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ABSTRACT

In the thesis we consider the inverse problem of detecting the shape, size, po-
sition and some information about the material properties of a (possibly anisotropic)
penetrable defective region in a known anisotropic material. First we consider the
problem of detecting defects by using the measured transmission eigenvalues, which
are related to non-scattering frequencies. In particular we consider the transmis-
sion eigenvalue problem corresponding to the scattering problem for an anisotropic
magnetic material with voids, i.e. subregions with refractive index the same as the
background, restricting ourselves to the scalar case of TE-polarization for electro-
magnetic waves or acoustic waves. Under appropriate assumptions on the material
properties, we show that the transmission eigenvalues can be determined from the
far field measurements, and we prove the existence of at least one real transmis-
sion eigenvalue for sufficiently small voids. We also show that the first transmission
eigenvalue can be used to provide qualitative information about the size of the void.

Even though the transmission eigenvalues can be used to determine the size
of a defective region, to reconstruct the shape and position of the defect we need to
use different techniques. To this end, we develop the Factorization Method (FM)
which provides an indicator function for the defective region. The FM connects the
support of the defective region to the range of a compact operator which is known
from physical experiments. Hence, evaluating the indicator function derived from the

FM amounts to applying Picard’s criteria, which only requires the singular values

xiil



and vectors of a known compact operator. Since evaluating the indicator function
needs the far-field pattern of the background Green’s function, we prove a mixed
reciprocity result connecting the far-field pattern of the Greens function to the total
field of the unperturbed material.

We then consider the inverse scattering problem for an anisotropic media with
small homogeneous penetrable defects. We considered the transmission eigenvalue
problem for the perturbed media as well as derive a MUSIC algorithm to reconstruct
the locations of the small defects. For the corresponding transmission eigenvalue
problem we study the convergence and convergence rate of the transmission eigen-
values and construct appropriate corrector terms for the transmission eigenvalues as
the size of the defects tends to zero. Using the corrector and the knowledge of the
location of the inclusions one can derive an algorithm to reconstruct the constitutive
parameters of the inclusions.

In the same spirit as in using the transmission eigenvalues to determine infor-
mation about a defective region, in the next project we use the transmission eigenval-
ues for parameter identification. In particular we consider the interior transmission
problem associated with the scattering by an inhomogeneous (possibly anisotropic)
highly oscillating periodic media. We show that, under appropriate assumptions,
the solution of the interior transmission problem converges to the solution of a ho-
mogenized problem as the period goes to zero. Furthermore, we prove that the
associated real transmission eigenvalues converge to transmission eigenvalues of the
homogenized problem. In our investigation of the convergence, we construct bound-
ary corrections for the anisotropic case, which are used to determine the convergence
rate for the interior transmission problem. Finally we show how to use the first
transmission eigenvalue of the period media, to obtain information about constant

effective material properties of the periodic media.
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Chapter 1

INTRODUCTION

The development of qualitative methods (otherwise known as non-iterative or
direct or sampling methods) in inverse acoustic and electromagnetic scattering is a
very active field of research. The qualitative methods are a late arrival to the theory
of inverse scattering. Since their first appearance in 1996 in [36] this direction has
had an explosion of interest in both the theory and application of these methods.
The vast available literature is a representative of the myriad directions that this
research has taken (see e.g. [14], [27], [33], [55], [34], [58], [72], [76] and the references
therein). Qualitative methods have been used to solve multiple inverse problems
such as parameter identification and shape reconstruction. For example in scatter-
ing theory, these methods aim to not only detect an object but also to identify the
unknown object through the use of acoustic or electromagnetic waves. The advan-
tages of using qualitative methods rather than non-linear optimization techniques
are: first the optimization methods require a priori information that may not be
readily available, second these methods can be computationally expensive. On the
other hand, non-linear optimization techniques seek to reconstruct all the unknown
parameters, while qualitative methods seek to only reconstruct partial information
with very limited a priori knowledge on the topology and physics of the unknown ob-
ject(s). Hence one can obtain partial information in a computationally inexpensive
way that is rigorously justified and in many applications partial information about

the unknown target will suffice.



In inverse scattering theory, methods that seek to provide (somewhat limited)
information about the scattering object in a computationally simple way are in gen-
eral considered to be qualitative methods. The two most well known examples of
such methods are the Linear Sampling Method(LSM) and Factorization Method(FM)
which primarily seek to determine an approximation to the shape of the scattering
object. Typically these methods allow one to construct an indicator function for the

support of the scattering object(s) here called D.

W(z) >0 W(z) = 0

Figure 1.1: A depiction of how the linear sampling and factorization methods work.
W (z) is the indicator function which is non-zero if and only if the

sampling point z is inside the scatterer.

The LSM connects the support of D to the solution of an ill-posed linear
integral equation that involves a smoothing operator obtained from the measured
scattered field. To this end one must use a sufficient regularization technique to
solve the ill-posed problem, but in general there is no theoretical guarantee that the
regularized solution inherits the desired properties. On the other hand, in the case
of far field data, the FM connects the support D to the range of an operator derived

from the measured far-field (or scattering) operator (see [4] and [5]). This not only



provides a rigorous characterization of the object D, it also provides a theoretically
justified numerical algorithm to reconstruct the scattering object. On the other
hand the solution provided by the LSM can be related to a boundary value problem
defined in the support of the scatterer, which can be used to obtain information
about the material properties of the scattering object(s) in addition to the support
[14]. Furthermore the LSM can be used for a broader class of scattering problems
than the FM that requires more restrictive assumptions on the scatterer. Both the
above methods require multi-static data, i.e. data collected simultaneously on an
array of receivers due to an array of transmitters. In recent years efforts have been
made to construct a bridge between the LSM and FM. As a result the Generalized
Linear Sampling Method developed in [6] provides a rigorous characterization of the
support of the scatterer as well as inherits the advantages of the LSM.

To motivate our problem, consider electromagnetic waves propagating in an
inhomogeneous anisotropic dielectric magnetic medium in R? with electric permittiv-
ity € = €(z) and magnetic permeability u = u(x). For time harmonic electromagnetic

waves of the form

E(x,t) = E(x)e ™, H(z,t) = H(z)e ™!

with frequency w > 0, we deduce that the complex valued space dependent parts E

and H satisfy

V x E—iwp(z)H=0 and V x H+ iwe(z)E = 0.

Now let us suppose that the inhomogeneity occupies an infinitely long cylinder with

cross section D having piece-wise smooth boundary 0D with v being the unit outward



normal to D. We assume that the axis of the cylinder coincides with the z-axis. We
further assume that the conductor is imbedded in a non-conducting homogeneous
background, i.e. the electric permittivity ¢, > 0 and the magnetic permeability
to > 0 of the background medium. For an orthotropic medium we have that the
relative electric permittivity and relative magnetic permeability matrices A and N

respectively are independent of the z-coordinate and are of the form

ayp a2 0 ny nig 0
€(x x

A= Q =lan ax 0 N = ) = | noa ngp 0
€0 o

0 0 a 0 0 n

Then it is well-known (see [14]) that the only component u of the total magnetic

field H = (0,0, u) polarized perpendicular to the axis of the cylinder satisfies
V- A(x)Vu + En(z)u =0

where )

11 Q12

A=
Q21 a22
and analogously the scattered field u® satisfies Au® + k*u® = 0 outside the scatter D
with the wavenumber k = w/,/€ofio.
The direct scattering problem reads: find the total field u = u* + u* with

incident field u’ (which is typically an entire solution of Helmholtz equation or a



point source) and scattered field u® that satisfies

Av® +k*u®=0in R*\D and V-AVu+k*ru=0 in D
u=u’+u and %—%(us+ui) on 0D

with 5971: = v - AVu and the scattered field satisfies the Sommerfeld radiation condi-

tion,

ou® .

/2 ( —zkus) — 0 as r=l|z| — oo
or

uniformly with respect to & = z/|z|. The Sommerfeld radiation condition imposed

on the scattered files implies that u® has the asymptotic expansion

ezk\z|

u'(x,d) = e {uoo(i’,d) +0 <i>} as |z| — oo,

|z]

where u™(z, d) is called the far-field pattern.

There are special frequencies k that play an important role in inverse scat-
tering, that are related to non-scattering frequencies and are called transmission
eigenvalues. The transmission eigenvalue problem belongs to a new class of eigen-
value problems that are nonlinear and non self-adjoint, hence are not covered by the
standard theory ofelliptic eigenvalue problems. The transmission eigenvalue prob-
lem for an inhomogeneous anisotropic media is given by: find the wavenumber k£ and

eigenfunctions w and v such that

V- A(@)Vw+ k*n(x)w=0 and Av+k*v=0 in D (1.1)
w—v=0 and %—%:0 on 0D. (1.2)

For the direct scattering problem with v = u® + u® if the wavenumber k& and



incident field u’ are constructed such that u® = 0 outside of D (non-scattering) then
w=u|,and v = u’ p, are the corresponding transmission eigenfunctions correspond-
ing to the transmission eigenvalue k. Conversely if k is a transmission eigenvalue and
if the eigenfunction v can be extended to a solution of the Helmholtz equation outside
D then this incident field does not scatter. Unfortunately in the general case this
is impossible, in [9] it is proven that an inhomogeneity with support having a right
angle will always produce a scattered field. Thus the transmission eigenvalues in gen-
eral are not non-scattering frequencies, however one can construct an incident field
that produces an arbitrary small scattered field. As we will see later the transmission
eigenvalues can be seen in the far-field data.

Generally speaking, the inverse problem in consideration is: from a knowledge
of the measured far-field pattern u™(z, d) for a set of observation directions z; and in-
cident directions d; and a range of wave numbers k € [Kpin , kmaz|, detect/reconstruct
perturbations in the known inhomogeneity D, A and n. Note that in general, the
above data does not ensure unique determination of the (perturbed) A and n for a
matrix valued function A. However, it is possible to uniquely determine the support
of the perturbations as well as some of it’s physical properties. This is exactly what
a qualitative approach seeks to reconstruct.

In this thesis we investigate four model problems related to the inverse scat-
tering for non-destructive testing of anisotropic materials.

We start by considering the transmission eigenvalue problem for an anisotropic
magnetic materials (where the contrast is in both the electric permeability and mag-
netic permeability) with a void(s) (i.e. subregions where A =1 andn =1). The goal
is to understand how the real transmission eigenvalues are related to the geometry
of the void(s) and use this knowledge to determine information about the defect.

The transmission eigenvalue problem for the same type of anisotropic materials but



without a void(s) was considered in [29]. In Chapter 2 we generalize the analysis pre-
sented in [29] to prove the existence of real transmission eigenvalues for anisotropic
magnetic materials with a void(s). We also show that the first transmission eigen-
value is an increasing function of the defective region Dy, which motivates a way to
use it as a target signature for voids. Lastly we extended the result in [20] to our
case, in particular we show that the far-field pattern can determine the transmission
eigenvalues. Related work on this problem can be found in [14], [42] and [62].

The next problem we investigate is reconstructing the support of a defective
region Do in a known anisotropic material from a knowledge of the far-field pattern.
To this end in Chapter 3 we develop the factorization method (FM), and this study is
the first extension of the FM to the case of an anisotropic inhomogeneous background.
The analysis depends on a variational approach to define the operators involved in
the factorization instead of a boundary/volume integral approach developed in [10]
and [46]. As aleady known the FM connects the support of the defect to the range
of a compact operator defined by the far-field data and hence one can construct an
indicator function using Picard’s criteria. In order to evaluate the indicator function
one needs the far-field pattern of the background Green’s function. To facilitate
computation for the case of a homogenous anisotropic background we prove a mixed
reciprocity result connecting the far-field pattern of the Greens function to the total
field due to the unperturbed material. This makes the FM computationally cheap
to implement while being an analytically rigorous way to reconstruct the support of
Dy. We briefly analyze the Generalized Linear Sampling Method (GLSM) developed
in [6], and show the under the same assumptions as the FM that the GLSM can be
used to reconstruct the support of Dy. The GLSM is being studied as an alternative
to the FM that is formulated in the same spirit as the LSM. This direction is being

developed with the goal of providing a rigorous solution to the inverse problem under



less restrictive assumptions than the FM.

In Chapters 4 we investigate the inverse problem of finding small volume de-
fects in an anisotropic material. This chapter can be seen as a combination of the
ideas of Chapters 2 and 3 applied to small inhomogeneities. First we review the
derivation of the Multiple Signal Classification(MUSIC) algorithm for detecting the
location of small perturbations in an anisotropic scatterer. Although the derivation
is standard we did not find a comprehensive study of the MUSIC algorithm for an
anisotropic background in the literature. The MUSIC algorithm can be seen as a
discrete version of the FM which gives a rigorous characterization of the location(s)
of the perturbation(s) in the scatterer using the so-called “multi-static response ma-
trix” that is derived from the asymptotic expansions of the far-field pattern [3] and
[48]. Then we proceed with the study of how the presence of these small defects
affect the transmission eigenvalues. Since the transmission eigenvalue problem for
an anisotropic media can not be reduced to a linear eigenvalue problem as in the
isotropic case(see [31] and [32]) to study this problem we must appeal to perturbation
theory for non-linear eigenvalues problems(e.g. see [64]). In particular we study: the
convergence with convergence rates of the transmission eigenvalues as the volume
of the inhomogeneities tend to zero and construct appropriate first order corrector
term for the transmission eigenvalues.

Lastly in Chapter 5 we considered the scattering problem for a highly oscil-
lating periodic media. The governing equations (1.1)-(1.2) have rapidly oscillating
periodic coefficients A(z/€) and n(x/e),which for ¢ < 1 typically model the wave
propagation through composite materials with a fine microstructure. Using a ho-
mogenization approach we arrived at the homogenized interior transmission problem
and show that it is an approximation of the problem for a periodic media. To prove

strong convergence in H'(D) we construct the so-called bulk-corrector which involves



the solution to a partial differential equation in a cell (i.e. the period of the coefficients
A and n). We have also shown that as € — 0 the real transmission eigenvalues of
the periodic media converge to the real transmission eigenvalues of the homogenized
problem. Since the transmission eigenvalue problem is non-linear and non-selfadjoint
that makes the analysis interesting mathematically but also challenging. In our in-
vestigation of the convergence, we have constructed boundary corrections for the
case with A # I, which is used to determine the convergence rate of the interior
transmission problem and the transmission eigenvalues. Our analysis shows that
the first transmission eigenvalue of the period media, which can be measurable from
scattering data can be used to obtain information about the effective constitutive
parameters of the periodic media. This project is the first work that has considered
the transmission eigenvalue problem for periodic media and is a preliminary study
which still leaves many open questions.
Some of the work presented in this thesis has been published in the following
papers:
1. F. Cakoni, H. Haddar and I. Harris “Homogenization approach for the trans-

mission eigenvalue problem for periodic media and application to the inverse
problem”. Inverse Problems and Imaging (Accepted)

2. F. Cakoni and I. Harris “The factorization method for a defective region in an
anisotropic material”. Inverse Problems, 31 025002 (2015)

3. L. Harris, F. Cakoni and J. Sun “Transmission eigenvalues and non-destructive

testing of anisotropic magnetic materials with voids”. Inverse Problems, 30
035016 (2014)

1.1 Basic Mathematical Tools
We now rigorously formulate the central scattering problem for an anisotropic

media with a penetrable (possibly anisotropic) defect in R™(for m = 2 or m = 3). Let



D C R™ be a bounded simply connected open set with piece-wise smooth boundary
0D. Furthermore assume that we have a symmetric matrix valued function A(z) and
scalar function n(z) for x € D. We consider the scattering of an incident plane wave
u'(z,d) = e*d (with |d| = 1 being the probing direction) by an anisotropic penetra-
ble inhomogeneous media D with (possibly) a defective region Dy C D, where the
scatterer D is embedded in a homogeneous background. The constitutive material
properties of the healthy media is given by A and n, are extended outside of the
scatterer by A = I and n = 1. Inside the scatterer we have that A € C*(D,C™ ™)

and n € L>*(D). The defective media has constitutive material properties given by
As=A+(Ag—A)xp, and ns=n+ (ng—n)xp,

with Ay € CY(Dy, C™™) and ny € L>(Dy), where we assume that Ay # A and
nog # n. This gives rise to the scattered field u®(z,d), and the corresponding total
field u(z,d) = u®(z,d) + u'(z,d) that satisfies

AvP +Eu* =0 in R"\D and V-A;Vu+k’nsu=0 in D (1.3)
ou _2(
8VA5 N al/

u=u’+u" and u*+u') on 9D  (1.4)

where u* satisfies the Sommerfeld radiation condition uniformly with respect to & =

/|l

r—00 T

m—1 a s
lim 7”3 (a“ —ikus) =0 (1.5)
Assumption 1.1.1. Assume that As and ns are such that:
1. €-R(As)E > alé|? for all € € C™ and for almost every x € D
2. &-3(As5)E <0 for all € € C™ and for almost every v € D
3.

R(ns) > npin > 0 and I(ns) > 0 for almost every x € D.
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Notice that the scattered field satisfies
V- AsVus + k*nsu® = V - (I — As)Vu' + k*(1 — ns)u’  in R™ (1.6)

Our aim in this section is to establish the existence of a unique solution u* € H}.

(R™)
to (1.6). To this end we will rely on variational approach and sketch the main points

of the proof.

Definition 1.1.1. The Dirichlet-to-Neumann map Ty, : H'/?(0Bg) — H~'/?(0Bg)
is defined by

']Tksv—>@ on 0Bg
ov

where v is a radiating (i.e. satisfying Sommerfeld radiation condition) solution to
the Helmholtz equation Av + k*v =0 in R™\ By and v is the outward unit normal

to 0Bgr, where Br is the ball centered at the origin of radius R.

It has been shown in [14] for m = 2 and in [36] for m = 3 that Ty — Ty is
compact and

— / TTovds >0 forall ve HY*(OBg).

9Br

For later we note that

R /ETkvds <0 and S /ETkvds >0 (1.7)

OBRr OBRr

for all v € HY2(0Bg) (see [67] for details). Now with the help of the Dirichlet-to-

Neumann mapping we can write (1.6) in the following equivalent variational form in

11



the truncated domain Bp as find u* € H'(Bg) such that for all p € H'(Bg)

/A(gVuS VP — E*nsu® pdr — / P Tyu’ds =

Br OBRr

/(I — As)Vu' - VE — k*(1 — ns)u' pda. (1.8)
D

Therefore u® solves the variational problem: find u® € H'(Bpg) such that
A, 0) = B(u*, ) = L() for all ¢ € H'(Bg)

where the bounded sesquilinear forms A(u®, ), B(u®,p) on H'(Bg) x H'(Bg) and
the conjugate linear functional L(¢) on H'(Bpg) are given by

A(u’, ) == /A(;Vus Vo +u*pdr — / © Tou’ ds,

Br O0BRr

B(u®, @) = /(k’2n5 + D' pdr + / @ (T — To)u® ds,
Br OBR

L(p) = /([ — A5)Vu' - V@ — k*(1 — ng)u' @ du.

D

Theorem 1.1.1. Let the sesquilinear forms A(-,-), B(-,+) : H(Bgr) x H(Bg) — C
and the conjugate linear functional L(-) : H'(Bg) — C be as defined above, then
we have the following

1. A(-,-) can be represented by an operator with a bounded inverse.

2. B(-,+) can be represented by a compact operator

3. L(-) is a bounded conjugate linear functional

12



Proof. (i) We prove the result by applying the Lax-Milgram Lemma to the sesquilin-
ear forms A(w, ¢). By the Riesz Representation Theorem JA : H'(Bg) — H'(Bg)
such that (Aw, ) g1, = A(w, ¢). Therefore by the assumptions on the coefficients
that

|(Aw, w) g8y | = R(A(w, w)) > min{1, a}|w|[F gz,

giving the result.

(ii) Similarly by the Riesz Representation Theorem 3B : H!(Bg) — H'(Bg) that
represent the sesquilinear forms B(w, ) that is compact by the compact embedding
of H'(Bg) into L?*(Bg) and compactness of the operator Ty, — Tj.

(iii) The proof for this is a simple application of the Cauchy-Schwarz inequality. [

Notice that Theorem 1.1.1 shows that the variational problem (1.8) has the
Fredholm property and therefore is well posed provided we have uniqueness. We now
show that (1.8) has at most one solution, and to this end taking the imaginary part

(1.8) with u’ = 0 gives that

__ou? _
& / us ; ds | = /%(A(g)Vus VUt — E*S(ns)[uf|Pdr < 0
v
BBR BR
where we have used that Tyu® = 22 on dBg. Therefore Theorem 3.6 of [14] and the
unique continuation principal give that u® = 0 proving uniqueness. The Fredholm
Alternative now gives that there is a unique solution to (1.8) such that [|u®|| g1 (g, <

C||u’|| 1 (py where the constant C' > 0 independent of u'. The Sommerfeld radiation

condition implies that the scattered field u* has the asymptotic expansion

w(e,d) = {UOO(@,d) +0 (—)} as |z| — oo, (1.9)

|z]
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where we recall that u*(z, d) is called the far-field pattern.
In the proceeding sections we will assume that we know u*(Z,d) for all & and
d in the unit disk/sphere S, incident direction d and observation direction &. Using

Green’s Representation theorem one can show that the far field pattern is given by

) = [ e - 2D

—ikey g 1.10
Oy, Oy, € %y ( )
o0

eim/4

where the constant -, is given by v, = VT and 3 = -

Ar)

subset of R™ such that D C Q. Rellich’s Lemma (see [14] and [36]) implies that if

and the region 2 is any

u*° = (0 then v* = 0.

The following result is reciprocity relationship for the far-field pattern.

Theorem 1.1.2 (Theorem 4.2 in [14]). Let u™(z,d) be the far-field pattern defined
by (1.10) then u™(z,d) = u™®(—d, —z).

We can define the far-field operator that plays an important role in our analy-

sis of the aforementioned inverse problem and in reconstruction techniques (see [14],

[37] for the connection between the far-field operator and the scattering operator) as
F: L*(S) — LA(S)

(Fg)(z) := /u"o(a%,d)g(d) ds(d). (1.11)

S

We now introduce the Herglotz wave functions that are defined as

0,(x) = /S e () ds(d). (1.12)

Note that by superposition it can be shown that F'g is the far-field pattern to the

scattered field corresponding to v, replacing e***¢ as the incident field.
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Theorem 1.1.3. Let g,h € L*(S) and let v, and vy, be the Herglotz wave functions
with kernels g and h respectively. Then if uy and uj, are the solutions of the scattering
problem corresponding to the incident field u' := v, and u' := vy, respectively, we have

that
- / S(As)Vuy, -V, dz — k*S(ns)uguy, de = 2n(Fg, h) — 2x(g, Fh) — ik(Fg, Fh).
D

Proof. We give the proof in R?(similar arguments hold in R?). Let u, = u} + v, and
up, = uj + v, be the total fields in R®\ D. Then using transmission conditions, the

divergence theorem along with the symmetry of As and the equations in D we have

oup, __Ou, B ou, __Ou,
/|x|a (ug o Hn 8v> ds = /BD (ug ov U 8y) ds

= / (ug AsVuy, - v —upAsVuy, - 1/) ds = / (V (ugAsVuy) — V- (u_hA5Vug)) dx
oD

D

= / (Vug - AsVu, — Vuy, - A(;Vug) dr + / (ugV - AsNVuy, —uy, - VAgVug) dx
D

D

= / (Vug - AsVuy, — Vuy, - A(;Vug) dx + k2/ (Tnnsuy — ugnguy) dx
D D

Hence we have that

oup, __Ou,
/xl:a (ugg — th) ds (113)

= —22’/ S(As)Vug - Vg, dr + 21’]{;2/ S (ns)ugty d.
D D

Using the Sommerfeld radiation condition along with (1.10) we obtain that

ou, __Ou,
/ma (ug 5y U 81/) ds (1.14)

=d4n(Fg,h) — 4w (g, Fh) — 2ik(Fg, Fh).
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Combining (1.13) and (1.14) yield the result O

Theorem 1.1.4. Assume that S(As) =0 and I(ns) = 0. Then far-field operator is
normal, i.e. F*F = FF*, and the scattering operator & = I + 2iky,, F' is unitary,
e. S§*=8S=1.

Proof. We give the proof in R3(similar arguments hold in R?), since $(A4;) = 0 and

S(ns) = 0 we have that

ik(Fg,Fh)=2n[(Fg,h) — (g, Fh)] (1.15)

for g, h € L*(S). By reciprocity we have that

i.e. F*g = RFRg where (Rh)(Z) := h(—2). Since (Rg, Rh) = (g9,h) = (g, h), we

16



have from (1.15) that

ik(F*h, F*g) = ik(RFRg, RF Rh)

= ik(FRg, F Rh)
— 27(FRg, Rh) — 2x(Rg, FRh)
— 27(RFRg, h) — 2x(g, RERN)
=2n(h, F*g) — 2n(F*h, g)

2m(Fh, g) — 2m(h, Fg)

= ik(Fh, Fg)

and hence F*F = FF*. Finally, (1.15) implies that

ie. ikF*F = 2n(F — F*).
SS* = I by direct substitution.

Properties such as injectivity and the characterization of the range of F' are
closely related to the study of the transmission eigenvalue problem. We want to
investigate if there exists values of k for which the incident wave does not scatter.

This corresponds to the injectivity of the far field operator.

—(g,ikF*Fh) = 2m (g, (F* — F)h),

This, together with F*F = FF* implies that §*S =

gives a characterization of the injectivity of the far field operator.

17
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Theorem 1.1.5. The far field operator corresponding to the scattering problem (1.3)-

(1.4) is injective with dense range if and only if B nontrivial (u,v,) solving:

V- AsVu+ knsu=0 and Avg + k'?vg =0 m D (1.16)
Qu _ v

61/A B v

and on 0D (1.17)

U = vy

Proof. We first note that it can be proven that u* is analytic therefore we have that
F and F* are continuous operators. So to prove that the range is dense we only
need to show the adjoint operator F* is also injective, since N'(F*)* = R(F), and
L3(S) = N(F*)®N (F*)*. We have that (F*¢)(2) = (Fh)(—z) where h(d) = g(—d),
therefore F™* is injective if and only if F'is injective. We now investigate the injectivity
of the far field operator. So assume that N'(F') # {0} then 3¢ # 0 such that Fg =0
where Jv, # 0 for which the far field pattern is zero. Since the far field pattern
is zero this says u® = 0 for the scattering problem with v, replacing e**? in the

boundary data, and v, solves Helmholtz equation, which proves the result. O
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Chapter 2

TRANSMISSION EIGENVALUES FOR ANISOTROPIC MEDIA
WITH VOIDS

The non-destructive testing of composite materials using electromagnetic waves
is an important problem in engineering. A number of such problems involve compli-
cated materials, in particular anisotropic, hence many methods of reconstructing the
matrix refractive index are either unfeasible or computationally expensive. On the
other hand for practical purposes it suffices to obtain some partial information on the
refractive index in order to evaluate the integrity of the material. As mentioned in
the introduction the so-called qualitative methods in inverse scattering do just this
(see e.g. [14]). In this chapter we consider the problem of detecting voids in a known
anisotropic dielectric material from electromagnetic measurements in the frequency
domain for a range of frequencies. Our inversion method is based on quantifying
the effect that the presence of voids have on the so-called transmission eigenvalues,
which are detectable from the scattering data which we will prove in this chapter.
Transmission eigenvalues have been used to determine material properties of the
scattering media starting with [24] for isotropic inhomogeneities. The work in this
Chapter has been publish as the article I. Harris, F. Cakoni and J. Sun “Transmis-
sion eigenvalues and non-destructive testing of anisotropic magnetic materials with

voids” Inverse Problems, 30 035016 (2014).
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2.1 Existence of Transmission Eigenvalues for Domains with Voids

In this section we prove that real transmission eigenvalues exists for anisotropic
magnetic dielectric media with voids. The existing results on this question [18] and
[42] include only the case of non-magnetic material, i.e. when the magnetic per-
meability of the media is the same as of the background and the approach used in
these chapter rely heavily on the fact that the contrast is only on one constitutive
parameters of the medium. Our approach to proving the existence of transmission
eigenvalues follows the formulation introduced in [29] with appropriate modifications
to allow for the presence of voids. Furthermore, we show that the first transmission
eigenvalue can be used to determining material properties and provide qualitative
information about the size of the void(s). In addition, we show that the real trans-
mission eigenvalues can be determined from the scattering data. Some numerical
examples are given to demonstrate the feasibility of our theoretical results.

To this end we recall transmission eigenvalues for an anisotropic with a void(s)

as the values of k& € C such that there exists nontrivial (w,v) € H'(D) x H*(D) such

that

Aw+kw=0 in Dy (2.1)
V-AVw+k*nw=0 in D\ Dy (2.2)
Av+k*v=0 in D (2.3)

- +
w~ =w" and 3(;1; = ?;SA on 9D (2.4)

ow  Ov
w = v and . oo on OD. (2.5)

We start this chapter by investigating the transmission eigenvalue problem (2.1)-

(2.1). We apply similar analysis as in [29] to prove the existence of real transmission
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eigenvalues, but the techniques in there must be modified to account for the void D

where Ay = I and ng = 1. Let us introduce the following notations

inf inf £ A(2)€é = A, and inf  n(x) = nupin
zeD\Dy [€|=1 zeD\Dy

sup sup & - A(z)é = Apee  and sup n(x) = Nnaa,
zeD\Dy [§]=1 zeD\Dy
and at this point, we consider the case A,,;, > 1 and ne. < 1, or A, < 1 and
Nmin > 1(i.e. when the contrast has different sign). Note that in the context of
Maxwell’s equations this is the practical case since A is the inverse of the electric
permeability. Our goal is to prove the existence of real transmission eigenvalues,
hence we assume that k2 > 0. To this end, we formulate the transmission eigenvalue
problem (2.1)-(2.5) as a problem for the difference u := v —w € H}(D). By sub-
tracting the partial differential equations and boundary conditions for v and w we

have that the boundary value problem for v and u is given by

V- AVu+k*nu=V-(A— Vv +k*(n—1) in D\Dy, (2.6)
ou ov  Ov
B = v oy on 0D (2.7)

Notice that from Ow*/0vy = Ow~/Ov and the continuity of dvt/Ov = dv~/ov

across 0Dy we have that

out  Ou-  Ovt  OvT
ovya Ov  Ovy Ov on 9D, (2:8)

where the superscripts + and — indicate approaching the boundary from outside
and inside Dy respectively. Following [29], we will consider (2.6)-(2.8) as a Neuman

boundary value problem for v which is defined in D\ Dy where we must incorporate

21



the fact that u is a solution to the Helmholtz equation in Dy. To this end, we need
to assume that k? is not a Dirichlet eigenvalue for —A in Dy and define the interior

Dirichlet to Neumann mapping T}, : H/2(0Dy) — H~'/2(0Dy) by

ou

Ty : 5‘81}0

— where Au + k*u = 0, in Dy. (2.9)

Ulap,

With the help of T we are able to go from boundary terms on 0Dy to terms defined

in Dy. In particular integration by parts gives that

/ETkuds:/Vu-VE—Hu@dx Y € HY(Dy). (2.10)
BD() DO

(If Dy has multiple simply connected components then we define the Dirichlet
to Neumann operator component wise). Then for a given u € H}(D) satisfying
the Helmholtz equation inside Dy, we see (2.6)-(2.8) as a Neumann boundary value

problem for v which can be written in an equivalent variational form as follows

/ (A—DVv-Vp — K (n—1)vpdr = / AVu-Vp — Enupdr  (2.11)
D\EO D\EO

+/¢Tkuds Vo € H' (D\ Dy) .
0Dy

We use the variational formulation to define a bounded linear operator that maps
u € HYD) — v, € H! (D \ EO). To this end let us define the bounded sesqulinear
form and the bounded conjugate linear functional from the variational formulation
as

By(v, ) := / (A—I)Vv-Vp —k*(n — 1)vpdr,

D\ Do
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fulp) = / AVu - V@ — E*nup dr + / P Truds.
D\bo 8DO

and consider the variational problem of finding v € H' (D \ Dy) such that
Bi(v,¢) = fulp) forall e H' (D\ D). (2.12)
We split the solution v = ¥ + ¢ where ¢ is a constant and

@Ef[l(D\bo): {UEHl D\ Dy) ‘/ n—lvda:—O}
D

\Do

equipped with the H* (D \Eg) inner-product. It can be shown that functions in
H! (D \ Dy) satisfy the Poincaré inequality, that is ||v||L2 (D\Do) < HVU||L2 (D\Do)
for all 5 € H'(D \ Dy) (e.g see [45]). Now letting ¢ = 1 for k2 # 0 we have that

k? / (n—Dvdr = k? / nudm—}—/Tkuds:k:2 / nudx—k;2/udx
D\ﬁo D\EO 9Dg D\ﬁo Do

where the latter equality holds due to the fact that u solves the Helmholtz equation
in Dy. Using this along with v = ¥ + ¢ we have that

1
= dr — [ ud
‘ fD\ﬁ()(”_l)d"f / e /u ’

\50 D 0

If k? = 0 we require c to still be defined as in the non-zero case. Now we show the
variational problem is well posed in the space H L(D\ Dy) by proving that +B4(7, p)

is f]l(D \ Dy)-coercive, when A,,; —1 >0 and Ny — 1 < 0, or Apee — 1 < 0 and
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Nmin — 1 > 0 respectively. If A, — 1> 0and n,,q, — 1 <0

B.(0,0) = / (A—=1)Vo- V0 — k*(n—1)[0]* do
D\Dy
> / (Amin — 1)V - VD + E2(1 = Ninag ) [0 dz
D\Dy

> (Amin = DIVl 5y 2 ClONG 5,

V

where we have used the Poincaré inequality for H! (D \Eo). Similarly we can show
that if Apee — 1 < 0 and nyp, — 1 > 0, then —Bg(+,-) is coercive. Having v, €
H' (D \ Dy) defined in the annulus D\ Dy for any u € H}(D), since the transmission
eigenfunction v solves the Helmholtz equation in the domain D, we insure that v,
can be extended to a solution of the Helmholtz equation in D. Using the Riesz

representation theorem we can now define Lyu by

(]Lku,w)Hl(D\ﬁO) = / Vvu~V¢—k20u@dx+/ pTiv,ds Vo € H) (D\EO,(?D) ,

D\Eo 9Dg
(2.13)

where

Hy (D\ Dy, 0D) = {ue H' (D\Dg): u=00ndD}.

