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Figure 1.1: Five people in a room with walls restrict- Figure 1.2: Labeling of
ing sight lines. the people.

Figure 1.3: Blue lines represent unbroken lines of sight. Red lines represent broken
lines of sight.



Figure 1.4: Graph of people who can see each other.

all other entries being 0. What is the significance of Age;? It tells us who person i can

see. For instance, person 3 is the police officer. Applying Ag to es

00100 0 1
00111 0 1
11010 11=10
01100 0 1
01 00O 0 0

gives us e; + es + e4, meaning the officer can see the artist the rockstar and the farmer.
This operator based view of graphs underpins the idea of graph convergence.

In this thesis, two frameworks for graph limit theory are presented. The first
framework, developed by Lovasz in 2006 [11], is for studying sequences of dense graphs.
That is sequences of graphs {G,}>2; for which |E(G,)| € ©(|V(G,)?). The funda-
mental objects of study in dense graph limit theory are called graphons. The space of
graphons is defined as Wy = {w : [0,1]*> — [0,1] | w is symmetric and measureable}.
Adjacency matrices embed themselves naturally in this space as step functions, illus-
trated in fig. 2.1. However, graphons are only suitable limit objects for dense sequences

of graphs. Sparse sequences of graphs converge to an object equivalent to 0.



The second framework for studying sequences of graphs, developed by Back-
hausz and Szegedy[l], is much more general, but also much more difficult to work
with. Graphs are associated with the action of their adjacency matrix on every k-set
of vectors in RV(@! for every k € N. By taking vy, ..., v, € RV(@I and looking at the
joint distribution of vy, ..., vk, Aguvs, ..., Aguy treated as random variables on |V(G)|,
we obtain a distinct collection of probability measures on R?* for every k € IN. This
collection is called the k-profile of Ag, or 8 (Ag) for short. By comparing the k-profiles
of different matrices, we can get a sense of how close the corresponding graphs are.
This in turn provides a notion of distance between graphs which is equivalent to the
cut distance for graphons, but which allows for sparser sequences of graphs to converge.

The contribution of this thesis is twofold. The first contribution is to illuminate
the applications of graph limit theory to graph signal processing by studying graph
signals on stochastic block model graphs (see definition 2.2.8). The spectrum of these
graphs is closely correlated with the spectrum of a limiting graphon. This provides
the motivation for the discovery of new types of convergent graph sequences. The
second contribution is to apply the techniques introduced in [1] to find limit objects for
sequences of Cayley graphs. Cayley graphs are graphs constructed to exhibit group-like
symmetries. These symmetries allow for inclusions between the k-profiles of adjacency
matrices of smaller and larger graphs in the sequence. This ultimately makes describing
a limit object possible.

This thesis is structured as follows. In chapter 2, I provide an overview of dense
graph limit theory and demonstrate how associating graph sequences with a limit
object allows for one framework for signal processing to be applied to all graphs in
the sequence. In chapter 3, I introduce the action convergence framework for studying
graph sequences developed in [1]. The application of this theory to studying sequences
of Cayley graphs is described in chapter 4.

While these directions may seem disjoint at first glance, there are simply not
very many known examples of convergent graph sequences. To further develop the

theory of instance independent graph signal processing, one must find new classes of



convergent graph sequences. Sampling from the limit object provides new types of
random graph sequences whose signals can be studied as if they were signals on the

limit object.



Chapter 2

CHAPTER 1

2.1 Notation and Background

A graph G consists of a vertex set V(G) and an edge set E(G). We say that
two vertices u,v € V(G) are connected if {u,v} € E(G). If a graph is specified as a
tuple G = (V, E), then V = V(G) and E = E(G).

Let G = (V,E) be graph, with vertices labeled {vy,...,v,}. The adjacency
matrix of GG, denoted Ag, is an n X n matrix such that for any 7,5 € {1,...,n} the
(i,7) entry of Ag is 1 if {v;,v;} € E and 0 otherwise. Oftentimes in this thesis, the

vertex set will be [n] := {1,...,n}.

2.2 An Overview of Dense Graph Limit Theory

Dense graph limit theory allows us to associate graph sequences with a very
natural limit object that can be thought of as an analogue of the adjacency matrix.
The theory was first developed by Lovasz and Szegedy in 2006 [11]. The theory is based
upon the idea that the structural properties of a graph can be determined by sampling
random subgraphs. Lovész realized that we can study the structure of large graphs
using homomorphism densities, as opposed to random sampling. This is formalized as
follows. Let G be a finite simple graph. For any finite simple graph F' we can compute
the probability that a random map from V(F') to V(G) is a homomorphism. This is
called the homomorphism density[11]. Lovasz defines this to be

hom(F, G)

where hom(F,G) is equal to the number of graph homomorphisms from F to G.
A sequence of graphs {G,,}>°, is said to be convergent[3] if the numerical sequence

{t(F,G,)}>2, converges for every finite simple graph F'.
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Figure 2.1: The transformation G — Ag — wg. Note that the value of wg is 1 on the
black points of the unit square and 0 on the white points.

In [11], Lovész and Szegedy introduce graphons, which are symmetric measur-
able function w : [0, 1]> — [0, 1]. There is a very natural way to identify a labeled graph
G with a graphon wg. First, obtain the adjacency matrix of the graph. Then, partition
[0,1] into |V| intervals of equal length {I;, = [%, %] ‘kvz‘l Then, for z,y € I; x I; we
set wg(x,y) = (Ag)i;- See fig. 2.1 for a concrete example of this identification.

A notion of homomorphism density can be defined for graphons. Suppose w is

a graphon. Lovéasz defines this density in [10] by

t(F,w) = / H w(w, zj)dridxy . . . dxy).
[0,1]V(F)

{i,j}€E
The main result of [11] is that if a sequence of graphs is convergent, then there

is a graphon w for which

lim ¢(F, G,) = t(F,w)

n—oo
for every finite simple graph F'.

There are notable results of dense graph limit theory which make it particularly
useful as a framework for studying graph limits. In particular, the graph regular-
ity lemma and the sampling lemma. To briefly introduce these results, I must first

introduce the cut distance between graphs.

2.2.1 The cut Distance
The cut distance allows for us to define a metric on the space of graphs. The

importance of this metric is that it allows us to quantify how far apart two graphs are.



To define the cut metric we the cut norm which was developed by Frieze and

Kannan[6]. It is defined by

14llo = .5 Jnax.

n2 S,TCn (2.1)

D> A

€S jeT

Note that we have the following inequality between matrix norms
[Alle < [[All < [|A]l2 < [[A]loo-

Let G = (V, E) be a graph. For subsets X,Y of V, let eq(X,Y) be the number of
edges in F with one endpoint in X and the other in Y.
The cut distance[10] between two graphs G and H defined on the the vertex set
[n] is defined by
do(G. H) = |Ac — Aullo. (2.2)

The cut norm can also be described combinatorially with respect to edge densities.

Note, if G = ([n], E1) and H = ([n], Es) then

do(G,H) = [[Ag — Aullo

Jnax |3 > Ac(i.j) = An(i.j)

1

n?
€S jeT

1

n?

ax |eg(S T)—en(S,T)]

S, T

So we obtain

(G H) = max 163 T) _fH(S’ ol (2.3)
STCV(G) n

Now, an important question to ask is: can this distance be generalized to graphs
defined on different vertex sets? In the case where G and H are defined on different

vertex sets, Lovész[10] defines

0n(G, H) = mindn(G, H), (2.4)
G,H

where G and H are labellings of G and H by [n]. But this only makes sense if the
vertex sets are the same size, as the distance is derived from a matrix norm. The key

to overcoming this hurdle is to work in the more general space of graphons.



2.2.2 The Space of Graphons

Before defining the distance between graphs by associating them with graphons,
it is important to introduce requisite notation for the objects we will consider.

Denote the space of bounded, symmetric, and measurable functions W : [0, 1]> —
R by W. This is called the kernel space, as each W € W induces an integral operator
on the various spaces of functions defined on the unit interval.

The main objects of interest are graphons, which are just kernels taking values
between 0 and 1. Denote the space of graphons by Wy = {W : [0,1]* — [0,1] :

W symmetric, measureble}.

Definition 2.2.1. [10, Definition 8.2.1] For a kernel function w € W, the cut norm
of w is

Jwllo = sup
S,7C(0,1]

W (z, y)dwdy'
SxT

where S, T C [0,1] are measurable.

A measure preserving permutation ¢ : [0,1] — [0, 1] is a measurable bijection
for which ¢(U) and U have equal Lebesgue measure whenever U C [0, 1] is measur-

able. These permutations are used to “relabel” graphons. For a measurable preserving

permutation v, let w¥(z,y) = w((z), ¥ (y)).
Definition 2.2.2. Suppose G and H are graphs. Define
60(G, H) = int Jwe — w |
where Y ranges over all measure preserving permutations of [0, 1].

By ranging over all measure preserving permutations of [0, 1] we cover all rela-
beling of the graphs. To show that these metric are equivalent, suppose G and H are

defined on vertex sets of equal size. It is immediately apparent that
5D<G7 H) < SD(Ga H)

because every relabeling of G and H by [n] corresponds to a permutation of [n] which

induces a measure preserving permutation on [0, 1].
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2.2.3 Graph Regularity Lemma

The Szemerédi regularity lemma is a very important result for studying large
graphs. It allows us to partition the vertex set of a graph and approximate the graph
(in cut distance) with a weighted complete graph whose edge weights correspond to
edge densities between the partitions.

Let G = (V, E) be a graph. For subsets X, Y of V, let e¢(X,Y) be the number
of edges in E with one endpoint in X and the other in Y. In [10], Lovasz defines

eg(X, Y)

(2.5)

For disjoint X and Y, let G[X, Y] be the bipartite, induced subgraph of G' with vertex
set X UY and edge set E[X,Y]={(z,y) e E:x € X and y €Y}

For a given partition P = {Vi,...,V;} of V| let Gp be the weighted graph
constructed by taking the complete graph on V' and assigning the weight dg(V;, V) to
each edge {u,v} € V; x V;. The original formulation of the regularity lemma is not
very useful in practice, however there are weaker versions which are widely used in the
study of dense graph limits. In particular, the weak regularity lemma of Frieze and

Kannan[6].

Lemma 2.2.3. For every k € IN and every graph G, V(G) can be partitioned into k
classes P = {Py, ..., P.} such that

2
Viogk

In the setting of graphons, the weak regularity lemma gives a bound for the

dD(Ga G?) S

distance between a kernel w and a step function U.

Lemma 2.2.4. [10, Lemma 9.9] For every k € IN and every kernel function w there

is a step function U with k steps for which

2
— < =
I =Ullo < ozl
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2.2.4 Applications of Dense Graph Limit Theory in Graph Signal Process-
ing

Graph signal processing is a quickly growing field of mathematics, with the aim
of recreating the tools of classical signal processing to study signals on graphs. With the
growing digital economy and the expansion of digital services into all arenas of everyday
life, graphs are often employed as a data structure for managing and understanding
digital information. Mathematically speaking, graphs are a fixed structure. However,
real world data constantly updates meaning graphs constantly change. In a social
network, for instance, every new user is a new node and every new friendship is a new
edge. So the underlying data is not one graph but instead a sequence of them.

Graph signal processing provides a variety of tools for studying functions defined
on graphs. It allows us to denoise signals and understand their structure. The most
important tool, unsurprisingly, is the graph Fourier transform.

Let G = (V, E) be a graph on n vertices. Let Ag denote the adjacency matrix of
G. Since Ag is symmetric, by the spectral theorem, it is diagonalizeable. Let ¢, ..., ¢,
be an orthonormal set of eigenvectors of Ag, with corresponding eigenvalues Aq, ..., \,.
A signal on G is a function f : V — C. Given a graph signal f, the graph Fourier

transform of f is

~

f(@) = ([, i) (2.6)

This is just the scalar projection of f along ¢;. Importantly, we can represent any graph
signal in terms of its Fourier transforms though the inverse graph Fourier transform.

That is,
F=>fli)o: (2.7)
=1

This definition reveals one of the issues posed by the ever changing nature of graphs
modeling real world data. Each time the graph is updated, the adjacency matrix
changes and the eigenvectors must be recomputed. But, what if the sequence of graphs

exhibits some common underlying structure?

12



2.2.4.1 Instance Independent Graph Signal Processing
The simplest example of dense graph convergence can be seen by looking at
random graphs. Notably, the setting of random graphs also demonstrates the efficacy

of graph limit theory as a framework for graph signal processing.

Definition 2.2.5. Let p € [0,1] be given. Define G(n,p) as the random graph on [n],

such that given two vertices u,v € [n| they are connected with probability p.

See fig. 2.2 through fig. 2.7 for examples of the graphons corresponding to the

[e's)
n=1-*
06

first 6 graphs in the sequence {G(2""20.7)

Figure 2.5: G(64,0.7) Figure 2.6: G(128,0.7) Figure 2.7: G(256,0.7)
Graphs G(n,p) are a special case of what are called w-Random graphs. Given

a graphon w € Wy, we construct a w-random graph on n vertices as follows. First, fix
S = (z1,...,2,) € [0,1] with 21 < 23 < ... < x,. Then, with probability w(z;,z,)

connect {i,j} € [n]? with an edge. This yields a random graph G(S,w). Given n > 1

13



define G(n,w) by choosing z1, ..., z, € [0, 1] uniformly and independently and setting
G(n,w) :=G((x1,...,2z,),w).
The sampling lemma bounds the cut distance between G(n,w) and w with high

probability.

Lemma 2.2.6. [10, Lemma 10.16] Suppose n > 1 and that w € Wy is a graphon.

Then,
22

5D (G(nv UJ), UJ) S
logn

7

with probability greater than or equal to 1 — exp(—n/(2logn)).

This lemma means that as n — oo the sequence {G(n,w)}>2; almost surely
converges to w in dg. There is always chance that for a given n, G(n,w) has no edges
or too many edges. However, as n grows the probability of sampling such a graph
approaches 0. To obtain a graph sequence which doesn’t converge, you would need
to sample infinitely many graphs {G(ny, w)}32, such that for all k, éo(G(ng, w), w) >
22/y/logng. As ny grows the probability of doing so once becomes negligible. The

probability of sampling infinitely many such graphs is zero.

