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ABSTRACT

Legged robots have the potential to extend our reach to terrains that challenge

the traversal capabilities of traditional wheeled platforms. To realize this potential,

diverse legged robot designs have been proposed, and a number of these robots achieved

impressive indoor and outdoor terrain mobility. However, combining mobility with

energy efficiency is still a challenging task due to the inherently dissipative nature of

legged locomotion. Furthermore, legged robots typically operate in regimes where the

natural dynamics of the mechanical system imposes strict limitations on the capability

of the actuators to regulate its motion. This is especially the case for running, during

which the magnitude of the ground reaction force is several times of the body weight

due to the prominent dynamic effects of the motion.

Biological systems demonstrate the great potential of utilizing compliant ele-

ments in legged locomotion. During running, part of the mechanical energy is recovered

by the elastic deformation of muscles and tendons and returned back to the system

when it is needed. In addition, by storing muscle work slowly and releasing it rapidly,

compliance alleviates the requirement for powerful actuators. Introducing compliance

into legged robots, however, is not a straightforward task. Compliance might lead to

high frequency oscillations or impede the free motion of the joints. In addition, due

to the relatively large stiffness, the behavior of the system is largely governed by the

natural dynamics of the spring-mass system. Careful analysis of the natural dynamics

is necessary to fully exploit the benefits of compliant elements.

With the objective to close the gap between mobility and efficiency, this thesis

explores the applications of both active and passive compliant elements in the design

and control of running robots. The thesis begins with reduced-order running models

xv



with massless springy legs before delving into higher-dimensional models that consti-

tute more faithful representation of robotic systems. Although these models do not

incorporate energy losses due to impacts or damping effects, they can predict important

aspects of running, including ground reaction force profiles, center of mass trajectories,

and the change of stance duration with respect to speed. Using time-reversal sym-

metries of the underlying dynamics of these reduced-order models, this thesis states

analytic conclusions on the stability of periodic running gaits, which can be used to

facilitate controller design. Next, a detailed model with segmented leg and inelastic

impact is adopted to study the periodic bounding of quadrupedal robot HyQ. Mim-

icking the reduced-order models, the controller introduces active compliance into the

robot. Stable periodic bounding gaits emerge as the interaction results between the

robot and its environment.

Inspired by the complementary benefits of passive and active compliance in en-

ergy efficiency and control authority, respectively, we propose in this thesis a novel

actuation concept: the switchable parallel elastic actuator (Sw-PEA). This concept

relies on adding compliance in parallel with the actuator to reduce both the energy

consumption as well as the torque requirement related to running robots. In addi-

tion, a mechanical switch is used to disengage the spring when it is not needed to

facilitate control of joint movement. The effectiveness of the concept is demonstrated

experimentally by monopedal robot SPEAR which is actuated by a Sw-PEA.

Overall, this thesis explores the application of active and passive compliant

elements in the control and design of running robots, using both numerical simulations

as well as experimental evaluations. The result of this thesis points out a promising

direction on how to use passive compliant elements in combination with actuators for

the development of running robots with both good mobility and energy efficiency.
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Chapter 1

INTRODUCTION

1.1 Motivation and Objective

Compared with wheeled vehicles, animals that use legs have advantages in mo-

bility. With the ability to use isolated supporting surfaces, animals can reach a much

larger portion of the earth than common off-road wheeled vehicles. What is more,

animals can step or jump over obstacles much larger than the length of their legs. In

contrast, wheeled vehicles are unable to actively jump and the size of the wheel usually

determines the size of the obstacle that can be negotiated. A legged robot with mo-

bility capabilities similar to those of legged animals can be helpful in disaster response

situations, in performing search and rescue missions, or in everyday life just to deliver

a mail package.

Aside from mobility, energy efficiency is another important consideration when

it comes to robots—particularly legged robots—that operate outside of the lab. The

task of designing energy efficient legged robots is challenging due to the nature of

the motion. In more detail, during walking and running, the gravitational potential

energy and kinetic energy of the center of mass (COM) as well as the kinetic energy of

the limbs fluctuate within a stride. Without mechanisms to store and release energy,

the efficiency drops dramatically since the actuators need to inject energy to sustain

locomotion. The lack of actuators which can efficiently satisfy the strict limitations

imposed by the natural dynamics of the mechanical system further complicates the

task. Due to the dynamic nature of the motion—which is prominent in running gaits—

the magnitude of the ground reaction force is usually two to three times the body

weight. As a result, the leg joints, especially the knee joints, are required to provide
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large torques and forces to support the motion. Moreover, the efficiency of a motor

drops with the increase of the output torque/force due to the increase of joule heating.

These reasons contribute to the challenge of designing legged robots that combine

energy efficiency and control authority, and are capable of realizing dynamic locomotion

behaviors.

Inspired by the fact that animals and humans use compliant elements–such as

tendons and muscle fibers–to store and release energy, springs have been incorporated

into robots. By storing part of the energy in a spring and releasing it later, the

cyclic motion can be sustained without excessive actuator effort. In addition, the

specifications of the actuators in peak power or peak torque/force can be reduced,

thereby reducing the size of the actuators and, consequently, the weight of the robot.

With a lighter robot, the motors activating the joints need to provide smaller torques.

Since motors have high efficiency in transforming electrical energy to mechanical energy

when the output torque is small, the efficiency of locomotion is further improved.

The importance of compliance to legged locomotion goes beyond energy effi-

ciency. In fact, it has been suggested by biologists that the energy exchange between

strain energy, which is stored in compliant elements, and other forms of energy, such

as kinetic energy and gravitational potential energy, is essentially what distinguishes

walking from running. As a result, in contrast to the rigid-leg models that are used

for walking, reduced-order models with springy legs have been widely used to study

running. The fact that passively-stable periodic running gaits have been found in these

simplified springy models suggests that compliance can also help in stabilizing locomo-

tion; by coordinating the legs and joints, highly dynamic motions such as running, can

emerge as a natural interaction between a robot and its environment. Moreover, com-

pliant legs can reduce the interaction forces between the robot’s torso and the ground,

therefore preventing damage of the robot and its environment.

However, introducing compliance into running robots is not a straightforward

task. To store sufficient energy, the springs that are employed are usually very big.

