular case the 

best value for the cables is simply zero.  As observed from the results in Fig. 5.9, Fig. 

5.10 and Fig. 5.11, the cable suspended parallel robot is able to apply relatively large 

forces on the environment compared to the weight of its MP. 

5.5.2 Case 2 

The task presented in this case is for the MP to translate along the xO axis 

with a defined trajectory while maintaining a constant force on the environment in the 

zO direction.  The total simulation was run for 40 seconds for each parallel robot.  The 

natural and artificial constraints for the Case 2 task are given in Table 5.3. 

 
Table 5.3: Natural and Artificial Constraints for Case 2 

Natural Constraints Artificial Constraints 
, 0x env =F  ,x x trajectory=v v  

, 0y env =F  0y =v  

0z =v  , 110z env N=F  

, 0x env =M  0x =ω  

, 0y env =M  0y =ω  

, 0z env =M  0z =ω  

Table 5.3 Natural and Artificial Constraints for Case 2 

The graphs for the position and orientation of the MP, forces and moments 

acting on the MP, and forces in each actuating link are given in Fig. 5.12, Fig. 5.13 

and Fig. 5.14 respectively for the traditional parallel robot.  The cable suspended 

parallel robot position and orientation are given in Fig. 5.15, the forces and moments 
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experienced by the MP are shown in Fig. 5.16, and the tensions in each cable are 

shown in Fig. 5.17. 

 

Fig. 5.12 Plot of the position and orientation of the MP as the Case 2 task is 
executed for the traditional parallel manipulator 
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Fig. 5.13 Plots of the forces and moments acting on the MP as the Case 2 task is 
executed for the traditional parallel manipulator 
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Fig. 5.14 Plots of the input force experienced by each actuator as the Case 2 task 
is executed for the traditional parallel manipulator 
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Fig. 5.15 Plot of the position and orientation of the MP as the Case 2 task is 
executed for the cable suspended parallel manipulator 
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Fig. 5.16 Plots of the forces and moments acting on the MP as the Case 2 task is 
executed for the cable suspended parallel manipulator 
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Fig. 5.17 Plots of the tensions experienced by each cable as the Case 2 task is 
executed for the cable suspended parallel manipulator 

The traditional parallel robot initially required pushing forces (negative) 

for the input actuators 5 and 6 as shown in Fig. 5.14.  In this case, the decision-making 

block compensated for the pushing forces by drastically increasing the tension values 

for the cables 1, 2, 3 and 4 as seen in Fig. 5.17.  In addition, it is noted that at this 

instant the θ  rotation about the yO axis is also affected by the output of the decision 

making block.  For this case the decision making block found new tension values that 

are all positive and the new values caused the MP to compensate for the needed 

negative pushing forces from its cables by reorienting its MP. 
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5.5.3 Case 3 

In this task, the MP is to push against a planar surface along the zO axis 

with a constant force and translate the MP in a square motion pattern as if washing the 

surface as shown in Fig. 5.18.  This case is to provide insight to the performance of 

the controller when executing multiple task trajectories along different directions.  The 

motion is chosen such that the MP will translate very close to its workspace 

boundaries.  The extremes that the MP translates to include xO = yO = ±  0.165 meters.  

The entire simulation takes 40 seconds to complete the task and the natural and 

artificial constraints for the task are given in Table 5.4. 

The position and orientation of the MP for the traditional parallel 

manipulator are given in Fig. 5.19, the forces and moments acting on the MP are given 

in Fig. 5.20, and the input forces within the actuators are given in Fig. 5.21.  For the 

cable suspended parallel manipulator the position and orientation of the MP are shown 

in Fig. 5.22, the forces and moments experiences by the MP are displayed in Fig. 5.23, 

and the tension forces with in the cables are given in Fig. 5.24. 
 