Definition 2.2.7. Let A € RL5" be given. A is a probability matriz if for every i € N

we have
D Aiy=1
=1

A more intricate class of w-random graphs are the stochastic block models.

Definition 2.2.8. Let kyi,...,k, € N be given. These are block sizes. Suppose A €
R™™ is a symmetric probability matriz. The graph SBM(A, (k1,...,ky,)) is a graph on
N = Y7 | k; vertices, which are partitioned into n blocks with block i containing k;
vertices. Given a vertex u in block i and a vertex v in block j, they are connected with

probability A, ;.

Examples of the graphons corresponding to stochastic block models constructed

with equal block sizes from the probability matrix defined by A = [a;;]; jes) where

14



aij = 0.61;_113(—7 + ¢) + 0.2 are depicted in fig. 2.8 through fig. 2.13. Let w4 be
the graphon corresponding to the probability matrix A. Note that the stochastic

block model on 5n vertices, each block consisting of n vertices, is a w4-random graph

G(Sn, wA).

20 04 06 08 1.0

Figure 2.8: SBM created Figure 2.9: SBM created Figure 2.10: SBM created

when block sizes are all 8 when block sizes are all 16 when block sizes are all 32

Figure 2.11: SBM created  Figure 2.12: SBM created  Figure 2.13: SBM created

when block sizes are all 64 when block sizes are all when block sizes are all

128 256
The limiting graphon for the sequence of G(5n,wy4) is just wa. This is quite
notable from the standpoint of processing signals on G(5n,w,) for large values of n.
Suppose n € N. Let G, = G(5n,w,). Let N =5n. Let f: [N] — C be given. Recall

that the Fourier transform of fis f(i) = (f, ¢;) where {¢;}}¥, is an orthonormal set of

eigenvectors of Ag,,. We associate f with its Fourier transform

flu) = Zf(z‘)qz-(u)-

15



The issue is, computing the eigenvectors becomes a computational problem for large
values of n. In fact, I once managed to use 72GB of computer memory solving for the
eigenvectors of stochastic block model graphs with 9,000 vertices. This subsequently
crashed my computer and corrupted multiple Mathematica notebooks. The frame-
work of graph limit theory allows for the eigenfunctions of the limiting graphon to

approximate the eigenvectors of stochastic block model graphs.

Remark 2.2.9. Let w € Wy be a graphon. There exists a bounded operator T, :
L2([0,1]) — L?([0, 1)) whose kernel is w. More explicitly, for any f € L*([0,1]),

T, f(z) = / w(z, ) f(y)dy

Proof. We need to show that given f € L*([0,1]), To,f € L*([0,1]). Note,

Imf@IE= [ 1 (/ 1w(:v,y)f(y)dy) (/ 1 (o) () ) da

</ 1 / o) )|

< dx
0
1

< / (e, ) ()2 dyda
0 0

< [ [P
<[ el 13 = 1513

So Ty, f € L2([0,1]). O

Definition 2.2.10. Let w € Wy be given. A function f € L*([0,1]) is said to be an

A-eigenfunction of Ty, if T\,f = \f almost everywhere.

While I did not specify whether A is a real or complex number, it will momen-

tarily be clear that A is always real.
Remark 2.2.11. Let w € Wy be given. The operator T, is self-adjoint.

Proof. An operator T on L*([0,1]) is self adjoint if for any f, g € L*([0,1]) we have

(Tf,g9)=(f,Tg)

16



Note,

By Fubinni’s theorem we can switch the order of integration to obtain

// w(z,y)f dydx—// w(, y)f (y)g(@)dady
(Twf,g) // w(z,y) f(y)g(x)ddy

- / F) / w(z,y)g(@)dady
= [ ) [ ot igtertods

Where in the last step, because w(x, y) is real valued it is self-conjugate. Now utilizing

Therefore,

the fact that w is symmetric,

[ 10 [ vy = [ 0) [ ot = [T

That is,

(Twf,9) :/0 fW)Twg(y)dy = (f, Twg).

Meaning T, is self-adjoint. O]

Definition 2.2.12. Suppose 2 C R" and k : Q2 x Q — C. We say k is a Hilbert-

Schmidt kernel if
//|/i(:c,y)|2dxdy < 00
oJo

17



Note that for any w € Wy, fol fol lw(z,y)|*drdy < 1, so graphons are Hilbert-
Schmidt kernels. The significance of this being that they are compact operators. If
X and Y are Banach spaces, and T': X — Y is a linear operator we say that T is
compact if the closure of the image of the unit ball in X under 7" is compact in Y[2,
Chapter 13]. The following theorem, known as the spectral theorem is a classical result

of functional analysis.

Theorem 2.2.13. Suppose J is a Hilbert space, and T is an compact, self-adjoint
operator on H. Then T has a countable spectrum in R, every nonzero element of the
spectrum is an eigenvalue with finite multiplicity, and the only possible accumulation
point of the spectrum is 0. Moreover, there exists an orthonormal basis consisting of

eigenfunctions of T

Since the operator norm of || T[22 = subgy. ety 1Tw Il < supypp,=1 1fll2 =
1 we know that, T, has countable spectrum in [—1,1]. Let n™,n~ € WU {oco} denote
the number of positive and negative eigenvalues. Enumerate the eigenvalues of T, so
that

12)\12)\22>0 and 0>2)\_22)\_1Z—1 (28)

Let 1, = {i € Z\{0} : \; # 0 is an eigenvalue of T, }. Let {¢;}icr, be the correspond-
ing eigenfunctions. Some of the eigenvalues may be repeated, but must have finite

multiplicity[2, Chapter 14, Theorem 2|. The spectral decomposition of T, is[8, eq. 2.4]
Ty = Z Ai(Di @ ¢4)
i€l
where (¢; ® ¢;)(f) = (f, ¢:i)®; is the rank one projection along the linear span of ¢;.

With these ideas in mind, we can define a Graphon Fourier Transform.

Definition 2.2.14. [7, Definition 3.4] Let w € Wy be a graphon. Let the spectrum
of T, be enumerated as in eq. (2.8). A graphon signal f is a function in L*([0,1]).

The Fourier Transform of f is the projection of f onto the eigenspaces of T,,. For an

18



eigenvalue X of T,,, let I(N\) = {i € I, : \; = \}. Define the Fourier transform of f at

A as

fA) = Z(qﬁi ® ¢)(f) = Z<f, 1) i

~

Note that f(0) is the projection of f onto ker(T,)

There is a key difference between definition 2.2.14 and eq. (2.6). The Graph
Fourier Transform is scalar valued, while the Graphon Fourier Transform is vector
valued.

Recall, the stochastic block model with & uniform blocks of size n constructed
from a probability matrix A € R"*" is the same thing as the G(kn,w,). The ultimate
goal for signal processing on G(kn,w,) is to understand the eigenfunctions of wy4. As
it would turn out they are closely related to the eigenvectors of A, but they must be
properly embedded in L?([0, 1]) and scaled appropriately. In fact, all graph signals will
need to be scaled when embedded in L?([0, 1]) to preserve their norms.

Given a graph G = (V, F) and X : V — C, one might simply partition [0, 1]
into |V| intervals {I; = [(i — 1)/|V|,i/|V]) LZ'I and assign fx the value X; on [(i —
1)/IV|,1/|V]) see fig. 2.14. However, then

1 fxll2 = / Fx (@) Fx(@)da

1 [ IV \4
0 i=1 i=1
4
:/ > IXiP1yde
0 =1
V] 1
:Z\Xﬁ/ 1;.dx
i=1 0
[V]

=Y XV
1=1

The last sum is HX||623M/]V]. So || fxllz = ﬁ”X”Cm.
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Figure 2.14: A signal on a graph (left). A possible, but flawed L? embedding of the
graph signal (right).

Definition 2.2.15. /8, Definition 2.7] Let G be a graph on the vertex set [N]. Suppose
X € CV is a graph signal. We associate X with the step function fx € L*([0,1])
defined by

N W)

N
fx<£L‘> = Z \/NXi]l[ifl
i=1

Under this definition we have ||X||¢ivi = || fx|]2- This correspondance between
vectors and L?([0, 1]) functions allows the eigenvectors of A to be related to the eigen-

functions of w4.

Remark 2.2.16. [8, Remark 2.8] Let X € CN be given. Note, that when z € ['5H, %)

we have

A=Y 4% = 30N [ ey = V(T )

The implications of this are that if X # 0, then fx is an \-eigenfunction of T,,, if and

j=1

only if X is a AN -eigenvector of A. Now suppose X\ # 0 and that f is a \-eigenfunction
of Tw,. We know that T, f must be constant on the intervals [, ) for i € [N]. So
f= %TwAf corresponds to fx for some X € CN. All of these points taken together
mean that the map X — fx is a bijection between the AN eigenvectors of A and the

A-eigenfunctions of T, , .

20
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Enough framework is now in place to get a general sense of how the spectrums
of w-random graphs converge to the spectrum of w.
Suppose {G,,}22, is a sequence of graphs, with |V (G,,)| — oo as n — oo. For
any given n € IN, let {\,, 1}« be the eigenvalues of Ag, , indexed according to eq. (2.8).
Then, by [10, Theorem 11.54]
Mok A if ke,

lim : = (2.9)
n—00 ‘V(Gn)‘ 0 otherwise

Returning now to our analysis of the stochastic block model with 5 uniform
blocks and probability matrix A € R°*® given by a;; = 0.61{_1,13(—j + ) + 0.2. We
can relate the eigenvalues of A to those of wy and (with high probability) to G(5n,w,).
The eigenvalues of A are approximately {2.2,0.37082,0.37082, —0.97082, —0.97082}.
Since A has 5 vertices, the eigenvalues of w4 are those of A divided by 5. In fig. 2.15,
eq. (2.9) is demonstrated for the sequence G,, = SBM(A, (50n, 50n, 50n, 50n, 50n)).

The following theorem is what allows for a framework of instance-independent

graph signal processing.

Theorem 2.2.17. [7, Theorem 3.7] Suppose {G,}°° | converges to a graphon w in cut
norm. For n € N, suppose X,, € CIV&l is a graph signal on G, such that {fx, }>,
converges to some g € L*([0,1]). For each nonzero eigenvalue X of T,
> (Foni ® fo,)(9) = GV (2.10)
i€l
where for i € I, and n € IN, ¢, ; is the eigenvector corresponding to A\, ;. This means

fén. 1s the step function embedding of ¢n; in L*([0,1]).

2.2.5 Wrapping Up

The theory of dense graph limits provides the most solid framework for exploring
signal processing on sequences of random graphs. In general, there are not very many
known convergent graph sequences. It took many years to formalize theorem 4.3.16,

the main contribution of this thesis. With this in mind, the goal of the rest of the paper
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Convergence of Ap 1/(250n) Convergence of Ap, 2/(250n)
An,1 An,2

0.0755
0.4402 -

0.4400 -
0.4398 -
0.4396
0.4394 -
0.4392 -

0.0750 -

0.0745 -

| ; | Ln
5 10 15 20

Convergence of Ap 3/(250n)

An3 Ana4
0.0755 1 n
-0.1940 -
0.0750 -
-0.1945 -
0.0745 |-
-0.1950 -
0.0740 -
n
5 10 15 20
Convergence of A, 5/(250n) Convergence of A, 6/(250n)
An5 An6
4 t t - n
_0.ie34 5 10 15 20 0.010¢
-0.1936 | 0.005 -
-0.1938 |- n
5 10 15 20
-0.1940 |- -0.005
-0.1942 |- -0.010 +

Figure 2.15: Demonstration that A, ;/(250n) — A\ as n — co. Each A, ; corresponds
to an eigenvalue of SBM(A, (50n,50n,50n,50n,50n)) for n = 1,...,20. A has five
eigenvalues, so the ), ¢ inclusion demonstrates that the “extra” eigenvalues present in
sampled graphs converge to 0 as the graphs grow. In each plot, the red dashed line
represents the limiting eigenvalue .
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Convergence Errors |Ag = Ap /(250n)|
|Ak = An,k/(250n)]

0.0012
0.0010
0.0008
0.0006
0.0004

0.0002 }

5 10 15 20

—_ A4 Ay — A3 — Ay — Ay
Figure 2.16: Error in estimation of Ay by A, x/(250n) forn =1,...,20and k =1,...,5.

is introduce a more general framework for studying graph limits which is equivalent
to convergence in cut norm. This new framework allows for a formalization of Cayley
graph convergence. The purpose is to expand the lexicon of convergent graph sequences
to expand the class of graph sequences amenable to instance independent graph signal

processing.
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Chapter 3

ACTION CONVERGENCE OF P-OPERATORS

The results presented in this section were developed by Backhausz and Szegedy|1].
They created a general framework for studying graph limits which unifies both dense
and sparse graph limit theories. Their approach is detailed in this section. No results in
this section my own, but my contributions in this thesis are based up their framework.
While the theorem’s in this section are not mine, I spent a great deal of time under-
standing their work. This entailed working out more explicit proofs of their results,
as the proofs supplied in [1] serve more so as guides for professional mathematicians.
Following the templates they provide I have striven to develop a thorough exposition

of the intricate proofs of the results they develop.

3.1 Preliminary Definitions

The notion of graph convergence is based on the idea of convergence of P-
operators. Throughout the section for a probability space Q := (2, A, u) and r € [1, o0},
L7(€2) denotes the space of measurable functions f : Q@ — R for which || f||, < oco. If
r = o0, then ||f]|, = || fllec = Inf{C > 0:|f(w)] < C almost everywhere}. Otherwise,

r < oo and || fll. = (fo [f]"dp)"/".

Definition 3.1.1. Let Q := (Q, A, p) be a probability space. A P-operator is an oper-
ator A : L=(Q) — L'(Q). The collection of P-operators on ) is denoted B(S).

Remark 3.1.2. Fvery square matriz is a P-operator.

This is because every norm on R" is equivalent. Therefore, L>([n]) = L!([n]) =

R".
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For S C R, let LZ(Q2) be the functions f € L>*(€2) which satisfy f(w) € S for
almost every w € 2. We study P-operators by their actions on random variables. If
f € L>=(9Q), it is a random variable because it is measurable. Moreover, Af € L'(f2)
is also a random variable. We are interested in observing the joint distributions of

fi, s fes Afr, ..., Afy for every k € IN and every fi,..., fr € L=(Q).