Thus the intrinsic passive dynamics of the open-loop robot plant plays an important
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role in the dynamic behavior of the closed-loop system. Thus, the effect of compliance

must be analyzed carefully and respected during the controller design. In addition,

due to the hybrid nature of the running motion, there are different requirements of

compliance at different phases of the gait. In more detail, when the foot is on the

ground, compliance is beneficial as it stores energy and it improves interaction with

the environment; the requirement is different when the leg is in the air, where precise

control of the leg touchdown configuration is needed. Furthermore, compliant elements

in the joints typically result in underactuation and high frequency oscillations, if not

properly analyzed and designed.

These challenges set the stage of this dissertation, which attempts to close the

gap between mobility and efficiency by developing new methods for introducing and

controlling compliance in running robots. Compliance can be introduced either actively,

where the actuators are commanded to behave like springs, or passively, where physical

springs are employed. While active compliance can be adjusted easily, passive compli-

ance is better for energy efficiency. This dissertation investigates both approaches—i.e.,

active compliance and passive compliance—by analyzing gait stability and proposing

controllers for models of different complexities, as well as by developing a novel com-

pliant actuation mechanism suitable for running robots.

1.2 Contributions

The key results of this dissertation is summarized as follows.

1.2.1 Stability Analysis of Template Models for Running

Reduced-order models which feature massless compliant legs can generate pe-

riodic running gaits. To seek insight more systematic than what numerical methods

can provide, an analytical framework is proposed to study the stability of reduced

order models for monopedal hopping and quadrupedal bounding. Using symmetries

in the underlying vector fields, analytical conditions for stability are obtained. For
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monopedal hopping, a controller is proposed with analytically provable stability prop-

erties. The performance of the controller is demonstrated by having the model run over

terrains with randomly varying ground-height profiles. For quadrupedal bounding, a

condition that is necessary for stability is stated analytically and used to select control

parameters for a leg placement control law.

1.2.2 Controller Design for Active Compliance

This thesis proposes control laws that introduce active compliance through a

combination of force and motion control to realize stable quadrupedal bounding. The

controller mimics the behavior of a bounding template model. By properly coordinating

the joints, stable periodic bounding gaits with velocities from 1.6 to 3.5m/s are realized

for an elaborate model with segmented legs and non-conservative toe-ground impact.

The model corresponds to the morphology of the hydraulically actuated quadruped

HyQ. The proposed controller is robust against unexpected ground-height variations

and parameter inaccuracy.

1.2.3 Robot Design Using a Switchable Parallel Elastic Actuator

This thesis proposes a novel actuation design approach to introduce passive

compliant elements into legged robots, the switchable parallel elastic actuation (Sw-

PEA). This actuation paradigm is then incorporated in the design of the monopedal

robot SPEAR, the knee joint of which is driven by a Sw-PEA. When the foot is on

the ground, a large spring works in parallel with the knee actuator to recycle energy

as the leg bends and extends during stance. The spring is switched off when the leg

is in the air so that the actuator can control the leg configuration without interfering

with the spring. In addition, the design allows for adjustment of leg stiffness. The

effectiveness of the design in reducing energy consumption without impairing mobility

is demonstrated by both simulations and experiments. SPEAR realizes running in

experiments at 0.5m/s with a electric cost of transport of 0.86, as well as leaping with

a toe clearance of more than 45% of its leg length.
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1.3 Structure of This Thesis

The rest of this thesis is organized as follows. Chapter 2 provides a brief overview

of the related work on template models for running and control design approaches for

legged systems, as well as robot designs that use compliance. In addition, the mathe-

matical tools that are used in this thesis to study legged locomotion are presented.

Chapter 3 analyzes stability of reduced-order models of running by factoring the

Poincaré map and exploiting the symmetries of the underlying vector fields. Monopedal

hopping and quadrupedal bounding are mathematically described as hybrid systems

with event-based transitions. Both models feature massless springy legs and non-trivial

torsos. For the monopedal hopping model, it is shown that every point on the surface

that corresponds to zero pitch oscillation can be turned into a periodic-two fixed point,

and that all these motions are stable. For the bounding model, a necessary condition for

stability is obtained, which is used to facilitate parameter selection for a leg placement

controller.

Chapter 4 deals with the bounding controller design for a detailed quadrupedal

model. The model features segmented legs with non-trivial leg mass and inertia,

and corresponds to the morphology and structure of HyQ, a hydraulically actuated

quadruped designed and constructed at the Italian Institute of Technology (IIT). To

realize stable bounding, the controller mimics the behavior of a template: it uses (i)

torque planning to create an active compliance element at the stance leg, and (ii) mo-

tion control to impose virtual holonomic constraints on the swing leg. Stable periodic

bounding gaits are obtained and their properties are evaluated.

Chapter 5 proposes and develops the Sw-PEA, a novel actuation architecture

suitable for running robots. A spring is inserted in parallel with the actuator to reduce

the torque requirement. To satisfy the different needs of compliance for running robots,

a discrete coupling element is introduced. As a result, the parallel spring is only

recruited during stance to support the robot and store energy; during the swing phase

the spring is switched off to allow for unobstructed joint movement. A compact and

reliable design is proposed to realize the concept, which is employed to actuate the
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monopedal robot SPEAR. Numerical simulations and experiments demonstrate the

effectiveness of the design.

Finally, Chapter 6 concludes the thesis and provides directions for future work.
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Chapter 2

LITERATURE SURVEY AND BACKGROUND

Compliant elements play an important role in the realization of animal and

human running gaits. As stated in Chapter 1, compliance in animal locomotion helps

reduce energy consumption related to leg and torso oscillations by capturing part of the

energy and releasing it when it is needed [1]. Compliant members also help reduce the

actuation requirement of biological systems during explosive motions by modulating

the power required by muscles [82]. What is more, compliance is considered to be

important in the stability of rapid dynamic motions, where active neural reflexes are

too slow to respond on time [22].

This chapter provides an overview of the relevant literature to motivate and

support the work presented in this thesis, in which the role of compliance in run-

ning robots is explored through locomotion models with increasing complexity as well

as through hardware development. Section 2.1 reviews the results on reduced-order

compliant models for running, which feature massless springy legs without energy dis-

sipation. These models are used to resolve the complexity associated with the high-

dimensional nature of legged locomotion systems, be they biological or engineered.