Table 5.4: Natural and Artificial Constraints for Case 3 

Natural Constraints Artificial Constraints 
, 0x env =F  ,x x trajectory=v v  

, 0y env =F  ,y y trajectory=v v  

0z =v  , 110z env N=F  

, 0x env =M  0x =ω  

, 0y env =M  0y =ω  

, 0z env =M  0z =ω  

Table 5.4 Natural and Artificial Constraints for Case 3 
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Fig. 5.18 Desired trajectory of the MP for Case 3 task 
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Fig. 5.19 Plot of the position and orientation of the MP as the Case 3 task is 
executed for the traditional parallel manipulator 
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Fig. 5.20 Plots of the forces and moments acting on the MP as the Case 3 task is 
executed for the traditional parallel manipulator 
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Fig. 5.21 Plots of the input force experienced by each actuator as the Case 3 task 
is executed for the traditional parallel manipulator 
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Fig. 5.22 Plot of the position and orientation of the MP as the Case 3 task is 
executed for the cable suspended parallel manipulator 
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Fig. 5.23 Plots of the forces and moments acting on the MP as the Case 3 task is 
executed for the cable suspended parallel manipulator 
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Fig. 5.24 Plots of the tensions experienced by each cable as the Case 3 task is 
executed for the cable suspended parallel manipulator 

For this case, the trajectory for the traditional and cable suspended parallel 

manipulator appear to be very similar.  The differences between the two manipulators 

are minor if any at all.  It is noted that the MP of the cable suspended parallel robot is 

not able to translate to large distances along the xO and yO axes relative to the size of 

its MP and BP when compared to the capabilities of the traditional parallel 

manipulator.  However, the cable suspended parallel is able to reasonably reach much 

greater distances along the zO axis than the traditional parallel robot, which will be 

observed and discussed in the following case. 
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5.5.4 Case 4 

This specific example is used to provide insight into the behavior of the 

hybrid force/position controller with a varying force and position trajectory.  For this 

particular simulation, the MP is to apply varying force trajectory against a wall located 

in the (yO, zO) plane defined by xO = constant and translated along the zO axis.  The 

probe attached to the MP is extended past the edge of the MP allowing the center of 

the MP to remain somewhere near xO = 0.  The simulation takes 40 seconds to run and 

the natural and artificial constraints are given in Table 5.5. 

 
Table 5.5: Natural and Artificial Constraints for Case 4 

Natural Constraints Artificial Constraints 
0x =v  , ,x env x trajectory=F F  

, 0y env =F  0y =v  

, 0z env =F  ,z z trajectory=v v  

, 0x env =M  0x =ω  

, 0y env =M  0y =ω  

, 0z env =M  0z =ω  

Table 5.5 Natural and Artificial Constraints for Case 4 

The position and orientation of the MP are given in Fig. 5.25 for the 

traditional parallel robot and Fig. 5.28 for the cable suspended parallel robot, the 

forces and moments experienced by the MP are shown in Fig. 5.26 for the traditional 

parallel robot and Fig. 5.29 for the cable suspended parallel robot.  The forces exerted 

by the input prismatic actuators of the traditional parallel robot are shown in Fig. 5.27 

and the tensions in the cables are shown in Fig. 5.30 for the cable suspended parallel 

robot. 



 193

 

Fig. 5.25 Plot of the position and orientation of the MP as the Case 4 task is 
executed for the traditional parallel manipulator 
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Fig. 5.26 Plots of the forces and moments acting on the MP as the Case 4 task is 
executed for the traditional parallel manipulator 
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Fig. 5.27 Plots of the input force experienced by each actuator as the Case 4 task 
is executed for the traditional parallel manipulator 
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Fig. 5.28 Plot of the position and orientation of the MP as the Case 4 task is 
executed for the cable suspended parallel manipulator 
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Fig. 5.29 Plots of the forces and moments acting on the MP as the Case 4 task is 
executed for the cable suspended parallel manipulator 
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Fig. 5.30 Plots of the tensions experienced by each cable as the Case 4 task is 
executed for the cable suspended parallel manipulator 

In the simulation actuators 5 and 6 required negative forces at t  = 0 

seconds and t  = 15 seconds as observed in Fig. 5.27 for the traditional parallel robot.  

At these two times, the decision making block for the cable suspended parallel robot is 

activated to generate new positive cable tensions.  The new tensions caused the MP to 

have increased orientation errors about each axis with the largest error being only 

slightly larger than one degree for θ , the rotation about the yO axis.  At the points 

where the decision making block is engaged the cable tensions show a sudden increase 

in tension.  There was also a very small error in the yO position but this error is hardly 

noticeable.  In addition, the cable suspended parallel robot’s ability to transmit forces 

at several different elevations along the zO axis is observed in Fig. 5.30 by noting how 
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close the cable tensions come to zero.  Overall, both parallel manipulators were able to 

execute the desired task with reasonable input actuator forces. 