Notice that the mapping k ~ L; is continuous for & € R and k? not a Dirichlet
eigenvalue. We can now connect the kernel of the operator Ly, : H} (D \ Dy, aD) —

Hi (D \ Dy, dD) to the set of transmission eigenfunctions.

Theorem 2.1.1. Assume that k* is not a Dirichlet eigenvalue for —A in Dy and
assume that either A,in > 1 and Npee < 1, 07 Apae < 1 and Ny > 1. If w,v €

HY(D) solves (2.1)-(2.5) then u|p\p, = w—v € Hy (D \ Do, dD) is such that Lyu =
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0. Conwersely, if Lyu = 0 for u € HY(D \ Dy,dD) then v, and u can be extended

to solution v,u € H' (D) of Helmholtz equation in Dy and the pair (u + v,v) solves
(2.1)-(2.5).

Proof. The first part of the theorem is by construction. Obviously Liu = 0
since v, satisfies the Helmholtz equation in D. Conversely, let Lyu = 0 and define

vi=v, € H! (D \EO) as above and in Dgy by
Av+ kv =0 in Dy, v=u on 0D. (2.14)

Since Lyu = 0, (2.13) implies that v € H'(D) and satisfies the Helmholtz equation

in D. Furthermore, extending v in Dy by
Au+Ku=0 in Dy, u=u" on 0Dy,

then (2.11) implies that (u + v,v) solves (2.1)-(2.5). O

The following lemma states some properties of the operator Ly.

Lemma 2.1.1. Assume that k? is not a Dirichlet eigenvalue of —A in Dy. For the

operator Ly we have the following:

1. Ly : H} (D \ Do,0D) — H} (D \ Dy, 0D) is a self-adjoint operator for all
ke RZO

2. £1g is a coercive operator when (Apmim—1) >0, or (Apae — 1) < 0 respectively

3. Ly — Lo is a compact operator in H (D \ Dy, 8D)
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Proof. (i) Let u; and u, be given in H} (D \ Do, 0D) and consider v; and
vy in H' (D \ Dy) satisfying (2.11) extended inside D as solutions to the Helmholtz

equation by (2.14). Thus, for these functions we have

/ (A—I1)Vv; - Vo — k*(n — Dvpdr = / AVu; - Vo — k*nu;p dx

D\ Do D\ Do

+ /@Tkuids Vo € HY(D) (2.15)

0Dg

By the definition of IL; we have that

(L, U2>H1(D\Eo) = / Vi - Vi — Ktz do + / s Ty ds

D\Dog 9Do
=— / (A — 1)V, - Vg — k*(n — 1)vi; do
D\ Do
+ / AV, - Vg — k*notiz de + / Uy Tiv ds (2.16)
D\Dg 9Dg

Taking i = 2 and ¢ = v; and then i = 1 and ¢ = us in (2.15) we obtain

(Lyug, UQ)HI(D\EO) = — / AV, - Vg — k*nuyts de — / Uy Truy ds(2.17)
D\Eo 0Dg

+ / (A— 1)V, - Vg — k*(n — 1)v g do — / nTpls — Uz Tvy ds
D\EO 0Dg

= — / AV, - Vg — k*nuits de — /Vm Vi — k*u s dx

D\EO DO

‘I— / (A — ])Vvl . VU_Q — kQ(’)’I, — 1)1}1/U_2df13 = (Ul, LkuZ)Hl(D\Eo)

D\Dyg
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Obviously, the right hand side is a selfadjoint expression of u; and uy giving that Ly
is a selfadjoint operator and the boundary terms cancel thanks to (2.10).
(ii) To prove that +Lg is coercive we first assume that A,;, — 1 > 0 and

therefore we consider the operator ILy. Letting v — u = w we have that

(IL‘Ou’u)Hl(D\BO) = /VU-Vﬂdx—i—/UTovds
D\EO a1)0
= / |Vul? do + / Vw-Vﬂdx—l—/ﬂTouds—l—/ﬂTowds.
D\ﬁo D\EO 9Dg 9Dg

Using (2.11) for k* = 0 and ¢ = w and taking the conjugate, we see that
/ (A—I)Vw - Vuds = / AVw - Vudx + / wTyuds
D\bo D\ﬁo aDO
Now once again using that v = u + w we see that
/Vw -Vudr = / (A—I)Vw - Vwdr — / wThuds.
D D\BO 8DO

Using the latter equation we see that

(Lou,u)H1<D\50) = / \Vul? dx + /(A—])Vw-Vde—/wToﬂds
D\EO D\EO aDO
+ /ﬂTowdS—F /ﬂTQUdS
8D0 BDO
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where from

/ETowds:/Vw-Vﬂdx: /wToﬂds
Do

dDy 0Dy

the boundary terms involving w cancel. Now using that A,,;, — 1 > 0 we have that
/ (A= D)Vw-Vwdr > (Apin — 1) / |Vw|? dz > 0.
D\ﬁo D\EO
Also notice that integration by parts gives that
/ uTouds = / |Vul?dx > 0.
dDy Do
Therefore
(Lou, U>H1(D\Bo) > / |Vul? do + / uTyuds > / |Vul? dx
D\Eo a1)0 D\ﬁo

proving the coercivity due to the zero boundary condition on 9D.
Next, assume that A,,,, — 1 < 0, therefore considering the operator —Lg. From

(2.17) we have that

(—]Lou,u)Hl(D\Eo):— /(A—[)Vv-Vﬂdx—l—/\Vu\zdx—l— / AVu - Vudz

D \50 Do D \50

Now since A, — 1 < 0 we have that

— /(A—[)V%VEd:cZ(l—Amm) / |Vu|* dz > 0.

D\ Dy D\ Do
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Therefore (—Lou, ) 11 (D\Do) > Apmin / |Vu|? dz proving coercivity in this case.

D\Do
(iii) We now show the compactness of Ly — Ly. Assume that the sequence

w — 0in H} (D \ Dy, dD) and therefore we have the existence of v, — 0 and v — 0
in H' (D \ Dy), corresponding to solutions of (2.15). Recall that (2.13) defines
(Ly, —Lo)w in terms of vi and vé. Since zero and k? are not Dirichlet eigenvalues, we
have that their extension as solution to the Helmholtz equation inside D, converge

weakly to 0 in D. From the Rellich’s embedding theorem, a subsequence of the

aforementioned sequences, still denoted by v], and vg converge strongly to zero in

L?*(D). We see that the sequences v], and v} satisfy
/ (A=D)Vol-Vo—k*(n—1)vigdr = / AV -V — E*nu!p d + / P Ty’ ds
D\BO D\B() 0Dg

and

/ (A= 1)V} -Vods = / AVY - Vpdr + / pTow ds
D\ﬁo D\ﬁo 8DO

for all ¢ € H'(D). Now using that

/ P Tl ds = /Vuj VP — KW de
Do

0Dg

and letting %/ := v] — v} we have that

/(A—[)Vﬁj-vadx:k2 /(n—l)vi@—nujadx—i—kz/uj@d:c Vo€ HY(D).

D \EO D \50 Do

Letting ¢ = ¢’ and for either A — I positive or negative definite we obtain
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that o/ — 0 in H' (D \ Dy). Now we have that
AY = —kJQUi in Dy and ¥/ = vi — vg on 0Dy.

Therefore

15 lm100) < € (11l = 8l s (013 + ledll2y ) — 0

where we have used the trace theorem on 0D;. Now

((Lk — Lo)w?, g0> = / V' - Vg — ki@ de + / %) (Tkvi — Tovg) ds

H1 (D\EO)
D\BO 9Dg

= / V' -Vp — kvl pde
D
therefore by the using the Cauchy-Schwartz inequality we have that

o= L)l < C (1 + ledlloim)).
()

Which proves the claim since the right hand side tends to zero. [
Notice that the second part of this theorem says that for £ = 0 the operator
+1Ly is positive. We now prove that £IL; is positive for a range of values, which gives

a lower bound on the transmission eigenvalues.

Theorem 2.1.2. Let \((D) be the first Dirichlet eigenvalue of —A in D and let k*

be a real transmission eigenvalue:

1 If Apin > 1 and nppee < 1, then we have that k* > A\ (D).

2. If Apae < 1 and npnin > 1, then we have that k* > ﬁ:—ai/\l(D).
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Proof. (i) Assume that A,,;, —1 > 0 and n,,., — 1 < 0, we have that if u is the
difference of eigenfunctions then (Lju,u) H(D\Do) = 0. So by the definition of Ly

and by using that v = u + w we have that:

<]Lku7u)H1(D\50) = / Vv - Vu — k*vudr + /ETkvds:/VU~Vﬂ—k2vﬂda:
D

D\Bo 8DO

= / \Vul? — k?|ul® dz + /Vw -Vt — K*wu dx.
D

D

Now we use the variational form (2.11) for ¢ = w which gives that

/ (A—D)Vv -V — E(n—1)vwdr — / AVu - VW — k*nuw dx
D\ﬁo D\EO
= /Vu -V — k*uw dx.
Do

On the left hand side we once again use that v = w 4 u and combine the

integrals involving both v and w giving that

/VU-V@—kQUde: /(A—I)Vw-V@—kQ(n—1)|w|2dm
D

D\ Do

Now we look at (Lxu, u) g1 (p\5,) and use the fact that under the assumptions

on the coefficients that

/ (A= 1)V - VT — K(n — D] dz > 0.

D\ Dy
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Therefore we have that

(H‘ku7u)H1(D\5o) = /|Vu|2 — E*|uf? dx + / (A—DVw -V — k*(n — 1)|w*dv
D D\Dg
> / (Vul? — k*|ul? dz (2.18)

D

[Al(D)—kﬂ /]u\zda:.

Vv

So if (A1(D) — k?) > 0, we have that (Lgu, u) g1 pyp,) > 0 which contradicts
the fact that Lyu = 0. Which implies all transmission eigenvalues satisfy k2 > A, (D).
(ii) Assume that A, — 1 < 0 and ny, — 1 > 0, we have that if w is the
difference of eigenfunctions then (—Lyu, u)y(p\5,) = 0. We know by the previous

theorem that:

(—Lyu, “)HI(D\BO) = - / (A—D)Vv-Vo —E*(n—1)|vf* do + /V|u\2 — E*|uf® dz
D\Eo Do
+ / AVu - VT — k*n|ul? dx
D\Do

Notice that under the assumptions on the coefficients that

- / (A= D)V - V5 — k(0 — Do dz > 0.

D\Do
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Therefore we have that:

(—Lyw, ) g p\py = /|Vu|2—k2|u|2dm+ / AVu - VT — k*n|ul? dz

D\D

> /|Vu|2 E*[u* dx 4 Amin / |Vu|da:—k2nmm/|u|2d$
D\Dy

> mm/|Vu|dw—k:2nmm/|u|2dx

2 [Amin)\l( nmax /‘UP dr.

So if (ApminAi(D) — kM) > 0, we have that (—Lgu, u)gi(p,)

2

> ( which
contradicts the fact that Lyu = 0. Which implies all transmission eigenvalues satisfy

k? > Amin ) (D). O

— TNmazx

The previous result shows that the operator +IL; is positive for a range of k

values. We next show that the operator is non-positive for some k£ on a subset of

H} (D\ Dy, D).

Theorem 2.1.3. Provided that the measure of each component of the void Dy is
sufficiently small, there exists a k > 0 such that Ly, or =Ly, for (Amim — 1) > 0 and
(Npnaz — 1) < 0, or (Apaz — 1) < 0 and (i — 1) > 0 respectively, is non-positive
on a subspace of H} (D \ Dy, 8D).

Proof. Assume that (A, — 1) > 0 and (e — 1) < 0, and look at the

operator L. We denote by B, the ball of radius r. Let R and € be positive numbers
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such that B C D, Dy C B, and R > €. By using separation of variables one can

see that there exists transmission eigenvalues for the system.

AV +720w=0 in B

V- ApinV + T npeed =0 in Bg \ B.

Ab+7*9=0 in Bpg (2.19)
o~ ow™
W™ =wT and a—qj = 81/11:)77“'” on OB,
oW O
w =0 and 01/;:1.” = a—z on OBp

Now recall we can only define I, when £? is not a Dirichlet eigenvalue of
—A in Dy, so we denote the first eigenvalue as A(Dp). Since A\;(Dy) — oo as
|Do| — 0% we can insure that there is at least one transmission eigenvalue of the form
72 = k*(BR, Be, Amin, Nmaz) < A1(Dy) provided that the measure of each components
of Dy is sufficiently small. So let @ be the difference of these eigenfunctions with

eigenvalue 72 giving that from (2.18)

/ Va2 — 72[af? dx + / (Amin — D)V - Vi — 7*(1tmas — 1)]@]* d = 0
Br

Br\Be

Therefore 4 € H(Bgr), so let the extension by zero of 4 to the whole domain D be
denoted %. Now since Dy C B, we have that Au+ k%7 = 0 in Dy. Since A, —1 > 0
and N0 — 1 < 0, we can construct nontrivial v € H*! (D \Eo) that solve (2.11)

with coefficients A, n in the domain D with void Dy and let w = v — u. Hence from
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(2.11) and using that w = v — u we have that

/ (A— DV -Vp —7%(n — 1updr = /Vﬁ -V — rrupdr
D\ﬁo BR
= / (Apin — 1)V - VB — 72 (Nnae — 1) 0@ da (2.20)

Br\Bc

Therefore for ¢ = w using (2.20) and the Cauchy-Schwartz inequality we have that

/(A — DV - Vi — 7*(n — Nww dz = /(Amm — 1)V - VI — 72 (Mg — 1) 000 d <

D\Dg Br\B.

1
2

/(Amm C )V — 2 (nyne — 1) d /(Amm S VB — 72 (nee — 1|2 da

Br\Be Br\Be

and using the bounds on the coefficients we obtain that

/ (A= D)V@- Vi —2(n—1)|F2 de < / (Apin — D[ V]2 = 72 (s — 1) d
D\Dy Br\Be
Now we use the definition (2.18) for the operator L, with the functions @ and w to

conclude

(L, ﬁ)Hl(D\m) = / |Vaul? — 72|u)? dz + / (A—DVw -V — (n — 1)|w|* dx
D D\Dy
< / |Val? — 72|a)? dz + / (Apin — D)V - Vi — 7% (Mpae — 1) 0] dz
Br Br\Be

=0
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So the operator L, is non-positive on this one dimensional subspace.
Alternatively, we can construct a finite dimensional subspace of H} (D \ Dy, 8D)
where L, is non-positive by considering small balls Bs C D\ Dy. In this case let ,

w and v are the first transmission eigenvalue and corresponding eigenvectors of

V- ApinV0 + gz =0 in By

Ad+k*=0 in Bs (2.21)
o ol
b =0 and = — OBs.
w = U an aVAmm By on 5

Now provided that the measure of each component of Dy is small enough such that
x? is smaller then the first corresponding Dirichlet eigenvalue for —A, we can use i =
0—1 € Hg(Bs) its extension by zero @ to the whole domain and the corresponding w
and ¥ exactly as above to show that L, is non-positive in a m-dimensional subspace
of Hy (D \ Do, dD) where m is the number of balls of radius ¢ included in D\ Dy

The same result can be proven for —LL; exactly in a similar way for the case
when A,,., —1 <0 and n,,;, —1>0. O

Now we uses a similar result as in theorem 2.6 [29] to prove the existence of

transmission eigenvalues.

Theorem 2.1.4. Let Ly : Hj (D \ Do, dD) — H} (D \ Dy, dD) be as defined above.

If
1. there exists kyin > 0 such that oly,,,, is positive on H} (D \ Dy, dD)
2. there exists kpur < )‘iDO) such that oLy, . s non-positive on a m-dimensional
subspace of Hy (D \ Do, 8D)
then there exists m transmission eigenvalues in [Kmin, kmaz), where 0 =1 or o = —1

provided Apin > 1 and Nppae < 1, 07 Apes < 1 and ny;, > 1, respectively.
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In particular the result can be obtained by using min-max condition for the

auxiliary eigenvalue problem for the self adjoint compact operator:
I— )\(k’) (O’LQ)_l/ZO'(Lk — Lo)(U]Lo)_l/Q.

Theorem 2.1.5. Assume that either Ay, > 1 and Npee < 1, or Apee < 1 and
Nmin > 1. If the first transmission eigenvalue T > 0 of (2.19) is smaller than
the first Dirichlet eigenvalue for each of the components of Dy, then there exists one
transmission eigenvalue in the interval (0, 7). If the first transmission eigenvalue K >
0 of (2.21) is smaller than the first Dirichlet eigenvalue for each of the components
of Do then there exits m := m(9) transmission eigenvalue (counting multiplicity) in
the interval (0, k), where m is the number of balls of radius 6 > 0 that can fit in
D\ Do.

For sake of completeness we prove the discreteness of the transmission eigen-
values. This result is proven in a more general case in [11]. To this end we recall
the Analytic Fredholm Theorem, which will be used to prove the the set of real

transmission eigenvalues is at most discrete.

Theorem 2.1.6 (Analytic Fredholm Theorem). Assume that @ C C is an open
connected set. Let Ky : Q — L(X) with X a Hilbert Space and where the operator

valued function Ky depends analytically on A € Q then either

1. (I—Ky)™" Does not ezist for any \ € Q)

2. (I—Ky)"" exists except for at most a discrete set in €,

provided that Ky is a compact operator for all \ € €.
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Theorem 2.1.7. Assume that either A, > 1 and Npee < 1, or Apee < 1 and
Nmin > 1. Then the set of real transmission eigenvalues is at most discrete and fur-
thermore +00 is the only accumulation point for the set of real transmission eigen-

values.

Proof. Notice that by the definition of L, we have that the mapping & — L; is
analytic in the set {z € C : R(z?) > 0} \ {)\j(D)}jeN where \;(D) is the j-th
eigenvalue of —A in D. It is clear the k is a transmission eigenvalue if and only if
the null space of the operator I — (olLg)~"/20(ILy, — LLg)(clLg) /2 is non-trivial. The

result then follows from Theorem 2.1.2 and the Analytic Fredholm Theorem. ]

Remark 2.1.1. If A,,;, —1 >0 and n,,0; —1 > 0, or Apur —1 < 0and n,,, —1 <0
it is now obvious how to modify the approach of [29] to prove the existence of
transmission eigenvalue. In this case in addition to assuming that the voids are
small enough it is necessary to assume that |n — 1| is also small. We do not include

a detailed discussion here.

As a by product of theorems 2.1.2 and 2.1.3 we have that the first transmission

eigenvalue has the following upper and lower bounds.

Corollary 2.1.1. Let k3(D, Dy, A,n), be the first transmission eigenvalue of the
giwen media with voids and the measure of each component of Dy is small enough

(as discussed above). Then the following inequalities hold:
1. If (Apin — 1) > 0 and (npez — 1) < 0, then
M (D) < (D, Do, A,n) < min { K(Br, Be, Ain, toma), B3 (Bs, Amin, M)
k3 (Br, Be, Amin, maz) and k3 (Bs, Apmin, Nmaz) are the first transmission eigen-

value corresponding to (2.19) and the first transmission eigenvalue correspond-
ing to (2.21), respectively.
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2. if (Apmar — 1) <0 and (np, — 1) > 0, then
Amin

nmaaz

)\1(D) S k%(Da DOa A, TL) S min {kQ(BI% Bs: Amaxa nmin)a ]’CQ(B(;, Amaa}a nmm)}

where k3(Br, Be, Amazs Mmin) and k?(Bs, Apmin, Nimaz ) the first transmission eigen-
value corresponding to (2.19) and the first transmission eigenvalue correspond-
ing to (2.21), respectively, with Apae replaced by Apin and np, replaced npag-

Here M\y(D) is the first Dirichlet eigenvalue of —A in D.

We now prove a monotonicity result for the first transmission eigenvalue with

respect to the size of Dy, which can be useful in non-destructive testing.

Theorem 2.1.8. Let Dy C Dy C D then we have that k(D) < ki(D1) where ki(§2)

15 the first transmission eigenvalue corresponding to D with void €2

Proof. Assume that (A, — 1) > 0 and (4. — 1) < 0, and that © and w are the
transmission eigenfunctions corresponding to the transmission eigenvalue ki(D;) =
k. Now let @ = © — b, therefore we have the existence of v € H'(D\ D) that solves

(2.12) and define w = v — @. Therefore we have from (2.18) that
/ \Val? — k2a)? do + / (A— DV - Vo — k*(n — 1)|w)? dz = 0.
D D\D;
By the definition of w and (2.12) we obtain that
/ (A= DVw-VE — k*(n — Dwpdr = /va V@ — kYupds  (2.22)
D\Dg D

— /(A—I)vmva—/%?(n—nw@dx.

D\D;
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Therefore letting ¢ = w in (2.11) and using the Cauchy-Schwartz inequality
(in the same way as the equations below (2.20)) along with Dy C D; we have that

/(A_J)Vw-vw—/%2(n—1)|w|2dxg /(A_I)me?—1%2(n—1)|w\2dx.

D\ Do D\D;

Now we use the definition (2.18) for the operator L; with the functions @ to

conclude that

(L, @) g1 1\ Dy) = / \Va|? — k?a)? de + / (A= DV - V@ — kE*(n — 1)|w]? dz
D D\Ds

< / \Val? — k?a)? do + / (A= DV -V — k*(n — 1)|o) dx
D D\D;

=0

where L; is the operator corresponding to the problem with void D,. Since Lj
is nonpositive on the subspace spanned by « it means that there is an eigenvalue
corresponding to Dy in (0, l%] Therefore the first transmission eigenvalue k(D)
must satisfy ki(Dp) € (0, k] which proves the claim. A similar argument holds for

when A,,,, —1 < 0 and 7y, — 1 > 0, by looking at the operator —L;. O
In a similar manner one can prove the following monotonicity results in terms
of the material parameters.

Theorem 2.1.9. Assume that V& € C? we have € - A& < € - Ayé and nq < ny with
D and Dy fized. Then we have that:

1. If Ay — 1 s positive definite and ny — 1 < 0 then we have that:

k1(Aa,ny) < ki(Ay,ng)
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2. If Ay — I is negative definite and ny — 1 > 0 then we have that:

k1(A1,n2) < ki1(Ag,nq)

Remark 2.1.2. The above monotonicity results for the coefficients still hold in the

case where the domain does not have a void.

2.2 Determination of Transmission Eigenvalues from Scattering Data

The goal of this section is to show that real transmission eigenvalues can be
determine for the far-field pattern u>(z,d) for &,d € S (or possibly in a subset of
S) following the approach in [19] where the same result is proven for the case of
isotropic media (i.e. where A = I). To this end, recall the scattering of a plane
wave u' := e***¢ by this anisotropic inhomogeneous media with voids which is given
by (1.3)-(1.4) where Ay = I and ng = 1. Recall that the far-field patterns for all
incident directions d defines the far field operator F : L?(S) — L*(S) by

(Fg)(2) = / W (2, d; K)g(d) ds(d).

S

Here we have indicated the dependance on the wave number k in the far-field pattern.
It is also well-known that the far-field operator is injective if and only if there does not
exist a nontrivial (w,v) solving (2.1)-(2.5) such that v takes the form of a Herglotz

function (1.12). We now introduce the far field equation
(Fg.)(z) = (2, 2), ze€D, ZT€S (2.23)

where (2, 2) = y,e %2 is the far-field pattern of the radiating fundamental
solution to the Helmholtz equation. Let F? be the far-field operator corresponding

to the noisy measurements ug°(z, d) satisfying ||ug®(z, d; k) —u™®(Z,d; k)||p2 < 6. We
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find the Tikhonov regularized solution g, 5 := g‘;e( 5) of the far-field equation defined

as the unique minimizer of

I1F°g — (-, 2)||72(s) + €llgll72(s)

where the regularization parameter € := ¢(§) — 0 as 6 — 0. Provided that F has
dense range (which is true in general except for the case when the transmission eigen-
function v takes the form of Herglotz function; see Appendix of [19]) the regularized

solution g, s is such that
lim ||F‘ng,5 — (-, 2)||2s) = 0. (2.24)
6—0

Following [4] (note that our far-field operator in normal) and using the results
developed in Section 7.2 in [14] it is possible to show that if &k is not a transmission
eigenvalue and z € D then the Herglotz function v,_; converges in the H'(D)-norm

to v where (v, w) solves

V- AVw + k*nw = 0 in D (2.25)
Av+ kv =0 in D (2.26)
w—v=9>%(2) on 0D (2.27)

Jw _dv _ 9%(.2) on 9D, (2.28)

vy Ov  Ov

provided that the solution exists (which is satisfied if (2.25)-(2.28) is Fredholm with
index zero). Let us recall an equivalent variational formulation for the above interior

transmission problem analyzed in [11]. To this end, we define a lifting of the essential

boundary data into the domain D. Thus we let ¢, € H'(D) be such that ¢, = ®(-, 2)
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on 0D and attempt to find a solution of the interior transmission problem where
v = vy — ¢, and the pair (w,vy) € X (D) := {w,vo € HY(D)|w — vy € H}(D)}

satisfies

Ar((w,v0); (p1, ¢2)) = U1, 02) for all (1, 02) € X(D) (2.29)

where the sesqulinear form Ag(-;-) : X(D) x X(D) — C and the conjugate linear
functional £(-) : X (D) + C are given by

Ak((w vo); (1, cpg)) : /AVw Vo1 — Vo - Vg do — k2/nw@ — vy du,
D

5]

8
901,802 = / 8_ x z dSw /V¢z Vi, — k> G- Py d.
aD

Let us introduce the following notation:

inf inf £- A(z)¢ = A, and inf n(z)=n,

zeN(OD) |¢|=1 zeN(8D)
sup sup&-A(x)é = A*  and sup n(x) =n"
2eN(AD) |¢|=1 2EN(OD)

where AV (9D) is a fixed neighborhood of the boundary. It has been proven in [11]
that the variational problem (2.29) satisfies the Fredholm property provided A, > 1,
n, > 1, or A* < 1, n* < 1. In particular, if k is a transmission eigenvalue with
transmission eigenfunctions (wy,vx) then (2.29) has a solution if and only if the

following solvability condition is satisfied

U(wy, vg) = /@kagq)(x, z)ds; — /Vqﬁz -V, — k2¢,0 dx = 0. (2.30)
v

oD
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Theorem 2.2.1. Let k be a real transmission eigenvalue and assume that A, > 1,
ne > 1, or A* <1, n* <1. Then for z € D (except for possibly a nowhere dense set

of points), ||vg, ;||m1(py can not be bounded as 6 — 0, where g5 satisfies (2.24).

Proof. Assume there is a set of positive measure such that ||v,_,||z1(py is bounded.
Hence, a subsequence v,_, converges weakly toav € H Y(D) satisfying Av+k?v =0
in D. Since Fg,5; — ®(-, z), Rellich’s lemma implies that v®* = ®(-,z) out-
side of D, where u® is the scattered field with the far-field pattern Fg.s. Now,
the corresponding total field w in D and v satisfy the interior transmission prob-
lem (2.25)-(2.28), which gives that there is a solution to the variational problem
A ((w,v0); (01, p2)) = L1, p2). Using integration by parts on the Fredholm solv-
ability condition (2.30) and using that ¢, = ®(+, 2) on 9D and Avy + k?vy = 0 in D,

we have that

0 vy, B
/wk$®(m‘, z) — E@(m,z) ds; =0

oD

Notice that since wy = v, on 0D, Green’s representation theorem and the unique
continuation principle implies that vy = 0 in D. So vy has zero Cauchy data on 0D,
which implies that wp = 0 and ‘;Vi: = 0 on 0D, whence w, = 0 in D. Therefore
(wg, vi) = (0,0) which contradicts the fact that (wg,vy) are eigenfunctions. O

The above analysis indicates that when plotting the ||vg_,||m1(p) against k,
where g, 5 is the Tikhonov regularized solution to the far field equation, the trans-
mission eigenvalues will appear as sharp peaks in the graph. We will we present
numerical examples that show the viability of this approach to determine real trans-

mission eigenvalues from far-field data.

Remark 2.2.1. Theorem 2.2.1 is valid for any assumptions on A and n where (2.29)
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satisfies the Fredholm alternative.

In [62] for the case where n = 1 the real transmission eigenvalues are related to
the eigenvalues of the far-field operator. This is done for more restrictive assumptions

on A and does not include the case of voids.

2.3 Numerical Validation

In this section, we show some numerical examples to show that the first transmission
eigenvalue can give information about the voids. We shall address the following

1ssues:

1. We check if the transmission eigenvalues can be determined from scattering
data for the case of an anisotropic magnetic materials with voids based on the
discussion in these chapter (see e.g. [78] for near field data). We confirm that
the eigenvalues determined from the far-field data are actually the transmission
eigenvalue. In particular, we consider a special case when the scattering object
and the void are concentric disks in which case the transmission eigenvalues can
be obtained analytically. For general geometry we compute the transmission
eigenvalues using a continuous finite element method with eigenvalues searching
technique described in [39] (see also [77] and [79]).

2. We numerically study how the size, location and geometry of voids affects the
first transmission eigenvalue.

3. We numerically study the inverse problem of estimating the size of the void(s)
using the first transmission eigenvalue. Numerical results indicate that quali-
tative information can be obtained on the size of the void(s).

Theorem 2.2.1 suggests that if we solve the far-field equation and plot the L? norm
of the solution g against a range of k values, at a transmission eigenvalue (TEV)
the norm of g “blows up”, which should look like a spike in the graph. Below is the

numerical procedure with simulated far-field data:
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(a) Solve the direct problem using a cubic finite element method with a perfectly
matched layer, for a range of k values.

(b) Evaluate an approximate u> with 1% random noise added (unless otherwise
stated).

(¢) Using the approximated u™ to solve the far field equation Fg, = ®>°(-, z) for
25 random locations of z in D by a Tikhonov-Morozov regularization strategy.

(d) Plot ||g||r2(0,2r) averaged over z versus k. Note that from the estimates derived
in the previous section we have a priori knowledge of the interval where the first
transmission eigenvalue lies, and we consider this information when choosing
the range of k£ in our computations.

In the following calculations we use N different incident direction ¢; and N
observation directions 6; that are uniformly spaced in [0, 27),where N = 25 unless
specified otherwise. The far field pattern u™(6;, ¢;) is obtained from solving the
direct problem. This corresponds to a N x N discretized version of the far-field
operator. We then solve the discretized far field equation for 25 random point in
the domain D. Once we have solved this linear systems for ¢ which has components

gi = g(0;), we plot the average approximation of ||g||12(0,2x) over a range of k values.

2.3.1 Comparison with Separation of Variables

To gain an explicit understanding of the behavior of the transmission eigen-
values (TEVs) we now consider a TEV problem with constant coefficients. For this
we assume that A = al for some constant a > 0 and let n be constant such that

n > 0. Furthermore assume that D = B and Dy = B, where 0 < ¢ < R. Under
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these assumptions we have the following TEV problem formulated in the disk: find
nontrivial (w,v) € H'(Bg) x H'(Bg) such that

Aw+Kkw=0 in B (2.31)
aAw +k*nw=0 in Bg\ B (2.32)
Av+k*v =0 in Bpg (2.33)
- +
w” =w" and 3;; = aag; on OB, (2.34)
w = v and &88_1: = % on 0Bgp. (2.35)

It can be shown that trying to find transmission eigenfunctions of the form
w(r, 0) = wy,(r)e™ and v(r, 0) = v,,(r)e"™? with m € Z gives that the transmission
eigenvalues are given by the roots of d,,(k), where d,, (k) is defined as
Jm(ke) —Jin(ky/Ze) —Y 1 (ky/e) 0
T ke)  VRad,(hy/Ze)  RaYh(kyEe) 0
0 Im(ky/2R) Y (k\/ZR) —Jm(kR)
0 —vAaT,(ky/ER) —yAaYi(ky/ER) (kR

with J,(¢) and Y,(¢) are the Bessel functions of the first and second kind (see [36]).

Ay (k):=det

It is well known that TEV problems are non-selfadjoint eigenvalue problem, so it is
possible to have complex TEVs. The existence of complex eigenvalues is proven for
the spherically symmetric case for A = I in [35]. Through numerical calculations it
is possible to compute the complex TEVs for this particular TEV problem. Using
standard root finding methods it is possible to find the roots of d,,(k), and doing so
we see that dy(k) has complex roots k ~ 3.8405 + 0.5805¢ where o = 1/5, n = 1,
e = 0.1 in a unit ball.

Now let the voids Dy and D, satisfy Dy C D;, with A and n fixed then we
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Absolute walue of deterninate in comnplex plane

= e

Figure 2.1: Contour plot of |dy(k)| in the complex plane, red dots are the roots.
Welet a=1/5,n=1,e=0.1and R=1

have shown in Theorem 2.1.8 that the first TEV k; is a monotonic function of the
size of the void. Figure 2.2 is a plot that shows the monotonicity of the first root of
do(k) in terms of the size of the circular void € were « = 1/5, n =1 and R = 1.

From Theorem 2.1.9 we also know that the first TEV is a monotonic function
of the coefficient. We can easily check this property for the simple case of problem
(2.31)-(2.35) and the results presented on Figure 2.3 confirm it.

