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Abstract
Given the important role graduate teaching assistants (TAs) play in undergradu-
ate students’ learning, we investigated what TAs identified as students’ difficul-
ties from students’ written work, their plans to address them, and implementation 
of their plans in class. Since the difficulties that TAs identified in general matched 
errors that students made, we analyzed what TAs identified in terms of literature on 
error handling. We examined levels of specific details of students’ work involved in 
TAs’ identifying, planning, and teaching. Our results show that (a) TAs often did not 
identify the most frequent errors students made, which reflected well-documented 
difficulties from the literature, (b) the errors TAs identified were mainly procedural 
in nature, (c) specific details of students’ work were mainly included in procedural 
errors, and (d) the level of specificity of students’ work was generally consistent 
but showed some drops when going from identifying to planning, then to teaching. 
Our results highlight interesting questions for future research and could be used as 
resources to design professional development that helps TAs use students’ errors in 
teaching to promote students’ learning.

Keywords  Graduate teaching assistant · Calculus · Noticing · Teaching · Students’ errors

Introduction

The quality of teaching in entry-level undergraduate mathematics courses has 
been emphasized over decades as necessary for retaining students in Science, 
Technology, Engineering, and Mathematics (STEM) (Laursen, 2019; Winsløw 
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et  al., 2021). Recent literature has started investigating how novice university 
mathematics teachers (NUMTs), especially graduate mathematics teaching assis-
tants (TAs), teach these courses (Park & Rizzolo, 2022; Ellis, 2014; Kim, 2014; 
Kung & Speer, 2009) and what professional development (PD) opportunities are 
offered for NUMTs to improve their teaching. A recent review by Winsløw et al. 
(2021) has shown that many countries and universities in the world consider qual-
ity teaching as crucial in NUMTs’ academic carrier, and offer various PD oppor-
tunities. This literature suggested course content-specific PD that helps teachers 
deal with specific challenges they face while teaching courses and incorporate 
research-based general pedagogical approaches to their own course (Brummer 
et al., 2023; Winsløw et al., 2021).

Investigating novice instructors’ and TAs’ teaching is a growing field (Speer 
et  al., 2010). Studies have addressed characteristics of their teaching (Park, 2015; 
Park & Rizzolo, 2022; Güçler, 2013; Kim, 2014; Viirman, 2015) and factors that 
may impact their teaching such as beliefs (Ellis, 2014), knowledge (Musgrave & 
Carlson, 2017), research background (Mali et  al., 2021), and recognition of their 
responsibilities to stakeholders (Shultz et al., 2019). Recently, there have been calls 
for more studies on this topic, especially those that examine NUMTs’ teaching 
(Laursen, 2019; Musgrave & Carlson, 2017).

To address those calls, this study investigates an important aspect of NUMTs’ 
teaching: what they perceive as students’ difficulties while evaluating students’ writ-
ten work and how they use them in their teaching. Following suggestions from the 
literature (Brummer et al., 2023; Winsløw et al., 2021), we conducted our study in 
a specific context: the first course in a calculus sequence (Calculus I). A group of 
NUMTs – TAs – are heavily involved in this course especially in the U.S. where 
the study was conducted (Ellis, 2014). Students’ difficulties in this course are well-
documented (Bezuidenhout, 2001; Jones, 2017; Sealey, 2014), which allowed us to 
use related mathematics education literature in our study. Based on our review, this 
aspect of TAs’ teaching has not been studied while extensive research has been con-
ducted at the K-12 level which has emphasized the importance of using students’ 
difficulties and misconceptions as resources for students’ learning in teaching (e.g., 
review by Stahnke et al. (2016)). Given that TAs spend significant time grading stu-
dents’ written work (Kung & Speer, 2009), we are interested in what TAs learn from 
this experience and how that impacts their teaching. Specifically, our study aims to 
examine what TAs identified as students’ difficulties from the students’ work that 
they evaluated, whether and how the aspects of students’ work were reflected in 
TAs’ plans to address those difficulties and their implementation of plans in their 
class. The following research questions guided the study:

What aspects of students’ written work were reflected in TAs’ summaries of 
students’ difficulties from their evaluation of students’ work?
How do TAs engage with the aspects of students’ work reflected in their sum-
maries of students’ difficulties in their plan to address those difficulties and 
implementation of those plans in their class?
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To address these questions, we developed a set of tasks aiming to help students 
move past the difficulties documented in the existing literature, focusing on the main  
concept of Calculus I – the derivative. To investigate how TAs interact with their stu- 
dents’ written work on these tasks and use what they learned in teaching, we adopted 
the existing literature on teachers’ uses of students’ errors (Brodie, 2014; Jacobs 
et al., 2010; Kung, 2010). Our results expand our understanding of TAs’ teaching by 
revealing the process behind going from TAs’ learning about students’ difficulties 
by evaluating students’ work to using those difficulties in teaching. This addresses 
recent calls for more studies on NUMTs’ teaching, and we consider this study a first 
step to addressing needs for content-specific PD for TAs because the results provide 
an understanding of how TAs are currently using students’ difficulties. Our goal is to  
use the results of this study as resources for PD to promote TAs’ learning of how to 
use students’ difficulties as resources for their learning of the content, as the existing 
literature advocates (Li & Schoenfeld, 2019; Smith et al., 1993).

Theoretical Background

This study deals with graduate teaching assistants (TAs) in the U.S. As we view 
our study as contributing to national and international efforts to understand the 
population of NUMTs and provide support and PD for them, we review the exist-
ing literature for NUMTs focusing on studies that provide insights for studying our 
population. Additionally, although we asked TAs about difficulties they observed 
in their students’ work, we observed that what TAs identified as difficulties gener-
ally matched errors that their students made. To analyze them, we adapted and used 
teachers’ use of students’ errors at the elementary and secondary level that provided 
an analytical lens, which we review here.

Professional Development Opportunities for University Mathematics Teachers

Many professional development (PD) opportunities are provided for NUMTs (Winsløw  
et  al., 2021). A recent review (Winsløw et  al., 2021) found that many European 
universities offer and require general pedagogical PD for NUMTs that is designed 
based on government frameworks (e.g., Teaching Excellence Framework in Eng-
land) or on established research (e.g., Scholarship of Teaching and Learning in Ger-
many). Similar PD opportunities are offered nationally in the U.S. through Project 
NExT (Mathematical Association of America, n.d.) and Academy of Inquiry Based 
Learning (n.d.) (IBL).

Winsløw et  al. (2021) also found that content-specific PD is rarely offered, 
optional, or up to the participants (e.g., finding their own subject-specific consult-
ant). Thus, NUMTs still had to find their own way to adapt general pedagogical 
approaches to their subject. The authors argued that the existing mathematics edu-
cation research specific to the content of mathematics courses should be used to 
address any deficiencies in NUMTs’ knowledge and to provide resources that help 
NUMTs identify fundamental ideas, gain insights into students’ difficulties, and 
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learn about potential remedies for content-specific areas. Examples of such PD often 
require participants to have teaching duties to address “specific challenges math-
ematics teachers face” (p. 65) and use tasks from the research on university math-
ematics education, which also provide insights for students’ responses and potential 
instructional approaches (e.g., the University of Agder, Norway). Other content-
specific PD (German universities) includes content-specific knowledge elements, 
support measures (e.g., electronic voting), and evaluation instruments for specific 
course goals (Winsløw et al., 2021).