5.5.5 Case 5 

In this simulation the MP is to apply a constant force to a planar surface 

defined by xO = constant while translating along the yO axis.  The probe extends past 

the edge of the MP and contacts the surface allowing the center of the MP to remain 

near xO = 0.  The simulation is run for a total of t  = 40 seconds and the natural and 

artificial constraints for the task are shown in Table 5.6.  The position and orientation 

of the MP for the traditional parallel robot are given in Fig. 5.31 and the forces 

experienced by the MP are shown in Fig. 5.32.  The forces residing in the prismatic 

actuators for the traditional parallel robot are given in Fig. 5.33.  The cable suspended 

parallel robot’s position and orientation are shown in Fig. 5.34, the forces and 

moments acting on the MP are displayed in Fig. 5.35, and the tensions in each cable 

are given in Fig. 5.36. 
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Table 5.6: Natural and Artificial Constraints for Case 5 
Natural Constraints Artificial Constraints 

0x =v  , ,x env x trajectory=F F  

, 0y env =F  ,y y trajectory=v v  

, 0z env =F  0z =v  

, 0x env =M  0x =ω  

, 0y env =M  0y =ω  

, 0z env =M  0z =ω  

Table 5.6 Natural and Artificial Constraints for Case 5 

 

 

Fig. 5.31 Plot of the position and orientation of the MP as the Case 5 task is 
executed for the traditional parallel manipulator 
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Fig. 5.32 Plots of the forces and moments acting on the MP as the Case 5 task is 
executed for the traditional parallel manipulator 
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Fig. 5.33 Plots of the input force experienced by each actuator as the Case 5 task 
is executed for the traditional parallel manipulator 
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Fig. 5.34 Plot of the position and orientation of the MP as the Case 5 task is 
executed for the cable suspended parallel manipulator 
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Fig. 5.35 Plots of the forces and moments acting on the MP as the Case 5 task is 
executed for the cable suspended parallel manipulator 
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Fig. 5.36 Plots of the tensions experienced by each cable as the Case 5 task is 
executed for the cable suspended parallel manipulator 

For this case, the task initially required negative pushing forces from 

actuators 5 and 6 for the traditional parallel robot.  At this same time the cable 

suspended parallel robot enabled the decision making block and which found new 

positive tensions for the cables.  The new tension values caused the MP to move 

slightly closer to the BP and orientation error.  In study of the workspace volume for 

cable suspended parallel robots done in Chapter 3, it was found that the workspace 

volume slowly becomes ill conditioned when the MP is farther away from the BP 

along the zO axis.  The results suggested for this particular simulation tend to follow 

this trend.  One last observation noted is that the force applied is relatively small 
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compared to the weight of the MP for the cable suspended parallel robot.  The 

traditional parallel robot is able to apply as much force as its actuators allow. 

5.6 Discussion and Analysis of Results 

In each of the case simulations, the hybrid force/position controller was 

able to effectively control the parallel robot through the desired task.  From the cases, 

several useful points were revealed.  This section will give a general summary of the 

simulation results and present additional discussion on certain topics that were 

observed in extra simulations not presented.  Since the traditional parallel robot can 

push and pull with its actuators, many of the comments discussed are directed towards 

the control of the cable suspended parallel robot.  This section will also present some 

information and guidelines for future work and modifications. 

Both parallel manipulators employed the hybrid force/position control law 

given in Eq. (5.42).  This controller makes use of the control law partitioning method 

to compensate for the nonlinearities inherent within the system.  The disadvantage of 

the control law partitioning method for an actual system is that the implementation can 

become computationally intensive.  However, the speed and capacity of the computer 

is rapidly growing which makes this particular controller more attractive.  The cable 

suspended parallel robot included an additional decision-making block used to ensure 

that the cable tensions never become slack.  However, the new tensions that are 

suggested, even though they are positive, are not always practical.  Some of the new 

tension signals for instance, may be extremely large or require high frequency 

pulsating tensions within the cables.  In simulation, it was found that this sometimes 

resulted in lager error in the desired position and orientation of the MP and/or loss of 

the desired contact force or moment.  In addition, the decision making block can be 
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computationally time consuming especially if the strict error tolerance is not relaxed.  

When the block did converge to a solution, after some time, the resulting solution 

presented interesting behavior.  The decision-making block engaged when any one of 

the cables became slack.  This occurred when the MP exceeded the workspace or 

stiffness map boundary.  For these instances, it was found that the decision-making 

block converged to solutions that included orientations of the MP more suited for the 

needed task.  Future work could include the search for algorithms that converge to a 

solution quicker. 

