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Prior research highlights a positive effect of incorrect worked examples on mathematics
learning. Yet the mechanisms underlying these benefits are unclear. To investigate potential
mechanisms of the benefits of various worked example types, we examined process data from a
previously published classroom-based experiment (Barbieri & Booth, 2020). More specifically,
we analyzed students’ explanations made while explaining worked examples in three varying
example conditions as well as students’ problem-solving errors made when solving problems.
These data operationalize two potential mechanisms: a reduction of misconceptions (i.e., fewer
targeted conceptual errors), and an increase in principled algebra knowledge (i.e., explanations
focusing on principles underlying procedures). Mediation analyses revealed both as important
mechanisms of varying effects. A reduction of misconceptions explained greater benefits of all
three worked example conditions, compared to a problem-solving control, on an algebra
concepts posttest. More principled explanations of procedures explained the benefits of incorrect
worked examples on problem-solving at posttest compared to the two other example conditions.
These findings help explain differential findings in prior work by example type and may

elucidate potential avenues for errorful instruction.
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Errorful learning techniques—or techniques that capitalize on errors to promote learning—
can be effective for learning (Metcalfe, 2017 for a review). Many techniques fall under this
umbrella term of errorful learning, including those that provoke uncertainty, those that ask
students to confront discrepant ideas, and those that ask students to study and/or correct
mathematical errors. Errorful learning techniques sometimes rely on students learning from their
own errors or, in the case of incorrect worked examples, learning from a fictitious students’
errors. This specific form of errorful learning is especially effective for promoting algebra
learning (Barbieri & Booth, 2016, 2020; Booth et al., 2015a; Booth et. al., 2015b). Though we
know that errorful learning improves algebra performance, mechanisms underlying these
benefits are unclear. There is a critical need to understand Zow students learn from instructional
experiences that yield improved performance in algebra. Without this knowledge,
recommendations on what instructional techniques work for students with diverse learning needs
would be incomplete, incorrect, or even detrimental to student learning. Thus, understanding the
mechanisms underlying errorful learning is crucial not only for understanding student learning
but for designing effective future interventions and instructional tools to help all learners.

In the current study, we analyze data collected as part of a prior study (Barbieri & Booth,
2020) to determine mechanisms underlying errorful learning. These previous findings showed
that studying and explaining incorrect examples improved middle school algebra students’
equation-solving skills to a greater extent than a problem-solving control condition (Barbieri &
Booth, 2020) but did not reveal why or how. Incorrect worked examples were as effective as two
other forms of correct examples at improving algebraic feature knowledge and all three example-
types outperformed a problem-solving control on equation solving, which is consistent with

previous studies on errorful learning. We expand on this previous finding by examining two
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potential mechanisms underlying these potential benefits for equation-solving and algebraic
feature knowledge. By examining students’ errors as well as their written explanations, we hope
to better explain why learning from errors is beneficial for many students and compare these
mechanisms to those underlying examples focused on correct information.
Incorrect Worked Examples

An accumulating body of evidence demonstrates a generally positive effect of studying
errors in the form of incorrect worked examples, or worked out problem-solutions that display a
common mistake, on math learning when these examples are studied alone or in combination
with correct examples (e.g., Adams et al., 2014; Barbieri & Booth, 2016; Booth et al., 2015b;
Durkin & Rittle-Johnson, 2012). Students are asked to study, explain, and sometimes correct the
error displayed before completing similar practice problems on their own. In one study, students
who studied incorrect examples of place value on a computerized tutor showed longer-lasting
learning effects than students who only solved problems (Adams et al., 2014). Similarly, Barbieri
and Booth (2016) found that students benefitted from working with both incorrect and correct
worked examples, but that incorrect worked examples were particularly helpful for students with
low prior knowledge. Other studies have shown that a combination of correct and incorrect
worked examples reduces mathematical misconceptions (e.g., Barbieri et al., 2019; Booth et al.,
2015b; Durkin & Rittle-Johnson et al., 2012). Studying a combination of correct and incorrect
worked examples has been shown to increase students’ conceptual understanding of algebra
(Booth et al., 2015b) and conceptual and procedural understanding of decimal magnitudes
(Durkin & Rittle-Johnson, 2012).

Although the above findings show that learning from incorrect worked examples is

helpful for math learning, the reason underlying this benefit is unknown. There have been some
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proposed mechanisms explaining this benefit yet no published study has assessed these
mechanisms empirically. For example, Barbieri and Booth (2016) found that incorrect worked
examples were particularly beneficial for students with low prior knowledge. They posited that
one reason for this finding was incorrect worked examples highlight common errors and draw
attention to the parts of the problems that might be incorrect, thus supporting students with low
prior knowledge by making those errors salient (Barbieri & Booth, 2016). Additionally, Durkin
and Rittle-Johnson (2012) discussed the possibility that comparing correct and incorrect worked
examples helped students distinguish between incorrect and correct problem-solving procedures,
thus enhancing both conceptual and procedural knowledge. They also suggested that increased
discussions of correct concepts, seen through students’ written explanations, may have led to
increased conceptual knowledge. However, this proposed explanation was not statistically
assessed as a mechanism (i.e., mediator). An understanding of how these types of materials yield
benefits would not only be theoretically meaningful but would also support the proper
development of errorful and example-based learning materials that optimize their effects for all
learners.

Overview of Overarching Study (Barbieri & Booth, 2020)

The current study focuses on exploring the potential mechanisms behind the overall
benefits found in our prior study (Barbieri & Booth, 2020). In this prior study, studying and
explaining incorrect examples improved middle school algebra students’ equation-solving skills
more than a problem-solving control. Three different example types (e.g., Correct Explanation,
Displayed Error, Potential Error) that varied by correctness and explanation type equally

improved their algebraic feature knowledge, compared to a problem-solving control. We provide
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a brief overview of the condition differences here. Further details of the study are found in the
methods section and in Barbieri and Booth (2020).

In the Correct Explanation condition students studied and explained correct concepts and
procedures displayed within correct worked examples. Two additional worked examples
conditions relied on errorful learning strategies — focusing on common computational and
conceptually-based errors — in distinct ways. In the Displayed Error condition students studied
and explained errors displayed in incorrect worked examples. In the Potential Error condition
students studied correct worked examples and then answered explanation prompts that primed
them to consider a specific potential error that could occur in this problem-type. Finally, students
in the Problem-solving Control group completed the same problems presented in the example
conditions but without examples and explanation prompts.