In the previous section we have shown that the TEV can be determined from
the Far-Field Equation(FFE). To see if the FFE will actually capture the TEVs
for domains with voids we apply the method discussed to (2.31)-(2.35). We expect
to see spikes in the average L?-norm of g, (the average is over 25 randomly chosen
sampling points z € D) at the known TEVs that are the roots of dy(k). In Figure 2.4

we plot the average ||g:||12(0,2r) for the parameters o = 1/5, n = 1 and R = 1 with
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Figure 2.2: Graph of k;(€) v.s. € € [0.01,0.1] to show the monotonicity of the first
TEV with respect to the size of the void

e = 0.1. Using Newton’s method with a centered finite difference approximation for

the derivative we can compute the first two roots of dy(k) given by k ~ 2.48, 5.27.
We let A, = al, n = 1 and compare the roots of dy(k) to the spikes in the

graph for ||g||2(0,2x) for various values of a and €, where we let the outer radius

R = 1. There results are shown in Table 2.1. The values agree very well.

Table 2.1: Root Finding v.s. Far-Field Eqation

o € Ist root of dy spike in the ||g|| 20,27
1/20.01 7.99 7.80

1/4 01 2.91 2.92
1/10 0.05 1.67 1.68

We now do a more detailed study on using the Far Field equation (FFE)
approach for seeing TEVSs in the scattering data for an anisotropic medium. For this

we will use the far field pattern to investigate the dependance of the known TEVs
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Figure 2.3: Plots to show monotonicity of the 1st TEV w.r.t. the coefficients. On
the left A = of for 0.5 < o < 0.8 with n = 2 and ¢ = 0.2. While on
the right 0.5 <n < 0.9 with A =51 and ¢ = 0.2

On the number of incident directions and the shape/position of the void.

To this end we consider the matrices A, = %] for a = 4,9 in the TEV prob-
lem (2.31)-(2.35). We now investigate how the number of incident and observation
directions affects the accuracy of the FFE approach to finding TEVs. It is recom-
mended that one should take N > 2kR were k is the wave number and R radius of

the circumscribing circle for the domain D.

Table 2.2: Dependace on N

Matrix Root Finding (k;) N=20 N=10 N=5

Ay 291 2.92 2.92 2.90
Ag 1.77 1.80 1.80 1.78

This table shows results for the TEV problem (2.31)-(2.35) withn =1, R =1
and € = 0.1. We see for A, that N > 2k; =~ 6 and for Ag that N > 2k, ~ 4, were k;

20



gl ¥:5.278
¥: 6,683

4L W 2803
Y3074

Averaced normn of the Hergloz kernel

Wave number k

Figure 2.4: Notice that there are spikes at k = 2.50, 5.27 on the graph while the
first two roots of dy(k) are 2.48, 5.27. The other spikes in the graph
corresponds to roots for d,, (k) where m # 0

is the first root of dy(k). From the table we see that taking N much larger that 2k,
does not seem to add more accuracy to the FFE approach.

Now we wish to investigate if the location of the void will noticeably change
the first TEV. To this end we use the same algorithm used in the previous examples
to see compute the first TEV from the far field measurements. We now consider the
domain D = By with n = 1, where the void is a ball of radius ¢ = 0.1 that is centered

at (r1,22). In the table below we see little to no difference if the location is changed.

Table 2.3: Dependence of first transmission eigenvalue on void’s position

location (0, 0) (0.6, 0) (0.3, 0.7) (-0.2,0.4) (0.6,0.6)

Ay by 2.90 2.92 2.92 2.96 2.92
Ag; ky 1.77 1.80 1.78 1.80 1.78

We will now see if the shape of the void will change the known TEVs. To
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investigate this we choose two domains that have the same area as B.. Let S. =

2 2
(—eﬁ/Q,eﬁﬂ) and E, = {a: eR%: (%)2 + (;—é) < 1}, notice that these are

both contained in B; with area= me2.

Table 2.4: Dependace of first transmission eigenvalue on void’s shape

Matrix kl (Be) kl(sﬁ) ]{Zl (EE)

Ay 201 292 292
Ag 177 178 1.78

Given the data in this table it would seem that the shape of the void does not
seem to affect the first TEV, provided that the voids have the same area.

2.3.2 Comparison to the Finite Element Method

Now we consider non-circular domains. Provided we know the domain we can
use a Finite Element Method (FEM) to compute the TEVs. We now compare the
reconstructed TEVs using the Far-Field Equation (FFE) with the FEM. We fix A =
Diag(5,6) and n = 2. The direct computation by the FEM in Table 2.5 is done by

a continuous FEM using the linear Lagrange elements with the mesh size h ~ 0.01.
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Table 2.5: Comparison of FFE Computation v.s. FEM Calculations

Method Domain 1st TEV 2nd TEV

FFE  square (2 x 2) 1.84 6.60
FEM  square (2 x 2) 1.84 6.63
FFE  circle (R=1) 1.98 7.23
FEM  circle (R =1) 1.98 7.13

Avsraged nom of the Herglot kemsl
n

Figure 2.5: The plot of the average ||g||12(0,2+) for the square (2 x 2) with no void

We now look at the question of partial aperture in using the far field data to
compute the TEVs. Partial aperture is where the angles ¢ and 6 are not distributed
over the entire interval [0,27), but rather some subset. So in the table below we
use N = 20 angles distributed uniformly over [0, 7). It is known that the smaller
the aperture the more unstable the Far Field equation method. To test this we

decrease the amount of random noise added to the calculations to see if the first
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spike computed with partial aperture coincides with our first FEM computed TEV

for sufficiently small noise. The results are shown in Table 2.6.

Table 2.6: Limited aperture for Disk with R = 1. Exact TEV 1.98

Noise 1st spike

1073 1.84
10-¢ 1.91
1079 1.98

2.3.3 Determination of the Area from Far Field Measurements

We now consider the inverse spectral problem of determining information
about the void Dy form the first TEV. Recall that if we fix D, A = Diag(5,6) and
n = 2 then we have that the first TEV is an increasing function of the void size.
On the other hand we noticed that the first TEV is not affected by the shape and
location of the void. This suggests that the first TEV could hold information about
the size of the void. If the first TEV is known but the size of the void isn’t then we
wish to find information about the size of the void. We suppose the first TEV of
a domain with possible voids inside is known, for example, estimated using the Far
Field Measurements as previously discussed, and we consider the inverse problem of
finding the area of a void(s) from the first TEV. To do so we try to find an r such
that a void of the form B(0;r) satisfies ki (void(s)) =~ k1(B(0;7)). We first compute
the first TEV for the domains, a disk of radius 1 and a 2 x 2 square [—1,1] x [—1, 1]

with a void of the form B(0;¢) for various € and the results are shown in Table 2.7.
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Now we try to reconstruct the area of multiple voids by using the first TEV
computed by the FEM. To do so we put two circular voids in the domains consid-
ered above. The voids both have radii 0.1 and are centered at (0,0) and (0.5,0.5)

respectively. The inversion algorithm to reconstruct the area of a void is given by:

Find k1(B(0;r)) for various radii r using the FEM

Construct a polynomial P(t) s.t. P(Area(B,)) =~ ki(B,)

Use Far Field measurements to compute k;(Dy)

Solve: P(t) = ki(Dy)

Then use Area(B,) to approximate Area(Dy)

We then compute the first TEV, then find the area of a single disk that has the same
first TEV. Note that the total area of the two voids is approximately 0.063. The
area of the single void B(0;r) is 0.0607 for the unit disk and 0.0775 for the square.

Table 2.7: First TEV for various void sizes computed by the FEM

€ 0.2 0.19 0.18 0.17 0.16 0.15 0.14 0.13 0.12 0.11 0.1

Circle 9.53 9.27 9.02 877 854 831 808 786 7.64 7.43 7.22
Square 7.76 7.57 7.39 7.21 7.04 687 6.70 6.53 6.37 6.21 6.05

Figure 2.6 and the above calculations give numerical evidence that the first
TEVs can be used to gain qualitative information about the size of the void(s). In
those calculations we used the “exact” TEV computed by the FEM. For this to be
useful for industrial applications we wish to see if the TEVs computed for the FFE

will also give an approximation of the size of the void(s).
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Figure 2.6: The first TEV of the two domains with a single void v.s the radius of
the void. The horizontal lines are the k;’s for the two domains with two
voids. The vertical dotted lines are the approximated values of r such
that a void of the form B(0;r) gives the same TEV approximately.

Table 2.8: Qualitative Reconstruction of Area from FF-measurements

D Dy |B(0;7)| |Do| Percent Error
Disk R =1 Disk 0.0328  0.0314 4.46%
Square  0.0303  0.0300 1.00%
[~1,1] x [-1,1] Ellipse  0.0613 0.0628  2.39%
Square  0.0749  0.1256 40.37%

The numerical experiments presented here are satisfactory but it is desirable

to find a way to use more transmission eigenvalues in order to obtain addition infor-

mation about voids, such as the number of voids and there locations.
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Chapter 3

THE FACTORIZATION METHOD FOR A DEFECTIVE REGION IN
AN ANISOTROPIC MATERIAL

In this chapter we consider the inverse acoustic scattering (in R3) or electro-
magnetic scattering (in R?, for the scalar TE-polarization case) problem of recon-
structing the support of possibly multiple defective (possibly anisotropic) penetrable
regions in a known anisotropic material of compact support. We develop the fac-
torization method for the case of a non-absorbing anisotropic background media
containing anisotropic (possibly absorbing) penetrable defects. In particular, under
appropriate assumptions on the anisotropic material properties of the media we de-
velop a rigorous characterization for the support of the defective regions from the
given far field measurements. We present some numerical examples in the two di-
mensional case to demonstrate the feasibility of our reconstruction method including
examples for the case when the defects are voids (i.e. subregions with refractive
index the same as the background outside the inhomogeneous hosting media). The
work on the factorization method that is presented here was published in the pa-
per F. Cakoni and I. Harris “The factorization method for a defective region in an
anisotropic material” Inverse Problems, 31 025002 (2015). We remark that in Chap-
ter 2 we showed how to detect the presence of voids from the knowledge of the first
real transmission eigenvalue of the defective material. This is done without any com-

putation of the Green’s Function for the anisotropic background. As it will become
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clear later, to reconstruct the support of the defect one actually needs to solve the

partial differential equations corresponding to the healthy material.

3.1 Formulation of the Inverse Problem

The inverse problem that we are interested in is to determine the shape and
position of a defect in a known anisotropic material. It has been shown in chapter
2 that one can qualitatively obtain information about the size of the void(s) from
the far field data. In this chapter we wish to use the theory in [55], [61] and [6] to
develop a qualitative method to reconstruct the defective region. A similar problem
was considered in [10] where it is assumed that the healthy material is homogeneous
and isotropic with a sound-soft and/or sound-hard obstacles embedded in it. Also
in [46] the factorization method was developed for the non-absorbing isotropic piece-
wise homogeneous media. The factorization method gives a rigorous characterization
of the support of the defect in terms of the far field operator provided that the back-
ground is known hence providing also a uniqueness result. Note that for anisotropic
defects the unique determination of the support is the best we can hope, since in
general it is well known that the matrix-valued refractive index is not uniquely de-
termined. We will construct a factorization of an operator F to be defined later in
terms of the measured data corresponding to a time-harmonic acoustic scattering
(in R3) or electromagnetic scattering (in R?, for the scalar TE-polarization case)
problem, and derive an indicator function for the support of the defect Dy embedded
in a non-absorbing scattering object with support D. This problem is motivated
from non-destructive testing of an anisotropic material where one wants to detect
the support of penetrable defective regions. For this complicated background, our
analysis is based on variational formulation of the involved operators as oppose to

integral operator formulation as in [10]. We note that, the factorization method for
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this configuration involves the computation of the far field pattern of Green’s func-
tion for the inhomogeneous background media. However for the case of anisotropic
homogeneous media we extend the result in [10] and provide a simple formula to
compute the far field pattern of the background Green’s function in terms of the to-
tal field due to the background. As a particular application of this study, we consider

the determination of the support of voids inside a known anisotropic media.

ircstant F agng incasant Fueic
Stanesed Faid Ecatied Fisld

Figure 3.1: Example geometry of the scattering of a medium with and without a

defective region.

To this end, let D C R™ be a bounded simply connected open set having piece-
wise smooth boundary 0D with v being the unit outward normal to the boundary.
For convenience we use a slightly different notation than in the Introduction for
the material parameters. We assume that the constitutive parameters of the media
in D are represented by a real-valued symmetric matrix A € C' (D,R™™) and a
real valued function 7 € L®(D) such that € - A(2)€ > apmm|é> > 0 and a(z) >

Nmin > 0 for almost all x € D and all £ € C™. Outside D the background media is
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homogeneous isotropic with refractive index scaled to one. We denote by A and n

the constitutive parameters of the anisotropic background R™ given by

A(x reD n(x zeD
Ax) = (z) < o n(x) == (z) < o
I reR™\ D 1 reR™\ D

where I is the identity matrix. Note that the support of A — I and n — 1 is D.

ikx-d

Now the scattering of an incident plane wave "¢ where d is a unit vector, by the

“healthy” anisotropic material (i.e. without defects) is mathematically formulated

as: find v, € H}

loc

(R™) with u, = u§ + ¢**¢ such that

V- A(x)Vuy + E*n(z)uy =0 in  R™ (3.1)
. omea (Ouy
Tli)rglor 2 ( 8: — zkub> =0 (3.2)

where the radiation condition (3.2) is satisfied uniformly with respect to & = z/|z|.
We recall that (3.1) implies that across the interface 9D we have
ou,  Ouyf

90, v on 0D

where the superscripts + and — for a generic function indicates the trace on the
boundary taken from the exterior or interior of its surrounding domain, respectively.
Here u, is the total field in the background (including the homogeneous part and
the anisotropic media of compact support D) and u; is the scattered field due to
the anisotropic region D of the background. As we have already seen the scattered
field uj(-,d) which depends on the incident direction d, and the corresponding far
field pattern ui°(z,d), which depends on the incident direction d and observation

direction #. The far field pattern is given by the integral representation (1.10) with
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u® replaced by u;. We now define the far field operator for the background scattering
problem as Fj, : L*(S) — L*(S)

(Fog)(&) = / uP (@, d)g(d) ds(d), g € LA(S)

where S = {x € R™ : |z| = 1} is the unit circle or sphere. For later use we recall the
scattering operator associated with this scattering problem, which plays an essential

role in our factorization in the follow section.

Definition 3.1.1. The scattering operator Sy, : L*(S) — L*(S) for (3.1)-(3.2) is
defined by

Sy = I + 2ikynFy. (3.3)

Since A and n are real valued, the scattering operator is unitary, i.e. S$S; = S;Sp =

I (see Theorem 7.32 in [1/] in R?; and Theorem 1.1.4 in Introduction).

Next we assume that inside the anisotropic material D there is a defect (pos-
sibly anisotropic and/or absorbing) occupying the subregion Dy such that Dy C D
having piecewise smooth boundary 0D, (see Figure 3.1). Note that Dy can be of
multiple components with connected complement. We denote by Ay and 7o the
material properties of the medium in Dy. We further assume that the symmetric
matrix-valued function Ay is such that Ay € C* (Dgy, C™*™), & - R(Ag(x))€ > aplé]?,
€ 3(Ag(x))€ < 0 for all € € C™ and for all € Dy, whereas the scalar-valued

function ng is such that 7y € L*(Dy), R(no(x)) > ¢o > 0 and F(7p(z)) > 0 for all
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x € Dy. Let us denote by Ay and ng the extensions

A (x) ) 1210(.%) T € Do n (I) . ﬁo(l’) T € DO
0 = o 0 = .
A l'ERm\DO n ZL‘ERm\DO

Obviously, Ag(z) and ng(x) are such that A — Ay and n — ng are supported on Dj.
Notice that a specific case of a defect is a void with Ay = I and 7ig = 1. The
scattering problem for the anisotropic media with the defective region Dy now reads:

find ug € H} (R™) with ug = ug + €**¢ such that

V- Ag()Vug + k*no(z)ug =0 in  R™ (3.4)
. m—1 ouy s
rll)rgor 2 < 87’0 - zkuo) =0 (3.5)

where again the radiation condition (3.2) is satisfied uniformly with respect to & =
z/|z|. Once again we recall that across the interfaces 0D and 9D, we have that
duy  Oug duy  dug

ayA = ay on 8D 8VAO = % on @DO

Similarly since uj is a radiating solution to the Helmholtz equation in R™ \ D, we
have that its corresponding far field pattern u§®(#,d) is given by (1.10) where u*
is replaced with uj. The far field operator Fy : L*(S) — L*(S) for the defective

anisotropic media is now defined by

(Fog)(#) = /S (&, d)g(d) ds(d) where g(d) € LX(S).

The inverse problem we consider here is to determine the support of Dy from a

knowledge of Fy, i.e. from a knowledge of the measured far field pattern u§°(z, d) for
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all d,z € S, provided that A, n and D are known.

One can see that, if we take the incident field in (3.4)-(3.5) to be uy(-,d) =
uf + e*? then the resulting scattered field u® = u§ — uj is due to the defect Dj.
Note that the scattered field u® due to the incident field uy(-,d) = uf + e ¢ satisfies

the source problem
V- AgVu® + E*nogu® =V - (A — Ag)Vuy + k*(n — ng)uy,  in R™. (3.6)

together with the Sommerfeld radiation condition, which coincides with the equation
for u§ — u; by linearity and (3.1) and (3.4). Therefore the relative far-field operator
associated with the scattered field due to the defect is given by

(Fo)@) = [ [0 ) = (0. )] g(d) dstd) where g(d) € L(8),

which is ' = Fy — Fy. Note that Fj is what we measure and Fj is computable since

A, n and D are known, hence we can assume that we know F'.

Remark 3.1.1. The smoothness of the coefficients Ay and A in our analysis can
be relaxed to e.q. Lipshitz continuous or as reqular as it is needed to apply unique

continuation to the solution of the direct scattering problems.

3.2 Factorization of the Far Field Operator

Our goal in the current section is to construct a factorization of the relative far field
operator F' = Iy — F}, in such a way as to use the factorization method in [61], [55],
in order to develop a range test for the support Dy of the defect in terms of the

measured far field operator. To this end motivated by the expression (3.6) for the
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scattered field due to the defect, we consider the problem of finding v € H}

loc

(R™)
for a given v € H'(Dy) such that

V- AgVu+ kE*ngu =V - (A — A)) Vo + E*(n —ng)v  in R™ (3.7)
. m—1 au .
rlirglor 2 (E — zku) =0.

At this point let us recall the exterior Dirichlet-to-Neumann(DtN) operator Ty :

H'Y?(0Bg) — HY*(0Bg) given by Tj.f = 22 on 0Bp where

Ap+ ko =0 in R™\ Bp
po=f on 0Bpg
Tli_)rg@ P (g—f — @'k:gp) =0

(see the Introduction for properties of the DtN operator) with B = {z € R™ :
|z| < R}. With help of DtN operator we can write (3.7) in the following equivalent

variational form: find u € H'(Bg) such that

/AOVU VP — k*noup dv — / Trupds =

Br 0Br
/(A — Ag)Vv - V@ — k*(n — no)vpdr, Yo € H'(Br) (3.8)
Do
which will be used frequently in what follows. It is standard to shown that the
above problem is well-posed (see discussion in the Introduction), and furthermore

if v = wy|p, we see that the scattered field v* = uf — uj (where u; and uf are

the scattered fields for (3.1)-(3.2) and (3.4)-(3.5), respectively) must coincide with u
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given by (3.7). We now define the source-to-far field pattern operator as
G : HY(Dy) — L*(S) given by Gv :=u™.
In addition, let us define
vz(x) = /Sub(x,d)g(d) ds(d), g€ L*S), z € R™

where uy(7,d) = ui(z,d) + ¢*? solves (3.1)-(3.2) and consider the bounded linear
operator

H : L*(S) — H'(Dy), defined by Hg:=1)|p,.

Obviously F' = GH. To further factorize the operator F' we first need to compute
the adjoint H* : H'(Dy) — L3(S) of the operator H defined above.

Lemma 3.2.1. The operator H* : H'(Dgy) — L3(S) is given by
—YmH v = S50
where 0> is the far field pattern of the radiating field © € H} (R™) satisfying

—/AVf} -V — k*nip dr + / eTiods = (v,0)mi(py), Ve € H'(Bg). (3.9)

Br dBR

Proof. Let v € H'(Dy) be given then we can construct a unique radiating field

v e HL,

(R™) that satisfies (3.9) (see Chapter 5 of [14] and Introduction). Now we
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have that integration by parts gives
(H"v,9)12(5) = (v, Hg) 111Dy

= / (Ava.w_g—k?nm_g) dx + / OO T ds

Bgr O0BRr

Br

—op o ) _ _
= / (UZ@_Ua_Vg> ds—l—/v(V-Ava—i-anUg) dx

where we recall that vz(x) = /S (ug(z,d) + ™) g(d) ds(d) for all of z € R™. Using

that the matrix A is real symmetric along with S{n(z)} = 0 and that

AV AVUS + k‘anz =0 in R™

gives that the integral over Bp is zero. Now by using the definition of vz and changing

the order of integration we have that

OBRr
~ —ikx-d
_ / 9(d) / <g—”eim 5% dsx> ds(d)
14 14
S OBR

—l—/m / (ui(az,d)%—@%) ds. | ds(d).

S OBRr

We notice that (1.10) gives that

Y v —ikz-d ~aeiikx.d _ 1 ~00
S/g(al) /(56 — U ds, ds(d)——%(v L 9)L2(s)-

Br
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Using the asymptotic behavior of a radiating solution to Helmholtz equation and its
derivative (see [14] for the case of R? and [37] for the case of R?) and letting R — oo

the second integral in (3.10) becomes

/ g(d) | 2ik / 5 (&) ug® (2, d) ds(@) | ds(d).

N S

Using the reciprocity identity u;°(z,d) = up°(—d, —) (see Theorem 1.1.2) and mak-

ing the change of variables & — — we obtain

/W 2z‘k/z7°°(—:%)u§°(—d,§7) ds(2) | ds(d) = 2ik(F;5%, g)12).  (3.12)
S S

Finally, combining (3.11) and (3.12) we have that

1
H*v = (——I + Zika*) 7%
TYm

giving the result by multiplying by —~,, and by Definition 3.1.1. [

Now for any given ¢ € H'(Dy) we can construct a function w, € H}.(R™)

that satisfies

V- AVuwg + k*nwy = V- (A= Ag)Ve + k*(n — ng)¢ in R™  (3.13)
. m—1 aw .
lim r 2 (8_r¢ — zkw¢) =0

r—00

and then let u € H}

loc

(R™) be the unique solution to (3.7) for a given v € H'(Dy).

Now by letting ¢ = v+ u|p, and the corresponding w := wy, we observe that this w
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satisfies the variational problem

—/AVw -V — k*nwpdz + / pTrwds = — /(A —A)V(v+u) - Vpdr
BR aBR DO
+k? /(n —ng)(v+u)pdr Yo € H'(BgR).

Do

Next by means of Riesz representation theorem, we define the bounded linear oper-

ator T : H'(Dy) — H'(Dy) such that for all ¢ € H'(Dy)

(Tv, ) (py) = —/(A— Ag)V(v+u) - V@dx—l—/kZ(n—no)(v—i—u)@dm. (3.14)

DO DO

Notice that the function u defined by solving (3.7) satisfies
V- -AVu+ k*nu=V-(A—A)V(v+u) +E(n—ny)(v+u)inR™  (3.15)

together with the Sommerfeld radiation condition, which gives that « = w in R™ since
(3.13) is well-posed. Therefore we conclude that u* = w>. Now by the definition
of the operators G we have that ©* = Gv while using the definition of H* and T" we
have that w* = —~,,S,H*Tv. We now conclude that Gv = —~,,5, H*Tv. From the

above analysis and the fact that F' = GH we have the following factorization.

Theorem 3.2.1. The far field operator F : L*(S) — L*(S) associated with (3.7)
can be factorized as F' = —~,,S,H*TH .

3.3 The Factorization Method
In this section we connect the support of the defect Dy to the range of an operator de-

fined by the measured far field operator based on the factorization method discussed

68



in [55] or [61]. We make this connection by analyzing the factorization of the far field
operator developed in the previous section. Defining F = Y lSEF, we recall from
the previous section that we have the following factorization F' = —H*TH. Under
appropriate assumptions on the operators H and T the factorization method states
that the range of the operators H* : H'(Dy) — L?*(S) and ﬁ’ﬂl/Q . L2(S) — L*(S)
coincide, where Fy = |R(F)| + |S(F)|.

To arrive at the above range test we use the abstract theorems proven in [55]
and [61] on the range identities. To this end, we recall that for a generic bounded
linear operator B : X — Y, where X and Y are Banach spaces, we define the real
and imaginary part selfajoint operators by

B+ B B- B

R(B) 5 and (B) = 5

Furthermore for a generic self-adjoint compact operator B on a Hilbert space U,
|B| is defined in terms of the spectral decomposition as |Blz = Y |\;|(x,;)1; for
all x € U where (\;,%;) € R x U is the orthonormal eigensystem of B. Now, let
X C U C X* be a Gelfand triple with a Hilbert space U and a reflexive Banach
space X such that the embedding is dense. Furthermore, let Y be a second Hilbert
space and let F:Y — Y, H:Y — X and T : X — X* be linear bounded operators
such that ' = H*TH. Depending on the properties of the operators H and T we
will use either one of the following abstract theorems.

Theorem 3.3.1. (Theorem 2.15 in [55]) Assume that

1. H* is compact with dense range.

2. There exists t € [0,2n] such that R(e™T) is the sum of a compact operator and
a self adjoint coercive operator.

3. S(T') is compact and non-negative on the range R(H) of H.
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4. R(e"T) is injective or I(T) is strictly positive on the closure R(H).

Then the operator Fy = |R(e™ )| + S(F) is positive, and the range of the operators
H*: X*—Y and Fﬁl/Q 1Y —= Y coincide.
Theorem 3.3.2. (Theorem 2.1 in [61]) Assume that

1. H 1s compact and injective.

2. R(T) 1is the sum of a compact operator and a self adjoint coercive operator.

3. S(T) is non-negative on X.
Moreover assume that either of the following is satisfied:

4. T s injective.

5. S(T) is strictly positive on the (finite dimensional) null space of R(T).

Then the operator Fy = |R(F)| + S(F) is positive, and the range of the operators
H* : X*—Y and ﬁ’ﬁlﬂ 1Y —= Y coincide.

We note that just as in the remark after Theorem 2.15 in [55] we have that
if 3(T) is non-positive then both theorems hold for Fy = |R(F)| — (F), hence in
either case we can use |R(F)| + |S(F)| in the range test.

We dedicate this section to showing that H and T satisfy the necessary con-
ditions to apply any of the above range tests. To this end, let’s define the inte-
rior transmission eigenvalue problem in the defective region Dy as finding a pair
(w,v) € H'(Dy) x H'(Dy) such that for given (f, h) € HY2(0Dy) x H~Y2(0Dy)

satisfies

V- -AVw+Enw=0 and V- -AVo+k’nv=0 1in D, (3.16)

ow ov
ayAO - % =h on 8D0 (317)

w—v=f and
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Definition 3.3.1. The values of £ € R for which the homogeneous interior trans-
mission problem, i.e. (3.16)-(3.17) with (f, h) = (0,0), has nontrivial solutions are

called transmission eigenvalues for D.

The following results are know if Ay = [ and ng = 1. The proofs can be
readily extended to the current case. We state the results and give the corresponding

reference for the proof in the case of Ag = I and ng = 1.

Theorem 3.3.3. Assume that A — R(Ay) is positive definite or negative definite.
Then (3.16)-(3.17) satisfies the Fredholm alternative, i.e if k is not a transmission

eigenvalue there exits a unique solution to (3.16)-(3.17) that depends continuously

on the data (f,h).

See [14] for the proof.

Theorem 3.3.4. 1. If J(Ay) < 0 and/or I(ng) > 0 in Dy then there are no real
transmission eitgenvalues.

2. Assume that I(Ao) = 0 and I(ng) = 0. Then the set of real transmission
eigenvalues is at most discrete with +00 as the only possible accumulation point
provided:

(a) A—Ay is positive or negative definite uniformly in Dy and/ (n —mng) dx # 0,

Dy
(b) A— Ay is positive or negative definite uniformly in Dy and n = ny.

See [14], Chapter 6 for the proof of parts (i) and (ii)(b), and [11] for the proof of
part (ii)(a).

Assumption 3.3.1. The wavenumber k is not a transmission eigenvalues for Dy.
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We call G(-,-) the Green’s function of the background media, i.e. G(-,z) €

H} . (R™\ {z}) which solves

loc
V- AVG(, 2) + E*nG(-, 2) = —=6(- —2) in R™\ {z}
. m—1 aG(.) Z) .
Tlg&r (T —ikG(-, z)) =0
Outside of the scattering object D we have that, for a fixed z € R™, G(-,z2) is a
radiating solution to Helmholtz equation in R™ \ By for some R sufficiently large.

So we let G*°(-, z) € L(S) be the far field pattern of G(-, z).

Theorem 3.3.5. The operator H* : H'(Dy) —— L*(S) defined in Lemma 3.2.1
satisfies the following:

1. H* is compact with dense range (or in other words H is compact and injective).

2. §;G>(-,z) € R(H*) if and only if z € Dy.

Proof. (i) H* is compact due to the fact that the mapping v — o is bounded from
H'(Dy) to H} (R™) to L*(S). We have also

L (R™) and v — 0> is compact from H;

loc

used that the scattering operator is bounded. Now to prove that H* has dense range

it is sufficient to prove that H is injective. So assume that g € L*(S) is such that

Hg = 0, then v} defined by vz = /ub(x,d)g(d) ds(d) for all z € R™ therefore we
S

have that vg = 0 in Dy. Therefore since US satisfies
V- AVUS + l{:anz =0 in R™

we have that, by a unique continuation argument, US = 0 in any large ball Bg of

arbitrary radius R. But vg = uy + ug where

Uy = /ui(x,d)g(d) ds(d) and ] :/eikx'dg(d) ds(d).
s S
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S

5 1s a radiating solution to the Helmholtz equation whereas

We now observe that u
uf] is an entire solution to the Helmholtz equation. Hence uj = u_f] =0 in R™ which
implies g = 0 in L*(S).

(ii) Let z € R™\ Dy and assume that there is some v € H'(Dy) such that
H*v = §/G>(-,z). We can then conclude by the definition of H* that there is

€ H} (R™) satisfying (3.9) and therefore V - AVD + k?no = 0 in R™ \ D,

loc

(4!

a

[oW

0% = G*(+, z). Therefore Rellich’s lemma and unique continuation gives that

Q

n
= G(-,2) in R™\ (DyU{z}), which is a contradiction since |G(z, z)| — 0o as  — 2
and |0(z)| = O(1) as © — z.

Now let z € Dy then we have that G(-,2) € H}

loc

o4}

(R™\ Dy). Since k is not
a transmission eigenvalue in Dy we can construct (w,,v,) that solve the interior

transmission problem (3.16)-(3.17) with (f, h) = (G( L 2) a%(G( : z)) Now let
A

w, —v, In Dy

G(-,2z) in R™\ Dy

therefore we have that u, € H.

(R™) with u2® = G*(-, z) such that
V- AVu, + k*nu, = V - (A — Ag)Vw, + k*(n — ng)w, in R™.
The latter implies that for all p € H'(Bg)

— /AVUZ -V — k:QnuZ¢ dx + / oTru, ds =

Br 9Br

- /(A — Ap)Vuw, - Vodr + /k2(n —ng)w,pdr.  (3.18)

Do Do
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Let 6, € H'(Dy) be defined from the right hand side of (3.18) by means of the Riesz

representation theorem, hence we have

— / AVu, - V@ — k*nu,@ dx + / PTru, ds = (0., 0) u1(Dy)-

Br OBr

Thus we now conclude that —v,, H*6, = SfG>(-, z) by the definition of H* giving
the result. O

Next we analyze the properties of the middle operator 7" defined by (3.14).

Theorem 3.3.6. The operator T : H'(Dy) — H'(Dy) is injective provided that

either one of the following conditions are satisfied:

1. S(Ag) <0 in Dgy and/(n—no)dx%o.
D

2. 3(Ap) <0 and I(ng) > 0 in Dy.

3. 3(Ag) = 0, S(ng) = 0 in Dy and either A — Ay > 0 and n —ng < 0 or
A—Ay<0andn—ng >0 in Dy.

Proof. Assume that Twv = 0, therefore u € H}

be(R™) defined by solving (3.7) satisfies
for all ¢ € H'(Bg)

— / AVu - Vp — Knup dr + / PTruds = (Tv, ¢) g1 (py) = 0.

Br OBR

which implies that u = 0 and therefore we have that for all p € H'(Dj)

/(A — Ag)Vv -V — k*(n — ng)vpdr = 0 (3.19)

Dy

74



Letting ¢ := v, parts (i) and (ii) of the proof follow by taking the imaginary part of

(3.19) (note that &(ng) > 0) whereas part (iii) is obvious from the assumptions. O

Theorem 3.3.7. The imaginary part of the operator T : H*(Dgy) — H'(Dy) satis-
fies the following properties:

1. (%(T)U,’U)Hl(l)o) S 0.

2. If k is not a transmission eigenvalue for Dy then (I(T)v,v)mi(py < 0 for

veRH).

3. If $(Ag) = 0 then I(T) is compact.

Proof. (i) Recall that for any v; € H'(Dy) there is a unique u; € H}

loc

(R™) that is a

solution to (3.7). Now we let ¢; = v; + u;, therefore using (3.14) we have that

(T'Ul, UZ)Hl(Do) = — /(A — Ao)v¢1 . V(¢2 — Ug) — kQ(n — n0)¢1(¢2 — 'LL2) dx

Dy
= - /(A — Ao)V1 - Vg — k*(n — ng) 16 da
Dy
+ /(A — Ag)Véy - Vg — k*(n — ng) g1 da.
Do

Now using that
V- AVuy + kE*nuy = V- (A — AV + k*(n —ng)¢y  in R™

multiplying by uy and integrating by parts over Br such that D C Br we have that

— / AV, - Vg — K*nugts dx + u_g% ds = — /(A — Ag)Voy - Vg do
BR 8BR Do
+k? /(n — ng)o1ug dz.
Dy
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This gives that

(T, v2) m1(pg) = — /(A — Ag)V 1 - Vg — k*(n —ng) 16 dz
Dy

+ / AV, - Vg — K*nugtz de — u_g% ds. (3.20)

Br dBR

Now taking the imaginary part of (3.20) where we substitute vy by vy, using the fact
that A and Ay are symmetric matrices, A and n are real valued and letting R — oo

we obtain

(S(T)Ulyvl)Hl(Dg) = /%(A0)|V¢1|2 - k23(n0)|¢1|2 dx — k‘/ |U(fo 2 dS(i’) (321)
S

Dy

where u$° is defined by the asymptotic expansion of the radiating field u,

ikr

@) O () = al, i = a/|a

(@) = e

(see [37] in R? and [14] in R?), which gives that $(7T') is non-positive.