For each trajectory task, the control gains are all fixed to the same value.  

For some cases, this revealed to be acceptable.  However, if the strict gains on all the 

directions are not needed then lowering them to allow more variation may result in 

better performance and agility.  It may be especially resourceful to consider allowing 

the orientation gains to be relaxed for the tasks where only forces are applied and the 

environmental moments acting on the MP are negligible.  This is with the 

understanding that the rotational displacements are still kept as small as possible so 

that the applied force is not affected to drastically. 

The cable suspended parallel robot is not able to exceed its workspace 

boundaries for a particular position and orientation of the MP except for unique 

situations where the dynamic motion of the MP is able to provide positive tensions for 

all the cables.  When the cable suspended parallel robot is near the boundaries of its 

workspace, the control of the manipulator slowly begins to deteriorate, resulting in 

poor control behavior.  The farther away the MP is from the BP along the zO axis the 

more ill conditioned the robot Jacobian becomes.  This can be realized by observing 

the forces and moments acting on the MP at distances far from the BP.  As the MP 
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increases its distance from the BP, the acute angle between the directional gravity 

vector and the cable vector diminishes.  With this decrease in angle comes a decrease 

in potential stiffness.  The limitations of the manipulator are observed by noting the 

points where the cables near zero tension.  The task for Case 4 gives an example of the 

force capabilities of the cable suspended parallel robot as the MP translates to various 

altitudes along the zO axis and the remaining cases give different perspectives for the 

translational capabilities along the remaining two axes.  The tasks given in each case 

are all executed at locations where the MP is fairly close to the BP. 

The MP of the cable suspended parallel robot is restricted by the amount 

of forces it can apply or receive when interacting with the environment.  Some of 

these restrictions as previously discussed are related to the workspace volume and the 

value of the conditioning index throughout the workspace.  An additional restriction is 

governed by the weight of the MP.  Increasing the weight of the MP of a cable 

suspended parallel robot will allow larger forces and moments to be applied within the 

workspace.  This is because gravity acts as an additional actuator and provides the MP 

with an additional pushing force that typically assists the cables within its workspace.  

It is noted that the gravitational force is a body force providing this additional pushing 

force and acts only in one direction regardless of the task. 

The workspace defined in Chapter 3 for the cable suspended parallel robot 

is a statically derived workspace.  However, the dynamic effects of motion for any 

task influence the cable tensions even within the workspace.  For instance, if the MP is 

to move from a point on the zO axis say, zO = 10 to a point zO = 2 instantaneously, then 

the desired abrupt stop at the second point may cause the cables to become slack if the 

rate of approach is not appropriately reduced first.  Similarly, if the MP approaches 
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the surface too fast the impact could cause the cables to become slack and possibly 

send the MP erratically free flying in the air.  Several problems result when the MP 

loses contact with the environment while remaining in force control mode.  One 

problem is that the MP tends to travel erratically above the surface and in order to 

compensate the cable tensions are reduced as low as possible to allow the MP to 

resume the desired contact force with the environment.  This usually results in a large 

impact to the environment that in turn sends MP drifting away again.  Another 

problem is that when the MP is randomly traveling because of the undesirable impact 

the desired position trajectory is also influenced, usually resulting in large error.  This 

is because the MP can only pull with the cables and not push.  The only pushing force 

the MP possesses is the gravitational weight of the MP.  Many of these problems are 

avoided using some level of switching control as briefly mentioned in a previous 

section.  Consequently, when planning the task trajectory for a cable suspended 

parallel robot careful consideration must be taken to ensure that there are no sudden 

directional changes or undesirable impacts between the MP and the environment that 

cause the cables to loose tensions. 

The traditional parallel robot is able to perform more complex 

force/moment and position/orientation trajectories than the cable suspended parallel 

robot with reasonable input force signals to the actuating links.  Additional 

characteristics such as the stiffness and/or elasticity properties of the cables or 

traditional actuators were not included in the model of either parallel robot.  These 

factors can influence the behavior of the controller especially when vibrations are 

present in the motion, which is often the case in the force-controlled directions.  

Several methods were found in the literature discussing various techniques applied to 
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reduce the initial vibrations generally found in force control tasks.  Gradually applying 

the force on the environment helps to significantly reduce the initial vibrations 

between the MP and the environment.  Other methods suggested to use passive 

attachments placed on the end effector so that when the manipulator interacts with the 

environment the attachment absorbs the impact shock from the stiff manipulator 

motion ([465], [479 - 480]). 