The existing literature also argued that there is a need for “forming communities 
and shared resources…to develop teaching” (Winsløw et al., 2021, p. 71), where both 
mathematics education researchers and teachers are engaged. One such community  
was Development and Analysis of Teaching in Undergraduate Mathematics (Auckland,  
New Zealand), in which teachers met regularly to discuss video excerpts of their own  
teaching based on a mathematics education model (Schoenfeld, 2011). Their 2-year 
implementation revealed “evidence of improved teaching performance,” “key aspects  
of practice and of undergraduate mathematics,” and “theoretical insight into lecturer  
behaviour in mathematics” (Barton et al., 2015, p. 147). Similarly, in Brummer et al.  
(2023), PD promoting TAs’ adoption of student-centered course materials was initially  
led by a faculty facilitator. With their iteration of PD, this format shifted towards a com- 
munity of practice among TAs as the TAs took over the facilitator role in the later meet- 
ings, and reallocated time away from solitary lesson prep toward community-based dis- 
cussions around materials for their students and local contexts.

Our paper focuses on two aspects that are emphasized in the literature review above 
– PD that is specific to the course that NUMTs teach and its relation to NUMTs’ 
teaching. We followed their suggestion of involving mathematicians and mathematics 
educators in PD to develop and implement content-specific “material that identifies 
fundamental or central ideas, provides insight into learning difficulties or obstacles 
for the students and that shows possible remedies” (Winsløw et al., 2021, p. 74) based 
on existing mathematics education research. We also followed participating NUMTs’ 
teaching to understand potential relations between what is offered in PD and their 
teaching. We now review those two aspects: our use of content-specific mathematics 
education research and what is known about NUMTs’ teaching.

Content‑Specific Mathematics Education Research Used in PD Materials

Literature regarding students’ thinking about Calculus concepts, specifically the 
derivative, was used in task development for our PD. The purpose of these tasks 
is helping students to be ready for concepts before they learn them in lectures by 
solving tasks that are designed to address the difficulties that the existing litera- 
ture identified. Our literature review focused on three main layers of the deriva- 
tive: (a) the derivative at a point, (b) the derivative as a function, and (c) the  
derivative as an operator. In this study, we will collectively refer to these three 
uses of the derivative and the prerequisite concepts from which the concept of  
the derivative is built (functions, difference quotients (DQ), and limit) as lay- 
ers of the derivative. We note that layers of the derivative have been previously 
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discussed (See Zandieh, 2000) although the layers that we delineate here dif- 
fer from those outlined in Zandieh (2000). There are extensive bodies of litera- 
ture on each layer. Since our purpose was to investigate what TAs identify as  
students’ difficulties from reading their students’ work on these tasks and how  
TAs use them in their teaching, we aimed to develop tasks on which students’  
mistakes would reflect common difficulties. Our review and use of the existing  
literature serves this purpose and is not intended to provide a comprehensive  
review on students’ thinking about the derivative.

Regarding the derivative at a point, we focused on students’ difficul- 
ties about limit that is “inherent in the derivative” but not obvious to students 
(Hähkiöniemi, 2006, p. 173; Zandieh, 2000). In his case studies, Hähkiöniemi 
(2006) showed that two of the four participants did not use any limit ideas, or  
used both algebraic and graphical representations without showing that they  
understand why the two representations show the same thing. Understand- 
ing the limit included in the derivative in both representations and the connec- 
tion between them has been emphasized in the literature (Asiala et  al., 1997; 
Sánchez-Matamoros et al., 2015).

Regarding the derivative function, we focused on the students’ difficul- 
ties with its construction from the derivative at several points and the relation 
between functions and their derivatives. Literature has shown the dominance of 
symbolic representations in students’ thinking (Biza, 2021; Habre & Abboud,  
2006; Ryberg, 2018) and suggested using graphs for effective teaching of the  
derivative (Berry & Nyman, 2003). Existing studies have shown that some stu- 
dents do not recognize the derivative at a point is a specific value (e.g., may  
identify it as the tangent line) (Park, 2013), which can lead to difficulties in  
constructing the derivative function based on it, and have trouble relating the  
idea of the tangent line and its slope with the derived function (Asiala et  al.,  
1997; Biza et  al., 2008; Sánchez-Matamoros et  al., 2015). Given that character- 
istics of the original function impact the development of students’ understanding 
of the derivative, studies have also shown students’ difficulties identifying rela- 
tionships among a function and the first and second derivative functions (Baker 
et al., 2000; Berry & Nyman, 2003).

For the derivative as an operator, we focused on the variables in the operations 
and their meaning in context. Most Calculus concepts including the derivative are 
expressed using variables, and connections between variables and Calculus have 
been emphasized in the literature (Bardini et al., 2014; Trigueros & Ursini, 2003; 
White & Mitchelmore, 1996). However, studies have shown that undergraduate stu-
dents often have underdeveloped concepts of variables and lack the ability to use 
them in the ways needed for calculus (White & Mitchelmore, 1996).

Mathematics Teaching at the University Level

Studies on teaching university mathematics (Biza et al., 2018; Jaworski et al., 2017) 
cover various topics, including NUMTs’ teaching practices and factors that impact 
teaching such as mathematical knowledge for teaching (Judson & Leingang, 2016; 
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Musgrave & Carlson, 2017), beliefs (Ellis, 2014), and research background (Mali 
et al., 2021). We will review studies that examined university mathematics teaching 
or provided insights for studying TAs in calculus.

First, studies have reported disconnections between mathematics discourse that 
teachers use and students’ ability to understand teachers’ discourse. In calculus, 
teachers often do not explicitly refer to concepts as processes and objects, or con-
nect to point-specific and interval views (Park, 2015; Güçler, 2013, 2016). Those 
studies suggested being explicit about how those concepts could help students.

Second, studies have examined various facets of NUMTs’ classroom instruc-
tion, offering potential explanations for their findings. For example, Viirman (2015) 
reported different routines that seven teachers adopted while teaching “function” 
and provided potential reasons for such differences, e.g. not being comfortable in 
the language of teaching potentially limits teachers’ adoption of routines connecting 
mathematical statements with everyday language. Park and Rizzolo (2022) analyzed 
how various uses of variables were addressed in the classroom teaching of five TAs 
regarding the derivative. They reported on the limited aspects and applications of 
variables covered in TAs’ instruction. Interviews with the TAs suggested that the 
limited coverage of variable uses could stem from a lack of knowledge or opportuni-
ties to conceptualize them within context. The authors recommended PD programs 
that offer opportunities for TAs to engage with these concepts before incorporating 
them into their discussions with students.