(ii) Now let v € R(H) and assume that ((T")v,v)m1(py) = 0. Then there is

(R™) be the
sequence of the corresponding solutions of (3.7). Since u, is bounded in H}. (R™) by

(R™) which

a sequence vy € R(H) such that v, — v in H*(Dy), and let u, € H}

loc

the well-posedness of (3.7), we can conclude that u, — u weakly in H}.,

implies that

Zlim /AOVW VP — k*nowp de = /AOVu VP — k*noup de, o € H'Y(R™).
—00
R™ Rm
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Hence, this limit u is a week solution of

V- AgVu+ kE*nou =V - (A — A))Vo + k*(n —ng)v  in R™
V- -AVvo+Env=0 in D,.

Furthermore, since (3(7')ve,ve)mi(py) — 0, from (3.21) we conclude that u> = 0
whence by Rellich’ lemma and unique continuation w is zero outside of Dy. So we
have that u™ = 0 and % = 0 on 0D, therefore the pair (u + v, v) are transmission

eigenfunctions for Dy but since k is not a transmission eigenvalue we have that v = 0.

(iii) If S(Ag) = 0 then

(=30 )on.wxhinoy = [ B3(m0)oFado + k[ T ds(),
Dy S

now using that the mapping v + @ is bounded from H'(Dy) to H. (R™) and 0 > 0>
is compact from H. (R™) to L*(S), we can conclude that the second term in the
variational form given above is compact. Furthermore from the fact that H'(Dy) is

compactly embedded in L?*(Dy), we can finally conclude that $(7') is compact. [
Theorem 3.3.8. The real part of the operator T' satisfies the following property:

1. If R(Ap) — A is positive definite in Dy then R(T) is the sum of a compact
operator and a self-adjoint coercive operator.

2. If (A = R(Ay) — a|S(Ao)|) > 0 uniformly in Dy and (R(Ag) — 2|S(Ag)]) > 0
for some constant o > 0 then —R(T) is the sum of a compact operator and a
self-adjoint coercive operator.
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Proof. (i) Assume first that R(Ag) — A is positive definite. Now by using the varia-

tional form (3.20) for 7" and the Dirichlet to Neumann operator T, we have that

(Tv1,v2) 1 (pg) = — /(A — Ag)V o1 - Voo — k*(n — ng)p1y do

Do

+ / AVu, - Vg — Enuitg de — / Uy Truqds. (3.22)

Br OBRr

Now define the bounded linear operators S and K : H'(Dy) — H'(Dy) by the

Riesz representation theorem such that

(Sv1,v2) g1 (D) = /(Ao — A)V¢1 - Vs + ¢p19y dx

Do
+ / AVuy - Vg + utis de — / Uy Truy ds

Br dBR

(_KU1>U2)H1(D0) = k}2 /(n — ng)gbl@dx +/¢1@d(lf + /(l{;zn + 1)u1u_2dx
Dy

Do Bgr

By the definition of 7" we have that 7' = S+ K. By the compact embedding of
H'(Dy) into L*(Dy) and H'(Bg) into L?(Bg) we have that K is a compact operator
which implies that R(K) is also compact. We now show that R(.5) is self-adjoint and

coercive on H'(Djy). Notice that since A is a real symmetric matrix we have that

(R(S)vn, v2) 11 (o) = / (R(Ao) — AV, - Vs + 6103 da

Dy

+ / AVuy - Vg + ujug doe — / wR(Tx)uy ds

Br dBR
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which gives that R(S) is self-adjoint. To prove coercivity we write

(R(S)01, 01) 1 0oy = / (R(Ao) — A)|V (v +u) + (01 + w)>da

Do

—|—/A|Vu1|2+|u1|2dx— /u_lﬂ?(']rk)ul ds.

Br O0BRr

Using the fact that the real part of the DtN operator R(T) is non-positive (see

Introduction) we obtain that

(R(S)v1,v1) 1(pg) = llvall ()

from a contradiction argument, namely by considering a sequence v™ € H'(Dy) and
the corresponding u, such that |[v"|g1(py) = 1 for which (R(S)v"™,v")u1(py) — 0
we arrive at the contradiction that v" — 0 in H'(Dy). This proves the claim when

R(Ap) — A is positive definite.

(ii) We now assume that A —R(Ay) is positive definite. Unfortunately due to
incompatible signs for A — R(Ag) and the real part of the DtN operator we can not
work with (3.22) for the operator T. To derive an appropriate expression for 7', we

use (3.14) and letting ¢; = v; + u;, we arrive at

(Tv1,v2) H1(Dy) = — /(A — Ag)V - Vg — k*(n — ng) o107 da
Dy
= — /(A — Ag)Vuy - Vg — k*(n — ng)viv; dx
Do
— /(A — Ag)Vuy - Vo — k*(n — ng)u vy dx

Do
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Now recall that for a given vy € H*(Dy) we have that uy € H. (R™) satisfies
V - AgVuy + E’nguy = V- (A — Ag)Vuy + k*(n —ng)vy  in R™,

Hence multiplying the above equation by w7 and integrating by parts over Bg such

D C Bg we have that

0
— /A()VUQ : Vu_l — k2n0u2u_1d:1: + / U_lﬁ ds =

BR aBR

- /(A — Ag)Vuy - Vg — & /(n —no)votty dr.  (3.23)

DO DO

By taking the conjugate of the above expression and using the Dirichlet to Neumann

operator T, we have that

(—Tvl, ’UQ)HI(DO) = /(A - AQ)VUl . VU_Q - k:2(n - no)’(]lv_gdl’

Do

+ / A(]V'Lbl : V'LL_Q - k2n0U1U_2d$ - / ulTkUQ ds
BR BBR

- /(AO - A_O)Vu1 : V’U_Q - k2(n0 - n_o)ulv_gdx
Do

In order to analyze $(T") we first compute (T*v1,v2) 1 (py)

(_T*U17U2)H1(Do) = <_TU27U1)H1(D0)
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we therefore have that

(=T"v1,v2) 1 (Dy) = /(A — Ay)Vu, - Vg — k*(n — 7ag)v1 07 da

Dy
+ /A_OVul Vg — E*rguits de — / Uy Thuq ds
Br O0BRr
- /(A_o — Ao) Vi - Vo, — k(g — no)Ugv, da
Dy
and then computing % (T + T*)vy, Ug)Hl(DO) to obtain

(—R(T)or, 02) 1oy = / (A — R(A)) Vo - V5 — K2(n — R(ng))oiT5 da

Do

+ / R(Ag)Vu, - Vg — E*R(ng)ui iz dr — / urR(Ty)uz ds
Br

0Br
—1 / %(Ao)Vul : V?)_g - k2%(n0)ulv_2da: +1 / %(A[))V'Ul : VU_Q - k2%(no)vlu_2 dzx.
Do DO
(Note that it is easy to see that the above expression is self-adjoint despite the
appearance of the complex ¢ in front of complex-valued mixed terms.)

Now define the bounded linear operators S and K : H'(Dgy) — H'(Dy) by

the Riesz representation theorem such that

Do

(S’Ul, UQ)Hl(DO) = /(A — %(AO))Vvl . VU_Q + Ulv_gdl’ + /?R(AO)Vul . VU_QdZE
Br

— / uR(Ty)ug ds — i / 3(Ag)Vuy - Vigdr + i / $(Ag)Vuy - Vg do

8BR Do DO
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and (Kvi,v2)mi(py) = (—R(T)v1,v2)m1(py) — (Sv1,v2) g1 (py)- Note that in the def-
inition of K there are only L?-terms, hence K is a compact operator due to the
compact embedding of H'(Dy) into L*(Dy) and H'(Bg) into L?(Bg). Now, using
that A —R(Ag) > 0 and R(Ay) > 0 along with the fact that the real part of the DtN
mapping R(Ty) is non-positive (see Introduction) and applying Young’s inequality
we have

(Svt,v1)mpy 2 ((A = R(Ao) = lS(A))Ver, Vor ) -+ (o1, 01)z2(py)

L2(Do)

1
+ ((%(AO) - a|%(A0)|)VU1,VU1> Z C”U1||H1(DO)~

L2(Do)

Provided « is such that (A — R(Ag) — a|S(Ap)|) > 0 uniformly in D and (R(Ag) —
11S(A4p)[) > 0 which prove the second part of the theorem. O

Now we are ready to state the main theorem of the chapter which characterizes
the support of defective region Dy in terms of the range of the operator Fﬁl/ 2, where
we define

By = RS )|+ |S (' Si F) | : LA(S) — L*(S).

We assume that the coefficients A, Ay, n and ny satisfy the assumptions stated in

Section 3.1.

Theorem 3.3.9. Assume that k is not a transmission eigenvalue for Dy where
S(Ag) = 0 and I(ng) = 0 otherwise the assumptions of Theorem 3.5.6 hold. Fur-
thermore assume that either R(Ag) — A > 0 uniformly in Dy, or A — Ay > 0 uni-
formly in Dy or there is some constant o > 0 such that A — R(Ap) — a|I(Ag)| > 0
uniformly in Dy and R(Ao) — 2|S(Ao)| > 0 in Dy. For any z € R™ we define
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¢, = S;G>®(-,2) € L*(S), then
z€ Dy if and only if ¢, € R(Fﬁlm).

Proof. Combining Theorems 3.3.5, 3.3.6, 3.3.7 and 3.3.8 the result follows by apply-
ing Theorem 2.15 in [55] if (Ag) = 0 in Dy or Theorem 2.1 in [61] if F(Ap) < 0 in
Dy to the operator Fﬁ- O

Notice that from the statement of Theorem 3.3.9 as a byproduct we have the

following uniqueness result.

Corollary 3.3.1. Assume that A, n and D are fixed, let there be two defective
Tegions D[()I) and D((f) both included in D with coefficients Agl), nél) and A(()Q), ng2)
respectively that satisfy the assumptions in Section 3.1 and Theorem 3.3.9. If there
s a fired wave number k that is not a transmission eigenvalue for which the far field

patterns coincide for all incident directions then D(()l) = D(()Q).

The result in Theorem 3.3.9 implies that the linear problem
Fﬁl/ng =85,G>(-,z) for zeR™ (3.24)

is solvable if and only if z € Dy. Since the operator Fﬁl/ . L*(S) — L*(S) is compact
equation (3.24) is ill-possed and therefore we can take the unique minimizer of the

Tikhonov functional

—1/2 o * 1N 00 «
1E, 292 — SpG= (-, 2) |3as) + allg 125, (3.25)
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where the regularization parameter « is chosen by Morozov discrepancy principal.
Therefore we have that ||g¢'||12(s) is finite if and only if z € Dy as the regularization
parameter « := a(e) — 0 as € — 0.

We can also obtain an indicator function for Dy by using Picard’s criterion.
To this end let (\;,10;) € RT x L*(S) be an orthonormal eigensystem of F} then by
appealing to Picard’s criterion (see e.g. Theorem 2.7 of [14]) we have the following

characterization of the support of the defect Dj.

Corollary 3.3.2. Assume that k is not a transmission eigenvalue of Dy and A, Ay, n

and ng satisfy the assumptions of Theorem 3.3.9. Then for ¢, := S;G>(-, 2)

(02, 90 ?
. . zy W1
z € Dy if and only iof ZT < 00.
=1
This analysis gives that to reconstruct the defect Dy we can use as an indicator

function .
00 N2
i=1 ¢

3.3.1 Remarks on the Generalized Linear Sampling Method

Recently, an alternative mathematically rigorous sampling method has been
introduced in [6] referred to as Generalized Linear Sampling Method (GLSM). The
GLSM is designed to bridge the gap between the Linear Sampling Method and the
Factorization Method. From the above factorizations we can connect the support
of Dy to the solution of a minimization problem. In particular the GLSM consider

finding a minimizer over all g € L*(S) for the functional

J(g;a.e) = a (|(Bg, g)| +ellgl*) + [ Fg — G=(, 2)|I* (3.26)
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where the regularization parameter is chosen such that o := a(e) - 0 as ¢ — 0. In
order to connect the support of the defect to the behavior of the minimizer we need

the following theoretical result.

Theorem 3.3.10. (Theorem 4 of [6]) Let X and Y be two reflexive Banach Spaces
where H: X —» Y, T:Y = Y* and G : R(H) C Y — X* are bounded linear
operators. Assume that the following factorizations hold B = H*TH and FF = GH.
Moreover we assume that

1. G is compact and F' has dense range

2. T is a coercive operator on R(H), i.e. |(To,d)| > a|o||* Vo € R(H)

3. B 1s a compact operator.
Then if ¢\ is the minimizer of J(g; v, €) defined by (3.26) then G™(-,z) € R(G)
if and only if lignjgf ligiglf |(Bg?(€) ,g?(e)>| < 0.

We see that the above result gives a characterization of the defective region by
adding the regularization term |(B g?(e) ,g?(e)ﬂ to the Tikhonov regularized solution
of the far-field equation. Using the factorizations ' = GH and F = —~,,S;H*T'H
we will develop a new indicator function to test for a defect using the GLSM under
different assumptions on the material parameters than in the previous section. To

this end, let B = H*$(T)H and we will prove that I(7') is a coercive operator

provided that the defective region is absorbing, also notice that B = S (v,,'Sf F).

Theorem 3.3.11. Assume & - S(Ao(x))E < 0 and I(ng) > 0 uniformly in Dy then

the operator S(T') is coercive on H*(Dy).

Proof. We are going to prove coercivity by using a contradiction argument, therefore

assume that v, € H'(Dy) such that

llvell 1Dy =1  where  [(S(T)ve, ve) g (py)] — 0 as £ — oo.
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This gives that u, defined by solving (3.7) with source v = v, is bounded in H} _(R™).

loc

Recall that

S(Ter )y = [ ANV ~ BS(ma)lonf do — b [ 1l dsa
Do S

and we have that (3(T)ve, v¢) g1 (py) — 0 as £ — oo. Using that - 3(Ay(z))¢ < 0 and
S(no(z)) > 0 we conclude that ¢, — 0 in H'(Dy). By the well-posedness of (3.13)
we have that

||u€”H1(BR) S C”QbéHHl(DO) — 0 as ¢ — oo.

Now since vy = ¢y — up we have that v, — 0 in Hl(DO) which gives that result by

contradiction since ||ve||g1(py) = 1. O

With this we now give another indicator function that characterizes the sup-
port of Dy. First note that using similar arguments as in Theorem 3.3.5 we have
that if k£ is not a transmission eigenvalue of Dy then G*(-, z) € R(G) if and only if
z € Dy. We also have that F' has a dense range when £ is not a transmission eigen-
value of Dy. Now using Theorem 3.3.10 and Theorem 3.3.11 we have the following

result.

Theorem 3.3.12. Let B = S (v,,'S; F) with A, Ag,n and ng satisfying the assump-
tions in Section 3.1 moreover assume that £ - I(Ao(x))E < 0 and I(ng) > 0. Then if

g2 s the minimizer of J(g; a, €) defined by (3.26) then z € Dy if and only if

lim inf lim inf | (S (7,,'S; F) g ,g?(e))| < 00.

a—0 e—0
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One can take the indicator function to be

P(z) = ! :

H (o1 Sy )Y/ g2 —i—e‘gg(E)

with ¢ being the minimizer of (3.26) which can be shown to be the solution of

(see [6])
(S (1,85 F) g+ eg) + F*Fg = F*G™(, 2).

Notice that this criteria does not require any assumptions on the real or imaginary
parts of the matrix valued contrasts as in the previous section , however the assump-
tios on the imaginary part in Dy is strengthened.

To detect the defective region we can also take B = Fﬁ. Therefore since
Fﬁ H*TyH with T, = |§R( | + ‘S(T)‘ and T} being coercive provide that (see
proof of Theorem 2.1 in [61])

1. R(T) is the sum of a coercive and compact operators
2. (T) is non-positive (or non-negative)

3. T is injective.

This implies that when the factorization method as discussed in the previous section

is valid we can apply the generalized linear sampling method.

Theorem 3.3.13. Let B = Fﬂ with k not a transmission ezgenvalue of Dy and

A, Ao, n,ng satisfy the assumptions of Theorem 3.3.9. Then if gz ) is the minimizer

of J(g;,€) defined by (3.26) then z € Dq if and only if

hmlnfhmmf‘ (Fﬁ o) | go > { < 00.

a—0
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The indicator function for the GLSM is given by

Q) = . :

HFl/Q a(e) + P ‘ g(zx(e)

a(e)

where ¢g; ' = argmin J(g; a, €). It is easy to see that the minimizer for the GLSM

functional is given by solving
Q (Fﬁg + eg) + F"Fg=F'G>~(:z).

One useful advantage of the GLSM is that for noisy data such that
|IF—F[<6 and ||B—B|| <6

then we minimize

12 00
J(g;,9) —a<H 2y +5||g||%2(8))+||Fag_@ (2

L2(S)

There is still the question of how should one choose the regularization parameter
a. One choice of picking « is such that it is fixed by using Morozov discrepancy
principle for the Tikhonov regularization functional. Once a has been fixed you can
minimize the discretized GLSM functional. For a more detailed discussion on the

implementation of the GLSM see [6]

3.4 Numerical Validation of the Factorization Method
In this section we show numerical examples in R?, where a defective re-

gion is reconstructed from simulated far-field data. To simulate the data, we solve
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the direct scattering problems using a cubic finite element method with a per-
fectly matched layer and from this we will evaluate approximated ug® and u;°. In
the following calculations we use N different incident and observation directions
d; = &; = (cos(6;),sin(d;)) where 6; are uniformly spaced points in [0,27). This
leads to discretized far field operators

N
i,j=1’

Fo = [ul(#:,d))] Fy = [up(i:,d))],,_, and F=Fo—Fy

=1

where we can apply the Picard’s criterion in Corollary 3.3.2. Even though the scat-
tering operator &, is unitary, due to approximation error in the discretized operator
Sy we use S; ', instead of its adjoint S; in order to minimize the error (in all our

examples we observe that ||S}S, — I|/]/S;||* ~ 1.0014). Hence we let
Fy = [R(3.'S;F) | + [S (3,8, F))|

in the calculations along with ¢, = [S; 'G>(%;, z)]é\le where S; ! is computed by a LU
decomposition. The application of the factorization method requires the computation
of the far field pattern G>(Z, z) of the background Green’s function G(z, z). In order
to avoid dealing with singularity at the point z, for the case of piecewise homogeneous
isotropic background in Theorem 2.1 of [10] the authors provide a relation between
the far field pattern of the background Green’s function and the total field due to the
background media extending the mixed reciprocity relation known for homogeneous
background [37]. We use this relation in our examples for piecewise homogeneous
background. In the case of anisotropic homogenous media in D we provide a partial

result of mixed reciprocity relation for z € D extending the result in [10] (for problems

in nondestructive testing when D is known, it is reasonable to consider the sampling
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points z inside D). To this end let us first assume that A # [ is constant matrix
and n # 1 is constant in D. The fundamental solution of the differential operator
Lu =V - AVu + k*nu is given by

Dy (z,y) = $(kvnlz —yla) in R

4+/de tA

1 exp(iky/n|z —yla)
47r+/det A |z —y|a

where [z —y[ = (z —y)TA (2 —y).

in R3

(I)b(xa y) =

Theorem 3.4.1. Assume that A is a constant positive definite matriz and n > 0

constant. Then for £ € S and z € D we have that
G™ (2, 2) = Ymup(z, —7)

with uy(z, —) is that solution of (3.1)-(3.2).

Proof. Assume that z € D therefore we have that G(y,z) is a smooth radiating
solution to Helmholtz equation in R™\ D. So by (1.10) we have that

0 _.- 0
(4 — + —ikZy + —zk:cy
G ('TWZ) ’Ym/ (G(ya Z) 8uy€ alij(ya ) )dSy.

oD

Now from Green’s second identity we have that for z € D

0= [ Gt =8 0ty 2) — 1 (. ~8) 5, ) s, (320

Noting that the difference G(y, z) — ®y(y, ) is a smooth solution of (3.1) in D and
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using again Green’s second identity implies that

8VAy 81/Ay

0= [ 52 0. ~) (6.2 ~uly.2)] v )
oD

By adding this identity with (3.27) gives that

wer=d) = [ (G -8 6l02)” = 1 -0 5w 2) ) s,

aVAy ,
oD
= (L -9) 6.2 — (4 —) Gl )
— /<8Vyub (v, —2) Gy, 2)" — uy (y, x)ayy((}(y,z) ds,  (3.28)
oD

where the second equality is due to the continuity conditions of the Cauchy data
across OD. Now since up(z, —%) = uj(z, —%)+e~*¥* with u$(z, —1) being a radiating
solution to Helmholtz equation in R™\ D, once more an application of Green’s second

identity yields that

— a S A + _ .8 A i +
0= [ (Gl ~9)809" = il )60 )" ) ds,

oD

Therefore we have that

5 0 _ikiy_ 9 ikt
up(z, 1) 2/(G(y72)+%6 ‘ y—87@(y, 2)te™ y) ds,y.
Y Y

which proves the result. O]

Remark 3.4.1. The proof of Theorem 3.4.1 holds true for non-constant media in
R? or R? as long as one can define the corresponding fundamental solution @,(-,-) of

the operator Lu := V - AVu + k*nu (see e.g. [63]).
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The above result gives that the G*(z, z) can be approximated using the same
cubic finite element method with a perfectly matched layer that is used to compute
the scattered field ;. In particular this way we compute G*(Z, z,) at the sampling
points 2, being the mesh points in the finite element mesh. The defective region Dy

is visualized by plotting the indicator function

for z€D

N —1 Ay 217
Wa(z) = |3 (Sy Ub(2|7)v|f€)»¢z)\ez

where (\;, ;) € RT x CV is the eigensystem for the discretized operator ]?‘ﬁ defined

by the discretized far field operators and scattering operator.

Example 1. We consider D = [—2,2]? where the defective region is a void Dy (i.e
Ay =TI and ng = 1 in Dy) embedded in isotropic media. The coefficients in D are
given by A = 0.51 and n = 3. We consider four examples of the void region Dy,
namely the ball centered at the origin with radius R = 1, the square Dy = [—1,1]?,
the ellipse centered at (0.5,1) with axis @ = 0.5 and b = 0.3, and two circular voids
with radius 0.3 centered at (—1,1) and (1, —1), respectively. Reconstructions are
shown in Figure 3.2 and Figure 3.3. In all our examples, we use N = 32, i.e. 32

incident directions and observation directions.
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Figure 3.2: On the left is the reconstruction of the circular void and on the right
the square void. The defective region is a void so the coefficients are
given by Ay = I and ny = 1 in D for wavenumber k£ = 1. Dashed line:

exact boundaries of the scatterer D and void(s) Dy. No added noise.

Figure 3.3: Reconstruction of the ellipse void on the left and of the 2 circular voids
on the right using the factorization method. The wavenumber in both
examples is k = 1. Dashed line: exact boundaries of the scatterer D

and void(s) Dy. 2% noise.
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Example 2. For this example we now reconstruct a circular void of radius 1 centered
at the origin and two small circular voids in an anisotropic square scatterer D =
[—2,2]%. As in the previous example the two circular voids both have radius 0.3
and they are centered at (—1,1) and (1, —1) respectively. The coefficients in D are

chosen to be given by
0.6022 0.1591

0.1591 0.7478

and n = 3 with N = 64. The reconstructions are presented in Figure 3.4.

Figure 3.4: On the left is the reconstruction of the 2 circular. While on the
right is the reconstruction of the a circular void of radius 1, where the

wavenumber is £ = 1. Dashed line: exact boundaries of the scatterer

and void(s). No added noise.

Example 3. For our next example we now consider anisotropic defects embedded
in anisotropic material. In particular, we reconstruct the two small circular defects

and the ellipse inside the square D = [—2,2]?. The coefficients are chosen in D and
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Dy to be given respectively by n =ng =3

0.6022 0.1591 0.1673 —0.0308
= and Ay =
0.1591 0.7478 —0.0308  0.2030

with N = 64 in both cases. The reconstructions are shown in Figure 3.5.

——p—-

L i

£
o
sl

Figure 3.5: On the left is the reconstruction of the ellipse, while on the right is the
reconstruction of the two discs. The wavenumber is £ = 1. Dashed

line: exact boundaries of the scatterer D and defect(s) Dy. 4% noise.
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Chapter 4

ASYMPTOTIC METHODS FOR SMALL VOLUME DEFECTS IN AN
ANISOTROPIC MEDIA

In this Chapter we consider the inverse problem of reconstructing small vol-
ume penetrable defects in an anisotropic media. We derive a MUSIC algorithm
to reconstruct the locations of the defects using specially polarized time-harmonic
electromagnetic waves in R? and the acoustic waves in R3. The derivation of the
multi-static response matrix makes use of an asymptotic expansion for the scattered
field with respect to a small parameter that characterizes the size of the defects. We
also present some numerical examples in the two dimensional case to demonstrate the
feasibility of the reconstruction method. Next we consider the transmission eigen-
value problem for an anisotropic media with small volume inclusions. As discussed
in Chapter 2, the transmission eigenvalues have been proven to hold information
about the material properties of a media, and can be determined from the scattering
data, hence they can play an important role in a variety of inverse problems for
non-destructive testing. The goal of our study is to understand how the presence of
these small defects affect the transmission eigenvalues and use this to obtain infor-
mation on the strength of the defects. Since the transmission eigenvalue problem for
magnetic materials is inherently non-linear we can not appeal to standard analytical

techniques. The eigenvalue problem for small inhomogeneities has been studied for
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isotropic inhomogeneous media in [31] and [32] where the convergence as the vol-
ume tends to zero is proven and explicit asymptotic expansions for the transmission

eigenvalues are also given.

4.1 Formulation of the Inverse Problem for Small Volume Defects

We start by investigating the electromagnetic inverse problem of locating small
volume penetrable defects in an anisotropic background media. To reconstruct the
locations of the defects we derive a MUlItiple SIgnal Classification (MUSIC) algo-
rithm which can be seen as a discrete version of the factorization method considered
in Chapter 3. In this study we wish to extend the applicability of the MUSIC al-
gorithm to imaging within an anisotropic media, being motivated by nondestructive
testing using electromagnetic/acoustic waves for determining the location/support of
small penetrable defective regions embedded in a known anisotropic media. MUSIC
provides a rigorous characterization of the defects by a range test of the multi-static
response matrix, which is given by the far field pattern of the scattered field for a
finite number of sources and receivers, while the factorization method gives a rigor-
ous characterization of the defective regions by a range test for a compact operator
obtained from the knowledge of the scattered field due to a continuum of sources
and receiver.

The multi-static response matrix is derived by exploiting the assumption that
the defects are ‘small’, and using the asymptotic formulas derived in [3] and [4§]
for the far-field pattern in the presents of small defects in an anisotropic media.
Similar problems have been considered in [71] where the authors derive an algorithm
for reconstruction thin penetrable inclusion in homogenous free space, and in [44]
where the MUSIC algorithm is extended to elastic waves. To obtain a range test

for the defects, we follow the analysis in Section 4.1 of [55] and standard arguments
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from linear algebra. This analytical framework will give an indicator function for the
locations of the defects but our numerical examples show that the size of the defect
can be obtained for a defective region with sufficiently small components.

To avoid technical difficulties with asymptotic expansions, we will consider the
problem of reconstructing small volume penetrable defects in a known homogenous
media. To this end let D C R? (for d = 2 or 3) be a bounded domain with piecewise
smooth boundary. Assume that we have A and n constant being the constitutive
parameters for the unperturbed (“healthy”) media. Without loss of generality we
assume that outside the scatterer D the background media has refractive index scaled

to one, therefore we define

I for x €eRI\ D 1 for xeRI\ D
A(r) = and n=
A  forxeD n  for v € D.

Now the scattering of an incident plane wave e***'9_ where §j € S = unit circle/sphere,
by the unperturbed media (i.e. without defects) is mathematically formulated as:

find wuy c H}

loc

(RY) with uj = uf + e**¥ such that

V- A(x)Vuy, + E*n(z)uy =0 in  RY (4.1)
. am (Ouy
rlirgor 2 ( 8: — zkub) = 0. (4.2)

Here wy, is the total field in the background (including the homogeneous part and
the media of compact support D) and uj is the scattered field due to the region D.
Let up°(z,9) be the far field pattern for the scattered field u;, which depend on the
incident direction ¢ and observation direction .

Now consider the small defective regions that are given by z,, + €B,, where

98



B,, is a smooth deformations of a ball centered at the origin. Now let A,, and n,,
be constant constitutive parameters for the defective regions given by z,, +e¢B,,. We

assume that

|zi — zj| > cg>0 forall i#j with i,j=1,2,...M

and

dist(z, ,0D) > ¢o >0 forall m=1,2,... M.

Figure 4.1: An example of an anisotropic media with finitely many small volume

inhomogeneities
M
The union of the defective regions is denoted by D, = |J (z,n + €B,,) and we let
m=1

A, f € (2, + €By,
Ada) = or & € om + <Bm) (43)
A(z)  for x € R\ D,

and
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T, for x € (z,, + €B,,
ne(x) = ( o ) (4.4)
n(x)  for x € R4\ D,.

The scattering problem for the media with the defective region D, now reads:

find u. € H!

loc

(RY) with u, = uf + e**¥ such that

V- A(z)Vue + En(z)uc =0 in  R? (4.5)
Jim % (aaljf . @k:u) — 0. (4.6)

Similarly since u? is a radiating solution to the Helmholtz equation in R™ \ D, we
have that its corresponding far field pattern u2(z,g).

We now derive a multi-static response matrix by exploiting the fact that
the each of the defective regions has small volume as in [71], which will be used
to reconstruct the defective regions. To this end we first recall G(-,-) the Green’s

function for the background layered media, i.e. the solution of

V- A(@)VG(-, 2) + k*n(2)G(-, 2) = =6(- —z) in R?

. a1 (OG(2) B
lim r ( . ikG( ,z)) = 0.

r—00

Let G®(-,2) € L*(S) be it’s far field pattern. Since A(z) is a symmetric constant
positive definite matrix for € D and n(x) is a positive constant for z € D we have

by Theorem 3.4.1that

G*(z,z) = yup(z, —&) where
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It can be shown (see [3]) by using Green’s identities and the Sommerfeld radiation

condition that wu. satisfies the Lippmann-Schwinger representation formula given by

M

wle,) = (o) + S [ (= )G, 2Julz ) ds
= Zm+€Bm
+ / (A— An)V.G(x,2) - Vu(z,9) dz.
Zm+€Bm

By linearity it is clear that the scattered field u® = u? — v is due to the defective

regions D,.. This gives that scattered field u® is given by

u(z,y) = Z k? / (N, — n)G(x, 2)u(z,9) dz

Zm+€Bm

+ / (A— A,)V.G(z,2) - Vuz,3)dz (4.7)

zm+€Bm

From (4.7) an asymptotic expansion for u>(z, ) can be obtained by combining the

asymptotic results from [3] and [48] as well as Theorem 3.4.1, namely

M
u™®(z,9) = velk? Z | Bun| (m, — 1)t (2im, — &) (2, )
m=1
M
e Y MOy (2, —2) - V(s )+ o(e?), (48)
m=1

where the polarization tensor M is given by

M =i (A= Aes + [ ) (A — A)es] 67 () ds,

OBm,
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with e; being the 7th basis vector in R? and ¢; is the solution to

V- A(x)Vé; =0 in R\ B,
V.A,Vé; =0 in B,
¢; — ¢f =x; on OB,

We now wish to use the leading term in (4.8) to determine the location of

the defective regions z,, + €B,,. To this end assume that there are /N incident and
observation directions given by ¢;,%; € S for i, = 1,2,... N. Now we define the

multi-static response matrix F € CV*¥ given by

M
Fij =7e" > K| Bl (N — ) up(2m, —2:)ts (2, §5) +
m=1

M

+yet Y MV (2, —35) - Vi (2, 55). (4.9)

m=1

The inverse problem we consider here is to determine the set {z,, : m=1,..., M}
(i.e. the location of D.) from a knowledge of the measured far field pattern u2®
for given y;,2; € S for i,j = 1,2,... N, provided that A, n and D are known.
Since A, n and D are known we can compute uy°, therefore from (4.8) we have that
F,; ~ u®(Z:,9;) — us®(24, 9;) up to o(e?), hence we assume that F is known for the

measurements.

Remark 4.1.1. The asymptotic expansion in (4.8) as well as the multi-static re-

sponse matriz F given by (4.9) can be constructed for the more general case of an
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inhomogeneous background (i.e. where A(x) is a matriz valued function and n(x) is
a scalar function in D). In this case A and n are replaced by A(zy,) and n(zy) as

well as replacing yuy(z, —2) with G*(Z, z) in the asymptotic expansion.

4.2 MUSIC Algorithm for Small Volume Defects

In this section we connect the locations of the defects {z,, : m =1,..., M}
to the range of a matrix defined by the multi-static response matrix F to arrive at a
MUSIC algorithm, which can be considered as a discrete analogue of the factorization

method.