Although “simple”, these models possess self-stable periodic solutions corresponding

to typical monopedal and quadrupedal running gaits. Yet, the dynamics of these

systems are non-integrable, and the majority of the relevant work employs numerical

simulation or approximation to study the existence and stability properties of the re-

sulting gaits. This motivates the work in Chapter 3 where an analytic framework is

adopted for analytically insightful results.

Section 2.2 reviews the hardware and controller development for dynamically

stable robots, especially running robots. Some of the key platforms and controllers are
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reviewed. While most of them use intuitive control laws, nonlinear controllers with

formal stability analysis demonstrate the potential to realize highly agile, dynamic

locomotion with formal guarantees of stability. This motivates the work in Chapter 4

for the development of a quadrupedal bounding controller, which mimics the behavior

of the reduced-order models and creates active compliant elements in the joints.

Section 2.3 reviews a number of design approaches for introducing passive com-

pliance into legged robots. To allow safe interaction, as well as recycling energy, compli-

ant elements are introduced into the driving train. Actuation architectures and robots

with different configurations of the actuator and the spring are discussed, with the ad-

vantages and shortcomings analyzed. This discussion motivates the work in Chapter 5

where a novel way of using compliance is designed and evaluated.

In the last section, the mathematical tools used in later chapters are introduced.

2.1 Reduced-order Models for Running

Reduced-order models—termed “templates”—have been extensively used to re-

solve the complexity associated with the high-dimensional, hybrid dynamics of human

and animal locomotion [22]. By preserving the dominant features of the locomotion

behaviors without delving into the fine details, templates are crucial in uncovering fun-

damental principles of locomotion and in synthesizing practical control laws. Figure

2.1 presents one such template, namely the spring-loaded inverted pendulum (SLIP),

which has been used extensively to study running motions in animals and machines [7].

The SLIP has a point mass and a massless springy leg. Albeit simple, this model is able

to characterize the energy exchange, ground force profile and other important aspects

of monopedal and bipedal running [28]. The insight gained from this simple model

has lead to controller design for more complex systems, including Raibert’s three-part

controller [74]. This model has also been used to guide the development of robotic

platforms. Several robots, including MABEL [32] and ATRIAS [36], are deliberately

designed such that their mechanical properties resemble the SLIP template.
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Figure 2.1: Stride-one gait of the SLIP model, composed of one stance and one flight
phase.

Along the same lines, models with non-trivial torso inertia have been proposed to

capture the pitch dynamics for the case where the hip does not coincide with the COM.

For example, the Asymmetric Spring-Loaded Inverted Pendulum (ASLIP) is used in

the simulation and controller design for the monopedal robot Thumper [70]. Note that

in ASLIP, the hip and COM does not coincide, requiring active torso control. Along

the same vein, reduced-order models have been proposed for quadrupedal bounding

[71], pronking [12] as well as galloping [24], and have been extensively used to analyze

gait stability and evaluate energetic performance.

The majority of the studies on template locomotion models focuses on deter-

mining and analyzing periodic motions; see [95], [94], [71] for a few examples using

Poincaré return map method [47]. The Poincaré return map takes a state of the hybrid

system at an event and maps it to the state at the next occurrence of the event, see Sec.

2.4.1 for a brief overview. This transforms the hybrid system to a discrete system, the

fixed points (equilibrium points) of which correspond to the periodic gaits of interest.

The stability properties of a gait can thus be examined by analyzing the stability of

the discrete system at the corresponding fixed point [102].

However, due to the non-integrable dynamics of the stance phase, no analytic
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solutions exist even for a model as simple as the SLIP [88]. As a result, the proposed

analyses rely heavily on numerical evaluation, which is computationally intensive [11].

To seek insight more systematic than what numerical approaches can provide, approx-

imate solutions have been proposed by different researchers. In [88], a closed form

approximation of the return map for the SLIP has been obtained by iterated appli-

cation of the mean value theorem. By increasing the iterations, numerical evidence

suggests that the maximum and mean approximation error decreases. However, the

iteration decreases mathematical tractability and how the approximation can be used

in analyzing the existence and stability of periodic gait of the return map is not pur-

sued. In [29], a stability analysis for the SLIP is carried out by neglecting the gravity

during stance, proving analytically the existence of stable periodic gaits in SLIP. In

[86], an approximation of SLIP is obtained by neglecting gravity during stance to retain

angular momentum conservation and then re-introducing the effect of gravity during

flight to computing the velocity to enforce conservation of energy. This approximation

is used to analyze stability of an adaptive control law. However, a relatively large leg

stiffness is usually required to justify the assumption of zero gravity, so that the effect

of the elastic force dominates that of the gravitational force in stance. [27] obtains an

approximation which retains the effect of gravity using linearization about mid-stance

and studies the region of stability of periodic solutions for a SLIP model. However,

this approximation is more effective for small leg compressions and sweep angles [29].

On the other hand, symmetry has played a key role in the control design and

stability analysis for legged robots [76]. In the field of walking, [42] proposed a hi-

erarchical controller for a compass walker, which uses time-reversal symmetries in a

Hamiltonian approximation of the original system’s dynamics described by neglecting

impact to find symmetric periodic gaits. The gaits are then stabilized by an outer

layer which controls the velocity by leg extension or torso inclination. Similarly, [32]

analyzes the periodic gaits of a Symmetric Hybrid System (SHS) emerging from the

physical system when imposing proper constraints. The resulting symmetric gaits can

be stabilized by introducing asymmetries to the system, such as torso inclination. This
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method is extended to study the walking of the bipedal robot MARLO in [80]. It

can be seen that while symmetric motions can account for the coupling between the

body and legs at steady state, asymmetry in the motion can generate stabilizing forces

[79], or can be used to accelerate and decelerate the system as in Raibert’s three-part

controller [74].

Using symmetry properties of the reduced-order models, an analytical frame-

work for studying the stability of periodic running gaits has been introduced in [2].