5.7 Additional Comments 

The tasks considered for each case are simplified so that the force and 

position control laws can be observed independently to ensure that they work.  Future 

work may consider the addition of a switching mechanism allowing smooth transitions 

between the force and position control laws.  In addition, all the cases included the 

interaction with a fixed environment.  Future control laws may consider the interaction 

of the MP with objects that can move or are already in motion. 

The end effector can guarantee to stay in contact with a stationary object 

by applying a constant force.  This constant force depends on whether it is desired to 

keep the object at rest or to put it into motion.  If it is preferred to keep the object at 

rest then the manipulator must apply a desired force larger than some sensitivity 

threshold force and smaller than the frictional forces acting on the object that keep it at 

rest.  The sensitivity threshold force is the low-end force bound that the sensor is able 

to accurately read force signals.  This bound may incorporate noise disturbances 

and/or physical limitations of the sensor due to its design.  Now if the manipulator is 

to keep in contact with an object that is in motion then slightly more sophisticated 

controllers must be developed. 
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The hybrid force/position control law applied to the parallel robot actuated 

by traditional prismatic links revealed several interesting observations.  If the 

environment encountered in the force controlled direction possessed low stiffness, i.e. 

was soft and compliant, then the force controller behaved fairly well.  However, as the 

environmental stiffness increased the manipulator responded with high force 

vibrations at the surface in the force controller direction.  It is better to have a force 

controller that has a compliant end effector in the direction of a stiff environment so 

that it can taper the intensity of the interaction through a suitable choice of a desired 

position.  The actual implementation of the hybrid force/position controller would 

require additional modification to the control law to compensate for real world 

environmental interaction.  Environmental parameters that will affect the controller 

behavior will be factors such as friction between the MP and the surface of contact 

and within the robot itself.  The proposed hybrid position/force controller did not 

address the notion of friction be it within the system or resulting from the interaction 

with the environment.  Some articles that discuss methods of identifying and 

estimating friction within systems are found in ([316 - 317], [437], [439 - 440], [442], 

[444]).  Other articles presenting friction models are given in ([12], [438], [441], 

[443], [449 - 450], [481]), and articles that address the control of friction are presented 

in ([12], [43], [381], [437], [442 - 443], [445 - 450]).  Other factors that could 

influence the control of the robot may be the deflection of the cables [318].  

Incorporating flexible link models into the model-based portion of the control law 

may also increase the precision and accuracy of the cable suspended parallel robot.  

Additional research into the topics just mentioned and its implementation on the cable 

suspended parallel robot is left to another ambitious engineer. 
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5.8 Conclusion 

This chapter presented the groundwork for the design of a hybrid 

force/position controller for a cable suspended parallel robot.  The performance of the 

controller was evaluated through virtual simulations of various desired tasks.  The 

tasks encompassed a variety of force and position trajectories.  For each case, the 

moments experienced by the MP and the mass and inertia properties of the 

cable/traditional actuator are not modeled in the simulation.  Therefore, small 

discrepancies in the results are to be expected when compared to a real world 

environment, however, for a preliminary study, this is acceptable.  Overall, the hybrid 

force/position controller successfully controlled the parallel manipulator and with the 

decision making block, the cable suspended parallel robot was able to ensure positive 

tensions for all the cables throughout the desired task.  In addition, the basis for the 

application of the hybrid force/position controller on a cable suspended parallel robot 

is given as well as tips for future modifications and implementation in a real world 

environment. 
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Chapter 6 

CONCLUSION 

6.1 Summary 

A cable suspended parallel robot exploits the fundamental idea of the 

traditional Stewart-Gough platform.  The traditional parallel manipulator commonly 

uses hydraulic or pneumatic pistons, or lead screws for its input actuators that are able 

to push and pull with its MP.  The cable suspended parallel manipulator replaces these 

traditional actuators with cable actuators.  The cables can be physically actuated with 

a simple winch system.  Cables are only capable of supplying pulling tension forces 

but no pushing compressive forces.  The attractive features related to the use of cables, 

as opposed to traditional actuators, are that cables have a large strength to weight 

ratio, are lightweight and can reasonably reach large distances far away from the BP 

along the zO axis.  Since cables can only pull and not push, the existing theory on 

parallel robots is slightly modified to incorporate the additional characteristic 

pertaining to the cables.  The current work includes some existing theory on cable-

actuated robots and parallel manipulators to form additional ideas about the 

workspace, design, and control of a 6-degree-of-freedom cable suspended parallel 

robot. 