4.2.1 The case when A = A,, and n # n,,

Assume we have a finite number of incident and observation directions where
N > M, with M being the number of small defects and N being the number of
incident and observation directions. We will also assume that we have full aperture
data and that the incident and observation directions are given by the same equally
distributed points on S(i.e § = &). Also let the contracts (n,, —n) # 0 for all m.
Notice that by (4.9) we have that the multi-static response matrix is given by

M
F;; = e Z 2| Bun| (rm — 1)t (2imy — )b (2m, ).
m=1

We now factorize that multi-static response matrix. To this end we define the ma-
trices U € CV*M 'V ¢ CV*M and ¥ € CM*M | where the columns of U are given
by

Um = (Ub(zm, _'1%1)7 s 7ub<zm7 _‘%N))T
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and the columns of V are given by

.
Vo = (G 20), - (o ))

with ¥ = diag(o,,) where 0, = v€k?|B,,|(nyn — n) # 0. Therefore we have that
F = UXV* and it follows that

FF* = UXU* with X =3V'VE*: (4.10)

Now define the vector g, € CV for any point z € R by

g, = (ub(z, —T1), .., up(z, —TN) )T.
The goal of this section is to show that g, is in the range of the matrix FF* if and
only if z € {z,, : m =1,...,M}. Since we are interested in finding defects in a
known scatterer D it is sufficient to prove the result only for values of z € D. To do
so we will follow the analytic framework as described in Section 4.1 of [55]. We now
give a result that can be proven by using standard arguments from linear algebra

(see proof of Theorem 3.1 in [44] for details).

Lemma 4.2.1. Let the matriz F have the following factorization F = UXV* where
UecCVM Ve CVM gnd X € CM*M - Assume that

1. The matrices U and V have full rank M

2. The matriz X 1s invertible
then Range(U) :Rcmge(FF*).

We now wish to construct an indicator function derived from a range test

using Lemma 4.2.1 to detect the locations of the defects. For each sampling point
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z € D we need to show that the vector g, is in the range of FF* if and only if
z € {zn : m=1,...,M}. We now prove an auxiliary result that connects the

location of the defects to the range of the matrix U.

Theorem 4.2.1. Assume that the set S = {z; : i € N} is dense in S such that any
analytic function that vanishes on S also vanishes on S. Let z € D then there is a
number Ny € N such that for all N > Ny we have that the matrices U and V have

full rank, moreover g, € Range(U) if and only if z € {2z, : m=1,...,M}.

Proof. 1t is clear that g, is in the range of U since g,  is the m-th column of U.
To prove that for z € D\ {2z, : m = 1,..., M} that g, is not in the range of U
for some N sufficiently large we proceed by way of contradiction. Now assume that

there does not exist such a Ny, then we have that there exists o, oV € C such that

M
V] + ) o] =1 (4.11)
m=1

and
M

oMNuy(z, —3;) + Z aNuy (2, —2;) =0 forall 1<i<N.

m=1

We then conclude that(up to a subsequence) oY, o — a,,, a as N — oo. This

gives that
M
auy(z, —2;) + Z amUp(2m, —2;) =0 for all i€ N.
m=1
Due to the density of S and since uy(z,,, —Z;) is analytic with respect to & we have

that
M

aup(z, —2) + Z A tp(2m, —2) =0 forall & €S, (4.12)

m=1
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therefore since yuy(z, —2) = G>(z, 2) for z € D we can apply Rellich’s lemma and

the unique continuation principle to conclude that

M
aG(x,z)+Zosz(x,zm) =0 forall ze€D\{z}U{zp, : m=1,...,M}.
m=1
Letting © — z,21,..., 2y gives that a,, = a = 0 for all m, but by (4.11) we have

that
M
o + > Jom| =1
m=1

which gives a contradiction. Moreover the fact that U and V have full rank is a
consequence of the given arguments. [
Now by combining this with Lemma 4.2.1 and Theorem 4.2.1 we have the

following range test.

Theorem 4.2.2. Assume that the set S = {&; : i € N} is dense in S such that any
analytic function that vanishes on S also vanishes on S. If z € D then there is a

number Ny € N such that for all N > N,
g. € Range(FF*)  if and only if 2z € {zn : m=1,...,M}.

Now we are ready to construct an indicator function which characterizes the
locations of the defective regions. Let P : CV s Null(FF*) be the orthogonal
projection onto Null(FF*). Therefore by Theorem 4.2.2 we have that Pg, = 0 if
and only if z € {z,, : m=1,..., M}. Notice that since FF* is a self-adjoint matrix
we have that it is orthogonally diagonalizable. So we let w; be the j-th orthonormal

eigenvector of FF*, we also let r:Rank(FF*). This gives that w; forr4+1<j7 < N

106



is an orthonormal basis for Null(FF*) and therefore we have that P is given by

N
PgZ: Z (gzawj)gzwj'

Jj=r+1
This now leads to the following result.

Lemma 4.2.2. Let w; be the j-th orthonormal eigenvector of FF* and let T:Rank(FF*).
Assume that the set S = {&; : i € N} is dense in S such that any analytic function

that vanishes on S also vanishes on S. If z € D then there is a number Ny € N such

that for all N > Ny

N -1
I(Z):[Z }(gz,wj)@] <oo ifandonlyif ze€{z, m=1,...,M}.

=r+1

(4.13)

4.2.2 The case when A # A,, and n = n,,
Next we consider the case where the defective regions have a different anisotropic
constitutive parameter than the background media. We recall that by (4.9) the multi-

static response matrix is given by

M
F;; = e Z My (20, —21) - Vg (2, &)
m=1
We have that the matrix M(™) is symmetric positive/negative definite provided that
A, — A is symmetric positive/negative definite (see Theorems 3.3 and 3.4 in [48]).
Just as in the previous case we wish to factorize the matrix F and use Lemma 4.2.1
to construct an indicator function for the locations defective regions. Without loss

of generality let d = 2 and the analysis is similar for d = 3. Therefore we have
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that M(™ € C?*? is unitarily diagonalizable which gives that there are eigenvectors
y diag

(m) (m)

v, and vy that form an orthonormal basis for C2. Now denote the non-zero

eigenvalues of M™ by A™ and A{™. This then gives that

2
My (200, —25)- Vi (2, 27) ZAW( Vub(zm,—@-)) <v,§m>-wb<zm,:ﬁj)).
k=1

Therefore the multi-static response matrix can be written as
M 2
ve? Z Z /\(m) < - Vuy(zm, —iz)) <V](€m Vup(zm, ij)) )
m=1 k=1

Now to factorize F where we assume that N > 2M and define the matrices W €

CN*2M - Q € CN*2M and T € C?M*2M where the columns of W are given by

.
W, g = ( § -Vuy(zm, —1), - ,ng) - Vuy(zm, —i'N)>

S T
W2m = (ng) . vub(Zm, —JA}1>, . ,ng) : Vub<zm7 _«TA}N)> )

the columns of Q are given by

-
Qo1 = (ng) 'Vub(zm,@), 7V§m) : Vub(Zm,i‘N)>

.
Q2m = (ng) ' vub(zma ‘%1)7 R >Vém) : VUb(Zm, ij)) )
the diagonal matrix

T = diag(7;) where 79,1 = 762)\§m) and Ty, = 762)\§m).
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Therefore just as in the previous case we have that F = WTQ* and it follows that
FF* = WTW* with T = TQ*QT".
Now define the vector g, ;, € CV for any point z € R? and b # 0 € C? by

gz,b - (b . Vub(z, —L%1>, Ce ,b . Vub(z, —S%N))T.

Just as in the previous section our goal is to show that g.; is in the range of the
matrix FF* if and only if z € {z, : m = 1,..., M}, and once again since we are
interested in finding defects in a known scatterer D we prove the result for z € D.

Following in the same way as in Theorem 4.2.1 we can prove the following result.

Theorem 4.2.3. Assume that the set S = {z; : i € N} is dense in S such that any
analytic function that vanishes on S also vanishes on S. Let z € D then there is a
number Ny € N such that for all N > Ny we have that the matrices W and Q have

full rank, moreover g, € Range(W) if and only if z € {z, : m=1,..., M}.

)

(m

Proof. 1t is clear that when z = z,, that g, , € Range(W), since v, ) and vém
form a basis for C? for any m. Therefore g.,..» 1s a linear combination of two columns

of U by expressing b as a combination of v{™ and v{™.

Now we prove by way of
contradiction that if z # z,, then g, ; can not be a linear combination of the columns
of U which proves that result. Assume that there does not exist such a Ny, then we

have that there exists oév , oV € C such that

2M
N+ fad =1 (4.14)
j=1
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and
aNb - V(2 Z ay 1V1 V(2 =) + o VI Vg (z, —3) = 0

N

for all 1 <7 < N. We then conclude that (up to a subsequence) o', o = aj, a as

N — oo. This gives that just as in Theorem 4.2.1

ab-VG(x,z) + Z Q2 1V1 VG, 2m) + aomvy™ - VG(z, 2) = 0
m=1
forall 2 € D\ {2} U{z,, : m=1,...,M}. Letting x — z,21,...,2zy gives that
a; = a = 0 for all j, which gives the result by way of contradiction. [
Similarly as in the other case we can use the eigenvector of FF* to construct

an indicator function, doing so gives the following result.

Lemma 4.2.3. Let w; be the j-th orthonormal eigenvector of FF* and let T:Rank(FF*).
Assume that the set S = {z; : i € N} is dense in S such that any analytic function
that vanishes on S also vanishes on S. If z € D then there is a number Ny € N such

that for all N > Ny we have that

N -1
— [Z |(gz,b,Wj)‘32] <oo ifandonlyif z€{zn:m=1,...,M}
j=r+1

(4.15)

4.2.3 The case when A # A,, and n # n,,
For this case (4.9) gives that the multi-static response matrix is given by

F = UXV* + WTQ*. Now just as in [71] we write F in a block matrix form such
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that F = (U W)II(V Q)" € CM with

I — 0 € Ca+)Mx(d+1)M
0o T

where the matrices are as defined in the previous sections. Assume that N > (d +
1)M, we wish to conclude a similar result as in Lemma 4.2.2 and 4.2.3. Now define

a vector such that for any point z € R? and b € C? is given by

82,1, — 8z + g2b

where the vectors g, and g, ; are as defined in the previous sections. Notice that by

combining the proofs of Theorems 4.2.1 and 4.2.3 we have that following result.

Theorem 4.2.4. Assume that the set S = {%; : i € N} is dense in S such that any
analytic function that vanishes on S also vanishes on S. Let z € D then there is a
number No € N such that for all N > Ny we have that the matrices (U W) and
(V Q) have full rank, moreover g. (1) € Range{ (U W) } if and only if z € {z,, :
m=1,...,M}.

This give the following lemma.
Lemma 4.2.4. Let w; be the j-th orthonormal eigenvector of FF* and let r:Rank(FF*).
Assume that the set S = {&; : i € N} is dense in S such that any analytic function

that vanishes on S also vanishes on S. If z € D then there is a number Ny € N such

that for all N > Ny we have that

N 1
Tap(z) = [Z |(gz,(1,b),w]~) ‘?2] <oo ifandonlyif z€{z,: :m=1,...,M}.

=r+1

(4.16)
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4.2.4 Numerical Validation of the MUSIC Algorithm

In this section we discuss the numerical implementation of the MUSIC algo-
rithm derived in the previous section for the R? case. We note that the algorithm
in the R? case is similar to what is presented here. To this end, we use simulated
far-field data to reconstruct the defects in a square scatterer. The simulated data
comes form solving the direct scattering problems (4.1)-(4.2) and (4.5)-(4.6) using a
cubic finite element method with a perfectly matched layer. From this we will have
the approximated scattered fields w?(-,2) and wj(-,#). The multi-static response
matrix will be defined as

N

F= [u?(i‘l,(’ft]) - ugo(i,“ i‘j)},i’j:p

where the far-field patterns are given by the solutions of the direct problems using
the finite element method. In the following we use N different directions on the unit

circle given by
& = (cos (2r(i — 1)/N) , sin (27 (i — 1)/N)) for i=1,...,N.

In all examples we take D = [—2,2]? and we fix the wave number & = 1 unless
otherwise stated.

We want to illustrate the performance of the MUSIC algorithm in reconstruct-
ing the defective regions z,, + €B,, inside D. We give examples with random noise
added to the simulated data for u®(%;, ;). The random noise level is given by &
where the noise is added to the far-field data u°(%;,2;) + 0E;; and the random
matrix F is such that ||E|l2 = 1. Since we have that A, n and D are known for non-

destructive testing we can assume that the far-field pattern up°(z;, z;) is known by
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direct computations as presented in this section. To evaluate the indicator function
we need the total field u,(z, ) at sampling points inside of D. To this end we use

the mesh points in the finite element method z, as the sampling points.

Example 1. We reconstruct two defective regions that are given by circles centered
at (1,1) and (—1,—1) with radius € = 0.3. We let A = A,,, = I where the refractive
index in the scatterer D is given by n = 0.5 and n,, = 3 are the refractive indices
in defective region D,.. In Figure 4.2 we give the reconstruction with 5% and 10%

random noise added for N = 32.

25 25 100
200
2 180 3
15 - 15 50
! 140 1
05 . 05 2
o 100 50
0.5 80 0.5 40
-1 80 § 30
-5 40 -5 20
=2 20 Z 10
285 2 45 -1 05 0 05 1 15 2 25 285 2 45 -1 05 0 05 1 15 2 25

Figure 4.2: On the left is the reconstruction with 5% noise and on the right is with

10% noise, of 2 small circular defects in an isotropic media.

Example 2. We reconstruct the an ellipse centered at (0.5, —1) with axes equal 0.5
and 0.3 in the scatterer. The material parameters are A = 0.5 and n = 5 in the
scatterer D. While the parameters are Ay = I and n; = 1 in the defective region
D.. In Figure 4.3 we give the reconstruction without any added noise and with 10%

random noise added for N = 64.
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Figure 4.3: On the left is the reconstruction without noise and on the right is with

10% noise, of an ellipse shaped void.

Example 3. We reconstruct two defective regions that are given by circles centered
at (1,1) and (—1,—1) with radius € = 0.3. The material parameters are A = 0.5/
and n = 5 in the scatterer D. While the parameters are A;5 = [ and n;o = 1 in
the defective region D.. In Figure 4.4 we give the reconstruction without any added

noise and with 10% random noise added for N = 64.

a
x 10

25
3 %8 5000
s
15 15 7000
45
] 4 5000
05 G 05
5000
F 3
4000
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2 3000
- 2
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P F 2000
1
. . 1000
2 15
235 2 45 -1 05 0 05 1 15 2 25 235 2 45 -1 05 0 05 1 15 2 25

Figure 4.4: On the left is the reconstruction without noise and on the right is with

10% noise, of 2 circular voids in a layered media.
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Example 4. We reconstruct two defective regions that are given by circles centered
at (—1,1) and (1, —1) with radius € = 0.3. The material parameters are

10 1
A= and n=25

1 10

in the scatterer D. While the parameters are A; o = I and ny2 = 1 in the defective
region D.. In Figure 4.5 we give the reconstruction without any added noise and

with 1% random noise added for N = 64.

=10™
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P 10000
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2000
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3000
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2000
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25

2.5 2 1.5 -1 0.5 0 05 1 15 2 25 2.5 2 1.5 -1 0.5 0 05 1 15 2 25

Figure 4.5: On the left is the reconstruction without noise and on the right is with

1% noise, of 2 circular voids in an anisotropic media.

4.3 The Transmission Eigenvalue Problem For Small Volume Defects
Having reconstructed the location of the small defects we would like to obtain
additional information from the transmission eigenvalues. Since the multi-static data
used for the MUSIC algorithm can determine the transmission eigenvalues (see The-
orem 2.2.1) we now investigate how the small defects affect the transmission eigen-

values. Therefore we consider the transmission eigenvalue problem for an anisotropic
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media with small penetrable defects. Referring to the configuration in the beginning
of this Chapter we allow the coefficients of the unperturbed media to be non-constant.
Therefore we assume that for the convergence analysis that A(x) € C1(D, R with
A= AT and n(x) € CY(D) being the given coefficients for an unperturbed medium.
The coefficients for the perturbed media are given by A, and n, defined by (4.3) and
(4.4).

Definition 4.3.1. The transmission eigenvalues are the values k. € C such that

there is a non-trivial solution (w,v) € H'(D) x H'(D) such that

V-AVw+knw=0 and Av+kv=0 in D (4.17)
ow v
(9VAe N ov

w=v and on 0D (4.18)

With the continuity condition

owt ow™

(%A - aVA

on  O(zm + €Bn).

m

Let us define the constants

inf inf £- A(2)6 = Apin >0 and  supsup € - A(2)€ = Ay < 0

zeD |g|=1 zeD ¢|=1
min inf €+ Apé = ami >0 and max  sup & - Ané = ez < 00.

In this study we are interested in showing that the eigenvalues k. for the perturbed
media converge to the eigenvalues for the unperturbed media as ¢ — 0 and derive
an asymptotic formula that can be used to obtain more information about the small
defects. The transmission eigenvalue problem problem for the unperturbed media

satisfies (4.17)-(4.18) with coefficients A and n. To analyze this problem we define
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the variational space
X(D) = {(w,v): w,v € H(D)|w—v € Hy(D)}

equipped with the H'(D) x H'(D) inner product. It is clear that the variational
form of (4.17)-(4.18) is given by

/AEVw V@, — Vv - Vg, — kX(nawg, — vp,) dr =0 for all (1, ¢2) € X (D).
D

For connivence we define the bounded sesquilinear forms

AE((w, v); (1, gpg)) = /A€Vw V@, + Apinwp, de — /Vv -V, + vp, dr,
D D

Be((wav); (9017(;02)) = /71511@1 _U¢2 dl’,
D

and

C((“%“)S (9017%02)) = /Ammw¢1 — vy dx.

D

Therefore we have that (4.17)-(4.18) can be written as for all (¢1, ¢2) € X(D)

Ac((w,v); (@1, 02)) = E2Be((w,v); (01, 92)) — C((w, v); (p1,2)) =0.  (4.19)

Let us define by A, B, and C : X (D) — X (D) the bounded linear operators defined
from A, ( ; '), B, ( ; ) and C ( ; ) by means of the Riesz representation theorem. For
e = 0 we define the operators corresponding to the unperturbed media. It can be

shown using T-coercivity then if A,,;, and a,.;, > 1 that A, is invertible with the
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norm of the inverse independent of € > 0. To this end we consider the isomorphism
T(w,v) = (w,—v + 2w) : X(D) — X (D) (it is easy to check that T = T~!). Using
this we now show that A.((w, v); T(w,v)) is coercive in X (D). To this end we have

that
|Ac(w,v); T(w,v))| > /AEVw-V@+Amin|w|2dx+/\Vv|2+|U|2dx
D D

- 2 /Vve-Vwe—i—ve@edx
D

and by Young’s inequality we obtain that

1
|A((w,v); T(w,v))| > (a—g)||we||§ﬂ<D)+(1_5)”“€||§f1<f’>'

where we let @« = min{A,,in, @min}. Therefore we have proven that A, ((w, v); T(w, v))
is coercive provided that 6 € (1/«, 1). Similar arguments hold for A,,,, and @q, < 1
where A,,;, is replaced by A, in A€(~ : ) and C(- : ) with T(w,v) = (w — 2v, —v).
It is clear that in either case that B, and C are compact operators by appealing to
the compact embedding of H'(D) in L?(D). Now by (4.19) it is clear that (w,v) are

eigenfunctions corresponding to the eigenvalue k. provided that
(I-k?A7'B.— A-'C)(w,v) = (0,0). (4.20)
Lets denote the eigenvalue parameter 7. = k? and define

1
T.(7.) = A7'B. + ;Aglc : X(D) — X(D). (4.21)
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We can now rephrase (4.19) as a non-linear eigenvalue problem

T Te(7)(w,v) = (w,v). (4.22)

It is clear that T.(7) depends analytically on 7 in any subset of the com-
plex plane that does not include the origin. The operator T.(7) corresponds to the
perturbed transmission eigenvalue problem with coefficients A, and n., while the
operator Ty(7) corresponds to the unperturbed transmission eigenvalues problem
with coefficients A and n. Similarly we can rephrase the unperturbed transmission
eigenvalue problem as

TTo(7)(w,v) = (w,v). (4.23)

In order to prove the convergence of the transmission eigenvalues for the perturbed
problem to the unperturbed problem we need to show that T.(7) converges to Tq(7)

in the operator norm.

4.3.1 Convergence of the Spectrum

In this section we will study the convergence of T.(7) in the operator norm to
the unperturbed operator Ty(7) and then use results from [64] to prove convergence
for the transmission eigenvalues and eigenfunctions. To this end notice that since
B, and C are compact operators along with using that ||A_!|| is uniformly bounded
we can conclude that T.(7) is compact for all € > 0, where in this section || - || will
refer to the operator norm from X (D) to itself and (-;-) will refer to that inner
product on X (D). The convergence of T (7) would then imply the convergence of

the transmission eigenvalues. We start by studying the convergence of the operator
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B. to By, where the operators are defined by

(B.(w.0)i (1 2)) = [ nwp, = v da (4.24)
and
(Bo(w, v); (g1, 92)) = /nw@l — VP, dx. (4.25)

Theorem 4.3.1. Let the operators B, and By be defined by the variational form
(4.24) and (4.25) respectively. Then B, — By in norm, moreover for some a € (0, 1)
we have that |B. — Bg|| < Ce® in R? for some C independent of €, d = 2, 3.

Proof. By subtracting (4.24) from (4.25) we have that
| (Be(w,v); (p1,2)) = (Bo(w,v); (1, 02))| = /(ne - n)u, dr

D.
< [l = n)wllL2(p,)

(¢1, 2|l x(D)-

Therefore we have that ||(B. — By) (w,'v)HX(D) < [|(ne = n)wl|r2p,). Now since
w € H'(D) we have from Sobolev’s embedding in R? or R? that w € LP(D) for some
p > 2 (see e.g. [8] for embedding results). We then conclude that |w|?> € LP/?(D).

Now let ¢ be defined by ﬁ + % = 1 notice that % = ’%2. Therefore by using the
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duality between LP/2(D) and L9(D) along with Sobolev’s embedding we have that

2
|(Be = Bo)w. o)y < N(ne— ml el ] B
< Ol |wPllzm2myl X0,

= CID S |lwl[7sp)

La(D)

< Cﬁd/q||(wav)||%<(1:))-

Hence we have that

|IB. — By|| < Ce?’?® for d=2,3

where the constant C' incorporates the norm of the contrasts but is independent of e.
Now for the R? for any choice of p > 2 we have that é < 1 giving the result. For the
case in R® we can choose p < 6 giving that % < 2/3 and therefore d/2q < 1, which

gives the result in R3. O]

We are now interested in the convergence of A7'B, and A_'C as € tends to
zero. The operator A, and Ay are defined by the Riesz representation theorem such

that

(A€<w7 U); (9017 902)) = /AEV’LU : V@l + Ammwal dx
D

— / Vv - Vg, +vp,d (4.26)
D
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and

(Ao(w, U); (901’ 902)) = /AVIU -V, + Apinwp, do
D

- /VU -V, + vp, de. (4.27)
D

As we have mentioned, due to T-coercivity A~! exists as a bounded linear operator
for all € > 0 where the norm of A~! is uniformly bounded with respect to e. To study
the convergence of A7'B, and A_'C we first need some regularity results pertaining
to By and C. Notice that by the variational definition of By we have that for any
(f,g) € X(D) if we denote By(f,g) = (w,v) then

—Aw+w=nf and —Av+v=g in D. (4.28)

Therefore by elliptic regularity we have that w and v are in H}

(D) provided that n

is continuously differentiable, and for any Q2 C D

lwll s + 10l a2) < C (1 fllmro) + 9llarn)) -

Next, recall that the operator C is defined via the Riesz Representation The-

orem from the variational form
(Clw, ) (21,92) = [ Anintp, — vy o
D
Therefore we have that for any (f, g) € X(D) if we denote C(f, g) = (w, v) then

—Aw+w=Annf and —Av+wv=g in D,
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and we have the elliptic regularity estimates for any 2 C D

wll sy + vllas@y < C (1l py + N9l o)) -

Theorem 4.3.2. Let the operators A, and Ag be defined by the variational form
(4.26) and (4.27) respectively. Then we have that

A7'B. - A;'By and A;'C— A;'C

in the operator norm as € — 0.

Proof. Consider the pair (we,v.) and (w,v) in X (D) defined by

(we,ve) = AN (f,9)  and  (w,v) = Ag'(f,9)

for any (f,g) € X(D). Using (4.26) and (4.27) we have that

Ac((w = we,v — ve); (1, p2)) = /(A6 — A)Vw - Vo, dx,

De

where A, ( ; ) is the sesquilinear form that defines A.. Now by using the T-coercivity

along with the definitions of (w,v.) and (w,v) we conclude that

[(AZ = AT (f9)] <y < Cll(Ac = AVl 2.

The dominated convergence theorem implies that the right hand side of the inequality
tends to zero for any fixed (f,g) € X (D). Recalling that for Bo(f,g9) = (p,q) we
have ||p||ms) + gl < C (Il o) + llgllm1(p)) where @ C D, now consider
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H (A7 — A Bo(f, g)HX(D). Hence we now have that A;'Bo(f,g) = (w,v) due to

the variational form of A, satisfies
-V -Al@)Vw + Apimw =—-Ap+p and —Av+v=—-Ag¢+q in D.
Therefore by elliptic regularity given any €' C Q C D we have that
lwll @y + [vlls@) < C (Ipllae@ + llallmaw) < ClIE 9llxw)-

Therefore we fix ' and 2 such that D. C ' C Q C D for all € sufficiently small.
Now using that H3(£2) € C'(Q') we have the following estimates

I(AZ = AT)Bo(f, 9wy < Cllwllorellxo.

S CEd/2HU)H01(Q/).

L2(D)

Now appealing to the continuity of the embedding of H?(') into C*()') and

the regularity estimate we have that
(ATt = AG)Bo(f 9) | x(py < Ce”II(f: 9)l[x(m)-
Using that
|ABe = Ag"Bo|| < [[AT (B = Bo) | + [[(A7 = Ag ") By

along with the uniform boundedness of [|A || and the norm convergence of B, to

B, implies that A7'B, — A By in norm. The same arguments work for showing

that A-1C — A;'C in norm. O
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Now by the proofs of Theorem 4.3.1 and 4.3.2 we obtain the follow rate of

convergence for the relevant operators.

Corollary 4.3.1. Let the operators A, Ay, B, By and C be defined by the varia-

tional forms given above. Then we have that for d = 2,3

1A = AT)Bo|| = O(™), (AT = AT = O(e),

€

and ||[A7H(B. — By)|| = O(e¥) for some a € (0,1) .

Remark 4.3.1. The convergence of the operators presented here still holds for d > 3
but since the proofs use Sobolev’s embedding results the convergence and rates of

convergence must be derived separately for higher dimensions.

With the use of the above convergence results we are ready to state the con-

vergence result for the operator T (7) corresponding to the non-linear eigenvalue

problem (4.22).

Theorem 4.3.3. Let the operator T.(T) be as defined in (4.21) and 7 € U with U

being any bounded subset of C with zero not a limit point of U. Then we have that
IT(7) — To(7)]| =0 as e—0.
Moreover if ne =n for all € > 0 then we have that
ITe(7) = To(r)[| = O(?).
Proof. The theorem is a direct consequence of the triangle inequality and using the

fact that U is a bounded set with zero not a limit point. ]
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Since we have proven the convergence of the operator T.(7) we now study
the convergence of the transmission eigenvalues. To this end we will need some
well known bounds on the transmission eigenvalues and results pertaining to per-
turbations of non-linear eigenvalue problem for compact operators. Here we give an

abstract result for convergence of non-linear eigenvalues on a Hilbert space proven

in [64].

Lemma 4.3.1. Let 7 be a non-linear eigenvalue of Ty and assume that To(7) and
T.(7) are both meromorphic in some region U of C containing 7. Also assume that
T.(17) — To(7) in the operator norm. Then for any ball around T there exists a
€ > 0 such that T has a non-linear eigenvalue in the ball for all € < €y. Conversely
if . is a sequence of non-linear eigenvalues of T, that converges as € — 0, then the

limit T is a non-linear eigenvalue of T.

By Theorem 4.3.3 we have that T.(7) — To(7) in the operator norm in any
in region U of C\ {0} and from the definition of the operator T.(7) we have that it
depends analytically on 7 in any subset of the complex plane that does not include
the origin. We now recall an important results pertaining to bounds of the real
transmission eigenvalues. The following existence result is proven in [22] and [29]
while the boundedness can be obtained by modifying the proof of Theorem 2.6 and
Theorem 2.10 in [29] in a similar way as in the proof of Corollary 2.6 in [22].

Lemma 4.3.2. The following holds:

1. Assume that either Ay > 1 and 0 < n. <1 or 0 < Apue < 1 and ne > 1.

There exists a infinite sequence of real transmission eigenvalues ke, j € N of
(4.17)-(4.18) accumulating at +o0o such that

kj (Amaz, inf(ne), D) < k. ; < k;j (Amin,sup(ne), D) if Apin >1, 0<n. <1
kj (Amm,sup(ne),D) < ke,j < k’j (Amax,inf(né),D) ’lf 0< Amax < 1, Ne > 1
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where kj(a,b, D) denotes an eigenvalue of (4.17)-(4.18) where we let A, = al
and n. = b.

2. Assume that A,in > 1 or 0 < Apue < 1 and ne = 1. There exists infinitely
many real transmission eigenvalues ke, j € N of (4.17)-(4.18) accumulating
at 400 such that

0< ke,j < I{?J(Amm,D) Zf Apin >1
0 <kej <kj(Apmaz, D) if 0<Apar <1

where kj(a, D) denotes the an eigenvalue of (4.17)-(4.18) with Ac = al and
ne = 1.
Here j counts the eigenvalue in the sequence under consideration which may not
necessarily be the j-th transmission eigenvalue. In particular the first transmission

eigenvalue satisfies the above estimates.

Here the real transmission eigenvalue k. correspond to eigenvalues 7, := k2
of the (4.22). The above bounds proves that there exists a limit point 7 for the set
{Tc}es0, and hence Lemma 4.3.1 implies that the limit point is a eigenvalue of (4.23)
which gives the following result.

Theorem 4.3.4. Assume that for all x € D either:

1. ne=1 for all e > 0 and A. — I is uniformly positive or negative definite, or

2. A. — I is uniformly positive(negative) definite and n. — 1 is negative(positive).

Then there are infinitely many real transmission eigenvalues 1 ; of (4.22) that (up
to a subsequence) converge to T; corresponding to a real transmission eigenvalue of
(4.23). Moreover for any T; being a transmission eigenvalue corresponding to (4.23)

there is a sequence T.; that are non-linear eigenvalues of (4.22) such that 7. ; — ;.
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4.3.2 Correction for the Operator A-' — A

Since we have proven the convergence of the transmission eigenvalues we now
want to obtain asymptotic formula for the real transmission eigenvalues. To this end,
we need to construct an appropriate corrector that will give an explicit formula for
the first term in the asymptotic expansion for the transmission eigenvalues. The goal
is to construct the right corrector to get an appropriate asymptotic formula for the
operator A-!. The corrector will be derived for a homogeneous anisotropic media
and the results can be generalized for an inhomogeneous media as in [32]. Hence in

this section we again assume that the coefficients A and n are constant in D.

Consider the pair (we, v.) and (w,v) in X (D) defined by

(we,ve) =AM (f,9) and  (w,v) = Ag*(f,g) (4.29)

and we assume that w is a smooth function. Assume that the defective region is of
the form eB where B is the unit ball centered at the origin with constant matrix A,
being the constitutive parameter. We make the scaling y = x/¢ and D= %D and let

wél)(y) € H}(D) be the unique solution to

/Avngn VB + Apinw VP dy = / (A — A)V,w(0) - v]7 ds, (4.30)

D dB
with A = A; x5 + A(l — xp).

Theorem 4.3.5. Assume that (we,v.) and (w,v) are defined by (4.29) with w being

a smooth function, then we have that

lwe(w) — w(z) — ew(0)yw (z/€)llm ) + [ve(x) = v(@) | m1(p) = O(e1). (4.31)
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Proof. Recall that + = ey and we define the error functions in X (D) (note that
wi(y) € HY(D))

e’ = we(ey) — w(ey) — ew(0)wV(y) and e’ =wv.(z)— v(z).

€

Now let (¢1,¢2) € X(D) and define the sesquilinear form

Ae((eg}a 63)7 (Spla 902)) = /~ Avyeg : vy@l + Amm@z}¢1 dy - / vyeg ' Vy¢2 + 6:@2 dﬂf
D D

Using (4.29) we have that

Ad(er i lnen)) = [ (A= AT u(en) - Vo, dy

B

—ew(0) /Avywél) -V, + Aminw£1)¢1 dy.

D

Using integration by parts and (4.30) gives that

Ac((e?,el); (o1, 92))
. / BV, - (A — A)Vw(ey) dy

Few(0) / [(Al — A)(Vaw(ey) — Vaw(0)) - u] 7, ds,.

Recall that w is smooth, therefore V.- (A—A;)V,w(ey) is bounded in B. Also
notice that by Taylor’s expansion we have that the term (V,w(ey)—V,w(0)) = O(e).
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Therefore we can conclude that there is a constant C' independent of € such that

‘fle((ei",ei’); (1, 902))‘ < CE|(e1, 92) L Dy (5

Using the T-coercivity of the sesquilinear form flg( ; ) in X ([)) gives that

lwe(ey) — w(ey) — ew(0)w™ (W)l p) + llve(ey) — v(ey)ll g p) < O, (4.32)

and the result follows from scaling. [

Notice that from (4.30) we have that ngl)(y) |11y is bounded independently
of € by the Lax-Milgram lemma. Therefore by scaling we have that ||w£1) (z/€)||mpy <

Ce¥/?! with C independent of €, which gives the following result.
Corollary 4.3.2. Assume that (we,ve) and (w,v) are defined by (4.29) with w being
a smooth function then we have that

() = w(@) | o) + o) = v(@)||la1p) = O(?). (4.33)

Notice that the corrector wél) (y) depends on €, hence we now wish to construct

a corrector that is independent of the small parameter €. To this end, we define the

function w® (y) € H'(R?) such that for all ¢ € H*(R?)

