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Abstract. It is known that discontinuous finite element methods use more unknown
variables but have the same convergence rate comparing to their continuous counter-
part. In this paper, a novel conforming discontinuous Galerkin (CDG) finite element
method is introduced for Poisson equation using discontinuous Pk elements on trian-
gular and tetrahedral meshes. Our new CDG method maximizes the potential of dis-
continuous Pk element in order to improve the convergence rate. Superconvergence
of order two for the CDG finite element solution is proved in an energy norm and in
the L2 norm. A local post-process is defined which lifts a Pk CDG solution to a dis-
continuous Pk+2 solution. It is proved that the lifted Pk+2 solution converges at the
optimal order. The numerical tests confirm the theoretic findings. Numerical compar-
ison is provided in 2D and 3D, showing the Pk CDG finite element is as good as the
Pk+2 continuous Galerkin finite element.

AMS subject classifications: 65N15, 65N30

Key words: Finite element, conforming discontinuous Galerkin method, stabilizer free, triangular
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1 Introduction

Finite element methods use two different methodologies to approximate the solution of
the following second order elliptic problem:

−∆u= f in Ω, (1.1)

u= g on ∂Ω, (1.2)
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where Ω is a 2D polygonal domain, or a 3D polyhedral domain. One is the classic con-
forming finite element method using continuous Pk polynomials for the solution of the
PDE (1.1) and another uses discontinuous Pk polynomials. Interior penalty discontinuous
Galerkin (IPDG) method in [3] and CDG methods in [28] are the later cases. Since dis-
continuous Pk polynomial introduces many more degrees of freedom, one would expect
higher order convergence for the discontinuous finite element methods. But the current
IPDG and CDG methods, using discontinuous Pk elements, have their convergence rates
the same as their continuous counterpart, i.e. O(hk) in the energy norm and O(hk+1) in
the L2 norm.

In this paper, we will introduce a new CDG method that uses discontinuous Pk poly-
nomials to approximate the solution of the problem (1.1)-(1.2) on triangular and tetra-
hedral meshes. The finite element formulations of discontinuous element methods tend
to be more complex to ensure weak continuity of discontinuous solutions. Sometimes
penalty parameter is needed and to be tuned. However our new CDG method has the
following simple formulation without stabilizers and penalty parameters: Find uh ∈Vh

(∇wuh,∇wv)=( f ,v), ∀v∈Vh, (1.3)

where ∇w is the so called weak gradient. In addition, this new CDG method fully utilizes
the degrees of freedom of discontinuous Pk polynomial to obtain order two superconver-
gence of O(hk+2) in an energy norm and O(hk+3) in the L2 norm. We attribute these
good features to the definition of weak derivatives which are specially designed for dis-
continuous Pk elements. Order two superconvergence of the CDG solution is confirmed
theoretically and numerically. Additionally, we define and prove a local post-process
which lifts a C−1-Pk CDG solution to a C−1-Pk+1 with the optimal order convergence of
the latter. We may consider this order two superconvergence from the point of the num-
ber of degrees of freedom. On triangular meshes, the numbers of degree of freedom of
the space C−1-Pk and the space C0-Pk+2 are

Ch−2(k+1)(k+2), Ch−2(k+2)2,

respectively. On tetrahedral meshes, they are

Ch−3(k+2)(k2+4k+3), Ch−3(k+2)(k2+4k+4),

respectively. In both cases the dimension of the Pk discontinuous polynomial space is
slightly less than that of the Pk+2 continuous polynomial space. But we show both theo-
retically and numerically that the CDG Pk solution converges as well as the continuous
Galerkin Pk+2 solution.

The weak derivative used in CDG methods was first introduced in the weak Galerkin
(WG) finite element method [24]. Then WG methods have been applied for solving var-
ious PDEs such as Sobolev equation, the Navier-Stokes equations, the Oseen equations,
time-dependent Maxwell’s equations, elliptic interface problems, biharmonic equations,
etc, [4–6, 8–27, 31, 32]. The CDG method is derived from the WG method by eliminating
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the degree of freedoms defined on element boundary. The CDG finite element method,
introduced in [28], has been studied for diffusion problem [7, 29], and for biharmonic
equations [30].

2 Preliminary

Let Th be a conforming and quasi-uniform partition of the domain Ω consisting of trian-
gles in 2D, or tetrahedra in 3D. That is, (T1∩T2)0=∅ or E, a common edge/face-triangle
of elements T1 and T2. For every element T ∈Th, we denote by hT its diameter and by
h = maxT∈Th

hT for Th. The elements in a quasi-uniform Th are uniformly regular, i.e.
hT ≤γ0ρT for some γ0 > 0, where ρT is the diameter of the maximal inscribed ball of T.
Denote by Eh the set of all edges or face-triangles in Th, and by E0

h =Eh\∂Ω the set of all
interior edges or triangles.

For the purpose of error analysis, we define a WG (weak Galerkin) finite element
space as follows, for k≥1:

Ṽh=
{

v={v0,vb} : v0|T ∈Pk(T), vb|e ∈Pk+1(e), e⊂∂T, T∈Th, vb|∂Ω=0
}

. (2.1)

Please note that any function v∈ Ṽh has a single value vb on each edge e∈Eh.