In the original study design, we included a Potential Errors condition for several reasons.
First, because practitioners can be hesitant to display errors in the classroom but prior work
emphasizes the effectiveness of studying incorrect examples, we attempted to design a learning
experience that relied on errorful learning ideas without directly displaying the errors
themselves. Further, practitioners may be concerned that students need to be provided with
correct information to refer to when attempting to explain an error. Prior work has supported this
with side-by-side comparisons of correct and incorrect examples (Durkin et al., 2012). However,
some work highlights that this comparison design is difficult for students with low prior
knowledge (Rittle-Johnson et al., 2009). Thus, this new Potential Error condition design was an
attempt to address the possible need of providing learners correct information to reference when
explaining an error. That is, we attempted to evoke the same benefits of errorful learning gained

from incorrect examples by just prompting students to consider the commonly made potential
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error. Our findings from Barbieri and Booth (2020) demonstrated that although the Potential
Error condition was significantly more effective than the Problem-solving Control at improving
algebraic feature knowledge in particular, this improvement was equivalent to those yielded by
the Displayed Error condition and the Correct explanation condition. That is, we yielded a
general worked examples effect regardless of the correctness or errors reflected upon in these
three examples for the more conceptually-based outcome measure (i.e., algebraic feature
knowledge). However, only the Displayed Errors condition was more effective than the problem-
solving control at improving equation-solving. A comprehensive reporting of the overarching
study and findings can be found in Barbieri and Booth (2020). This prior publication focuses on
quantifying the effects of each condition but does not explore potential mechanisms that may
explain such differential effects. The current study is a fine-grained analysis of the process data
(i.e., student work on the materials) collected during the initial study that will be used to
elucidate potential mechanisms of the effects of learning from errors. Understanding #ow a
particular instructional technique or tool works allows for proper design of additional tools based
on that technique or method. That is, understanding how something works ensures that when
extending its use in new ways or in new settings, we do not inadvertently remove a key
component of its design necessary for its proper function or use the tool for aims that are not
supported by the mechanism(s). For example, let us assume we find that incorrect worked
examples improve equation-solving skills through an increased focus on procedures as evidenced
by the primary focus of student explanations. We might then encourage practitioners to use these
types of examples with explanation prompts to improve students’ equation-solving skills.
Additionally, we would not need to prompt practitioners to emphasize or scaffold students’

conceptually-based explanations with these materials and rather explain that procedurally-based
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explanations are not only acceptable but expected to yield the intended effects. Alternatively, if
we lacked the knowledge that this example-type evokes more procedurally-based explanations
that lead to improvements in equation-solving, we (or practitioners) may be unnecessarily
concerned with students who provide such explanations rather than conceptual explanations and
try to intervene on those explanation-types. This could then potentially attenuate or even
eradicate the positive effects of this particular example-type on equation-solving skills.
Potential Mechanisms of Varying eEffects

We expect that the varying effects found in Barbieri and Booth (2020) can be explained
by varying learning processes that occur while working with the varying experimental materials.
We analyze the type and frequency of errors students made on problems paired with examples or
within the problem-solving condition as well as explanations provided while working with study
materials. We use these data to operationalize potential mechanisms of the varying effects found
on feature knowledge and equation-solving skills in Barbieri and Booth (2020). In this analysis,
we consider two potential mechanisms: 1) a reduction of misconceptions and 2) a difference in
the type of knowledge evoked by example-type (i.e., conceptually- vs. procedurally-focused).
These mechanisms are further detailed below.
Reduction of Misconceptions

Misconceptions can be described as strongly-held beliefs about the target content that are
incorrect or only partially correct. Sometimes these misconceptions are due to overgeneralization
of knowledge from the domain to new content (e.g., McNeil, 2014). Other times they are simply
based on naive ideas about the content that are unrelated to correct information (e.g., van Loon et
al., 2015). Mathematical misconceptions in particular are deeply rooted and can persist or even

return after being addressed (e.g., Cook et al., 2008; McNeil & Alibali, 2000) which can impact
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what students gain from instruction (Kendeou & van den Broek, 2005; Resnick, 1983).
Misconceptions can interfere with knowledge acquisition and refinement if not appropriately
addressed in instruction (McNeil, 2014).

Many methods proposed to address misconceptions rely on provoking uncertainty (e.g.,
Overoye & Storm, 2015) and encouraging the learner to resolve the uncertainty. This is a useful
approach for reducing misconceptions that are pervasive in math (D’Mello & Graesser, 2014;
Gorsky & Finegold, 1994). Errorful learning techniques such as studying and explaining errors
within worked examples might make misconceptions more salient. Prior work has found that
learning from incorrect worked examples either alone (Barbieri & Booth, 2016) or in conjunction
with correct examples (Barbieri & Booth, 2020; Booth al., 2015b) is associated with enhanced
benefits, particularly for students with low prior knowledge. Thus, one potential explanation for
the added benefit seen from errorful learning experiences, especially for students with low prior
knowledge, is that carefully designed errorful learning experiences may address more salient or
persistent misconceptions held. In the current study, we examine whether the increase in
algebraic feature knowledge seen in students in the three worked example conditions, but not in
the problem-solving control, can be explained by a reduction in misconceptions, operationalized
by making fewer targeted errors when solving problems.

Evoking Different Types of Knowledge: Procedural or Conceptual

A potential explanation for the particular benefits of the Displayed Error condition on
equation-solving in particular is an increased attention to procedures. Algebraic equation-solving
requires both procedural knowledge, or steps and strategies on how to solve the problem, and
conceptual knowledge, or the reasons underlying the procedures (Crooks & Alibali, 2014).

Procedural and conceptual knowledge are intertwined, with procedural knowledge predicting
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conceptual knowledge and vice versa (Rittle-Johnson et al., 2015). An increase in either
procedural or conceptual understanding may be predictive of equation-solving yet focusing
students’ attention on procedures through intentional design of examples and their corresponding
explanation prompts may provide a more direct transfer to procedurally-focused skills such as
equation-solving.

Studying worked examples is an effective way to increase procedural knowledge, as
worked examples reduce procedural demands on working memory (Sweller, 1998), allowing
students to focus on learning the procedures. Studying incorrect worked examples and explaining
why the error is incorrect might increase students’ understanding of the problem-solving
procedures. Siegler’s (1996) overlapping waves theory maintains that individuals know and use a
variety of strategies for solving problems, and those strategies compete for use each time a
student encounters a problem. Studying problem-solving or strategy errors can help learners
accept that certain strategies are wrong and prompt them to construct and strengthen other
correct strategies. Heemsoth and Heinze (2014) support this idea by revealing increases in sixth
graders’ negative knowledge of fractions when working with incorrect worked examples alone
compared to correct examples alone. Negative knowledge, or knowledge of incorrect strategies
and (i.e., what doesn 't work) is important for general problem-solving (Gartmeier et al., 2008).
Negative knowledge improves problem-solving success by increasing one’s certainty in the
correct procedure while allowing one to avoid incorrect procedures. In the current study, we
examine whether the increase in equation-solving skill seen in the Displayed Error condition in
particular, but not the other two worked example conditions, can be explained by an increased
focus on procedures, operationalized by an increased emphasis on procedures in students’

written explanations.
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Overview of the Current Study

This current study provides a deeper analysis of the potential mechanisms underlying the
benefits found in our previous work (Barbieri & Booth, 2020). Specifically, the current study
delves into the previously unexplored process data of the type and quantity of errors students
made while working with the different materials as well as the differences in the types of
explanations students provided in response to the explanation prompts.

The current study aims to test two mechanisms. First, we test whether a reduction in
misconceptions explains the increase in algebraic feature knowledge associated with the three
worked example conditions (Aim 1). In the prior study we found that the three worked examples
conditions outperformed the Problem-solving Control on the algebraic feature knowledge
measure. We propose that the three worked examples conditions may have yielded a reduction in
misconception prevalence compared to the Problem-solving Control that led to the marked
improvements in feature knowledge. We then operationalized this mechanism as the proportion
of targeted errors made by each student on the practice problem paired with each example. We
tested this measure as a mediator of the effects of condition to address our first aim.