/Avyw(l) VB + Apinw VP dy = / (A — A)V,w(0) - v] 7 ds, (4.34)
Rd OB

Notice that the variational problem (4.34) implies that

-V, - flvyw(l) + Apinw®™ =0 in RY \ 0B.
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Therefore we have that |w(1)| — 0 as |y| — oo, exponentially fast. This gives that
Vyw(l) decays faster than the gradient of a solution to Laplace’s equation, therefore
we have that

IV, 0w (2/€)| roopy = o(e?)  for d=2,3.

Theorem 4.3.6. Let w!” and w® be defined as the solutions to (4.30) and (4.34)

respectively, then we have that

||w£1)(x/e) - w(l)(x/G)HHl(D) = O(Gd/2+2) for d =2,

ngl)(x/G) - w(l)(I/E)HHl(D) = O(Ed/2+5/2) for d = 3.
Proof. Let u, = wél)(y) — wW(y), there exists a constant a > 0 such that

ozHueHZl - < /AV Ue - Vyﬂe—i-Amm|uE|2 dy

D

/AV w! -V yUe + Apinwlt, dy — /[lvyw(l) - Ve + Apminw M7, dy
D
é

Lw(0) - V}ﬂg ds, — /Avyw(l) -Vyu. + Apminw M7, dy

D

Notice that the variational form (4.34) implies that

MW\ L\ ~
<A35UV ) _(Alagvy ) — (A — AV,w(0)-v on OB
Y y
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Therefore integration by parts gives that

/ [(Al — A)V,w(0) - 1/} U ds, — /Avyw(l) -V, u. + Apminw M7, dy
9B D

= / [(Al — A)V,w(0) - l/}ﬂ6 ds, + /Eg(Vy . flvyw(l) — Ammw(l)) dy

oB D
OwM\ T OwM\ ~ w®
— A — A u. d A——7, ds,.
/ ( vy ) ( ' vy > ]ue T : vy et
OB oD

Now by using the boundary value problem for w) we have that

ow® _
a||u5||§{1([~)) < /A 5 Ue ds,
: y

D

= ¢! /(Avyw(l)(m/e) V)T (z/€) ds,
D
< Ce |V (2 /e)l| o om) lue(w/€) | 1 ().

therefore by the scaling we have that
2y < CE 219,00 (/€)oo e/ 1 -

Since

IV, (z/€)||p@py = o(e?)  for d=2,3

we can conclude that

el g1 () = o(¢?) for d=2 and [well g1 (py = o(e”?) for d =3,
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which gives the result by scaling the norm back to the domain D. ]
By appealing to the triangle inequality we have the following result.

Corollary 4.3.3. Let w") be the solutions to (4.34), also assume that (w.,v.) and
(w,v) are defined by (4.29) with w being a smooth function then we have that

|we(z) — w(x) — ew(O)w(l)(x/e)HHl(D) = O(ed/2+1). (4.35)

The arguments used in this section carry over to the case of multiple inho-
mogeneities. Indeed, for multiple inhomogeneities centered at z,, with anisotropic
material parameter A,, we have that by using translation and summing over a finite

number of inhomogeneities gives that the corrector takes the form
M
W (z/e) = Zw Jw (z/e)
m=1

where wﬁnl)(a: /€) is the solution to

/Amvng -V, @+ Ammw%)ﬁ dy = / [(Am — A)V,w(zy) - y]@ ds,

R4 OBm,
for all ¢ € H'(RY) with A,, = A,, xB,, + A(1 — x, ). The convergence results in
this section still hold for w(0)w™ (x/¢€) replaced by @™ (x/¢).

4.3.3 Asymptotic Formula for the Transmission Eigenvalues
In this section we give an asymptotic formula for the transmission eigenvalues
using the results in [64]. To do so we assume that contrast in the defect is only

in the matrix valued material parameter (i.e. n. = n for all € > 0), and we still
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take A and A,, constant matrices. Under this assumption we have that the operator
T.(1) = A7'By + 2A-'C converges in the operator norm.
We now recall Theorem 4.1 of [64] which is a generalization of Osborn’s The-

orem (see [69] for Osborn’s result) to nonlinear eigenvalue problems.

Theorem 4.3.7. Let X be a Hilbert space and T(1) : X — X be a compact operator
valued functions of T which are analytic in a region U of the complex plane, such
that || Te(7) — To(7)|| — 0 for all 7 € U. Now assume that T is a simple nonlinear

eigenvalue of To(T) with normalized eigenfunction ¢. Then if
7 (Lmy(r)o.0) # -1
dr ’

we have that

o ((To(1) = Te(7)) 9, 0)
1+ 72 (LTo(7)0, ¢)

Te=T+T

‘o (sup I(T.(r) — To()e] | (T2 () — TS(T))ch)

TeU

with 7. is a nonlinear eigenvalue for T (T).

Theorem 4.3.7 only holds for simple eigenvalues. Notice that we have estab-
lished the order of convergence of the operator defined by the transmission eigenvalue
problem. In particular, the results in the previous section (see equation (4.33)) gives
that

ITe(7) (wr, vr) = To(7) (wr, v,)[| = O(e™?).

We now consider the point wise convergence for the adjoint operator.

Lemma 4.3.3. Let (w,,v,) € X(D) be the smooth eigenfunction corresponding to
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the eigenvalue T of the operator To(7), then we have that
HTZ(T)(wTw UT) - TS(T)(U}T, UT)” = O(ed/Q-‘rl)‘

Proof. Notice that T#(7) = BoA ! + CA~! where we define (w,v) = Ay (w;,v,)
and (w,,v.) = A7 (w,,v,). Now for any (¢1,2) € X (D)

(Bo(A;" — Ay ) (wr, v )i (01, 92)) = Bo((we — w,ve — v); (g1, 02)).-

Since the sesqulinear form By only has L?*(D) terms, we have that

|(Bo(A-" — AG) (wr, v7); (01, 92)) | < Cll(we — w,ve — v) || 20 | (1, 02) | x (D)

By rescaling the L? norm in equation (4.32) gives that
[we(x) — w(@) | 20y + [[ve(x) — v(2) || 12(py = O(e¥/*H1).

therefore || Bo(A;! — Ag!) (w-, v, = O(e¥/?1). A similar argument gives that

HC(A;1 — A Y (wy, v,

Moy

>HX(D) = O(e¥/?t1), proving that claim. O

Remark 4.3.2. This result shows why the case where n. # n can not be handled by
this analytic framework. In particular, the rate of convergence in Theorem 4.5.1 for
By —B. is not fast enough to provide an improved convergence rate for TF(7)—"T¢(7)

which is necessary to apply Theorem 4.3.7.

We have just shown that the remainder term for the non-linear eigenvalue

+1

corrector formula is of the order e¢**'. To construct an asymptotic formula for the
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transmission eigenvalues we need to construct an asymptotic formula for

(To(r)(wy, vr) = Te(7) (w07 ); (wr,07) ¢y

where (w,,v;) are the eigenfunctions for ¢ = 0. By equation (4.19) we have that
Bo(w,v) + 1C(w,v) = Ag(w,v). Now since the operator A, is self-adjoint for all
¢ > 0 the definition of T(7) in (4.21) gives that

() (s 0) =T () (0,01 (17, 0,)) ) = %(A()(wﬂ%); (A7 AGY) (wrrvn)) vy

This gives that we only need to construct an asymptotic formula for

Ag((wT,vT); (A;1 — Agl) (wT,vT)).

We now derive an asymptotic formula for A”! — A ' with respect to the sesquilinear

form Ao(- ; ~), and to this end we obtain the following result.

Theorem 4.3.8. Let (w,,v,) be the eigenfunctions for the unperturbed media where

e = 0 with transmission eigenvalue T and define (w,v) = Ay* (w,,v,), then we have

that
Ag((wT,vT); (A;l — Agl) wT,vT = ¢l Z )| B | Vws (20 - Vw(zy,)
+e 37wy (zn)w(zm) / [(A—A Wl (y) - yy] ds, + o(e?).
m=1 9Bm

Proof. We will prove the result for a single defect centered at the origin then by using

translation and summing a finite number of such inhomogeneities, the asymptotic
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result follows. Letting (w,,v.) = A (w,,v,), we have that

Ao((wT, vr); (we — w, v — v) = (Ao — Ae) ((wT, vr); (we, UE))
= (Ao — Ao) ((wr,v); (we — w — ew(0)wM, v, — v)) (4.36)
+(Ao — Ad) (wr, v7); (w + ew(0)w™, v)).

Recall that by elliptic regularity we have the for any ) such that eB C 2 C D
the eigenfunctions are in C'(€). Using this along with the support of A — A, and

Corollary 4.3.3 we can now estimate the first term

‘(Ao — Ae)((wT, vr); (we — w — ew(O)w(l), Ve — v))|

= /(A — A))Vw, - Vu, — w — ew(0)w® dzx
eB

< Cllwel| e lfwe — w — ew(0)w™ || 1p)

S 06d+1 | |UJT | |Cl (Q)
We now consider the second term of (4.37) which is given by

(Ao — Ao) ((wr, v, ); (w + ew(0)wV, v)) = /(A — A))Vw, - Vu + ew(0)w® dz
= /(A — A)Vw, - Vi dz + EW/(A — AV, - Vo dz

eB De

= el(A — A)|B|Vw,(0) - Vw(0)

+ cw(0) / (A= AV, - Vo dz + ofe)

eB
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where we have used Taylor’s expansion about the origin to estimate the first inte-
gral. Now by the divergence theorem we have that the volume integral involving the

eigenfunction and the corrector is given by

e/(A—Al)VwT-dex:e/wT(x)v.<A_A1>vW(x/e) da

eB eB

+e / w, () [(A — AV (z/e) - vy| ds,.

d(eB)

Now by rescaling the second integral for z = ey and using a Taylor’s expansion we

have that integration is given by

e/(A — AV, - Vu® dz = ¢! /wT(ey)V (A= AV (y) dy

eB B

+¢e%w,(0) / [(A — AV (y) - v, | ds, + o(e?)

0B

proving the result. ]

Now we have all we need for an asymptotic formula for simple transmission

eigenvalues. Notice that %TO(T) = —;12A5 'C, therefore we have that

72 (dL‘ZTTO(T)(wT,m, (wT,vT)) = —C((wr,v:); A (wr, 7))

For convenience let the constant

= | (A= A)veD(y) v, ds, (4.37)
g a}!ﬂ[ v) v

Therefore we have that simple transmission eigenvalues have the expansion.
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Theorem 4.3.9. Let (w,,v,) be the eigenfunctions for the unperturbed media where
e = 0 with simple transmission eigenvalue T and define (w,v) = Ay (wy,v,), then

we have that

y i (A — A)| B Vo, (201) - V(z) + uttr () w(2)

1 —C((wy,vr); (w,v)) o)

Te =T+ T€

m=1

where gy, is given by (4.37) and
C((wT,vT); (w,v)) = /AmmwTU — v, vdz.
D

The asymptotic formula given in Theorem 4.3.9 can potentially be used to
determine the strength of the small defective region(s). Notice that the MUSIC
algorithm discussed at the beginning of the chapter gives the location of the defect(s)
and recall that by Theorem 2.2.1 we have that the transmission eigenvalues for the
perturbed media 7. can be measured from scattering data, where as the transmission
eigenvalues 7 and eigenfunctions (w,, v, ) for the unperturbed media can be computed
since A and n are assumed to be known. To use the asymptotic formula in Theorem
4.3.9 one also needs the functions (w,v) = Ay'(w;,v,) which can be solved for(e.g.
using the FEM) since A and (w,,v,) are known. Having identified the location of
the defect(s) from the MUSIC algorithm (i.e. the points z,, are known) one could
devise a Least Squares Method to reconstruct the strength of the defect(s) which is
given by (A,, — A)|B,,| and ¢,,,. Notice that the strength of the defect(s) only depend
on the constitutive coefficients and geometry of the defect(s).

For completeness we now consider a few examples to illustrate the convergence

of the transmission eigenvalues as € — 0. To this end, let the matrix valued coefficient
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for the unperturbed media be given by

We will denote the first transmission eigenvalue for the unperturbed media by k; and
the first transmission eigenvalue for the perturbed media by k(€). To compute the
transmission eigenvalues we use a continuous finite element method with the eigen-

value searching technique described in [39] (see also [77] and [79]) just as in Chapter 2.

Example 1. Let the domain D be a disk of radius 1 and the defect Dy be a disk
of radius € both centered at the origin. For this case we take n = n, = 1 for all
€. Below in Table 4.1 we display the first transmission eigenvalue for the perturbed
media where A; = (12.5)]. In Figure 4.6 we also give the plot of the norm of the
solution to the far-field equation (2.23) for k € [4, 5] with € = 0.5.

Table 4.1: Convergence of the first TE, k; = 4.4734. The order of convergence in
this example is approximately 1.48.

€ 0.5 0.4 0.3 0.2 0.1

ki(e) 4.4182 4.4356 4.4509 4.4629 4.470
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Averaged norm of the Herglotz kernel
o
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Wave number k

Figure 4.6: The first spike in the graph seems to matches up with the first trans-

mission eigenvalue for the perturbed media.

Example 2. Here we let the domain D = [—3, 3] and the defects are two disks of
radius € centered at (—1,1) and (1,—1). For this case we take n = 0.5, nyo = 0.15
and A; o = (1.5)I. Below in Table 4.2 we show the first transmission eigenvalue for
the perturbed media. We also give the plot of the norm of the solution to the far-field
equation (2.23) for k € [1,2] with e = 0.5 in Figure 4.7.

Table 4.2: Convergence of the first TE, k&; = 1.3156. The order of convergence in

this example is approximately 2.13.

€ 0.5 0.4 0.3 0.2 0.1

ki(e) 1.3312 1.3252 1.3209 1.3178 1.3161
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Figure 4.7: The first spike in the graph seems to matches up with the first trans-

mission eigenvalue for the perturbed media.

4.3.4 Remarks

In the previous sections we have shown the convergence of all the transmis-
sion eigenvalues(both real and complex). The asymptotic formula given in Theorem
4.3.9 can only be applied to simple transmission eigenvalues due to the analysis
of the non-linear eigenvalue problem. It is advantageous to construct an asymp-
totic formula that is valid for all of the transmission eigenvalues. We suggest a new
form of the transmission eigenvalue problem given by a linear eigenvalue problem
for a shifted eigenvalue parameter using which would avoid the non-linearity. In this

new formulation the transmission eigenvalue problem is: find 7. € C and nontrivial

(we,ve) € X(D) such that

-AE((wea UE); (gpl, 902)) - TEBE((UJE, UE)§ (901a 902)) =0 for all (9017 902) € X(D)
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where the sesquilinear forms in X (D) x X (D) are

Ae((we, ve); (1, @2)) = /AEng -V, —2AVw, - Vo, + Vo - Vi, dx
D

+n / NeWePy + VePy — 2N WPy dT
D

Be((we,ve); (g01,<p2)) = /n6w6¢1 + 0Py — 2nw Py dx
D

and the eigenvalue parameter 7. = k:e2 — 7. For the case where A, < I and n, < 1 we
can choose the parameter 1 independent of € such that A.(-;-) is uniformly coercive
with respect to €. This linear eigenvalue problem can be studied with standard

techniques to avoid the limitations in the non-linear analysis.
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Chapter 5

HOMOGENIZATION APPROACH TO THE TRANSMISSION
EIGENVALUE PROBLEM FOR PERIODIC MEDIA

The theory of homogenization is used to study differential equations with
rapidly oscillating coefficients. The rapid oscillations of the coefficients model the
constitutive parameters of a composite anisotropic material with a fine microstruc-
ture. The purpose of designing composite materials is to use two or more materials so
that the product will inherit the properties of the different components. We consider
the interior transmission problem associated with the scattering by an inhomoge-
neous (possibly anisotropic) periodic media. We use a homogenization approach
to arrive at the homogenized interior transmission problem and show that it is an
approximation of the original problem in some weak sense. Then we include the
bulk and boundary correctors to obtain strong convergence. We also show that the
real transmission eigenvalues of the periodic media converge to the real transmission
eigenvalues of the homogenized problem. Finally we show how to use the first trans-
mission eigenvalue of the periodic media, which is measurable from scattering data,
to obtain information about constant effective parameters of the periodic media. We
include in this investigation the cases for both isotropic and anisotropic materials,
since the transmission eigenvalue problem takes different forms. This part of the the-
sis is published as the article F. Cakoni, H. Haddar and I. Harris “Homogenization
approach for the transmission eigenvalue problem for periodic media and application

to the inverse problem” (Accepted) Inverse Problems and Imaging.
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5.1 The Scattering Problem for Highly Oscillating Media

We consider the scattering problem for an inhomogeneous (possibly anisotropic)
periodic media in the frequency domain. The governing equations have rapidly os-
cillating periodic coefficients which typically model the wave propagation through
composite anisotropic materials with a fine microstructure. Such composite mate-
rials are at the foundation of many contemporary engineering designs and are used
to produce materials with special properties by combining in a particular structure
(usually in periodic patterns) different materials. Mathematically it is desirable to
understand these special properties, in particular the macrostructure behavior of the
composite materials which is achievable by using a homogenization approach [7],
[74]. The homogenization for the direct scattering problem for a periodic media is
studied in [26]. Our concern here is with homogenization of the transmission eigen-
value problem corresponding to media with rapidly oscillating periodic coefficients.
It has already been shown in [20] and Chapter 2 Theorem 2.2.1 that transmission
eigenvalues can be determined for the scattering data and they provide information
about the material properties of the scattering media. In this study the goal is to un-
derstand what kind of information the real transmission eigenvalues hold for periodic
materials.

More precisely, let D C R be a bounded simply connected open set with
Lipschitz boundary 0D. Assume we have a symmetric coefficient matrix A(z) €
L> (D,R*™) that is positive definite and n(z) € L** (D) such that n > 0. When
we study the convergence using boundary correctors we will need to augment the
regularity assumptions on the coefficients and boundary. Let € > 0 be very small in
comparison to the size of D and let Y = (0, 1)? be the rescaled unit periodic cell.

Furthermore, we assume that both A(y) and n(y) are periodic in y = x /e with period
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Y (here x € D is refer to as the slow variable where y = /e € Y is referred to as

the fast periodic variable). Let us introduce the following notations:

inf inf € A(y)¢ = Apin >0  and  supsup & - A(y)€ = Apae <00 (5.1)

yeY [§=1 yeyY |¢|=1
inf n(y) = Npin >0 and  supn(y) = Nypae < 0. (5.2)
yey yey

We recall the corresponding interior transmission eigenvalue problem for the anisotropic
media (d = 2 in electromagnetic scattering and d = 3 in acoustic scattering): find

(we, ve) satisfying

V-A(x/e) Vw. + k*n(z/e)w.=0 in D (5.3)
Avc+ k2. =0 in D (5.4)
we=v. on 0D (5.5)
ow, 0v,
= D )
v~ on 0 (5.6)
where 2% = . AVw. Note that the spaces for the solution (w,,v.) will become

Ovag
precise later on since they depends on whether A = I or not.

Figure 5.1: A periodic domain for three different values of e.

Definition 5.1.1. The values k. € C for which (5.3)-(5.6) has a nontrivial solution

are called transmission eigenvalues. The corresponding nonzero solutions (we, ve) are
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called eigenfunctions.

It is known that assuming roughly that A —1I or/and n—1 do not change sign
in D and are bounded away from zero real transmission eigenvalues exists [22],[29].
However the transmission eigenvalue problem is non-selfajoint and this causes com-
plications in the analysis particularly concerning the existence of the eigenvalues.
In this study we are interested in the behavior of eigenvalues k? and eigenfunctions
(we, ve) in the limiting case as € — 0. In particular, we are interested in the limit
of the real transmission eigenvalues since they are proven to exists and can be de-
termined from scattering data. For fixed € > 0, we denote by k.; > 0 the j-th real
transmission eigenvalue corresponding to the transmission eigenvalue problem with
A and n., and will investigate lim.,o k. ; for fixed 7 € N. Note that under our
assumptions the set of transmission eigenvalues is discrete, hence it is possible to
order the real eigenvalues in increasing order.

We are interested in developing the asymptotic theory of (5.3)-(5.6) as the

period size € — 0. To this end we need to define the space
Hy(Y) :={ue H'(Y)|u(y) is Y-periodic}
and consider the subspace of Y-periodic H'-functions of mean zero, i.e.

L(Y) = {u e HL(Y)| /Yu(y) dy = o}.

One expects (as our convergence analysis will confirm) that the homogenized or
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limiting transmission eigenvalue problem will be

V., ANV,w+Enaw=0 in D (5.7)
Av+Kkov=0 in D (5.8)
w=v on 0D (5.9)
ow ov
dua o on 0D, (5.10)

where

—

1 1
A= /Y (4ly) = AW)V,0() dy  and = /Y n(y)dy.  (5.11)

The so-called cell function ;(y) € H 4(Y') is the unique solution to
V, AV, =V, - Ae; in Y, (5.12)

where e; is the i-th standard basis vector in R%. We recall that it is well known that
the homogenized (otherwise known as effective) anisotropic constitutive parameter

of the periodic medium Aj, satisfies the following estimates [2]

-1
|—}1/|/A1(y)dy £ ESAE-EL |—}1/|/A(y)dy ¢ £eC’ (5.13)

Y Y

hence (5.1) and (5.2) is also satisfied by A, and ny,.
The question now is whether the eigenvalues k. and corresponding eigenfunc-

tions v, w, of (5.3)-(5.6) converge to eigenvalues and eigenfunctions of (5.7)-(5.10).
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For the Dirichlet and Neumann eigenvalue problem for periodic structures the ques-
tion of convergence is studied in details. In particular for these problems, the con-
vergence is proven in [52] and [53] and the rate of convergence with explicit first
order correction involving the boundary layer is studied in [49], [51], [65], [66] and
[75]. Given the peculiarities of the transmission eigenvalue problem such as non-
selfadjointness and the lack of ellipticity, the above approaches cannot be applied in
a straightforward manner. Furthermore the transmission eigenvalue problem exhibits
different properties in the case when A # [ or A = I , hence each of these cases
need to be studied separately [27]. We remark that the existence of transmission
eigenvalues in general settings is proven in [59], [60] and [73], and the existence of an
infinite set of real transmission eigenvalues along with monotonicity properties are
proven in [22] and [29]. In the next section we justify the formal asymptotic for the
resolvent corresponding to the transmission eigenvalue problem using the two scale
convergent approach developed in [1]. This is followed by the proof of convergence
results for a subset of real transmission eigenvalues. The last section is dedicated to
some preliminary numerical examples where we investigate convergence properties
of the first transmission eigenvalue and demonstrate the feasibility of using the first
real transmission eigenvalue to determine the effective material properties A; and

np.

5.2 Convergence of the interior transmission problem

We start with the study of the convergence of the solutions to the interior
transmission problem for highly oscillating media to the solution of the corresponding
homogenized interior transmission problem. The approach to study the interior

transmission problem depends on whether A(y) # I for all y € Y or A(y) = I.
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5.2.1 The case of A(y) # [
We assume that A,,;, > 1or 0 < A4, < 1in addition to (5.1) and (5.2). For
fe and g. in L?(D) strongly convergent to f and g, respectively, as ¢ — 0 we consider

the interior transmission problem of finding (w,v.) € H'(D) x H'(D) such that

V-A(x/e)Vw. + k*n(z/e)w.=f. in D (5.14)
Ave+k*v. =g, in D (5.15)
we=v. on 0D (5.16)
ow, O,
dua on O0D. (5.17)

The following result is known (see [11] for the proof).

Lemma 5.2.1. Assume that Apin > 1 0or 0 < Apee < 1 then the problem (5.14)-
(5.17) satisfies the Fredholm alternative. In particular it has a unique solution

(we,v.) € HY(D) x HY(D) provided k is not a transmission eigenvalue.
The following lemma is proven in [22] and [27].

Lemma 5.2.2. Assume that Apin > 1 010 < Apee < 1 and eithern =1 orifn # 1
and /(n(y) —1)dy # 0 then the set of transmission eigenvalues k € C is at most

Y
discrete with +00 as the only accumulation point.

Note that (5.13) implies that A, — I is positive definite if A,,;, > 1 and I — A,
is positive definite if A,,,, < 1.

To analyze (5.14)-(5.17) we define the variational space

X(D) = {(w,v): w,v € H(D)|w—v € Hy(D)}
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equipped with the H*(D) x H'(D) norm and assume that k is not a transmission
eigenvalue for all € > 0 small enough. Let (we,v.) € X(D) be the solution of (5.14)-
(5.17) for € > 0 small enough (for € = 0 we take the interior transmission problem
with the homogenized coefficients A; and ny) and assume that (w,v,) is bounded
in the X (D)-norm with respect to € > 0 (this assumption will be discussed later in

the paper). This solution satisfies the variational problem

/AEVw€ V@, — V- Vg, — k2 (ncwp, — vip,) do = /9@2 dx — / fepdx (5.18)
D D D
or all (p1,¢2) € X(D). Hence we have that there is a (w,v) € X (D) such that
a subsequence (w,,v.) — (w,v) in X(D) (strongly in L*(D) x L*(D)). We now
show that (w,v) solves the homogenized interior transmission problem. We adopt
the formal two-scale convergence framework: we say that a sequence a. of L*(D)

two-scale converges to a € L?(D x Y) if

[ acctwotasair 7 [ [ ataewowyis

for all ¢ € L*(D) and ¢ € Cx(Y) (the space of Y-periodic continuous functions).
From [1, Proposition 1.14] there exists wy and vy, € L*(D, Hj(Y')) such that (up to a
subsequence), Vw, and Vv, respectively two-scale converge to V,w(x) + V,w;(z,y)
and V,v(z) + Vyvi(z,y). Let ) and 0y in C5°(D), ¢1 and ¢y in CF(Y) (V-periodic
C* functions) and (11, 12) € X(D). Applying (5.18) to (1, p2) € X(D) such that
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vi(z) = Y;i(x) + €b;(x)p;(x/€), i = 1,2 then taking the two-scale limit implies

/ / Aly )+ Vywn(z,y)) - (Vin () + 61 () Vs () dyde
- / / (Vo(@) + Ty (@) - (Vea() + 62(2) V()

=2 [ [ ntgul@inte) - o@)ate)dyds = / 2)nla) — £ () (2) da
DY
(5.19)
Taking 11 = 15 = 0 one easily deduces
wy(z,y) = —(y) - Vw(z) + w1 (z) and vy (z,y) = 1 (z). (5.20)

Then considering again (5.19) with 6; = 6, = 0 implies that (w,v) € X (D) satisfies

/Ath Vb — V- Viby — K2 (npwipy — vihy) d = /gwg dx — /fwl dx (5.21)
D

D D

which is the variational formulation of the homogenized problem

V- A4Vw+knyw=f in D (5.22)
Av+kv=g in D (5.23)
w = v and 861)/1:,1 = % on OD. (5.24)

The above analysis was based on the assumption that the sequence that solves (5.14)-
(5.17) is bounded with respect to € > 0. Now we wish to show that any sequence

that solves (5.14)-(5.17) is indeed bounded independently of € which will guaranty
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that there is a weakly convergent subsequence whose limit solves (5.22)-(5.24).

Theorem 5.2.1. Assume that either Ay > 1 or 0 < Apee < 1 and that k2 is
not a transmission eigenvalue for € > 0 small enough. Then for (we,v.) solving

(5.14)-(5.17) there exists C' > 0 independent of (fe, gc) and € such that

well oy + |[vell oy < C (I1fellz2py + 19el|2(p)) -

Proof. We will prove that (5.14)-(5.17) satisfies the Fredholm property following the
T-coercivity approach in [11]. To this end we recall the variational formulation (5.18)
equivalent to (5.14)-(5.17). Let us first assume that A,,;, > 1, which means that

A. — I is positive definite in D uniformly with respect to € > 0, and define the
bounded sesquilinear forms in X (D) x X (D)

ae((wm 'Ue>; (()017 902)) = /Aevwe : v¢1 + Aminwet@l dxr — /V?Je : v¢2 + UE@Q dx
D D

bﬁ((wﬁ,ve); (o1, 302)) = — /(k2n€ + Apmin)wep, — (B 4+ Vg, do
D

Then (5.18) can be written as

ac((we, ve); (@1, 02)) + be((we, ve); (1, 02)) = Felipr, ¢2)

where F,(p1, ¢2) is the bounded conjugate linear functional on X (D) that is bounded
independently of €, defined by the right hand side of (5.18). Let us define by A, :
X(D) - X(D) and B, : X(D) — X(D) the bounded linear operators defined by
ae((we,ve)) and be((we,ve)) by means of the Riesz representation theorem. It is

clear that B, is compact. We next show that A. is invertible with bounded inverse
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uniformly with respect to € > 0. To this end we consider the isomorphism T(w,v) =
(w, —v+2w) : X(D) — X(D) (it is easy to check that T = T~'). Using this we now

show that ac((we, ve); T(¢1, ¢2)) is coercive in X (D). Therefore we have that

‘ae((we,ve);T(we,ve))‘ > /A6Vw6.V@€+Amm\we\2dx+/|V116]2+\v6|2dx
D

D

- 2 /VUE - Vw, + v, dx
D
But we can estimate
1
Q/Vve -V, + v, dz| < 5||w€||%{1(D) + 5||v6||§{1(D) for any ¢ > 0.
D

Hence we obtain that
1 2 2
‘QG((wevUe)S T(weave))‘ > | Amin — 5 ||w6||H1(D) +(1- 5)HUEHH1(D)

So for any § € (A%, 1) we have that there is a constant a > 0 independent of €
such that

@ (e 03 P v0) | = @ (lhel s oy + el oy ) -

Next we assume that A,,,, < 1 which means that I — A, is positive definite in D

uniformly with respect to € > 0. Similarly we define
ae((we, ve); (1, 2)) = /AGVw6 Vo1 + Apaewepr do — /Vv6 - V@3 + veps dx
D D

be((we,ve); (1, @2)) = — /(/<:2nE + Amae ) WP — (B 4+ Do gy dr

D
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and the corresponding bounded linear operators A, : X(D) — X(D) and B, :
X(D) — X(D). To show that A, is invertible we now consider the isomorphism
T(w,v) = (w—2v, —v) : X(D) — X (D) (it is easy to check that T = T~!). We then
have that

}as((ws,ve);’]r(w,v))’ > /AEVwE VW, + Apaz|we|? do + / Vo + |ve|? do
D D

- 2 / ANVw, - VU, + ApgaWUe dx|
D

Using that A, is symmetric positive definite we have that for any § > 0

Amax
2/AEV’LUE'V@CZ$ g&/AEVwG-VEEd:c—l— 5 /|Vv\fda:.
D

D D

We also use that for any g > 0

— Agnax
2/Ama:tw€ve dr| < THU}EH%Z(D) +MHU€H%2(D)
D

Form the above estimates we see that

Amax
(00T )| 2 A (1= 0) IVl gy + (1= 22 ) |Vl

Amax

A (1 _ ) el ooy + (1 — )l B

So for any 1,0 € (Amaz, 1). Hence A7 : X(D) — X (D) exists for all € > 0 with
[|AZY | 2(x(py) bounded independently of .

In both cases, the above analysis also proves that the Fredholm alternative
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can be applied to the operator (A, +B,) and equivalently to (5.14)-(5.17). Therefore
if k2 is not a transmission eigenvalue for € > 0 we have that there is a constant C.
that does not depend on (f, g.) but possibly on € > 0 such that the unique solution
(we, ve) of (5.14)-(5.17) satisfies

wel|z2py + |Jvellr2(py < Ce (| fellz2py + 119l r2()) -
The above analysis shows that if (w,, v.) € X (D) solves (5.14)-(5.17) then
(I+ Ko)(we, ve) = (e, Be),
where K, is compact such that
K (we, ve)l|xpy < My ([lwell 2y + vell2(py) 5 (5.25)
and (ae, Bc) € X(D) is such that
evel |1 oy + |1Bell oy < M ([ fell 2oy + 19ell2()) (5.26)

with M; and M, independent of ¢ (Note that (5.25) holds for K, = A_'B, since
obviously ||B.(we, ve)||x(p) is bounded by the L?*(D) x L*(D) norm of (w,,v,) and
A7 | 2(x(py) is uniformly bounded with respect to €).

Next we need to show that C. is bounded independently of €. Assume to the contrary

that C is not bounded as ¢ — 0. If this is true we can find a subsequence such that

we|lL2(py + Vel L2y = Ve (|| fellL2(Dy + 19el | 22())
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where the sequence y.—00 as € — 0. So we define the sequence (., o) € X(D)

- We .
We 1= and v, 1=
||we|[L2(py + [|ve] | L2(p)

Ve

[well 20y + [|vel[L2p)

Note that ||We||r2(py + [|Ue||2(py = 1 and we have that (., ?c) solves (5.14)-(5.17)
with (f., g.) € L*(D) x L*(D) given by

3 fE Je

fe = and g, := _
lwel|z2(py + |[vel|L2(p) ||wel|z2(py + |[vel|L2(p)

Notice we have that ||ﬂ||Lz(D) +11Gell 20y < %—>0 as € = 0. Now from (5.25) and
(5.26) we have that (I + K.) (i, ) = (e, ). Therefore for all e sufficiently small

@[ 1Dy + Vel 12 (D) < |IKe(e, D) || x(py + (A, Be)l|x(D),
< My ([[@c]| 2oy + 1|0ell22(py) + Mo <||fe||L2(D) + ||§6HL2(D)> :

< My + M.