In that work, a class of symmetry transformations—termed time-reversal symmetries

[49]—is used to decompose the Poincaré map associated with symmetric hopping mo-

tions of the SLIP [87]. The decomposition allows the derivation of closed-form con-

ditions that are necessary for stability. The method was subsequently used in [3] to

investigate the stability of a suitably controlled model of the hexapedal robot RHex.

At the core of [2] are point-mass models like the SLIP [2, 87] and its exten-

sions [3]. Such models, however, cannot capture the torso pitch dynamics which is a

distinguished feature of bounding gaits [71]. Chapter 3 aims at extending the analytic

framework adopted in [2] to models with non-trivial torso pitch dynamics, including the

Asymmetric Spring-Loaded Inverted Pendulum (ASLIP) of [70] and the quadrupedal

bounding model of [71]. In chapter 3 we propose a symmetry-based control law and a

synthesized torso control strategy, to stabilize stride-two periodic gaits of the ASLIP. In

addition, we obtain an explicitly expressed necessary condition for stability of bounding

gait.

2.2 Dynamically Stable Robots and Their Control

A variety of robots has been developed to realize the locomotion capability

exhibited by humans and animals. In the realm of bipedal walkers, the majority of these

robots uses the zero moment point (ZMP) as the stability criterion [101]. These robots

typically feature legs with multiple joints and flat feet, where each joint is actively

driven by a motor [45]. To prevent the robot from tipping over, the controller ensures

that the ground projection of the COM is kept within the supporting polygon, i.e., the
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convex hull of all the contact points of the foot with the ground. This criterion has

been successfully used in humanoid robots, including the bipedal robot ASIMO [85]

which is capable of a wide variety of different tasks. However, this criterion places

constraints on how far the robot can place its foot ahead of its COM and excludes

running gaits which have flight phases.

On the other hand, dynamically stable robots relax the constraints imposed

by static stability requirements by allowing the COM to be outside the supporting

polygon, as long as the COM is captured by the legs before falling [97]. Raibert

and his colleagues developed a series of robots with one, two and four legs in the

1980s, which feature hydraulically or pneumatically actuated joints and air springs [74].

Raibert proposed an intuitive three-part controller to control his robots. The controller

regulates hopping height by adjusting the thrust of the prismatic knee joint, forward

velocity by adjusting the landing position of the toe, and body attitude by adjusting

the hip torque. Stable running gaits have been realized with impressive speed and

natural looking motions.

Following Raibert’s seminal work, a number of dynamically stable robots have

been developed using similar control ideas. Boston dynamics developed quadrupedal

robots—BigDog [77] and LS3 [16]—which realized different running gaits with impres-

sive capabilities in terms of negotiating rough terrain. They also developed the chee-

tah robot, a hydraulically-powered quadruped which can run at a speed of 45.5 km/h

with a lateral support mechanism [15]. Along the same lines, the Scout II quadruped

demonstrated efficient bounding gaits using only one actuator per leg located at the

hip [72]. The work in [56] introduces a different paradigm, employing fuzzy controllers

informed by Raibert-style heuristics to control quadrupedal galloping. In connection

with this work, the quadruped KOLT has been used to investigate running in [62], and

a differential leg thrust controller has been applied to regulate trotting in [19].

Alternative control approaches for dynamic running robots also exist in the

literature. Inspired by the natural control of animal locomotion, control laws based

on central pattern generators (CPG) for generating rhythmic locomotion behaviors,
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have been employed to control legged robots [43]. The quadrupedal robot Tekken

realized dynamic walking motions on different terrains using a neural oscillator network,

which consists of a CPG and reflexes to alter the active phase based on sensor input

[21]. A Cheetah-Cub robot has been developed at École Polytechnique Fédérale de

Lausanne (EPFL) which runs 6.9 times its body length per second, or 1.42m/s [96]. It

worth mentioning that this robot is open-loop, controlled by a CPG which generates

the reference hip and knee joint trajectory without using sensor information. The

quadrupedal robot HyQ realized a running trot gait with a velocity of 1.3m/s using a

similar CPG framework [89]. A different paradigm, which adopts an optimization-based

approach, has been used to realize a running trot on the quadruped StarlETH [25]. The

controller employs motion control on the swing legs and torque control on the stance

legs. The torques applied at the stance leg joints are obtained by solving a convex

optimization problem to reduce the tracking error with respect to the desired virtual

force/torque obtained by the requirement to follow a desired COM trajectory [26].

Recently, a running controller has been proposed in [64, 100] that directly plans and

controls the horizontal and vertical ground reaction forces to realize a zero net impulse

during a periodic cycle. This controller leads to 4m/s running on the MIT Cheetah 2

robot, a 12 degrees of freedom (DOF) electrically actuated quadruped [65].

In contrast to the aforementioned intuitive controllers, established nonlinear

control methods [44], suitably extended to accommodate the hybrid dynamics of legged

locomotion [102], can be effective in stabilizing highly agile, dynamic locomotion on

bipeds with complex morphologies. Successful walking and running gaits have been

realized on the 2D (planar) bipedal robot MABEL [98], [99] and on the 3D biped

MARLO [78] using such controllers. However, the design of controllers for running

quadrupeds, based on a rigorous formulation of the feedback control problem, has not

received much attention in the relevant literature. The differences in morphology be-

tween the bipedal and quadrupedal robots renders the controllers developed for bipeds

inapplicable to quadrupeds [99]. For example, the weight of the torso in a bipedal

robot produces a relatively small torque with respect to the hip axis, which is not the
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case in quadruped. Indeed, the horizontal torso configuration of quadrupedal robots

produces a much larger torque with respect to the hip, and thus a direct application

of the methods in [102] would require large torques to actively stabilize the torso. On

the other hand, active torso stabilization may not even be necessary for quadrupedal

bounding gaits due to the stabilizing effect of the front legs that capture the robot’s

torso before falling [74]. Chapter 4 in this thesis develops a quadrupedal bounding

controller to address this problem. The controller mimics the behavior of compliant

bounding templates, and it incorporates active compliant elements in the nonlinear

control framework [102].