The author designed a cable suspended parallel robot at the University of 

Delaware Robotics and Control Laboratory.  The MP is connected to the BP by six 

steel wire cables actuated by a direct dive winch system.  Every cable contains an 
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inline tension sensor used to feedback the force within each cable to the controller.  

The BP is equipped with an adjustable lead screw system that changes the radial cable 

connection points, rbase, to dimensions that are larger or smaller than the MP radius, 

rend.  To increase the workspace of the robot the BP is rigidly fastened to a two-

dimensional gantry system. 

This thesis investigated several different topics related to the workspace, 

design and control of the cable suspended parallel robot.  A number of useful trends 

resulted from the workspace analysis of twelve different cable robot designs.  These 

trends were then verified in practical design applications and deemed valuable tools of 

reference.  The preliminary analysis of a hybrid force/position controller for a cable 

suspended parallel robot was then derived.  Several successful simulated tasks proved 

the controller worked and gave additional insight to future modifications. 

6.2 Future Work 

For future research, the rotation angles ψ  about the xO axis and θ  about 

the yO axis could be increased to incorporate angles greater than ± 30° possibly up to 

± 90°.  The step size taken for the angles considered were at 10° increments for the 

workspace analysis.  The discrete step size chosen was relatively large for the set of 

orientations; however, the results portrayed by the data appeared to still reveal 

acceptable and useful results.  The reduction of this step size should again be included 

in future studies.  Similarly, the translational step size along the xO, yO, zO axis was set 

to 0.4 units.  The reduction of this would help in better defining the shape of the 

workspace for the constant orientation or translational workspace study as well as 

providing a more accurate GCI value.  The range of search region for each robot 

considered was fixed to a set volume to ensure consistency.  The search region limits 
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placed on the xO and yO axes appeared to be selected generously, however, the 

behavior of the MP for the set of parameters at large distances along the zO axis were 

only briefly considered.  Future analysis could incorporate the behavior of the MP at 

these large distances for completeness. 

The robotic designs included four different geometric γ  angles used to 

define the shape of both the MP and BP and, for each γ  value, three different ratios of 

the MP to BP were chosen.  The mismatching of the MP and BP γ  values for different 

ratios was not considered in the present work and can be considered to add another 

level of complexity to workspace analysis. 

The work pertaining to the hybrid force/position controller could be 

extended to include a more sophisticated and realistic virtual environment and robot 

model.  The robotic model chosen did not take into account the stiffness, inertia or 

mass properties of the cables and the environment was greatly simplified.  An 

enhanced simulation model may be possible with the assistance of supplementary 

software that is further advanced and better suited for this type of computational 

complexity such as SolidWorks.  Nevertheless, the simulation revealed very 

interesting and useful results for a preliminary model.  The future work could 

investigate the refinement of the decision making block to one which is 

computationally more efficient and include a switching scheme that allows the hybrid 

force/position controller to smoothly transition between the force and position control 

laws.  In addition, the simulation results showed that the dynamic effects have a large 

influence on the tasks even when the desired trajectories were within the workspace.  

To further extend the research, the future work should include a comprehensive study 

of the dynamic workspace of the cable suspended parallel robot. 
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The hybrid force/position controller was not implemented on the current 

University of Delaware Cable Suspended Parallel Robot because of some problems 

with accuracy.  The position control scheme presently used on the robot implements a 

discrete numerical approximation in order to compute the forward kinematic motion 

of the MP.  As a result, error accumulates as the run time increases, naturally affecting 

the performance of the robot.  The computer that controls the robot is not fast enough 

to accurately compute a small enough step size.  One method sought to correct this 

problem includes the addition of three extra cables used solely as a displacement 

sensor that will allow a closed form solution as previously mentioned in Chapter 2.  

