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ABSTRACT

The Convolutional Neural Networks (CNNs) architecture is one of the most

widely used deep learning tools. The execution time of CNNs is dominated by the

time spent on the convolution steps. Most CNNs implementations adopt a simple yet

efficient im2col (image to column) +GEMM approach to implement convolution. The

im2col+GEMM approach lowers the convolution into matrix multiplication that can

be easily parallelized with highly efficient BLAS libraries. The contribution of this

dissertation is that we observe significant but intricately patterned data redundancy

in this matrix representation of convolution. We have not been able to identify earlier

work that exploits this redundancy to improve the performance of CNNs. In this work,

we analyze the origin of the redundancy generated by the im2col process, and reveal

a new data pattern to more mathematically concisely describe the matrix representa-

tion for convolution. Based on this redundancy-minimized matrix representation, we

implement a FFT-based convolution with finer FFT granularity. It achieves on aver-

age 23% and maximum 50% speedup on the ILSVRC2017 benchmark over the regular

FFT convolution from NVIDIA’s cuDNN library, one of the most widely used CNNs

libraries. Moreover, by replacing existing methods with our new convolution method

in a popular deep-learning programming framework Caffe, we observe on average 74%

speedup for multiple synthetic CNNs in closer-to-real-world application scenarios.

xii



Chapter 1

INTRODUCTION

Deep convolutional neural networks (CNNs) have been very successful in vari-

ous fields such as image classification in recent years. One of the first successful CNN

models can be traced back to [46] and later improved it in [47]. As [42] made significant

breakthrough in vision recognition in 2012, more deeper and more complicated network

structures are proposed to increase CNN expressiveness [66] [68] [70] [33]. ResNet [33]

is 20 times deeper and 8 times deeper than AlexNet [42] and VGGNet [68], respec-

tively. However, it also increases the computational complexity of CNNs, which makes

the network more computationally intensive. Furthermore, for some specific real-time

interactive applications where the CNN is deployed, and fast response is required, e.g.,

self-driving cars [7][13], video surveillance systems [23], long latency is not acceptable

and fast convolution algorithm is needed. Thus, the computation efficiency of CNN

becomes an essential factor in its research and application.

A typical convolutional neural network consists of many different layers. Among

these layers, the bulk of the computation is performed on convolutional (CONV) lay-

ers [29] [17] [60] [74] [38] [51][61]. It is reported in [38] that the convolution layer

accounts for 92% of time distribution of forward pass on a Nvidia K20 GPU for the

AlexNet model, using a batch size of 256. The backward pass is similar. [51] also

shows that convolutional layer consumes 86%, 89%, 90% and 94% of the total execu-

tion time for GoogLeNet, VGG, OverFeat and AlexNet CNN models in one forward and

one backward propagation on a single K40c GPU, respectively. Convolution layer re-

quires a substantial amount of computation resources. Especially for modern advanced

CNN models with deeper and complicated architecture. Naturally, prior research on
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CNNs’ performance has been focused on optimizing the convolution process. Various

approaches have been attempted to accelerate it, which we will discuss in chapter 3.

Due to its massive parallel computing capability, GPUs play an important role

in the implementation of CNNs. Moreover, Nvidia has developed high efficient drop-in

deep learning acceleration library cuDNN [14] with optimized routines on GPUs. Most

deep learning frameworks support GPU by default [39] [80] [1] [3] [16]. Implementing

a high performance convolution on GPUs is critical to CNN performance.

While a convolution operation can be implemented directly on GPUs, it does

not fully utilize the GPU resources efficiently. In order to improve the convolution

performance on GPUs, several methods have been proposed [55] [12] [44]. [55] uses

FFTs to carry out convolutions in the Fourier domain. Experimental results [74] have

shown that larger convolution kernels yield more performance gain. As CovNets uti-

lized smaller kernels [68] [36], Winograd algorithm has been proposed to reduce the

amount of multiplication at cost of performing more additions. The savings in mul-

tiplication is overwhelmed by the additions for large kernels. On the other hand, the

performance of im2col+GEMM approach [12] is consistent with the kernel size since

it transforms convolution into matrix multiplication, and then highly tuned GEMM

routine can be invoked to compute matrix multiplication. While this method achieves

good performance, the redundancy incurred by the im2col operation has been largely

overlooked.

We present our work on optimizing CNN’s convolution process at the backend

implementation level. Our key insight, and also the main contribution of this work is

that we observe significant yet intricate-patterned redundancy hidden in the matrix

based representation of CNN’s convolution process. This redundancy has been largely

overlooked in prior work, but can be transformed to reduce the computational com-

plexity, and therefore to improve the performance of CNN’s convolution. We present

a systematic study of the redundancy and reveal a doubly block Hankel matrix data

pattern for an unrolled input feature map. Based on this data pattern, contrary to

2



the regular FFT convolutions that take 2D FFT over the entire feature map, we im-

plement a new FFT-based convolution with finer granularity, which yields notable

performance improvements compared to existing state-of-the-art implementations. We

conduct various comparisons, and the experimental results suggest that the fine-grained

FFT approach outperforms the regular FFT method for both synthetic and real-world

benchmarks.

To reduce the computation complexity and speed up in convolutional layers,

many other work have focused on utilizing approximation algorithms [20] [37] or quantizing[30],

which create accuracy degradation, we consider them as orthogonal and complementary

to our convolution algorithm optimization direction.

We do not consider strided convolutions (stride>1) throughout this dissertation

as our proposed approach is based on the new pattern found on the output matrix

generated by im2col when stride is one, which we will describe in chapter 4.2. For the

related work part, we also do not consider strided convolution in a manner consistent

with our new approach. However, strided convolution can be expressed by the sum of

multiple convolutions with stride is one by utilizing a reindexing scheme to reorganize

the input and filter matrix [9]. In this work, we assume that the feature maps to be

square for notational simplicity, but the observation presented generalizes to non-square

feature maps with little modification.

The organization of this dissertation is as follows. Chapter 2 provides back-

ground on convolutional neural networks(CNNs). We start with the introduction of

CNNs, and then describe the core computation of CNNs—convolution. There are

several different deep learning frameworks available to build a convolutional neural

network, and we chose Caffe as the representative framework to introduce. We also

introduce the architecture and programming model of GPUs.

In chapter 3, we review the major existing convolution algorithms in CNNs.

Each of them has strengths and weaknesses in computing convolution, and excels at

different parts of parameter space in CNNs. In the next chapter, we propose our

approach to efficiently compute convolution in certain parts of the parameter space.

3



Chapter 4 describes our proposed fine-grained FFT convolution, a new computa-

tionally efficient convolution that is distinguished from existing convolution approaches.

The algorithm is based on a new data pattern that is revealed in the im2col process. We

analyze the data pattern in a bottom-up manner. It begins with intra-row redundancy

and inter-row redundancy, and integrates them into im2col-based convolution redun-

dancy. A connection between this redundancy and the data pattern of doubly block

hankel matrices is built. Based on the data pattern, we propose our fine-grained FFT

convolution. Its detailed implementation as well as arithmetic and memory analyses

are presented. We conclude this chapter with evaluation and performance analysis.

We also present the other work which utilizes graphics processing units (GPUs)

to optimize topK query processing in chapter 5. With abundant parallelism provided by

GPUs, our proposed framework is scalable with respect to K (the number of returned

documents). We optimize the three main steps of topK query processing, namely

index decompression, score calculation and topK selection, using GPUs. We test our

framework against previous state-of-the-art CPU and GPU topK query processing

approaches, and the proposed approach is more efficient and scalable.

In chapter 6, we summarize our contributions and conclude our work, and con-

sider the natural steps for our further work.
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Chapter 2

BACKGROUND

Understanding the architecture of convolutional neural network (CNN) and its

convolution operation is a key aspect to the convolution optimization. In this chapter,

we present an overview of CNN architecture and its main types of layers. Specifically,

we focus on the convolutional layer. All these layers are stacked to form a CNN model.

We introduce two representative CNN models, and how to train them and use the

trained models for inference. Then we discuss the core convolution operation CNNs

perform. We also present a brief introduction of Caffe deep learning framework to which

our optimized convolution algorithm is integrated. To obtain high performance, the

framework mainly runs on GPUs. We present the GPU architecture and programming

model. We conclude this chapter with circulant matrices, a mathematical tool that

will be used in our proposed FFT convolution.

2.1 Convolutional Neural Network

In this section, we describe the major components of a convolutional neural

network. We start with the overview of CNN architecture, followed by the description

of three common types of layers, namely convolutional, pooling, and fully-connected

layers. We use two representative models Lenet5 and AlexNet as examples to demon-

strate how these layers are connected to form a CNN. Then we briefly discuss training

and inference.

2.1.1 Convolutional Neural Network Architecture

The architecture of a typical CNN is composed of multiple stages [45]. Each

stage consists of a convolutional layer, a non-linearity layer and a pooling layer, where

5



non-linearity is introduced into CNNs using non-linearity layers and pooling layers

help the output feature map to be robust and invariant to small shifts and distortions

in the previous layer [49]. The last layer of CNNs is a fully-connected (FC) layer

which combines the results of convolutions of a set of relatively high-level features for

classification purpose.

2.1.2 Convolutional Layers

Convolutional Networks (ConvNets) consists of multiple convolutional layers

to extract features from the input. Convolutional layers first perform convolution

operations which will be discussed in detail in section 2.2. They also add a bias term,

and then apply a non-linear activation function such as rectified linear unit (ReLU).

It is typically applied to the convolutional layer to introduce non-linearity and better

approximate non-linear features of the input data. Mathematically, we have that

yj = f

(∑
i

xi ∗ kij + bj

)
(2.1)

where xi and yj denote input feature maps and output feature maps, respectively. kij

is the convolution kernel, and bj is the additive bias. f(·) and ∗ represent the non-

linear activation function and convolution. For a convolution layer that transforms an

input image with c channels into an output image with c′ channels, the total number

of convolutions is b · c · c′ if the batch size is b.

Convolutional layers act as a feature extractor that extract feature maps by

different convolutional kernels. Each kernel extracts a feature from input image, and

a convolutional layer typically uses multiple kernels to extract multiple feature maps.

These features are learning automatically by stacks of convolutional layers with power-

ful representation capability, not designed by human engineers [45]. Low-level feature

extracted at lower convolutional layers are combined to more abstract features at higher

layers. In convolutional network, the input and output to the convolutional layer is

often referred to as feature maps. Each neuron at the current convolutional layer is

connected to a local region of the previous layer with the full depth dimension, which is
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referred as local receptive field. It results in a reduced number of connections between

layers by only connecting to the local receptive field of previous layers. The property

associated with the sparsely connected layers is called sparse connectivity [25]. Com-

pared with fully connected layers that each neuron is connected to every neuron in

the previous layer, it drastically reduces the number of parameters and computational

complexity of the network. Another key idea of CNNs is parameter sharing [25]. It is

accomplished by applying the same weights over the input feature maps at all positions

to extract the output feature maps. It further reduces the storage requirement for the

parameters. The output feature maps represent a particular feature extracted from

the input. Convolutional layer produces a feature map for each filter, thus the number

of output feature maps depends on the number of filters. The feature map is usually

a tensor of data and the kernel is also a tensor of parameters. In CNNs, tensors are

nothing more than n-dimensional arrays, e.g., one dimensional tensor is a vector and

two dimensional tensor is a matrix.

The convolutional layer consists of two types of parameters: learnable parame-

ters and hyperparameters. The learnable parameters kernel k and bais b in equation

2.1 are learned by backpropagation. The total number of learnable parameters for the

convolutional layer is (U × V ×C + 1)×K, added 1 because of the bias term for each

kernel. On the other hand, hyperparameters are set before training and can not be

learned. They determine the convolutional layer structure. The receptive field is a

hyperparameter which defines the connectivity of each neuron in the current convolu-

tional layer to the previous layer. It is equivalent to the kernel size. The other three

hyperparameters control the output of the convolutional layer: the number of kernels,

which also corresponds to the output channels; stride and padding. Stride controls how

the kernel convolves around the input feature map, and padding specifies the amount

of zeros padded around the border.
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2.1.3 Sub-sampling and Fully-connected Layers

In addition to convolutional layers, CNNs also contain sub-sampling and fully-

connected layers. Sub-sampling layers are also known as pooling layers, which it par-

titions the input into patches and output a value based on the non-linearity function,

e.g., each patch outputs the maximum in max-pooling. Formally,

yj = d (xj)

where d(·) represents a sub-sampling function. Max-pooling and average pooling are

two common operations used in this layer. Pooling layers are often used after convolu-

tional layers to reduce the dimension of feature maps. Once the feature is detected, its

exact location is not important and can be simplified in order to provide some degree

of shift and distortion invariance. In contrast to convolutional layers, pooling layers

has no trainable parameters. In LeNet5, it performs average pooling by computing

the average of a 2 × 2 area in the feature map of previous layer and the condensed

feature map has half the size of the previous one. The last few layers in CNNs are

fully-connected layers. They combine the results of convolutions of a set of relatively

high-level features and merge features distributed at different locations for classification

purpose, whereas convolutional layers extract the feature.

Each neuron in the convolutional layer is only connected to a local region of

previous layer with the same set of weights. In contrast, each neuron in the fully-

connected layer is connected to every neuron in the previous layer, and every connection

has different weights. As a result, fully-connected layers contribute to the majority

of parameters in comparison to the other layers in CNNs. Computations in fully-

connected layers are carried out as standard matrix multiplications. The output is fed

into a softmax layer which acts as classifiers that output a N dimensional vector, where

N is the number of classes from which the input can choose. Each number in the N

dimensional vector represents the probability of the input being associated with the

class in the softmax layer.
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Figure 2.1: The LeNet-5 Convolutional Neural Network [47]

2.1.4 Representative CNN Models

In order to better understand CNNs, we choose two representative CNN models,

LeNet-5 and AlexNet, to illustrate the architecture of CNN models. LeNet-5 shown

in figure 2.1 is the first successful convolutional neural network designed to identify

hand-written digits in the MNIST dataset [48]. Although it is simple, it has all the

aforementioned layers to connect as a fully functional CNN. LeNet5 composes of two

sets of convolutional and subsampling layers, followed by two fully connected layers

and one final fully connected softmax layer. Note that layer C5 is a convolutional layer

with 120 1 × 1 feature maps. Each of the neurons in C5 is connected to the previous

layer S4 with kernel size 5 × 5. Because the size of feature maps in S4 is also 5 × 5,

it means that C5 is fully connected to S4 and it can be regarded as a fully-connected

layer. The subsampling layer uses a form of average pooling. The input to LeNet5 is a

32× 32 pixel grayscale image and it produces a vector with 10 values representing the

probability of digits from 0 to 9. Thus, a handwritten character can be recognized.

In 2012, AlexNet [42] developed by a group from the University of Toronto won

the 2012 ImageNet LSVRC-2012 competition, and dropped the error rate significantly

and showed groundbreaking results. As the first successful modern deep neural net-

work, it added a huge boost to the deep neural network approach. AlexNet has a very
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Figure 2.2: The AlexNet Convolutional Neural Network [47]

similar architecture as LeNet-5 but one major difference is that AlexNet has a deeper

network. As is shown in figure 2.2, it has 5 convolutional layers and 3 fully connected

layers. Only the first two and the fifth convolutional layers are followed by max-pooling

layers, which select the maximum value in the pooling window. In contrast, the average

pooling layer is used in LeNet-5. The output of the fifth convolutional layer is then fed

into a series of two fully-connected layers. The last layer in AlexNet is a softmax clas-

sifier with 1000 class labels. In addition, Rectified Linear Unit (ReLU) non-linearity

is applied after every convolutional and fully connected layer. As we can see from the

figure, the network is split into two pipelines on two GPUs mainly because the GPU

memory size is limited and the network training is too big to fit on one GPU. With

the success of AlexNet, it inspired more deeper neural networks that achieves stunning

results in computer vision.

As we can see from Lenet-5 and AlexNet, a typical structure of convolutional

neural networks consists of multiple convolutional layers. The amount can be up to

a thousand layers [33] in modern CNN models. With the deep architecture, modern

CNNs are able to achieve high performance. Non-linearity and pooling layers are

applied after convolutional layers, and lastly a small number of fully-connected layers
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are applied at the end of CNN. Beginning from 2012 that AlexNet achieved state-of-the-

art recognition accuracy in image classification, there are many different modifications

to the structure of CNNs such as GoogLeNet, VGG-16 and ResNet etc.. The ResNet

even reached human-level accuracy in computer vision tasks.

2.1.5 Training and Inference

The learning of CNNs referred as training is a process the networks learn from

input data. Once the output is produced, a loss function is invoked to measure the

distance between output values and actual values. The gradient of loss is the partial

derivative of loss function with respect to weights, which indicates how to change

weights in order to reduce the loss function. The gradient is back propagated to

previous layers, and parameters are updated by gradient descent algorithm to get

better feature representations. The algorithm continuously minimizes the cost function

of CNN model on the training dataset until the network is converged. It usually consists

of tens to hundreds of epochs, where one epoch constitutes of one forward pass and

one backward pass of the entire training dataset and it is divided into small mini-

batches. In practice, CNNs usually operate in minibatches, because the stochastic

gradient descent [63] that is used to update the weights works well with minibatch. In

addition, it amortizes GPU memory cost when loading multiple inputs and kernels in

mini-batch mode. Batch size is a convolutional parameter that has performance impact

on convolutions. In the forward pass, each batch traverses the network and each layer

applies its transformation to the batch and produces the output. The other pass is

backward pass where each layer back-propagates the gradients to earlier layers in the

backward direction. Once the network is trained and converged, we run inference using

the weights learnt at the training phase. Inference applies the trained CNN to machine

learning tasks to get an inferred output. Unlike training, it does not have backward

pass.
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2.2 Convolution in CNNs

Our goal is to achieve high efficiency on convolution operations in CNNs, and

it is desired to fully study and understand this operation. We start with a high-

level overview of the convolution operation. In particular, we consider 2-d discrete

convolution in image processing. We also summarize some notations used throughout

this work in table 2.1. We then move on to the batched convolution that computes

the convolution of batches of images and filters in CNNs. For clarity, we also fix the

terms used with similar meaning in the context of CNNs to clear up ambiguity. We

provide the seven-nested loops implementation in figure 2.5 and analyze the theoretical

algorithmic complexity of convolution. We conclude this section with convolution in

backward pass.