Since M; and M, are independent of € we have that (w0, 0) is a bounded sequence
in X (D) and therefore has a subsequence that converges to (w,?) weakly in X (D)
(strongly in L?(D) x L*(D)). Also we have that (w,v) solves (5.22)-(5.24) with
(f,g) = (0,0). Since k? is not a transmission eigenvalue for ¢ = 0 we have that
(w,7) = (0,0) which contradicts the fact that ||@||r2(py +|0]|r2(py = 1 which proves
the claim. [

Notice that Theorem 5.2.1 gives that any sequence (we, v.) that solves (5.14)-
(5.17) is bounded in X (D) since f, and g, are assumed to converge strongly in L*(D).

We can now prove the following convergence result based on the above analysis.
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Theorem 5.2.2. Assume that either A, > 1 or Apes < 1 and that k is not a
transmission eigenvalue for € > 0 small enough. Then we have that (we,v.) solving
(5.14)-(5.17) converges weakly in X (D) (strongly in L*(D) x L*(D)) to (w,v) that
is a solution of (5.22)-(5.24). If we assume in addition that w € H*(D) then, v,
strongly converges to v in H'(D) and w(z) — w(x) — ew;(z,x/€) strongly converges

to 0 in HY(D) where wy(z,y) := —(y) - Vw(z).

Proof. The first part of the theorem is a direct consequence of the above analysis
and the uniqueness of solutions to (5.22)-(5.24). The corrector type result is ob-
tained using the T-coercivity property as follows. We first observe that, due to the
strong convergence of the right hand side of the variational formulation of interior

transmission problem, we have that
(ac + be) ((wﬁv ve); T(we, ve)) — F(T(w,v)) = (a+b) ((w7 v); T(w, U))

as € — 0 where a and b have similar expressions as a, and b, with A, and n, respec-
tively replaced by A;, and n, and F' has the same expression as F, with f. and g,

respectively replaced with f and g. The L? strong convergence implies that
be((we,ve);T(we,ve)) — b((w,v);T(w,v)).

We therefore end up with,
ae((we,ve);T(we,vg)) — a((w,v);T(w,v)) (5.27)

as € = 0. Let us set w{(z) := wy(z,x/€). From the expression of w; one has (see for
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instance [65])

61/2Hwi|lH1/2(8D) <C

for some constant C' independent of €. Therefore we can construct a lifting function

v§ € HY(D) such that v{ = w§ on 9D and
el[vill iy — 0 as € = 0. (5.28)

Now, taking as test functions ¢, = W, and ¢y = 0, where W (z) := w(x)+ew (x, x/€)

and 0.(z) := v(z) + evi(z), one has
(ac + be) ((we, ve); T(e, o)) — F(T(w,v)).

Using the two-scale convergence of the sequences w, and v, together with the form

(and regularity) of w; as well as (5.28), we easily see that

be((we,ve);T(we,ﬁe)) — b((w,v);T(w,v))

while
ae((we,vg);'ﬂ'(tbe,ﬁg)) — L(w,wy,v)
with
1
L(w,wy,v) = m// )+ Vywi(z,y)) - (Vw(z) + Vo (x,y))dyde
DYy

+ [ |Vo(2))? + Apinw(@)? + [v(2)|* — 2V (2)Vo(z) — 2w (x)v(z)dx

b\
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in the case A,,;, > 1 and

L(w, w1, v) = % / / AW (V) + Vyun (e, 9)) - (V) + VT (@, ) dyde
1 _
— ZWD/Y/A(y)(Vw(I> + Vywi(z,y)) - Vo(z)dydx

+ / [Vo(@)|* + Aminlw(@)* + [0(2)* — 2AmnT(2)w(z)dz

in the case A,,.. < 1. Hence we can conclude that
F(T(w,v)) = L(w, wy,v) 4+ b((w,v); T(w,v))

and therefore

a((w,v); T(w,v)) = L(w, wy,v). (5.29)

Using (5.27) and (5.29) and the T-coercivity, we can apply similar arguments as in [1,
Theorem 2.6] to obtain the result. Indeed, the T-coercivity shows that it is sufficient
to prove that

ae((w6 — We, Ve — v); T(we — We, ve — v)) — 0. (5.30)

Now, using the two-scale convergence of the sequences v, and w,, we observe that

each of the quantities
ae((we,vg);']l‘(we,v)), ae((we,v);']l‘(we,ve)) and ae((we,v);']l‘(ﬁ)e,v))

converges to L(w,wy,v)
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Finally, using (5.27) we can conclude that
ae((we — We, ve — v); T(we — We, ve — v)) = a((w,v); T(w,v)) — L(w, wy, v)

and then the result is a direct consequence of (5.30). [

Remark 5.2.1. The same convergence analysis holds for the interior transmission

problem formulated as follows

V-A(z/e)Vw, +En(z/e)w.=0 in D
Av,+k*v.=0 in D

we —ve=fo on 0D
ow, B 0,
aVA6 ov

=g. on 0D,

where (fe,g.) € HY?(OD) x H~2(dD) is strongly convergent to (f,g) and e — 0.
This formulation is closer to what arises from the scattering theory from periodic
media [14]. From the Introduction we see that f. = u’ and g. = %—’5
5.2.2 Boundary Corrector and Convergence Rate for A(y) # [

To establish a convergence rate for the interior transmission problem we con-
struct boundary correctors for problem (5.14)-(5.17) for f. = f and g. = ¢ (i.e.
independent of €). The boundary correctors are needed since the boundary 9D dis-
rupts the periodicity or the material and causes the gradient of w. to be highly

oscillatory . Now we define u, := A (z/€) Vw,, where we assume that

ue(x) = u(O)(xvy) + 611(1)({13’ y) + EQU(Z)(:an) +oe
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therefore we have for a fixed f and g in L?*(D) that
V-u +kn(z/e)we=f in D. (5.31)

We then us the chain rule to rewrite the partial differential equations for w,
and u.. To do so we use the definition of the multi-scale gradient operator given by
V=V,+ %Vy. We now have that by using the multi-scale gradient operator and

our asymptotic expansions collecting similar powers of ¢ we have that

v, -u® =0 (5.32)
u® = A V,w+ AV, w0, (5.33)
V, u? 4+ v, uV = —knw+ f (5.34)

It has been shown that wy(z,y) = —¢(y) - V,w(x) therefore
u® = (A, — AV,)V,w,

where the components of 7; are defined by (5.12). Taking the average of u® over
the cell Y gives 1120) = A,V,w. Using this and (5.32) we can obtain that u¥, to
this end let ¢(z,y) € (H;(Y})d be the solution to

vV, x q(z,y) =u® — uglo)

which exists since u(® — uglo) is divergence free in the y variable where in R? the V x
is the rot of the scalar function ¢. Then let u") = V, x ¢(z,y), which gives that
(5.34) is satisfied by taking an average over Y. For the convergence we have seen

that one does not need to construct v; in the expansions of v, since it satisfies the
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Helmholtz equation. Due to the boundary condition (5.6) we will need to correct
at the Neumann boundary condition for v.. We now need the boundary correctors

given by

V-A(x/e) V. + k*n(z/e)p.=0 in D (5.35)
A¢p.+ k¢ =0 in D (5.36)

(0) _ (0
Ye — ¢ = —w; and a@goe — %¢E = <uh 4o u(1)> v on 0D (5.37)
Vs v €

Notice that the Neumann boundary condition is given by gyﬁ — 9 — (V X

ov
q) - v, where the full curl is given by Vx = V, X —i—%Vyx. We now define the

preliminary error function as

2d =W —w — ewy and 20 =0 —v

ne = AVw, — u® — eu® and n. = Vv, — Vo.

From straight forward calculations using (5.32)-(5.34) and using the multi-scale gra-

dient we obtain that

AVzY =t = u? — A Vw - € (A Vuw, —u)
1

= u® - ANV, w — € (Aevxwl + -A NV, w; — u(l))
€

= € (u(l) — Aevxwl) )
From the definition of u® and w; we have the following estimate

1AV 2 — 0¥l 22y < Cél|wl|m2(p) (5.38)
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since ¢(x,y) can be chosen such that

0w
a&:ial’j

sup[u®] < € (z
i,J

yey

+ Iw!)

Similarly we have that since u¥ = V, x ¢(z,y) that

where the constant C' is independent of ¢ and w.

V.nd = V-AVw, —V-u? —ev.u
= —knawc+ f-V,-u? -v, - ul
= —k*n(w. —w)

= —k*n.z" + ek*now (5.39)
and it is clear that
Vz! —n’=0 and V-n'=—k*2".

Theorem 5.2.3. Let the pair (w.,v.) be the solution to (5.14)-(5.17) with (w,v)
being the solutions to (5.22)-(5.24) such that w € H?(D), and the boundary correctors
(e, @c) are solutions to (5.35)-(5.37). If A. — I is positive (or negative) definite and

k? is not a transmission eigenvalue for € > 0 sufficiently small then we have that
[we = w = e(wr + @)l m1(p) + [[ve = v = €dell () < Cel|wlm2(p)

where the constants C' is independent of € and w

Proof. To prove the result we will use a duality argument, to this end let ¢(-) € X (D)’
(the dual space of X (D)) where we let (ae, ) € X(D) be the solutions of the
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variational problem

/Aevae Vo1 — VB - Vg — /f2(n6046901 - 56902) dr = 6(9017 902)~
D

Notice that the error functions 2’ — ep. and z! — €p. have the same trace on the

boundary dD. Therefore we have that

Uz = epe, 20 — €¢c) =

/AGVCV6 VY — VB - V2! — k*(neaz? — B.2Y) dr

D

e / AVa, Vo, — VB, -V, — K (neawp. — fobe) da.
D

Now by using integration by parts on the second integral and using the Neumann

condition in (5.37) we have that

f(zé” — €Pe, 2¢ — €pc) =

/AEVoz6 Vz¥ = VB - V2! — kP (neaz? — Be2’) dx

D

—/oz6 <u§LO) —u®— eu(1)> -vds.

oD
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Notice that since A, is symmetric and that Vz! — n? = 0 we obtain

E(Zéu — €pe, 2, — €pc) =

/(AEVZZU — ") - Vae+n" - Vae—n" VB — k*(ncaez” — B.2") dx

D

— / o (u,(lo) —u® — eu(1)> -vds.

oD

Applying the Divergence theorem and using (5.39) gives that

/772“~Va€dx = —/aev-n?dw+/aen§“~yds

D D oD
= /ae(kznezé” — ek®nowy) dw
D
+ /oz€ (AEVw6 —u® — eu(l)) -vds
oD
and since V - ¢ = —k?2!
—/n:-Vﬁde = /BEV-nfdx— /ﬁgnf-yds
D D oD

= —//{:Zﬁez;’ dr — /aE(VvE — Vv) -vds.

D oD

(5.40)

(5.41)

(5.42)

Now by substituting (5.41) and (5.42) into (5.40) and noticing the cancelation of

the boundary integral by the boundary conditions(5.6) and (5.24) along with the

cancelations of the volume integrals gives that

6(’2:” = €P¢, ZZ - €¢€> = /(AEVZZ;U - 77?) -Va, — 6k2new1ae dzx.

D
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From the definition of w; we have the estimate

||n€w1||L2(D) S Cnmaac||w||H2(D)

therefore by (5.38) we can now conclude that

[0(2 — €pe, 2 — €de)| < Cel|w|| g2y || etel| (D)

Since k? is not a transmission eigenvalue for e sufficiently small we have that there

is a constant C' independent of € such that

l|ae|| 1oy + || Bel |0y < ClI|x Dy -

The result follows by dividing by |[¢||x(p) and taking the supremum over X (D)". [

Notice the if k? is not a transmission eigenvalue for ¢ > 0 sufficiently small

then we have that (5.35)-(5.37) is well posed and the boundary correctors satisfy

el + odimwy < C(lwrllzony + 1V % 0) - vlls-1720)

where the constant C' is independent of €, w; and ¢. It can be shown using interpo-

lation just as in [65] and [66] that

—-1/2

w1 grr29py < Ce™ 2 wl|m2(p).

Similarly as in [26] using integration by parts and a duality argument interpolation

yvields that (V x ¢) - v is bounded by the H?(D) of w in H~'(0D) whereas in L*(0D)

167



(V x q) - v is bounded by € !||w]||g2(p)y giving that
(V% q) - vl g-1720p) < Ce 2 |w]| 2y,

Therefore we have the following result.

Corollary 5.2.1. Let the pair (we,v.) be the solution to (5.14)-(5.17) with (w,v)
being the solutions to (5.22)-(5.24) such that w € H*(D). If A. — I is positive (or
negative) definite and k* is not a transmission eigenvalue for ¢ > 0 sufficiently small

then we have that
lwe = w = ews ||y + [[ve = vl py < Ce?[|w]|m2(p)

where the constants C' is independent of €.

Remark 5.2.2. Ezactly in the same way as in Appendiz 2 of [26] using duality just
as in Theorem 5.2.3 we have that the boundary correctors ¢, and ¢. are bounded in

L*(D) by ||w||g2(py therefore we have that
[we — wllz2(py + [lve = vl L2(p) < Cel[w||m2(p).

5.2.3 The case of A(y) =1
Here we now assume that either n,,;, > 1 or 0 < n,,. < 1. For the case where

A, = I the interior transmission problem becomes: find (w,,v.) € L*(D) x L*(D)
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such that

Awe+ k*n(z/e)we=0 in D (5.43)
Avc+k*v.=0 in D (5.44)

we —ve = fe on 0D (5.45)

8556 - g”; —g. on 9D (5.46)

for the boundary data (f., g.) € H>?(0D) x H'?(0D) converging strongly to (f, g) €
H32(0D) x HY/?(OD) as € — 0. Just as in the case for anisotropic media we require
that k% is not a transmission eigenvalue for € > 0 small enough. We formulate the
interior transmission problem for the difference U, := w, — v, € H*(D). Using the

interior transmission problem one can show that this U, satisfies

0 = (A+kn) — (A+ k) U in D (5.47)
where
_ 2 :
Ve = EIp— (AU6 +k neUe) in D (5.48)
_ 2 :
W, = ETp— (AUE +k Ue) in D (5.49)

Theorem 5.2.4. Assume that either (N — 1) > 0 or (Npee — 1) < 0 and U, €
H?(D) is a bounded sequence, then there is a subsequence such that U, — U in H*(D)
and (we,ve) = (w,v) in L*(D) x L*(D) (strongly in L},.(D) x L} (D)). Moreover

loc loc
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we have that the limit U satisfies

(A + Kny) e (A+K)U=0 in D, (5.50)
U=f and g—lj = on 0D, (5.51)
U=w—v, and (w,v) satisfy
Av+ kv =0 and Aw+ kE*npyw =0 in D, (5.52)
w—v=f and Z—ZJ — % =g on OD. (5.53)

Proof. Since U, is a bounded sequence in H?(D), from (5.48) and (5.49) we have that
(we, ve) is a bounded sequence in L?(D) x L?(D). Therefore we have that there is
a subsequence still denoted by (w,,v,) that is weakly convergent in L?(D) x L?(D).
So we have that for all ¢ € C°(D), there is a v € L*(D) such that:

0= /ve(Agoijz(p) dz <8 /U(Ago+k2g0) dx.
D D

This gives that Av+k?v = 0 in the distributional sense. By interior elliptic regularity
(see e.g. [81]) for all 2 C © C D and all € > 0 we have

Vel 1) < C

for some constant independent of € which implies (using an increasing sequence of do-
mains €, that converges to D and a diagonal extraction process of the subsequence)
that a subsequence v, converges to v strongly in L? (D). Next since w, = U, + v,

loc

and U, is bounded in H?(D), we have that w, converges to some w weakly in L*(D)
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and strongly in L (D). Now using the strong convergence we have that for all

¢ € C5°(D) such that supp(¢) C D we obtain that

0= /wﬁ(Ago + k*nep) do = /w(Agp + k*npp) dz,
D D

which gives that Aw + k?njw = 0 in the distributional sense. Now, the fact that
—k*(ne — Dw. = AU, + k*U., the weak convergence of U, to U in H*(D) and
the local strong convergence of w, to the above w imply that the limit U satisfies
(A + k*ny,) ﬁ (A+k*)U =0in D and U = w — v. Finally, integration by parts
formulas together with (5.45) and (5.46) guarantee that U := w — v satisfies the
boundary conditions (5.52) and (5.53) which ends the proof. O

The above result that connects w,, v. and U, with the respective limits requires
that U, is a bounded sequence. Next we show that this is the case for every solution to

the interior transmission problem. To this end, since (f., g.) € H*?(0D) x HY/?(0D)

there is a lifting function ¢, € H?(D) such that ¢€| op = Je and 88‘75;

op = ge and

1éellm2(0) < C (11 fellusr2 o) + 19el lir/2(0m)) (5.54)

where the constant C' is independent of € and ¢, — ¢ strongly in H*(D) where
ng!aD = f and %L?D = g. Now following [22] and [27] we define the bounded
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sesquilinear forms on HZ(D) x HZ(D):

—_

(Au+ k*u) (AP + k*p) + k'up dz, (5.55)

ne — 1

D

A (u,p) = / e (Au+ k*u) (AP + k*P) + AuApdz, (5.56)
D
/VU~V¢dx. (5.57)
D

With the help of the lifting function ¢., we have that u, € HZ(D) where U, = u, + ¢,

and that u, solve the variational problems

Ac(ue, ) — k:QB(ug, @) = Lc(p) (5.58)
ﬁﬁ(“ﬁa 90) - sz(uea @) = ze(@) (559)

where the conjugate linear functionals are defined as follows

L(p) = k*B(de, ) — A(de,9)  and  Le(p) = E*B(de, ) — Ac(de, ).

Let A, : HXD) — H2(D), A, : HX(D) — H2(D) and B : H3(D) — HZ(D) be
bounded linear operators defined by the sesquilinear forms (5.55), (5.56) and (5.57)
by means of Riesz representation theorem. Obviously B is a compact operator and
it does not depend on €, and furthermore ||B(uc)| z2(py is bounded by ||uc||g1(p). In

[27] it is shown that A.(-,-) is coercive when ﬁ >« > 0 for all € > 0 (which is

o~

satisfied if npin > 1) whereas Ac(-,-) is coercive when "< > a > 0 for all € > 0

(which is satisfied if 0 < 7,4, < 1) and furthermore the coercivity constant depends

only on D and a. Hence A;l exists if n,,;, > 1 and :Ase_l exists if 0 < nypee < 1 and
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their norm is uniformly bounded with respect to e.

Theorem 5.2.5. Assume that either n,, > 1 or 0 < Npe < 1, and that k is
not a transmission eigenvalue for ¢ > 0 small enough. If U, € H*(D) is a solution

to (5.47) such that U, = f. and 86% = g. on 0D, then there is a constant C > 0

independent of € > 0 and (f., gc) such that:

HU6HH2(D) <C (erHH3/2(aD) + ngHH1/2(aD)) .

Proof. First recall that U, = u, + ¢. where u, € HZ(D) satisfies either (5.58) or
(5.59) and ¢, € H*(D) satisfies (5.54). Therefore it is sufficient to prove the result

for u.. From the discussion above we know that u, satisfies
(T — K°K)(ue) = a. (5.60)

where K. = A7'B and o, € HZ(D) is the Riesz representation of L if 1, > 1, and
K, = ,&;1183 and o, € HZ(D) is the Riesz representation of L if 0 < nypay < 1. In

both cases

| Ke(ue)|| 20y < Mi|ue|| 1Dy

and

aellz2(py < Mo (||f6||H3/2(8D) + ||gE||H1/2(8D))

with M; and M, independent of € > 0. Now since k? is not a transmission eigenvalue
for € > 0 (small enough), the Fredholm alternative applied to (5.60) guaranties the

existence of a constant C. independent of f, g. such that

el 20y < Ce ([ fell sr2om) + 19el 2 om)) -
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In the same way as in Theorem 5.2.1, we can now show that C, is bounded indepen-
dently of €. Indeed, to the contrary assume that C, is not bounded as ¢ — 0. Then

we can find a subsequence u, such that

HUeHHl(D) 2> Ve (HfGHH3/2(8D) + ngHH1/2(aD))

fE = —J~ and

HUEHHI(D) HUEH}]l(D)

. Hence we have that (f., jc) — (0,0) as € — 0 and (I—k%K,) (@) = d.

and v, — 0o as € — 0. Let us define the sequences . :=

ge =

Ge
’ ||U€HH1(D)

Hence

el |2y < K?||Ke(e)||m2(py + [|Gel| 2(p)

< Millid oy + Mz (1 fell-20p) + 1del 2y ) < My + Mo,

Hence . is bounded and therefore has a weak limit in HZ(D), which from Theorem
5.2.4 is a solution to the homogenized equation (5.50) with zero boundary data.
This implies that @ = 0 since k? is not a transmission eigenvalue for ¢ = 0 which

contradicts the fact that ||@||g1(py = 1, proving the result. O
We can now state the convergence result for the interior transmission problem.

Theorem 5.2.6. Assume that either Ny, > 1 0r 0 < Nypae < 1 and k is not a
transmission eigenvalue for € > 0 small enough. Let (we,v.) € L?*(D) x L*(D) be
such that U, = w. — v, € H?(D) is a sequence of solutions to (5.47) with (fe,g.) €
H3?2(0D) x HY*(OD) converging strongly to (f,g) € H*?(0D) x H/*(0D) as ¢ —
0. Then U. = U in H*(D) and (we,ve) — (w,v) in L*(D) x L*(D) (strongly in
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L} (D) x L7, (D)), where the limit U satisfies
(A + Kny) e (A+K)U=0 in D (5.61)
U=f and g—lj = on 0D, (5.62)
U=w—v, and (w,v) satisfy
Av+ kv =0 and Aw+k*npw =0 in D (5.63)
w—v=Ff and g—@j — % =g on 0D (5.64)

Proof. The result follows from combining Theorem 5.2.4 and Theorem 5.2.5 and the
uniqueness of solution for (5.61)-(5.62). O

5.3 Convergence of the Transmission Eigenvalues

Using the convergence analysis for the solution of the interior transmission
problem, we now prove the convergence of a sequence of real transmission eigenval-
ues of the periodic media, namely of those who are bounded with respect to the
small parameter €. The following lemmas provide conditions for the existence of real
transmission eigenvalues that are bounded in e.

Lemma 5.3.1. The following holds:

1. Assume that A, = I for all ¢ > 0 and either Ny, > 1 or 0 < Npes < 1.
There exists an infinite sequence of real transmission eigenvalues k?, j € N of
(5.3)-(5.6) accumulating at 400 such that

K (Nnaz, D) < K < K (Nyin, D) if  Mpin > 1
K (Nmin, D) < K < Kk (Nnae, D) if 0< Npae <1

where k(n, D) denotes an eigenvalue of (5.3)-(5.6) with A = I and n. = n.
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2. Assume that n. = 1 for all ¢ > 0 and either A,;y > 1 or 0 < Ajee < 1.
There exists an infinite sequence of real transmission eigenvalues k!, j € N of
(5.3)-(5.6) accumulating at 400 such that

kj(ama:m D) S kz S kj (amiru D) Zf Amin > 1
kj(amina D) S ki S kj(amaa:; D) Zf 0< Amaz < 1

where k?(a, D) denotes an eigenvalue of (5.3)-(5.6) with Ac = al and n. = 1.

Here j counts the eigenvalue in the sequence under consideration which may not
necessarily be the j-th transmission eigenvalue. In particular the first transmission

eigenvalue satisfies the above estimates.

Proof. The detailed proof of the above statements can be found in [22]. We remark
that the statements are not proven for all real transmission eigenvalues. For example
in the case of first statement, from the proofs in [22], real transmission eigenvalues
are roots of \;(7,n., D) — 7 = 0, where \;, j = 1..., are eigenvalues of some
auxiliary selfadjoint eigenvalue problem satisfying the Rayleigh quotient. The latter
implies lower and upper bounds for A; in terms of 7, and 7n,,.,, and these bounds
are also satisfied by the transmission eigenvalues that are the smallest root of each
Aj(T,ne, D) — 7 = 0. Same argument applies to the second statement also. In

particular the estimates hold for the first transmission eigenvalue. ]

The existence results and estimates on real transmission eigenvalues are more
restrictive for the case when both A, # I and n. # 1. The following result is proven
in [29] (see also [14]).

Lemma 5.3.2. The following holds:
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1. Assume that either ami, > 1 and 0 < Nypge < 1 07 0 < Qae < 1 and Ny, > 1.
There exists a infinite sequence of real transmission eigenvalues k!, j € N of
(5.3)-(5.6) accumulating at 400 satisfying

kj(amaxanmina D) é kﬁ < kj(aminanmama D) Zf Amin > 17 0< Nmaz < 1
k](aminvnmaxa D) S ki < kj (amaara Nmin, D) Zf O < Amax < ]-7 Nmin > 1

where k (a,n, D) denotes an eigenvalue of (5.3)-(5.6) with A. = al andn. = n.

2. Assume that iy > 1 and Npin > 1 07 0 < Qe < 1 and 0 < Ny < 1. There
exists finitely many real transmission eigenvalues kI, 7 =1---p of (5.3)-(5.6)
provided that N,q. s small enough. In addition they satisfy

0< kﬁ < k](amzn/QaD) Zf Amin > 1a Nmin > 1
0 < k! <k (tmaz/2,D) if 0< tmaz <1, 0< Nippae < 1

where k?(a, D) denotes an eigenvalue of (5.3)-(5.6) with A. = al and n. = 1.

Here j counts the eigenvalue in the sequence under consideration which may not
necessarily be the j-th transmission eigenvalue. In particular the first transmission

eigenvalue satisfies the above estimates.

Proof. The estimates follow by the same argument as in the proof of Lemma 5.3.1
combined with the existence proofs in [29]. In particular, the estimates can be
obtained by modifying the proof of Theorem 2.6 and Theorem 2.10 in [29] in a
similar way as in the proof of Corollary 2.6 in [22]. O

5.3.1 The case of A(y) # I

We assume that A,,;, > 1 or A, < 1in addition to (5.1) and (5.2) and let k.
be one of the transmission eigenvalues described in Lemma 5.3.1 and Lemma 5.3.2.
In particular {k.} is bounded and hence there is a positive number k& € R such that

k. — k as € — 0. Let (w,v) be a corresponding pair of eigenfunctions normalized
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such that ||we||z2(py + [|ve||L2(p) = 1. Notice from Section 5.2 that the transmission

eigenfunctions satisfy

Ac (e, ve); (1, 02)) =0 for all (p1,92) € X(D)

where the sesquilinear form A.(+;) is given by

Ae((wea ve); (1, 902)) = /Aevwe Vo, — Vo - Vo, — kez(newe¢1 — Vp,) dx.
D
Obviously if T : X (D) — X (D) is a continuous bijection then we have that the pair

of the eigenfunction (w,, v.) satisfies
Ac((we, ve); T(we, ve)) = 0. (5.65)

We will use (5.65) to prove that the sequence (we, v¢) is bounded in X (D). To do so
we must control the norm of the gradients of the functions in the sequence. Indeed,

assuming that A,,;, > 1 and letting T(w,v) = (w, —v + 2w) gives that

/AGVw6 -V, + |V |* — 2V, - Vo, dv = sz/nelwf + |ve]? — 2uaw, d, (5.66)

D D

which by using Young’s inequality gives that ||Vwe|[72 ) + [[Vve|[72 ) is bounded
independently of € > 0. Similarly in the case when 0 < A,,,. < 1 we obtain the
result using T(w,v) = (w — 2v, —v).

Therefore, in both cases we have that (w,, v¢) is a bounded sequence in X (D).
This implies that there is a subsequence, still denoted by (w,,v.), that converges

weakly (strongly in L?(D) x L*(D) to some (w,v) in X(D)). The L2-strong limit
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implies that [|w||z2(p) + [|v]|2(p) = 1 hence (w,v) # (0,0). Using similar argument
as at the beginning of Section 5.2 we have that k is a transmission eigenvalue, with
(w,v) in X (D) the corresponding transmission eigenfunctions, for the homogenized

transmission eigenvalue problem

V- -AVw+knw=0 and Av+k*v=0 in D, (5.67)

ow  Ov
dua o on 0D. (5.68)

Hence we have proven the following result for the transmission eigenvalue problem.

Theorem 5.3.1. Assume that either A,y > 1 or 0 < Anee < 1 and let k. be a
sequence of transmission eigenvalues for (5.3)-(5.6) with corresponding eigenfunc-
tions (we,ve). Then, if k. is bounded with respect to €, then there is a subsequence
of {(we,ve) ket € X (D) x R such that (we,ve) — (w,v) in X(D) <3trongly in
L*(D) x LQ(D)) and k. — k as e — 0, where {(w,v) ,k} € X(D) xR is an eigenpair
for (5.67)-(5.68).

5.3.2 The case of A(y) =1

In this case we assume that either n,,;, > 1 or 0 < N, < 1. Let k. be
an eigenvalue of (5.3)-(5.6) with corresponding eigenfunctions (w,v.) € L*(D) x
L*(D) such that u. = w, — v, € HZ(D). As discussed in Section 5.2.3, (w,v.) are

distributional solutions to:

Av, + k*v. =0 and Aw, + E’naw, =0 in D, (5.69)
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whereas u. € H3(D) solves

0 = (A+kn)——(A+kF)u in D, (5.70)
which in the variational form reads
1
/ . (Aue + kZue) (AP + kZnp) do =0 for all ¢ € Hj(D). (5.71)
Ne —
D
We recall that w,, v, and u,. are related by
Ve = —; (Au6+k2neue) in D (5.72)
k2(ne — 1)
_ 2 :
We = —m (Au6 + k ue) in D. (573)

Without loss of generality we consider the first real transmission eigenvalue k. := k!
and set 7. := (k.)?. Since the corresponding eigenfunctions are nontrivial we can
take ||ue||mi(py = 1, and in addition we have the existence of a limit point 7 for
the set {7 }e=0. Similarly to the previous case we wish to show that the normalized

sequence u, is bounded in HZ(D). We start with the case when n,,; > 1 and let
1

Nmaz—1

= a > 0. Taking ¢ = u, in (5.71) implies

1 2 27— T2n
Au, —R(Audic) + ——|uc|*dz =0
/n6_1| Ue| +n6_1 ( uu)—{—n€_1|u| T
D

Therefore, making use of Lemma 5.3.1 part 1, we have that:

Ne — 1 Nomin — 1 mu
D D

2 37 (i, D 27 (Namims D
/ Te (Au ) dz| < M /(Aue)md:v < m'm—“i’l)/|Vue|2dx.
" D
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Which gives that:

T(nmin7 D)2nmax 2T(nmina D)
O'/HAUEH%?(D) < nyo — 1 ||u€||%2(D) + mHVUeH%%D)-
Now since ||ue||g1(py = 1 and using that ||A - |[2(p) is an equivalent norm

on HZ(D) we have that u. is a bounded sequence. By the construction of (w,,v.)
we have that this is a bounded sequence in L?*(D) x L?(D). Note that a similar
argument holds if 0 < n,,4, < 1, by multiplying the variational form by —1. Now by
similar argument as in the proof of Theorem 5.2.4 we can now conclude the following

result.

Theorem 5.3.2. Assume that A, = I for all e > 0 and either Ny, > 1 07 Nypae < 1,
and furthermore let k. be a transmission eigenvalue for (5.3)-(5.6) with corresponding
eigenfunctions (we,v.). Then, if ke is bounded with respect to €, there is a subsequence
of {(we,ve) , ke } € (L*(D)x L*(D)) xRy such that (we,v) — (w,v) in L*(D)x L*(D)
and k. — k as € — 0, where {(w,v),k} € (L*(D) x L*(D)) x Ry is an eigenpair

corresponding to
Av+k*v=0 and Aw+Kn,w=0 in D, w—wv€ HF(D).

The proofs of both Theorem 5.3.1 and Theorem 5.3.2 simply depend on the
boundedness of the sequence of any real transmission eigenvalue in terms of €, there-
fore the proofs hold for all the eigenvalues that satisfy bounds stated in Lemma 5.3.1

and Lemma 5.3.2.

Remark 5.3.1. The transmission eigenvalues of the limiting problem (5.67)-(5.68)
satisfy the same type of estimates as in Lemma 5.3.1 and Lemma 5.3.2. Furthermore,

from the proof of Theorem 5.3.1 and Theorem 5.3.2 one can see that the limit k of
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the sequence {k.}, where each k. is the first transmission eigenvalue of (5.3)-(5.6), is

the first transmission eigenvalue of (5.67)-(5.68).

5.3.3 Notes on the Convergence Rate

In this section we provide a partial result on the convergence rate for the
transmission eigenvalues by appealing to Osborn’s theorem (see [69]) on the pertur-
bation of the spectrum of a compact operator. Our study is by no means complete
but we introduce the main ideas for the special case when the periodicity in only in
A(y) # I while n(y) is a constant different from one. For sake of presentation we
consider the case where A,,;, > 1 and n > 1, the same results can be proven for the
case when 0 < A, <1 and 0 < n < 1. As we will see the convergence rate of
the transmission eigenvalues is related to the convergence rate for the resolvent (i.e.
the interior transmission problem) which was studied in Section 5.2.2. To obtain
a corrector for the transmission eigenvalues one needs to analyze the limit of the
boundary correctors, which is still an open problem in general. We start by stating
the main result in [69] for the general analytic framework. To this end, suppose that
H is a Hilbert space with T, : H — H is a sequence of compact linear operators
such that T, — Ty in norm (the adjoint also converge in norm). Let Ay be a non-
zero eigenvalues corresponding to Ty with algebraic multiplicity m, now let E be the

spectral projection onto the m dimensional generalized eigenspace of T.

Theorem 5.3.3. Let ¢1,- -+ , ¢ be the normalized basis for R(E). Then there is a

set of eigenvalues {)‘e,j };’;1 and a constant C' such that

D=3 A - S (T~ To)6s,0))
=1 '

<l | o~

R(E)
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Consider the pair (w,v.) € H'(D) x H'(D) solving

V-A/nVw.—w.= f/n and Av.—v.=g in D
ow,  Ov,

We = Ve and = on oD

31/14E aV

with (f,g) € L*(D) x L*(D), which has been proven to exist uniquely in [17]. A
priori estimate proved in [17] gives that there exists C' > 0 independent of (f, g) and

€ with

fwel |z (py + Vel | 1Dy < C (HfHL?(D) + ||9HL2(D)) .