Third, studies examined the relation between NUMTs’ beliefs and teaching. Some 
studies have found consistency between beliefs and teaching, while others have 
not. For example, Kim (2014) showed consistency by observing that international 
TAs believed in the importance of concept explanations and spent most of class on 
explaining concepts, whereas U.S. TAs emphasized pattern recognition from solving 
problems and in class mostly solved real-life problems and emphasized the solution 
patterns. DeFranco and McGivney-Burelle (2001) showed inconsistency, reporting 
that 22 GTAs from a mathematics pedagogy course adopted new sets of beliefs (e.g., 
using problems to uncover or challenge students’ misconceptions), but their teach-
ing practices were still teacher-directed with little interactions with students (pp. 
586–568). Shultz (2022) observed similar inconsistency by showing that instructors 
who believe inquiry-oriented instruction is beneficial choose not to use it because 
of their recognition of professional obligations (“their responsibilities toward…the 
individual student, mathematics as a discipline, the institution, and society”) could 
work in opposition to those beliefs (p. 227). These studies suggest that PD should 
provide instructional context for NUMTs to think about implementing strategies 
reflecting their beliefs.

Fourth, studies pointed out the differences in how TAs and faculty instructors 
recognize professional obligations. Interviews conducted by Shultz et  al. (2019) 
revealed that both groups showed commitment to integrity of the mathematics, but 
“GTAs see students as more responsible for their own learning than do professors, 
and they struggle to recognize an obligation to fostering the social environment for 
the students” (p. 38). The authors suggested PD that increases GTAs’ recognition of 
students’ needs by exposing GTAs to students’ struggles with mathematical content, 
providing chances to hypothesize reasons, then reading the transcript of students’ 
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actual thoughts “to design lessons, grounded in specific mathematical content, 
which incorporate ways of attending to the environment [and]… adjust to different 
particular needs” (p. 41).

Our study addresses calls for more studies addressing NUMTs’ teaching (Speer 
et  al., 2010) focusing on TAs in particular (Ellis, 2014; Laursen, 2019). We look 
at a specific aspect of TAs’ teaching in relation to students’ difficulties with con-
tent by examining what TAs conceptualize as students’ difficulties from interact-
ing with students’ work and their ways to address them in class. This study follows 
the suggestions from the literature about providing opportunities for TAs to engage 
with students’ struggles before they discuss the ideas with students and plan lessons 
based on their identifying of students’ difficulties (Shultz et al., 2019) with content-
specific tasks designed to bring out students’ difficulties about the core mathemati-
cal concepts in the course that TAs teach (Winsløw et al., 2021).

Use of Students’ Errors in Mathematics Classrooms

Use of students’ errors in teaching has been emphasized at all levels (e.g., Brodie, 
2014; Jacobs et  al., 2010; Prediger, 2010) including the university level (Kung, 
2010; Nardi, 2008). We take a non-deficit view of errors, consistent with, for exam-
ple, Smith et al. (1993) who conceptualizes errors that are systematic, common, and 
reoccurring, as “characteristic of initial phases of learning because students’ exist-
ing knowledge is inadequate and supports only partial understandings” (p. 123). 
Systemic errors are produced by “misconceptions” that are a “plausible abstrac-
tion” of what students have learned, thus are their “attempts at sense-making” (Li 
& Schoenfeld, 2019, p. 2), which could be used as resource for their learning. In 
this study, we conceptualized errors as parts of students’ work that deviate from 
what is mathematically accepted that reflect their difficulties with, in our case, the 
derivative (See Section "Content-Specific Mathematics Education Research Used in 
PD Materials"). We did not include what seemed to be nonsystematic errors (i.e., 
the ones that we could not connect to any layers of the derivative) such as simple 
arithmetic mistakes. This is consistent with the literature about misconceptions and 
errors (Barmby et al., 2009; Hansen et al., 2020). That literature classified errors to 
conceptual and procedural (Mutambara & Bansilal, 2022), which we used to under-
stand the nature of errors that TAs identified and used (further details in Analysis).

Addressing errors in teaching allows teachers to reflect on their students’ think-
ing, emphasize mathematical aspects, and prompt students’ mathematical reason-
ing (Bray, 2011; Ingram et al., 2015; Santagata & Bray, 2016). Studies about teach-
ers’ error-handling have been mainly conducted at K-12 levels. They suggested 
the processes teachers go through such as noticing (“perceiving errors”), interpret-
ing (e.g., “looking for reasons”), and dealing with errors (e.g., planning instruc-
tional approaches to help students “overcome the misconception” reflected in errors) 
(Heinrichs & Kaiser, 2018, p. 84; Jacobs et  al., 2010). We found two main features 
of teachers’ high-level engagement with student errors in the literature. The first fea-
ture was the level of specificity at which teachers engage with a specific (type of) 
error made in a problem context (Heinrichs & Kaiser, 2018). For example, Biza 
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et  al. (2018) noted that engaging “with the underpinning mathematical content  
in the task is essential and strengthens intended pedagogical practice” and different-
iated responses that did so from those that did not (p. 74). The second feature was the 
level at which teachers provide explicit instructional plans to address student errors. For 
example, Jacobs et al. (2010) explicitly prompted teachers to provide specific instruc-
tional approaches (e.g., problems to pose next to the student whose work teachers just 
engaged with). They used two levels to analyze teachers’ approaches; robust evidence 
was when teachers considered the student’s strategy and planned next steps that existing 
literature “has shown likely to further” the students’ understandings (p. 189) and limited 
evidence was when teachers assumed students, who adopted different strategies, had 
similar understandings and proposed next steps not reflecting each student’s strategy.

Studies have shown that how teachers engage with students’ errors is related to 
their beliefs about errors and their content knowledge. For example, teachers’ beliefs 
that flawed solutions can confuse students limit open discussion about errors in 
class, and those with weak mathematical knowledge were less likely to identify and 
understand students’ errors and had difficulties “formulating conceptually based 
questions or explanations in response to errors” (Bray, 2011, p. 31). Moreover, 
teachers’ limited knowledge about key ideas can “undermine the power of focusing 
on students’ errors” which often results in emphasizing correct steps (Santagata & 
Bray, 2016, p. 563). These studies suggest that handling students’ errors requires 
teachers to do “complex analytic and interpretive work…that draws upon a wealth 
of knowledge and expertise about students’ learning, the mathematics itself, the dif-
ficulties students encounter with the particular mathematics, the consequences of 
different interactional moves and the wider pedagogical goals” (Bray, 2011; Ingram 
et al., 2015, p. 194), which many NUMTs, including TAs, are not equipped to do 
(Bray, 2011). This suggests a need for PD that helps teachers “develop their concep-
tual understanding of key mathematical ideas,” which can be aided by literature on 
students’ difficulties (Winsløw et al., 2021) and error handling (Bray, 2011; Brodie, 
2014; Ingram et al., 2015; Santagata & Bray, 2016, p. 563).

As mentioned earlier, since what TAs considered as students’ difficulties matched 
types of errors that students made in their work, we built on these studies to examine 
TAs’ engagement with students’ errors. We did not explicitly ask them to hypoth-
esize about causes of errors because our intention was not to be invasive of the first-
year TAs’ teaching. Grading and planning lessons are already included in TAs’ gen-
eral practice, and the literature has shown that years of teaching impact teachers’ 
ability to interpret student misconceptions and common errors (Bray, 2011). Thus, 
we did not focus on how the first-year TAs interpret students’ errors in this paper.