2.2.1 2D Convolution

A convolution (cross correlation) takes two functions as inputs and measure the

similarity between the two. For discrete functions, it is defined as follows:

(f ∗ g)[n] =
M−1∑
m=0

f [n+m]g[m] (2.2)

Where M, N denotes the length for two finite sequences f and g, respectively. It can be

naturally extended to higher dimension. To measure the similarity in spatial domain,

we apply two-dimension between image(I: 0 ≤ h ≤ H−1, 0 ≤ w ≤ W −1) and filter(F:

0 ≤ u ≤ U − 1, 0 ≤ v ≤ V − 1), which is defined in the following equation:

conv2D(I, F )[h][w] =
U−1∑
u=0

V−1∑
v=0

I[h+ u][w + v]F [u][v] (2.3)

Essentially, convolution operation performs the dot product between the filter

and the corresponding values in the image. Filters, also known as convolutional ker-

nels, and they are used interchangeably in this dissertation, however, it should not be

confused with GPU kernels, which are functions executed on GPUs. It is worth point-

ing out that equation 2.2 is different from the mathematical definition of convolution
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Table 2.1: Some notations used in the dissertation

Name Description
N Mini-batch size
K Number of filters
H Input height
W Input width
R Output height
Q Output width
C Input channels
U Filter height
V Filter width
S Stride
P Padding

since there is no flip of filter as it slides across the image, so it should be called cross-

correlation. However, this difference does not affect the performance of the operation

in CNNs, it is only one convention. Flipping the kernel will make CNNs learn the

flipped version of the learned kernel, thus CNNs implement cross-correlation but call

it convolution.

2.2.2 CNN Convolution

Table 2.1 establishes some notations for the material presented in the disserta-

tion. In figure 2.3, the first element of the output is produced by the dot-product of

kernel by a sub-matrix of input (the blue region). As the kernel slides over the input

in both horizontal and vertical directions, each subsequent element is generated. The

output width is determined by the following formula.

Q = (W − V + 2P )/S + 1 (2.4)

Where Q,W , V , P , and S are explained in table 2.1. The latter three hyperparameters

control the output width. CNNs perform sliding window-style convolutions, and the

kernel slides from the leftmost part of input feature map to the right side. The output

width is defined as the number of placements of kernel on the input in equation 2.4,

where plus one accounts for the initial placement of the kernel. We only consider the
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Figure 2.3: A 3 by 3 2-D convolution on a 5 by 5 input with no zero-padding and a
stride of 1. As the filter slides, it generates a 3 by 3 output based on equation 2.4.

width here, but it can be trivially applied to the height. In figure 2.3, the output image

have the same height and width size. Above analysis assumes images have only one

channel, which we only consider spatial dimensions (height and width) ignoring the

depth dimension. In CNNs convolution operations apply multiple filters over images

with multiple channels in a mini-batch. Channels for images are also known as feature

maps in CNNs, and they can be used interchangeably in this work. Let us formally

define the convolution in CNNs. For a given convolutional layer, we have inputs x with

a batch size N, and each of them has a set of feature maps C, thus each input feature

map is represented as x(n,i), n ∈ N, i ∈ C. They are convolved K × C different kernels

f(j,i), j ∈ K, i ∈ C, and each output feature map is y(n, j). CNNs convolution can be

formulated as follows:

y(n,j) =
∑
i∈C

conv2D(x(n,i), f(j,i)) (2.5)

To convolve the multiple channels with the filter, CNNs perform a 2-d convo-

lution separately in corresponding channels and sum results across all the channels.

Convolution in CNNs requires that the filter must have the same number of channels

as the input. As the convolution with batch size of 1 illustrated in figure 2.4, the

first output channel is the result of convolutions of corresponding channels of filter f1

and the input. For multiple filters, the output can be viewed as the concatenation of

the resultant matrices generated by the input and corresponding filters. Until now,
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we have shown how CNNs convolution is extended from 1-d convolution. To further

analyze its computation, the seven-nested loops pseudocode for the convolution is il-

lustrated in figure 2.5. It is also the pseudocode for direct convolution, which will

show in subsection 3.1, but it is a parallel GPU implementation. The innermost three

accumulation loops compute the actual convolution, which are dependent and can not

be parallelized, whereas the remaining loops do not have dependency. The innermost

two loops perform the computation described in 2.3, whose algorithmic complexity is

U · V FLOPs. The remaining loops has N · K · R · Q · C iterations. Therefore the

total complexity is N ·K ·R ·Q ·C ·U · V FLOPs, where a single multiply-accumulate

operation counts as one operation.

In the previous section 2.1.2, we have discussed that the convolutional layer

has four hyperparameters (parameters), kernel size (kernel height and kernel width),

number of kernels, stride, padding. The convolution parameter in CNNs include four

additional parameters with regard to the input feature maps: input channels, which

also correspond to the number of input feature maps; batch size, input height and

input width. The convolution parameters are essentially the sum of convolutional

layer parameters and input parameters. If stride and padding have different values

along height and width, both of them have different parameters along height and

width, S−h, S−w, P−h, and P−w. In total, the convolution parameter space could be

11-dimensional.

2.2.3 Convolution in Backward Pass

In forward propagation, the input image is fed to input layer, and pass through a

stack of convolutional layers which the input feature maps are convolved with different

kernels to produce output feature maps. When the input data has passed all of layers, a

loss function is used to compare the CNN results with correct results to calculate errors.

During the backward pass, the gradient is propagated to previous layers to update the

parameters in kernels to minimize the cost function using stochastic gradient descent.

A key property of CNN is that gradient with respect to input layers can be computed
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Figure 2.4: Convolution in CNNs with 5 filters (f1 ∼ f5) and one input. Each filter
convolves with the input, and the resultant matrices are stacked to form the output
with 5 channels.

1 Input[N][C][H][W];
2 Filter[K][C][U][V];
3 Output[N][K][R][Q];
4 for(n = 0; n < N; n++)
5 for(k = 0; k < K; k++)
6 for(r = 0; r < R; r++)
7 for(q = 0; q < Q; q++)
8 float val = 0;
9 for(c = 0; c < C; c++)

10 for(u = 0; u < U; u++)
11 for(v = 0; v < V; v++)
12 val += Filter[k, c, u, v] * Input[n, c, r + u, q + v];
13 Output[n, k, r, q] = val;

Figure 2.5: Simplified code of convolution computation in CNNs
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from the gradient with respect to output layers, consequently, the gradient with respect

to the weight can be computed from these values. Since CNNs typically use stochastic

gradient descent technique [63], the gradient of loss with respect to weights is accumu-

lated across different images in the same batch. This process repeats until each layer

updates their weights and one iteration of forward and backward pass finishes. Both

the gradient backpropagation and gradient accumulation involve convolution operation

in the backward pass. Similar to equation 2.5, we formally define them as follows:

∂L

∂x(n,i)
=
∑
j∈K

conv2D(
∂L

∂y(n,j)
, f(j,i)) (2.6)

Equation 2.6 defines the gradient backpropagation which the gradient of loss function

with inputs are computed by convolving the gradients with respect to outputs with the

kernels. Thus, the gradients can be propagated backwards to previous layers. Note

that conv2D here is a full convolution and the kernel needs to be rotated by 180 degree.

∂L

∂f(j,i)
=
∑
n∈N

conv2D(
∂L

∂y(n,j)
, x(n,i)) (2.7)

The gradients with respect to the kernels are computed by the convolutions between

the inputs and the gradients with respect to the outputs. Note that all convolutions

in equations 2.5 2.6 2.7 is 2D convolutions between sets of 2D matrices.

2.3 Deep Learning Frameworks

Many deep learning frameworks have emerged to build efficient CNN models,

such as Caffe [39], CNTK [80], TensorFlow [1], Theano [3], and Torch [16]. We choose

a representative framework, Caffe[39], as the underlying framework to compare our

proposed convolution method with other existing methods. Thus we briefly describe

its main highlights and overall architecture. We also compare two major data layout

used in the deep learning frameworks. Lastly, we introduce ImageNet benchmark,

which is one of the most widely used benchmarks in deep learning for performance

evaluation.
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2.3.1 Caffe

Caffe [39] is an open source framework developed by UC Berkeley in 2014, which

was initially designed for computer vision applications, and it was soon adopted by

users from other application domains because of the expression, speed, and modularity

nature of Caffe. Due to its expressive architecture, CNN models are defined by configu-

ration files using the Protocol Buffer language. It is simple to build a CNN architecture

and define an optimization as configuration files. Caffe provides a complete list of layer

types for a CNN model, such as convolution, pooling, etc. Each type of layers has a

generic interface. It allows users to define complicated networks by composing these

layers. The first layer is a data layer that feed inputs to the network. Each subsequent

layer performs a data transformation based on its specific configuration file. The last

layer corresponds to a loss layer. Caffe encapsulates low-level implementation details

in layers, and communicates by blobs between layers. Blobs are simply 4-dimensional

arrays to store data, gradients, and model parameters. The conventional blob dimen-

sions in Caffe adopt NCHW data layout, which we will discuss in the following section.

The unified memory interface handles memory allocation and synchronization between

CPU and GPU efficiently. To efficiently process memory operations, it allocate mem-

ory on CPU and GPU on demand and synchronize between CPU and GPU as needed.

In the forward pass, layers takes input data blobs and produce output data blobs, while

gradient blobs are back-propagated to previous layers during the backward pass.

2.3.2 Data Layout

The data structures used by convolution layers are typically four dimensional

tensors and there are two most popular data layouts NCHW and NHWC (see table 2.1

for notations). The stride in memory layout is ordered from small to large, where con-

secutive element in width dimension is contiguous in memory and dimension N has a

stride of C×H×W for NCHW and NHWC. In comparison, the elements along the low-

est dimension C are stored contiguously in NHWC layout. Figure 2.6 illustrates a com-

parison example between NCHW and NHWC in the channel (C) dimension. Elements
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Figure 2.6: NCHW VS NHWC data layout comparison example. The red, green and
blue elements correspond to R, G, B channel pixels for RGB images.

from the same channel are adjacent in memory for the NCHW format, whereas elements

from different channels are adjacent in memory for the NHWC format. The default

layout in Caffe is NCHW. Other frameworks CNTK[80], Theano[3],and Torch[16] also

choose NCHW as the default tensor format. However, NHWC is the TensorFlow[1]

default and NCHW is the optimal format when using GPUs. If Tensorflow uses algo-

rithms when the input is in the format of NHWC, it internally converts it to NCHW. It

converts back to NHWC when the algorithm finishes. The conversion incurs overhead

and [40] shows that changing the tensor format from NHWC to NCHW leads to about

15% performance improvement when training AlexNet for TensorFlow. Caffe employs

the NCHW data layout and we take NCHW as our default data layout in this work.

2.3.3 ImageNet Benchmark

ImageNet [19] is one of the most popular datasets in deep learning, which con-

tains more than 14 million images and 20,000 classes. These classes is built upon

the WordNet structure to organize images. An excellent example of the successes of

ImageNet dataset can be illustrated with the milestone AlexNet CNN model in 2012

ImageNet Large Scale Visual Recognition Challenge (ILSVRC). The annual competi-

tion uses subsets of the ImageNet dataset to benchmark CNN models. In the object

localization task of ILSVRC2017, the dataset contains 1.3M training images, 100,000
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testing images and 50,000 validation images. We use the validation dataset to bench-

mark our proposed convolution algorithm.

2.4 Graphics Processing Units (GPUs)

Unlike central processor units (CPUs), Graphics Processing Units (GPUs) de-

vote more transistors to arithmetic logic units rather than caches and flow control logic,

as depicted in Figure 2.7. CPUs use memory caching and sophisticated flow control

to avoid stalls and gain efficiency. In contrast, GPUs offer a large number of ALUs to

perform operations in parallel in a SIMD (single instruction multiple data) fashion to

gain high arithmetic throughput. They use massive parallelism to hide memory access

latency instead of caches for CPUs. Because GPUs are throughput-oriented systems,

they are suited for applications with massive parallelism.

Figure 2.7: Comparison of CPU and GPU architecture (Image from Nvidia CUDA C

programming guide [58]).

The massive parallel computing capability of GPUs is an ideal platform for

CNNs with substantial compute and memory operations requirement. With the advent

of GPGPU, which is referred to as general-purpose computing on GPUs, they are

suited for high compute- and data-intensive operations in CNNs. In addition, the

deep learning library cuDNN [14] with several optimized convolution algorithms used

as backend in Caffe makes GPUs more efficient in the applications for CNNs. One
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programming platform widely used in GPGPU community is Compute Unified Device

Architecture (CUDA) [24]. Figure 2.8 shows the CUDA programming model. The

serial program executes on the host (CPU) while parallel kernel runs on the device

(GPU). Both CPU and GPU have separate memory space connected through PCI

Express. The GPU kernels are launched asynchronously from the point of view of

the CPU, and they are functions run on GPU. GPU programming model has a multi-

level thread hierarchy that kernels are executed by a grid of thread blocks and each

thread block is composed by a batch of threads. CUDA also has a multi-level memory

hierarchy, which consists of global memory, per-block shared memory, and per-thread

local memory. Threads in a block are organized as groups of 32 threads (warps)

performing essentially vector operations, and they can communicate with each other

by the fast shared memory. Each thread and thread block have a specific ID, and GPU

can run thousands of threads in parallel.

Particularly, a direct convolution of an image H ×W with a kernel U × V has

computational complexity ofO (H ·W · U · V ), and total data movement ofO (H ·W ).

Therefore, convolutions are compute-bound theoretically. With the abundant paral-

lelism provided, the convolution operation performance would be boosted if the paral-

lelism is fully exploited.

2.5 Circulant Matrices

In this section, we introduce circulant matrix, which plays an important role in

our proposed convolution. We also present a derivation of diagonalization of circulant

matrices by DFT matrices. It further turns out circulant matrix multiplication can be

carried out by efficient FFTs. This is the basis for our convolution optimization.
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Figure 2.8: CUDA heterogeneous programming model (Image from Nvidia CUDA C
programming guide [58]).
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A n× n circulant matrix has the following form.

X = C(x) =



x1 x2 x3 · · · xn

xn x1 x2 · · · xn−1

xn−1 xn x1 · · · xn−2
...

...
...

. . .
...

x2 x3 x4 · · · x1


It is completely specified by the first row, which is also known as the generating vector

x. Each subsequent row is obtained by doing a right-shift of the previous row by one,

wrapping around at the edges.Each entry of Xkj is given by Xkj = x(j−k) mod n.

According to the definition of eigenvalues and eigenvectors, eigenvalues λk and

eigenvectors vk of the circulant matrix X are defined by

Xv = λv

It is equivalent to n functions

m−1∑
k=0

xn−m+kvk +
n−1∑
k=m

xk−mvk = λvm;m = 0, 1, . . . , n− 1

The above functions can be written as follows if we change the summation variables

n−1−m∑
k=0

xkvk+m +
n−1∑

k=n−m

xkvk−(n−m) = λvm

we choose vk = ψk
n−1−m∑
k=0

xkψ
k + ψ−n

n−1∑
k=n−m

xkψ
k = λ

In addition, we also choose ψ−n = 1, which means ψ is a root of unity. Thus we have

an eigenvalue for X

λ =
n−1∑
k=0

xkψ
k

and its corresponding eigenvector

v = n−1/2
(
1, ψ, ψ2, . . . , ψn−1

)′
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where prime denotes transpose. n−1/2 is the length of the eigenvector, and it is used

to normalize the eigenvector. Because ψ is the root of unity and ψm = e−2πim/n, the

eigenvalue becomes

λm =
n−1∑
k=0

xke
−2πimk/n

It is in fact the discrete Fourier transform (DFT) of the sequence {xk}. The corre-

sponding eigenvector is

vm =
1√
n

(
1, e−2πim/n, · · · , e−2πim(n−1)/n)′

The definition of eigenvalues and eigenvectors for X becomes

Xvm = λmvm,m = 0, 1, . . . , n− 1

The above equation can be written as a single equation

XF = F4

where columns in the matrix F are the eigenvectors. Eigenvectors for circulant matrices

are the same and F is a DFT matrix.

F =
(
v(0) v(1) · · · v(n−1)

)
Thus we have

X = F4F−1

where 4 is a diagonal matrix containing the eigenvalues of X, λ0, λ1, . . . , λn−1, such

that ∆ = diag (Fx). It is diagonalized by the Discrete Fourier Transform (DFT) matrix

regardless of vector x [26].

Therefore, the fast circulant matrix-vector product is as follows.

Xy = F4F−1y = F(Fx ◦ F−1y)

where y is n-dimensional vector and ◦ denotes the Hadamard element-wise vector

multiplication.
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It first computes a DFT Fx and an IDFT F−1y and then a final DFT F(Fx ◦

F−1y). By applying FFTs, these DFTs can be computed in O(n log n) operations.

Let the second matrix Y compose of m n-dimensional vector such that Y =

[y1, y2, . . . , ym]. Similarly, the circulant matrix-matrix multiplication is shown below.

XY = F4F−1Y = F(Fx ◦ F−1 [y1, y2, . . . , ym])

The multiplication can be computed by taking the inverse FFT of each column in ma-

trix Y , and do the point-wise multiplication with the Fourier transform of generating

vector x of X, followed by the final FFT. Thus for the circulant matrix X with dimen-

sion n×n and another matrix Y with dimension n×m, the computational complexity

is O(mn log n) as opposed to O(mn2) for naive matrix multiplication.
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Chapter 3

EXISTING CONVOLUTION ALGORITHMS

Convolution has been studied extensively by the research community and the

industry since convolutional neural network(CNN) has achieved great successes in a

large number of applications in recent years. Due to its success, many efficient convo-

lution methods have been proposed. We begin with describing the direct convolution

approach. Despite its simplicity, it is shown significant performance in a seminal paper

by Krizhevsky et al. [42]. We then describe four indirect approaches: im2col-based

convolution, FFT-based convolution, Winograd convolution and Strassen-based con-

volution. In fact, it is worth noting that there is no single convolution method that

performs best for all the scenarios in CNNs. The state-of-the-art cuDNN [14] library

as the backend for all major deep learning frameworks includes most of the following

convolution approaches and it runs all of internal approaches to determine which al-

gorithm offers the best performance for a given problem size and memory constraints.

To further understand the landscape of this research area, we identify strengths and

weaknesses of convolution methods, which could potentially guide our proposed con-

volution.

3.1 Direct Convolution

Direct convolution is a straightforward way to perform convolution. As illus-

trated in in algorithm 2.5, the pseudocode represents how direct convolution works

in serially. Direct convolution on GPUs is nothing more than implementing the for-

loop in parallel. For-loops in lines 4-7 in algorithm 2.5 are independent and can be

parallelized, while for-loops in line 9-11 are not independent because a shared data de-

pendency occurs and all of the loops are accumulated into the same val variable. One
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typical implementation is that each element in the output feature map is computed by

one thread, and each output feature map is computed by a thread block since threads

in the same block can communicate with each other by faster on-chip shared memory.

Thus it will not expose sufficient parallelism to fully utilize the resources on GPUs.