Next, we test whether an increased focus on procedures explains the performance of
students in the Displayed Error condition in particular on the equation-solving posttest (Aim 2).
In the prior study, we found that the Displayed Error condition in particular outperformed the
Problem-solving control on the equation-solving measure. The Correct Explanation condition
and the Potential Error condition did not differ overall in their equation-solving performance at
posttest from either the displayed error condition or the control group. We propose that an
increased focus on problem-solving procedures evoked by the Displayed Error condition is what

explains this condition’s particular benefit on equation-solving skills at posttest. We
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operationalized this mechanism as the proportion of procedural and conceptual explanations
students provided when explaining worked examples. We then added these two measures into
the model predicting post-equation-solving scores and tested them as mediators of the effects of
conditions to address our second aim. Procedures for the overarching study are briefly
summarized below before detailing the specifics of the current analysis.

Methods

Participants

The current study was conducted in a racially and ethnically diverse public middle school located
in the U.S. Midwest. Students (N = 206; 104 female, 102 male) were from eleven Algebra |
classrooms taught by three different teachers. The overall sample included White (62.8%), Black
(23.2%), Asian (6.8%), multi-racial (5.8%), and Hispanic (1.4%) students, as categorized by
their school district records. Students receiving free or reduced lunch, a common proxy of socio-
economic status, made up 14.1% of the sample. Although specific grade level and age were not
provided for individual students due to privacy purposes, most students in the study were in the
eighth grade. Eighth graders in the U.S. are typically between 13 and 14 years old. Students were
randomly assigned within classroom to one of four conditions: Problem-solving Control (n =
50), Correct Explanation condition (n = 51), Potential Error condition (n = 53), and Displayed
Error condition (n = 52). The current analysis focuses primarily on process data, which is
student problem-solving and explanation data collected through the assignments that they
completed during the experimental manipulation representing their learning process (as opposed
to pre- or posttest data). Paper data was received by the project team via mail in separate
shipments (i.e., pretests first, assignments next, posttests last). Participating teachers sent 206

students’ assessment data but sent only 192 assignment packets. Thus, we do not have process
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data for 7% of the original sample. However, all participants are retained in our analytical
models as we use full information maximum likelihood (FIML) estimation that allows us to
estimate models using all information available to us and without dropping students. This
approach is described further below.
Materials

Pre- and posttests assessed students’ algebraic feature knowledge and their ability to
solve quadratic equations using the four methods demonstrated in the assignments (i.e., the
quadratic formula, factoring, square root, graphing).
Algebraic Feature Knowledge

The measure of algebraic feature knowledge included 23 items that demonstrated a
students’ understanding of important features in a problem, such as coefficients (samples in
Figure 1). All problems on this measure required conceptual understanding of algebraic features
within quadratic equations. However, they were in a different format than the problems in the
assignments. For example, one item asks, “State whether each of the following is true for the
quadratic function y = —x? — 2x + 3.” Students needed to determine whether the vertex would
be a maximum on the graph of this quadratic function, which would require the student to
understand the meaning of the coefficient of x2. Internal consistency at pre- and post-test was
sufficient (o = .696; o = .820).
Equation-solving Skill

The measure of equation-solving included 16 items that demonstrated students’ ability to
solve quadratic equations using the methods demonstrated in the assignments (Samples in Figure
1). Some questions were similar in structure and format to problems displayed in the examples.

For example, one question asks students to, “Solve the quadratic equation by factoring. Show all
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of your work. 0 = x% — 6x — 27.” Other problems relied on equation-solving skills targeted in
the assignments (e.g., solving using the quadratic formula, solving by factoring, etc.) but were

presented in a different format. For example, one question asks students, “A ball falls off of a

ledge. The equation 0 = —2¢° +10¢ + 0 gives the time ¢ in seconds when the ball hits the ground
(height of 0 feet). Use the quadratic equation to find out how many seconds it took for the ball to
hit the ground.” Internal consistency at pre- and posttest was sufficient (o =.766; o = .820).
Worked Example Assignments

The experimental manipulation was within the four assignments that students completed,
each designed to be completed in about one class period (~45 min). The four assignments
focused on solving quadratic equations by using (1) the quadratic formula, (2) factoring, (3)
square root, and (4) graphing.

To test the effect of studying errors on learning, there were two worked examples
conditions that promoted error study and/or explanation (Displayed Error and Potential Error)
and two conditions that did not, one of which was a problem-solving condition and another that
was a traditional worked examples condition (Correct Explanation). Each worked example
across the three example conditions was paired with an isomorphic problem (i.e., “Your Turn”
problems) to be completed after studying the example and completing the explanation prompts.
Each example targeted at least one specific error (i.e., Displayed Error, Potential Error) or the
corresponding correct concept (i.e., Correct Explanation). Examples of targeted errors are in
Table 1. Each worked example assignment included three example-problem pairs so each student
studied a total of 12 worked examples and completed a total of 12 practice problems. The
Problem-solving Control group completed 12 practice problem pairs (24 problems total)

identical to the problems in the worked examples conditions but without the worked examples or
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self-explanation prompts. Sample problem pairs or example-problems pairs are displayed in
Figure 2. The second problem in each problem pair or example-problem pair were identical.
These second problems were labeled “Problem 2” in the problem-solving control and “Your
Turn” problems in the example conditions. These sample “Your Turn” problems are displayed in
Figure 3.

The three worked examples conditions varied in whether they were correct or incorrect as
well as whether students were prompted to study correct concepts and procedures or errors
(displayed or potential). Students in the Correct Explanation condition studied a fictitious
students’ correct method for solving a quadratic equation, using one of the four targeted
techniques. These examples were paired with prompts that asked students to explain a correct
concept or procedure displayed. The Displayed Error condition displayed the same problems as
those in the Correct Explanation condition but instead included a common error that they were
then prompted to explain. The Potential Error condition displayed the same correct examples as
those displayed in the Correct Explanation condition, but students were instead prompted to
explain a specific potential error that could occur in that particular problem. A visual of how
explanation prompts would vary given the same target content are displayed in Figure 2. We
provide another example in text for clarity.

For example, in an example that targets solving a quadratic equation through factoring,
one problem solved within the example conditions was x? + 8x — 48 = 0. In the Correct
Explanation condition, students are shown the correct factoring procedure and the solutions for
this equation which are x = -12 or x = 4. Then, students are asked “When factoring, why did
Himanshu use 12 and -4 as factors?”. In the Displayed Error condition students are shown the

fictitious student using the wrong factors and their prompt reads, “When factoring, Himanshu did
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not use the correct factors of -48. Why can’t Himanshu use 24 and -2?”. In the Potential Error
condition students are shown the correct solution and then asked about a potential error, “When
factoring, why can’t Himanshu use 24 and -2 as factors instead?”. Thus, the explanation
prompts across these conditions all focused students’ attention on finding the appropriate factors
for the same quadratic equations. What varied about the examples and their corresponding
prompts here was whether students were shown the correct strategy and solution (i.e., Correct
Explanation, Potential Error) or the factoring error (i.e., Displayed Error) and whether students
were asked to reflect on the correct factoring (i.e., Correct Explanation) or incorrect factoring
(i.e., Potential Error, Displayed Error). In the Problem-solving Control group, students are asked
to solve the equation through factoring. Here we provide several sample examples, prompts, and
target concepts and errors. For a full list of the target concepts and errors in all of the
experimental assignments, readers are encouraged to refer to Barbieri and Booth (2020).
Procedure
Data Collection

The current study was exempt from informed consent as the procedures involved were
considered normal classroom practices by the IRB at XX University. Participants were randomly
assigned within classroom to one of four experimental conditions: three worked examples
conditions and one problem-solving control. The study followed a pretest—experimental
manipulation—posttest design. After pretesting, regular classroom teachers administered the four
assignments over the course of several weeks as the class completed their unit on solving
quadratic equations. Students worked independently on assignments and teachers did not discuss
differences between the assignments amongst the class. After completion of the fourth

worksheet, students then completed a posttest which was identical to the pretest. Teachers used
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the assignments as they normally would use other assignments, which was typically as practice
after whole class instruction. Students in all conditions were allowed to ask their teachers
questions while working with the materials. However, no systematic feedback was provided on
any problems solved within the control group or on the example worksheets. Full data collection
procedures are summarized in Barbieri and Booth (2020). The current analysis focuses on

process data so that is the focus of the procedures described in this report.