2.3 Compliance in the Design of Robots

The design of energy efficient legged robots without impairing mobility and

control authority is an active research area. In the context of electrically actuated

systems, one way to achieve energy efficiency is to use regenerative braking to capture

some of the energy when the motor is doing negative work [92]. With this approach,

the MIT cheetah realized impressive locomotion efficiency using customized high torque

density motors [93] and light legs [4]; see [92] for an overview of the design. Note though

that electrical energy, including the part recaptured through specially designed motor

driving circuitry, needs to be converted back to mechanical energy [67]. Particularly

in legged robots, this conversion occurs at low efficiency because of the large torques

involved and the ensuing losses due to Joule heating; in [92], a 24% conversion efficiency

is reported with optimally designed motors.

Inspired by compliant structures—such as tendons and muscle fibers—in the legs

of animals [1], mechanical springs have been incorporated into legged robot designs to

recycle energy [33]. Tendon efficiency in recycling energy can reach up to 90% [68],

and steel springs could have an even higher number due to low hysteresis [39, p. 142].

Beyond energy recycling, suitably inserted compliant elements can reduce the peak

power and torque requirements of the actuators [30]. This further improves efficiency
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since the actuators operate in a low torque region and efficiency in electromagnetic

motors increases as the output torque decreases [35].

One way to introduce compliance in a legged robot’s structure is the Series Elas-

tic Actuator (SEA), as is shown in Fig. 2.2(a), in which a spring is placed in series with

an actuator [73]; see also [33,63] and references therein. Focusing on legged systems, an

early implementation of series compliance can be found in Raibert’s robots, in which

air springs were placed in series with hydraulic actuators [74]. To realize spring-mass

walking [98] and running [99], the bipedal robot MABEL has been designed with large

leaf springs connected in series with the actuators through a transmission system so

that compliance is present in the leg length direction [37, 38]. More recently, ATRIAS

used a series-elastic parallelogram mechanism to achieve spring-mass 3D hopping and

walking motions [36]. Along a different philosophy, the humanoid COMAN [51] is

powered by intrinsically compliant knee and ankle joints while the quadrupedal robot

StarlETH comprises 12 SEAs actuating all of its joints [39]. In these systems, besides

passive mechanical energy storage [36–38] and torque control capabilities [39,63], SEAs

offer protection of the motor and gearbox by filtering out impulsive loads at collisions.

This makes SEA an attractive choice for legged robots. On the other hand, the motors

in SEAs must be capable of producing forces and torques that are comparable to those

developed by the springs [9], which, in the context of dynamic legged robots, translates

to large motors and gear reduction ratios. Furthermore, SEAs typically increase the

number of degrees of freedom (DOF) of the system, requiring special design and control

considerations1 [41, 63].

Figure 2.2(b) shows an alternative way to introduce compliance, in which the

spring is inserted in parallel with the motor so that the spring and the actuator work

in an additive fashion [61]. An example of using Parallel Elastic Actuators (PEA)

1 In fact, the existence of physical compliance in series may limit the range of behaviors
that can be realized by the system [89]. Being able to actively modify the stiffness of
the passive component as in variable stiffness actuators (VSA), can help mitigate this
restriction, although VSAs tend to increase the complexity of the system; see [33] for
a review of VSAs.
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Figure 2.2: (a) Series Elastic Actuator (SEA). (b) Parallel Elastic Actuator (PEA).

can be found in [9], where springs are used to improve energy efficiency and safety of

known maneuvers in passive-assist devices for active joints. In the context of legged

robots, the biped ERNIE utilizes springs in parallel with its knee actuators to generate

walking motions [103]. PEAs may reduce both power and torque requirements, as

suggested in simulations of bipedal [18, 30] and quadrupedal [20] running. In general,

introducing springs in parallel with the actuators may limit joint dexterity since the

actuator needs to work against the spring [34], which would impair the mobility of

the robot. Recently, numerical optimization has been employed in [104] to determine

the optimal actuation configuration among different combinations of SEAs and PEAs

actuating the hip and (prismatic) knee joints of a two-dimensional hopping model.

It was found that the optimal actuation configuration in terms of positive electrical

work—a metric of energy efficiency—is velocity dependent.

Recently, there has been an increasing number of actuator designs that incorpo-

rate discrete coupling elements—such as clutches or brakes—into the SEA paradigm [66].

These coupling elements can increase the output performance of the actuation unit.
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For example, in [83], a clutchable SEA is developed, where the clutch is put in parallel

with the motor. When the clutch engages, it connects one end of the spring directly to

a fixture, allowing the spring to deform. The motor is bypassed and does not need to

produce any torque. The design in [83] is used to power an active knee prosthetic de-

vice, and the observed energy consumption is an order of magnitude less than previous

results. However, the motor is unable to provide additional energy when the clutch

is active. A general purpose SEA that employs discrete coupling elements to achieve

multimodal operation for versatile applications can be found in [50]. The prototype

actuator is 0.67m long and weights 4.5kg, which makes it suitable for relatively large

systems.

Discrete coupling elements can also be used to overcome the shortcomings asso-

ciated with PEAs. Based on analyzing a planar bipedal walking model, the work in [61]

advocates the use of a Switchable Parallel Elastic Actuator (Sw-PEA) with position-

dependent clutch function so that the spring is engaged when a leg is in stance—that

is, when it is mostly needed—but not during flight. A similar observation is made

in [20] in the context of modeling high-speed quadrupedal running. The authors of [20]

mention, however, that commercially available clutches are generally slow, and their

size and weight make them unsuited for light-weight legs, and propose a conceptual

design for realizing switchable compliance in the context of the MIT Cheetah’s leg

design [4].

Beyond the realm of simulation studies, only a few hardware prototypes exist

that combine PEAs with switches. One such prototype, which uses a clutch to realize

the switch is described in [34]. Experiments in which the actuator is constrained

to mimic the torque and motion pattern of the knee extensor muscle of a human

hopping task suggest that the energy consumption is reduced by 80% and the peak

torque requirement decreases by about 66% compared to the case where no springs

are used. A different approach is proposed in [57], which develops a prototype of an

actuator that uses a single motor to recruit several parallel elastic elements in sequence

with mutilated gears. This arrangement increases the maximum output torque of the
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actuator, and in a more recent version [23] it also allows for stiffness adjustments,

although the complexity of the current prototypes is higher compared to other actuator

designs. Very recently, [67] presented a bi-directional Sw-PEA prototype, which uses a

differential with two locking mechanisms to load and unload the spring in a controlled

manner, thereby achieving reduction in energy consumption.