Definition 3.1.3. For k functions fi,..., fr € L[OSLI](Q), their joint distribution is
the push forward of p under the map w — (f1(w),..., fr(w)).

Example 3.1.4. When Q = ([n], un), the functions in L*>°(S) are just vectors in R™.
The measure p, is the uniform measure on the coordinates {1,...,n}. Given k € IN

and k vectors f1,..., fr € R"™, the joint distribution is

1
D(fr,- s i) = = D 6k (@ti))

n -

Given A € B(Q) and fi,..., fr € L>®(Q2), we denote the joint distribution of the
random variables fi, ..., fi, Afi,..., Afx by Da(f1,..., fr). This allows us to associate

graphs with a set of probability measures on R?** for every k € IN.

Definition 3.1.5. Let k € IN be given. The k-profile of a P-operator A € B(Q) is
defined as

Sk(A) = A{Dalfr,-- s fu) : fr,- -, fr € LZ(Q)}

Remark 3.1.6. Suppose A and B are n X n matrices for some n € IN. Suppose that
there is a permutation matriz P € R"™™ such that PAP~' = B. Then, 8;(A) = 8;(B)

Proof. Note that PA = BP. We begin by selecting an element v € 8§;(A). There are

k vectors vy, ..., v, € R* for which
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Now, since PA = BP we have

That is v € 8x(B). So 8x(A) C 8x(B).
To obtain equality we can simply repeat the above process, permuting the indices

of summation of some v/ € §;(B) by P~! to obtain
DB(ula s ,Uk) = ‘DA(Pilulv R PilUk) € Sk<A)
O

Corollary 3.1.7. Suppose G = (|n], E¢) and H = ([n], Ex) are isomorphic graphs.
Then, Sx(Ac) = Sk(An).

3.1.1 Comparing distances between graphs

Suppose we have two graphs G and H. We will compare the distance between G
and H by computing the distance between 8y (Ag) and S;(Ag). The elements of these
profiles are probability measures. So we use the Levy-Prokhorov metric to compute

the distance between them. Let P(Q2) denote the probability measures on €.

Definition 3.1.8. Suppose v, € P(2). Define
drp(p,v) =inf{e > 0: v(U) +e > pu(U) and p(U)+e>v(U)VU € A}

where U® is the set of points in U or at most € in distance from U in the Fuclidean

sense.

The Levy-Prokhorov metric is deeply connected to the idea of weak conver-
gence of measures. For a metric space (E,d) let Cy(E) denote the space of continuous

bounded functions on F.

Definition 3.1.9. [9, Definition 15.12] Let E := (E,d) be a metric space with Borel o-
algebra 3. Taken together, (E,X) is a measurable space. Suppose that {u,}5°, C P(E)
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and that p € P(E). The measures {ji,}n converge weakly to u if for any f € Cy(E) we

have
i [ fdu, = [
n—oo
The equivalent formulations of weak convergence are given by Portemanteau’s

theorem (theorem A.0.12).

Example 3.1.10. Let i, = = Y1 8. Let pi be the uniform measure on [0, 1].

dpp(p, pn) < 21n
Proof. Let a € [0, 1] be given. We begin by considering the set [0, a]. Then, the result
may be extended to the rest of the measurable subsets of [0, 1].

Let ¢ = 5. We wish to show that u(U®) +& = a+ 1/2n+1/2n > 1,([0,a])
and that u,([0,a + 1/2n]) + 1/2n > u([0,a]) = a. Note that for r € [0,1] we have
wn([0,7]) = |nr]|/n. The first inequality is easy to show. Let j € [n] be such that
a € =1, 1), Note that [n(j—1)/n]/n = (j—1)/n < p1,([0,a]) < [n(j)/n]/n = j/n. In
particular, 1,([0,a]) = (j—1)/n < a < a+2 = p([0,a+5-])+55. So u(U%)+e > p,(U).

J

To show 1, (U?) +¢ > p(U), we require two cases. Again assuming a € [£1, 1)
2

n ’n/?

first suppose a € [—1, %1y Then,

on
1 -1 1 2j-1
E — R —_— = = U
pn(U%) + e = {( >J/n+2n —to 5y @ u(U)
On the other hand, if a € | 2—_,% ) then

,un(UE)+€:{n< QL)J/WF Ln(%z;l%—%)J/n—i—%:%—l—%.

Since a = pu(U) < L we have
pn(U°) + & 2 p(U).

Thus the above equation holds in both cases. O

The following remark greatly simplifies this proof. Let f € Cy(]0,1]) be given.

Since f is continuous on a closed interval it is Riemann integrable. That is,

n—o0

lim fdpm = hm Zf i/n) = /1 fdu
0
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That is p,, — p weakly. And thus dpp(pin, ) — 0.

Remark 3.1.11. Let (E,d) be a separable metric space with a o-algebra ¥. Sup-
pose {1, 35>, C P(E) and that p € P(E). Then, p, — p weakly if and only if

hmn—)oo dLP (H’) Mn) =0.

Proof. Suppose drp(pin, 1) — 0. Let € > 0 be given. Choose N € IN such that for all
n > N we have dpp(u, in) < €. Let f € Cy(FE) be given. By the simple approximation
theorem, there exists measurable sets Aq,..., A, C E and constants a4, ..., a, such

that |f(z) — D", a;la,(x)] < e for all z € E. Note that

[ tan= [ s = [ =iu— [ =i+ [ si~ [ sin,

where s is the simple function approximating f. By construction we have

=9,

We need only bound [ sdu — [ sdu,. By linearity,
/Sd:u_ /Sdun - Zaz/:ﬂ-Ald:u_ Zaz/:ﬂ-Azd/Ln
‘ i—1
= Z az n(AZ>>

Since dpp(p, pn) < € we have p(A;) < pn(A5) + e. Thus,

< ¢ and ‘/f—sdu‘<5

Za,-(,u(Ai)— <ZozZ tn(AS) + & — pn(4;) Zal pn(AS\A;) + ).

=1 =1

Similarly, p,(A;) < p(A3) + ¢ so

Zai(,u(Ai) — pn(4A5)) 2 Zai(u(&) - Z ai(u(AP\A;) + €).

We now have that

— Zaz (A\A;) +¢) < /Sdu — /sd,un < Z a;(pn(AS\A;) + €).
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Because probability measures on a polish space are outer regular, pu,(A5\A4;) — 0 as

§‘/f—sdu,’+‘/f—sdun ~|—‘/sdu—/sdun

< 2e+g(e)

e — 0. So

‘/fdu—/fdun

where g(¢) varies with € but tends to 0 as € — 0. We now have that u,, — u weakly.
Conversely, suppose that u,, — p weakly. Let € > 0 be given. Since probability
measures on separable metric spaces are regular, there exists § > 0 so that u(A%\ As) <
e, where As = {a € A: d(a, A°) > 0} By theorem A.0.12, we have
lim sup i, (As) < p(As) and liminf g, (A%) > p(A°)
n—00 n—00

Thus, there exists N € IN such that for all n > N we have
pin(As) — & < p(As) < p(A) and pu,(A°) +& > p(A%) > p(A)
Assuming 0 < ¢ it follows that

pn(As) < p(A) + ¢ and p(A) < pn(A%) + ¢

Definition 3.1.12. For X,Y C P(Q), define

dy(X,Y) = max{supdpp(v,Y),supdpp(u, X)}.

veX ney

Where for a measure m € P(Q) and a set S C P(Q), drp(m,S) = inficsdrp(l,m) is

the distance between m and the closest limit point of S.
The notion of convergence developed by Backhausz and Szegedy is as follows.

Definition 3.1.13. Suppose {A; € B(2;)}2, is a sequence of p-operators. {A;}3°, is

action convergent if for all k € IN the sequence {8y(A;)}52, is cauchy in dy.
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Figure 3.1: dy = sup,cy d(y, X) and dx = sup,cx d(x,Y") for sample curves X and Y.
dy(X,Y) is the larger of dy and dy.

This convergence notion is metricized by
dy(A,B) = 27"dy(81(A), S(B))
k=1

Remark 3.1.14. Let {A; € B(£2;)}52, be a sequence of P-operators uniformly bounded
in ||Ailloos1.  The sequence {A;}32, is Cauchy in dy if and only if the sequence

{8k(Ai)}52, is Cauchy in dy for every k € IN.

Proof. First assume {A4;}3°, is Cauchy in dy;. Let kg € IN be given. Let ¢ > 0 be given.
Choose N € N so that for all 4, j > N we have dy(A;, A;) < 27%e. Tt follows that

270 (81, (As), 8o (A7) < dar(As, Aj) < 270

The above equation shows that dp(8k,(A4;), Sk, (4;)) < €.

Conversely, suppose that for every k € IN the sequence {8;(A4;)}2, is Cauchy
in dy. Let € > 0 be given. For every k € IN, choose N, such that for all i,n > Ny,
dr(8k(A;),8k(4;)) < e. In remark 3.1.15, it is shown that each 8;(A;) lives inside

a compact space governed by sup,cp ||Aillcos1. So there is a uniform bound M >

30



A (8k(Ai), Sk(A;)) for all 4, j,k € N. Choose K € N so that Y .. 27F < e/M. Let
N = max{Ny,..., Ng}. Now, for any k¥ < K and 7,7 > N we have

€
An(S(40), 8(A) < 7oy
Now we have,
(A, A) 22 "di(8k(A;), Sk(A;))
= 22 de Sk Z 2" de Sk ) Sk(Aj))
k=1 k=K+1

=

<Y 27 (8k(A), Sk(Ay) + Y 27Fdu(SK(Ai), Sk(4;))

k=1 k=K+1

=

k€
2 —Q*kK+€

IN
o

=1

€

IN
N

]

We find a limit object for the sequence {4;}°, by studying the sequences
{8k(A;)}2, for every k. To do so we must show that these k-profiles live within

some compact space.

3.1.2 A form of Sequential Compactness for P-operators
For p € P(RF) let

(1) = max / 2.ldy
ze[kz] zeRF

For ¢ > 0 and k € N let
Po(RF) = {i € P(RY) : 7(1) < }

and let
Q,(R*) = {S C P.(R¥) : S closed in (P.(R¥),d.p)}.

Remark 3.1.15. 1) P.(RF¥) is compact
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2) Q.(R¥) is compact
Proof. Let € > 0 be given. Choose a = % By Markov’s inequality,
u{w € R : fai] > kefe}) < B[]
c

Since
Elles] = [ Joildn < rlo) <
]Rk

it follows that

u{e € RS : o] > kefe}) < = = -

Let S. = [—%¢, K]k, Note that

' e

p(Se) =1—p (U{I | = kC/E}) > 1= Zu({$ il = kefe}).

The sum on the right hand side is just Zle ¢ =¢. Thus, u(S:) > 1 —¢e. Thus the
collection of measures P.(R¥) is tight.

By Prohkorov’s theorem (theorem A.0.15), for all sequences {1, }>°, C P.(R¥)
there exists p € P.(R¥) and a subsequence {1, }32, such that u,, — p weakly. This
holds if and only if limy,_,o dzp(fin,, ) = 0. Thus, the metric space (P.(R¥),drp) is
sequentially compact and therefore compact.

For (2), note that the metric space of closed subsets of a compact set equipped

with the Hausdorff metric is compact.

]

Lemma 3.1.16. Let A € B(Q2). Let ¢ := max{||Aljoos1,1}. For all k € N, §x(A) €
Q.(RR?%).

Proof. Let vy,...,vp € Li®, () be given. Note that for every i € [k], we have
|lvilloo < 1 and ||Avi|l1 < ||A||oo—s1 < ¢ Therefore, D4(vy,...,vx) is supported on

[—c, c]**. Now we have

T(DA(vl,...,vk))gc/ dD a(vy, ... v5) < c

[—C,C]k
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So Da(vy,...,vr) € P(R?*). As vy,...,v; were chosen arbitrarily, we have that

Sp(A) € Q.(R?*) O

Lemma 3.1.17. [1, Lemma 2.6] Suppose {A; € B(Q;)}2, is a sequence of uniformly

|.llcc—s1 bounded P-operators. Then it has an action convergent subsequence.

Proof. Let k € IN be given. {8;(A4;)}52, is a sequence in the compact metric space
(Q.(R?*),dy). So it has an action convergent subsequence {8y(A; )}, within limit
X € Q.(R?%).

To construct the convergent sequence {A;, },, begin by choosing a subsequence
for which {8;(4;, )}, is action convergent. Continuing by a diagonalization argu-

ment concludes the proof. O

3.1.3 Existence of Limit Object

The main result of Backhausz and Szegedy is the following convergence theorem.

Theorem 3.1.18. [1, Theorem 2.9] Suppose p € [1,00) and q € [1,00]. Let {A;}32, be
an action convergent sequence of P-operators, uniformly bounded in their ||.||,—q norms.
Then, there exists a P-operator A for which lim; o dp(A;, A) = 0 and ||All,mq <

SUP; N ||Az ||p—>tI'

There is an inherent difficulty in proving this result, however. Suppose {A4;}5°,
is our sequence of P-operators. For every i € N, A; : L>=(£;) — L'(£2;) for some prob-
ability space §; := (;, A;, ;). In the case of sequences of graphs {G; = ([1], E;)}34,
the adjacency matrix A; acts on functions in R* = L*([¢]) to produce functions in
L*([i]), where [4] is treated as a probability space with uniform measure. In this case,
L>([i]) = R = L'([i]). What is the probability space €2 upon the L* functions of
which the limiting operator A, given by theorem 3.1.18, acts?