Error Coding Procedure

We devised an error coding scheme to help expound the prevalence of conceptual errors
that participants made on four assignments completed between pretests and posttests. There were
two worked example conditions that promoted error study and/or explanation (i.e., Displayed
Error, Potential Error) and two conditions did not (i.e., Correct Explanation, Problem-solving
Control). Each example condition included twelve example-problem pairs, so students
completed a total of 12 practice problems. Within each problem, there were two general types of
errors that could possibly be made on each problem: conceptual errors that represent targeted
concepts within the examples and arithmetic errors. The error coding scheme was designed to
code conceptual targeted errors. We term them conceptual in nature because they focus on the
(mis)understanding of a particular mathematical principle or feature that could likely lead to the
error displayed, rather than a simple arithmetic error. Arithmetic errors were not targeted in the
current coding scheme or study as they were not the focus within the errorful learning conditions
(i.e., Displayed Error and Potential Error). We designed this coding scheme to create a measure
of conceptual error prevalence. We coded different errors for 12 different problems (three
problems within each of the four worked example assignments) which were then used to create a

composite measure of conceptual errors.
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Every topic had different target errors that commonly arise while learning those topics
(see Table 1 for examples). A total of forty-one errors were considered targeted conceptual
errors. Errors were coded as “1” if the student displayed the target error or “0” if the student did
not make the targeted error. Each problem was also coded to determine whether the question was
attempted and solved correctly for descriptive purposes. Table 2 provides descriptive statistics by
condition. To calculate the proportion of errors made by students in different conditions while
solving quadratic equations on problems paired with each example, we calculated the mean of
conceptual errors made across all assignments. The second problem within each problem-set in
the control group was identical to the “Your Turn” problems paired with the examples. Thus,
conceptual errors were also targeted on these particular problems within the control group for
comparison purposes. This operationalization of misconception—as error types of a conceptual
nature that are frequently made even after being directly targeted—echoes that which was used by
Barbieri et al. (2019). If a specific condition yields a lower prevalence of conceptual errors than
another condition, and error prevalence predicts posttest, this may reveal an underlying
mechanism of the different learning benefits found in the prior analysis by condition (Barbieri &
Booth, 2020). All errors were coded by two independent coders. To assess agreement amongst
the two coders, we calculated mean differences between the two sets of codes and also calculated
bivariate correlations between the two sets of codes. The mean difference between coders was
1.01% for targeted errors suggesting a high level of agreement. The correlation between the two
coders was strong at .77 (p <.001).
Explanation Coding Procedure
Each worked example was paired with at least one self-explanation prompt to which students

responded. If a specific condition evokes a different type of explanation than another condition at
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a significantly higher rate, and that explanation type predicts posttest, this may reveal an
underlying mechanism of the different learning benefits found in the prior analysis by condition
(Barbieri & Booth, 2020). To examine this, we created a coding scheme devised to describe and
quantify the relative proportion of student explanations that were conceptual versus procedural in
nature with the goal of comparing whether the three example conditions varied in the type of
thinking they evoked from students (i.e., differential focus on concepts vs. procedures).
Explanations were also coded for correctness, attempts, and ambiguity for descriptive purposes.
The first coder coded explanations for the entire sample. A second coder coded 30% of the
sample. To assess agreement among the two coders, we calculated mean differences between
conceptual and procedural explanations and also calculated bivariate correlations between the
two sets of codes. The mean difference between coders was 0.31% for procedural explanations
and 3.79% for conceptual explanations suggesting a high level of agreement. Correlations
between the two coders were .72 (p <.001) for conceptual explanations and .63 (p <.001) for
procedural explanations suggesting an acceptable level of consistency in explanation coding.
Sample codes for one explanation are in Figure 4. Descriptive statistics by condition are

presented in Table 2.

Results

In the prior study (i.e., Barbieri & Booth, 2020), we found that the three worked
examples conditions outperformed the Problem-solving Control on the algebraic feature
knowledge measure. We also found that the Displayed Error condition in particular
outperformed the Problem-solving Control on the equation-solving posttest. First, we review
findings and corresponding analyses from the prior study (Barbieri & Booth, 2020) in more

depth below. Then, we proceed to present the data analytic plan for the current study as well as
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results, which examined the underlying mechanisms of benefits on algebra performance by
example type.

Summary of Prior Analyses and Results

Missing data analysis was conducted and reported in Barbieri and Booth (2020) and revealed
rates of missingness on posttests were high at 24.8%. This high attrition rate was due to several
factors that normally arise in classroom research (i.e., teachers or students absent, students pulled
out for services, school delays due to inclement weather). Missingness rates did not vary by
condition. As posttests were likely not completed due to logistical reasons (e.g., substitute
coverage) and not due to students’ potential posttest scores had they completed the study, we
assume data are missing at random (MAR). MAR is appropriately addressed through Full
Information Maximum Likelihood. FIML is the gold standard for handling missing data (see
Allison, 2003) FIML uses all information available in the dataset to estimate parameters without
requiring imputation or deleting participants with missing values (Acock, 2012).

Analyses in the prior study were conducted through a series of path analyses with
observed variables in MPlus Version 7.3 (Muthén & Muthén, 1998 - 2014). Three dummy-coded
variables were created to include condition in models with Problem-solving Control as the
referent group. Differential effects by condition were assessed in path models of manifest
variables (Table 3). There were no differences at pretest between conditions so baseline balance
was established (Table 4). All three worked examples conditions outperformed the Problem-
solving Control (Control) group on posttest algebraic feature knowledge. However, only the
Displayed Error condition outperformed the Control group on posttest equation-solving. Thus,
there is a unique yet modest benefit of studying and explaining displayed errors within worked

examples on equation-solving skills. Yet all forms of worked examples tested are significantly
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more and equally effective at improving algebraic feature knowledge in comparison to the
Control condition alone. We briefly summarize and present these findings (Table 4 and Figure
5), originally published in Barbieri and Booth (2020), to display the rationale for the current
follow-up analyses.

Data Analytic Plan for the Current Study

We propose two mechanisms that explain the differential main effects on equation-solving and
feature knowledge as seen in Barbieri and Booth (2020). For feature knowledge, we expect that
the three worked examples conditions may have reduced misconception prevalence to a greater
extent than the Problem-solving Control which could help to explain the marked improvements
in feature knowledge. For equation-solving, we expect that the Displayed Error condition
increased learners’ focus on specific problem-solving procedures more so than the Control and
that this emphasis helps to explain this condition’s particular benefit on equation-solving skills at
posttest. Thus, we tested two mediation models: one focused on assessing the indirect effects of
condition on feature knowledge through misconception prevalence (Aim 1) and the other
assessing the indirect effects of condition on equation-solving through increased emphasis on
procedural knowledge (Aim 2).