Although the aforementioned prototypes indicate that Sw-PEAs offer potential

advantages in terms of energy efficiency and motor torque reduction, their use has not

been evaluated in the context of dynamic legged robots, an application that would

benefit from such capabilities. Only a few results are available in exoskeleton design,

which employ a mechanical clutch [17] or electrostatic forces [14] to engage and dis-

engage the parallel spring. To the best of the authors’ knowledge, only [46] presents

the design of a dynamic bipedal robot, which employs a Sw-PEA at its knee joint; a

preliminary energy analysis is also reported in [46].

These observations set the stage of Chapter 5 of this thesis, which aims at

evaluating the contribution to energy efficiency and mobility of a Sw-PEA in dynamic

running motions. The proposed design of a Sw-PEA actuator takes advantage the leg’s

geometry to realize a reliable and compact mechanical switch at the foot that engages

the energy-storing spring only when it is needed, i.e., during stance. With the switch

passively operated by the ground reaction forces (GRF), this design is suitable for light

legs while it can also be easily modified for larger and heavier robots.

2.4 Related Mathematical Methods

In this final section, the mathematical concepts and tools used to study the

stability of periodic gaits are presented for later usage.

2.4.1 Hybrid Systems and Poincaré Return Maps

The class of models that we will encounter in this thesis can be thought of as

a subset of hybrid system models. In more detail, legged robots can be modeled as

systems with dynamics evolving in continuous and discrete time. As a result, the state

18



of such systems includes both continuous x as well as discrete q (mode) components.

Starting from an initial condition x0 with a discrete state q0, the evolution of continuous

state x ∈ X is governed by a vector field

ẋ = fq0(x) (2.1)

while the discrete state q remains constant at q0. When the continuous state x makes

a threshold function Hq0(x) pass through zero, the discrete state changes to a different

value, say, from q0 to q1. The threshold function defines a surface S := {x | Hq0(x) = 0}

in the state space X . When the state enters the set S, it is referred as an event. At

that instance, the continuous state is reset by a map ∆q0→q1(x). After the event (and

reset), the continuous evolution resumes and the whole process is repeated, although

the system now could be governed by a different vector field, say, fq1(x). This process

defines a trajectory (or solution) φ(x0, t) of the hybrid system for t ≥ 0.

The study of running gaits is equivalent to studying distinguished periodic so-

lutions of a hybrid system. For example, the robot could be in one of the two discrete

states, i.e., the flight or the stance phase, during which the evolution is governed by

the corresponding continuous vector field as in (2.1). When the contact condition be-

tween the toe and ground changes, the system goes from one phase to the other. The

transitions are captured by threshold functions corresponding to the vertical ground

reaction force or the distance between the toe and the ground, defining the liftoff and

touchdown events, respectively. A nontrivial periodic running gait is a hybrid trajec-

tory of the system which satisfies φ(x0, t) = φ(x0, t+T ) for any t ≥ 0 with T > 0. The

periodic gait defines a set O := {x | x = φ(x0, t), 0 ≤ t ≤ T}.

In legged robots, the notion of stability can be understood in different ways. In

contrast to the static stability—satisfied when the projection of the COM is within the

supporting polygon—formed by the feet in contact with the ground, in what follows

we adopt the notion of stability in the sense of Lyapunov [102]. A periodic solution

is stable if for every ǫ > 0, there is an open neighborhood V around O, such that for

every initial state x′0 ∈ V, there exists a solution φ(x′0, t) for t ≥ 0, and the distance
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between x′t := φ(x′0, t) and O is smaller than ǫ for all t > 0. The distance between

x′t and O is defined as dist(x′t,O) := infx∈O ‖x′t − x‖ where ‖·‖ denotes the Euclidean

norm; See [102] for more details.

S

φ(xk, t)

x[k]x[k + 1]

ẋ = fq0(x)

Figure 2.3: The Poincaré return map P maps the initial state x[k] on the Poincaré
section S at step k to the state at next step x[k + 1]. Notice that the
reset map ∆ is not shown here for simplicity.

The method of Poincaré is discussed in [102] for hybrid systems and is used

to study the stability of periodic gaits. Using the surface S defined by the threshold

function as the Poincaré section, the Poincaré map P : S → S is defined as

x[k + 1] = P (x[k]) (2.2)

where x[k] and x[k + 1] are the states of the system at steps k and k + 1, see Fig. 2.3.

In the case of running, x[k] could be the state of the robot at touchdown or liftoff,

depending on the choice of the Poincaré section. With this notion, the periodic gait

corresponds to a fixed point (or, equilibrium point) of the discrete map P which satisfies

P (x̄)− x̄ = 0. (2.3)

The stability properties of a periodic gait can be captured by the stability of the

corresponding fixed point. A fixed point x̄ is locally exponentially stable if and only if
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the eigenvalues of the Jacobian matrix J = DxP (x̄) of P at the fixed point x̄ are all

within the unit disc. Notice that local exponentially stable stability implies

| det(DxP (x̄))| = |λ1...λi...λn| < 1, (2.4)

i.e, (2.4) is a necessary condition for gait stability [2]. However, (2.4) is not sufficient.

Nevertheless, (2.4) provides important information for selecting control parameters,

due to the fact that in certain cases det(DxP (x̄)) can be computed analytically in a

neighborhood of a fixed point under certain conditions, as we will see in Chapter 3.

Theorem 1 ( [2, Theorem 4]). Let x̄ ∈ S be a fixed point of a map P : S → S, where S

contains a neighborhood of x̄. If P is an involution, i.e., P ◦P (x) = x, the determinant

of its Jacobian DxP evaluated at x̄ is | det(DxP (x̄))| = 1.

The significance of Theorem 1, lies on the fact that it facilitates the computation

of the determinant of the linearization of the Poincaré map at a fixed point. It will

be applied on a factored Poincaré return map to obtain analytical conditions that are

necessary for stability through the use of (2.4).