In general, the limiting space is not simple. It is described in this section. For
sequences of Cayley graphs, the limiting space is much more concrete and derives from
the underlying sequence of groups. This idea is the main result of this thesis, and it is

discussed in theorem 4.3.16.
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3.1.4 Proof of theorem 3.1.18

Recall that for a probability space €2, the set B, ,(£2) consists of the P-operators
A L™(Q) — LY(Q) which are bounded in ||.|[,, Let p € [1,00) and ¢ € [1, 0] be
given. In accordance with the assumptions of theorem 3.1.18, suppose that {€2;, A;, u; }
is a sequence of probability spaces. Assume that {A; € B, (%)}, is a sequence of

P-operators which is uniformly bounded in the ||.||,—, norm. Call this uniform bound

C 1= SUDP;eN HAinﬂq-

We study the operators in the sequence via their k-profiles. For k£ € IN define

X := lim 8;(4;) (3.1)

1— 00

where 8;(A;) denotes the closure of 8;(A;) in (P(R*,drp). The goal is to construct
a probability space Q := (Q, A, u) for which, there exists a P-operator A € B,_,,(£2)

satisfying || Al/,—, < ¢ and for every k € IN we have X}, = lim; ,, 8;(4;).

3.1.4.1 Towards a New Coordinate System
Definition 3.1.19. [1, Definition 4.1] Let G and L be sets. The free semigroup with
generator set G and operator set L is defined as the smallest set of abstract words

satisfying:
1) GC F(G,L)
2) Ifx,y € F(G,L) then x <>y € F(G, L)
3) If v € F(G, L) and ¢ € L then (z) € F(G, L).

In condition 2, x <> y refers to the concatenation of x and y. There exists a unique

length function len : F(G,L) — IN such that
1) len(x) =1 for every x € G
2) len(x <> y) = len(z) + len(y) for any x,y € F(G, L)

3) len(yp(x)) = len(x) + 1 for all x € G and all i) € L
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Remark 3.1.20. If G and L are countable sets, then so is F(G, L).

Proof. Note that every word in F(G, L) has a unique length and we can therefore
represent F'(G, L) as the union indexed by IN of the sets F,, = {w : len(w) = n}.
Proving that the set F), is countable for every n € IN means that F/(G, L), as a countable
union of countable sets, must be countable.

The base case is trivial. By construction F} = G is countable by assumption.

Now suppose that for some n > 1 that for all £ < n the set Fj is countable. We
will first show that

Fopi = (U w(&)) U ( U F, <> FJ> (3.2)
YeL i+j=n+1

By the construction of the length function it is clear that the right hand side consists
of words of length n+1. Now suppose w € F(G, L) is of length n+1. By construction,
either w = x <> y for some z,y € F(G,L) or w = ty(x) for some ¢y € L and

r € F(G,L). In the first case, w € Flenz) <> Flenty) € U F; <> F;. In the

i+j=n+1
second case, len(w) = len(¢g(x)) = len(x) + 1 = n + 1 implies that x € F,,. Meaning
that w € 1o(F,) C Uyer ¥(Fn). In either case, w belongs to the set on the righthand
side in eq. (3.2). It follows that eq. (3.2) holds. By my induction hypothesis, F), is
countable. Thus, ¥ (F),) is countable for every ¢ € L. As L is countable, so is the
union J,e; ¥(F) is countable. Moreover, if i +j =n + 1 then
Fo<>F={z<>y:ovekF,yeckF;} = U:c<>Fj

zeF;

is also countable. Thus the union [ J F; <> F} is countable. Therefore, F, 4, is

itj=n+1
countable.
By the principle of strong induction F;, is countable for all n € IN. Therefore,

F(G, L) is countable.
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3.1.4.2 Towards a New Function System
For k € N, let X C Xj = lim;,o 8;(A;) be a countable dense subset in the
metric space (P(R?*),dpp). Define

G = [j X, % [K]. (3.3)

For y € Q and z € Q" define h,, : R — R by

et = (1= ) 1)

z

and define I, : U;c L(Q) = U L () by
ly’z(’U) = hy,z 9 AZ"U, if v € LOO<Qz)

Let L ={l,.: (y,2) € Q x QT}. We utilize F := F(G, L) for the coordinate system
in our limiting probability space.

For i,k € N and ¢t € X}, choose {v; )}, C L2, 11(€%) such that
Da, ('Ui,(t,l)a . :Ui,(t,lc)) —1

weakly as ¢ — oco. These functions must exist as, dg(Sg(4;), Xx) > drp(t, Sk(A;)) for
all i € N and dy(Sk(4;), Xx) — 0 as i — oo.

The functions {v; . }iewwer can be defined recursively. We have already con-
structed the base functions {v; ) }iew,t.j)e X x[K] for every k € IN. Assume we have
constructed the functions corresponding to words of length k£ < n for some n > 1.
Given a word w of length n 4 1, either w = [(wy) for some wy € F or w = wy; <> ws.
In the first case, we say

Viw = (Vi)
and in the second case we say

Viw = Vi,wy Vi,wg
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3.1.4.3 Construction of the probability space

Define &; : Q; — R0} such that for f € F, e € {0,1}, and w; € €; the (f,e)
coordinate of & (w;) is ASv; s(w;). For (f,e) € F x {0,1}, let ms.) : RO be the
(f,e) coordinate projection function.

Taking AY to be the identity operator on L>(€);).

Define x; € P(RF*{01}) to be the distribution of &. In other words, &; is the

pushforward of p; onto R¥*{%1} under &;.
Remark 3.1.21. Leti € IN be given. Then 7(k;) < c.

Proof. Note that for p € P(RF*{%1}) we have

() = sup / (g () s
(f»e) ]RF><{O,1}

Since viy € L{°) () for every f € F\, for an arbitrary choice of (f,e) € F' x {0,1}
we have
[AFviflls < [[Aflloomllviflloe < | Afllscsr < ¢
and therefore,
/ |ASv; ¢(z)|dr; < ¢
REFx{0,1}

from which it follows that

/ 1T (f.e) (@) |dR; < c.
REFx{0,1}

The choice of (f,e) was arbitrary and therefore,

T(K;) = sup/ 1T (f.e) (@) |dR; < ¢
(f,e) RFX{O,I}

]

As a corollary of the above remark, we have that x; € P, (RF*{%1}) for every
i € N. By generalization of remark 3.1.15, (P.(R™{%}) d; p) is compact. This means
that from {r;}3°; we can choose a convergent subsequence {k;, }°°; and call its limit

K.

Notation 3.1.22. Let Q) := (IRFX{O’l},A,/i), where A is the coarsest o-algebra such

that the projection functions 7y : RO 5 R are measurable.
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3.1.4.4 Construction of the Operator

In this last section of the proof, the limiting operator A € B, ,(2) is con-
structed. Its behavior is first described in terms of its action on the coordinate func-
tions {m(s0)}ser, yielding an operator on the span of those coordinates. This span is
dense in LP(2), which allows for an extension of the operator to all functions in that
space.

The desired behavior is, given any f € F
Amt(0) = T(11)- (3.4)
Note that equality in L"(£2) is equality s-almost everywhere.

Lemma 3.1.23. [1, Lemma 4.1] The coordinate functions on R¥*{01} satisfy the fol-

lowing:

1) ]f fl,fz € F then T(£1,0)T(£2,0) = T(f1f2,0)

2) If f€F and (y,z) € Q x Q" then,
W(ZU,Z(f)VO) = hy7z o 7Tf71

3) Ifay,...,ar € F and \,..., \x € R then

k k
1> Amalle < ell Y- A0l
j=1 j=1

Proof. Beginning with the first claim, let S = {w € Q : 7(s4,0) = 7(.0)(W)T(g0)(w)}. Let
i € IN be given. We must first verify that &(£2;) € S. Let w; € €; be given. Observe
that

T(£g,0) © §i(wi) = i pg(wi) = Vs 5 (Wi)vig(wi) = 7(5,0) © &i(wi)m(g,0) © &i(wi)

It follows that for any x € S¢ for which there is some neighborhood U of x in A
satisfying N, NS = (), we have & '(U) = (). It follows from this that ;(U) = p; o
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&1(U) = pi(0) = 0. This shows that the support of x; is contained in S. Because i

was chosen arbitrarily and x;, — ~ weakly as n — oo we have

/ 1sdk;, — lgds = k;,(S) = K(9)
RFx{0,1} RFx{0,1}

as n — 0o. As for any i € IN we have «;(S) = 1, it follows that x(S) = 1. Meaning the
first item holds s almost everywhere.

The proof of the second claim is similar. Let S = {w € Q : 7, (50 (w) =
hy.omsi(w)}. Let w; € €; be given. Note,

T, .-(1),0) © &i(wi) = vig, ) (wi).

Using the fact that v;;s) = l(vif) = hy,. © Ajv; ; We obtain
Ui,ly,z(f) (wl) = hy7z 0] Aivi7f(wi) = hy’z @) 7T(f71) e} fz(wl)

As the choice of w; was arbitrary, it follows that

T(ly,.(£),0) © & = hy . 0m(£1) 0 &

This means that &(€2;) C S. From this it follows that the support of x; is contained in .S,
and by weak convergence the support of  is contained in 5. Thus 7w, . (5),0) = hy,z0m(s 1)
holds in L>(€2).

For part 3, recall that ||A;|[,—, < c for all € N. So

k k k
Z AjAivi g, Z AjCvi g, Z Ajvig;
=1 j=1 j=1

< =c

q p p

Note that =%, Ajvs s, € L2,  foralli € N, where A = 30 [Ag]. Thus, Y5 A7y, €

Lz A,A]<Q)' Recall {k;, }» is the subsequence weakly converging to x. Using this fact
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we have

p

dliin = /
£in (Qir)

p

J

k k
> AT 0w) D ATs0W)
=1 j=1

k
= / D A0 © i (win)| i,
Q|52
k P
= / > Avip, (wi,)| dps,
Q, |51
k p
= Z )‘jvin-fj
7= LP (@)
By taking limits as n — oo in the equation
k p k D
/ Z AT (g0 (W) di, = Z AjVi,.f;
Q=1 j=1 Lo(9)
we obtain
k p k p
Z AST(£;.,0) = ,}ggo Z AjVin.f,;
= Lr(©) =t Lr(@,)
Note that
k q k q k q
/ ZAjW(fj,l) dk;, =/ Z/\jAz‘nUz‘n,fj dp, = Z/\jAz‘nUz‘n,fj
Q=1 Qip | j=1 i=1
J J J Lq(Qin)

We know that || Z?:l AinnUinafjH%q(Qin) < Z?:l )\jvin,fjH%p(Qin). Taking limits as

n — oo and applying this inequality to the above equation yields

k 4 k q
Z /\jﬂ-(fjvl) S c? Z /\jﬂ'(fj’(])
=1 La(Q) =1 Lr(92)
Taking the gth root of both sides proves the desired result. O

Now, the third result in lemma 3.1.23 gives us the ability to define an operator
on the linear span of the coordinate projections {70y} ser. The next step is to show
that this span is a dense subspace of LP(£2). To do so requires lemma 3.1.24 and

lemma 3.1.25.
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Lemma 3.1.24. [1, Lemma 4.3] Let r € [1,00). For allv € L"(f2)

n2

Jim o= 37 G/mhigmamov] =0
j=-—n

Lemma 3.1.25. [1, Lemma 4.4] Let r € [1,00). Let {v;}icr be a system of functions in
L>(Q) for some countable index set I such that for any a,b € I there exists ¢ € I with
VeV = V.. Let Ag be the o-Algebra generated by {v;}icr. Suppose the constant function
1 on Q can be approximated by a uniformly bounded family of finite linear combinations

of {vi}icr. Then, the closure of the span of the functions {v;}; is L™ (2, Ao, k).
Lemma 3.1.26. [1, Lemma 4.1] The span of {m(s0)}ser is dense in LP(£2).

Proof. For r € [1,00) let H, be the closure of span {7(s0)}rer in L"($2).
We must first show that 7 ;o) € H, for every f € F'. By part 2 of lemma 3.1.23,

we have

n? n?

Z (j/n)hj/nvl/n OTf1 = Z (j/n)ﬂ-(l(j/n,l/n)(f)vo)

j:—n2 j:—an

It is apparent that the right hand side of the above equation is contained in J,.
Therefore, so must be the left hand side. Now, by lemma 3.1.23 part 3 we have

I7)llg < cllm0)llp < 0o meaning that 7(sq) € L9(2). By lemma 3.1.24 we have

n? n?

Ty = Mm Y (G/mhymapm oy = m Y (i/n)ma,, .00

j:—n2 j:—'I’L2

From this equation the membership of 7,y in H, follows. To approximate 1 using
finite linear combinations of 7(; s, look at the sequence {y; = D 4,(1;)}; where 1; is the
constant function 1 on §2;. Note for every i € N, u; € P.(R?). By remark 3.1.15, P.(R?)
is compact and we can extract a converging subsequence {;, }, weakly converging to
t in P.(R?). Note that for any ¢ > 0 we can choose N such that for all k& > N
drp(t, pi,) < € meaning that ¢ is a limit point of infinitely many 8;(A4;,)’s. This means
it will be contained in X;. By construction X7 is a countable dense subset of X; with
respect to dpp. So for any € > 0 we can approximate ¢ with ¢, € X|. By construction
of {vis}rer,
D a;, (Wi t21)) = D(7(1,0) © Eigs Tt 1) © i)
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By the next part of this lemma, whose proof is independent of this result,

D(m1.0) © &ire> Tte1y © &ir) = D(Te 095 Tee 1))

weakly as k — oo. Meaning 7, o) approximates the constant 1 function on 2. Now
we can apply lemma 3.1.25 to conclude that H, = L"(2, Ao, k) for all r € [1, 00).