We operationalized each of the mechanisms assessed through in-depth coding of process
data, as described in the methods section. To briefly review, we operationalize misconception
prevalence as the proportion of targeted conceptual errors students made on the problems they
solved that were paired with each example that targeted that corresponding error, similar to
Barbieri and colleagues (2019). More specifically, we coded whether the student made the
particular error(s) being targeted or addressed within that example on the problem that the

example was paired with. We then created a composite score for each student that represented
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the proportion of targeted errors made of those possible to make across all examples. To
operationalize increased attention or focus on algebraic procedures, we coded the explanations
students provided on the self-explanation prompts paired with each example. More specifically,
we coded whether each explanation was more conceptual or procedural in nature. We then
created composite scores for each student that represented the proportion of explanations
provided that were more conceptually-focused and the proportion of explanations provided that
were more procedurally-focused. First, we assessed the indirect effects of the three worked
examples conditions on algebraic feature knowledge posttest scores through the potential
mediator misconception prevalence, with problem-solving control as the referent. That is, we ran
a path model with manifest variables and an indirect effect to assess the mediation.

In the first model, three dummy-coded variables were used to represent each of the
worked examples conditions (i.e., Displayed Error, Correct Explanation, Potential Error)
making Problem-solving Control the referent. Exogenous (i.e., independent) variables (which
here include the three worked example condition dummy codes) are automatically correlated in
path analysis which ensures that the relationships between predictors are also accounted for
through simultaneous estimation. This model is displayed in Figure 6.

Next, we assessed the indirect effects of the Displayed Error condition on equation-
solving posttest scores through the potential mediator procedural focus. To operationalize
increased attention or focus on algebraic procedures, we provided whether explanations students
provided on self-explanation prompts paired with each example were more conceptual or
procedural in nature. For this particular model we were unable to use the control group as a
referent because students in the control condition were not asked to provide explanations. Thus,

we use only one dummy code for the Displayed Error condition and the two other example-
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based conditions (i.e., Potential Error and Correct Explanation) serve as the referent group. We
acknowledge that this is a limitation in the current analysis and discuss the implications of this in
the discussion section. This model is displayed in Figure 7.

An indirect effect is a measure of the effect of a predictor (e.g., condition) on an outcome
(e.g., posttest scores) through a mediator (e.g., misconception prevalence, procedural focus). As
indirect effects are estimated by calculating the product of the direct effects (typically less than
one) that comprise them, they are typically smaller in magnitude than either direct effect alone.
Because indirect effects are a product term of regression coefficients, they may violate the
assumption of normality. Thus, we assessed the indirect effect with the classic Sobel test (1982)
and used Preacher and Hayes (2004) bootstrapping procedure to adjust standard errors (advised
by MacKinnon et al., 2004). Standard errors are estimated by taking repeated random samples
from the existing data (in our case 10,000) and requires fewer assumptions about the normality
of the distribution of the indirect effect. These bootstrapped samples assist in the handling of

missing data.

Aim 1: Indirect Effect of Worked Examples on Posttest Feature Knowledge through
Decreased Misconception Prevalence

First, we tested a model assessing whether a change in misconception prevalence
mediated the relationship between condition and algebraic feature knowledge. According to
Barbieri and Booth (2020), the three worked examples conditions outperformed the Problem-
solving Control group at posttest on the algebraic feature knowledge measure. Conditions must
vary on misconception prevalence for this measure to be a potential mechanism. Misconception
prevalence was operationalized as the proportion of targeted conceptual errors made on the

“Your-Turn” problems. Thus, we first established that conditions did vary on misconception
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prevalence (F[3,188] = 4.40, p = .005), with all three example conditions making significantly
fewer targeted errors than the Control. Next, to determine whether this lowered misconception
prevalence accounted for some of the benefits found at posttest, we fit a path model and tested
the indirect effects of all three example conditions (three dummy codes with Problem-solving
Control as reference) on posttest feature knowledge through misconception prevalence,
controlling for pretest algebra feature knowledge and pretest equation-solving. Path coefficients
are interpreted similarly to regression coefficients in multiple regression. Table 5 and Figure 6
display several paths crucial to measuring indirect effects. There are significant indirect effects
of each example condition on posttest algebraic feature knowledge through misconceptions (i.e.,
targeted errors). The Displayed Error, Potential Error, and Correct Explanation conditions each
made fewer targeted errors than the Control which then predicted higher algebraic feature
knowledge scores at posttest (B =.10%; B =.15; B = .13, respectively, ps < .05). Therefore, the
lower misconception prevalence seen in the worked example conditions compared to the control
explained some of the increased algebra feature knowledge found at posttest.
Aim 2: Indirect Effect of Displayed Error Condition on Posttest Equation-solving through
Increased Procedural Focus

According to Barbieri and Booth (2020), the Displayed error condition outperformed the
Problem-solving Control group at posttest on the equation-solving measure. Conditions must
vary on procedural focus for this measure to be a potential mechanism. Procedural focus was
operationalized as the proportion of student explanations of the worked examples that were
procedurally-focused in nature. Thus, we first established that conditions did vary on
procedurally and conceptually-focused explanations (F[2,133] =3.05, p =.051; F[2,133] =6.29,

p =.002, respectively). The ANOVA comparing procedurally-based explanations by example-
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condition was marginally significant (i.e., p = .051) and suggested that the Displayed error
condition provided marginally more procedurally-focused explanations than the other two
example conditions. The Displayed Error condition provided significantly less conceptually-
focused explanations than the Potential Error condition but did not differ from the Correct
explanation condition (see Table 2 for descriptives and comparisons). We then tested a model
assessing whether this potentially increased procedural focus in students’ explanations mediated
the relationship between the Displayed error condition and equation-solving at posttest. That is,
to determine whether this slightly higher proportion of procedural explanations accounted for
some of the benefits found at posttest, we fit a path model and tested the indirect effects of the
Displayed Error condition on posttest equation-solving through procedural focus, controlling for
pretest equation-solving. Table 6 and Figure 7 display several paths crucial to measuring indirect
effects. We found a marginally significant indirect effect of the Displayed Error condition on
equation-solving posttest through procedural explanations with a p-value of just over the
standard o = .05 (p = .054). That is, the Displayed error condition tended to yield more
procedural explanations than the Potential error and Correct explanation conditions which then
predicted higher equation-solving scores at posttest (f = .06). However, it is important to note
that this indirect effect was small in magnitude. Implications are considered in the discussion.
Discussion

Our current findings reveal that worked examples reduce misconceptions regardless of
whether they are in the form of correct or incorrect examples. This reduction in misconceptions
explained greater improvements in students’ algebraic feature knowledge compared to a
problem-solving control. It is interesting to consider that showing students either a correct way to

solve a problem or a common error students generally make for that problem type reduces the
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rate at which they make that type of error on similar problems. Thus, it seems that either
strengthening correct knowledge or increasing negative knowledge (i.e., what doesn 't work,
what not to do) seem to weaken incorrect knowledge with approximately equivalent effects.
However, it is important to note that there was some variability in the effects with the Displayed
Error condition (i.e., incorrect examples paired with prompts for explaining the error) having the
largest impact (f = -.275) with very similar effects from the Correct Explanation condition (i.e.,
correct examples paired with prompts for the correct concept or procedure; = -.244). The
smallest effect was yielded by the Potential Error condition (i.e., correct examples paired with
prompts asking students to anticipate a common error for the problem type; f =-.187). It may be
slightly more challenging for students to study a correct example and simultaneously consider a
potential error without actually seeing one, which may explain the dampened (though still
significant) effect on reduction of misconceptions. Therefore, if choosing between implementing
example types in the classroom, it seems that using either correct examples or incorrect examples
paired with prompts that focus on the consistent form of explanation may be prudent.