In general, Πk denotes a generic local L2 projection onto {Pk(T)} or {Pk(e)}, where
T∈Th or e∈Eh. Πk(D) denotes the L2 projection onto Pk(D), where D is one domain. For
other local L2 projections, we include the set that Πk({Si}) is the local L2 projection onto
a product space ∏i Pk(Si). In other words, Πk denotes either Πk(Th) or Πk(Eh). We also
combine these two projections as Qh for u∈H1(Ω)

Qhu={Πku,Πk+1u}∈ Ṽh. (2.2)

For v= {v0,vb} ∈ Ṽh, a weak gradient ∇wv is a piecewise vector valued polynomial
such that on each T∈Th, ∇wv|T ∈ [Pk+1(T)]

d satisfies

(∇wv,q)T =(∇v0,q)T+〈vb−v0,q·n〉∂T, ∀q∈ [Pk+1(T)]
d. (2.3)

The following lemma is proved in [2].

Lemma 2.1. For v={v0,vb}∈ Ṽh, we have

C1‖v‖1,h ≤‖∇wv‖0 ≤C2‖v‖1,h , (2.4)

where

‖v‖2
1,h = ∑

T∈Th

(

‖∇v0‖
2
0,T+h−1

T ‖v0−vb‖
2
∂T

)

.

Version of Record at: https://doi.org/10.4208/csiam-am.SO-2021-0051



X. Ye and S. Zhang / CSIAM Trans. Appl. Math., 4 (2023), pp. 256-274 259

3 CDG finite element scheme

For a given integer k≥1, let Vh be the CDG finite element space associated with Th by

Vh=
{

v∈L2(Ω) : v|T ∈Pk(T), T∈Th

}

. (3.1)

To connect the vector spaces Vh and Ṽh, we define an embedding operator Eh :Vh→Ṽh

such that for v∈Vh

Ehv={v,vb}∈ Ṽh, (3.2)

where vb is an edge-function of v in Ṽh. The art of the CDG method is how to define vb.
For our new CDG method, we choose vb in such a sophisticated way,

vb|e =

{

0, if e⊂∂Ω,

Πk+1(Ek+2,ev), if e∈E0
h ,

(3.3)

where Ek+2,e is a lifting operator defined next in (3.9). We drop the index e sometimes
from Ek+2,ev, Ek+2v, when there is no confusion.

Let e∈E0
h . Let Ue be the union of a patch of ne triangles (a closed polygon) close to e

such that 4 triangles contain the following 4 aligned squares, as illustrated in Fig. 1,

S1=[x−,x−+a]×[y− ,y−+a], S2=[x+,x++a]×[y− ,y−+a],

S3=[x+,x++a]×[y+ ,y++a], S4=[x−,x−+a]×[y+ ,y++a],
(3.4)

where
x+−x−=y+−y−=γ−1

0 h, a=γ0h (3.5)

for some constant γ0>0. These four squares may rotate or shift together. In 3D, Ue is the
union a patch of tetrahedra close to e (a closed polyhedron) such that 8 tetrahedra contain
8 aligned cubes as illustrated in Fig. 1

Ue=∪ne
i=1Ti, (3.6)

where Ti is the closure of Ti.
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Figure 1: A closed polygon Ue =∪ne

i=1Ti contains 4 aligned squares, for an edge e, where ne = 5 and Ti is the

closure of Ti.
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Let Re ⊂ ∏
4
i=1 Pk(Ti) be the image space of the L2-projection Πk({Si}) : Pk+2(Ue)→

∏
4
i=1 Pk(Ti),

Re =
{

(u1,. . .,u4) |ui =Πk(Si)u for some u∈Pk+2(Ue)
}

. (3.7)

With Re we define another L2 projection Πe :Vh∪H1(Ω)→Re,

(Πeu,v)∪4
i=1Si

=(u,v)∪4
i=1Si

, ∀v∈Re. (3.8)

We will prove in Lemma 4.1 that when restricted to the subspace Re the mapping Πe :
Pk+2(Ue)→Re is isomorphic. Π−1

e : Re →Pk+2(Ue) is the inverse mapping. We define

Ek+2,e =Π−1
e Πe :Vh→Pk+2(Ue). (3.9)

A function v in Vh does not have its vb. We let its vb =Πk+1(Ek+2,ev). Thus the Vh space
is embedded in to Ṽh. Since Ehv∈ Ṽh, ∇wEhv can be calculated by (2.3), i.e., for v∈Vh, its
weak gradient ∇wv is defined as

∇wv=∇wEhv. (3.10)

The CDG finite element method is to find uh∈Vh such that

(∇wuh,∇wv)=( f ,v), ∀v∈Vh, (3.11)

where in the definition of ∇wuh, instead of (3.3), Ehuh={uh,ub}∈ Ṽh with

ub|e =

{

Πk+1g, if e⊂∂Ω,

Πk+1(Ek+2,euh), if e∈E0
h .