To conclude, recall that Aj is the coarsets o-algebra so that the projection
functions 7 are measurable. Since 7(s1) € L"(£2, Ao, k) for every f € F, the coarsest
o-Algebra such that all projections are measurable, which is denoted A is simply Aj.
This means, L"(2, Ag, k) = L"(Q, A, k) = L"(§2). Meaning the span of {m(0)}ser is
dense in L"(2) for any r € [1, 00). O

Lemma 3.1.27. [1, Lemma 4.1] Let k € IN be given. Let t € X; be given. Then,
(t,7) € G C F for every j € [k] and
DT((£,1),0)5 - -+ » T((1,8),0)5 T((E1),1)5 - -+ T((1,k),1)) = T

Proof. Recall {k;, },, weakly converges to x and that for any borel measurable U C R

D s, Wi t,1)5 - -+ 5 Vi (1)) (U) = /Q 0wy (019 @)ooty (00 (@) Ain 0y (009 @) os i i o0y (i) (U ) A,

= /Q (5(7r<(t,1),o)05in (W) 5eeesT((1,1),1) O, (wi) (U)d,uzn
== / 5(”((1&,1),0)(w)?"'?ﬂ((t,k),l)(w))(U)d/{in

= /Q 5(7T((t,1),o) (W) (1,1),1) (W) (U)dk,

The last integral converges weakly to D (71,005 - - - » T((£,£),0)s T((£,1),1)5 - - - » F((t,k),1))- BY

definition D 4, ({v(i,e.4)) }i=1) — t weakly as i — co. Thus,

D(T((1,1),0)5 - - > T((£,£),0)5 T((£,1),1)5 - - - » F((t,k),1)) = L.
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3.1.4.5 Defining the Operator

Backhausz and Szegedy define the limiting operator by setting

Amr0) = (1)

By lemma 3.1.23 part (3), for any f1,..., fr € F' and k € N, we have

k k k
A Z AJTT(£5,0) = Z AJT(f5,0) <c Z AJT(£5,0)
j=1 LP(Q) j=1 LP(Q) =1 La(©)
It follows from this that
k
HA 2= AiT(55.0) ‘ @)
C
- <
szzl Aﬂ(m)‘ L@

Letting &k go to infinity and choosing {);}52, and {f;}52, such that the left hand side
above converges to || A||,—, it is clear that ||A||,—, < c¢. Since A is bounded, it can be

extended to an operator A on 3, = LP(Q) satisfying || A|l,q = || Allp—q-

3.1.4.6 Verifying that this Operator is the limit

The following lemma will be needed.

Lemma 3.1.28. [1, Lemma 13.2] Let vy, ...,vx and wy, ..., wy be elements of L'(Q)

for some probability space Q. Define m := maxX;cp ||v; — w;l|1. Then,
drp(D({vitiy), D{wi}iy)) < m'2E
We need to verify that for every k& € N Xj = lim; o 85 (A4;) = Sk(A). By
lemma 3.1.27 for all £ € N for all t € X, we have
t = D(@(1.005 > T((1k,0) T(61),1)5 -5 T((1k)1) € S (A)-

Thus, X C 8;(A) for every k € IN. The converse is all that remains to be shown.

Let K € IN be given. Let vy, ..., v € L‘[)fl’l](Q) be given. Define a = D 4(vy, ..., vx).
Let ¢ > 0 be given. By lemma 3.1.26 there exists fi,..., f,, € F and there exists
{Aa,j}ae[m],je[k] such that

<e.

m
Vi = Y AaiT(f00)
a=1

p
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Let wj = 3200 AajT(fa0- We want w; to be in L, ,(€2), because it is approxi-
mating v; € L%, ;(€2). Define the truncation function h:R — [-1,1] by h(z) =
—1—oo,—1)(2) + 21 —1,1)(%) + L(1,00)(2). Note that

|wj(x) —vj(x)] = [h o w;(x) —v;(x)]
holds x almost everywhere, and so
170 w; —willp < [k ow; —willy + [lv; — wjll, < 2.

For i € N, define z;; = >0 Aajvig,. Define v; = Do ({zi;}h_;). Let v :=

limy, o0 3, = D({w;}i_,). Because each w; € L>(12), we have
s = Awylly < | Aes — Awglly < elloy — w;lly < ce
Applying lemma 3.1.28 tells us that
dpp(a,v) < (2k)**(max{1, c}e)'/?

Now define 7; = D, ({h o zi;})_,. Notice that
m m p
17 o 25 — 2l Loy = (/ (h 0 NajVifa = )‘a’ﬂ'“@fﬂ> d“l’)
i a=j a=j

_ (/Q (how; - wj)pdm)l/p.

This means that ||k o z;; — Zijllzes,) — Ih o w; —wj| ey < 2 as n — oo. Once

1/p

again by lemma 3.1.28 we have
dpp(Di,v5) < (2k)*4(2max{1, c}e)'/?

From the subsequence {7, }, of {7;}; select {Dinl}l for which 7 := limy,e 7, exists.

Note, 7 € X}, and dpp(v,7) < (2k)**(2max{1, c}e)'/2. Thus,
dLP(Xk,Oé) < de(ﬂ,Oé) < de<ﬂ, V) -+ de(V, Oé) < 2(2]{?)3/4(2 HlaX{l,C}&‘)l/Q.

As e > 0 and a € X}, were chosen arbitrarily, it follows that 8;(A) C Xj;. Therefore,
Sp(A) = X
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Chapter 4

LIMITS FOR SEQUENCES OF CAYLEY GRAPHS

4.1 Cayley Graphs

Cayley graphs are graphs which exhibit group symmetries. They are interesting
to study from the framework of graph limit theory as one would hope that the limit
object for a convergent sequence of Cayley graphs is related to the groups from which

the sequence is generated.

Definition 4.1.1. Let G be a group. A subset S C G is said to be inverse closed if for

everyz € S,z € S.

Definition 4.1.2. Given a group G and an inverse closed subset S of G, the Cayley
graph of G with respect to generating set S is the graph on the elements of G such that

two wvertices x,y € G are connected if y~lz € S.

Some authors say that vertices z,y € G are connected if x71y € S. However,
since in the above definition, the generating set is assumed to be closed under inverses
soylr € S <« a7'y € S. The reason the generating set S is taken to be inverse
closed is to ensure that Cayley graphs are undirected.

When studying convergent sequences of Cayley graphs, we obtain limit objects
which are Cayley graphons. These are essentially weighted Cayley Graphs of infinite
groups. To obtain well defined objects, certain conditions must be placed on the group.

These limitations are discussed throughout this chapter.

Definition 4.1.3 (Definition 30). [12] Let G be a second countable, compact topological
group. Equipping G with its Haar measure X\ yields a probability space. Let f : G — R

be an inverse invariant, measurable function. The Cayley graphon of G with respect to

[ s defined as w|G, f(z,y) = f(y 'z).
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Figure 4.1: The three dimensional hypercube

The condition that f must be inverse invariant is akin to the condition that the
generating set of a Cayley Graph must be inverse invariant. It ensures we obtain an
“undirected” Cayley graphon.

The motivation for this paper’s main result arose from a particular example of
Cayley graph convergence discovered by Backhausz and Szegedy[l]. The hypercube
graph @, is defined on the vertex set {0,1}". Two vertices are connected if they differ
at exactly one coordinate. It is a Cayley graph of the group Z%, where Z, is the group
of integers mod 2 under addition. See fig. 4.1 for an example of Q)s.

In [1], it is proven that the sequence of hypercube graphs, {Q,}>, converges
to a “Cayley graphon” of the compact infinite group Z5°. To do this, they develop an
inverse limit framework for graph sequences. They call such sequences uniform towers.

The main contribution of this paper is to generalize the uniform tower approach
to compute limits for other sequences of Cayley graphs. This Chapter outlines inverse
limits in generality, then provides extra detail on inverse limits in the categories of sets,
groups, and measure spaces. My main result, theorem 4.3.16, relates the inverse limit

of the sequence of groups generating the Cayley graphs to the limiting Cayley graphon.
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Figure 4.2: Commuting Diagram for Suitable Morphisms

4.2 Inverse Limits
Definition 4.2.1. [17, Section 5.2, Definition 1] Suppose (I, =) is a partially ordered

set. Given a category C, an inverse system in C is a pair

{0, fz‘,j} = {{0i}ier, {fi,j}ijj}

where {O; }ier is a family of objects in € and {fi; : O; — O;} is a family of morphisms
satisfying

1) For everyi € I, f;; is the identity on O;
2) Whenever i < j <k we have fi, = fijo fix
In other words, the morphisms must be chosen so that the diagram in Figure 4.2 com-

mutes.

Definition 4.2.2. [17, Section 5.2, Definition 2] Suppose {O;, fi ;} is an inverse system
in C indexed by I. The inverse limil, denoted @Oi, is an object with a family of
projections T; : @Oi — O; such that

1) m; = f;; om; whenever i < j

2) Whenever X is an object in C for which there are projections p; : X — O,
then there exists a unique morphism 6 : X — @nOi such that the diagram in

Figure 4.5 commutes.

In this thesis, inverse limits are taken in the categories of groups, sets, and

probability spaces.
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Di

Figure 4.3: Universal Property of Inverse limits

Definition 4.2.3. [/, Section 2.1] A topological group is a group G equipped with a
topology such that the group operations (x,y) — xy and x — x~' are continuous for

all x,y € G

Proposition 4.2.4. Suppose {G;, f; ;} is an inverse system of topological groups with
respect to the partially ordered set I .= (I,=). Then, the inverse limit l'LnGi erists.

Proof. The goal is to construct the inverse limit as a subgroup of G = [],.; G;. Let
G = {(9i)ier : fij(9;) = g whenever ¢ < j}. Define m; : G — G; by m(g9) = g
Suppose i, j € I satisfy i < j. For any g € G, we have f; jom;(g) = fi;(9;) = 9; = mi(9).
It must be shown that the universal property holds for G.

Suppose X is a group with projection functions p; : X — G; such that f; jop; =
p;- We must find a unique, continuous homomorphism ¢ : X — G such that w0 = p;.

Let (g;)icr € G be given. Note that for some z € X we must have

9i = fi,(9;5) = fijopi(zx) = pi(x)

For our given g, the guaranteed existence of a choice for x defines a map ¢ : X — G.
Since the projections p; : X — G; are continuous homomorphisms, it follows

that for any x,y € X we have

p(zy) = (pi(zy))ier = Pi())ic1(pi(y))ier = @(z)p(y) (4.1)
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and thus ¢ is a group homomorphism. The continuity of ¢ follows from the continuity

of the p;’s. O

4.2.1 Uniform Towers

Definition 4.2.5. [1, Definition 12.1] Let G1,Gy be finite graphs. A homomorphism
f:V(Gy) = V(Gy) is (a,b)-uniform if

(a) |f~H(u)| = a for allu € V(G)

(b) For any u € V(Gs), if w ~ f(u) then there are exactly b neighbors of u which

map to w.

Definition 4.2.6. A uniform tower is a sequence {G;, f;}32, where every for every

i € N, G; is a finite graph and f; is an (a;, b;)-uniform map from V(Gii1) to V(G;).

The key result being that if {G;}°, is a sequence of d;-regular graphs and
there are functions {f;}3°, so that {Gj, f;}32, is uniform tower, then the sequence of

P-operators {A;/d;}22, converges to the inverse limit of {G;, fi}2;.

Definition 4.2.7. [1, Definition 12.2] Let {G;, fi}iew be a uniform tower, where each
G, is di-reqular. Consider the inverse system of vertex sets, {V(G,), f;}, and call
its limit V. For any x € V, the underlying vertex set of the limiting graphon, the
neighbors of x are constructed by taking the inverse limit of {N(m;(x)), f¥}, where f¥
is the restriction of f; to m(x) for every i. Let v, be the uniform measure on N(x),

which is induced by a more general, unique uniform measure p on V. The inverse limit

of the tower {G}, fi} is the P-operator A € Boo(V, 1) defined by

(Af)(z) = /V fdv, (4.2)

While seemingly unwieldy, this definition is best understood from the following
point of view. Think only of a single, finite graph G = (V, E)). How do we describe the
adjacency matrix of G? Well, if f : V — R is a function defined on G then

(AN @) =) f)

r~y
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On the surface, this equation seems quite different from eq. (4.2). However, the dif-
ference is simply notational. For z € V let N(x) denote the neighbors of z. Define

Vg = ZyeN(I) 8,. Now treating our vertex set as a discrete measure space, (V,2"),

(AN@ =X f6) = X 1) = [ r)ivite)

T~y N(z)
It is this point of view which makes studying Cayley graphs so fruitful. Because
neighborhood of some vertex x will be determined by the neighborhood of the identity
element of the group.

It is now time to introduce a critical idea for studying sequences of Cayley
graphs, one which allows for a different perspective on the action of the adjacency
matrix of a Cayley graph on functions defined on the group. But first, I must define

the idea of absolute continuity of measures.

Definition 4.2.8. [18, Chapter 18.4, Definition 1] Let (X, A, \) be a measure space.
Let v be a finite measure on (X, A). We say that v is absolutely continuous with respect

to A\, denoted v << X if for any A € A such that A(A) =0, we have v(A) = 0.
The real prize is the Radon-Nikodym theorem.

Theorem 4.2.9. [18, Chapter 18.4, Theorem 1] Let (X, A, \) be a o-finite measure
space. Suppose v is a o-finite measure on (X, A) which is absolutely continuous with
respect to X. Then there exists a function f : X — Rso such that for any A € A we

have
v(A) = / fdA. (4.3)
A
Moreover, if g is non-negative and satisfies eq. (4.3) then f = g p-almost everywhere.

When defined, f will be denoted as g—;.

Remark 4.2.10. Let G be a finite group with identity e. Suppose S C G is inverse
closed. Let G be the Cayley graph of G with generators S. For any x € G, N(z) =
xN(e).
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Proof. Suppose y € N(x). Then, y~'z € S. Because S is inverse closed, 7'y € S and
soy€exS. Nle)={zx:27'eec S} ={x:27' € S} =S. Meaning that y € zN(e).
Conversely, if y € N(e), then y = s for some s € S. So y~'zr = s~ o7z = s71. As

S is inverse closed, y 'z € S. ]

This means that for any z € G and U € 2% v,(U) = v(z71U). It follows that

/f )dv (g /f )dv(zg) /fxgdu

Let A =" ¢ d,. Note that % = 1. So,

geG
(Af /f:vgﬂs JdA(g /f JLs(2 ' g)dA(g /f (9)1s(g™"2)dA(g)

Meaning the Adjacency matrix of a Cayley graph acts on functions by convolving them
with the density of the identity elements neighborhood measure with respect to the

Haar measure. That is if v is a counting measure on N(e) = S, then

(Af)@) = 1% % (a)

The limit object of a sequence of Cayley graphs can be described in the same terms, but
requires a more difficult framework for taking inverse limits. One other consideration to
keep in mind is that the convergence result concerns the sequence A;/d; where d; = |.S;|

is the degree of the regular graph G; = Cay{G;, S;}. While taking v; = > _, 0, and
du,

’L

seS;

AN = deG d, means that the convolution of a function f : G; — C with

is

multiplication of f by A;, we want to choose v; and \; so that f x d”l( )= A;f(g)/d;.