Our study investigating how TAs implement their plan to address students’ errors 
they identified is noteworthy because we have not found studies examining how 
teachers address what they noticed from their students’ written work in their follow-
up class or studies about error-handling in class that include teachers’ engagement 
with errors prior to class. Also, we could not find any work that addresses TAs’ use 
of students’ errors that they noticed from students’ work in their teaching. Given 
the importance of dealing with students’ errors in teaching and that TAs often teach 
without much background in teaching, this study makes an important initial contri-
bution towards helping TAs learn how to incorporate errors in teaching.
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Methods

Research Site and Participants

Our study was conducted in a single-variable calculus course, Calculus I for STEM 
majors, at a large public U.S. university (the institution). The institution uses a tra-
ditional approach to Calculus I and a syllabus created in conjunction with the client  
STEM departments that reflects what they want their students to learn from the course.  
At the institution, Calculus I is offered as large-coordinated lectures taught by faculty  
instructors for 80–100 students with discussion sections taught by TAs for 25–30 stu- 
dents. In the discussion sections, TAs typically solve textbook problems and some-
times review concepts covered in lectures based on questions students have. When we  
conducted the study, three lecture sections paired with nine discussion sections were 
offered. Three faculty members, including the authors, taught the lecture sections, 
and the five TAs (Mathematics PhD students – Amy, Lia, Kay, Dan, and Eddy, 
pseudonyms) taught the discussion sections. We invited all TAs to participate in our 
study. We explained the purpose of this study was to gain an understanding of the 
role of the TAs in undergraduate mathematics education, and that participating in 
our study would involve having the research team observe and video-record their 
classroom teaching and having them attend four PD sessions. They all volunteered 
to participate. We decided not to share specific goals for class observation explic-
itly because we wanted to observe whether and how they implement their plans 
to address students’ difficulties on their own after their identifying and planning. 
We note that Lia and Eddy taught the students in the PD facilitator’s sections. We 
acknowledge the potential for bias given that PD was conducted by their instructor 
rather than a neutral party. Any bias introduced might have resulted in TAs being 
more inclined to excel in the PD and related assignments. To mitigate this potential 
bias, we opted not to disclose the specific goals of our study to prevent behavior 
being influenced by those goals.

All five TAs were first years, and only two of them Lia and Eddy had previous 
teaching experience before joining the mathematics PhD program, as instructors of 
20–30 student classes during their Master’s degree studies and as temporary faculty at  
another institution. The TAs all taught discussion sections for Calculus I in the previ- 
ous semester, which we observed on the topics for which we later developed the tasks.  
During this time, TAs’ discussion sections were in a lecture format, meaning that they  
solved problems from the textbook while asking students some closed-ended questions 
with no explicit mention or use of students’ work. TAs followed a coordinated schedule and 
instructors’ directions on what to cover. Prior to our study and before starting teaching at the 
institution, the TAs had participated in a one-day training session, in which they received 
general instruction about their responsibilities (e.g., grading, being prepared for class, attire). 
Additionally, they each did a 5-min teaching demonstration on a calculus topic and received 
feedback from a faculty member who led the training. They received no specific training 
on knowledge for teaching mathematics, such as how to understand students’ difficulties. 
This study represents initial efforts to improve TAs’ knowledge for teaching mathematics by 
exposing TAs to students’ difficulties about the content before they teach students.
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Data Collection

Problem Sets and Guidelines

This study was conducted by a research team consisting of two faculty instruc- 
tors and two doctoral students (not participating TAs). First, we developed a  
set of eight calculus tasks about the derivative, the main topic for Calculus I, 
addressing common students’ difficulties identified in existing studies (Section  
"Use of Students’ Errors in Mathematics Classrooms", Table 1) (Appendix).

We used online sources such as The Better File Cabinet Home Page (n.d.), which is a  
“searchable data base of calculus problems,” CLEAR Calculus (n.d.), which is  
“a research-based effort to make calculus conceptually accessible to more stu- 
dents” and provides instructor resources, and the most widely-used calculus  
textbooks in the U.S. (Bressoud et  al., 2013). The purpose of these tasks was  
preparing students to learn new concepts by making potentially difficult math- 
ematical aspects explicit. This was communicated with the TAs in PD.

Additionally, for each task, we developed a written sample solution and guidelines  
for TAs (4–6 specific guidelines given as bullet points), for a total of 41 guidelines in  
all (Appendix). We had four main principles when developing the guidelines:

•	 Clarifying the purpose of tasks (e.g., “Clarify that part 4 is related to the  
slope at a point x =  c  and part 5 is related to how the function changes its  
behavior around those points” for Pre-lab 4.3),

•	 Emphasizing crucial or easily-missed points of solutions (e.g., “Be sure stu- 
dents are graphing the sine function with x in radians” for Pre-lab 3.3),

•	 Providing potential students’ difficulties with problems (e.g., “Students  
might be confused about finding the ordered pairs corresponding to values c  
and d from parts 3 and 7 above” for Pre-lab 4.3), and

•	 Providing extra explanations to solutions (e.g., “Emphasize the difference 
between a relation and a function: a function is a type of relation, but not all  
relations are functions for Pre-lab 3.5)

Students’ Written Work

To collect students’ written work on the tasks that we developed, we invited all the  
students who attended the TAs’ discussion sessions to participate in our study. We 
explained that the purpose of this study was to improve calculus education and that  
participating in our study would involve having the research team collect copies of their  
written work that they to complete as part of the course, and for us to video-record their  
classes focusing on their TAs’ teaching. They all volunteered to participate.

For each task, we asked the students to complete it as homework, and returned 
collected students’ work to their TAs. On average, 91 students submitted their 
responses per task, totaling 727 submissions. We, the research team, analyzed stu-
dents’ work focusing on the errors that they made and categorized them into the 
main layers of the derivative after observing that what the TAs submitted as difficul-
ties mostly reflected errors their students made (Table 1, pp. 13–14).
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TAs’ Interaction with Students’ Work

We asked each TA to evaluate the students’ work on each task from his/her own 
class and, in a Google Spreadsheet shared with the researchers only (Fig. 1), submit 
what they noticed as students’ difficulties, and explain how they planned to address 
those difficulties before they solve it in class. They had 1–2 days for submissions. 
The PD about the task happened before the TAs evaluated students’ written work. 
During the meeting the verbal prompts “what are the students’ difficulties that you 
identified while evaluating?” and “what’s your plan to address those difficulties?” 
were given to the TAs to complete after they had evaluated students’ work.

The order was set this way because we wanted the tasks and PD to be blended 
with their course. Specifically, (a) each of our tasks were designed to prepare for 
a certain section in the textbook and we wanted to collect students’ work after 
they completed the previous section and before they started the section for the 
task, (b) we wanted the TAs to build a common understanding of the task and 
how to approach it during PD, and then (c) read and evaluate their own students 
work before they solve the task with students. The classes where the TAs solved 
those tasks were video-recorded and transcribed, and analyzed to examine how 
and to what extent the TAs used difficulties that they noticed from students’ work.