Other improvements presently under consideration include upgrading the winding 

mechanisms and adding different attachments to the MP. 
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Appendix A: Plots of Workspace Volume 

 

Fig. 3.4a Workspace Volume for γ  = 0°, (rend/rbase) = 100%, 50%, 1% and φ  = 
10° 
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Fig. 3.4b Workspace Volume for γ  = 0°, (rend/rbase) = 100%, 50%, 1% and φ  = 
350° 
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Fig. 3.4c Workspace Volume for γ  = 0°, (rend/rbase) = 100%, 50%, 1% and φ  = 20° 
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Fig. 3.4d Workspace Volume for γ  = 0°, (rend/rbase) = 100%, 50%, 1% and φ  = 
340° 
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Fig. 3.4e Workspace Volume for γ  = 0°, (rend/rbase) = 100%, 50%, 1% and φ  = 30° 
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Fig. 3.4f Workspace Volume for γ  = 0°, (rend/rbase) = 100%, 50%, 1% and φ  = 
330° 
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Fig. 3.4g Workspace Volume for γ  = 0°, (rend/rbase) = 100%, 50%, 1% and φ  = 
40° 
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Fig. 3.4h Workspace Volume for γ  = 0°, (rend/rbase) = 100%, 50%, 1% and φ  = 
320° 
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Fig. 3.4i Workspace Volume for γ  = 0°, (rend/rbase) = 100%, 50%, 1% and φ  = 50° 
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Fig. 3.4j Workspace Volume for γ  = 0°, (rend/rbase) = 100%, 50%, 1% and φ  = 
310° 
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Fig. 3.4k Workspace Volume for γ  = 0°, (rend/rbase) = 100%, 50%, 1% and φ  = 
60° 
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Fig. 3.4l Workspace Volume for γ  = 0°, (rend/rbase) = 100%, 50%, 1% and φ  = 
300° 
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Fig. 3.5a Workspace Volume for γ  = 15°, (rend/rbase) = 100%, 50%, 1% and φ  = 
10° 
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Fig. 3.5b Workspace Volume for γ  = 15°, (rend/rbase) = 100%, 50%, 1% and φ  = 
350° 
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Fig. 3.5c Workspace Volume for γ  = 15°, (rend/rbase) = 100%, 50%, 1% and φ  = 
20° 
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Fig. 3.5d Workspace Volume for γ  = 15°, (rend/rbase) = 100%, 50%, 1% and φ  = 
340° 
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Fig. 3.5e Workspace Volume for γ  = 15°, (rend/rbase) = 100%, 50%, 1% and φ  = 
30° 
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Fig. 3.5f Workspace Volume for γ  = 15°, (rend/rbase) = 100%, 50%, 1% and φ  = 
330° 
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Fig. 3.5g Workspace Volume for γ  = 15°, (rend/rbase) = 100%, 50%, 1% and φ  = 
40° 
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Fig. 3.5h Workspace Volume for γ  = 15°, (rend/rbase) = 100%, 50%, 1% and φ  = 
320° 
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Fig. 3.5i Workspace Volume for γ  = 15°, (rend/rbase) = 100%, 50%, 1% and φ  = 
50° 
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Fig. 3.5j Workspace Volume for γ  = 15°, (rend/rbase) = 100%, 50%, 1% and φ  = 
310° 
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Fig. 3.6a Workspace Volume for γ  = 30°, (rend/rbase) = 100%, 50%, 1% and φ  = 
10° 
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Fig. 3.6b Workspace Volume for γ  = 30°, (rend/rbase) = 100%, 50%, 1% and φ  = 
350° 



 241

 

Fig. 3.6c Workspace Volume for γ  = 30°, (rend/rbase) = 100%, 50%, 1% and φ  = 
20° 
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Fig. 3.6d Workspace Volume for γ  = 30°, (rend/rbase) = 100%, 50%, 1% and φ  = 
340° 
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Fig. 3.6e Workspace Volume for γ  = 30°, (rend/rbase) = 100%, 50%, 1% and φ  = 
30° 
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Fig. 3.6f Workspace Volume for γ  = 30°, (rend/rbase) = 100%, 50%, 1% and φ  = 
330° 
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Fig. 3.7a Workspace Volume for γ  = 45°, (rend/rbase) = 100%, 50%, 1% and φ  = 
10° 
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Fig. 3.7b Workspace Volume for γ  = 45°, (rend/rbase) = 100%, 50%, 1% and φ  = 
350° 
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Fig. 3.7c Workspace Volume for γ  = 45°, (rend/rbase) = 100%, 50%, 1% and φ  = 
20° 
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Fig. 3.7d Workspace Volume for γ  = 45°, (rend/rbase) = 100%, 50%, 1% and φ  = 
340° 
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Appendix B: Plots of GCI 

 