Compared with other convolution approaches, the advantage of the direct convolution

is clear: instead of utilizing temporary memory to keep intermediate data, it does not

need additional memory because it computes the convolution directly. Cuda-convnet2

[41] is one of the earliest CNN frameworks with direct convolution implementation.

It achieves high efficiency when batch size is large [14], but it generalizes poorly once

batch size is 64 or below. Additionally, it supports limited configuration shapes, e.g.,

images and filters must be square, and the filter number must be a multiple of 16

[51]. Lavin et al. [43] propose an efficient convolution maxDNN based on SGEMM

implementations created by an open source assembler for NVIDIA Maxwell GPUs [27],

which is developed by reverse engineering the binary of Maxwell kernels. In maxDNN,

a single output feature map coordinate is computed by a matrix multiply between

unrolled input matrix with size N × UV C and the filter matrix of size UV C × K

(see table 2.1 for notations). maxDNN is written in low-level Maxwell assembler, and

it takes advantage of hardware specific optimizations and obtains high performance,

however it is not portable and the high efficiency convolution is not accessible for other

architectures.

3.2 Im2col+GEMM Convolution

Im2col+GEMM, also known as lowering or unrolling convolution, which is a

straightforward and efficient approach to compute convolution. Im2col (image to col-

umn) is well known that image patches based on the kernel size are rearranged into

columns and reorganized them into a concatenated matrix. Im2col-based convolution

first unrolls/lowers input images to 2d matrices, and kernels are already stored as the

kernel matrix, thus convolution is converted to a general matrix multiply (GEMM).

Each row of the output matrix corresponds to an output feature map. To make the
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Figure 3.1: Im2col+GEMM example. A 3 by 3 input is unrolled to a 4 by 4 matrix.
It multiplies two 2 by 2 kernels (stored as a 2 by 4 matrix), and generates a 2 by 4
output matrix. Each row corresponds an output feature map.

discussion more concrete, we present a simple example to illustrate how this approach

works. In figure 3.1, for simplicity, we have one 2D input and two kernels with size

3 × 3 and 2 × 2, respectively, omitting the depth dimension. The first image patch

indicated by the dotted circle is reorganized into the first column in the unrolled in-

put. Similarly, the last patch (5, 6, 8, 9) is the last column in the unrolled input. By

multiplying the unrolled input with the kernel matrix, each row of the output matrix

contains the convolution between the input and corresponding kernel. In CNNs, the

kernel matrix has dimensions K×CUV, and the input data with dimension NCHW is

unrolled to N matrices with dimensions CUV×NRQ (see table 2.1 for notations). Note

that each element in the original input is duplicated up to UV times. It is obviously

that large kernel size has more duplication and requires large temporary memory to

store the unrolled input.

The kernel matrix multiplies the unrolled input matrix resulting in the convo-

luted output feature. The central idea of this approach is to unroll and duplicate the

input such that the convolution problem is transformed to a well-studied matrix mul-

tiplication problem. Therefore, it is strongly dependent on the performance of GEMM

implementation. The performance of matrix multiplication routine in cuBLAS does

not change linearly even for a slight change in matrix dimensions [59]. It is due to the
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fact that cuBLAS chooses one out of a set of highly optimized implementations for

different input matrices. The unrolled matrix dimensions produced by im2col may end

up with a sub-optimal matrix multiplication in cuBLAS.

[12] is the first study to observe that lowering convolution to matrix multipli-

cation has high performance in CNNs. Yanqing et al. [39] independently found that

im2col-based convolution is efficient in Caffe deep learning framework. By transforming

a convolution into a general matrix multiplication, it takes the advantage of highly-

tuned linear algebra libraries, e.g., cuBLAS. Caffe’s default implementation calls matrix

multiplication iteratively for each image in the mini-batch. In contrast, Gu et al [28]

have showed it gains a performance boost of around 4-5 times by using batched im2col

over multiple images. The batched scheme increases data parallelism and moves the un-

rolled matrix size to a more favorable region in BLAS. [29] has also demonstrated that

batching up multiple input images against the same kernel matrix once can improve the

performance. Indeed, im2col-based approach is BLAS-friendly, the main disadvantage

is that it causes significant memory overhead during the im2col process. It involves

redundant tensor duplication in the 2d unrolled input tensor. However, as the kernel

stride increases, the tensor duplication decreases until none remains when the stride is

greater or equal to filter height/width. To address the memory issue, [14] materializes

the unrolled matrix lazily to perform the matrix multiplication, which computes on

tiles of input and filter tensors. Cho et al. [15] proposed a simple yet novel way to

reduce the amount of duplication, while still exploiting the matrix multiplication in

BLAS, at the expense of additional matrix multiplication calls. Compared with the

conventional im2col-based convolution, both algorithms do not fully materialize the

unrolled matrix.

As we compare the algorithm complexity of both direct convolution and im2col

based method, they share the same complexity. Since the im2col routine transforms the

convolution into a more generic matrix multiplication, which can be easily parallelized

by highly efficient cuBLAS library [57]. The direct convolution, on the other hand,

can provide a very fast convolutional implementation for some specific convolutional
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configurations as we have shown in section 3.1, because it provides specialized optimized

implementations to these convolutions, but it suffers from poor performance for other

configurations. Compared with the direct convolution used in cuda-convnet [41], [38]

observed a speed up of 1.3 on K20.

3.3 FFT-based Convolution

FFT-based convolution makes use of Fast Fourier Transform (FFT) to compute

pointwise products in frequency domain, which are equivalent to spatial convolutions

based on the convolution theorem.

f ∗ g = F−1(F(f) · F(g)) (3.1)

Where F and F−1 denote the Fourier Transform and inverse Fourier Transform, and

∗, ·, and are convolution, complex pointwise product, and complex conjugation, re-

spectively. Although it is well known that convolutions can be computed as pointwise

product in the frequency domain, it was not used in the 90’s, possibly because the

number of feature maps is small. As in modern CNNs, the number of feature maps is

large to amortize the overhead of FFT-based convolution. In this approach, the sizes of

both input tensor and weight tensor have to be equal by padding with zeros prior the

transformation. Then they are transformed from the spatial domain to the frequency

domain with FFT. Following the FFT transformation, we perform a pointwise multi-

plication between the resulting input FFT transform and the complex conjugate of the

filter FFT result. Applying the convolution theorem 3.1 to equation 2.5, it becomes:

y(n,j) =
∑
i∈C

F−1
(
F
(
x(n,i)

)
◦ F

(
f(j,i)

))
(3.2)

For convolution involving multiple-channel images with multiple kernels described in

the above equation, pointwise multiplication can be converted to a complex general

matrix multiplication (Cgemm) by transposing the tensors from NCHW to HWNC

layout [74], which enable us to utilize the highly-tuned cuBLAS routine in the frequency

domain. We then apply an inverse FFT to the result of multiplication to recover the
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Table 3.1: Algorithm complexity comparison between direct convolution and FFT-
based convolution (See table 2.1 for notations)

Direct Convolution FFT-based Convolution

Forward Pass N ·K · C ·R ·Q · U · V cHW log(HW ) [K ·N + C ·N +K · C]
+4N ·K · C ·H ·W

Back Propagation N ·K · C ·H ·W · U · V cRQ log(RQ) [K ·N + C ·N +K · C]
+4N ·K · C ·R ·Q

Gradient Accumulation N ·K · C · U · V ·R ·Q cHW log(HW ) [K ·N + C ·N +K · C]
+4N ·K · C ·H ·W

convolution in the spatial domain. The output needs to be cropped in order to yield

an output with the same size as the direct convolution.

FFT-based approach greatly reduces the algorithmic complexity of convolution

in the spatial domain. However, one major drawback is the need for large temporary

memory. It has twofold, first, the weight tensor needs to be padded to the same size

as input tensor. The memory overhead is high if input tensor is much larger than

weight tensor. When the weight size is significantly smaller than the input, too much

padding to the input could occur and FFT-based convolution is less efficient. As a

consequence, a tiling strategy [74] [34] is used to decompose a large convolution into

smaller ones, which can be used to reduce the memory overhead. Second, additional

memory is required to store the FFT coefficients. Due to the symmetry property of

real inputs in the Fourier space, roughly half of FFT coefficients need to be stored. It

is also exploited to reduce the pointwise product computation cost.

Table 3.1 is the algorithm complexity comparison between FFT-based convolu-

tion and direct convolution. It requires U · V · R ·Q operations to convolve a H ×W

image with a kernel of size U ×V by direction convolution because each element in the

output image of size R×Q needs U ·V operations. Thus, it takes N ·K ·C ·R ·Q ·U ·V

for direct convolution in the forward pass. When compute the convolution by FFT,

the FFT time complexity of an image with size H ×W is cHW log(HW ), where c is

a constant. It requires cHW log(HW ) (C ·N +K · C) operations to transform input
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feature maps and kernels to the Fourier domain, and cHW log(HW ) (K ·N) oper-

ations to transform the output feature maps to the spatial domain. In the Fourier

domain, each complex number takes 4 operations, and the total number of operations

for pointwise multiplications is 4N ·K ·C ·H ·W . As for back propagation and gradient

accumulation, the same analysis can be applied. In the forward pass, direct convolu-

tion scales as O (N ·K · C ·R ·Q · U · V ), whereas FFT-based convolution scales as

O (N ·K · C ·H ·W ). For large kernel, the FFT-based convolution is obviously more

efficient than direct convolution since UV causes the time complexity of direct convo-

lution increases rapidly. Thus, convolution with large kernel size is more efficient with

FFT-based convolution.

For large kernel sizes, the FFT-based algorithm is superior compared to other

convolution approaches because its complexity does not depend on the kernel size.

Although the pointwise product in the frequency domain is much less expensive than

convolution in the spatial domain, the input and weight need to be transformed to

the frequency domain and the product result needs to be transformed back. For a

given convolution, the overhead of FFT-based convolution can outweigh its algorithmic

advantage and it may be less efficient, e.g., fbfft [74] is less efficient than cuDNN [14]

if the kernel size is less than 7 from the empirical results in [51]. However, because we

compute the convolution between each input image in a mini-batch with each filter,

and we only compute the FFT of each input image and each filter once and reuse these

FFTs many times to amortize the FFT transform cost, thus the overhead of computing

FFTs is greatly reduced. The FFT savings also exist in inverse FFT transform. As in

the equation 3.2, we take the summation of IFFT for each elementwise product result

to compute the output feature map. Instead, we take the IFFT of this sum once since

FFT is a linear operation, which results in considerable savings of IFFT time. Finally,

the Fourier coefficients of the output gradients can be reused when backpropagating

gradients to the input and filter.

FFT-based convolution is highly dependent on the FFT operation, which can

be either based on the off-the-shelf NVIDIA’s cuFFT library, or based on specific
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implementation of FFT, e.g., fbfft [74]. Motivated by the limitation of cuFFT library

as a black box, and the 2-D convolution is often small and falls out of the regime for

which cuFFT has been optimized, ftfft [74] implemented their own FFT routine and

it provides efficient performance over cuFFT at sizes 8-64. For the best performance

in cuFFT, it is worth noting that cuFFT performance is sensitive to FFT size and

very often slight changes in size result in large performance differences due to different

implementations used in cuFFT. cuFFT programming guide[56] recommends using the

size of power of two to achieve the best performance.

3.4 Winograd Convolution

As very small
(
3× 3

)
convolution filter provides a significant improvement over

previous CNN configurations [68], Lavin et al. [44] introduced a fast convolutional

algorithm to reduce the complexity using Winograd’s minimal filtering algorithm [77].

It is originally used to compute the output for FIR filters. The causal FIR filters has

the following definition:

y[n] =
M∑
k=0

bkx[n− k] (3.3)

where x[n] and y[n] refer to input and output signal, and M and bk are the filter

order and filter coefficients. Because FIR filter computation is mathematically similar

to convolution, Winograd algorithm can be applied to convolution. Its key idea is to

reduce the number of expensive multiplication operations by increasing the inexpensive

addition operations. To compute m outputs with an r-tap FIR filter, denoted by

F (m, r), it requires µ(F (m, r)) = m + r − 1 multiplications [77]. For example, to

compute the two outputs for a 3-tap FIR filter with coefficient gi with a set of elements

di, F (2, 3), the standard algorithm requires 6 multiplications.

F0 = g0d0 + g1d1 + g2d2

F1 = g0d1 + g1d2 + g2d3

(3.4)
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In contrast, Winograd algorithm computes these two outputs using 4 multipli-

cation.
m1 = (d0 − d2) g0

m2 = (d1 + d2)
g0 + g1 + g2

2

m3 = (d1 − d3) g2

m4 = (d2 − d1)
g0 − g1 + g2

2

F0 = m1 +m2 +m3

F1 = m2 −m3 −m4

(3.5)

While the number of multiplications is reduced from 6 to 4, it is achieved at the expense

of additional additions. Compared with the standard algorithm using 4 additions, this

method uses 4 additions, 3 additions, and 4 additions for the input data, filter and

output data, respectively. Additionally, it uses 2 other multiplications by a constant

(multiply 1/2). Nevertheless, considering a multiplication is more expensive in terms

of execution time, the benefit brought by multiplication savings is more than the over-

head of additional additions and constant multiplication, and Winograd algorithm has

potential to yield performance improvements.

The equation 3.5 for F (2, 3) can be written in matrix form as:

Y = AT
[
(Gg)�

(
BTd

)]
(3.6)

where � represents element-wise multiplication, and the matrices A, B, and G are

given as follows:

BT =


1 0 −1 0

0 1 1 0

0 −1 1 0

0 1 0 −1

G =


1 0 0

1
2

1
2

1
2

1
2
−1

2
1
2

0 0 1

A
T =

 1 1 1 0

0 1 −1 −1

 (3.7)

These matrices can be derived from [77]. Thus, different choices of m and r in F (m, r)

need to obtain different matrices A, B and G. As equation 3.6 shows, Winograd al-

gorithm consists of three steps. First, both input and filter are transformed by their
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respective matrices G and BT , and then element-wise multiplication is done. The last

step is inverse transformation by matrix AT .

In the context of convnets, we operate on 2D convolutions. Winograd algorithm

can be generalized to 2D filters by nesting one Winograd algorithm F (m, r) with an-

other one. Thus, a 2D convolution F (m× n, r × s) to compute m× n outputs with a

r × s kernel under Winograd algorithm, it requires the following multiplications.

µ(F (m× n, r × s)) = µ(F (m, r))µ(F (n, s))

= (m+ r − 1)(n+ s− 1)
(3.8)

As shown in equation 3.8, Winograd convolution of a 3×3 over a 4×4 image resulting in

a 2×2 feature map involves (2+3−1)×(2+3−1) = 16 multiplications, whereas direct

convolution requires 3× 3× 2× 2 = 36 multiplications. It uses 20 fewer multiplication

operations than the direct convolution.

Following the same principles as equation 3.6, the matrix form of 2D Winograd

convolution F (m× n, r× r) whose input size is (m+ r− 1)× (m+ r− 1) and output

size is m×m is as follows:

Y = AT
[[
GgGT

]
�
[
BTdB

]]
A (3.9)

To implement convolutions in CNNs, each feature map is divided into tiles of size

(m + r − 1)× (m + r − 1), and the neighboring tiles have r − 1 overlapped elements.

F (m × n, r × r) is then used to computed for each tile and kernel combination and

results are summed over all feature maps [44].

Although Winograd algorithm computes convolution over small tiles of input

data in lower arithmetic complexity, the disadvantage of this approach has twofold.

First, the number of operations grows quadratically with kernel size, thus this approach

is often used for small kernels (e.g., 3×3) and it has high performance in cases of small

kernels and mini-batches [44]. Second, since the magnitude of elements in the transform

matrix increases with filter size and it may cause severe roundoff problems in floating

point arithmetics [77], and the numerical accuracy of Winograd convolution decreases
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as larger kernels are used. Thus, Winograd algorithm can only be used for small

kernels. In order to mitigate the numerical inaccuracy, Vincent et al. [75] proposed

a simple non-fused approach to implement a 5 × 5 tile winograd convolution, which

means all transform matrices are implemented in separate CUDA kernels. Compared

with the prevalent 3×3 tile, this large tile not only provides speedups, but also increases

accuracy.

3.5 Strassen-based Convolution

Cong et al. [17] employ the Strassen matrix multiplication [69] to reduce the

arithmetic complexity of the redefined matrix multiplication. The Strassen algorithm

was originally used to reduce computational workload in matrix multiplication. Let X,

Y, and W be square matrices with size of 2n × 2n. For the following matrix multipli-

cation, we first partition X, Y, and W into equally sized block matrices.

Y = W ×X

Then we have:

Y =

 Y1,1 Y1,2

Y2,1 Y2,2

 ,W =

 W1,1 W1,2

W2,1 W2,2

 , X =

 X1,1 X1,2

X2,1 X2,2


The normal blocked matrix multiplication would be:

Y1,1 = W1,1 ×X1,1 +W1,2 ×X2,1

Y1,2 = W1,1 ×X1,2 +W1,2 ×X2,2

Y2,1 = W2,1 ×X1,1 +W2,2 ×X2,1

Y2,2 = W2,1 ×X1,2 +W2,2 ×X2,2
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We need 8 multiplications in this representation. Strassen algorithm instead defines

new matrices as follows.

M1 := (W1,1 +W2,2)× (X1,1 +X2,2)

M2 := (W2,1 +W2,2)×X1,1

M3 := W1,1 × (X1,2 −X2,2)

M4 := W2,2 × (X2,1 −X1,1)

M5 := (W1,1 +W1,2)×X2,2

M6 := (W2,1 −W1,1)× (X1,1 +X1,2)

M7 := (W1,2 −W2,2)× (X2,1 +X2,2)

Yi,j can be expressed in terms of new matrices Mk.

Y1,1 = M1 +M4 −M5 +M7

Y1,2 = M3 +M5

Y2,1 = M2 +M4

Y2,2 = M1 −M2 +M3 +M6

Here the number of multiplications is reduced from 8 to 7. The algorithm recursively

partitions the submatrices into numbers in X, Y and W. Although each recursion re-

duces the number of multiplications, it incurs additional additions. The number of

additions increases from 4 to 18. The overhead of additions may negate the multipli-

cations savings. Cong et al. [17] extend the Strassen algorithm into convolutions in

CNNs. It redefines Y = W ×X with the following form.

Y =


y1

y2
...

yR

 ,W =


w11 w12 · · · w1Q

w21 w22 · · · w2Q

...
...