Remark 4.2.11. Let G be a finite group, with inverse closed generating set S. Let
G = Cay(G, S). Define A = ﬁ > gec 0g and let v = ﬁ Y ses0s- We have

dv |G| dv =
o 5| ls and fx d}\(g) = Aaf(9)/d

Proof. Let K C G be given.

G G meKmso Kns|
—leo(x)d\z) = — d\ = — = =v(K
A¢ﬂ5(>(> K P A Tel s = V)
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Figure 4.4: In the Cayley graph of Zg with generators {1,7}, 3+ N(0) = N(3)

By uniqueness of the Radon-Nikodym derivative, ZITK = %]1 s. Now note that

= Acf(h)/d
[l

This is actually a very nice equivalence, because the limiting operator will be
described in terms of the limiting Haar probability measure on lgI_n{Gi, ©;;} and the
limiting neighborhood measure on @n{b}, ¥ j}. The symmetries present in the graphs
carry over in the limit, and these two limiting measures will specify the limiting opera-
tor. To flesh out these ideas, we must consider inverse limits in the category of measure

spaces.

4.2.2 Inverse Limits in the Category of Measure Spaces
Definition 4.2.12. [15, Definition 2.2] Suppose that {X;, fi;} is an inverse system

over (I, =) such that for every i € I we have that ; = (X;, A;, ;) is a measure space.
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Then, {Q;, f;;} is an inverse system of measure spaces if for every i,j € I satisfying

1 = 7 we have
(1) The function f;; is A; measurable
(ii) pi = pj o fijjl

Definition 4.2.13. [15, Definition 2.4 Suppose that {(X;, Ai, 1), fi;j} is an inverse
system of measure spaces over (I,=). Let X = @{Xi, fij}, taken in whichever cate-
gory the X;’s live in. Then (X, A, 1) is the inverse limit of the aforementioned inverse

system if

(i) A is the coarsest o-algebra such that the projections m; : X — X; are measurable

for every i € I.
(i) The pushforward of  under m; is equal to u; for every i € I.
We denote this inverse limit by (X, A, u) = l'&l{(Xi,Ai, wi)s fijt

In [15], Pinter provides conditions which guarantee that the inverse system
{(Xi, Ai, 1), fi;j} has a unique inverse limit. The main idea is that of e-completeness,
which provides the conditions for a unique measure to exist on the limiting probability
space.

Given a measure space (X, A, 1), define the set function p* on 2% by

(A= inf p(B) (4.4)

ACBeA
We take p and construct from it an outer measure p*.
Definition 4.2.14. [15, Definition 3.1] Suppose {S%, fi;} is an inverse system over
(N, <). This system is said to be e-complete if for any ¢ > 0 for any i,j € IN with
1 = 7 we have
3 0 fH(A) = 1} (4) (4.5)

for every A C X;.
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The main result of Pinter is as follows.

Theorem 4.2.15. [15, Theorem 3.2] Let {S;, fi ;} be an e-complete inverse system of

measure spaces over (N, <). Then, I&n{ﬁz, fij} exists and is unique.

4.3 New Results

In this section, assume IN := (IN, <) is equipped with a partial ordering, that
{G;}ien is a sequence of finite groups, each equipped with the discrete topology, and
that for every ¢ € IN we have a generating set S; C G; that is inverse closed. Suppose
that for any ¢,7 € IN with ¢ < j that there are homomorphisms ¢; ; : G; — G; such
that

(i) Ifd,j,k € Nand i < j < k then @, = ;50 @ji
(ii) For every i € N, ¢;; is the identity map on G;
(iif) If 4,5 € IN and i < j then ¢;;(S;) = S;

(iv) Let v;; = @ijls,. If i,7 € IN satisfy i < j then for any z,y € S; we have
W) ()| = [ (v)]

Note that item (i) and item (ii) ensure that {Gy, f;;} is an inverse system of groups
indexed by IN. Let G = @{Gi, fij} denote its inverse limit, which is a closed subgroup
of [T,ew G [16, lemma 1.1.2]. We want a generating set for this limiting group G, which
we define by S = Im{.5;, ¢;; }.

The condition outlined in item (iv) is quite restrictive. For instance, consider
the map ¢ defined by x +— = (mod 4) from Zg to Z4. If the generators of Zsg are
Ss ={1,2,6,7}, then the generators of Z, must be Sy = {1, 2, 3} according to item (iii).
In this case, ¥ 71(1) = {1}, v=1(2) = {2,6}, and ¢y"'(3) = {7}. So item (iv) is not
satisfied.
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Importantly, G is a Hausdorff, compact group [14, lemma 2.5]. It therefore
posses a Haar measure A ([5, Theorem 2.10]). This Haar measure is positive Radon

measure on G that is translation-invariant. Meaning, for any U C G we have
AMzU) = AU)

for every x € G. Moreover, A is unique up to multiplicative constant. To utilize the
Radon Nikodym Theorem (theorem 4.2.9, we need to ensure that A is o-finite. This
is really simple. For each g € G let U, be an open set containing g. Then {U,},ec is
an open cover of G. So there is a finite subcover {Uy,} ;. As the Haar measure is a
Radon measure, and each Uy, is contained in a compact set, we have A\(Uy,) < oo for
all [ € [n]. So G is o-finite and consequently A is o-finite. By a similar argument any
measure constructed by restricting the support of the Haar measure an possibly scaling
by a constant is o-finite. So we may apply the Radon-Nikodym theorem liberally for
the rest of this thesis.

For each ¢ € I let m; : G — G; be the canonical projection and define the

measure \; on G; as the push forward of A under the map = — m;(x).
Lemma 4.3.1. \; is a uniform measure on G; for every i € I

Proof. First note that since each m; is a group homomorphism, it is easy to see that

for all g, h € G;, and = € 7; ' ({gh™'}), we have

7, ({g}) = am; ' ({R}).

Suppose g, h € G;. Take any z € m; *({gh™'}). Then, by translation-invariance of A,

we have
Ai({g}) = M ({g}) = Mam ' ({1}) = A(m ({h}) = M({R}).

Thus, Ai({g}) = Ai({h})- —~

Let 1);; be the restriction of ¢;; to the domain S;. We claim that {S;,; ;} is

an inverse system of sets. Suppose 7,7,k € IN such that ¢ < 7 < k. Suppose x € S.
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We know that ¢; k() = ¢;j 0 @;r(x). Thus, ¥, = @i o ;. Now since, ;(z) € 5;
we have ¢, = 1;; 0 ;. Lastly, since ¢;; is the identity map on G;, we must have
that 1);; is the identity map on S;. Let S denote the inverse limit l&n&

The inverse limit S, comes along with projections p; : S — S;. However, we
want a particular family of projections which are derived from 7; : G — G;. Note that

the inclusion map 6 : {S;,¢; ;} = {G;, ¢;;} is a morphism, in the category of sets now,

as the diagram commutes. Define p; : S — 5; by p; = m; 0 6. Note, for any s € S

Pijopi(s) =1i;omi00(s) = jomjol(s)=mob(s)=pis) (4.6)

where we utilize the fact that where 1); ; is defined, it must be equal to ¢; ;. It follows

that we can take S with the projections p; = m; 0 6.
Lemma 4.3.2. 1) S is a closed subset of G
2) S is inverse closed.

Proof. We prove that S is closed by showing that its complement is open. Recall that
S is characterized by the condition that for every x € S we have p;(z) = 1; ; o p;(z).
And, by construction p; : S — S; is essentially the restriction of m; : G — G; to the
domain S. Also recall that 1); ; is the restriction of ¢;; to the domain S;. If x € G
and m;(x) € S; for every ¢ € N then it must be the case that whenever ¢ < j we have
mi(x) = ¢;;0m;(z). It follows from this that m;(x) = ; ; o m;(z). If p;(x) is undefined,
this would contradict the universality of S, as expanding S to include x would result in
a new inverse limit of the system {.5;,; ;} with new projection functions. This cannot
be the case as S U {z} and S are not equal as sets, unless € S. So p;(x) must be
defined. It follows from this that p;(z) = v, ; o p;(x) which implies that = € S. Let
x € G be given. We have that if for every ¢ € IN that m;(z) € S; then z € S. It follows
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that if there exists ¢ € IN such that m;(z) € S§, where S¢ is just G, without S;, then

x € §¢ Therefore,

s=J U

i€IN geS¢
The topology on G is the coarsest topology such that the projections {m;};en are
continuous. Thus S¢ is a union of open sets and so is open, from which it follows that

S must be closed.

To prove 2, let y be the element of J[, S; such that y; = x;* for every i € IN.

1

For every i« € IN the 4y, coordinate of xy is x;y; = z;x; - = e. So y is the inverse of x.

To show that y is an element of S we must show that if + < j then
Vi(y5) = Yi
Note, 15 ;(y;) = @i ;(y;) since y; = x;l € S, by construction. Then,
Vi (i) = @ii(y;) = eigla;)
Since, ¢; ; is a homomorphism,

i) = @ij(x;) ™!

Since x € S we have ¢; j(z;) = x; and thus

pij(@; )y =27 =y

Combining these equalities together reveals that ; ;(y;) = y;, which concludes the
proof. O]

Lemma 4.3.3. Suppose i,j € N such that i < j. Then for any u € G; we have
075 ()] = [ ker(¢i;)]

Proof. Fix x € ¢; | (u), then

oi () ={y:0i;(y) =u} ={y: i@ 'y) = e} = wker(pi ;).
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Lemma 4.3.4. Suppose w € G; and u € G; such that p; j(w) is adjacent to u. Then,

;| ({s})| neighbors of w map to u for some s € S;.

Proof. Let w € G; be given. Suppose u € G; such that ¢, ;(w) is adjacent to u. Then

there exists s € S; such that

u=g;;(w)s
Let v be a neighbor of w and write v = ws’ for some s’ € S;. Then ¢, ;(v) =
i (W) ;(s) = ¢ij(w);;(s") so v maps to u iff 1, ;(s’) = s. Thus, there’s exactly
;. jl({s})| choices for s" and, consequently, |¢); jl({s})] choices for v. O

4.3.1 Limit object for sequences of Cayley graphs
We are interested in the limit object of the sequence {G;};cn defined by G; =
Cay(G;, S;) for every i € IN. The following lemma relates the homomorphisms ¢; ; :

G; —+ G; to graph homomorphisms.

Lemma 4.3.5. Suppose G and H are finite groups and p : G — H is a group homo-
morphism. If p(Sg) C Sy then ¢ : Cay(G,Sg) — Cay(H,Sy) is a graph homomor-

phism.

Proof. Suppose x,y € Vi are connected in GG. Since G is a Cayley graph, we have

y~'z € Sg. By assumption, o(y~'x) € Sy. As ¢ is a homomorphism, we have

ply~'z) = o(y) " e(x) € S,
and so ¢(x) is connected to ¢(y) in Cay(H, Sy). O

Note that the condition ¢(Sg) C Sy is required. If G and H are the same group,
the identity function on G is a group isomorphism. However, if Sy € S and Sg¢ € Sy
then the identity function is not a homomorphism between Cayley graphs. For instance,
in fig. 4.5, wee see that {1,7} € Cay(Zs,{—1,1}} and {1,7} ¢ Cay(Zs,{—2,2}).
So the identity function is not a homomorphism. In fig. 4.6, we see that because

{1} C {£1,£2}, the identity function is a homomorphism.
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N\ ¢
4 4
Cay(Zs, {£1}) Cay(Zs, {£2})

Figure 4.5: The identity function on Zsg is a group homomorphism, but not a graph
homomorphism.

0 0
7 1
6 2 6 2
5 3
4 4
Cay(Zs,{£1}) Cay(Zs, {£1,42})

Figure 4.6: The generating set of the left graph is contained in the generating set of
the right graph. So the group identity function is a homomorphism.
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Remark 4.3.6. Let {G;}iew be the sequence of graphs defined by G; = Cay(G;, S;).

Then, {G;,¢;;} is a uniform tower.

Proof. Suppose i,j € IN and ¢ < j. By construction, ¢; ;(S;) = S;. So we can apply
lemma 4.3.5 to conclude that ¢; ; : G; = G; is a graph homomorphism between G; and

G;. It follows from lemma 4.3.3 and lemma 4.3.4 that each ¢; ; is a uniform map [

Remark 4.3.7. Let {G;}iew be the sequence of graphs defined by G; = Cay(G;, S;).
By assumption, whenever i,j5 € IN and ¢ = j we have ¢; ;(S;) C S; and therefore by
lemma 4.3.5 we have that ¢;; : G; — G; is a graph homomorphism between G; and
G;. lemma 4.5.3 and lemma 4.5.4 ensure that

The inverse limit of {G;, f;} is A € Boo(G, \) defined by

(Af)(x) = / fdv,

where X is the Haar measure on G and v, is constructed as in definition 4.2.7.

Remark 4.3.8. Fori € IN, let \; = Aom; '. Note that for everyi € N, (G, 2% \;) is
a probability space, and so {(G;, 2%, \,), p;;} is an inverse system of measure spaces.
Moreover, it is e-complete. Therefore, a unique inverse limit (G, A, u) exists. Note
that the Haar measure A on G satisfies the conditions outlined in definition 4.2.13.

Moreover, by theorem 4.2.15 the limiting measure p is unique and so j1 = \.

Proof. Regarding the e-completeness of this system, suppose i¢,j € IN and ¢ < 7.

Because ¢; ; is continuous, it is 265 measurable. Moreover, for any A € 2% we have
X o (A) = Ao (A) = N(A4) = X (4)
and thus for any € > 0

i o gpi_’jl(A) =c = N(A)=¢

J

]

Remark 4.3.9. For i € N, define v; = Ej“ Nilosi . {(S:, 2%, 1), ;} is a e-complete

inverse system of measure spaces.