Professional Development

We conducted four 70-min PD sessions. Each covered two of the 8 tasks we 
developed beforehand (since the lectures were scheduled three times a week gen-
erally covering one textbook section per class, but the discussion sections were 
scheduled only twice a week, TAs often had to cover two sections in one class). 
For each task, two TAs prepared their solutions to the task but only one pre-
sented. Two TAs did a demo lesson once and the others did two over the PD. 
During each 70-min meeting, the facilitator led a short discussion about layers of 
the derivative (Section "Content-Specific Mathematics Education Research Used 
in PD Materials") and the purpose of the task regarding layers and their relations. 
Then one TA did a 15–20 min demo lesson solving one task. The presenting TA 
explained what their solution addressed regarding the layers of the derivative and 

Fig. 1   Spreadsheet Shared with TAs
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the TAs discussed which part of the demo lesson might be hard for students, how 
to improve it, and different ways to solve the task. Then, they repeated the pro-
cess for the other task. For example, about Pre-lab 2.7, the presenting TA (Amy) 
explicitly mentioned that her focus on addressing “the process of finding the 
derivative at a point” as “the limit on the difference quotient,” and “secant lines 
… getting closer and closer to the tangent line” can be more explicitly discussed 
with how h changes. Lia added that the solution should indicate that the slopes of 
secant lines (represented discretely) converge to the slope of the tangent line and 
how the behavior of secant lines represents that. There was limited mention of 
“students” in their discussion when discussing which part might be hard for stu-
dents. For example, in her solution of Pre-lab 2.8, the presenting TA (Kay) used 
the definition of the derivative involving h because she thought factoring would 
be harder for students in the other form of definition.

The purpose of PD was to prepare a mathematically strong lesson together by 
(a) discussing ways to solve the tasks that they would cover regarding layers of 
the derivative and students’ difficulties about them (Section "Content-Specific 
Mathematics Education Research Used in PD Materials") and (b) having TAs to 
realize their own misconceptions or confusions about the tasks and discuss those 
with their peers and the PD facilitator. The purpose (a) was also addressed by the 
written guidelines for the TAs to use in support of the PD, which we distributed 
at the end of PD.

Since PD happened before the TAs had chances to look at their students’ work 
on the task, it did not specifically address errors that their students made. Asking 
the TAs to identify students’ difficulties from their work and plan to address them 
was our effort to understand their current use of what they learned from students’ 
work in class, which would inform our future PD where we also incorporate TAs’ 
engagement with students’ work in their preparation of lessons in addition to pre-
paring mathematically strong lessons.

Analysis

We analyzed three sets of data: (a) TAs’ submission of students’ difficulties and 
plans to address them, (b) TAs’ classes solving those tasks, and (c) their students’ 
work on tasks. We decided to add part (c) after observing that the TAs’ submissions 
generally matched errors in students’ work. Our analysis involves three terms:

•	 “Error”: Individual student error that the research team identified (excluding 
arithmetic mistakes)

•	 “Error type”: Types of errors that the research team identified by grouping simi-
lar individual errors (called “codes” in the paper, examples in Table 2)

•	 “Error types the TAs identified”: the error types that the researchers identified 
from TAs’ submissions. They were a subset of all error types the researchers 
identified from their students’ work.
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For example, consider an error type “when computing f (x + h) or f (a + h), stu-
dents use a numerical example for ‘h’ rather than the letter h”.1 Different numerical 
values for h would produce different errors, but regardless of the values they used, 
these errors would still be categorized under this error type. A priori, there could 
be differences between what TAs considered as students’ difficulties and what we 
considered as error types. However, during our analysis, the difficulties that the TAs 
identified easily matched with the codes, or small collections of codes, we devel-
oped, which is further explained below.

Analysis of Students’ Written Work

For analysis, we expanded our research team to include three advanced undergradu-
ate students as research assistants. For each task, a faculty member and two research 
assistants analyzed 50–60 students’ work individually first and then together regard-
ing the types of errors that students made about the main layers of the derivative 
(Section "Content-Specific Mathematics Education Research Used in PD Mate-
rials") through open coding of our data (Strauss & Corbin, 1990). Since students 
made errors regarding other prerequisite layers such as functions and DQs, we also 
added those error types as our codes. Then, those three members came up with com-
mon codes (error types) and descriptions to apply to the rest of the data. It should 
be noted that our error types were detailed to catch all TAs’ submissions (Table 1). 
Then, a research assistant finished the rest of the coding based on the developed 
codes and met with a faculty member to discuss unclear descriptions or new cases to 
be added. Once coding ended, we randomly picked 20% of students’ work on each 
task to code again, which all matched the original coding. Thus, our codes are the 
types of errors we found in students’ written work.

Once we finished coding, we recorded how frequent error types were observed by 
recording (a) the number of codes we identified for each task and each TA’s class, 
and (b) the number of errors corresponding to such codes.

To understand the general distribution of the error types in students’ work, 
we labelled natures of codes. Consistent with recent literature on students’ 
errors, we classified them as conceptual and procedural (Mutambara & Bansilal, 
2022), and further classified conceptual errors to meaning-or-relationships and 
missing-components:

•	 How to compute or graph (How-to),
•	 Meaning of mathematical objects or their relationships (Meaning-or- 

Relationships), and
•	 Missing mathematical components in their solutions (Missing-Component)

through open coding (Strauss & Corbin, 1990) of all codes we developed 
(Table 2). With this classification, we were interested in identifying what aspect of 
students’ work was incorrect. Specifically, we aimed to identify whether their work 

1  We note that this is a type of error in evaluating a function, not in taking the limit as h approaches 0.
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was incorrect regarding carrying out a procedure, meaning of mathematical objects 
and relating them, or missing a component, not to further interpret students’ thought 
processes that may have led to the particular part of their solution being incorrect. 
Based on this classification, we wanted to look for patterns in where TAs identi-
fied difficulties from students’ work. This is in contrast to other studies that aim to 
understand the underlying causes of errors. Our goal was to identify what aspects of 
students’ work TAs considered when they identify student difficulties.

Analysis of What TAs Identified as Difficulties in Terms of Error Types

As mentioned above, once we observed that generally students’ difficulties in TAs’ 
submission matched types of errors their students made, we identified error types 
that their submissions addressed (Table 1). In most cases, there was a one-to-one 
correspondence, but when what TAs submitted as one difficulty addressed multiple 
error types, we recorded all such error types as what their submission addressed.

Comparison between Error Types that TAs and Research Team Identified

Once we identified the error types that TAs identified, in each task for each TA, we 
compared them with the error types that we identified. To show the proportion of (a) 
the error types each TA identified for a task among (b) the error types the research 
team identified for the task in that TA’s class, we computed the percentage by divid-
ing the number of (a) by the number of (b). Then, to show the percentage of (c) the 
errors that correspond to the error types each TA identified for a task among (d) the 
errors that the research team identified for the task in that TA’s class, we computed 
the percentage by dividing the number (c) by the number of (d). We then computed 
average percentages from the eight tables of those percentages (one for each task). 
To understand the distribution of the natures of the error types that TAs identified, 
we also computed the average percentage for each of How-to, Meaning-or-Relation-
ships, and Missing-component error types that they identified in the same way.