Lemma 3.1. The CDG finite element method (3.11) has a unique solution.

Proof. Let εh = u1
h−u2

h, where both u1
h and u2

h are the CDG solutions of (3.11). Then we
have

(∇wεh,∇wv)=0, ∀v∈Vh. (3.12)

Letting v= εh in (3.12) gives

‖∇wεh‖0=0.

Using the equation above, (2.4) and (3.10), we have

‖Ehεh‖1,h≤C‖∇wEhεh‖0=C‖∇wεh‖0=0. (3.13)

By the definition of ‖·‖1,h, we have ∇εh=0 on T∈Th and εh−εb=0 on e∈Eh, which imply
εh is a constant over Ω. By (3.3), we have εb=0 on ∂Ω. Thus εh=0. We complete the proof
of the lemma.
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4 Approximation property of the operator Ek+2,e

Lemma 4.1. The operator
Πe : Pk+2(Ue)→Re,

defined in (3.8) is isomorphic if k≥1.

Proof. Let the 4 squares {Si} inside some triangles of Ue be defined in (3.4), cf. Fig. 1. We
show next the local L2 projection Πk({Si}) is an injection mapping when restricted on
Pk+2(Ue)

Πk : Pk+2(Ue)→Re,

(Πku,v)Si
=(u,v)Si

, ∀v∈Pk(Ti), i=1,.. . ,4. (4.1)

That is, if Πk pk+2 = 0 for some pk+2 ∈ Pk+2(Ue), then pk+2 = 0. We expand this Pk+2(Ue)
polynomial under the product Legendre basis, with the Legendre polynomials Li(x) ob-
tained by the Gram-Schmidt process under inner product (·,·)(x−,x−+a)∪(x+,x++a),

pk+2(x,y)= ∑
0≤i+j≤k+2

cijLi(x)Lj(y), (4.2)

where
(

Li(x)Lj(y),Lk(x)Ll(y)
)

∪4
i=1Si

=

{

1, if i= k, j= l,

0, rest cases.

We will show that all the coefficients of pk+2 in (4.2), listed below, are zero,

ck+2,0

ck+1,0 ck+1,1

ck,0 ck,1 ck,2
... ···

. . .

c0,0 c0,1 ··· c0,k+1 c0,k+2.

(4.3)

We test (4.2) by two-piece polynomials

p(x,y)=

{

p1(x)L0(y) on S1,S4,

p2(x)L0(y) on S2,S3,

where p1(x) and p2(x) are 1D Pk polynomials. We get

0=
(

pk+2,p(x,y)
)

U4
i=1Si

=

(

k+2

∑
i=0

ci,0Li(x),p1(x)

)

(x−,x−+a)

+

(

k+2

∑
i=0

ci,0Li(x),p2(x)

)

(x+,x++a)

=
(

qk+2(x),p1(x)
)

(x−,x−+a)
+
(

qk+2(x),p2(x)
)

(x+,x++a)
,
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where 1D Pk+2 polynomial

qk+2(x)=
k+2

∑
i=0

ci,0Li(x)

is orthogonal to all two-piece Pk polynomials on (x−,x−+a)∪(x+,x++a). We show next
qk+2(x) has more than k odd-fold roots inside (x−,x−+a), and also inside (x+,x++a). We
say x= r is an odd-fold root of qk+2(x) if the maximal factor has an odd-integer power n,

qk+2(x)=(x−r)nqk+2−n,

where qk+2−n(r) 6= 0. That is, 1D polynomial qk+2(x) has 2k+2 or more distinct roots.
(This is why we need the condition k≥1 so that 2k+2>k+2.) We note that qk+2(x) must
change its sign across an odd-fold root. If qk+2(x) has m(≤ k) distinct odd-fold roots in
(x−,x−+a),

x−< r1< ···< rm < x−+a,

we let

p1(x)=(x−r1) . . .(x−rm)qk+2

(

x−+a+rm

2

)

∈Pm(x−,x−+a).

With this construction, we have

p1(x)qk+2(x)≥0, x∈ (x−,x−+a),

p1(x)qk+2(x)>0, x=
x−+a+rm

2
.

Thus
(

qk+2(x),p1(x)
)

(x−,x−+a)
>0.

The contradiction implies m>k. By the same argument with p2(x), qk+2(x) has also m>k
odd-fold roots in (0,a). Thus, qk+2(x) has 2k+2 or more roots, and qk+2(x)≡ 0. By the
definition of qk+2, we find the coefficients in the first column of (4.3) are all zero, ci,0 = 0
for i=0,.. . ,k+2.

Repeatedly, we test (4.2) by another two-piece polynomial p(x)L1(y), where p(x)∈
Pk−1(x−,x−+a)×Pk−1(x+,x++a),

0=
(

qk+1(x),p(x)
)

(x−,x−+a)∪(x+,x++a)
,

where

qk+1(x)=
k+1

∑
i=0

ci,1Li(x).