One key finding to highlight is that having students study and explain errors within
incorrect examples did not increase the likelihood of students making those errors. In fact,
studying and explaining errors or studying correct examples and explaining potential errors led
to fewer errors than the problem-solving control and just as few errors as the correct example
condition. This is a critical point because practitioners may be hesitant to display errors within
their classrooms for fear that students may adopt some of the incorrect strategies that they are
asked to study. Our findings demonstrate that this fear is unfounded and that studying and
explaining errors is one effective way to reduce problem-solving errors compared to simple

problem-solving practice.
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Though all three example types show equivalent benefits on reducing the prevalence of
making common errors, there are indeed benefits specific to incorrect examples. Students who
studied and explained incorrect examples showed significantly greater improvements in their
equation-solving skills which was partially evoked through focusing students’ attention on
procedurally-based understandings as evidenced by their increased prevalence of explanations
that focused on problem-solving steps. Of note is that conceptually-focused explanations did not
predict equation-solving. The benefit of incorrect examples seems to be somewhat due to the
increase in procedurally-focused explanations. Explaining why an error is wrong can help
learners identify the particular features of the problem that make the solution incorrect and that
seems to lead to strengthening of correct strategies and refinement of problem-solving skills.

Findings from Barbieri and Booth (2020) revealed that all three worked examples
conditions lead to greater improvements in algebraic feature knowledge than the Problem-
solving control but only the Displayed Error condition (i.e., studying and explaining incorrect
examples) outperformed the Control in equation-solving. Yet the mechanisms explaining these
benefits were unclear. Though prior work suggests reasons for varying impacts of example-
types, the current study is the first to specifically assess mechanisms of learning from errors in
particular.

One alternative mechanism not assessed in the current study that could at least partially
explain the overall example effect is that although no systematic feedback was given to students
in any condition, information presented within the example materials could have served as a
form of indirect feedback on students’ problem-solving on the “Your Turn” problems. Students
in the control group solved problems and did not have access to additional information in the

materials that may have provided indirect feedback. As our control group did not provide



Accepted Manuscript
Version of Record at: https://doi.org/10.1080/00220973.2023.2227969

feedback, we cannot directly compare whether a problem-solving control group with feedback
would yield the same effects as worked examples without direct feedback. However, we would
like to note that this possible alternative explanation does not truly oppose some of the
mechanisms we propose in the current study. That is, we focus on potential mechanisms of a
reduction of misconceptions (i.e., fewer targeted conceptual errors), and an increase in principled
algebra knowledge (i.e., explanations focusing on principles underlying procedures). It could be
that the information provided within the examples served as indirect feedback which then led to
a reduction of misconceptions and an increased focus on principles underlying procedures. This
possibility does not negate our findings but merely presents a more nuanced explanation of the
possible mechanisms underlying the effects found. Future work comparing a control group with
feedback to example conditions without feedback could clarify this potential addition to the
proposed mechanisms. One past study examining the differential effects of worked example type
(Durkin & Rittle-Johnson, 2012) found that students who studied a combination of correct and
incorrect examples discussed more correct concepts than those who studied solely correct
examples, and that discussing correct concepts predicted procedural knowledge. The authors
suggested that incorrect examples may benefit learners by provoking greater frequency of
discussing correct concepts. However, they tested this with an ANCOV A model, by using
discussion of correct concepts as a covariate or predictor of posttest conceptual and procedural
knowledge, rather than as a mediator of the effects of condition found. Our current analysis of
the process data from Barbieri and Booth (2020) provides a more comprehensive picture of how
learners benefit from varying example types by testing mechanisms through mediator models. It
may seem that our findings conflict with that of Durkin and Rittle-Johnson (2012), since we did

not find the prevalence of conceptual explanations as a significant predictor of equation-solving
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skills. However, it is important to note that our coding procedures for explanations were different
from Durkin and Rittle-Johnson (2012). Although we coded correct explanations as either
conceptual or procedural in nature and came up with distinct scores for each, Durkin and Rittle-
Johnson (2012) coded either comparison-based explanations or conceptual explanations (that did
not include comparison). That is, they did not create a separate coding procedure for
procedurally-based explanations without comparison. Additionally, some examples provided for
the conceptual explanations may also be interpreted as procedural according to the nature of our
coding scheme. Thus, it is possible that, had they separated out explanations into a similar
dichotomy as that used in the current study, they may have found similar results.

There are several methodological strengths of the current study. First, random assignment
of students to condition within classrooms ensures that we can make causal claims for condition
effects. In addition to random assignment, we were also able to establish baseline balance which
ensures that students across conditions were equivalent on key study measures. The inclusion of
a problem-solving control as well as varying types of example conditions enabled us to test not
only an overall worked examples effect compared to the control but also in comparing example-
types to each other. Further, and most importantly, we captured not only pre-posttest change but
also leveraged rich process data (i.e., student explanations and problem-solving errors) to gain a
deeper understanding of learning processes that occur while working with the study materials.
Explanation prompts in the example conditions were designed to target the same concepts or
procedures regardless of whether they were presented within a correct or incorrect example,
ensuring that what varied amongst the example conditions was simply correctness of example
rather than difference in target content knowledge. Further, students completed the same practice

problems in all conditions, making direct comparison of problem-solving errors possible. Our
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analytic approach also has several strengths. First, we used a gold-standard approach for
handling missing data (FIML) ensuring that no student was dropped from analyses regardless of
whether they missed a day of data collection. We also used simultaneous estimation of effects
within our path models, thereby reducing the risk of Type I error which can be a particular issue
in mediation analyses run in a stepwise fashion. Finally, we paired the Sobel test with
bootstrapped standard errors to address potential issues with non-normality of indirect effects.
Alongside these strengths are several limitations of the current study. First, our problem-
solving control group was not prompted to provide explanations. Thus, we were unable to
compare the role of explanation-type within each of the example-conditions to the control.
Rather, we used the Correct Explanation and Potential Error conditions as the referent group
when examining the role of example-type in improvements yielded on equation-solving through
the Displayed Error condition. Though informative, this analysis is not perfectly analogous to
the direct effects model of equation-solving tested in Barbieri and Booth (2020). That is, in the
overarching study, the Displayed Error condition outperformed the Problem-solving Control, but
not the two other example conditions, on equation-solving at posttest. The Correct Explanation
and Potential Error conditions did not differ at posttest on equation-solving from either the
Displayed Error or control conditions. This particular limitation could explain why the indirect
effect of the Displayed Error condition on posttest equation-solving through procedurally-
focused explanations was marginally significant and just over the standard threshold of a = .05
(i.e., p =.051). If we were able to use the Problem-solving Control as a referent rather than the
other example conditions, we may have seen a larger indirect effect with a smaller p-value.
However, as the self-explanation prompts asked students to explain something displayed in the

worked examples themselves, there was no seamless or logical way to include the same
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explanation prompts in the control group materials. Yet we acknowledge that some explanation
could have been prompted to help isolate the effects of examples themselves. However, we do
not believe that the self-explanation prompts alone are what is driving the effects of the example-
based conditions due to findings from a recent meta-analysis (Barbieri et al., 2023). This meta-
analysis on the effects of worked examples on mathematics performance demonstrated a
negative effect of pairing examples with self-explanation prompts. That is, although worked
examples had a moderate positive effect (g = .48) on mathematics performance measures, those
studies with example conditions that included self-explanation prompts had smaller effects (f = -
0.24*) than those that did not pair examples with explanation prompts. Thus, it is possible that
the differences between example conditions and the problem-solving control would have been
even more pronounced had we not included explanation prompts in the current experimental
manipulation. This is an open question that can be addressed in future work. Further work is
needed to examine the specific benefits of studying and explaining errors on equation-solving
compared to a problem-solving control in particular. However, findings from the current study
highlight an important mechanism to examine in such work.