Analysis of TAs’ Submissions – Levels

For each error type that TAs identified, the two faculty researchers developed a 
framework (descriptions) for their identifying, planning and teaching (Tables  3, 4 
and 5) using different levels (See 2.4), and applied it to data individually, and our 

Table 3   Levels of TAs’ identifying

Level Description

Robust Identifying error types with specifics of students’ work
Limited Stating a general category of error types regarding layers of the derivative and/or 

their nature without specifics of student work (Category), or
Mentioning they saw students’ work with examples (Saw)

No-Data Not filling out the Google Spreadsheet or mentioning students’ error type in class
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coding matched. We developed specific categories within each level through open 
coding (Strauss & Corbin, 1990) of the TAs’ identifying, planning, and teaching. 
Thus, they are the results of our analysis, but we present them here to make the dif-
ferences in levels explicit. In the results, we will focus on the levels.

TAs’ attending to the specifics of students’ work (Robust) is differentiated from 
when TAs gave a general category without the specifics (Limited) (Table 3). When 
we refer to the “specifics” of students’ work, we are not necessarily indicating TAs’ 
inclusion of particular students’ examples. Instead, we are focusing on specific 
mathematical aspects within students’ responses that are included. For example, 
Amy’s submission of “students do not understand that they are taking the limit of 
the slope of the secant line. They were taking the limit as h goes to 0 of f(x) in many 
cases” was.

coded as ‘Robust’ because it explicitly pointed out the incorrect object to which 
the student applied the limit. In contrast, Lia’s submission of “students did not 
understand how to calculate the difference quotient limit” was coded as ‘Limited’ 
because it only included that the error type was regarding how to compute the  
limit of the difference quotient without mentioning what students did (“Category”  
in Table 3).

When in class TAs mentioned the error types that they noticed that they did  
not initially submit, we included them as part of their identifying, assuming they  
had first identified students’ error types before mentioning them, and coded them 
using the three levels depending on what they said in class. There was one occa-
sion where a TA simply mentioned examples of students’ wrong responses in  
class without discussing their layers or nature (i.e., “I saw some of you put…”).  
We categorized this as “saw” under limited identifying to differentiate it from  
No-data. In this paper, we considered TAs’ engagement with an error type from 
identifying, to planning, to teaching as a case. For example, if a TA identified a  
code at the Robust level, and his/her planning and teaching addressed it at the  
Robust level, the triplet (Identifying-Robust, Planning-Robust, Teaching-Robust) 
would be considered as one case.

Our scales for TAs’ plans reflect the levels of specifics of error types that the 
plans address and the level of explicitness of their instructional approach (see Sec-
tion "Use of Students’ Errors in Mathematics Classrooms") (Table 4).

We analyzed the TAs’ teaching, first by identifying and classifying the parts of 
the recorded class where they solved the tasks from PD according to the error types 
that they identified and planned to address. Then, we coded each part using a three-
level system that was modified from the planning levels: Robust, Limited, and No-
Use (Table 5). No-Use cases include when TAs identified error types, but there was 
no evidence of using them in class. The specific categories in planning also apply 
to the levels for TAs’ use of the error types in teaching, with additional categories 
that we identified in our analysis of teaching. The reliability of coding for planning 
and teaching was assessed using the same method as the one employed for coding 
identifying.
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Results

This section reports our analysis of what TAs identified as difficulties from their 
students’ work, their planning and teaching addressing those difficulties. Recall 
from the Methods section that the difficulties identified by the TAs matched the 
error types, which allowed us to compare the error types that were captured in the 
TAs’ submissions to those that were not. Since the error types that the TAs’ submis-
sions captured were the ones that were addressed in their planning and teaching, our 
results will mainly discuss the TAs’ identification, and then planning and teaching in 
relation to their identification.

Identifying Errors

To have a general idea of the error types the TAs identified, we investigated them 
from three aspects. First, we compared them with the error types we identified from 
their students’ work regarding how frequent those error types appeared in their stu-
dents work. We also examined the nature of those error types and levels of speci-
ficity of students’ work reflected in the TAs’ submissions. Then, we will discuss 
specifics of those error types in the context of students’ difficulties that were iden-
tified in the existing literature (Section "Content-Specific Mathematics Education 
Research Used in PD Materials").

TAs’ Identifying – Frequencies of Error Types

The total number of the error types each TA identified varied from 7 to 17 (Table 6, 
if the same error type was addressed on multiple tasks, it was counted each time it 
was identified). Each TAs’ submission captured 7% to 25% of the error types that 
we identified from their students’ work on average across the tasks.

Given that a large percentage of errors were not captured in TAs’ identifying, we 
sought to learn about which error types were and were not identified by the TAs. First,  
we looked at the frequent error types, which we operationalize as when they were 
observed in 3 or more students’ work in one task in each TA’s class, and found that 
the error types that TAs identified were not in general the frequent ones.2 The aver-
age percentage of frequent errors that were included in each TAs’ submission ranged 
from 8 to 44%. In fact, of the 39 combinations of 5 TAs and 8 tasks (one TA did not 
submit the scan of their students’ work for one task), there were only 2 combinations 

Table 6   Number of error types that each TA identified

Amy Lia Kay Dan Eddy Sum

Number of Error Types Identified 17 7 14 12 8 58

2  We chose the frequency of 3 because 3 was about 10% of the submitted work from each TA’s class for 
each problem.
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where the TAs identified all the frequent error types for the task. Moreover, in 24 com- 
binations among those 39 combinations (62%), the most frequent error types (whose 
frequencies ranged from 6 to 16) were not identified by TAs. This shows that the TAs  
often did not identify types of errors made by a relatively large number of students in  
their class as difficulties while evaluating their work.

TAs’ Identifying – Nature of Error Types and Levels of Specific Students’ Work

Before we further investigated the natures of the error types TAs identified, it should 
be noted that in the researchers’ coding of all student data, how-to error types were 
most dominant, but there were also significant numbers of error types of other 
natures. Specifically, how-to error types ranged from 54% ~ 60% of all codes, Mean-
ing-and-Relationship error types ranged from 26 ~ 32%, and Missing-component 
error types ranged from 9% ~ 17% (average percentages over 8 tasks for each TA) 
and corresponding numbers of errors showed a similar distribution.

In the TAs’ submissions, we found that they identified how-to error types more 
frequently than the other two error types. All TAs identified “how-to” error types 
(12% ~ 34%) much more frequently than “meaning-or-relationships” (0% ~ 17%) or 
“missing-component” (0% ~ 20%) error types in comparison to what we identified, 
and some TAs almost exclusively identified How-to error types.

Of 58 error types, the TAs identified 37 at the Robust level (64%) and 21 at the 
limited level (36%). When we further categorized the levels according to the nature 
of error types (Table 7), we see that the error types TAs identified at the robust level 
were primarily about How-to, and Meaning-and-relation error types were less likely 
to be identified at the robust level. Among the 39 how-to error types, the TAs identi-
fied 27 (about 70%) at the robust level. In comparison, among the 15 meaning-or-
relation error types, they identified less than half (7 among 15) at the robust level.

Our observation that (a) a large number of error types, especially the frequent 
ones, were not captured in their submission, (b) how-to error types were dominant 
in their identification, and (c) high levels of specific aspects of students’ work was 
mainly included in how-to error types motivated us to further investigate the error 
types the TAs identified in comparison to those they did not.