As above, we find qk+1 has 2k or more roots distinct in (x−,x−+a)∪(x+,x++a) and con-
sequently qk+1 ≡0 if k≥2. Thus all the second-column coefficients ci,1 of pk+2 in (4.2) are
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also zero. We can repeat the above selection until the third column from right. That is,
we proved that if pk+2 in (4.2) has the form

p̃k+2(x,y)=
k−1

∑
l=0

pk+2−l(x)Ll(y), (4.4)

then p̃k+2(x,y)=0. If k≥3, the missing terms of (4.4) are included in an expansion in the
other direction

pk+2(x,y)− p̃k+2(x,y)= L2(x)pk(y)+L1(x)pk+1(y)+L0(x)pk+2(y).

Repeating the above argument with x and y exchanged, we get

pk+2(x,y)− p̃k+2(x,y)=0.

That is, if k≥ 3, to force the last three columns of coefficients in (4.2) to zero, we select
testing functions for the bottom three rows, L0(x)pk(y), L1(x)pk−1(y), and L2(x)pk−2(y),
where pl(y) is a two-piece polynomial. For the same reason as above, we obtain zero for
all coefficients of last three rows of pk+2 in (4.3). Thus, pk+2=0 if k≥3.

When k= 1, the polynomial pk+2 in (4.2), after above testings, has the following ex-
pansion:

pk+2(x,y)= c1,1L1(x)L1(y)+c1,2L1(x)L2(y)+c2,1L2(x)L1(y). (4.5)

We have to use 4-piece testing polynomials instead of 2-piece polynomials. Let

0 6=q0(x)∈P0(x−,x−+a)×P0(x+,x++a)

be a two-piece P0 polynomial

q0(x)=

{

−1, x∈ (x−,x−+a),

1, x∈ (x+,x++a).

Then
(

q0(x),Li(x)
)

(x−,x−+a)∪(x+,x++a)
=

{

0, i=0,2,

c 6=0, i=1.

Testing (4.5) by p(x)q0(y) with p(x)∈P1(x−,x−+a)×P1(x+,x++a), we get

0= c

(

2

∑
i=1

ci,1Li(x),p(x)

)

(x−,x−+a)∪(x+,x++a)

= c
(

q2(x),p(x)
)

(x−,x−+a)∪(x+,x++a)

and consequently c2,1= c1,1=0 as in the proof above for the first and the second columns
of coefficients. We test (4.5) by q0(x)p(y), in the other direction. Then c12 =0. Therefore
pk+2(x)=0 if Πk pk+2(x)=0, for k=1.
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For the last case k= 2, the polynomial pk+2 in (4.2), after the earlier testings for k≥ 3
and k=1, has only one possible non-zero term left

pk+2(x,y)= c2,2L2(x)L2(y). (4.6)

Testing (4.6) by q1/2(x)q1/2(y), where

q 1
2
(x)=

{

−1, x∈ (x−,x−+a),

0, x∈ (x+,x++a),

we get
0=(pk+2,1)S1

= c2c2,2.

Here

c=
∫ −1+a

−1
L2(x)dx>0.

It follows that c2,2=0. Therefore, pk+2(x)=0 if Πk pk+2(x)=0, for k=2.
In 3D, the proof of injection is similar that for a triangle e,Ue contains the following

eight cubes:
Si=(x±,x±+a)×(y±,y±+a)×(z±,z±+a).

By the definition of Re which is the range of ΠeVh, Πe is also on to. Thus Πe is isomor-
phic. The lemma is proved.

Lemma 4.2. For k≥1, the projection Ek+2,eΠk : Pk+2(Ue)→Pk+2(Ue) is the identity mapping,
where Πk is the element-wise L2 projection to Vh, Ek+2,e is defined in (3.9) and Ue is defined in
(3.6). That is,

Ek+2,eΠku=u, if u∈Pk+2(Ue). (4.7)

Proof. Let u∈Pk+2(Ue). By definitions of Re (3.7) and Πe (3.8)

Πeu=Πku.

As Πeu∈Re, ΠeΠeu=Πeu. By Lemma 4.1 and definition of Ek+2,e (3.9), it follows:

Ek+2,eΠku=Π−1
e ΠeΠeu=Π−1

e Πeu=u.

The proof is complete.

Lemma 4.3. For k≥1, the projection Ek+2,eΠk : Hk+3(Ue)→Pk+2(Ue) is stable,

‖Ek+2,eΠku‖0,Ue ≤C‖u‖0,Ue , (4.8)

where Πk is the element-wise L2 projection to Vh, Ek+2,e is defined in (3.9) and Ue is defined in
(3.6). Further, it is of order k+3 accuracy that

‖Ek+2,eΠku−u‖0,Ue ≤Chk+3|u|k+3,Ue
. (4.9)
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Proof. By the Cauchy-Schwartz inequality, for u∈Hk+3(Ue),

‖Πku‖2
0,Ue

=(u,Πku)Ue ≤‖u‖0,Ue‖Πku‖0,Ue .

That is,
‖Πku‖0,Ue ≤‖u‖0,Ue . (4.10)

For u∈Vh

‖Πeu‖
2
0,∪4

i=1Si
=(u,Πeu)0,∪4

i=1Si
≤‖u‖0,∪4

i=1Si
‖Πeu‖0,∪4

i=1Si
.