Now we define the operator T, : L*(D) x L*(D) — L*(D) x L*(D) such that
T.(f,9) = (we,v.). Notice that k? = 7. — 1 is a transmission eigenvalue correspond-
ing to (5.3)-(5.6) for n(y) = n (i.e. constant) provided that T.(w,,v.) = —Tie(we, Ve)-
We have that the operator T, is compact on L?*(D) x L?(D) due to the compact
embedding of H'(D) x H'(D) in L*(D) x L*(D). To use Theorem 5.3.3 to obtain a

convergence rate we still need to prove that T, — T in norm. We now assume that

we have that following elliptic regularity estimate:

Assumption 5.3.1. Let (w,v) € HY(D) x H*(D) be the solutions of

V-AL2Vw—nw=f and Av—v=g in D
ow v

Dn =3, on 0D

w=uv and

for (f,g) € L*(D) x L*(D) and where Ay, is the constant homogenized matriz. Then
(w,v) € H*(D) x H*(D) and satisfy the a priori estimate

Wl |20y + [0l 520y < C (| f1l22(D) + 9]l 22(D)) -
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If OD is C*? smooth, this regularity assumption is satisfied when A, = a1.
It can be proven by using standard regularity results for the difference u = w — v
which satisfies Au = *w — v+ f — g in D. Indeed we have that u € H}(D) and
Au € L*(D) therefore we have that v € H?(D) N H}(D), moreover we can conclude

that
ullz2py) < C (I1f1lz20) + 9] 2))

by standard elliptic regularity results. Now since (1 — a;)%% = 9 € H'2(9D) we

conclude that w € H?(D) and satisfies

w||z2py < C ([ fll20) + 191l 22(p)) -

The function v satisfies the same estimates by the triangle inequality. For the case of
a constant anisotropic matrix, one possible way to prove the regularity assumption
is to use an integral equation approach exactly as it is done in [38]. After a change
of variables in the equation for w and moving the source terms to boundary terms
by means of a volume potential which leads to H?(D) regularity. Then the result

follows from the mapping properties of the integral operators (see e.g. [63]).

Notice that by Remark 5.2.2 we have that

IN

(T = To)(f, | pogpyurepy < Cellwllazo)

IN

Ce (|1 £llz2) + llgllz2(y) -

This gives that T, — Ty in norm and therefore we may apply Theorem 5.3.3 to

the transmission eigenvalue problem. We also conclude that since R(E) is finite
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dimensional that

1 m
E; T TO ¢]7¢])<O€

where ¢; are the eigenfunctions for T, with eigenvalue 7. Notice that we also have
that ||T. — Tyl = || T — T§|| and therefore || T — T§|| < Ce. Therefore by appealing

to Theorem 5.3.3 we have the following result.

Theorem 5.3.4. Assume that either A, > 1 andn > 1 or 0 < Apee < 1 and
0 <n < 1. LetT =k*+1 where k. is a transmission eigenvalue corresponding
0 (5.3)-(5.6) and T = k* + 1 where k is a transmission eigenvalue corresponding

o (5.67)-(5.68) with algebmic multiplicity m. Then there is a set of eigenvalues
{k57j};1: such that |1 — L 5 L1 = O(e).

m Te
jzl €]

5.4 Numerical Experiments

We start this section with a preliminary numerical investigate the convergence
of the first transmission eigenvalue. To this end, we consider different A(y) and n(y)
and investigate the behavior of the first transmission eigenvalue k;(€) on €. More
specifically, we investigate the convergence rate of ki(e) to the first eigenvalue for
the homogenized problem k}(Ll). The first transmission eigenvalue for the periodic
media and homogenized problem is computed using a mixed finite element method
with an eigenvalues searching technique described in [77] and [79]. In addition we
show numerical example of determining first few real transmission eigenvalues from
the far field scattering data. This section is concluded with some examples of using
the first real transmission eigenvalue corresponding to the periodic media to obtain

information about the effective material properties of the homogenized problem.
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5.4.1 Numerical Tests for the Order of Convergence

We consider the case where the domain D = Br with R = 2 and for the first
example assume that the periodic media is isotropic, i.e. A. = I, with refractive
index

ne = sin?(27x, Je) + cos?(2mwy/€) + 2.

Obviously n, = 3. If the domain is a ball of radius two in R? separation of variables

gives that the roots of

do(k) = Jo (2k/mn) J1(2k) — /andy (2k/7m) Jo(2K)

are the transmission eigenvalues. Using the secant method we see that kg) ~ 2.0820.
The values of the first transmission eigenvalue for the periodic media for different

values of € are shown in Table 5.1.

¢ /3 1/4 1/5  1/6  1)7
ki(e) 2.0842 2.0834 2.0829 2.0828 2.0824

Table 5.1: First TEV for various € with A, = I and n. # 1

To find the convergence rate we assume that the error satisfies that
|k1(€) — k}(Ll)| = C'¢” which gives log (|k1(e) — k,(Ll)D = log(C) + plog(e)

for some constant C' independent of €. Using the polyfit command in Matlab we
can find a p that approximately satisfies the above equality. The calculations give

that in this case p = 2.1486 (see Figure 5.2).
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Figure 5.2: Here is a Log-Log plot that compares the log ’kl(e) — k,(ll)‘ to the line
with slope 2.

In the next example we keep the same domain D and take the periodic con-

stitutive parameters of the media

1 [sin?(zy/€) + 1 0
ne = sin?(2wry /€) 4+ cos®(2may/e) +2 and A, = = (w2/€)
0 cos?(zy/e) + 1

Notice that V, - Ace; = 0 which gives that A, = %[ and n;, = 3. In this case the first

do(k) = Jo (21@\/; ) J1(2k) — /npApdy (21:\/; ) Jo(2Kk)

is the first transmission eigenvalue k,(ll) for the homogenized problem which turns

zero of

out to be /{:,(Zl) = 1.0582. Similarly we use polyfit in Matlab to find a p such that
log (|k1(e) — kz}(Ll)D = log(C) +plog(e). In this case we calculate that p = 1.4421. The

results are shown in Table 5.2 and Figure 5.3.
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¢ 1 12 1/3  1/4 1/5  1/6
ki(e) 1.0592 1.0591 1.0587 1.0586 1.0584 1.0583

Table 5.2: First TEV for various € with A, # [ and n, # 1

Figure 5.3: Here is a Log-Log plot that compares the log |k (€) — k,(ll)‘ to the line
with slope

In these two examples the convergence rate seems to be better than of order
€. Notice that the boundary correction in these both cases does not appear since

there is no boundary correction if A = I and in the second example we have
V,-Aee, =0=19(y) =0

which yield no boundary correction. This is the reason that the homogenized problem
is a good approximation of the periodic media. We now wish to investigate the

numerical convergence rate when v (y) # 0. Hence take n, = sin®(27x; /€) + 2 and
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A, =TATT where

- cos(¢) —sin(¢) and A — 1 sin?(2maq/€) + 1 0

sin(¢)  cos(¢) 3 0 cos?(2mzy/e) + 1

with ¢ = 1 radian. We now compute the first transmission eigenvalue with coeffi-
cients n, and A.. Since now 1 (y) # 0 we can not compute analytically A, (one need
to dove the cell problem numerically in order to compute A;) and hence we do not
have a value for the first transmission eigenvalue of the homogenized problem. In
this case, in order to obtain an idea about the order of the convergence of the first

transmission eigenvalue we define the relative error as:

_ [Fi(e) = Fa(e/2)]
R.E. = n(e/2)

and find the convergence rate for the relative error is a similar manner as discussed
above. The Table 5.3 and Figure 5.4 show the computed first transmission eigenvalue
for various epsilon in the square D := [0, 2] x [0, 2] and the circular domain D := Bg

of radius R = 1.

€ 1 1/2 1/4 1/8  Convergence Rate
Circle ki(e) 2.460 2.453 2.472 2518 1.32
Square ki(e) 2.201 2.213 2230 2.273 0.917

Table 5.3: First TEV for various € with fle and n,. with convergence rate
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Relative Error

Line with slope=1

Relative Error
line of slope 1

Figure 5.4: Convergence graph for relative error when ¢ (y) # 0 compare to the line
with slope one. On the left we have the Log-Log plot for the square
and on the right for the disk.

The above results seem to suggest that the relative error is first order e. In
order to obtain the optimal convergence rate it is necessary to include the boundary

correction.

5.4.2 Transmission Eigenvalues and the Determination of Effective Ma-
terial Properties

For the given inhomogeneous media, the corresponding transmission eigenval-

ues are closely related to the so-called non-scattering frequencies, i.e. the values of k

for which there exists an incident wave doesn’t scatter (see the Introduction). The

far field operator in R? can be seen as F : L*(0,2m) — L?(0,27) is defined by

(Fg)(0) := / 0 (6,6)9(9) do.
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Now we would like to investigate how the first transmission eigenvalue determined
from the far field operator depends on the parameter €. Here to find the transmission
eigenvalues from the far field data, we follow the approach in Chapter 2. To this end,
let () be the far field pattern for the fundamental solution to the Helmholtz
equation. If g,; is the Tikhonov regularized solution of the far field equation, i.e.

the unique minimizer of the functional:

1Feg = Poo(- 2) 17200, 2m) + 911720, 20)

with the regularization parameter o := a(d) — 0 as the noise level 6 — 0, then
at a transmission eigenvalue |lvg_;|lz2(py — o0 as 0 — 0 for almost every z € D,
whereas otherwise bounded, where vy(x) := / - g(p)ek@rcoseteasing) gi Ty com-
pute the simulated data we use a FEM method0 to approximate the far field pattern
corresponding to the scattering problem. Using the approximated u>® we then solve:
F.g = ®(+, 2) for 25 random values of z € D where the regularization parameter is
chosen based on Morozov’s discrepancy principle. The transmission eigenvalues will
appear as spikes in the plot of ||g.||z2p0,2- versus k. In our example we choose the

domain D := By to be the ball of radius R = 1 and the material properties given by

1 [ sin®(x9/€) + 1 0
ne:n(x/e) :Sin2(27rl'1/€>+2 and AEZ L ( 2/ )
3 0 cos?(z1/e) + 1
The effective material properties are A, = 11 and n, = 2 and the corresponding

first transmission eigenvalue is k:,(Ll) = 2.5340. The computed transmission eigenvalue

for this configuration for the choices of ¢ = 1 and € = 0.1 are shown in Figure 5.5
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Figure 5.5: On the left ¢ = 1 and on the right is ¢ = 0.1. The red dot indicates

k:}(ll) whereas the peak indicates ki (e).

The measured first transmission can be used to obtain information about the
effective material properties A, and ny. If A, = I, it is known that kg) uniquely
determines ny, and also the transmission eigenvalue depend continuously on ny, [15],
[41], [47]. From the scattering data we measure ki (€) which for epsilon small enough
is close to k:,(Ll). Hence having available k;(e) we find a constant n such that the
first transmission eigenvalue of the homogeneous media with refractive index n has
k1(e€) as the first transmission eigenvalue. Then by continuity this constant n is close
to ny. In Table 5.4 we show the calculations for the ball of radius D, A, = I and
ne = n(x/e) = sin®(2mr, /e) + 2.
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€ ken my  reconstructed my

0.1 5.046 2.5 2.5188

Table 5.4: Reconstruction of ny.

Similarly, we can obtain information about the contact matrix A, [21], [25].
In particular, in the case when n. = 1, from the first transmission eigenvalue k,(f) we
can determine a constant o which is in the middle of the smallest and the largest
eigenvalues (in fact earlier numerical example suggest that this constant is roughly
the arithmetic average of the eigenvalues of Ay). As an example we again consider

the ball D := By of radius R =1, n. = 1 and

y 1 [sin®*(2mxy/€) + 1 0
-3 0 cos?(2mzy/e) + 1

Then having the measured & (¢), we find the constant a such that the first eigenvalue
of the homogeneous media with A = al and n = 1 is equal to k;(€). The calculation

are shown in Table 5.5.

€ ki(e) A, reconstructed Ay

0.1 7.349 0.57 0.48511

Table 5.5: Reconstruction of affective material property from FFE in unit disk
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In the above both examples we see that the measured first transmission eigen-
value corresponding to the periodic highly oscillating media can accurately determine
the effective isotropic material properties A;, = a,l or n,. Next we consider an ex-
ample where Ay, is constant matrix. We again take the ball D := By of radius R = 1
and n,. and

1 [sin?(27xy/e) + 1 0

A.=-=T T" (5.74)
0 cos?(2mzy/€) + 1

where

T = cos(¢) —sin(g) with ¢ = 1 radian.

sin(¢)  cos(¢)

In this case it becomes non-trivial to compute A, (one needs to solve the cell PDE
problem). However the constant a found as in the above example is in between
(roughly the average) of the smallest and the largest eigenvalue of Aj. The results

are shown in Table 5.6

€  ki(e) reconstructed a

0.1 7.5499 0.49211

Table 5.6: Reconstruction for the unit disk and A, given by (5.74).

Furthermore, if both A, # I and n # 1 we use a similar method as the above

to obtain information about Ay /n; [29]. Here we look for a constant « such that the
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first eigenvalue of

Aw + ak’*w =0 and Av+Kkv=0 in D
ow v

w =0 and — on 0D

v v
coincide with ki(€) (note that here we incorrectly drop the jump in the normal

derivative), where we take

1 [sin?(27rxy/e) + 1 0
ne = sin?(2rr, /) +2 and A, = - (2m2s/€)
3 0 cos?(2mxy /€) + 1

giving that the ratio Z—: = 5. The reconstruction is shown in Table 5.7.

€  ki(e) reconstructed Z-
h

0.1 2.5415 4.788

Table 5.7: Reconstruction of the ratio Z—Z = 5 of effective material property for the

unit disk D.

In all the examples so far we have considered smooth coefficients A, and
n.. Hence, our next example concerns a checker board patterned media where the
coefficients take different values in the white and black squares. Again here we let the
period for the coefficients by Y = [0, 1]2. The white and black squares are assumed to
cover that same area of a unit cell. See Figure 5.6 for the definition of the coefficients.
In this case we have that n, = 7/2 and Ay, is shown in [80] to be a scalar matrix, i.e.

Aj, = apl where a;, can be computed numerically.
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(1/3)] NER)]

(2/3)1 (1/3)1

Figure 5.6: Definition of checker board coefficients.

See Table 5.8 for a comparison between the first transmission eigenvalue of

the homogenized media and periodic media.

ki(n(y)) k(o) | kiAW) ki(An) | k() A(y)) - Fa(nn, An)
1.0930  1.0757 | 1.9027  1.896 0.7673 0.7139

Table 5.8: Media with checkerboard pattern in [—3, 3]?

Next we use the first transmission eigenvalue for the actual media to determine

the effective material properties. The result are shown in Table 5.9
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A(y) =1, n(y) reconstructed nj, = 3.4123 (exact n;, = 3.5)

Ay), n(y) =1 reconstructed a;, = 0.4472

A(y), n(y) reconstructed ny,/a, = 7.4704 which gives a; = 0.4685

Table 5.9: Reconstructed of effective material properties for the checkerboard.

Lastly consider the case of a media with periodically spaced voids (subregions
with n. = 1 and A, = I). Our analysis does not cover these type of material property
but we never the less consider an example of this type. In particular, we consider an

example of isotropic media with refractive index A(y) = I and

1 if (y1 —0.5)* + (y2 — 0.5)* < 0.25?

n(y) = _
5 if (y1 —0.5)% + (y2 — 0.5)% > 0.252

which gives that n, = 5— 7, and an example of anisotropic case with the same n(y)

and
) I if (y1 —0.5)% + (y2 — 0.5)* < 0.25°
y =
0.5 if (y; —0.5)*+ (y2 — 0.5)*> > 0.25°
where the period is Y = [0,1]* and the is domain D = [—3,3]%. See Table 5.10 for

the comparison of the first transmission eigenvalue for the homogenized media and

the actual periodic media.
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ki(n(y))  ki(na) ki(n(y), Ay))  ki(nn, An)
0.8745 0.8781 0.7599 0.7231

Table 5.10: Media with periodic voids in [—3, 3]?

In Table 5.11 we show reconstructed effective material properties based on the
first transmission eigenvalue. Note that a, is between the smallest and the largest

eigenvalues of Aj,.

A(y) =1, n(y) reconstructed nj, = 4.2678 (exact ny, = 4.2146)

A(y), n(y) reconstructed ny,/a, = 5.0550 which gives a, = 0.8337

Table 5.11: Reconstructed of effective material properties for periodic voids
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Chapter 6
OUTLOOK AND OPEN PROBLEMS

In this thesis we have investigated a variety of questions pertaining to non-
destructive testing of anisotropic materials. We have developed reconstruction meth-
ods for an anisotropic background, studied the transmission eigenvalue problem for
defective and periodic media as well as considered the inverse spectral problem
of using the transmission eigenvalues for parameter identification. There are still
many interesting open question and future research opportunities pertaining to non-
destructive testing inspired by the work in this thesis. Here are some of the open

problems

1. Construct a numerical algorithm using the asymptotic expansion given in Theo-
rem 4.3.9 in conjunction with the MUSIC algorithm to reconstruct the material
parameters for small volume defects.

2. In our study of the inverse spectral problem of using the transmission eigenval-
ues to determine material properties of the anisotropic media we only use the
first eigenvalue to obtain partial information about the coefficients. It remains
an open problem on how to use higher eigenvalues to obtain more information
about A and n.

3. Further investigation of the transmission eigenvalue problem for highly oscil-
lating materials. Our study initiated this area and there are still many open
questions. Ome such question is on how can the results in Chapter 5 be ex-
tended for periodic materials with voids. In our approach the operator A, given
by the sesquilinear forms defined in Theorem 5.2.1 does not have an inverse
that is bounded independently with respect to € in the case when the periodic
cell contains voids, which is essential to proving the convergence results. It is
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also desirable to use the transmission eigenvalues to obtain information about
the microstructure of the material where our results only provide information
on the macrostructure of the material.

4. Studying the same problem’s discussed in this thesis for Maxwell’s Equations:
(a) Proving existence and discreetness of transmission eigenvalues for voids

in an anisotropic material.

(b) Developing the factorization and generalized linear sampling methods for
penetrable defects.

(c¢) Study the transmission eigenvalue problem for wave propagation in a
highly oscillating material by electromagnetic waves.

(d) Derive a MUSIC algorithm for small volume defects for electromagnetic
waves governed by Maxwell’s equation for an anisotropic material.

200



1]

2]

3]

[4]

[10]

[11]

BIBLIOGRAPHY

G. Allaire, Homogenization and Two-Scale Convergence, SIAM J. Math. Anal.
Vol. 23, 6, pp 1482-1518, (1992).

G. Allaire, Shape Optimization by the Homogenization Method, Springer, New
York, 2002.

H. Ammari, A. Khelifi Electromagnetic scattering by small dielectric inhomo-
geneities J. Math. Pures Appl. 82 (2003) 749842

T. Arens, Why linear sampling method works, Inverse Problems 20 (2004),
163-173 (2004).

T. Arens and A. Lechleiter, The linear sampling method revisited, J. Integral
FEquations and Applications 21 (2009), 179-203.

L. Audibert and H. Haddar, A generalized formulation of the linear sampling
method with exact characterization of targets in terms of farfield measurements
Inverse Problems 30 (2014) 035011

A. Bensoussan, J.L. Lions, G. Papanicolau Asymptotic Analysis for Periodic
Structures Chelsea Publications, 1978

H. Brezis Functional Analysis, Sobolev Spaces and Partial Differential Equations
Springer, 2011

E. Blasten, L. Péivarinta and J. Sylvester, Corners Always Scatter, Commun.
Math. Phys, Published online April 2014.

O. Bondarenko, A. Kirsch and X. Liu The factorization method for inverse
acoustic scattering in a layered medium Inverse Problems 29 (2013) 045010.

AS. Bonnet-BenDhia, L. Chesnel, H. Haddar On the use of t-coercivity to
study the interior transmission eigenvalue problem. C. R. Acad. Sci., Ser. I
340, 647-651 (2011).

201



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

23]

[24]

M. Bruhl, M. Hanke, M. Vogelius, A direct impedance tomography algorithm
for locating small inhomogeneities, Numer. Math., 93, 635-654 (2003)

F. Cakoni, M. Cayoren and D. Colton, Transmission eigenvalues and the non-
destructive testing of dielectrics, Inverse Problems 24 066016, (2008).

F. Cakoni and D. Colton, A Qualitative Approach to Inverse Scattering Theory
Springer, Berlin 2014.

F. Cakoni, D. Colton and D. Gintides, The interior transmission eigenvalue
problem, STAM J. Math. Analysis, 42, 6, 2912-2921, (2010).

F. Cakoni, D. Colton and H. Haddar, The computation of lower bounds for the
norm of the index of refraction in an anisotropic media from far field data J.
Integral Eqns Appl. 21 203227, (2008).

F. Cakoni, D. Colton and H.Haddar “The linear sampling method for anisotropic
media” | J. Comput. Appl. Math. , 146, 285-299, (2002).

F. Cakoni, D. Colton, and H. Haddar, The interior transmission problem for
regions with cavities. STAM J. Math. Anal., 42, 1, 145-162, (2010).

F. Cakoni, D. Colton, and H. Haddar, On the determination of Dirichlet or
transmission eigenvalues from far field data. C. R. Acad. Sci. Paris, 348, 379—
383, (2010).

F. Cakoni, D. Colton and H. Haddar, On the determination of Dirichlet or
transmission eigenvalues from far field data. C. R. Math. Acad. Sci. Paris, Ser
I, 348, 379-383 (2010).

F. Cakoni, D. Colton and H. Haddar, The computation of lower bounds for the
norm of the index of refraction in an anisotropic media from far field data J.
Integral Eqns Appl. 21 203-227, (2008).

F. Cakoni, D. Gintides and H. Haddar H, The existence of an infinite discrete
set of transmission eigenvalues, SIAM J. Math. Anal. 42, 237-255 (2010).

F. Cakoni, D. Colton and H. Haddar, The linear sampling method for anisotropic
media J.Comp. Appl. Math. 146, 285-299, (2002).

F. Cakoni, D. Colton, and P. Monk, On the use of transmission eigenvalues

to estimate the index of refraction from far field data. Inverse Problems, 23,
507-522, 2007.

202



[25] F. Cakoni, D. Colton, P. Monk and J. Sun, The inverse electromagnetic scat-
tering problem for anisotropic media, Inverse Problems, 26 074004 (2010).

[26] F. Cakoni, B. Guzina and S. Moskow, On the homogenization of a transmission
problem in scattering theory for highly oscillating media. SIAM J. Math. Anal.,
(Submitted).

[27] F. Cakoni and H. Haddar, Transmission Eigenvalues in Inverse Scattering The-
ory Inverse Problems and Applications, Inside Out 60, MSRI Publications 2013.

[28] F. Cakoni and H. Haddar, On the existence of transmission eigenvalues in an
inhomogenous medium, Applicable Analysis, 88, 475-493 (2009).

[29] F. Cakoni and A. Kirsch, On the interior transmission eigenvalue problem. Int.
Jour. Comp. Sci. Math. 3,142-167 (2010).

[30] D. J. Cedio-Fengya, S. Moskow, M. Vogelius, Identification of conductivity im-
perfections of small diameter by boundary measurements. Continuous depen-
dence and computational reconstruction, Inverse Problems, 14, 553-595 (1998)

[31] F. Cakoni and S. Moskow, Asymptotic Expansions for Transmission Eigenvalues
for Media with Small Inhomogeneities, Inverse Problems, 29, 104014 (2013).

[32] F. Cakoni, S. Moskow and S. Rome, The Perturbation of Transmission Eigen-
values for Inhomogeneous Media in the Presence of Small Penetrable inclusions,
Inverse Problems and Imaging, (To Appear).

[33] D. Colton, J. Coyle and P.Monk, Recent developments in inverse acoustic scat-
tering theory, STAM Rev., 42, 3, 369414 (2000).

[34] D. Colton, H. Haddar and P. Piana, The linear sampling method in inverse
electromagnetic inverse scattering, Inverse Problems 19, S105-S137 (2003).

[35] D. Colton and YJ Leung, Complex transmission eigenvalues for spherically strat-
ified media, Inverse Problems, 28 075005 (2012).

[36] D. Colton and A. Kirsch (1996) A simple method for solving inverse scattering
problems in the resonance region, Inverse Problems 12 (1996), 383-393.

[37] D. Colton and R. Kress, Inverse Acoustic and Electromagnetic Scattering The-
ory. Springer, New York, 3nd edition, 2013.

203



[38] D. Colton, R. Kress and P. Monk Inverse scattering from an orthotropic
medium. J. Comput. Appl. Math., 81, 269-298 (1997).

[39] D. Colton, P. Monk and J. Sun, Analytical and computational methods for
transmission eigenvalues, Inverse Problems, 26, 045011 (2010).

[40] D. Colton, L. Péivérinta, and J. Sylvester. The interior transmission problem.
Inverse Problems and Imaging, 1, 13-28, (2007).

[41] A. Cossonniere, Valeurs propres de transmission et leur utilisation dans
I'identification d’inclusions a partir de mesures électromagnetiques PhD thesis,
University of Toulouse, 2011.

[42] A. Cossonniere and H. Haddar, The electromagnetic interior transmission prob-
lem for regions with cavities. SIAM J. Math. Anal., 43, 4, 1698-1715, (2011).

[43] D. Gintides and N. Pallikarakis A computational method for the inverse trans-
missioneigenvalue problem Inverse Problems 29 104010 (2013).

[44] D. Gintides, M. Sini and N. Thanh Detection of point-like scatterers using
one type of scattered elastic waves  Journal of Computational and Applied
Mathematics 236, 2137-2145 (2012).

[45] L. Evans, “Partial Differential Equations.” 2" edition, AMS 2010.

[46] Y. Grisel, V. Mouysset, P.-A. Mazet and J.-P. Raymond Determining the shape
of defects in non-absorbing inhomogeneous media from far-field measurements
Inverse Problems, 28 055003 (2012).

[47] G. Giovanni and H. Haddar, Computing estimates on material properties from
transmission eigenvalues. Inverse Problems, 28 055009 (2012).

[48] H. Kang , E. Kim, AND K. Kim Anisotropic polarization tensors and detection
of an anisotropic inclusions SIAM J. Appl. Math., 63, 4,12761291 (2003).

[49] CE. Kenig, F. Lin and Z. Shen, Estimates of eigenvalues and eigenfunctions in
periodic homogenization, J. Euro. Math. Soc., 15 5, 1901-1925 (2013).

[50] CE. Kenig, F. Lin and Z. Shen, Convergence rates in L? for elliptic homogeniza-
tion problems, Arch. Rat. Mech. Anal. 203, 3, 1009-1036 (2012).

[51] CE. Kenig, F. Lin and Z. Shen, Homogenization of elliptic systems with Neu-
mann boundary conditions. J. Amer. Math. Soc. 26 901-937 (2013).

204



[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

S. Kesavan, Homogenization of elliptic eigenvalue problems: part 1, Appl. Math.
Optim, 5, 153-167 (1979).

S. Kesavan, Homogenization of elliptic eigenvalue problems: part 2, Appl. Math.
Optim, 5, 197-216 (1979).

A. Kirsch, The MUSIC-algorithm and the factorization method in inverse scat-
tering theory for inhomogeneous media, Inverse Problems 18 | 1025-1040 (2002)

A. Kirsch A and N. Grinberg, The Factorization Method for Inverse Problems.
Oxford University Press, Oxford 2008.

E. Kreyszig Introductory Functional Analysis with Applications. John Wiley
and Sons, 1989

A. Kirsch and A. Lechleiter, The insideoutside duality for scattering problems
by inhomogeneous media, Inverse Problems 29, 104011 (2013).

S. Kusaik and J. Sylvester The convex scattering support in a background
media. Far field splitting for the Helmholtz equation, SIAM J. Math. Anal. 36,
1142-1158 (2005).

E. Lakshtanov and B. Vainberg, Ellipticity in the interior transmission problem
in anisotropic media, SIAM J. Math. Anal., 44, 1165 — 1174 (2012)

E. Lakshtanov and B. Vainberg, Remarks on interior transmission eigenvalues,
Weyl formula and branching billiards, J. Phys. A: Math. Theor., 45, 125-202
(2012).

A. Lechleiter, The factorization method is independent of transmission eigen-
values, Inverse Problems and Imaging 3, 123138 (2009).

A. Lechleiter and S. Peters Determining transmission eigenvalues of anisotropic
inhomogeneous media from far field data, Inverse Problems and Imaging 3, 123-
138 (2009).

C. Miranda, Partial Differential Equations of Elliptic Type, Springer, Berlin,
1970.

S. Moskow, Nonlinear eigenvalue approximation for compact operators,
(Preprint).

205



[65] S. Moskow and M. Vogelius, First-order corrections to the homogenized eigen-

values of periodic composite material. A convergence proof. Proc. Roy. Soc.
Edinburgh Sect. A, 127, 1263-1299 (1997).

[66] S. Moskow and M. Vogelius, First-order corrections to the homogenized eigenval-
ues of periodic composite material. The case of Neumann boundary conditions,
Preprint Rutgers University (1997).

[67] J C. Nedelec, Acoustic and Electromagnetic Equations Integral Representations
for Harmonic Problems, Vol 144, New York: Springer 2001

[68] J. Necas, Direct Methods in the Theory of Elliptic Equations. Springer 2013.

[69] JE Osborn, Spectral approximations for compact operators, Mathematics of
Computations, 29, 712-725 (1975).

[70] L.Paivérinta and J. Sylvester, Transmission eigenvalues. SIAM J. Math. Anal,
40, 738-753 (2008).

[71] W. Park and D. Lesselier, MUSIC-type imaging of a thin penetrable inclusion
from its multi-static response matrix, Inverse Problems 25, 075002 (2009).

[72] R. Potthast, Point Source and Multipoles in Inverse Scattering Theory. Re-
search Notes in Mathematics, 427 (2001), Chapman and Hall/CRC, Boca Ra-
ton, Florida.

[73] Robbiano L, Spectral analysis of the interior transmission eigenvalue problem,
Inverse Problems, 29, 104001 (2013).

[74] E. Sanchez-Palencia, Non-Homogeneous Media and Vibration Theory, Springer-
Verlag 1980.

[75] F. Santosa and M. Vogelius, First-order corrections to the homogenized eigenval-
ues of periodic composite medium, SIAM J. Appl. Math, 53, 1636-1668 (1993).

[76] J. Schotland, Direct reconstruction methods in optical tomography, Mathemat-
tcal modeling i biomedical tmaging. 11, 129, Lecture Notes in Math., 2035,
Springer, Heidelberg, 2012.

[77] J. Sun, Iterative methods for transmission eigenvalues, SIAM J. Numer. Anal.
49, 5, 1860-1874 (2011).

206



[78] J. Sun, Estimation of transmission eigenvalues and the index of refraction from
Cauchy data, Inverse Problems, 27, 015009, (2011).

[79] J. Sun and L. Xu, Computation of Maxwell’s transmission eigenvalues and its
applications in inverse medium problems, Inverse Problems, 29, 104013 (2013).

[80] A. Wautier and B. Guzina, On the second-order homogenization of wave motion
in periodic media and the sound of chessboard, (to appear).

[81] Wloka J, Partial Differential Equations, Cambridge University Press, Cam-
bridge, 1992.

[82] X. Wu and W. Chen, Error Estimates of the Finite Element Method for Interior
Transmission Problems, Journal Scientific Computing, 57, 331-348 (2013).

207



	Table of Contents
	List of Tables
	List of Figures
	Abstract
	1 Introduction
	1.1 Basic Mathematical Tools

	2 Transmission Eigenvalues for Anisotropic Media with Voids
	2.1 Existence of Transmission Eigenvalues for Domains with Voids
	2.2 Determination of Transmission Eigenvalues from Scattering Data
	2.3 Numerical Validation
	2.3.1 Comparison with Separation of Variables
	2.3.2 Comparison to the Finite Element Method
	2.3.3 Determination of the Area from Far Field Measurements 


	3 The factorization method for a defective region in an anisotropic material
	3.1 Formulation of the Inverse Problem
	3.2 Factorization of the Far Field Operator 
	3.3 The Factorization Method 
	3.3.1 Remarks on the Generalized Linear Sampling Method

	3.4 Numerical Validation of the Factorization Method 

	4 Asymptotic Methods for small volume defects in an Anisotropic media
	4.1 Formulation of the Inverse Problem for Small Volume Defects
	4.2 MUSIC Algorithm for Small Volume Defects
	4.2.1 The case when A=Am and n =nm
	4.2.2 The case when A =Am and n=nm
	4.2.3 The case when A =Am and n =nm
	4.2.4 Numerical Validation of the MUSIC Algorithm

	4.3 The Transmission Eigenvalue Problem For Small Volume Defects
	4.3.1 Convergence of the Spectrum
	4.3.2 Correction for the Operator A-1 - A0-1
	4.3.3 Asymptotic Formula for the Transmission Eigenvalues 
	4.3.4 Remarks 


	5 Homogenization Approach to the Transmission Eigenvalue Problem for Periodic Media
	5.1 The Scattering Problem for Highly Oscillating Media
	5.2 Convergence of the interior transmission problem 
	5.2.1 The case of A(y) =I
	5.2.2 Boundary Corrector and Convergence Rate for A(y) =I
	5.2.3 The case of A(y) = I

	5.3 Convergence of the Transmission Eigenvalues
	5.3.1 The case of A(y) =I
	5.3.2 The case of A(y) = I
	5.3.3 Notes on the Convergence Rate 

	5.4 Numerical Experiments
	5.4.1 Numerical Tests for the Order of Convergence
	5.4.2 Transmission Eigenvalues and the Determination of Effective Material Properties


	6 Outlook and Open Problems
	Bibliography