Error Types Captured in TAs’ Submission

To understand the content that the error types the TAs identified address, we first 
connected those error types to the difficulties about the derivative identified in the 
literature (Section "Content-Specific Mathematics Education Research Used in PD 

Table 7   Levels of TAs’ 
identifying and the nature of 
error types identified

How-to Meaning Missing comp Total

Robust 27 7 3 37
Limited 12 8 1 21
Total 39 15 4 58
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Materials"). We then separated those difficulties that were addressed in multiple 
TAs submissions (Table 8) and in only one TA’s submissions (Table 9). To make a 
comparison, we also looked at the error types that we observed in more than 3 TAs’ 
classes, but were not included in any of their submissions (Table 10). These separa-
tions allowed us to observe what the TAs identified in the mathematical context of 
our study. The details are as follows.

Some error types TAs identified relate to prerequisite materials such as functions 
and DQs. For those layers, the TAs included various error types reflecting misuse of 
function properties in algebraic manipulations or graphing (Table 8). For example, 
TAs include students’ difficulties decomposing a function (e.g., Pre-lab 3.4, Appen-
dix), using algebraic properties of functions correctly (e.g., Pre-lab 3.5), and graph-
ing given functions (e.g., Pre-lab 3.1). Although TAs did not include a frequent error 
type regarding composite functions (Table 10), it can be considered similar to those 
that they have already identified. Those error types that most TAs included were 
dominantly how-to error types.

Less prominent in their identification regarding functions and DQs were students’ 
difficulties with use of variables and ordered pairs (Table  9). We identified error 
types reflecting such difficulties in multiple TAs’ classes such as using numerical 
values instead of letter h when evaluating a function (Pre-lab 2.7), not including 
variables while decomposing functions (Pre-lab 3.4), making mistakes transition-
ing between an ordered pair as a point on the graph of the function and function 
notations (Pre-labs 2.7 & 3.9), and students’ misuse of the DQ as a specific number 
when writing the DQ as a function of a letter h (Pre-lab 2.7). However, only one TA 
included each of those error types. These less prominent error types were mostly 
about meaning or relationships, or missing components.

Regarding the limit layer, our tasks were designed to address the limit not being 
obvious in students’ thinking (Pre-lab 2.7). All TAs included a variety of error types 
reflecting this difficulty such as missing or incorrectly reflecting the limit in their 
computation of the derivative, or not being able to provide the limit definition of the 
derivative (Table 8), which seem to mainly address what students should have done 
for correct solutions. Less obvious in their submissions were students’ difficulties 
applying the limit to the right object, which addresses what students actually did in 
their solutions. For example, although students applying the limit on a wrong object 
(e.g., the original function not on the DQ) was identified in all 5 sections, only one 
TA included it in her submission (Table 9).

Another difficulty that was less obvious in their submissions was regarding the 
meaning of the derivative at a point as a quantity. Those error types include repre-
senting the derivative as a tangent line, not as its slope, or providing incorrect jus-
tification of different slopes based on the original function. Also, students’ difficul-
ties with drawing tangent lines or estimating its slope were identified in all sections 
(See Limit layer in Table 10), but it was not included in any TAs’ submission. The 
importance of tangent line in analytic contexts where the derivative is discussed was 
emphasized in the literature (Shultz et al., 2019) and being able to estimate its slope 
as a number is one of the crucial abilities in the construction of the derivative of a 
function that is given as a graph (Stewart, 2016).
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Regarding the derivative as a function layer, the TAs’ submissions addressed var-
ious students’ difficulties with graphically constructing the derivative as a function, 
which was reflected in frequent error types in multiple sections (Table  8). These 
error types included “not representing the derivative as a function with collection 
of the derivative values at a several points” or using different methods (e.g., the dif-
ferentiation rules) (Pre-labs 3.1. and 3.3). The TAs also included incorrect relations 
between the original function and its first and second derivative functions that stu-
dents’ answer included (Pre-lab 4.3) (Table 8). Note that those are addressing mean-
ing and relationships, but at the same time are part of a well-established procedure 
of constructing the derivative graph from the textbook (Stewart, 2016). What was 
less obvious in TAs’ submissions was students’ transitioning between graphical and 
algebraic representations of the derivative. Specifically, in all 5 sections, students’ 
alternative methods (e.g., limit definition) to find the equation of the derivative 
function instead of utilizing the graph of the derivative function that they had just 
constructed were identified, but not included in any TAs’ submissions.

Regarding the derivative as an operator, two of the TAs included the incorrect 
variables that students adopted in the implicit differentiation (e.g., “wrong vari-
able”) in their submissions. The other three did not include those in their submis-
sions although those error types were frequently identified in all TAs’ classes and in 
multiple tasks.

In summary, we observed that TAs identified the how-to error types dominantly, 
and the meaning-and-relation or missing-comments error types that are mostly con-
sidered parts of performing well-established procedures (e.g., constructing the graph 
of the derivative). We also observed that TAs included what students did not do 
or did wrong, but often did not include what about their responses made it incor-
rect. This is related back to our distinction between levels of identification between 
robust and limited. We consider this distinction important because being able to 
identify the aspects of students’ work that makes their answer incorrect beyond just 
them being incorrect is a starting point of understanding where students come from 
to make plans to address them from students’ perspective instead of only addressing 
them from the perspective of mathematical correctness.

Planning

All error types the TAs identified in their submission (56) were used in their plan- 
ning: 24 plans were at the robust level and 32 were at the limited level. The detailed  
planning approaches were presented in Analysis (3.3.4, Table 4). The most common  
planning categories at the robust level were providing extra examples, representa-
tions, and details addressing the error types they identified (20). The most common  
categories at the limited level were providing a correct answer or statement to the part  
of the task where the TAs had identified error types (for example, “making the rela- 
tion between a function behavior and the sign of its first and second derivatives clear”  
for the wrong relationship stated by students) (27). However, there were four plans to  
provide extra examples, representations, and details addressing the error types they  
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identified, which included limited specific details of students’ work. For example,  
to address the error type, “Students have difficulty with translating the slope of tan- 
gent lines to the coordinates (x, y) for the derivative function graph or vice versa”, 
Lia planned to emphasize the slopes as y values on a new plane under the original  
function graph for the matching x values, while explaining how the new y values cor- 
respond to the slopes of tangent lines of the original function at the Robust level. In  
comparison, Eddy planned to provide a table of x values with the corresponding val- 
ues of the derivative, which we considered limited because the difficulties might have  
been about interpreting the slope of the tangent line as the y value of the derivative  
function. However, we consider plans for providing limited representations/examples/ 
details to be much closer to using students’ errors as resource for learning because 
they directly address what students’ error informed about their misconceptions, and  
could be easily scaffolded to the robust level with PD.

Our comparison between the TAs’ identifying and planning suggested the impor- 
tance of the specific aspects of students’ work included in identifying in devising 
instructional approaches that directly addressed students’ difficulties, thus using 
them as resources in teaching. Specifically, when comparing TAs’ planning and 
identifying, we found most of the robust plans were paired with robust identifying.  
Among 24 robust plans, 22 were paired with robust identifying, whereas only 2 were  
paired with limited identifying. Those two TAs’ plans both included using the verti- 
cal line test (Robust Planning – extra representations) to address student difficulty  
with “identifying two functions from an equation of a circle” that they identified 
(limited identifying-category). Similarly, more than half of limited plans were paired  
with TAs’ limited identifying (18/32, 56%). However, there were significant drops  
in levels from identifying to planning; 14 limited plans were paired with robust iden- 
tifying. Most of these 14 cases include providing correct answers or statements to 
the part of the task where TAs identified the error types (13).