2.4.2 Low-Dimensional Stability Test Based on Finite-Time Convergence

To facilitate stability analysis, [102] presents a theorem which relates the sta-

bility property of the Poincaré return map P to that of a low-dimensional restricted

Poincaré map PZ under certain conditions. Before presenting the theorem, a few def-

initions are given here. A set Z ⊂ X is forward invariant if there exists t1 > 0 such

that φ(x0, t) ∈ Z for initial condition x0 ∈ Z in the time duration t ∈ [0, t1). The set

Z is impact invariant if the reset map satisfies ∆(S ∩ Z) ⊂ Z. Finally, Z is hybrid

invariant if it is both forward invariant and impact invariant. The set Z is locally

continuously finite-time attractive if it is forward invariant and there exists an open

set V containing Z such that the settling time— the time it takes to bring a state from

V to Z—is finite and continuous in V.

With these definitions, a theorem which relates the stability property of the

Poincaré return map P to that of a low-dimensional system can be stated. Under the
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conditions listed in [102, Theorem 4.5], if Z is hybrid invariant and locally continuously

finite-time attractive, a fixed point of the restricted Poincaré map PZ is also a fixed

point of P . In addition, stable (resp. asymptotically stable) fixed points of PZ are

also stable fixed points of the full-dimensional Poincaré return map P . For a double

integrator, controllers which satisfy the requirement of locally continuously finite-time

attractive are proposed in [5, 6, 31] which will be used in chapter 3.

2.4.3 Time Reversing Symmetry

The analysis of periodic gait stability, or, equivalently, the stability of a fixed

point x̄ of Poincaré return map P , can be facilitated if the vector fields that underlies

the construction of P satisfy certain symmetry properties. Let f be a vector field

defined on a chart X , and consider the dynamic system ẋ = f(x). An invertible map

G : X → X is a time reversing symmetry and the vector field f is called reversible if

DxG · f = −f ◦G , (2.5)

where DxG denotes the derivative of G in x. Equivalently, in terms of the flow

φ(x0, t) := φt associated with ẋ = f(x),

G ◦ φt = φ−t ◦G . (2.6)

In the Hamiltonian formulation, where the vector field f are derived from a

Hamiltonian function H(q, p), the time-reversing symmetry G takes the form:

G([q, p]) = [q,−p] (2.7)

where q is the configuration, and p is the momentum variables of the system. The

reference [49] gives a general review on time reversing symmetries in dynamical systems.
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Chapter 3

STABILITY ANALYSIS OF RUNNING TEMPLATES USING
FACTORED POINCARÉ RETURN MAP

This chapter examines the stability of reduced-order models—termed “templates”—

for monopedal and quadrupedal running gaits. Templates with springy massless legs

have been employed extensively in the study of legged locomotion to resolve the com-

plexity associated with the high-dimensional, hybrid nature of the dynamics related

to human and animal locomotion [22]. Albeit simple, these models are able to char-

acterize the energy transformations underlying walking and running motions and can

capture several aspects of it, such as ground reaction force profile [28]. Due to the non-

integrable stance-phase dynamics, however, analysis of such systems is often carried

out numerically. Rather than treating the hybrid nonlinear dynamics of locomotion

models numerically, this section adopts an analytical framework to study stability for

templates with non-trivial torso moment of inertia. Exploiting time-reversal symme-

tries possessed by the underlying vector fields, the corresponding Poincaré return map

can be factored in a way that allows analytically expressed stability conclusions. A

controller with analytically provable stability for monopedal hopping is proposed, and

a necessary condition for stability of quadrupedal bounding are stated analytically. Nu-

merical experiments demonstrate the performance of the controllers under unexpected

ground height variations and other perturbations of the state. Part of this chapter is

presented in [53].

This chapter is organized as follows. Section 3.1 introduces the models used

for monopedal and quadrupedal running. Section 3.2 analyzes the stability of the

monopedal hopping using the time-reversal symmetry possessed by the dynamics, and

proposes a controller for running with provable stability. Section 3.3 examines stability
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Figure 3.1: (a) The Asymmetric Spring-Loaded Inverted Pendulum (ASLIP), which
is used to study the running gaits of monopod and biped. The torso has
a non-trivial moment of inertia. (b) The model which is used to study
quadrupedal bounding. Both models are assumed to have ideal massless
springy legs.

of quadrupedal bounding using a similar approach, and a necessary condition is ob-

tained. Section 3.4 verifies the stability analysis and controller design using numerical

simulations. Section 3.5 concludes the chapter.

3.1 Modeling Running Gaits

In this section, the two models that are used to study the monopedal and

quadrupedal running gaits are mathematically described for later analysis. Both mod-

els feature massless legs, modeled as ideal linear springs without damping, and torsos

with non-trivial moment of inertia. Running is modeled as a hybrid system with

continuous-time dynamics governing the stance and flight phases, and event-based

transitions governing the transitions between the two.
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3.1.1 Monopedal Running: The Asymmetric Spring Loaded Inverted Pen-

dulum

Figure 3.1(a) presents the Asymmetric Spring-Loaded Inverted Pendulum (ASLIP)

model for monopedal running. To capture nontrivial torso pitch dynamics, the torso’s

center of mass (COM) is assumed to be above the hip at a distance L > 0. A control

input u := τhip is introduced at the hip joint to control the torso. The numerical values

of the geometric and inertia parameters are given in Table 3.1, which are adapted from

[58] and [59]; the specific values of these parameters are only used in the simulation

section 3.4 to verify the analysis.

Table 3.1: Mechanical Parameters of ASLIP Model

Parameter Value Units
Torso Mass (M) 80 kg
Torso Inertia (J) 5 kg m2

Leg Rest Length (l0) 1 m
Leg Spring Stiffness (kleg) 30Mgl0=23.52 kN/m
Hip - COM distance (L) 0.1 m
Gravity constant (g) 9.8 m

The running gaits of the ASLIP are composed of stance phases and flight phases,

which will be denoted as “s” and “f”, respectively. Running is modeled as a hybrid

system, which has continuous-time dynamics for each phase, separated by event-based

transitions.