Proof. Because all topologies involved are discrete, and the functions {¢;,}.<; are
continuous with respect to these topologies, they are measurable with respect to the
discrete sigmas algebras. Now, suppose 4,5 € IN and ¢ < j. Then, for any A € 2% we

have

104y _ |G <|Sj||A|/|Si|) _ G| (|A|> _ |G| _
o HA) = = — | = Aos, (A) = v;(A

Thus {(S;, 2%, 1;),4;;} is an inverse system. Because the underlying space is discrete,

vi = v and v; = vj. It easily follows that the system is e-complete. O

Definition 4.3.10. The neighborhood measure v is the one defined by (S, Ag,v) =

l'&n{(Su 2% v;), i}, after being extended to a measure on G whose support is S.

The significance of the neighborhood measure is that it uniquely determines v,

as used in definition 4.2.7 for every x € G.
Remark 4.3.11. N(z) =S5

Proof. Recall that N(x) is constructed as the inverse limit of the sets of neighbors of
m;(x). Because each G is a Cayley graph, the neighbors of m;(z) are just m;(z)S;. To
claim that N(z) = 25 we need only show that there are projections pr? : S — m;(z)S;

for every i. Let ¢ € IN be given. Note that
mi(xS) = {mi(x)mi(s) : s € S} = {mi(x)s; : s; € Si} = mi(2)S;

So take pr{ to be m; restricted to xS.
Let g € xS be given. Suppose that ¢ < j. Note

T

@i opri(g) = wijomi(g) = mi(g) = pri(g)

Thus N(z) = zS. O
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Remark 4.3.12. For z € G, define v¥ by v¥(A) = vi(pi(z~)A) for every i € IN.

{(mi()S;, 27 @Si p), i} forms a e-complete inverse system of measure spaces. In

? 7

the limiting space (xS, As, V"), we have

Vo (A) = /A A(S) s (y)dA(y)
:AA(S)‘lﬂs(x‘ly)dA(y)
/1A A(S) Ls(y)dA(y)

v(z tA)

Proof. Suppose i € N. Note, for any A € 275 we have

v'o (pri)TH(A) = v(z7H{g € 25 : mi(g) € A C mi(2)S,})
v({z7g: mi(g) € A C mi(x)Si})
v({g' i mi(g) € m(x) A C Si})

=vop; (m(x)"'A)

= vy(m;(z) T A)
~ V(4)

From which it easily follows that the system is e-complete. [

Remark 4.3.13. {G;, v, j} uniform tower of Cayley graphs with corresponding inverse
system of generating sets {S;, i ;}, both over (N, X). Suppose G = 1&1@2 The inverse
limit of {G;, i} is A € Boo(G, \) defined by

(AP)@) = 1+ % (@)

Proof. Let A be the Haar measure on G, assume )\ is a probability measure. This is
the unique uniform measure on G by remark 4.3.8. By remark 4.3.9, for any z € G
there is a unique uniform probability measure v, on N(x) = zS. Note that measure

defined by v,(A) = [, ﬁ]lxg(y)d)\(y) is a uniform probability measure on x5, so
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vl = v, by uniqueness. But each v, is characterized by the measure v on S, because

v.(A) = v(z~'A). By definition 4.2.7 we have

(Af)(x) = / f(2)dva(z) = / f(az)dv(z) = / ﬁ (22)L5(2)dN(2)

By a change of variables z — 272 the rightmost integral becomes

/(}ﬁf(z)ﬂs(x1z)d)\(z):/ﬁf(z)]ls(z1$)d)\<z):/[;f(z)%(z1x)d)\(z)

G
where the second equality follows from the fact that S is inverse closed. Observe that
the rightmost integral is just f * %(z). The desired result follows by combining the
above equations.

]

The following lemma of Backhausz and Szegedy is essential in the proof of

convergemnce.

Lemma 4.3.14. [1, lemma 12.1] Let G1 and Gy be finite graphs. Let f : V(Gy) —
V(G1) be (a,b)-uniform. Then for every k € N, 8x(A;) C 8k(A2/b).

Proof. Let k € IN be given. First note that for any vi,..., v € L%, j(V(G1)),
D(vy,...,v) =D(vyof,...,vp0f) (4.7)

by property (a) of uniform maps Definition 4.2.5. All that is left to show is that
(Ajv;) o f = b1 As(v; o f) holds for every i € [K].
Let u € V(G;) be given. Note,

(Ayw)(u) = > v;(h)

and so for any v’ € V(Gs)
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On the other hand, for any v’ € V(G3) we have
Ao )y =Y wiof()=" 3 bui(h)="b(Aw)o f(u)
h'eN(u') heN(f(u'))
with the last equality following by property (b) of uniform maps 4.2.5. In particular,

for every h € N(f(u')), there are b neighbors h’ of v/ mapping to h. Since v’ was chosen

arbitrarily we have

(A1Ui> o) f = bilAQ(’Ui e} f)
It follows that D4, (vi,...,v) = Dayp(vio f,...,vp 0 f). Thus Si(A;) C Sk(Az) for
every k. ]

I would phrase the key result of this lemma in a slightly different way. Which I
detail below.

Lemma 4.3.15. Suppose (G1,2%,\1) and (Go,2%2,\,) are finite groups, treated as
probability spaces. Suppose there are probability measures vi on Gy and vy on Gs.
Suppose that there is a homomorphism f : Gy — Gy such that v, = vy 0 f~1 and for
all g € Gy we have |f~(g)| = |ker(f)|. Then, for any xy,..., 1) € L‘[fm}(((}l,)\) =
[—1,1]% we have

Da,(x1,. . x5) =Da, (w10 f,...,xp 0 f)

where A1 and Ay are the integral operators with kernels j—j’\i(y_la:) and

dvg

F(y~'x) on

the L™ function space of Gy and G, respectively. The consequence of this is that

Sk(A1) C 8k(Az) for every k € IN.

Proof. Suppose x4, ...,z € [—1,1]¢. Note,

1 1
D(xiof,...,zp0 f) = Gl D Swros(e)mrof(a) = Gl > Iker(N)ldas(g).mito

9€Gs 21 geim(f)

Since |f~!(g)| = |ker(f)| > 1, f is surjective. By the first isomorphism theorem, the
image of f is Gy. Moreover, |G| = |Gz|/|ker(f)|. This means,
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We must lastly show Ay(z; o f) = (Ajx;) o f for all i € [k]. Define the left shift
L, : L*(Gy, \) = L*(Gy, M) by Ly(z) = (gz). Let g € Gy be given.

dvy . _

As(zs0 f)(g) = / 0 f (1) G g)dhe

dl/2

_ / i floh) 32 (i,
- [ w@rm,

Go
_/ Lyggywio f(h)dve

Go
—/ Lf(g)xi(h')(d@of*l)
:/ zi(f(g)h")dw

Z/ %(f(g)h,)g_ill(h,)d/\l

From which it follows that

Da(z1,. . xp) =D(xyof, .. xy, (Arxy) o f, ..., (Ajxg) o f)
=D(xrof,...;zx0 f,As(x10 f),..., As(zx 0 f))
=Da,(x10f,...;z 0 f)

implying that 8;(A;) C Sk(A2). O

This idea is best understood by looking at specific elements of 8(A;/d;) for a
sequence of Cayley graphs {Cay(G;, S;)};. See section 4.3.1.
My main result is a generalization of [1, Theorem 12.2], the theorem providing

limits for uniform towers. The key differences are that it allows for “sequences” indexed
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Figure 4.7: The Cayley Graphs G; = Cay(Zy:, S?) for i = 4,5,6. This sequence of
graphs is defined in section 4.4.1. In the left column, the Cayley graph is pictured. In
the second Column, an embedding of the Cayley graphon (as a graphon) is pictured by
associating group elements with intervals in [0, 1]. In the third column, the distribution
formed by fixing a random vector in v : Zjs — [—1, 1] and lifting it into Z,; via the
fa;(z) = (mod 16). The distribution is that of vo fy;, A;(vo fi;). In the rightmost
column, profile elements corresponding to randomly chosen—not fixed—functions on Z,;
are given.

66



by partially ordered sets, which we call nets. This conveniently lines up more nicely

with the inverse limit framework underpinning the convergence.

Theorem 4.3.16. Let {G;, ¢;;} be an inverse system of groups over (N, =). Suppose
that S; C G; is an inverse closed generating set of G; for everyi € IN and ¢, ;(S;) = S;
whenever i = j. Let d; = |S;|. Let G; = Cay(G;, S;). Then, {Adj(G;)/d;}i is a net of

dv

P-operators converging to the Cayley graphon w|G, %].

Proof. By lemma 4.3.5, each ¢;; is a graph homomorphism. By lemma 4.3.3 and
lemma 4.3.4, respectively, we have that definition 4.2.5 properties 4.2.5 and 4.2.5 hold.
By lemma 4.3.15 we have that whenever i,7 € IN satisfy ¢ < j then 83(A4;/d;) C
$u(4;/d5).

We need to show that 8;(A) is the closure of (J,cn Sk(Ai/d;). We first show
that the union is contained in 8}(A). Let i € IN be given. Suppose u € 8x(A;/d;). By
construction there are functions vy, ..., v, : G; = R satisfying p = D 4, /a, (v, ..., vk).

For i € [k] define v; : G — R by ©; = v; om;. Let x € G be given. Note that

)@ = [ ssiv. = [ siar = [ ooma

Recall that v is the unique uniform measure on S such that v o p; ! = v; is a uniform
measure on S;, where p; : S — .5; is the projection associated with the inverse system.

1

Since v is supported on S, it follows that vom, ~ = v; because anything in the preimage

falling outside S is not contained within the support of v. The rightmost integral in

the above equation then becomes

! om ! ’:; UAu:i v (u
/ﬂ-i(xs)’vj(y)dy i (y) |N(7T1($))| Z ]( ) dz Z ]( )
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The rightmost term is just - (A v;)(m;(x)). Now note that

DA(ﬁh--.,@k):/%l(g) ..... 1 (9),AB1(9)-ons A (9) AN (9)

= ‘DAi/di(’U17 e ,Uk)

where the second to last equality utilizes the fact that A\; = X\ o7 ' is a uniform
probability measure on G;. It follows that J,.; Sk(A(G;)/d;) € 8x(A) and therefore
the closure of | J;.; Sx(A(G;)/d;) is contained within 8;(A).

Suppose y € Sx(A) and write y = D4(f1, ..., fx) for some fi,..., fr, € L3(G, \).
Suppose j € [k] and let € > 0 be given. We know there exists ¢ € IN and some

g1,- -, 9k € L*(G, \) whose values are determined solely by G; such that [1]

2
lg; = fill < 5 for all j € []

By construction, g; = h; o m; for some h; € IRGi. Similarly to the previous part,
Dayja;(hiy- - h) = Dalgrs - - gr)
By applying [1, Lemma 13.2] we obtain
dep(Dalgr,-- -, 96), Dalfiv ..., fu) < K/4/m
where m = max llg; — filli- We have m < max lg; — fillz2 < ’:—; by Cauchy-Schwarz, so

dip(Da,ya;(has - hi), Dalfi, ..o, fu)) <€

Thus, 4 is arbitrarily close to elements of (J,; 8x(4;/d;) and 8;(A) C U,c; Sk(Ai/d;).
Meaning the closure of 8;(A) is contained in the closure of | J;.; 8x(Ai/d;). O
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4.4 Examples of Convergent Cayley Graph Sequences
4.4.1 Limits of Zo»

To showcase our results we consider two inverse systems of groups indexed by IN
with standard ordering. The first is the system {Zs:, f;;} where f; ;(z (mod 27)) = z
(mod 2%). The inverse limit of this system is Zs, the group of 2-adic integers. The only
difficulty is choosing appropriate generating sets S; for each Z; to obtain a nonzero
limit object. The simplest way to choose S; would be to define S; and take .S; to be
the pre image of S under f;,;. If we take Gy = Zy then S; = {1} and for any i € N
the generating set S; consists of all odd numbers in the range {1,...,2° — 1}. For this

choice of S;, in the limit we would have

Szl—l—{Zaka:akEZg for allkG]N}CZQ (4.8)

k=1
That is, S consists of the coset of the 2-adic numbers with residue 0 mod 2. By the
translation invariance of the Haar measure, the measure of S is equal to the measure
of the aforementioned subgroup. Since the two contain all elements of Z;, we can
conclude that A(S) = 1/2. However, under this definition of S;, each Cayley graph
in our sequence is a graph in which every even number is connected to every odd
number. The sequence of Cayley graphs becomes a sequence of complete bipartite
graphs, and the limiting graphon is equivalent to the nontrivial Cayley graphon of
Z4, after applying some measure preserving permutation. The same thing happens
if you define your inverse system of groups by G; = Zyk+: for some £ > 0 and take
Si = fi, 1(S1). The limiting graphon becomes the Cayley graphon of G; with respect
to generating set Sj.

This issue is not hard to resolve however. Recall that we only require 5; =
fi(S;) and not S; = f;'(S;). So we need not take all odd numbers to be our gener-
ators. We can make the sequence of graphs more sparse by fixing r» > 2 and choosing

S’ to be the numbers in the range {1,...,2° — 1} with residue +1 modulo 2". That is,

i—r—1
ST =41+ { Z 2" ag, .. i € Z2}

k=0
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Figure 4.8: Cayley graphs of Z,: with generators S? fori =1,...,6

Where £1 is taken in G;. We can now easily compute the number of edges in a
particular G; in our sequence for fixed r. When i < r we have only 1 and 2¢ — 1
as generators. When i > r the generators are of the form +1 + ZZ;IT a,2F where
each a; € {0,1}. There are 2°"" ways of picking the coefficients, each choice yields a
generator after adding either 1 or 2° — 1. So in total there are 2°~""! elements of SI.
Since G is |S7| regular, by the handshaking lemma we have |E(G;)| = |G;||S!]/2 =
20(20=+1) /2 = 227" Now, we can conclude that the graph sequence is dense because
|E(Gy)| = 27 [V(Gy)? which implies [E(Gy)| € O(|V(G:)[?).