. . .
...

wR1 wR2 · · · wRQ

 , X =


x1

x2
...

xQ


where yr, wrq and xq (r ∈ [1, R], q ∈ [1, Q]) represent output feature maps, convolution

kernels, and input feature maps, respectively. Each wrq and xq pair perform convolu-

tions. This redefined matrix multiplication recursively applies the Strassen algorithm
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until the submatrices partitioned into the wrq and xq pair. The performance gain from

this approach root from the large granularities of the wrq and xq pair. The redefined

matrix multiplication provides another view of convolutions in CNNs, and it can reduce

the number of operations by up to 47%.

3.6 Summary

In this chapter, we reviewed the major types of convolution approaches in CNNs.

These approaches optimize convolution from different algorithmic aspects, and they

have clear drawbacks. Both Im2col+GEMM and FFT-based convolutions require a

large amount of extra memory. For winograd convolution, numerical accuracy de-

creases as kernels increase. The overhead of additions may negate the multiplications

savings for small granularity input feature map and kernel pairs in strassen-based con-

volution. In terms of performance in the parameter space, FFT-based convolution is

well-optimized for large kernel convolution, whereas winograd convolution is efficient

when the kernel size is small.

Matrix multiplication is used by all convolution approaches, with the exception

of the direct convolution. Therefore, it is important to provide an efficient matrix

multiplication on GPUs. It is recommended to use highly-optimized libraries such as

cuBLAS on Nvidia GPUs. Matrix multiplication routine in cuBLAS internally chooses

from a set of implementations depending on matrix dimensions. If the matrix dimen-

sions are out of the optimal regime for cuBLAS, the performance of matrix multipli-

cation can not reach the best achievable performance. An alternative approach is to

implement specific matrix multiplication, e.g., maxDNN [43] makes use of hardware-

specific optimizations on Maxwell Nvidia GPUs, and implements a low-level assembly

matrix multiplication. Our proposed convolution also uses a variant of matrix multi-

plication, which is not immediately available in cuBLAS. Instead, we implement our

own matrix multiplication routine. This routine has the potential to be optimized to

better squeeze the GPU computational resources; we leave this for future work.
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Chapter 4

FINE-GRAINED FFT CONVOLUTION

4.1 Motivation

In this section we explain how data redundancy is discovered from the imple-

mentation details of the im2col-based convolution, and how this novel observation

motivates the proposed more efficient implementation of convolution.

Recall that the im2col operation reshapes the input feature map as a concate-

nation of columns stretched by the local patches of the input feature map. The kernels

are already stored as a kernel matrix. Therefore, the convolution is transformed to a

matrix multiplication to take advantage of highly optimized GEMM libraries. During

the im2col process, since the receptive fields overlap, the elements in the overlapped

area are duplicated into multiple distinct columns. The duplication of the overlapped

elements incurs lots of redundancy. The exact degree of redundancy is hard to predict

analytically, however can be measured once all parameters are known. In addition to

the redundancy of overlapped elements, there is another kind of redundancy due to the

treatment of the input feature map. Sometimes the convolution layer would pad the

input feature map with zero to keep the spatial size constant as well as preserve the in-

formation at the border. Thus the im2col process also duplicates zeros. We could skip

0 0 0 0 0
0 1 2 3 0
0 4 5 6 0
0 7 8 9 0
0 0 0 0 0

0 0 0 0 0 1 2 3 0 4 5 6 0 7 8 9
0 0 0 0 1 2 3 0 4 5 6 0 7 8 9 0
0 1 2 3 0 4 5 6 0 7 8 9 0 0 0 0
1 2 3 0 4 5 6 0 7 8 9 0 0 0 0 0

im2col

Figure 4.1: A 3 × 3 input with zero-padding of size 1 convolves with a 2 × 2 kernel
(shown in blue on the left). On the right is a larger matrix generated by the im2col
process with redundancy.
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multiplications that always give zero in matrix multiply if we know the distribution of

zero element after the im2col operation. For example, Figure 4.1 shows a 3× 3 input

with zero-padding size of 1 with respect to a 2× 2 kernel are processed to generate an

unrolled output by the im2col operation.

To exploit the redundancies in im2col and develop more efficient convolution

algorithm, we need to answer three questions. (1) How to mathematically describe the

duplication of the input feature map in im2col? (2) How to mathematically describe

the distribution of zero elements introduced in zero-padding? And (3) Where are the

absolutely necessary elements in the resultant matrix after the im2col step? In the

remainder of this work, we develop a recursive data pattern to describe the redun-

dancy we find. With the redundancy pattern description, we are able to transform the

convolution algorithm to avoid computation and storage on those redundant elements.

The final product is our fine-grained FFT convolution algorithm.
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im2col

Figure 4.2: The close look of im2col process by reshaping the input patch overlapped
with a kernel of four rows into a column.

4.2 A New Data Pattern

In this section, we first take a close look at how im2col works for each row of

the kernel, and then show why the particular visiting process introduces two types of

redundancy when im2col’s kernels slide on CNNs’ feature map both horizontally and

vertically. We then develop a concise mathematical presentation to describe the redun-

dancy mechanism. Particularly we reveal the connection between the data pattern and

the doubly block Hankel matrix, and present a new way to express the data pattern

unique to the im2col process. With all these, we present the theoretical foundation of

how the convolution in CNNs can be asymbolitically optimized.

4.2.1 im2col Process

Let us first take a closer look at the im2col operation since the new data pattern

is dependent on the im2col operation. As shown in Figure 4.2, the kernel has four rows

indicated by different colors, and the im2col operation transposes and concatenates

each row of the overlapping patch in the feature map into one long column. As the

kernel slides horizontally and vertically, each row in the kernel works independently.
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0 0

Position N

Position N+1Intra-row redundancy

Figure 4.3: The row kernel slides on the one-row feature map, and it incurs intra-row
redundancy. The skew diagonals denoted by the blue arrows are constant, and blue
triangles represent zero elements.

Alternately, we can think of this 2D filter as a set of 1D row kernel, and the final

resultant matrix generated by im2col is the composition of results of each row kernel.

As the kernel slides horizontally, it incurs the redundancy within the row kernel, which

we name it intra-row redundancy.

4.2.2 Intra-row Redundancy

We take one row from both the feature map and filter as an example shown in

figure 4.3, and the one-row feature map is padded one zero on both sides. We assume

the length of row kernel is n. As the row filter slides along the one-row feature map, the

current position N + 1 and the previous position N (denoted by red, black rectangles

respectively) are overlapped by n − 1 (indicated by red striped pattern) and only the

leftmost element in the previous position and the rightmost element in the current one

are distinct. In the beginning, the row kernel starts at the leftmost position of the

feature map. As the filter slides, im2col operation transposes the elements in these

positions to columns and concatenate them in a shoulder by shoulder manner. Once

the row filter finishes sliding to the rightmost, elements in each neighboring of columns
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generated by im2col are overlapped by n-1 and shifted up by one. As can be seen

from figure 4.3, the skew diagonals of the resultant matrix denoted by the blue arrows

are constant. Because zeros are padded symmetrically on the border, the upper left

and the lower right blue triangles are zeros, where their length of sides along height

and width directions is equal to p. Let us formally define the intra-row redundancy.

Suppose the length of the one-row feature map and row kernel are m and n. Recall

that we only consider stride is 1 throughout this dissertation. According to the relation

in equation 2.4, the width of resultant matrix is m − n + 2p + 1 (p is padding size),

and its dimensions are n× (m− n+ 2p+ 1). Thus, the intra-redundancy data pattern

is as follows:

Outputintra[i][j] =


Outputintra[i− 1][j + 1],

if i > 1, j > 0 and

i ≤ n, j < m− n+ 2p− 1

0,
if i > 0, 0 < j ≤ p− i+ 1 or

n− p < i ≤ n,m− i+ 1 < j ≤ m

(4.1)

Where Outputintra denotes the output matrix with intra-row redundancy generated by

the im2col operation when the kernel slides horizontally. Based on the analysis, we

observe a data pattern with redundancy as the row filter slides along the feature map

and determine how zeros by padding are distributed in the output matrix.

4.2.3 Inter-row Redundancy

We have shown how the sliding of filter horizontally leads to intra-row redun-

dancy, and we focus on analysis of kernel sliding in the vertical direction in this part.

In the convolution process, kernel begins from the top left corner and moves a stride

size step to the right. In this process, rows in the kernel independently incurs the

redundancy pattern as figure 4.3. When the kernel reaches the right border of feature

map, it shifts one row vertically and continues to slide from left to right, which the

other redundancy incurs because each row kernel will traverse the elements the next

row kernel just traversed. Hence, we name it inter-row duplication. The kernel contin-

ues to go through the same process until it finishes at the bottom right corner of the

feature map. In figure 4.4, the kernel has four rows indicated by different colors and
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the feature map is padded zeros with size one. As the kernel reaches the bottom right

corner of the feature map, k1, k2, k3 and k4 independently generate row from one to

four on the output matrix and and each block has intra-row redundancy following the

same principle in section 4.2.2. Since k1 will traverse the elements in the feature map k2
just traversed as k1 shifts one row vertically, and this is where inter-redundancy incurs.

The inter-row redundancy also follows the similar pattern as the intra-row redundancy

that blocks on skew diagonals are the same, which is indicated by blue dotted arrows in

figure 4.4. Since we only pad zeros with size one and the row kernel slides the padded

rows that are entirely zeros, the upper left and lower right blocks are zero matrices. We

set the feature map and kernel sizes to be m×m and n× n, padding the feature map

with zeros of size p around the borders. The im2col operation rearranges the feature

map into dimensions of n2 × (m− n+ 2p+ 1)2, and each block in the output matrix

is n× (m− n+ 2p− 1).

Outputinter[i][j] =


Outputinter[i− 1][j + 1],

if i > 1, j > 0 and

i ≤ n, j < m− n+ 2p− 1

0,
if i > 0, 0 < j ≤ p− i+ 1 or

n− p < i ≤ n,m− i+ 1 < j ≤ m

(4.2)

where i and j are the indices for the blocks in the output matrix Outputinter. Within

each block that is not zeros, it follows the data pattern shown in equation 4.1. If

n = m− n+ 2p+ 1, the output matrix generated by im2col is a doubly block Hankel

matrix, which we will describe the details in subsection 4.2.6. It is worth noting that

if the padding size is zero the distribution of zeros in the new feature map does not

exist, however, if the padding size is large, and the output matrix has more zero blocks

allowing for potential optimization that skips the multiplication with zero blocks.

4.2.4 Im2col-based Convolution Redundancy

In CNNs, convolutional layers perform batched convolution that each input fea-

ture map convolves spatially with a kernel and the results of the convolutions are

summed across feature maps to produce an output feature map. In this case, im2col

44



0 0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 

0 
0 

0 
0 

0 
0 

0 
0 

0 
0 

0 
0 

0 
0 

0 
0 

0 
0 

0 
0 

 

Inter-row redundancy

V

Q

R

!"

!#

!$

!%

Figure 4.4: As the kernel traverses the entire feature map, the output matrix generated
by im2col has inter-row redundancy denoted by dotted blue arrows. Each block is V ×Q
with total number of K ×R. Refer to table 2.1 for notations.

duplicates each feature map in the same manner and concatenates small output matri-

ces into a larger output matrix, and each small output matrix is depicted in figure 4.4.

The intra-row and inter-row redundancy follow the same data pattern that elements or

blocks on the skew diagonals are the same. Recall that in section 3.2, the input data

with dimension NCHW is unrolled to N matrices with dimensions CUV×NRQ by a

kernel matrix with dimensions K×CUV. The larger output matrix has C small output

matrix ,and each small UV×NRQ matrix has the data pattern described in equation

4.2.

In this part, we use a bottom-up approach to systematically study the redun-

dancy in the im2col process. We analyze how im2col incurs redundancy from 1D and

2D convolutions to batched 2D convolution in CNNs as well as the zero distribution by

padding. The zero distribution provides us an opportunity to skip the multiplication

and save the computation resources, and the redundancy motivates us to design new

algorithms to avoid it to save the memory consumption, but more importantly provides

us with an optimization opportunity for convolution in CNNs.

4.2.5 Padded Zero Distribution

A convolutional layer’s output size depends on the input size, kernel size, striding

as well as zero-padding. It allows users to surround the input with zeros, which can
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Valid convolution

Same convolution

Full convolution

Figure 4.5: Three 2D convolution types: valid, same and full convolutions. Each of
them is denoted by red, purple and green colors respectively. The input size is 5 × 5
and the kernel size is 3× 3.

control the output size and preserve the information at the borders. Without padding,

the input size is shrinked after each convolutional layer and the information at the

borders is lost. Based on the zero-padding size, 2D convolution is categorized into three

types: valid convolution, same convolution and full convolution. Valid convolution does

not use any padding on the input, and the same convolution zero-pads the input such

that the output size is the same as the input after convolution. Both of them does not

increase the output size with respect to the input size. In contrast, the full convolution

increases the output size with proper zero-padding. Recall that the output width is

defined as Q = (W − V + 2P )/S + 1 in equation 2.4, and stride size is 1. For the full

convolution, the padding size P is V −1, while P is (V −1)/2 for the same convolution.

It is also called half convolution because the padding size is nearly half of the kernel

size. Figure 4.5 shows an example of a 3 × 3 kernel convolving over a 5 × 5 input for

these three convolution types. In this example, the input size is 5× 5, and the kernel

size is 3 × 3. Because no padding is applied on the input for the valid convolution,

the output size is 3× 3, which is denoted by the red square. Zero-padding sizes are 1

and 2 for same and full convolutions respectively, denoted by purple and green squares

in the figure. As we have discussed in the previous sections, the padded zeros are

duplicated in the im2col process. In the inter-row redundancy, the padded zeros are
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distributed at the upper left and bottom right corners of the unrolled feature maps.

It allows us to skip the FFT computation and block matrix multiplication on the zero

blocks. According to equation 4.2, we plug the padding size (V − 1)/2 and V − 1

into the equation, the padded zero distribution is trivial to compute for same and full

convolutions.

4.2.6 Doubly Block Hankel Matrices

With the intra-redundancy and the inter-redundancy revealed, we can now an-

swer the questions asked in section 4.1 as to how to express and use the redundancy

patterns.

The im2col process converts the input patches to columns and forms an un-

rolled matrix, which has the inter-row redundancy, whereas each block has intra-row

redundancy, as demonstrated in figure 4.6. The padded zero elements are distributed

in the upper-left and lower-right blocks of the unrolled matrix. Additionally, they are

distributed within the upper-left and lower-right corners of each non-zero blocks. Each

row in the input feature map is distributed to the first column and last row within the

blocks depicted in figure 4.6, because a new element is shifted up in intra-row redun-

dancy. We now are able to track all the elements from the input feature map and fully

reveal the data pattern introduced by the im2col process.

We make a key finding here. The data pattern, which features both intra-

row and inter-row redundancy, can be qualitatively summarized as following. Each

block along skew-diagonals in figure 4.4 are identical, while each block has intra-row

redundancy that elements along skew-diagonals are constant. The equations 4.2 4.1

that summarize the intra-row and inter-row redundancy patterns is in fact the definition

for a Hankel matrix which each value along skew-diagonals are constant. The output

matrix generated by im2col for an input feature map is actually a doubly block Hankel

matrix. Each individual block in the matrix is a Hankel matrix, and the whole matrix

with respect to its blocks is also a Hankel one. Hankel matrix is a matrix in which each

47



values along ascending skew-diagonals are constant. An n×n Hankel matrix takes the

form:

H =



h1 h2 . . . hn−1 hn

h2 h3 . . . hn hn+1

...
...

. . .
...

...

hn−1 hn . . . h2n−3 h2n−2

hn hn+1 . . . h2n−2 h2n−1


(4.3)

Its elements are determined by a 2n− 1 length sequence {hi|1 ≤ i ≤ 2n− 1}.

HBlock =


H11 H12 · · · H1N

H12 H22 · · · H2N

...
...

...
...

H1N H2N · · · HNN

 (4.4)

In the matrixHBlock, allHij are Hankel matrices. The structure ofHBlock, with respects

to its sub-matrices is also Hankel, thus HBlock is a doubly block Hankel matrix.

In CNNs, the kernel matrix has dimensions K×CUV , and the input data with

dimension NCHW is unrolled to N matrices with dimensions CUV ×RQ. Each matrix

has C sub-matrices ,and each of them is a doubly block Hankel matrix with size of UV ×

RQ (see table 2.1 for notations). Using the doubly block Hankel matrix to represent

the feature map matrix generated by the im2col, the convolution actually become the

multiplication between Hankel matrix and vector. Due to the intrinsic data redundancy

in Hankel matrices, such Hankel-matrix-vector multiplication has theoretically lower

computational complexity than a normal matrix-vector multiplication. We use the

Fast Fourier Transform (FFT) to asymbolitically optimize the Hankel-matrix-vector

multiplication and therefore improve the performance of the convolution in CNNs. In

the next section, we will present our proposed fine-grained FFT-based convolution in

details.
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Figure 4.6: A new data pattern revealed in figure 4.1 that each block with the same
color are the same, and element along the skew diagonals are constant. The elements
bounded by red lines correspond to individual rows from the input feature map.
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4.3 Fine-Grain-FFT-Based Convolution Algorithm

We have shown that im2col-based convolution unrolls each input feature map

to a doubly block Hankel matrix, and the convolution is transformed to a matrix

multiplication between the kernel matrix and doubly block Hankel matrices. Disre-

garding such redundancy, existing implementations of the im2col+GEMM convolution

approach such as that in cuDNN all directly compute the kernel and unrolled input

matrices multiplication using BLAS libraries such as cuBLAS. In this section, we show

how the Hankel matrix data pattern enables the use of FFT to more efficiently compute

the specific matrix multiplication. We then introduce the complete FFT Hankel matrix

vector multiplication algorithm in the context of convolution. At last, we demonstrate

analytically that our fine-grain FFT based convolution algorithm not only reduces the

computational complexity by FFT, but also reduces the memory overhead because

it eliminates the needs to fully unroll the input data and replaces unrolling with the

implicit element-wise matrix multiplication.

4.3.1 Fast Fourier Transform

The Fast Fourier Transform (FFT) is one of the most important numerical al-

gorithms, which is an efficient procedure to compute the Discrete Fourier transform

(DFT). DFT is used to transform the signal from time or spatial domains to frequency

domain. It has a wide range of applications, e.g., image processing. Image convolution

in the spatial domain can be transformed into a more computationally efficient multi-

plication in the frequency domain. For an input data xn of length N, 1D DFT for this

input data is defined as follows.