Another limitation of our current methods includes our measure of misconceptions. That
is, we operationalized misconceptions by quantifying the proportion of errors made that were
directly targeted in examples after studying such examples. This is aligned with the method used
by Barbieri et al. (2019) and what was possible with the data collected in the overarching study
presented in Barbieri and Booth (2020). However, future work should include other measures of
misconceptions to gain a richer measure of students’ misunderstandings or misconceptions, such
as interview or think-aloud data. We initially expected incorrect examples to reduce

misconceptions to a greater extent than correct examples, as is suggested by prior work (Barbieri
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& Booth, 2020; Metcalfe, 2017). Yet students who studied and explained incorrect examples
made as few targeted errors as those who studied and explained correct examples. Richer
measures may also illuminate the reason for this unexpected finding.

One important consideration to keep in mind is that the current analyses revealed partial
mediations. That is, the proposed mechanisms did not fully explain the benefits found in Barbieri
and Booth (2020). Future work is needed to examine what other mechanisms may explain the
benefits of worked examples on algebraic feature knowledge as well as the benefits of incorrect
worked examples of equation-solving skills. Many mechanisms of worked examples more
generally have been proposed (see Sweller et al., 2019 for a review) such as reductions in
cognitive load yet many of these proposed mechanisms have not been tested empirically with
middle school students on algebraic feature knowledge in particular. Thus, there is much room
for further exploration of these specific relationships. For incorrect examples in particular, these
other mechanisms may include changes in varying forms of students’ mathematical cognitions
such as improvements in negative knowledge (e.g., Barbieri et al., 2021; Gartmeier et al., 2008)
and improvements in metacomprehension (e.g., calibration) to name a few. There also may be
particular attitudinal benefits from studying errors in particular in the context of incorrect
examples. For example, using errors as learning tools in the classroom may alter how students
perceive their own mistakes made in the mathematics classroom. This improvement in the
general perception of the usefulness of errors (e.g., perceived functionality of errors; Steuer et
al., 2013) may support students’ uptake and use of errorful learning experiences that could
promote larger effects of such materials. Barbieri and Booth (2016) suggested this potential

mechanism but did not empirically test it. Thus, it is likely that there are many potential
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mechanisms working together to bring about the changes found in Barbieri and Booth (2020) and
in the current analyses as well.

Despite the limitations described above and the room for further exploration of
mechanisms, the current study confirms that all example-types are beneficial for students’
algebra learning, with varying effects and mechanisms by outcome. All three example-types
were effective in improving algebra students’ feature knowledge and studying and explaining
incorrect examples was particularly effective at improving equation-solving skills. We now
know that worked examples in general can effectively reduce common student misconceptions
about algebra and that reduction supports their developing feature knowledge. Further, incorrect
examples are particularly helpful in improving equation-solving skills because they focus
students’ attention on the procedures within the examples and strengthen students’ knowledge of
correct problem-solving strategies. These findings may inform the target content teachers
emphasize in instruction as well as their interpretation of students’ understanding. Knowledge
that worked examples promote general conceptual understanding and incorrect worked examples
in particular draw attention to problem-solving procedures may help teachers select which
example type to use, given students’ current level of understanding of algebra. Thus,
incorporating worked examples, and specifically incorrect worked examples, into instruction has

specific educational benefits for learners.
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Tables and Figures
Table 1.
Sample targeted errors
Topic Example of Targeted Error
Quadratic Formula Failure to solve a quadratic equation for all solutions

Not knowing how to put equation in standard quadratic form before trying to solve it

Factoring Failure to set the factor to zero which is not aligned to the zero product property
Not using the proper factors that add up and multiply to equal the coefficient of b and ¢ in the standard quadratic equation
ax’+bx+c=0

Square Root Trying to solve for the square root of a negative
Failure to solve the negative square root of a number and instead only provide one solution based on the positive square
root

Graphing Thinking the y-value of the vertex is the axis of symmetry (instead of the x-value)

Incorrectly graphing a quadratic function with a negative axis of symmetry as positive, with a parabola that is convex
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Table 2

Process data descriptives by condition

Correct Difference Multiple
Problem-solving Explanation Displayed Error Potential Error Test by Comparison
Control Condition Condition Condition Condition Procedures
Measures Mean SD Mean SD Mean SD Mean SD F p SNK
Correct Your-Turn Problems (%) 32.60 25.95 59.87 26.40 52.29 23.68 59.59 25.19 1272 <001 PS<CE/DE/PE
Attempted Your-Turn Problems (%) 86.99 27.31 92.73 16.26 94.15 13.22 92.73 20.09 1.24 296 ns

Targeted errors (Misconceptions) (%) 12.29 8.82 7.86 6.16 8.93 7.03 7.15 8.19 4.40 .005 PS> CE/DE/PE

Correct Explanations (%) - - 45.15 21.58 48.08 23.49 41.33 25.04 .949 .390 ns
Attempted Explanations (%) - - 82.09 30.69 84.04 27.35 80.14 33.49 191 .827 ns
Procedural Explanations (%) - - 32.84 17.10 41.78 18.75 33.09 22.82 3.05 .051 ns
Conceptual Explanations (%) - - 26.01 16.49 23.36 15.25 14.65 15.98 6.29 .002 PE <DE/CE
Vague Explanations (%) - - 40.22 2431 29.97 22.73 43.33 24.26 3.95 .022 DE < CE/PE
Answer Explanations (%) - - 1.35 3.18 5.94 9.32 5.39 9.72 4.45 .013 CE <DE/PE

Note. SNK = Student-Newman-Keuls posthoc comparisons; Because students in the Problem-solving control did not study worked examples, they were not

prompted to provide explanations.
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Table 3
Maximum likelihood estimates of direct effects in main effects model of posttest scores (originally presented in Barbieri & Booth,
2020)

Post-Solving Quadratic Equations Post-Algebraic Feature Knowledge
Parameter Unstandardized SE Standardized Unstandardized SE Standardized
Pre-solving quadratic equations 144%* 127 A486** ATTH* .101 A410%*
Pre-algebraic feature knowledge -- -- -- .045 .081 .040
Displayed error condition 12.052* 5.942 .200* 9.974* 4.682 217*
Potential error condition 6.646 5.890 112 9.813* 4.624 216*
Correct explanation condition 2.895 5.781 .050 9.447%* 4.537 213%*
Disturbance variances 473.797** 64.475 730%* 291.805** 39.772 JTT76%*

Note. Estimates for Post-solving quadratic equations A Post-algebraic feature knowledge: Unstandardized = 213.812**, Standardized = .575**.