Recall f;; : G; = G; by z (mod 27) — x (mod 2'). We defined ¢, ; to be the
restriction of f; ; to S;. It is easy to verify that 1, , = 1; j01,; for any i <7 < k. It is
also clear that 1);; is the identity, so {S7,; ;} forms an inverse system of sets indexed

by IN. Define

ST =41+ {Z a 287 ay, € Zy for all k > O}
k=0

The projection functions p; : S — S] are just the restrictions of the projection 7; :
Zy — Zi to the domain S, being a subset of Z,. We need only verify that p; = ; jop;.
This is clear, as for any x € S” defined by the sequence {a;}32,, taking z (mod 27)
gives the finite sum defined by {ak}f;g_l. Applying 1); ; to this new sum gives the one

i—r—1

which corresponds to {ax},_y . As desired, this is just p;(x). By uniqueness of the
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inverse limit it follows that

S" = lm{ Sy, i}
To conclude that our limiting graphon is nonzero, it suffices to show that the Haar
measure of S” in Z5 is nonzero.

Note that in the subgroup {>.-, a2 s ay € Zo for all k > 0} C Z,, the
missing residues are {37_t ax2" : ag,...,a,_1 € Zy}. There are 2" — 1 such missing
residues (zero is accounted for already). Applying of them as a shift yields 2" —1 cosets.
By translation invariance of the Haar measure, each has equal measure to the original
subgroup. As each coset is disjoint, the sum of the measures of each coset is equal to

the measure of their union, which is just the measure of Z,. That is,

2“({2 ap2" s ay € Zy for all k > 0}) = A(Zy) = 1 (4.9)

k=0

It follows that when r > 2 we have

AS) = 5 (4.10)

because S” corresponds to the union of two cosets with Haar measure 2—1T Note that this
is not the case when 7 = 1, because —1 = Y ;7 2% is contained in 1+{> ;7 ax2" : a4 €
ZoVk}. Moreover, S? is the union of both the +1 and —1 cosets of {Y 7o, ax2" : a), €
ZVk}, we again end up with S? being all odd numbers in the range [2], equivalent to
when r = 1, further illustrating why the case of » = 1 does not follow the formula in

Equation (4.10).

4.4.1.1 An Analysis of the Spectrum of the Limiting Operator
In the prior subsection I outline what the limit of the sequence defined by

Gi = CaY(ZQi,ST

7) is. I now answer the question, what might the spectrum of the

limiting operator be?
In order to keep things general within reason, I will investigate the limit of
the Cayley graphs defined with respect to the inverse system of groups {Z,:,y; ;}

indexed by I = (N, <), natural numbers with standard ordering. Now ¢; j(z) = x
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(mod 2°). The generating set is given by the inverse system of sets {S!,;;} where
Si ={z € Zy : v = +1 (mod 2)} and ;; = ¢;j|sr. This means that our limiting
group is Z, = {> >, aip' : a; € Z, for all i € N}. The limiting generating set S”
consists of the 1 cosets of the subgroup H" = {>.>° a;p’ : a; € Z, for alli > r}.
Note that each coset corresponds to a choice of coefficients ao, ..., a,—1 € Z,. So there
are p” such shifts. Thus, \(H") = 1%‘ Since S consists of two cosets of H", we have
A(ST)=2/p".

The limiting operator A : L*(Z,,\) = L*(Z,, \) is defined by Af(z) = f*%(x),

where v is a uniform probability measure on S. In particular, for measureable K C 7,

V(K = /K %Sr)]lsrd)\

So g—; = A(;T)IL gr = %TIL sr. The group characters of Z,, known as the Pruffer p-group

is the union | J;cy Z\m. More explicitly,

Zp: U {Xn,k()gkgpn_l}
nelN
Where x,x(z) = exp(2mikz/p™). Note, if n < r and k < p" — 1 we have that for any

S ap € H,

> it 2mikap'
Xk (Z azﬂ) = [[exp (p—nlp) =1 (4.11)
l=r

l=r

because p"|p' for | > r > n. Thus,

Xk (il +)° alpl) = Xn,k(£1)Xn <Z alpl> = Xn,k(£1) (4.12)

l=r l=r
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For a complex number, x = a + bi let Re(x) = a be the real part of z. Note that
dv
A n n,
X k(%) = X ¥ (@)

(;T)/ Xk (Y) Lo (y~ ) dA

A(gr)/ Xk (2y) Lsr (y ™) dA

- 557 [ ot

= x;&%) /ST Xk (Y)dA

_ X;(g(”;) [ /1 )i+ / . Xn,k:(y)d/\}

- X;(lf;’f? X (DACHT) + X o (—1)AH")]

_ Xn,k(x) [ZRG(Xn,k(l))])‘<HT)
2N(H")

2k
= Xn(z)p* cos (%)

p

This gives us the eigenvalue A, = cos(27k/p™) for the character x, , when n <r.

On the other hand, if n > r, much of the work is identical until we obtain

Axpi(x) = X;&%) /r Xk (Y)dA (4.13)

Xn k(x) /
= E xn,k(y)d)\ +/ Xn,k(y)d)‘
A(ST) ( (+375 apoph)+H? (—1430 e ph)+HT

(4.14)

B X;é’;;g’"l).) Z <X"k’ HXnk aj— rp +Xnk Hxnk a;— rp ) p "

l=r

(4.15)

Where p=" = A\(H™). Recall, by eq. (4.11), X, is constant on the elements of H" .
SO [n XnkdA = A(H™) =p™".
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Now this may seem complex, but it greatly simplifies when you utilize the or-

thogonality relations of the characters of Abelian groups. First suppose p"~"|k. Then

., n—1
Z H X,k (1~ rp Z exp (iﬁik Z al—rpl)

ac{0,....p—1}n—" l=r I—r

_ Zexp (27TZ]€ Zal rp >

Since p" " |k, we have

omik < 27m'k
Z ap— rp
P

n—r—1

Z ap' =0 (mod 2mi)

=0

This means, when p"~"|k,

> 1:[ Xnplap') =Y 1=p"" (4.16)

ae{o 7777 pfl}n_r l=r
On the other hand, if p"~"k does not divide k, then x,_,j is a nontrivial character on

Z.,»—- and, consequently, we have by the orthogonality of group characters that

2mik . 27mkn i
exp | = > arp :ZeXp Z ap' | = Y Xn-rk(2) =0
l=r

a ZGZn T

p

Meaning that

) 1:[ Xn(ai—rp') =0 (4.17)

ac{0,....p—1}n—" l=r

Continuing where we left off after eq. (4.13)

Axn () = X;(g(,n)) Z <Xnk: HXnk ap') + Xnk(— HXnk ! ) p"

l=r

we see that if p"~"|k, then by eq. (4.16) the expression (below)

n—1
X/\"(g(rx)) Z <Xnk HXnk ar—p') + Xnk(— HXnk ai—rp ) "

l=r

reduces to
X;(g( )) (0" "Xk (1) + 0" Xk (—1)) p = %QRQ(Xn,k(l))p‘”
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It follows that

2 cos(2mk/p™)
2p~r

n—r, —n 27Tk
p p :Xn,k(x)COS p_"

AXn,k(m> = Xn,k(x)
When p"~" does not divide k, after applying eq. (4.17), we see that x,, ; corresponds
to eigenvalue 0.
The eigenvalues can now be characterized by cases. Let n € IN be given and
suppose k < p™ — 1.

\ cos(2rk/p") if n<r or n>r and p" |k
nk —

)

0 otherwise

4.4.2 Limits of Dihedral Groups

The theory would not be complete without an example of convergence of Cayley
graphs of non-abelian groups. Towards this end, we study the system of dihedral
groups whose orders are powers of 2, { Dyi+1, f; ;}. This relates to the system of cyclic
groups in a natural way. The dihedral group D,, = Z, X Z,. We can show that
oy X Lo =2 D = @{ZW- X Zs, gi j, I} for suitable homomorphism g; ;.

Define g, : Zigi X Ziy — Ziyi X Zs by (x (mod 27),2) — (2 (mod 2%), z) where
2z € Zs is arbitrary. From this definition, it easily follows that whenever ¢+ < j < k
we have g, = ¢, j © gj,- It is also clear that on each Zqi x Zy we have that g;; is the
identity. So, our inverse system {Zsy: X Zs,g;;, I} has a unique inverse limit, up to
isomorphism.

We now show that this inverse limit is Zy X Zo. Let m; : Zy X Ziy — Zigi X Zio
by projecting the Z, coordinate into Z,i. We must verify that m; = 7; o f; ; whenever
1 < j. This follows because the inverse limit of the Zyi’s is Z5.

The generating sets can be chosen in a near identical manner as in Section 4.4.1.
The generators in 5] consist of those elements of Zy: X Zy whose first coordinate has
residue 1 modulo 2" and whose second coordinate is the identity in Zs. We add to this
set of generators the element (0, s), where s is the nontrivial element of Z,. Because

the projections from the inverse limit into the finite groups in the inverse system do

1)



not touch the coordinate corresponding to Zs, it follows by the same argument that
we obtain

S'={(z,e):x€Zy:x==+1 (mod 2")}U{(0,s)}

We similarly find that

A(S") _2/\(222—@ —212_/7? _%

(4.18)
by noting that Z, components of S consist of two cosets of a subgroup with 2”71 cosets
in Zs x {e}; the Haar measure of this subgroup corresponding to Z» being one half
that of Zy x Zs. Equation (4.18) is essentially the same as Equation (4.10), however
the Haar measure of Z, in the limiting dihedral group is only 1/2, since there are now
two copies of Zy present.

This demonstrates the ability of our main result to provide non-trivial limit

objects for sequences of non-Abelian Cayley graphs.
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Appendix

A COLLECTION OF MISCELLANEOUS DEFINITIONS AND
RESULTS

A.0.1 Topology

The main result of this thesis involves taking a sequence of groups, finding
an appropriate limit object, and then constructing a P-operator from that limiting
group. This P-operator will take the form of a Cayley Graphon, see definition 4.1.3.
Importantly, Cayley graphons only exist for second countable, compact topological

groups.

Definition A.0.1. [13, Section 12, Definition 1] Let X be a set. A topology 7 on X

1s a collection of subsets of X, which we call open sets, such that
1) Both 0 and X are open.
2) Any union of open sets is also open.
3) Finite intersections of open sets are open.
Definition A.0.2. A set X with a topology T is called a topological space.

In this paper, the topological spaces of interest are compact. As, oftentimes,
compact topological spaces can be outfitted with measures which assign a finite measure

to the entire space.

Definition A.0.3. [13, Section 26, Definition 2] Let (X,T) be a topological space.
We say that X is compact if for any collection of open sets {U;}icr € T whose union

contains X, there is a finite subcollection {U;,, ..., U; } whose union contains X.
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Example A.0.4. The real line is not compact.

Proof. Consider the collection of open sets {(—n,n)}>2,. The union of any finite
subcollection of these intervals is contained in some (—N, V), which does not contain

N + 1. So R cannot be finitely covered. O
Example A.0.5. The interval [0,1] is compact.

Proof. Let U = {U,}icr be an arbitrary collection of open sets covering [0,1]. Let S
consist of the points = € [0, 1] such that the set [0,x] has a finite sub-cover. Since
[0,1] € U;e; Ui, 0 is contained in S. Let s = sup S. Suppose towards contradiction
that s < 1. Choose i € I such that s € U;. Since U; is open, there is some ¢ > 0
such that (s — e, s+ ¢) C U;. By definition of supremum, there exists 4 > 0 such that
s—6 € S. Assume § < e. Let {U,,...,U,,} be the finite covering of the [0,s — ¢].
Adding the set U; containing S is now a finite covering of [0, s + €/2]. Meaning that
s+¢/2 € S. This contradicts the fact that s = supS. So s = 1. From this it follows

that there is a finite sub cover for [0, 1], giving us compactness. O]

Definition A.0.6. [13, Section 13, Definition 1] Let (X, T) be a topological space. We

say that B C 1 is a basis for 7 if

1) For every x € X there is a neighborhood of x contained in B

2) If x has two neighborhoods Ny and Ny in B, then N = Ny N Ny is also a neigh-
borhood of x in B

Definition A.0.7. [13, Section 30, Definition 2] A topological space (X, T) is said to

be second-countable if there exists a countable basis for T.

A.0.2 Group Theory
Definition A.0.8. A group (G, *) is a set G with an associated binary operation, *,

called multiplication such that

i) There exists some element e € G such that exg = gxe = g for every g € G. We

call e the identity element of G.
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ii) For every g € G there exists h € G such that g« h = h* g =e. We call h the

inverse of g, and denote it g~!
ii1) For every g,h € G, gxh € G. That is, G is closed under multiplication.
iv) The operation x is associative.

For many groups in this paper, the multiplication of elements x and y is denoted xy.

A.0.3 Measure and Probability Theory

Definition A.0.9. A o-algebra of a set X is a collection A of subsets of X such that
i) 0, X € A.
ii) A is closed under complements.
iii) A is closed under countable unions.
Definition A.0.10. A measurable space (X, A) is a set X with a o-Algebra on X.

Definition A.0.11. Given a measurable space (X, A) and a measure p on X, we say
that A € A is o-finite if there are a countable number of sets {Ay,}nen with finite

pu-measure whose union is A. If X is o-finite, then p is o-finite.

Theorem A.0.12. [9, Theorem 13.16] Let E := (E, d) be a metric space. Let p, jiq, iz, - . .

be measures assigning total weight of no more than 1 to E. The following are equivalent.
i) pn — 1 weakly
i) [ fdp, — [ fdp as n — oo for all bounded Lipschitz continuous f

i) [ fdp, — [ fdu as n — oo for all bounded, measureable f whose set of discon-

tinuity points is p-measure 0

w) liminf,, o p,(E) > p(E) and imsup,, . pn(F) < w(F) for all closed F C E.

v) limsup,_, o tn(E) < p(E) and liminf,, - 1,(G) > p(G) for all open G C E
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v1) limy, o0 fin(A) = p(A) for all measureable A with p-measure 0 boundary.

Definition A.0.13. /9, Definition 13.26] Let E := (E,d) be a metric space. Let
M = {p;}ier be a collection of probability measures on E. The collection M is tight if

for any € > 0 there is a compact set K. C E such that

sup p1;(E\K.) < &

iel
Definition A.0.14. A collection, M, of probability measures is weakly relatively se-
quentially compact if every sequence in M has a weak limit point in M.

The following result is known as Prokhorov’s theorem.

Theorem A.0.15. [9, Theorem 13.29] Let E := (E,d) be a metric space. Let M be
a collection of probability measures on E. If M s tight, then M is weakly relatively

sequentially compact.
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