It implies
‖Πeu‖0,∪4

i=1Si
≤‖u‖0,∪4

i=1Si
≤‖u‖0,Ue . (4.11)

For u ∈ Vh, if u|∪4
i=1Si

∈ Re, there is a unique û ∈ Pk+2(Ue) such that Πkû = u on Si, i.e.,

Ek+2,eu= û. Let F(x̂,ŷ) be the linear transform

F(x̂,ŷ)=(x−+ x̂h,y−+ ŷh)=(x,y),

which linear transforms the four reference squares

Ŝ1=[0,γ0]×[0,γ0], Ŝ2=
[

γ−1
0 ,γ−1

0 +γ0

]

×[0,γ0],

Ŝ3=
[

γ−1
0 ,γ−1

0 +γ0

]

×
[

γ−1
0 ,γ−1

0 +γ0

]

, Ŝ4=[0,γ0]×
[

γ−1
0 ,γ−1

0 +γ0

]

to Si, i=1,.. . ,4, respectively, according to (3.5). Due to the finite dimensional norm equiv-
alence (easy to prove it), on the same domain ∪4

i=1ŝi, under the isomorphic mapping, we
have

C1‖û◦F‖0,∪4
i=1Ŝi

≤‖u◦F‖0,∪4
i=1Ŝi

≤C−1
1 ‖û◦F‖0,∪4

i=1Ŝi
(4.12)

for some C1 > 0 depending on γ0 and polynomial degree k only. Again, by the finite
dimensional norm equivalence, we have

‖û◦F‖0,F−1(Ue)≤C2‖û◦F‖0,∪4
i=1Ŝi

(4.13)

for some C2 > 0 depending on γ0 and polynomial degree k only. Combining above four
bounds (4.10)-(4.13), we obtain, for u∈Hk+3(Ue)

‖Ek+2,eΠku‖0,Ue =h2‖Π̂eΠku◦F‖0,F−1(Ue)≤C2h2‖Π̂eΠku◦F‖0,∪4
i=1Ŝi

≤C−1
1 C2h2‖ΠeΠku◦F‖0,∪4

i=1Ŝi
=C−1

1 C2‖ΠeΠku‖0,∪4
i=1Si

≤C−1
1 C2‖Πku‖0,∪4

i=1Si
≤C−1

1 C2‖u‖0,Ue .

Let pk+2 =Πk+2(Ue)u be the L2 projection of u on one piece domain Ue. By (4.7) and
(4.8), it follows that

‖Ek+2Πku−u‖0,Ue ≤‖Ek+2Πku−pk+2‖0,Ue+‖pk+2−u‖0,Ue

=‖Ek+2Πk(u−pk+2)‖0,Ue+‖pk+2−u‖0,Ue

≤ (C+1)‖pk+2−u‖0,Ue ≤Chk+3|u|k+3,Ue
.

The proof is complete.
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5 Superconvergence in energy norm

In this section, we will obtain order two superconvergence for the CDG finite element
solution in (3.11). The superconvergence of the corresponding WG method [2] will be
used to achieve such a goal. Let ũh∈Ṽh be the solution of the WG method in [2] such that

(∇wũh,∇wv)=( f ,v0), ∀v={v0,vb}∈ Ṽh. (5.1)

The superconvergence of the WG finite element solution ũh is derived in [2] described by
the following lemma.

Lemma 5.1. Let ũh ={ũ0,ũb}∈ Ṽh be the WG finite element solution of (5.1). Then

h‖∇w(Qhu−ũh)‖0+‖Πku−ũ0‖0≤Chk+3|u|k+3. (5.2)

For any function ϕ∈H1(T), the following trace inequality holds true:

‖ϕ‖2
e ≤C

(

h−1
T ‖ϕ‖2

T+hT‖∇ϕ‖2
T

)

. (5.3)

Lemma 5.2. Let u∈Hk+3(Ω). Then we have

‖∇w(Qhu−Πku)‖0≤Chk+2|u|k+3. (5.4)

Proof. Recall Qhu={Πku,Πk+1u} and EhΠku={Πku,Πk+1Ek+2Πku}. Letting

q=∇w(Qhu−Πku)·n

in (2.3) and using the trace inequality (5.3), inverse inequality and (4.9) yield

‖∇w(Qhu−Πku)‖2
0=‖∇w(Qhu−EhΠku)‖2

0

= ∑
T∈Th

〈

Πk+1u−Πk+1Ek+2Πku,q
〉

∂T
= ∑

T∈Th

〈u−Ek+2Πku,q〉∂T

≤

(

∑
T∈Th

h−1
T ‖u−Ek+2Πku‖2

0,∂T

)
1
2
(

∑
T∈Th

hT‖q‖2
0,∂T

)
1
2

≤C

(

∑
T∈Th

h−2
T ‖u−Ek+2Πku‖2

0,T+‖∇(u−Ek+2Πku)‖2
0,T

)
1
2

‖q‖0

≤Chk+2|u|k+3‖∇w(Qhu−Πku)‖0. (5.5)

We complete the proof of the lemma.