Xk =
N−1∑
n=0

xne
−2πikn
N k = 0, 1, . . . , N − 1 (4.5)

In equation 4.5, eachXk involves a summation over all input data. Therefore, it requires

O(N2) operations and the complexity grows quadratically with N if we compute directly

for all 1D input. In contrast, FFT recursively decomposes into smaller DFTs, and the

divide and conquer approach reduces the complexity to O(N logN). Not only FFT
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Figure 4.7: Illustration of radix-2 DIT FFT algorithm

is more efficient than DFT, but it is also more accurate than DFT, because fewer

operations undertaken results in less round-off error. There are many different FFT

algorithms, and one of the most widely used algorithms is the Cooley-Tukey algorithm

[18]. It decomposes recursively the DFT of a composite size N = N1N2 into N1 smaller

DFTs of size N2. As the simplest form of the Cooley-Tukey algorithm, the radix-2

decimation-in-time (DIT) FFT algorithm decomposes N (N = 2r) into two N/2 DFTs

of even-numbered inputs and odd-numbered inputs. Equation 4.5 becomes:

Xk = Ek + e−
2πik
N Ok

Xk+N
2

= Ek − e−
2πik
N Ok

(4.6)

where k = 0, 1, . . . , N
2
− 1, Ek and Ok denote the DFTs of even-numbered inputs and

odd-numbered inputs respectively. Therefore, the DFT of size N is expressed as two

DFTs of size N/2, followed by a combination step that corresponding size-2 DFTs are

merged into the final DFT result. It is illustrated in figure 4.7. As the decomposition

continues recursively, the FFT algorithm decomposes the DFT into logN stages. Thus

the total computational complexity is O(N logN).

The Fourier transform of a 1-D real-valued input has Hermitian symmetry (con-

jugate complex symmetry), This property enables us to derive an efficient fine-grained

FFT convolution implementation. Specifically, having the input sequence xi of an even

length N, the N input data points produce N/2+1 complex output points, and the
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remaining N/2-1 output points are just the complex conjugates of the corresponding

output points.

Recall that the DFT definition is

X(k) = DFT [x(n)] =
N−1∑
n=0

x(n)W kn
N , 0 ≤ k ≤ N − 1

where WN = e−j
2π
N . According to Euler’s formula, WN = e−i

2π
N = cos

(
2π
N

)
− j sin

(
2π
N

)
When k is 0

W 0n
N = e−j

2π
N

0 = cos(0)− j sin(0) = 1

X(0) = DFT [x(n)] =
N−1∑
n=0

x(n)W 0n
N =

N−1∑
n=0

x(n)

The first output point is the summation of all input data points.

When k is N/2

W
N
2
n

N = e−j
2π
N
N
2
n = cos(nπ)− j sin(nπ) = (−1)n

X

(
N

2

)
= DFT [x(n)] =

N−1∑
n=0

x(n)W
N
2
n

N =
N−1∑
n=0

x(n)e−jnπ =
N−1∑
n=0

x(n)(−1)n

As for other values of k

W kn
N = e−j

2π
N
kn = cos

(
2π

N
kn

)
− j sin

(
2π

N
kn

)
W

(N−k)n
N = e−j

2π
N

(N−k)n = cos

[
2π

N
(N − k)n

]
− j sin

[
2π

N
(N − k)n

]
= cos

(
2π

N
kn

)
+ j sin

(
2π

N
kn

)
=
(
W kn
N

)∗
X(N − k) =

N−1∑
n=0

x(n)W
(N−k)n
N =

N−1∑
n=0

x(n)
(
W kn
N

)∗
= X∗(k)

where the star denotes conjugation. Thus for the input with even length, the DFT

output is conjugate symmetric. We will exploit this property in subsection 4.3.5.

4.3.2 Hankel Matrix Vector Multiplication

Recall that for N H ×W C-channel input images, im2col transforms them to

NC doubly block Hankel matrices of size UV ×RQ with Hankel blocks of size V ×Q.
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The corresponding dimensions of the kernel matrix are K × UV C for K kernels with

spatial dimensions U × V since it is required that the input tensor and the set of K

kernels have the same depth size C in a CNN convolution layer. Here we first show a

fast multiplication to multiply a vector v of size 1×V from the kernel matrix with the

Hankel block H of size V ×Q, and then in section 4.3.4 extend it to the doubly block

Hankel matrix method.

Hankel matrices are referred as structured matrices, which can be described

without loss of information much more concisely than the n2 elements in n×n matrices.

The immediate benefit is that the storage complexity can be significantly reduced.

More importantly for the convolution algorithm, much lower computational complexity

for structured matrix-vector product can be obtained via fast matrix-vector products

by FFTs. The Hankel block H can be embedded into a 2Q × 2Q circulant matrix

X, and the multiplication by the kernel vector v can be achieved by FFTs, reducing

the computational complexity from O(Q2) to O(2Q log 2Q) operations. To efficiently

compute the multiplication, recall the circulant matrix definition in section 2.5, it can

be completely specified with only the first row, which is also known as the generating

vector x. It is diagonalized by the Discrete Fourier Transform (DFT) matrix regardless

of vector x [26]. It can be expressed as

X = F4F−1

where F is the DFT matrix and 4 is a diagonal matrix containing the eigenvalues of

X such that ∆ = diag (Fx). Therefore, multiplying the circulant matrix X with the

kernel vector v is as follows.

Xv̂ = F4F−1v̂ = F(Fx ◦ F−1v̂) (4.7)

where ◦ denotes the Hadamard element-wise vector multiplication and v̂ = (vV , vV−1, . . . , v1, 0, . . . , 0).

It first computes a DFT Fx and an IDFT F−1v̂ and then a final DFT F(Fx ◦ F−1v̂).

These three DFTs can be computed efficiently by applying FFTs. Their compu-

tational complexity is O(2Q log 2Q), thus our fine-grained FFT algorithm works at

O(2Q log 2Q) granularity.
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4.3.3 Hankel Matrices to Circulant Matrices

The input feature maps are unrolled into doubly Hankel matrices in the im2col

process and the hankel matrix vector multiplication can be performed using FFT. The

first step is to embed hankel matrices into circulant matrices. In this section, we present

the details of the procedure on embedding hankel matrices to circulant matrices.

A standard method is to permute the hankel matrix into a toeplitz matrix by

multiplying a permutation matrix. The columns in the hankel matrix are permuted

left-to-right, and it is converted to a toeplitz matrix. Then the toeplitz matrix is

embedded into a larger circulant matrix to achieve fast computation by FFT. The

problem of this method is multiplications of the permutation matrix P with all entries

are zero except those one on the anti-diagonal are one, which unnecessary operations

are performed and GPU computational resources are wasted on the operations. To

alleviate this problem, we notice that in fact we only need the generating vector for

the circulant matrix, the circulant matrix is not necessarily formed.

P =



0 0 . . . 0 1

0 0 . . . 1 0
...

...
. . .

...
...

0 1 . . . 0 0

1 0 . . . 0 0


Hankel matrix 4.3 is permuted into the following toeplitz matrix in which ele-

ments on the diagonal are constant, and then embedded into the circulant matrix in

4.9.

T =



hn hn−1 . . . h2 h1

hn+1 hn . . . h3 h2
...

...
. . .

...
...

h2n−2 h2n−3 . . . hn hn−1

h2n−1 h2n−2 . . . hn+1 hn


(4.8)
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C =



hn hn−1 hn−2 . . . h1 h2n−1 h2n−2 . . . hn+1

hn+1 hn hn−1 . . . h2 h1 h2n−1 . . . hn+2

hn+2 hn+1 hn . . . h3 h2 h1 . . . hn+3

...
...

...
. . .

...
...

. . .
...

h2n−1 h2n−2 h2n−3 . . . hn hn−1 hn−2 . . . h1

h2 h1 h2n−1 . . . hn+2 hn+1 hn . . . h3
...

...
...

. . .
...

...
. . .

...

hn−1 hn−2 hn−3 . . . h2n−1 h2n−2 h2n−3 . . . hn



(4.9)

where the leading n × n matrix is the toeplitz matrix 4.8. The first row c is the

generating vector of the circulant matrix C.

c = (hn hn−1 hn−2 . . . h1 h2n−1 h2n−2 . . . hn+1) (4.10)

All the elements in the first row contains two parts. The first part is elements from rows

in the original feature maps. The second part is the padded zeros which convert non-

square toeplitz matrices to square toeplitz matrices. It simply pads zeros to non-square

toeplitz matrices as long as elements along the diagonal are constant. Taking FFTs over

the generating vector in equation 4.7, the hankel matrix vector multiplication can be

performed using FFTs. To achieve the best performance of cuFFT, it is recommended

that the transform size of FFT to be a power of two. Thus the dimension of the square

matrix in 4.8 is a power of two, and the size of generating vector of the circulant matrix

in 4.10 is also a power of two. We simply need to pad additional zeros to increase the

size of toeplitz matrix to the next power of two.

4.3.4 Implicit Element-Wise Matrix Multiplication

The previous section explains the transformation of the unrolled input feature

map into a doubly block Hankel matrix data pattern and the use of FFT to optimize

the Hankel matrix vector multiplication. In this section we develop an efficient im-

plementation of the Hankel block matrix multiplication. In particular, we present a
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unique optimization technique that is derived from the linearity of the DFT. Because

DFT is a linear transformation, the linearity allows the sum of the elementwise product

directly in the Fourier domain, which leads to considerable savings of FFT time.

We first briefly overview the existing techniques used in the implementation of

the im2col-based convolution. Caffe’s default implementation calls matrix multiplica-

tion iteratively for each image in the mini-batch. In contrast, Gu et al [28] have showed

a performance boost of around 4-5 times is obtained by using batched im2col over mul-

tiple images. The batched scheme increases data parallelism and moves the unrolled

matrix size to a more favorable region in BLAS. Hadjis et.al. [29] demonstrated that

batching up multiple input images against the same kernel matrix once can improve

the performance. In this work we adopt the batched scheme that the kernel matrix

multiply all the input feature maps in a batch in the Fourier domain.

Comparing to the batching mode, a more important performance issue is the

handling of the data redundancy and its derivative memory/computation overhead.

All prior work requires unrolling the feature map completely or partially. In our work,

we find that the redundant data pattern make it possible to not unroll the input

matrix at all for the computing of convolution. It is because a doubly block Hankel

matrix can be fully specified by only the distinct elements, e.g., elements bounded

by red lines are distinct elements in figure 4.6. The key insight is that the Hankel

block matrix has an interesting property that the generating vector for the circulant

matrix happens to contain all the distinct elements, and the rest elements are padded.

This interesting structure of the circulant matrix makes it possible to compute the

matrix vector product by only using the generating vector. Furthermore, these distinct

elements are extracted by the im2col process from each individual row of the original

feature map, as demonstrated by the red lines in figure 4.6 and the original feature

map in figure 4.1. Therefore we don’t need the completely unrolled input matrix, as

required in existing approaches, for the computing of convolution. All these reduce

not only the memory foot-print but also the computational complexity of the proposed

convolution method.
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Specifically in implementation, we develop an implicit element-wise matrix mul-

tiplication strategy in the Fourier domain. It uses an indexing arithmetic to load the

corresponding Fourier coefficients from input feature maps without unrolling them.

Accordingly, our approach avoids the FFT computations of redundant Hankel blocks,

which in turn reduces the storage of the Fourier coefficients for the redundant Hankel

blocks. Compared with a fully unrolled input feature map with size of H × W , it

requires U ×R FFT computations of Hankel blocks, whereas our approach only needs

U +R− 1.

4.3.5 FFT Hermitian Symmetry

We take advantage of another property of FFT to further optimize both the

memory storage and the operation complexity of our convolution method. The Fourier

transform of a real-valued input is Hermitian symmetric (conjugate complex symme-

try). The symmetry allows us to store roughly half Fourier representations to carry

out the complete FFT. For even N real-valued input xi, i ∈ {0, . . . , N−1}, the Fourier

representations of X0 and XN/2 are real-valued, and X1 through XN/2−1 are the com-

plex conjugates of XN/2+1 through XN−1. Thus, we only need to store N/2+1 complex

numbers. Furthermore, we can use the symmetry property to reduce the number of

products in element-wise multiplication by almost half. Specifically, the second half

of element-wise multiplication can be constructed by simply taking the complex con-

jugate of the first half. Each element-wise product in Fourier domain requires four

multiplications for two complex numbers. Using Gauss’ multiplication algorithm [54],

the number of multiplications is reduced from four to three. For two complex numbers

a+ ib and c+ id, it first computes t1 = c∗(a+b), t2 = a∗(d−c) and t3 = b∗(c+d), and

the real and imaginary parts of the result can be computed as t1 − t3 and t1 + t2, re-

spectively. Similarly, each element-wise multiplication of complex numbers is replaced

by three element-wise multiplication of real numbers.
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Table 4.1: Algorithm complexity comparison between FFT-based convolution and our
method (See table 2.1 for notations)

RegularFFT FineGrainedFFT
Input transform 2W 2 · logW ·N · C 2W 2 · log 2W ·N · C
Kernel transform 2W 2 · logW ·K · C 2W · log 2W ·K · C · V

Element-wise multiplication W 2 ·N ·K · C 2W 2 ·N ·K · C · V
Output inverse transform 2W 2 · logW ·N ·K 2W 2 · log 2W ·N ·K

4.3.6 Overall Working Flow

Overall the proposed convolution method is implemented in four steps:

Step 1 Input transform. Since the generating vector of circulant matrix is already

contained in each row of input feature maps, we apply 1D FFTs to each row to trans-

form the input. For the best performance in cuFFT, it is worth noting that cuFFT

performance is sensitive to FFT size. Very often slight changes in size result in large

performance differences due to different implementations used in cuFFT. Therefore

we use input padding to find the best cuFFT case for our particular FFT problem

instances.

Step 2 Kernel transform. To transform the kernel into Fourier domain, we decompose

the kernel matrix into K · U · C tiles, and perform K · U · C 1D FFTs using the batch

mode provided by cuFFT.

Step 3 Element-wise computation. For this step, where block matrix multiplication

with element-wise product is performed since the doubly Hankel matrix is already

partitioned into Hankel blocks. Within each block, we perform element-wise product.

Step 4 Inverse transform. Lastly, inverse FFT transform is performed on the output

matrix from Step 3. Only 1 × Q element in the 1 × 2Q output is valid for the 1 × V

vector and V ×Q Hankel matrix multiplication, the rest is discarded.

4.3.7 Arithmetic Complexity Analysis

Next we compare the computation complexity of the proposed fine-grained FFT

based convolution against the existing regular approach.
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Both regular and fine-grained FFT approaches perform convolutions in four

basic steps: input transform, kernel transform, element-wise multiplication, and inverse

transform. It is worth noting that the element-wise multiplication step in the fine-

grained FFT approach is in fact matrix multiplication with element-wise product. As a

point of comparison, we could treat it as the element-wise multiplication. The first two

steps transform inputs and kernels from a spatial domain to Fourier domain. The third

step can be converted to a batched complex general matrix multiplication (Cgemm)

for the regular FFT approach. The inverse transform step converts the results back to

the spatial domain. Assume we have (N,C,H,W ) inputs and (K,C,U, V ) kernels, the

respective complexity for both approaches for all four steps is listed in table 4.1.

As indicated in this table, the complexity of each step for the regular FFT

convolution does not depend on the kernel size. It is expected that the regular FFT

approach performs the same regardless of the kernel size since it zero-pads the kernel

to be the same size as the input image before applying the FFT. For large kernel sizes,

it likely performs better. On the other hand, the complexity of our method depends

on the kernel size, which is suited to small kernel convolutions. Table 4.1 shows that

the input transform and the final inverse transform have equal number of operations

in either of the regular or the proposed methods, respectively. However, our kernel

transform needs fewer operations than the regular-FFT approach. With regard to the

element-wise multiplication step, our method requires more operations. Thus, the cost

of element-wise multiplication may outweigh the algorithmic advantage of fine-grained

FFT method for large kernel convolution. Our method would be advantageous when

the kernel size is small. The benefits of our method are mainly rooted from its smaller

granularity of FFTs 2Q since we exploit the redundant data pattern. In contrast,

the regular-FFT approach takes FFT2D operation on each feature map, and its FFT

granularity is HW .
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4.3.8 Autotuning

We apply a simple autotuning strategy to tune our implementation on GPU.

Basically our autotuning selects the best configuration of CUDA thread and block pa-

rameters for given constraints of input settings and hardware resources. The result of

the autotuning can be stored locally and re-used when a similar configuration of inputs

passed to the implementation. Since the fine-grained FFT consists of four major steps,

input and kernel FFTs, point-wise multiplication, and inverse FFTs. We use off-the-

shelf NVIDIA's cuFFT library to carry out FFT. which is a black box library that we

have no control over the CUDA parameters. We thus autotune the point-wise multi-

plication step to find the optimal combination of CUDA parameters, BLOCK_SIZE

and NUM_BLOCKS, which represent the thread block size and the number of thread

blocks, respectively. The autotuning strategy explore different BLOCK_SIZE and

NUM_BLOCKS combinations, where BLOCK_SIZE ∈ [32, r] and it is a multiple of

warp size (32), where r is NextPowerTwo(2Q)/2+1 and NextPowerTwo is a function

to find the next power of two. The maximum number of threads per block is 1024

for GPUs with compute capability 6.1, and r is less than 1024 and within the allowed

range. NUM_BLOCKS’s range is defined as [1, N ×K ×R]. For each BLOCK_SIZE

and NUM_BLOCKS combination, we use loops to iterate over the matrix data. For

threads within each thread block, the upper limit of the loops is r, and the stride of

the loop is BLOCK_SIZE, so the threads loop over all of r elements. Similarly, thread

blocks loop over the entire matrix data with size r×N×K×R, which is the maximum

number of threads in the grid. In order to prune the search space to a manageable size,

we impose a maximum of 100 steps in the NUM_BLOCKS range as a constraint. Thus

we do not exhaustively execute and measure each combination in the search space and

the time spent on autotuning is reduced.

4.3.9 Memory Consumption Analysis

The fine-grained FFT method does not fully unroll the input feature maps as

the im2col+MM does, which can save memory consumption. In this part, we compare
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the memory consumption of our method against the im2col+GEMM method.

The input feature maps are fully unrolled in the im2col+GEMM method. As

the kernel convolves over the feature maps, the local patches of feature maps are

unrolled into columns, and the memory requirement for unrolled feature maps grows

quadratically with kernel size. On the other hand, the fine-grained FFT method does

not fully unroll the input feature maps. Each row in the feature maps is padded to 2Q.

To be more specific, the padded size is NextPowerTwo(2Q). For a NCHW input, the

fine-grained FFT method requires N ×C×H×2Q memory footprint. In contrast, the

im2col+GEMM method requires N ×C×U ×V ×R×Q. Furthermore, as the Fourier

transform of a real-valued input has Hermitian symmetry, we only store about half

the complex entries. A complex entry is twice the size of a float type. Thus the fully

unrolled method has UV R/2H times more memory consumption than our method for

a NCHW input.
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4.4 Evaluation and Performance Analysis

Parameters Values

CUDA capability major/minor version number 6.1
Total amount of global memory 12GB

Warp size 32
CUDA cores 3840

Total number of registers available per block 64KB
Total number of shared memory available per block 48KB

Table 4.2: Properties of the NVIDIA GeForce GTX TITAN Xp.