Model fit: ¥>v [1] = .77, p = .378; Comparative fit index [CFI] = 1.00; root mean square error of approximation [RMSEA] = .000 [.000 - .243];

Standardized root mean square residual [SRMR] =.014. * p < .05, ** p < .01
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Establishing baseline balance: Descriptive statistics by condition (originally presented in Barbieri & Booth, 2020)
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Problem-solving Correct Explanation Displayed Error Potential Error Difference Test by

Control Condition Condition Condition Condition

n=50 n=>51 n=>52 n=153
Continuous pretest measures Mean SD Mean SD Mean SD Mean SD F p
Algebraic feature knowledge (%) 44.19 18.33 43.73 17.49 48.66 17.20 47.24 16.15 971 407
Solving quadratic equations (%) 15.65 14.18 17.78 18.51 15.64 14.15 18.78 18.23 472 702
Categorical demographic variables % % % % X )4
Female 44.00 56.90 53.80 47.20 5.94 115
URM 30.00 25.50 32.70 32.10 780 .854
Low SES 16.00 7.80 15.40 17.00 223 .525

Note. URM = Underrepresented minority student; Low SES = received free or reduced lunch
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Table 5
Direct and indirect effects on Algebra Feature Knowledge Posttest
Feature Knowledge Model

Estimate SE p
Direct Effects Algebra Feature Knowledge Posttest
Algebra Equation-solving pretest 29 .07 <.001
Algebra Feature Knowledge pretest -.01 .09 914
Correct Examples condition 10 A1 372
Potential Errors condition .01 A1 946
Displayed Error condition .06 A1 552
Targeted Errors (Misconceptions) -.54 .09 <.001
Direct Effects Targeted Errors (Misconceptions)
Correct Examples condition -24 .08 .003
Potential Errors condition -.19 .09 .006
Displayed Error condition -.28 .10 .033
Indirect Effects Algebra Feature Knowledge Posttest
Correct Examples through Targeted Errors 13 .05 .004
Potential Errors through Targeted Errors 15 .06 .009
Displayed Errors through Targeted Errors 10 .05 .039

Note. Problem-solving Control is referent group; Estimator: FIML
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Table 6
Direct and indirect effects on Algebra Equation Solving Posttest

Algebra Equation Solving Model

Estimate SE p

Direct Effects Algebra Equation-solving Posttest
Algebra Equation-solving pretest .50 .07 <.001
Displayed Error condition .05 A1 .615
Procedural Explanations 31 .10 .002
Conceptual Explanations A1 .10 .303
Direct Effects Procedural Explanations
Displayed Error condition 20 .08 .009

Conceptual Explanations
Displayed Error condition .08 .08 330
Indirect Effects Algebra Equation-solving Posttest
Displayed Errors through Procedural Explanations .06 .03 .054
Displayed Errors through Conceptual Explanations .01 .01 561

Note. Potential Error and Correct Example conditions as referent; Estimator: FIML
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Figure 1.
Sample questions from the algebraic feature knowledge assessment and the equation-solving measure.
Algebraic Feature Knowledge Items Equation-solving Items
3. State whether each of the following is true for the quadratic 1. Solve the quadratic equation by factoring. Show
functiony = —x? — 2x + 3. all of your work.
a. The axis of symmetry is x = 1. Yes No 0= x2—6x—27
b. The axis of symmetry is x = -1. Yes No
c. The vertex is a minimum. Yes No

12. For each example (I - V), circle the correct next step (a or b) for solving using the quadratic

formula 11. A ball falls off of a ledge. The equation
D 2%’ —3x+2=0 0 =—2¢> +10¢ + 0 gives the time # in seconds
—b++b? —4ac when the ball hits the ground (height of 0 feet).
Step 1: x = 2a Use the quadratic equation to find out how

many seconds it took for the ball to hit the
Is Step 2 aorb?
ground.

ax=— - b. x= 3 (73)2 —422)

2(2) 2(2)
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Figure 2. Sample questions from the (a) Correct explanation condition, (b) Displayed error condition, (c) Potential error condition, and
(d) Problem-solving control. Color figure can be viewed at wileyonlinelibrary.com

: Correct Explanation Condition
V Denzel solved this equatlon correctly. Here is his work.

# How did Denzel know to find two ;@ Your Turn: w4 2w —8 = 0
a__”..:.,hw,ﬂ o i L Y | A
*--%_'q_' : .
S
we=s “--.-a!

o .
we=2  wad

: ; Displayed Error Condition
Denzel dldn’t solve this equaﬂon correctly.‘Here A

X is his work. . :
: w atbweBal

-2 16 -4{.‘&‘

There should be two solutions to this #q Your L
" problern: What did Denzel forgetto ™ = [, ~
| doto find the second solutiori? : '
: aey . : : :
ye-pdB-dag wr-eif{EE-3 : '

- we-gr %

.4

: Potentml Error Cundlhﬂn
&/ Denzel solved this equation’ correctly. Here-is his work

4 " Denzel had }USI written w = —2 a5 the )@D Your TL"n: W+ 2w _ 8=0

: R solution, Why WOUld this be |nCl;ﬁrred? A :

w slwslad "’“‘i‘ﬁ;—ffim .

wospt{Pdae -""'_‘EE" 313 i : :

R ;

e _@;’_L
w 'Qal_ ..-5_5;.
-'-';_ w---_z,_
w--?‘m-‘*

.Problem:solving Control
wi+ew+8=0 ' 1b. wi4+2w—=8=0
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Figure 3.
Sample “Your Turn” Problems by Targeted Approach

Solving by graphing Solving quadratics using the square root




Figure 4.
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Worked Example with Sample Explanation Codes

X Abdalla didn’t solve the equation correctly. Here is his work:

o dwel e EREAEED

Yu? ~Hw = | . 2(4)
w=:ﬁi{m v ‘il -
* we4t3g

B

w= 432 w=4-13z
m __ri.

w‘"l-l! w"'."-'n

£ What did
formula?

Abdalla forget to do before applying the quadratic

Sample correct response: Abdalla forgot to add 1 to both
sides before applying the quadratic formula to set the
function to zero. This puts it in standard form of a quadratic
equation and makes the coefficient of ¢ negative which is
incorrect.

Explanation Type

Conceptual Response: Demonstrates
understanding that the function needs to be set to
zero so that it is in standard form of a quadratic
function

Procedural Response: Talks about a specific
procedure for solving equation without noting that
setting the function to zero makes the coefficient of ¢
positive

Answer Response: Refers to an answer without
explanation

Don’t Know Response: Reports lack of
understanding

Vague Response: Unclear responses that does not
clearly indicate students’ reasoning
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Figure 5. Main effects model predicting posttest scores of solving quadratic equations and algebraic feature knowledge (originally

published in Barbieri & Booth, 2020).
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Figure 6. Path model displaying direct and indirect effects of conditions on posttest feature knowledge through misconceptions

Note. * p <.05; ** p <.001; Curved line represents indirect effect of conditions on posttest scores through mediator (misconceptions).
Dashed line represents nonsignificant path. * Pretest scores are also exogenous variables correlated with condition dummy codes.
Curved double-arrows not shown for simplicity.
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Figure 7. Path model displaying direct and indirect effects of Displayed Error condition on posttest equation-solving through

explanation type
Note. * p <.05; ** p <.001; T p=.051. Curved line represents indirect effect of condition on posttest scores through mediators

(procedural and conceptual explanations). Dashed lines represent nonsignificant paths. * Pretest score is also exogenous variable
correlated with condition dummy code. Curved double-arrows not shown for simplicity.