Subtracting (3.11) from (5.1) implies
(

∇w(ũh−uh),∇wv
)

=0, ∀v∈Vh. (5.6)

The following lemma provides the error bound for ũh−uh.
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Lemma 5.3. Let u∈Hk+3(Ω). Then we have

‖∇w(ũh−uh)‖0≤Chk+2|u|k+3. (5.7)

Proof. By (5.6),

‖∇w(ũh−uh)‖
2
0=
(

∇w(ũh−uh),∇w(ũh−uh)
)

=
(

∇w(ũh−uh),∇w(ũh−Πku)
)

≤‖∇w(ũh−uh)‖0 ‖∇w(ũh−Πku)‖0, (5.8)

which implies
‖∇w(ũh−uh)‖0≤‖∇w(ũh−Πku)‖0. (5.9)

Applying the estimates (5.2) and (5.4) to (5.9), we obtain

‖∇w(ũh−uh)‖0≤‖∇w(ũh−Πku)‖0

≤‖∇w(ũh−Qhu)‖0+‖∇w(Qhu−Πku)‖0

≤Chk+2|u|k+3. (5.10)

The proof is complete.

The order two superconvergence of the CDG solution in an energy norm is obtained
in the following theorem.

Theorem 5.1. Let u∈Hk+3(Ω)∩H1
0(Ω) be the exact solution of (1.1). Let uh∈Vh be the CDG

solution of (3.11). Then
‖∇w(Πku−uh)‖0≤Chk+2|u|k+3. (5.11)

Proof. By (5.2), (5.7) and (5.4), we have

‖∇w(Πku−uh)‖0

≤‖∇w(Πku−Qhu)‖0+‖∇w(Qhu−ũh)‖0+‖∇w(ũh−uh)‖0

≤Chk+2|u|k+3,

which finishes the proof of the theorem.

6 Superconvergence in L2 norm

We consider the corresponding dual problem: Find a w∈H1
0(Ω) such that

−∆w= ũ0−uh in Ω. (6.1)

Recall that ũh = {ũ0,ũb} and uh are the solutions of the WG method (5.1) and the CDG
method (3.11) respectively. Assume that the following H2-regularity holds:

‖w‖2≤C‖ũ0−uh‖0. (6.2)

In the next theorem, we will prove the order two superconvergence of the CDG solu-
tion in the L2-norm.

Version of Record at: https://doi.org/10.4208/csiam-am.SO-2021-0051



268 X. Ye and S. Zhang / CSIAM Trans. Appl. Math., 4 (2023), pp. 256-274

Theorem 6.1. Let u∈Hk+3(Ω)∩H1
0(Ω) be the exact solution of (1.1). Let uh∈Vh be the CDG

solution of (3.11). Then
‖Πku−uh‖0≤Chk+3|u|k+3. (6.3)

Proof. Let w̃h ∈ Ṽh be the solution of WG method defined in (5.1) for the problem (6.1)
such that

(∇ww̃h,∇wv)=(ũ0−uh,v0), ∀v={v0,vb}∈ Ṽh. (6.4)

Letting v= ũh−Ehuh∈ Ṽh in (6.4) and by (5.6) and (3.10), we have

‖ũ0−uh‖
2
0=
(

∇ww̃h,∇w(ũh−uh)
)

=
(

∇w(w̃h−Πkw),∇w(ũh−uh)
)

≤‖∇w(w̃h−Πkw)‖0‖∇w(ũh−uh)‖0. (6.5)

It follows from the estimates (5.2) and (5.4)

‖∇w(w̃h−Πkw)‖0≤‖∇w(w̃h−Qhw)‖0+‖∇w(Qhw−Πkw)‖0≤Ch‖w‖2. (6.6)

Using (6.6) and (5.7), (6.5) becomes,

‖ũ0−uh‖
2
0≤‖∇w(w̃h−Πkw)‖0 ‖∇w(ũh−uh)‖0

≤Ch|w|2‖∇w(ũh−uh)‖0≤Chk+3|u|k+3‖w‖2. (6.7)

It follows from (6.7) and (6.2)

‖ũ0−uh‖0 ≤Chk+3|u|k+3. (6.8)

Using (5.2) and (6.8), we have

‖Πku−uh‖0≤‖Πku−ũ0‖0+‖ũ0−uh‖0≤Chk+3|u|k+3.

We have proved the theorem.

7 A locally lifted Pk+2 solution

As we proved that the Pk conforming discontinuous Galerkin solution is two-order super-
convergent in both L2 norm and H1-like norm, we can use the superconvergent function
and its superconvergent weak gradient to define a local post-process, which lifts such
a Pk solution to an optimal-order Pk+2 solution.