We evaluate the proposed convolution method from four aspects: (1) accuracy

of result, (2) kernel-level performance comparison with NVIDIA’s cuDNN library [14],

(3) application-scenario performance with networks developed in Caffe[39], a leading

deep learning programming framework, by replacing Caffe’s own convolution method,

and (4) performance profiling to analyze and understand the source of performance

improvement. We measure the relative performance of the regular FFT convolution

and our proposed approach in terms of speedup. It is defined as the ratio of the

execution time of the regular FFT approach to the time taken by the fine-grained

FFT one. The larger speedup it achieves, the greater performance improvements our

approach has.

Each performance point is the average of five runs. Since the performance of

convolution is independent to input values, we randomly generate inputs and use the

same input for each data point. The versions of cuDNN and Caffe are 7.1 and 1.0,

respectively. Hardware-wise, all the experiments are performed on Nvidia Titan Xp

GPU. Detailed parameters of the Titan Xp are shown in Table 4.2. In our experiments,

CPU only serves as the command processor and has a negligible impact on performance.

4.4.1 Accuracy

We first measure the accuracy of our method by comparing the results of our

convolution with those computed by the im2col+GEMM approach. Table 4.3 shows
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Figure 4.8: RegularFFT and FineGrainedFFT performance comparison as the kernel
size varies from 3 to 8 on synthetic benchmark

the numeric accuracy of fine-grained FFT convolution using the convolution configu-

rations listed in the top row. The error is in the order of 10−11, which means that our

optimization technique maintains the numerical integrity of convolution.

(U,K, S, P ) (3, 10, 1, 2) (5, 32, 1, 2) (4, 10, 1, 2)
Error 4.73E− 11 3.00E− 11 2.38E− 11

Table 4.3: FineGrainedFFT convolution absolute element error. Ground truth is com-
puted by im2col+GEMM convolution.

4.4.2 Kernel-level Performance

We measure the pure GPU kernel execution times in order to compare head-

to-head how our method performs in terms of the kernel-level performance against

the FFT-based convolution methods in cuDNN. cuDNN is generally considered as a

library that is deeply optimized by NVIDIA and provide some state-of-the-art and

fastest convolution implementations. We vary kernel sizes, and batch sizes to analyze

strengths and weaknesses for these algorithms in the parameter space. We organize
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Figure 4.9: RegularFFT and FineGrainedFFT performance comparison as the kernel
size varies from 3 to 8 on ILSVRC2017 benchmark

these parameters into a 2-tuple (U , N), and we assign a set of values to the other pa-

rameters (K, C, H) that is commonly used in benchmarking convolution performance.

The experiment is then categorized into two groups. Each group fixes the value of one

parameter and varies the other one. Thus, we can study how this parameter impact

the overall performance of the algorithm. For the kernel-wise comparison, the total

execution time does not include the first call to cuFFT library since it has significant

context initialization cost. To exclude it from the reported timing, a warmup call is

performed to isolate the cost. Please note that the performance of our method is de-

pendent on the parameters of convolution. However it is insensitive to the value of

inputs and weights. Due to the performance’s insensitivity to input, the performance

we observe at the kernel level is going to be consistent with that with real-world data.

In Figure 4.9, we compare the fine-grained FFT algorithm with the regular

FFT algorithm from cuDNN on a synthetic benchmark and the 2017 ImageNet Large

Scale Visual Recognition Challenge (ILSVRC) object localization benchmark. We use

random input data and kernels from [−1, 1] for the synthetic benchmark. The execution

time of regular FFT convolution tends to be constant and insensitive to the kernel size,
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Figure 4.10: Im2col+GEMM and FineGrainedFFT performance comparison as the
kernel size varies from 5 to 45 on synthetic benchmark

because it zero-pads the kernel to be the same size as the input image and kernel size

has nearly no effect on the performance. In contrast, the performance of our method

decreases with the kernel size since our algorithm is based on the padded matrix.

Although the matrix is not unrolled, the algorithmic complexity is still dependent

on the kernel size. Figures 4.8 and 4.9 have similar trend. Our fine-grained FFT

convolution maintains its high performance when the kernel size is small. It is shown

that our algorithm is insensitive to the value of inputs and kernels.

In figure 4.10, we also compare the fine-grained FFT algorithm against the

im2col+GEMM algorithm from cuDNN on the synthetic benchmark. Although the

execution time for both approaches increases as the kernel size increases from 5 to 45,

the im2col+GEMM approach increases more rapidly. Our approach outperforms the

im2col+GEMM one when the kernel size is greater than 10, because the fully unrolled

matrix grows quadratically with the kernel size for the im2col+GEMM approach. In

contrast, our approach does not fully unroll the input. In addition, the kernel and input

matrix multiplication performed by FFTs has lower algorithmic complexity. Compared
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Figure 4.11: RegularFFT and FineGrainedFFT performance comparison as the batch
size varies from 1 to 31 while other parameters are fixed.

with the im2col+GEMM algorithm, our method has better performance when the ker-

nel size is large. However, when the kernel size is small, im2col+GEMM has better

performance, because the unrolled matrix is small and the high performance of matrix

multiplication routine in cuDNN outweighs the saving of algorithmic complexity of

fine-grained FFT method. For the im2col+GEMM approach, execution time in kernel

size 45 is smaller than that of 40, it is likely due to the matrix dimensions are within

favorable regime and this particular dimensions often achieve the best achievable per-

formance.

We then evaluate the batch-mode performance. Figure 4.11 shows the perfor-

mance comparison with varying batch sizes. The two curves cross the intersection point

around 20, and the fine-grained FFT outperforms the regular FFT for the smaller batch

size. As presented in Table 4.1, batch size has large negative impact on the element-

wise multiplication that it may offset the performance gain in FFT as the batch size

increases. In both Figures 4.8 and 4.11, two curves have an intersection point indicat-

ing that the fine-grained FFT convolution excels with small kernels and batches, and

for a small region of the parameter space, the regularFFT approach is better.
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Conv. Layers L1 L2 L3 L4 L5
Network1 (3, 10) (3, 5) (3, 8) (3, 7) (3, 10)
Network2 (3, 5) (4, 10) (3, 5) (5, 5) (3, 5)
Network3 (3, 10) (3, 8) (5, 5) (3, 10) (3, 5)

Table 4.4: Layer configurations for the three synthetic CNNs. Their performance
evaluation is shown in Figure 4.12. Each element in the table indicates (U,K).
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Figure 4.12: Layer-wise performance benchmark for the networks composed by five
convolutional layers. Others in the legend represents pooling, ReLU and fully connected
layers. Conv. layers with maximum speedup are highlighted as shaded rectangles. The
average speedup for the three networks is 1.74×.

4.4.3 Performance in Application

Caffe is one of the most popular frameworks that people use to develop deep-

learning applications. In this experiment, we replace the convolution implementation

in Caffe with our method, compose several CNNs with Caffe, and compare the perfor-

mance before/after the replacement.

We compose three CNNs by five convolutional layers with parameter configu-

rations listed in Table 4.4. The CNNs are inserted pooling and rectified linear units

layers, and the last layer is a fully connected layer for prediction with 10 outputs. The
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inputs to these CNNs are 128×128×3, 254×254×3 and 254×254×3 images with batch

sizes of 5, 10 and 1, respectively. As it is shown in Figure 4.12, our fine-grained-FFT

convolution outperforms the regular-FFT one in all configurations for one iteration of

CNN inference. Specifically, it achieves speedups of 2.12×, 1.19× and 1.92× over the

regular-FFT convolution, respectively. Additionally, our method perform faster for the

layer-wise comparison, except for L2 in Network2. Unsurprisingly, our method has

larger speedups on small kernels and small batch sizes.

4.4.4 Performance Analysis

In order to empirically explain the performance gain of our algorithm, we use

nvprof to profile the GPU kernels and compare the FFTs and element-wise multipli-

cation execution time for each algorithm side by side in Table 4.5. This performance

profiling provides a detailed performance breakdown and enable us to see which steps

contribute most to the performance gain.

KernelSize FFTr FFTf MMr MMf Speedup

3 0.732 0.784 3.272 1.510 1.74×
4 0.730 0.681 3.267 1.812 1.60×
5 0.725 0.770 3.271 2.200 1.34×
6 0.732 0.772 3.283 2.599 1.19×
7 0.728 0.648 3.267 2.848 1.14×
8 0.724 0.787 3.257 3.085 1.02×
9 0.691 0.764 3.249 3.307 0.96×

Table 4.5: Profiling results with varying kernel size. Subscripts of r, f indicate Reg-
ularFFT and FineGrainedFFT convolutions. FFT and MM represent the FFTs and
element-wise multiplication execution time. (unit ms)

The FFTr and MMr stages have almost constant performance as kernel size

increases because the kernel zero-pads to be the same size as the input feature maps,

thus the amount of computations does not change. In contrast, the element-wise multi-

plication for the fine-grained-FFT convolution MMf grows as the kernel size increases

because our method is dependent on the im2col process; as kernel size increases the

unrolled matrix becomes larger. FFTf also tends to be a constant since the FFTs size
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is a power of two depending on the input size. In this case, it is 512. The matrix mul-

tiplicationMMr implementation is in fact batched matrix multiplications and perform

transpositions to prepare tensors for matrix multiplications, which incurs extra opera-

tions. Thus MMr is larger than MMf except the last row in the table. Additionally,

FFTr and FFTf almost have the same values. For 3× 3 kernel, the speedup is 1.74×,

which also means fine grained FFT convolution is 33% faster than the regular FFT

one.

4.5 Summary

In this chapter, we propose a fine-grained FFT convolution and it achieves

competitive performance when the kernel and batch size is small in the parameter

space. The contribution of this work is threefold. First, we identify the doubly block

hankel matrices of the unrolled input feature maps in the im2col process. Second,

we propose an implicit matrix multiplication in the Fourier domain, which can reduce

memory requirements. Finally, the fine-grained FFT convolution is implemented. In

contrast to the regular convolution that takes 2D FFT over the input feature map, our

approach has fine FFT granularity.
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Chapter 5

SCALABLE TOP-K QUERY PROCESSING

5.1 Overview

Top-K query processing is one of the fundamental and the most performance-

deciding components in Web search engines. A number of techniques such as dynamic

pruning have been proposed to reduce the query processing time on CPU. However, it

has become increasingly difficult to further improve Top-K query processing’s efficiency

without hurting its effectiveness. On the other hand, Graphic Processing Unit (GPU),

a powerful computing accelerator on almost every computer today, is barely tapped

in Web search engines. The biggest challenge to accelerate top-K query processing

on GPU is that the parallel nature of execution model of GPU prevents many CPU

top-K query processing optimizations from being directly ported to GPU. GPU with

hundreds of cores is ideal for applications with massive parallelism, which is not readily

available in existing CPU-oriented top-K query implementations.

This work exploits the GPU computation power for top-K query processing.

In particular, we propose a new domain-specific parallelization framework to utilize

GPU to parallelize it. The proposed framework is general enough for both disjunctive

and conjunctive query processing modes. Experiments on TREC collections show

that our proposed GPU top-K query processing framework is able to improve the

query processing time by a factor of 7 when compared with state-of-the-art dynamic

pruning methods for the disjunctive mode and by a factor of 6 when compared with the

conjunctive mode. Our results show that our GPU top-K query processing framework

is faster than previously known GPU baseline method. In particular, our framework

is shown to be more scalable and efficient than the CPU and GPU baselines when K

is large.
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5.2 Introduction

Large-scale Information Retrieval (IR) systems, such as Web search engines, rely

on fast response and high throughput to deal with rapid growing number of queries

and web pages. The efficiency of a search engine can directly affect its revenue as

well as users’ search experience [64]. Given a query, an IR system needs to compute

the relevance score for each document based on an underlying retrieval function, and

then returns top K documents with the highest relevant scores. This process is known

as top-K query processing. Although most Web search engines adopt a multi-stage

distributed architecture to process queries [5, 76], top-K query processing on a single

node is still the first step to quickly identify a set of promising documents that need

to be re-ranked with more complicated ranking mechanisms. Clearly, reducing top-K

query processing time is a crucial step to improve search efficiency.

The most basic query processing strategy is exhaustive query processing using

disjunctive (OR) mode, which evaluates all documents containing at least one query

term and then ranks them based on their relevance scores. Although this strategy is

simple, the computational cost would be quite high, in particular when an IR system

has to deal with hundreds of millions of documents. An alternative is to process queries

using conjunctive (AND) mode, which means that relevance scores are computed only

for documents that contain all the query terms. This significantly decreases the number

of evaluated documents and thus reduces the query processing time. However, it hurts

the retrieval effectiveness significantly since many relevant documents do not contain

all query terms [53, 79]. Various dynamic pruning methods [8, 73, 22] have been

proposed to reduce the query processing time for the disjunctive mode without hurting

the retrieval effectiveness. The main idea is to avoid evaluating documents which are

unlikely to make to the top-K search results. Although these methods can improve

the search efficiency when the number of returned documents (i.e., K) is small, they

are not scalable for larger K ′s [79]. This is probably because the overhead of the

dynamic pruning methods (such as pre-computing necessary statistics and storing them

on the disk) increases as K gets larger. In fact, it becomes increasingly difficult to
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further improve the efficiency of top-K query processing without any degradation of

effectiveness in the search results. Recently, researchers have started to look into how

to sacrifice effectiveness for the sake of further reducing the query processing time

[79, 72].

Almost all of today’s top-K query processing implementations were developed on

and tuned for CPU. A significant source for computation power in today’s computers

is unused. Most of today’s computers have not only CPU but also GPU, i.e., Graphics

Processing Unit. GPU is a powerful platform that has been successfully used to ac-

celerate various computer-intensive applications. Despite its great potential, GPU has

not been fully utilized to improve the search efficiency. This is largely because porting

top-K query processing to GPU is hard. The first challenge is how to effectively utilize

GPU’s massive parallelism in top-K query processing. The number of computing cores

on a GPU is large, e.g., thousands cores in most powerful GPU models, which makes

it possible for massive parallelism. However, top-K query processing is not a task that

can be easily massively parallelized. One naive way is to set the number of threads the

same as the number of query terms. However, the degree of parallelism here, i.e., the

number of query terms, is much smaller than what the GPUs can do, leading to under-

utilization of the GPUs. The second challenge is how to structure the computations

and the data transfers involved in the top-K query processing so that we can effec-

tively leverage the programming model offered by the GPU. In particular, GPU runs

most efficiently when threads execute the same workload at the same time, which is

called SIMT (Single-Instruction-Multiple-Thread). SIMT requires very different way

to express computation workload than on CPU. It means that the computations in

CPU-oriented top-K query processing need to be structured in a way that all threads

that are executed at the same time better to perform the same task. This is not trivial

because many steps in the top-K query processing are adaptive and it requires careful

designs when we need to massive parallelize each step. Ding et al. [21] tried to leverage

the GPU for query processing, but they focused on query processing for a small value of

K (i.e., K=10). It remains unclear whether there is a general strategy for GPU-based
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top-K query processing and how well it can scale with K.

In this work, we propose a novel framework of exploiting the parallelism of top-

K query processing on GPUs. Our framework presents the same interface as existing

top-K query processing implementations, that is, queries are submitted to a CPU.

However, for each query, the CPU transfers the compressed inverted indexes related

to the query to a GPU, and the GPU then evaluates documents and returns top-K re-

sults back to the CPU. The processing time of a query consists of the query processing

time spent on the GPU as well as the data transfer time. The main innovation of our

framework is that we leverage the data-parallel programming model provided by the

GPU to speed up the process of document evaluation. Generally speaking, the docu-

ment evaluation process consists of three steps: index decompression, score calculation

and top-K selection. Since these three steps require different types of computations,

we have designed different strategies, such as blocked scan, double-level binary search,

bucket selection, to parallelize each step. Unlike the previous study [21], our framework

is general enough to process queries in both disjunctive and conjunctive modes.

Experiments are conducted over multiple TREC Web collections. Results show

that the proposed GPU top-K query processing framework can significantly improve

the efficiency compared with the CPU baseline method in both disjunctive and conjunc-

tive mode over all collections. When compared with the exhaustive query processing

on CPU, the average speedup is around 33 for the disjunctive mode and 6 for the con-

junctive mode. The GPU-based methods are more efficient than the state of the art

dynamic pruning methods. It can also outperform the previously proposed GPU-based

method [21], in particular, when K is larger. Moreover, empirical results consistently

show that the GPU-based methods are scalable with respect to K, i.e,. the speedup

remains the same as K gets larger. Finally, it is interesting to note that, with the

proposed GPU optimization methods, the processing time of the disjunctive mode is

comparable to that of the conjunctive mode, which means that we can significantly

improve the efficiency without any sacrifice in terms of the effectiveness.
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5.3 Related Work

Improving search efficiency has been an active research topic since the beginning

of the IR field. Commonly used strategies include index compression[81], caching[11],

dynamic pruning[8, 73, 22], distributed computing[6], query processing on multicore

architecture [71] etc.

Although GPU is a powerful platform used to accelerate computing-intensive

applications, not many studies focus on top-K query processing on GPUs. There are

a few studies that used GPUs to improve the efficiency for applications related to the

top-K query processing, such as list intersection [78, 4] and relational operations [32].

However, they only solve one step involved in the top-K query processing, and none of

them provided a complete solution to top-K query processing.

Ding et. al. [21] was the first and probably the only study done on using

GPUs for top-K query processing so far. They mainly focused on conjunctive query

processing mode and the results are evaluated only when K is set to 10. On the con-

trary, we propose a general framework that can process queries in both disjunctive and

conjunctive modes with scalability. We evaluated the proposed methods on multiple

values of K, and found that the proposed framework is scalable and can still keep large

speedup even when K is large. Finally, another key difference is that we do not assume

that inverted lists are available in GPU global memory when processing queries on the

GPUs, which is an assumption made in the previous study [21]. The assumption might

give unrealistic advantage to GPU-based implementations. Instead, when measuring

the performance, the query processing time includes the time spent on transferring

data between CPU and GPU memories. This transfer is often considered to be one of

the bottlenecks when applying GPU to accelerate applications, but, as shown in this

work, even with this overhead the proposed GPU framework can still achieve significant

speedup.