Fig. 3.18a GCI for γ  = 0°, (rend/rbase) = 100%, 50%, 1%, and φ  = 10° 
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Fig. 3.18b GCI for γ  = 0°, (rend/rbase) = 100%, 50%, 1%, and φ  = 350° 



 251

 

Fig. 3.18c GCI for γ  = 0°, (rend/rbase) = 100%, 50%, 1%, and φ  = 20° 
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Fig. 3.18d GCI for γ  = 0°, (rend/rbase) = 100%, 50%, 1%, and φ  = 340° 
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Fig. 3.18e GCI for γ  = 0°, (rend/rbase) = 100%, 50%, 1%, and φ  = 30° 
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Fig. 3.18f GCI for γ  = 0°, (rend/rbase) = 100%, 50%, 1%, and φ  = 330° 
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Fig. 3.18g GCI for γ  = 0°, (rend/rbase) = 100%, 50%, 1%, and φ  = 40° 
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Fig. 3.18h GCI for γ  = 0°, (rend/rbase) = 100%, 50%, 1%, and φ  = 320° 



 257

 

Fig. 3.18i GCI for γ  = 0°, (rend/rbase) = 100%, 50%, 1%, and φ  = 50° 
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Fig. 3.18j GCI for γ  = 0°, (rend/rbase) = 100%, 50%, 1%, and φ  = 310° 



 259

 

Fig. 3.18k GCI for γ  = 0°, (rend/rbase) = 100%, 50%, 1%, and φ  = 60° 
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Fig. 3.18l GCI for γ  = 0°, (rend/rbase) = 100%, 50%, 1%, and φ  = 300° 
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Fig. 3.19a GCI for γ  = 15°, (rend/rbase) = 100%, 50%, 1%, and φ  = 10° 



 262

 

Fig. 3.19b GCI for γ  = 15°, (rend/rbase) = 100%, 50%, 1%, and φ  = 350° 
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Fig. 3.19c GCI for γ  = 15°, (rend/rbase) = 100%, 50%, 1%, and φ  = 20° 
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Fig. 3.19d GCI for γ  = 15°, (rend/rbase) = 100%, 50%, 1%, and φ  = 340° 
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Fig. 3.19e GCI for γ  = 15°, (rend/rbase) = 100%, 50%, 1%, and φ  = 30° 
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Fig. 3.19f GCI for γ  = 15°, (rend/rbase) = 100%, 50%, 1%, and φ  = 330° 
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Fig. 3.19g GCI for γ  = 15°, (rend/rbase) = 100%, 50%, 1%, and φ  = 40° 
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Fig. 3.19h GCI for γ  = 15°, (rend/rbase) = 100%, 50%, 1%, and φ  = 320° 
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Fig. 3.19i GCI for γ  = 15°, (rend/rbase) = 100%, 50%, 1%, and φ  = 50° 
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Fig. 3.19j GCI for γ  = 15°, (rend/rbase) = 100%, 50%, 1%, and φ  = 310° 
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Fig. 3.20a GCI for γ  = 30°, (rend/rbase) = 100%, 50%, 1%, and φ  = 10° 
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Fig. 3.20b GCI for γ  = 30°, (rend/rbase) = 100%, 50%, 1%, and φ  = 350° 
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Fig. 3.20c GCI for γ  = 30°, (rend/rbase) = 100%, 50%, 1%, and φ  = 20° 
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Fig. 3.20d GCI for γ  = 30°, (rend/rbase) = 100%, 50%, 1%, and φ  = 340° 
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Fig. 3.20e GCI for γ  = 30°, (rend/rbase) = 100%, 50%, 1%, and φ  = 30° 
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Fig. 3.20f GCI for γ  = 30°, (rend/rbase) = 100%, 50%, 1%, and φ  = 330° 
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Fig. 3.21a GCI for γ  = 45°, (rend/rbase) = 100%, 50%, 1%, and φ  = 10° 
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Fig. 3.21b GCI for γ  = 45°, (rend/rbase) = 100%, 50%, 1%, and φ  = 350° 
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Fig. 3.21c GCI for γ  = 45°, (rend/rbase) = 100%, 50%, 1%, and φ  = 20° 
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Fig. 3.21d GCI for γ  = 45°, (rend/rbase) = 100%, 50%, 1%, and φ  = 340° 
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Appendix C: Geometries 

 

Fig. 3.3c Schematic of BP and MP for γ  = 30° 



 282

 

Fig. 3.3d Schematic of BP and MP for γ  = 15° 
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