On each element T, we solve a local problem that finds ûh∈ΠT∈Th
Pk+2(T) by

(∇ûh−∇wuh,∇v)T =0, ∀v∈Pk+2(T)\P0(T), (7.1)

(ûh−uh,v)T =0, ∀v∈P0(T). (7.2)

Letting uh = 0 in (7.1), we get that ‖∇ûh‖
2
0 = 0 and ûh is a constant on each T. By (7.2),

the constant is zero. Thus (7.1)-(7.2) has a unique solution. As the linear system is square
and finite dimensional, the uniqueness implies the existence of solution.
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Theorem 7.1. Let u∈ H1
0(Ω)∩Hk+3(Ω) be the exact solution of the problem (1.1)-(1.2). Let

ûh ∈ ΠT∈Th
Pk+2(T) be the locally lifted solution of (7.1)-(7.2). Then there exists a constant C

such that
‖u−ûh‖0≤Chk+3|u|k+3. (7.3)

Proof. (7.2) means that
Π0ûh=Π0uh.

We separate the error into two parts

‖u−ûh‖0≤‖Π0(u−ûh)‖0+‖(I−Π0)(u−ûh)‖0.

For the P0 error, by (6.3), we have

‖Π0(u−ûh)‖0=‖Π0(Πku−uh)‖0≤‖Πku−uh‖0≤Chk+3|u|k+3.

For the P0-orthogonal error, we separate it further into two

‖(I−Π0)(u−ûh)‖0 ≤Ch‖∇(u−ûh)‖0

≤Ch‖∇(u−Πk+2u)‖0+Ch‖∇(Πk+2u−ûh)‖0

≤Chk+3|u|k+3+Ch‖∇(Πk+2u−ûh)‖0.

In [1], it is proved that
∇w(Qhu)=Πk+1∇u. (7.4)

By (7.4), (7.1) and (5.11),

‖∇(Πk+2u−ûh)‖
2
0

=
(

∇(Πk+2u−u),∇(Πk+2u−ûh)
)

+
(

∇u−Πk+1∇u,∇(Πk+2u−ûh)
)

+
(

∇wQhu−∇wuh,∇(Πk+2u−ûh)
)

≤
(

‖∇(Πk+2u−u)‖0+‖∇u−Πk+1∇u‖0+‖∇w(Qhu−uh)‖0

)

·‖∇(Πk+2u−ûh)‖0

≤Chk+2|u|k+3‖∇(Πk+2u−ûh)‖0.

Combining above three inequalities, (7.3) is proved.

8 Numerical experiments

In first example, we solve the 2D elliptic equation (1.1) on the domain Ω= (0,1)2. The
function f is chosen so that the exact solution is

u= x2(1−x)2y2(1−y)2. (8.1)

We use triangular grids shown as in Fig. 2. Here each square is subdivided in to 8 trian-
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Figure 2: The first three grids for the computation in Tables 1-2.

gles. For all 16 edges on the triangle, Ue is the union of all 8 triangles, i.e., the whole
square. We compute this example by four CDG finite elements and four continuous
Galerkin finite elements. The results for the four CDG elements are listed in Table 1.
For all cases, we get two orders of superconvergence in both L2 and H1 norms.

We then lift the Pk CDG finite element solution to a Pk+2 solution. The results are
listed in Table 2. In all cases, the lifted solution converges two-orders higher than that of
the original Pk solution. For a comparison, we also list the results for continuous Galerkin
Pk+2 finite element solutions. Also we list the dimension of both finite element spaces.
We can see, even though with two-order superconvergence, that the Pk CDG solution is
slightly worse than Pk+2 CG solution.

Table 1: Error profiles and convergence rates for solution (8.1).

Grid ‖Πku−u0‖0 Rate ‖∇w(Πku−uh)‖0 Rate

By the P1 CDG finite element

5 0.2442E-07 4.1 0.7799E-05 2.9

6 0.1467E-08 4.1 0.1002E-05 3.0

7 0.9017E-10 4.0 0.1270E-06 3.0

By the P2 CDG finite element

4 0.3678E-07 4.8 0.6206E-05 3.7

5 0.1210E-08 4.9 0.4272E-06 3.9

6 0.3859E-10 5.0 0.2803E-07 3.9

By the P3 CDG finite element

3 0.1346E-06 5.2 0.1418E-04 4.4

4 0.2535E-08 5.7 0.5137E-06 4.8

5 0.4302E-10 5.9 0.1714E-07 4.9

By the P4 CDG finite element

4 0.556E-08 6.4 0.821E-06 5.3

5 0.486E-10 6.8 0.145E-07 5.8

6 0.423E-12 6.8 0.234E-09 6.0
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Table 2: Error profiles of Pk CDG solutions and Pk+2 CG solutions for (8.1).