The contribution of this work can be summarized as follows. First, we propose

a novel framework that can fully exploit the massive parallelism power of GPU to

speedup the top-K query processing time. The framework is general enough for both
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disjunctive and conjunctive modes. Second, experiment results show that the proposed

GPU framework is more efficient and scalable than the state-of-the-art CPU and GPU

top-K query processing methods. Finally, with the GPU optimization, for the first

time, the query processing time for the disjunctive mode is comparable to that for the

conjunctive mode, making it possible to improve the efficiency significantly without

hurting the search effectiveness.

5.4 Top-K Query Processing Background

Web search engines use inverted indexes to facilitate the search process. For

each term in the collection, an inverted index was built to store the information about

the occurrences of the term in the documents. An inverted list consists of a list of

postings, where each posting contains a document ID and the occurrences of the term

in the corresponding document. Indexes are often stored in a highly compressed format.

The compression not only reduces the total size of index, but also improves efficiency

by decreasing the number of disk reads. Since the indexes are compressed, the first

step of the top-K query processing is often to decompress the indexes to get the term

statistics.

With the decompressed statistics, search engines need to traverse inverted in-

dexes to compute relevance scores for all documents based on an underlying retrieval

function. There are two commonly used index traversal methods: Term-At-A-Time

(TAAT) [10]. and Document-AT-A-Time (DAAT) [8]. TAAT sequentially processes

one query term at a time. It goes through the inverted list of a term and accumulates

the partial document scores contributed by the term. The partial scores are stored in

an accumulator, and will later be accumulated to compute the final document scores.

On the contrary, DAAT processes one document at a time. It goes through the in-

verted lists of all query terms in parallel. A document needs to be fully evaluated

before moving on to the next one. Since DAAT requires the synchronization among

posting lists, it is not suitable for the highly parallel architecture of the GPUs due to
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data dependency. Therefore, in the proposed GPU implementation, we use the TAAT

query processing strategy.

Given a query, it can be processed either using disjunctive (OR) mode or con-

junctive (AND) mode. In the disjunctive mode, we compute the scores for all docu-

ments with at least one query term. In the conjunctive mode, we compute the scores

only for documents with all query terms. The conjunctive mode is often considered

more efficient and less effective, since it evaluates fewer documents and some relevant

documents may not contain all query terms [79]. In this work, we develop a general

framework that can process queries in both modes.

5.5 GPU-Based Top-K Query Processing

Our GPU-based top-K query processing framework works as follows. Given a

query, CPU sends the query as well as the inverted indexes of all the query terms to

GPU. The GPU then evaluates documents based on the query and the inverted indexes,

and returns top-K ranked documents to the CPU. Note that the query processing time

here includes the time spent on transferring the indexes, the time spent on document

evaluation, and the time spent on returning the search results.

Unlike the previous study where the entire inverted indexes are assumed to be

kept in the GPU memory, our framework keeps only simple global statistics such as

document lengths and IDF values in the GPU memory. The main reason of our design

is that GPU memory has limited size and it may not be able to hold the entire inverted

indexes for large data collections. Therefore, all the inverted indexes are kept on the

CPU side, and only those related to the query will be transferred to the GPU. As we

will show in the experiments, even with the overhead of the data transfer, the proposed

GPU framework is still able to improve the search efficiency significantly.

The transfer of data between GPU and CPU is pretty straightforward. The

main challenge, also the main technical contribution of our framework, is the parallel

implementation of document evaluation for the GPU-based top-K query processing.

During the document evaluation, the system first needs to read the compressed indexes
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and decompress them to get the posting information. After that, we need to traverse

the indexes and compute the relevance scores. As discussed earlier, we use the TAAT

method for index traversal. In particular, a large array is allocated to record the

relevance score for each document with respect to a query term, where the size of the

array is the total number of documents for the query term. When processing a query

with TAAT, the GPU would first go through each posting list and compute the partial

relevance score of a document with respect to the corresponding query term. After

that, we can compute the relevance scores of all documents by combining the partial

scores in all the posting lists of a query. To do this, list operations (either intersection

or union) need to be performed. Finally, we need to select top-K ranked documents

from the list based on their scores.

Clearly, when implementing the query processing with GPUs, we can divide

document evaluation into the following three steps: (1) index decompression, which

decompresses the indexes related to the query terms; (2) score calculation, which cal-

culates the partial relevance scores of documents for the posting list of each query term

and then combines scores from multiple posting lists through different list operations

(i.e., list intersection for conjunctive query processing mode and list union for disjunc-

tive query processing mode); and (3) top-K selection, which goes through the final list

and selects documents with top-K highest scores. We describe how to parallelize each

component for GPUs in the following subsections.

5.5.1 Parallel Index Decompression

As mentioned in the previous section, given a query, the CPU transfers the

inverted indexes of the query terms to the GPU. Since the indexes are compressed, the

first step is to decompress the indexes.

One possible solution to parallelize index decompression is to decompress the

inverted index for all the terms in parallel. Since the number of terms in a query is

not big, such parallelism would under-utilize the GPU. Recall that each term has an

inverted index with a list of postings, and the posting list of a common term could
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contain billions of postings. Thus, a more sensible solution could be to parallelize the

decompression of the posting list of a common term. We now provide more details on

how we tackle this challenge.

PForDelta is a commonly used index compression method for IR systems [82].

Like all the other index compression methods, PForDelta does not directly store the

document IDs in each posting list because the document IDs can be fairly large num-

bers. Instead, it stores the differences between the sorted document IDs in each posting

list, and these gaps are then compressed. PForDelta first splits the data into blocks

and decompresses one block at a time. The size of a block needs to be a multiple of

32, and we set it to 64 in this work. For each block, PForDelta chooses an integer b

so that a certain percentage (e.g., 90%) of the gaps in a list can fit into a fixed length

field with b bit. The remaining gaps, i.e., those are larger than 2b, are referred to as

exceptions. PForDelta can be tuned by choosing different thresholds for the number

of exceptions allowed. Because exceptions and non-exceptions are compressed using

different numbers of bits, it is difficult to decompress both of them simultaneously on

the GPU in one CUDA kernel invocation. In order to exploit more parallelism, we set

the number of exceptions allowed to zero. In other words, for each block, we choose

the value of b such that all the gaps in the block are smaller than 2b. As a result, all

the information in the indexes are compressed using the same strategy. It is expected

that the compressed index size would increase because of this new increased value of

b. Our result shows the compressed size of Gov2 collection increases from 8.2GB to

11GB. However, the major benefit of using this variant is to eliminate the kernel in-

vocation overhead of exceptions decompression as well as provide a uniformly parallel

decompression scheme for the whole block. It is worth pointing out the decompression

technique CPU query processing used in this work is PForDelta since it is more efficient

than our parallel decompression method.

Figure 5.1 illustrates the basic idea of index compression method with a simpli-

fied example. We assume that the term t occurs in multiple documents whose IDs are

dID1, dID2, ..., dID64. Instead of storing these IDs directly in the posting list, we store
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Figure 5.1: An example of index compression

the gaps, i.e,. the differences between the sorted document IDs such as dID2 − dID1.

Note that other information (such as term frequency and term position) also needs to

be stored together with document ID gaps. We want to keep the example simple, so

did not show those information here. The posting list can be divided into blocks (32

postings per block in this example), and each block can then be decompressed using

different values of b to make sure that all of the gaps in the block are smaller than

2b. Since the sizes of the compressed data blocks could be different, when storing the

compressed postings for each block, we also need to store the value of b and the length

of the compressed block.

When decompressing the indexes, we need to recover the posting lists including

the document ID and term frequency for each document and term pair. Since an

inverted list needs to be split into blocks when using PForDelta for compression, we

can first look at the main computations involved in each block and then discuss how

to process the entire list. The main computations involved in each block include:

• block address calculation, to compute the starting address of each compressed

data block;

• block decompression, to read and decode a block based on the block address;

• document ID recovery, to read the document ID gaps from the decompressed

blocks for the document ID gaps, and recover the original document IDs based
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Figure 5.2: The layout of compressed data for each block in compressed postinglist

on the ID gaps.

5.5.1.1 Block Address Calculation.

The first step of the decompression is to read each compressed block. Since the

length of each block is not fixed, we need to use the lengths of compressed blocks to

recover the address for each block. Figure 5.2 zooms in the compressed data for block

in Figure 5.1, and it shows the internal layout for each compressed data block in the

compressed postinglist. The respective values of b and the length of each compressed

block are denoted as b and Len in Figure 5.2. If we want to read the compressed

blocks in parallel, we have to figure out how to compute the starting addresses of all

the blocks in parallel.

Take Figure 5.1 as an example, the address of the second compressed block can

be computed by summing up the address of the first block and the length of the first

block. Similarly, the address of the third compressed block, if there is any, can be

computed by adding the address of the second block with the length of the second

block. In fact, this process is essentially to compute the prefix sum for all the lengths

of compressed blocks, and can be parallelized using parallel scan. Parallel scan is a

widely used parallel operation on GPU and can be used in applications such as sorting,

stream compaction, building histogram, etc. [31, 65]. When computing the starting

address of a block, we do not use the length of the current block, so this kind of prefix
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sum is exclusive. In this work, we apply an exclusive parallel scan to compute the

starting address of each compressed block of data. Regarding the GPU configuration,

we set the thread block size to 1,024, and each thread is assigned to process an integer,

which contains the information about two postings.

5.5.1.2 Block Decompression.

After reading all the compressed blocks, the next step is to decompress these

blocks in parallel. This step is pretty straightforward. Since an inverted list is split into

blocks and each block contains the information about 64 postings, we launch a block of

64 threads to decompress each compressed data block and the total number of threads

is equal to the number of documents in the posting list, and thus, the compressed

posting can be decompressed simultaneously.

5.5.1.3 Document ID Recovery.

After decompressing the data blocks, we can get the document ID gaps for each

posting list. The next step is to recover the original document IDs. For example, as

shown in Figure 5.1, dID1 and dID2 − dID1 are stored in the posting list and we can

get the original document ID of the second document, i.e., dID2, by adding the gaps

up. How do we parallelize this process to recover a large number of document IDs in

the same time? This can still be solved using parallel scan since the computation is

inclusive prefix sum. However, since the posting lists could be very long, it may require

multiple levels of recursions to finish the scan, adding extra scan kernel invocations.

To improve the efficiency, we propose a segment-based parallel scan. The main idea

is to split each posting list into segments and apply an inclusive parallel scan on each

segment. For each inverted list, we build an array called FirstID to store the original

ID for the first document in each segment, and the array elements are then later used

together with the segment-based parallel scan results to recover the original ID for all

the documents. We also tune the thread block size and set it to 128 based on our

preliminary results, and each thread processes 8 postings to better cover the global
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memory latency for each thread [52]. So, the size of a segment is set to 1,024, meaning

each segment contains 1024 postings. Our preliminary results show that the proposed

segment-based parallel scan is more efficient than the original parallel scan, achieving

a speed up of 1.4 for an array with 224 elements.

5.5.2 Parallel Score Calculation

After decompressed the indexes, the system can then traverse the indexes to

compute the relevance scores for all the documents. The relevance scores of a document

with respect to a query is often computed by summing up the partial relevance score

of a document with respect to a term for all the query terms [62]. Thus, three main

computations involved in this step include:

• partial score calculation, which computes partial relevance scores of a document

for matching each of the query term based on an underlying retrieval function;

• score accumulation, which accumulates all the partial scores of a document with

respect to each query term and computes the final relevance score for the docu-

ment.

• unique document filtering, which filters out duplicate documents between posting

lists, and leave unique documents with final score for top-K selection.

In the partial score calculation step, for each query term, we need to go through

its posting list, calculate the partial scores of each document on the list and record

them in large score arrays. They are allocated in GPU global memory with size of the

total number of documents for each term, as we already mentioned in the introduction

of our general framework. Auxiliary information such as total number of documents for

each term is saved as part of the indexes. Since we need to compute the partial score for

each term and its associated document, we can parallelize this step by allocating one

GPU thread for each document in the term utilizing BM25 [62] function. Specifically,

it is a combination of inverse document frequency, term frequency in the document,

the length of the document and average document length in the collection.
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Figure 5.3: An example of two-level search

Here, we have completed partial score calculation for each document with re-

spect to the query, our next step is to accumulate partial score and compute the final

score. When computing the final score of a document, we need to find all the posting

lists that contain the document and sum up the partial scores. Specifically, given a

document (i.e., posting) in an inverted list, we need to locate the document in the

other inverted lists so that the partial scores of this document could be accumulated.

The main computation here is to look up the document in the posting lists. To speed

up the process, we propose to leverage the FirstID arrays discussed in Section 5.5.1.3.

Recall that we split an inverted index into segments, and FirstID stores the original ID

of the first document in each segment. The FirstID array are preprocessed offline, as a

part of auxiliary data structure to the indexes. Its space overhead is acceptable, e.g.,

FirstID array in GOV2 is 345MB comparing with 11.5GB for the compressed posting

lists. The ratio between them is 3%. Thus, given a document, we employ a two-level

binary search to locate its location in the posting lists. We first use FirstID arrays to

narrow down the search space, and then use the document IDs to identify the exact

location. To parallelize the above process, we allocate a thread for each document, and

then conduct two-level parallel binary searches to locate the positions of the posting
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in all the inverted lists and compute the final score. In this step, we utilize a predi-

cate array to save boolean variables, if a duplicate document is found during two-level

search, the corresponding location of predicate array is marked as TRUE. Before the

parallelization process, we sort the decompressed posting lists by their lengths in an

ascending order, which minimizes the number of allocated thread blocks and further

reduces the overhead on GPU.

Figure 5.3 illustrates an example. Assume that a query has two terms t1 and

t2 and each segment contains 3 postings in this example. t1 has a shorter posting list

than t2, so we would first go through the postings of t1 to calculate the final document

scores for each of them. When computing the final score for document 33, instead of

searching a match on the posting list of t2, we first search over the FirstID array for

t2 to identify the corresponding segment on the posting list of t2 and then search the

elements in the segments.

There might be duplicate documents between posting lists. Suppose a query

contains term A and B, both posting lists of A and B have duplicate document I

(called I_A and I_B). In the previous score accumulation step, the score array of I_B

contains the total score for the query while I_A contains partial score. Thus, it requires

to filter out duplicate document with partial score. Otherwise, duplicate documents

might be selected into tok-K results. In this unique document filtering step, we adopt

the implementation in [2]. Its key idea is to use shared memory atomics to filter out

duplicate documents by the Predicate array mentioned above.

Note that the above parallel method can be applied to both disjunctive and

conjunctive query modes. For disjunctive mode, we need to allocate threads for doc-

uments that occur in the inverted lists of the query terms, i.e., those containing at

least one query term. For conjunctive mode, we need to allocate threads to only doc-

uments that occur in the shortest posting list. To establish a connection among these

three steps, we present the following pseudocode for conjunctive mode. The disjunctive

mode can be established similarly. In Algorithm 1, N is the number of query terms.

PRED represents the predicate array mentioned in two-level search. It is also used in
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document filtering step. DocIDi represents the corresponding decompressed posting

lists for each term. They are sorted by their length in ascending order.

Algorithm 1: Parallel Score Calculation
Function{ScoreCalculation}{DocID, Score, F irstID, PRED,N}
PartialScoreCalulation{DocID, Score}
for i ∈ {2, . . . , N} do

ScoreAccumulation{DocID1, DocIDi, Score, F irstID, PRED}
end for
DocumentFiltering{DocID, Score, PRED}
EndFunction

5.5.3 Parallel Top-K Selection

We have discussed how to leverage GPU to parallel decompress indexes and

compute the final relevance scores for documents. This section focuses on how to

select top-K ranked documents using GPU.

The simplest strategy is to sort all documents based on their scores and pick

the top-K ranked documents. However, this might unnecessarily waste a lot of com-

putational power because we do not care about the ranking of a document if it does

not make it into the top-K and K is often much smaller than the total number of

documents in the collection. To speed up this process, we propose a method based on

bucket sorting. The main idea is to first distribute documents into a number of buckets

based on their relevance scores, select a minimum number of buckets that can cover

the top-K ranked documents, and identify top-K ranked documents from the selected

promising buckets.

The first step is to divide documents into buckets based on the scores and then

select a minimum number of buckets that can cover top-K documents. Assuming there

are a number of buckets, each of them corresponds to a range of relevance scores,

and the documents in a bucket should be within the corresponding score range of the

bucket. Therefore, the relevance score of a document decides which bucket it would be

put in.
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When deciding on the score range for each bucket, we first use the collection

statistics to compute the maximal and minimal values for the relevance score and

then divide the score range evenly based on the number of buckets, e.g., Based on the

statistics about the GOV2 collection and BM25 function, we choose max value to be

74, and min value is 0. Thus, let B denotes the number of buckets, max and min

denote that maximum and minimum of the relevance scores, and score[i] denotes the

relevance score of document i. We can determine the bucket number for the document

(i.e., bucket [i]) as: bucket [i] = B − b B
max−min ·

(
score [i]−min

)
c

During the process of documents distribution, we also maintain an array in

GPU global memory to save the bucket number for each document. After assigning a

document to its corresponding bucket based on the above equation, we need to count

the number of documents in each bucket. We now explain how to parallelize this step.

Each bucket maintains a counter to record the number of documents in the bucket.

We allocate one thread for each document. So when we assign a document to a bucket,

the corresponding thread needs to atomically increase the counter of the corresponding

bucket by 1. When multiple threads need to add the value to the same bucket, we may

encounter the problem of collision and need to make sure the operation to be atomic.

It is well known that atomic operations on global memory in GPU is computationally

expensive, especially in the case of large collision volume, and atomic operations in

the shared memory is faster than in the global memory. Therefore, we have adopted

a method from the previous study [67] to simulate atomic add in the shared memory.

Our preliminary results show that this method can reduce the collision rate of atomic

operations and achieve a speed up of 2. After counting the number of documents for

each bucket, we can perform a serial cumulative sum and figure out how many buckets

include the top-K documents.

With the identified buckets, we can then sort all the candidate documents with

any existing sorting algorithms. We used radix sorting algorithms [50] in this work,

since it is considered as one of the fastest sorting algorithms on GPU, and Thrust

library [35] in CUDA includes its implementation. Radix sorting is a non-comparison
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based sorting algorithm, which considers one bit from each key, and partitions the

unsorted array elements so that all elements with a 0 in that bit precede those with

1 in that bit. When GPU finishes selecting top-K documents, it returns the retrieval

results back to CPU.

5.6 Experiments

To evaluate the efficiency of the proposed GPU-based top-K query process-

ing framework, first, we compare the proposed parallel GPU top-K query processing

methods with the CPU top-K query processing methods for the exhaustive evaluation,

where all the candidate documents are evaluated and ranked. The methods are com-

pared in both disjunctive and conjunctive modes. Second, we compare the proposed

GPU methods with several state of the art top-K query processing methods, which in-

cludes dynamic pruning methods maxScore [73] and Block-Max WAND [22] as well as

the previously proposed GPU top-K query processing method for both conjunctive and

disjunctive modes [21]. Additionally, we conduct more analysis to further understand

the proposed GPU methods.