Teaching

Among the 58 error types that the TAs identified, 41 error types were used in their teach-
ing at the Robust level (23/41, 56%) or the Limited level (18/41, 44%). The detailed 
approaches we observed in the TAs’ teaching are presented in Analysis (3.3.4, Table 5). 
Similar to planning, the most frequent categories for Robust teaching were providing 
extra details, examples, and representations (22). The most frequent categories for lim-
ited teaching were providing correct answers or correct statements to address errors (10).

Generally, the levels of specificity of students’ work involved in the TAs’ teaching 
were the same as the levels of specificity of students’ work involved in their identi-
fying: Robust-Identifying paired with Robust-Teaching (20) and Limited-Identifying 
paired with Limited-Teaching (12). However, we also observed significant level drops 
between identifying and teaching. Most of Robust-Identifying and Limited-Teaching 
cases involved How-to error types (4 of 6) which the TAs addressed by providing the 
correct answers or statement or saying what students should or should not do. Also, 
there were 16 error types the TAs identified but did not use during teaching, and most 
of them were also How-to error types (14 of 16).
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These 41 error types that were used in teaching show close ties between teaching 
and planning. There were 20 pairs of Robust planning-Robust teaching, and 16 Limited  
planning-Limited teaching. In fact, the subcategories for planning and teaching were the  
same for 33 error types. There were 16 error types that TAs planned to address but did  
not use in teaching. Those plans mainly include providing the correct answer or state- 
ments (11 of 16) and addressed How-to error types (13 of 16). Their solving of the task  
looked like what one would expect of teachers who did not see their students’ work.

Discussion and Conclusions

This study contributes to the field of undergraduate mathematics teaching by 
responding to the call for more studies by examining TAs use of students’ work in 
their teaching. We incorporated suggestions from the recent literature of providing 
content-specific PD opportunities for university mathematics teachers, address-
ing the specific challenges that they face (Winsløw et al., 2021) including the ones 
stemming from disconnections between their teaching and students’ ability to under-
stand it (Park & Rizzolo, 2022; Güçler, 2013, 2016). Specifically, we investigated 
what TAs identify as students’ difficulties from students’ written work (identify-
ing), and how they use those difficulties in their plan to address them (planning) 
and implementation (teaching). Since the difficulties the TAs identified matched 
types of errors that their students made in their work (error types), we developed 
our framework based on well-established research about teachers’ use of students’ 
errors in teaching (Bray, 2011; Brodie, 2014; Ingram et al., 2015; Santagata & Bray, 
2016) focusing on the level of specifics of students’ work and the levels of explicit 
instructional approaches that were reflected in TAs’ engagement of students’ errors 
(Biza et  al., 2018; Heinrichs & Kaiser, 2018; Jacobs et  al., 2010). Our analysis 
of TAs’ identifying, planning, and teaching together provided several important 
observations.

Overall, our analysis shows that most of the difficulties that TAs identified were 
identified at the robust level, and that robust identification tended to result in robust 
planning and teaching. This shows that TAs attend to the specifics of students’ 
responses and use the difficulties they observe to try to help their students overcome 
those difficulties. Thus, they have a strong foundation for learning more about using 
student difficulties as resources for learning. Our analysis also highlighted several 
important areas needing further investigation to understand how to best support TAs.

Our results suggest that identifying is a key stage in the process of TAs using student  
difficulties as a resource for learning. In particular, while there were drops in the level of  
engagement with student’s difficulties from identifying to planning and then to teaching,  
overall TAs typically addressed student difficulties in teaching at the same level at which 
they identified the difficulties. In our analysis of what TAs identified, we found that they 
generally did not identify what the research team found to be the most frequent error  
types made by their students. Additionally, we found that TAs identified how-to error 
types at a higher rate than meaning-and-relationship or missing-component error types, 
which could be related to previous findings from the literature that domestic TAs in the 
U.S. view problem solving via pattern matching as an important part of Calculus I (Kim, 
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2014). Based on our results, we believe the issue of what TAs identify as student dif- 
ficulties from student work is a rich area for future investigation. In particular, it would  
be helpful to understand the reasons TAs identify the error types that they do. There are 
several possibilities for this that would have relevant practical consequences for PD. For 
example, are TAs not identifying frequent error types because they did not notice that  
they were frequent? If this is the case, then PD emphasizing how to identify frequent  
errors could be helpful. Alternatively, if TAs did not identify frequent errors because  
they are of a type or nature that TAs do not consider important to address, it might be  
more helpful to PD to focus on the learning goals for the course and the difficulties stu-
dents have meeting those goals to reach consensus about what is important to address.

We also found that, in the difficulties TAs did identify, the specific details that TAs 
included were mainly about what students should have done to proceed to correct solutions 
rather than the approaches that students actually used in their work. For example, errors 
due to applying the limit on a wrong object (e.g., the original function not on the DQ) were 
identified in all 5 sections, but included in only one TA’s identifying while other TAs’ iden-
tifying pointed out what students should have done such as providing the limit definition 
and adjusting it to the original function as their first step. Based on this, we think it would 
be helpful to understand why TAs choose the instructional approaches that they do. For 
example, in terms of the characterization of instructional approaches in Smith et al. (1993), 
TAs primarily adopt the provide-the-right-answer approach, rather than the using student 
difficulties as a resource for learning approach advocated for (Li & Schoenfeld, 2019). It 
would be interesting to understand why TAs are adopting these approaches. For example, 
are they actively choosing these approaches because these are the approaches that they 
thought worked well for them as students? Or is it because they have not been exposed to 
other approaches? Answering these questions would be relevant for designing PD because 
it would impact how PD could productively address teaching practices to help TAs use the 
errors as a resource for learning (Smith et al., 1993) and to view student errors as a “plausi-
ble application” of their existing knowledge (Li & Schoenfeld, 2019).

Finally, while our analysis did show that levels were generally consistent going 
from identifying to planning to teaching, there were noticeable drops in levels of 
specifics of students’ work reflected in the process of identifying, then planning, and 
then teaching. It would be interesting to understand how TAs decide which difficul-
ties merit discussion in class.

Our results and the answers to the questions posed here would help for design-
ing PD. In our view such PD promoting using students’ difficulties as resources 
for their learning could be administered concurrently with TAs’ teaching, similar 
to the setting of the current study, and would benefit TAs with different levels of 
teaching experience. Identifying students’ difficulties together from students’ work 
would particularly benefit beginning TAs who have little experience predicting and 
explaining the types of difficulties students have. Once TAs can predict and hypoth- 
esize about the difficulties their students may have (Park & Rizzolo, 2023), planning the  
lesson together based on guidelines from the mathematics education literature would 
help them navigate various instructional methods to use those as resources for stu-
dents’ learning.
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Example of a Sample Solution and Guidelines
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