‖u−uh‖0 Rate ‖u−ûh‖0 Rate dimVh dimVc
h ‖u−uc

h‖0 Rate

By P1 CDG element and its lift By P3 CG element

5 0.1549E-05 2.0 0.2964E-07 4.1 6144 2401 0.1557E-08 4.0

6 0.3872E-06 2.0 0.1711E-08 4.1 24576 9409 0.9706E-10 4.0

7 0.9682E-07 2.0 0.1084E-09 4.0 98304 37249 0.6057E-11 4.0

By P2 CDG element and its lift By P4 CG element

4 0.6425E-06 3.0 0.4324E-07 4.8 3072 4225 0.1175E-08 5.0

5 0.8093E-07 3.0 0.1432E-08 4.9 12288 16641 0.3618E-10 5.0

6 0.1014E-07 3.0 0.4586E-10 5.0 49152 66049 0.1121E-11 5.0

By P3 CDG element and its lift By P5 CG element

3 0.6192E-06 3.9 0.1527E-06 5.2 1280 1681 0.3305E-08 6.0

4 0.3964E-07 4.0 0.2846E-08 5.7 5120 6561 0.5140E-10 6.0

5 0.2496E-08 4.0 0.4808E-10 5.9 20480 25921 0.7992E-12 6.0

By P4 CDG element and its lift By P6 CG element

2 0.1944E-05 4.8 0.1012E-05 4.7 480 625 0.2059E-07 6.9

3 0.6427E-07 4.9 0.9895E-08 6.7 1920 2401 0.1616E-09 7.0

4 0.2037E-08 5.0 0.8488E-10 6.9 7680 9409 0.1260E-11 7.0

In second example, we solve the 3D elliptic equation (1.1) on the unit cube domain
Ω=(0,1)3. The function f is chosen so that the exact solution is

u=sin(πx)sin(πy)sin(πz). (8.2)

We use tetrahedral grids shown as in Fig. 3, where each cube is subdivided in to 16
tetrahedra. For all 40 triangles on a cube (both on surface and inside), Ue is the union
of all 16 tetrahedra, i.e., the whole cube. We compute this example by three CDG finite
elements and three continuous Galerkin finite elements. The results for the four CDG
elements are listed in Table 3. For all cases, we get two orders of superconvergence in
both L2 and H1 norms.

Figure 3: The first three grids for the computation in Tables 1-2.
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Table 3: Error profiles and convergence rates for solution (8.2).

Grid ‖Πku−u0‖0 Rate ‖∇w(Πku−uh)‖0 Rate

By 3D P1 CDG element

4 0.4029E-04 4.18 0.5949E-02 2.96

5 0.2426E-05 4.05 0.7526E-03 2.98

6 0.1503E-06 4.01 0.9468E-04 2.99

By 3D P2 CDG element

3 0.8128E-04 4.97 0.8495E-02 3.69

4 0.2483E-05 5.03 0.5557E-03 3.93

5 0.7664E-07 5.02 0.3519E-04 3.98

By 3D P3 CDG element

2 0.5300E-03 6.40 0.2647E-01 5.04

3 0.9307E-05 5.83 0.1034E-02 4.68

4 0.1433E-06 6.02 0.3437E-04 4.91

Table 4: Error profiles of Pk CDG solutions and Pk+2 CG solutions for (8.2).

‖u−uh‖0 Rate ‖u−ûh‖0 Rate

By 3D P1 CDG element and its lift

4 0.1735E-02 2.06 0.1877E-04 3.85

5 0.4312E-03 2.01 0.1229E-05 3.93

6 0.1077E-03 2.00 0.7796E-07 3.98

By 3D P2 CDG element and its lift

3 0.1156E-02 3.05 0.9807E-04 4.90

4 0.1451E-03 2.99 0.3057E-05 5.00

5 0.1820E-04 3.00 0.9510E-07 5.01

By 3D P3 CDG element and its lift

2 0.2106E-02 4.44 0.2913E-03 7.74

3 0.1369E-03 3.94 0.7674E-05 5.25

4 0.8722E-05 3.97 0.1876E-06 5.35

We then lift the 3D Pk CDG finite element solution to a Pk+2 solution. The results are
listed in Table 4. In all cases, the lifted solution converges two orders higher than that of
the original Pk solution. For a comparison, in Table 5, we list the results for 3D continuous
Galerkin Pk+2 finite element solutions. Also we list the dimension of both finite element
spaces in Table 5. We can see, even with two-order superconvergence, that the Pk CDG
solution in 3D is slightly worse than Pk+2 CG solution. But CDG space dimension is
bigger than that of continuous finite element space.
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Table 5: Error profiles of Pk CDG solutions and Pk+2 CG solutions for (8.2).

‖u−ûh‖0 Rate dimVh dimVc
h ‖u−uc

h‖0 Rate

By 3D P1 CDG’s lift By 3D P3 CG element

4 0.1877E-04 3.85 32768 39753 0.7717E-05 4.00

5 0.1229E-05 3.93 262144 308369 0.4814E-06 4.00

6 0.7796E-07 3.98 2097152 2429217 0.3007E-07 4.00

By 3D P2 CDG’s lift By 3D P4 CG element

3 0.9807E-04 4.90 10240 12081 0.1102E-04 4.84

4 0.3057E-05 5.00 81920 92257 0.3550E-06 4.96

5 0.9510E-07 5.01 655360 721089 0.1118E-07 4.99

By 3D P3 CDG’s lift By 3D P5 CG element

2 0.2913E-03 7.74 2560 3111 0.4302E-04 3.78

3 0.7674E-05 5.25 20480 23101 0.7032E-06 5.94

4 0.1876E-06 5.35 163840 178041 0.1106E-07 5.99
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