The proposed GPU framework is implemented on Nvidia Tesla C2075 with 448

CUDA cores. All CPU query processing methods are evaluated on a single core of

Intel Core i7 CPU. All the methods use the same indexes, which are kept in the CPU

memory. Relevance scores are computed based on Okapi BM25 [62] in our experiments,

but the proposed GPU framework can work with any retrieval functions. The number

of buckets (i.e., B in Section 5.5.3) is set to 32 because the size of a warp in GPU is

32 and it is easier to implement the atomic operation in shared memory when setting

B to the same value as the number of threads in a warp. The code of our proposed

methods will be made available at GitHub for other researchers to use and study in

the future.

Experiments are conducted over multiple TREC collections. The first three

were used in the TREC 2004-2006 Terabyte tracks, and their document collection (i.e.,

GOV2) consists of 25 millions of webpages. The data sets are denoted as TB04, TB05
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Table 5.1: Performance comparison on exhaustive evaluation (ms)

(a) Disjunctive (OR) mode (K=1,000)

TB04 TB05 TB06 Web09 Web10 Web11 Web12
CPU-OR 683.99 577.70 545.55 1038.70 752.26 1557.03 1054.51
GPU-OR 21.09 17.94 16.40 31.08 21.82 43.45 31.15
(Speedup) (32.4) (32.2) (33.3) (33.4) (34.5) (35.8) (33.9)

(b) Conjunctive (AND) mode (K=100)

TB04 TB05 TB06 Web09 Web10 Web11 Web12
CPU-AND 73.53 43.16 43.81 172.78 106.72 103.55 172.76
GPU-AND 12.90 11.12 10.40 22.80 15.80 25.50 20.67
(Speedup) (5.7) (3.9) (4.2) (7.6) (6.8) (4.1) (8.4)

and TB06. The other four data sets were used at the TREC 2009-2012 Web track, and

their document collection (i.e., ClueWeb09 category B) contains 50 million web pages.

These data sets are denoted as Web09, Web10, Web11, and Web12.

When measuring the performance, we report the average query processing time

for each data set. As discussed earlier, the query processing time of the GPU-based

implementations includes the time spent on identifying top-K documents on GPU as

well as the data transfer time between CPU and GPU.

5.6.1 Comparison with Exhaustive Evaluation (CPU-Based).

The most basic query processing method is to exhaustively evaluate all candi-

date documents, i.e., all documents with at least one query term for the disjunctive

processing mode, and all documents with all query terms for the conjunctive processing

mode. Our proposed GPU framework essentially computes the relevance scores of all

the candidate documents, and can be considered as an exhaustive query processing

method. Therefore, it would be interesting to compare its performance with its coun-

terparts on CPU. The proposed GPU-based query processing methods are denoted as

GPU-OR and GPU-AND. The exhaustive CPU-based top-K query processing methods

are denoted as CPU-OR and CPU-AND.
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Table 5.1a shows the performance comparison for the disjunctive query process-

ing methods when K is set to 1000. It is clear that GPU-OR consistently outperforms

CPU-OR methods. It indicates that processing queries in the disjunctive mode on the

CPU is significantly slower than in the conjunctive mode no matter what the value of

K is. However, the performance differences between the two GPU methods are very

small. The latencies are almost comparable for all the values of K. This is a very

encouraging finding. It has been very difficult to further improve the query processing

efficiency, so researchers have started looking into how to sacrifice effectiveness, such

as using conjunctive mode or document prioritization [79], to reduce the query latency.

Previous study on using GPU for top-K query processing [21] proposed to optimize

the efficiency by executing the conjunctive mode first and then disjunctive if there are

not enough results, which indicates that there is still a performance gap between these

two modes when using their GPU-based method. Interestingly, our results show that,

using our proposed GPU optimization methods, we can finally bridge the efficiency

gap between the disjunctive and conjunctive processing modes without making any

sacrifice on the retrieval effectiveness.

5.6.2 Comparison with Dynamic Pruning Methods (CPU-Based).

Since there have been many efforts on developing more efficient query processing

methods on CPU, we further compare our efforts with a few stronger baseline methods.

We compare our methods with two state of the art dynamic pruning methods: maxS-

core [73] and Block-Max WAND (BMW) [22]. Results are summarized in Table 5.2.

Clearly, the GPU-based method is much more efficient than the two baseline methods

over all the data sets.

Furthermore, we conduct experiments to examine how the query processing time

would be affected by K. Figure 5.4 shows the average query processing time of the

GPU-OR and the two baseline methods for different values of K on the TB05 data set.

The plots on other data sets show similar trends. It is very interesting to see that the

execution time of GPU-OR remains nearly the same as K gets larger, while the speed
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Table 5.2: Performance comparison for disjunctive processing (ms): GPU vs. dynamic
pruning (K=1,000)

TB04 TB05 TB06 Web09 Web10 Web11 Web12
BMW 199.61 125.12 106.52 171.96 113.66 258.47 169.48

Maxscore 130.52 108.72 74.30 329.33 190.60 234.94 223.31
GPU-OR 21.09 17.94 16.40 31.08 21.82 43.45 31.15
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Figure 5.4: GPU-OR vs dynamic pruning (TB05)

of dynamic pruning methods increases. This observation demonstrates the scalability

of the proposed GPU-based framework. It is mainly due to the final radix sorting of

the framework, where the number of documents (K) to be sorted is several orders of

magnitude smaller than the original document lists, accounting for only 5% percent

of the total execution time. As K increases in Figure 5.4, the GPU approach stays

nearly constant. A deeper analysis on the break-down of performance is presented

below. On the other hand, the dynamic pruning methods evaluate more documents as

K increases. Consequently, the performance difference between our GPU method and

dynamic pruning ones becomes larger. The speedup scalability is a desirable property

because previous studies [53, 79] suggested that a large value of K can lead to more

satisfying search results.
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Table 5.3: Performance comparison with the GPU baseline in disjunctive mode (ms)
(K=2,000)

TB04 TB05 TB06 Web09 Web10 Web11 Web12
BL-GPU-OR 95.14 94.97 96.51 95.12 93.33 100.82 95.35
GPU-OR 21.61 17.47 16.90 32.14 22.08 44.19 32.01
(Speedup) (4.5) (5.3) (6.0) (3.1) (4.3) (2.3) (3.1)

Table 5.4: Performance comparison with the GPU baseline in conjunctive mode (ms)
(K=1,000)

TB04 TB05 TB06 Web09 Web10 Web11 Web12
BL-GPU-AND 29.17 26.64 27.21 29.80 24.82 34.77 32.06
GPU-AND 12.79 11.08 11.42 23.93 16.2 25.73 21.73
(Speedup) (2.3) (2.4) (2.4) (1.3) (1.5) (1.4) (1.5)

5.6.3 Comparison with Previous GPU-Based Method.

We now compare the proposed GPU methods with the baseline methods pro-

posed in the previous study [21], since this study was the first and probably the only

complete solution for GPU-based top-K query processing. The authors of the previous

study have kindly shared the code with us, so we directly used their codes to generate

the results to ensure the correctness. Note the baseline methods assume the inverted

list are stored in GPU memory and do not consider the data transfer time in the query

processing time. On the contrary, our methods do not make such an assumption and

the query processing time includes the data transfer time between CPU and GPU.

Table 5.3 summarizes the performance comparison for the disjunctive mode

when K is set to 2000. We want to point out that, due to the different assumption

mades in the methods, the reported query processing time for the baseline methods

(i.e., BL-GPU-OR and BL-GPU-AND) does not include the data transfer time while

the reported time for our proposed method (i.e., GPU-OR and GPU-AND) includes

it. As shown in the results, even when we include the data transfer time, our proposed

method can still achieve an average speedup of 4 over all the collections. The results

for the conjunctive mode are reported in Table 5.4. The proposed method can still

outperform the baseline method.
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Figure 5.5: GPU-AND vs. BL-GPU-AND speed comparison of GPU and BL-GPU as
K increases (TB05)
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Figure 5.6: GPU-OR vs. BL-GPU-OR speed comparison of GPU and BL-GPU as K
increases (TB05)
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Next, we examine how the performance comparison changes with different values

of K. Figure 5.6 shows the trend for the disjunctive mode. It is clear that GPU-OR

method is scalable and the query processing time does not change much when we

increase the value of K, while the BL-GPU-OR method does not have such a nice

property. Thus, as K increases, the speedup of the GPU-OR over the BL-GPU-OR

would be larger. Figure 5.5 shows the trend for the conjunctive mode. Here, we use a

smaller value of K because the number of documents that contain all the query terms

is not large. One interesting observation is that when K is small, GPU-AND performs

worse than the baseline method. But as the value of K increases, GPU-AND becomes

more efficient since the processing time of the baseline method increases linearly but

the processing time of the GPU-AND does not change much.

Finally, we decompose the computations involved in the query processing time to

better understand the impact of K on our methods as well as the baseline methods. In

particular, we report the time spent on the three main steps: i.e., index decompression,

score calculation and top-K selection.

Figure 5.7 shows the results for the conjunctive mode. We can see that, for the

BL-GPU-AND method, the time spent on top-K selection increases linearly because

it used maximum reduction to select top-K documents, and the overhead of looping

through the maximum reduction grows almost linearly with K. On the contrary,

for the GPU-AND method, the time spent on top-K selection stays nearly constant.

Furthermore, BL-GPU-AND only decompressed and computed score for the intersected

posting lists while GPU-AND decompressed and computed score for all the posting lists

of query terms. As a result, decompression and scoring in BL-GPU-AND are more

efficient than in GPU-AND. However, for the BL-GPU-AND methods, as K increases,

the performance gain in the decompression and scoring steps can not compensate for

its performance degradation in the top-K selection step. Therefore, the GPU-AND

starts to outperform GPU-AND-BL when K increases as shown in Figure 5.5.
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Figure 5.7: GPU-AND vs. BL-GPU-AND speed comparison of GPU and BL-GPU as
K increases over three major components (TB05)

Similarly, Figure 5.8 shows the decomposed query processing time for the dis-

junctive mode. It is clear that the performance gap between GPU-OR and BL-GPU-

OR mainly comes from the top-K selection step. BL-GPU-OR spent a significant

amount of time on this step, because the maximum reduction overhead increases with

the value of K. Moreover, we can see that the time spent on the decompression and

scoring is about the same for GPU-OR and BL-GPU-OR. This is because when we pro-

cessing queries in the disjunctive mode, the subset of the documents that the baseline

method needs to consider becomes much larger.

In summary, our proposed methods demonstrate their advantages in terms of

the efficiency and scalability when compared with both CPU and GPU baselines.

5.6.4 Time Analysis.

We break down the performance to understand where the speedup comes from.

Particularly the data transfer time to-and-from GPU is included in our results. Figure

5.9 and Figure 5.10 show the respective percentage of the query processing time spent

on each task for CPU and GPU. Note that the last step is named differently, which
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Figure 5.8: GPU-OR vs. BL-GPU-OR speed comparison of GPU and BL-GPU as K
increases over three major components (TB05)

is document synchronization and top-K selection, respectively. CPU uses document

pointers to synchronize among the posting lists to evaluate document in a DAAT fash-

ion. The GPU method does not introduce such a document synchronization. Instead it

deploys top-K selection to evaluate the candidate documents. For the purpose of a fair

performance comparison, they should be put into the same category. We use Nvidia

profiler to measure kernel running time. It is clear that each of the three steps (i.e.,

decompression, scoring and top-K selection) takes a big chunk of time (31%, 29%, and

27%, respectively). Beside them, the data transfer from CPU to GPU (CtoG transfer)

takes the most time (12%). For each query to be executed on GPU, CPU transfers

it corresponding compressed inverted index and FirstID to GPU. When GPU finishes

top-K query processing, it transfers back the top-K results to the CPU. Only less than

1% is spent on GPU to CPU transfer since the size of top-K results is relatively small.

When comparing the time spent on each step by GPU and CPU, we find that

the speedup of our GPU-based framework mainly comes from the score computation

and the index decompression and Top-k selection gains the least speedup. The massive

parallelism used in the score computation makes it possible to decrease the time spent
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Figure 5.9: Query processing time decomposition for CPU-OR when K=1000 (TB05)
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Figure 5.10: Query processing time decomposition for GPU-OR when K=1000 (TB05)
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Figure 5.11: Speedup over different query lengths (TB05) (K=1000)

on computing the scores significantly. More specifically, with the CPU-based imple-

mentation, around 59% of the processing time were spent on calculating the scores.

But with the GPU-based implementation, only 29% were about score calculation. In

situation where massive parallelism exists, such as BM25 function in scoring step, GPU

outperforms CPU significantly. Moreover, the block-based posting list is a highly regu-

lar structure with relatively high number of warp divergence and uncoalesced memory

access, they lead to a loss of efficiency on GPU for decompression step. Apart from

these two inefficiencies, top-K selection also suffers from atomic operations, which incur

additional performance penalty on GPU.

Moreover, the break-down analysis also reveals the scalability of the GPU-based

methods. As shown in Figure 5.4 and Figure 5.5, the performance of the GPU methods

does not change much with the value of K. This is because the value of K only affects

the radix sorting and GPU to CPU transfer (GtoC) steps. which only consists of

less than 5% of query processing time. As a result, the efficiency of GPU-OR query

processing methods nearly stay constant.
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5.6.5 Speedup for Different Query Lengths.

One great advantage of the GPU-based implementation is the ability to process

the posting lists of multiple terms in parallel, so it would be interesting to see how the

speedup changes for different query lengths. Figure 5.11 shows how the speedup of

GPU-OR over CPU-OR changes for queries with different lengths. It is quite encour-

aging to see that the speedup increases when the query length gets longer. This is a

desirable property because the query processing time is closely related to the number

of terms in the query. Long queries often have a long query processing time, which can

cause load unbalancing and search user dissatisfaction. It is very hard to improve the

efficiency of these queries without hurting the effectiveness [72]. However, our proposed

GPU-based query processing framework has been shown to have great advantages in

this aspect.

5.7 Summary

It is critical to improve the efficiency of Web search engines. Many CPU-based

optimization strategies have been proposed for top-K query processing. Unfortunately,

GPU, another powerful computational resource that is available on today’s computers,

has been largely under-utilized in IR systems. Our work is one of a few studies that

try to bridge the gap through studying how to leverage GPU to accelerate top-K query

processing.

In this work, we proposed and implemented a GPU-based top-K query process-

ing framework for both disjunctive and conjunctive modes. We identified three impor-

tant components in the framework, and discussed how to design and implement each

of them by exploiting the parallel functionality provided by GPU. Empirical results

over multiple TREC collections showed that the proposed GPU-based query process-

ing methods are very efficient and highly scalable compared with both CPU and GPU

baselines, in particular when the number of returned results (i.e., K) is large. Addi-

tionally, the proposed GPU-based framework can be used to achieve high efficiency
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and effectiveness in search system. The implemented system and its code will be made

publicly available so that others could utilize them for their own work.

This work shows that GPUs can be harnessed to accelerate top-K query process-

ing in particular when K is large in Web search engines. There are several interesting

future directions. First, there is the study of the GPU top-K execution time model to

be able to predict the incoming query to GPU. Second, it would be interesting to study

how to design a hybrid CPU-GPU system to co-process incoming queries based on the

time model. Third, there is the possibility of exploiting the use of GPU to accelerate

other components (e.g., query expansion and feedback) in a Web search engine that

can potentially further improve the search efficiency. Finally, it would be interesting

to study how to automatically set the parameter values in our proposed methods.
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Chapter 6

CONCLUSION AND FUTURE WORK

6.1 Conclusion

In this dissertation, we have thoroughly analyzed how the redundancy is in-

curred in the im2col operation. The analysis is conducted at two levels. The discovery

of the intra-row redundancy and the inter-row redundancy leads to a doubly block

Hankel matrix data pattern description. This unique data pattern enables us to design

and implement a new fine-grained FFT-based convolution. This dissertation presents

the theoretical arithmetic complexity analysis for both our fine-grained FFT convolu-

tion and the regular FFT convolution from NVIDIA’s cuDNN library. The empirical

results are consistent with the theoretical analysis. This fine-grained FFT convolution

outperforms the regular FFT one in terms of speed in most parts of the parameter space

of the convolutions. Our efforts add to a wide spectrum of convolution approaches in

CNNs, since there is no one "one-size-fits-all" convolution implementation across all

the parameter space.

6.2 Future Work

There are several avenues to consider as the future work.

• Firstly, we use off-the-shelf NVIDIA’s cuFFT library to implement FFT steps.

cuFFT is an NVIDIA proprietary implementation of the FFT, and it is a black

box library that we can not easily modify it. The library may not have the

optimal performance for our limited number of power of two 1D FFT cases. To

tailor for these special cases, we will implement our own FFT implementation,

and it would provide performance gain over cuFFT for the sizes of interest in our

fine grained FFT convolution.

100



• Secondly, GEMM (General Matrix Multiply) is used by all convolution algo-

rithms except the direct convolution. Our fine grained FFT also uses a variant

of GEMM. The difference is that ours is blocked matrix multiply. Within each

block, it performs element-wise product. Thus it is important to optimize GEMM

performance. Since the two major components of the algorithm are FFT and the

matrix multiply, we are also interested in optimizing the matrix multiply opera-

tion. We tried to cast the operation as a strided batched GEMM (SGEMM) in

cuBLAS library, but it showed slightly worse performance because it needs addi-

tional operations to prepare the tensors for SGEMM library calls. Although the

simple autotuning strategy provides performance improvements, we plan to ap-

ply other matrix multiplication optimizations, such as register blocking, assembly

code, etc., to the blocked matrix multiplication with element-wise product.

• Thirdly, if the input feature map is significantly larger than the kernel size in

the regular FFT approach, too much padding occurs that could adversely affect

performance and add more memory consumption. As a result, the tiling strategy

can be used to mitigate the inefficiency. For example, in over–add tiling method,

a N × N input feature map is decomposed into N2/n2 tiles that equal to the

kernel size n × n. It results in smaller convolution, and each smaller convolu-

tion can be computed by FFT with granularity n2. Compared with the normal

FFT approach, the tiling strategy and our method have smaller FFT granularity,

however the performance difference between them is not clear. To investigate the

performance differences, we include it as our future work.

• Finally, cuDNN supports multiple convolution algorithms, and it determines the

best suited algorithm under the given specification of the model based on heuris-

tics. Since the fine-grained FFT convolution has better performance when kernel

sizes and batch sizes are small, one possible future work is to develop heuristics

to select the fine-grained FFT convolution when the parameters are favorable.
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