Dynamics in Continuous Time

The configuration space Q for both the stance and flight phases can be param-

eterized by the Cartesian coordinates xcm and ycm of the COM together with the torso

angle θ, i.e., q = (xcm, ycm, θ)
′ ∈ Q. Without losing generality, it will be assumed that

at stance phase the origin of xcm is reset to the toe to facilitate the description of the
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energy stored in the leg spring. At flight, the robot undergoes a ballistic motion, and

the dynamics can be written in state-space form as

ẋ = ff(x) =



















ẋcm

ẏcm

θ̇

0

−g

0



















, (3.1)

where x ∈ X := {(q′, q̇′)′ | q ∈ Q, q̇ ∈ R
3} is the state vector. At stance, the method of

Lagrange is used to derive the equation of motion. The potential and kinetic energies

at stance are

Vs(q) =Mgycm +
1

2
kleg(l0 −

√

(xcm − L cos θ)2 + (ycm − L sin θ)2)2 (3.2)

and

T (q̇) =
Mẋ2cm

2
+
Mẏ2cm
2

+
Jθ̇2

2
, (3.3)

where l0 is the rest length of the springy leg. The Lagrangian of the system is defined

as

Ls(q, q̇) = T (q̇)− Vs(q). (3.4)

Using Lagrange’s equation

d

dt

(
∂L

∂q̇j

)

=
∂L

∂qj
+ JT

Jacτhip , (3.5)

the equation of motion can be determined. In (3.5), the control input τhip is mapped

into the generalized coordinates by the transpose of the Jacobian JJac defined as

JJac =
∂ψ(q)

∂q
=














1

(
x2
hip

y2
hip

+ 1)yhip

xhip

(
x2
hip

y2
hip

+ 1)y2hip

x2cm + y2cm − Lxcm cos θ − Lycm sin θ

L2 + x2cm + y2cm − 2Lxcm cos θ − 2Lycm sin θ














′

, (3.6)
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where xhip = xcm −L cos θ and yhip = ycm −L sin θ are the hip coordinates; ψ(q) is the

relative angle between torso and leg defined in Fig. 3.1(a). Similar to flight, the stance

phase dynamics can also be written in state-space form as

ẋ = fs(x) + gs(x)u =




















ẋcm

ẏcm

θ̇

−
1

M
· kleg(l0 − l) ·

−xhip
l

−g −
1

M
· kleg(l0 − l) ·

−yhip
l

−
kleg(l0 − l)

J
·
yhipL cos θ − xhipL sin θ

l




















+





















0

0

0

JJac,1
M
JJac,2
M
JJac,3
J





















τhip ,

(3.7)

where l =
√

(xcm − L cos θ)2 + (ycm − L sin θ)2 is the length of the leg at stance phase,

and JJac,i is the i-th element of JJac defined in (3.6).

To summarize, for each phase i ∈ {f, s}, the dynamics equation can be written

in state-space form as

ẋ = fi(x) + gi(x)u, (3.8)

where u is hip torque τhip (u = 0 for flight phase).

Event-based Transitions

The model enters the flight phase when the ground reaction force (GRF) be-

comes zero, or equivalently, when the springy leg reaches its natural length. Conversely,

the model enters the stance phase when the vertical distance from the toe to the ground

becomes zero. The liftoff and touchdown events are captured by the zero-crossing of

the threshold functions Hs→f(x) and Hf→s(x):

Hs→f(x) = l0 −
√

(xcm − L cos θ)2 + (ycm − L sin θ)2 (3.9)

Hf→s(x, γ) = ycm − L sin θ − l0 cos γ . (3.10)
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Notice that the touchdown event depends on the leg angle γ, which is set by the control

policy. The angle γ can be a constant or a function of the state and/or time.

Flow, Flow Map and Poincaré Return Map

Under the influence of a state feedback control law u = Γ(x), the closed-loop

dynamics of the system becomes ẋ = fcl,i(x). For each phase i ∈ {f, s}, let φi(t, x0) be

a solution of (3.8) with initial condition x0 ∈ TQ, that is:

φi(t, x0) := x0 +

∫ t

t0

fcl,i(x)dη . (3.11)

With a slight abuse of notation, define φt
i(x0) := φi(t, x0). The system evolves according

to the continuous-time dynamics until the corresponding threshold function becomes

zero. The duration of the continuous-time evolution which defines the time-to-switch

function Ti(x0) : X → R, by

Ts(x0) := inf{t > 0 | Hs→f(φ
t
s(x0)) = 0} (3.12)

for the stance and

Tf(x0) := inf{t > 0 | Hf→s(φ
t
f(x0)) = 0} (3.13)

for the flight phase. With these definitions, the flow map F̂i(x0) : X → X for each

phase can be defined as

F̂i(x0) = φ
Ti(x0)
i (x0), (3.14)

which takes the initial state x0 of a phase to the corresponding exit state.

A stride-one running gait is composed of one complete stance phase and one

complete flight phase. Let S ⊂ X be defined as follows

S := {x ∈ X | Hf→s(x) = 0, Ts(x) > 0, Tf(F̂s(x)) > 0}. (3.15)

Intuitively, S comprises all the touchdown states of ASLIP which can lead to a complete

running stride (not necessarily periodic) with non-trivial stance and flight durations.

The stride map F̂ : S → X can be defined through the composition of the flow maps

of the two phases, namely:

F̂ = F̂f ◦ F̂s . (3.16)
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The method of Poincaré is used to obtain periodic gaits and evaluate their sta-

bility. Notice that the horizontal position xcm of the COM is a monotonically increasing

variable, and hence it is projected out in defining the Poincaré map. Define Π to be

the projection of the state vector x to its non-xcm component z = (ycm, θ, ẋcm, ẏcm, θ̇)
′

1

Π(x) := [05×1 I5×5] x (3.17)

and define the map

Σs(z) :=




L cos θ−

√

l20 − (ycm − L sin θ)2

z



 (3.18)

which basically resets the origin of xcm at the toe at the beginning of the stance phase.

With these definitions, the stride-one Poincaré return map Pone : Π(S) → Π(S) is

defined by projecting out xcm from the stride map F̂ , i.e.,

Pone(z) := Π ◦ F̂f ◦ F̂s ◦ Σs . (3.19)

The stride-two Poincaré return map Ptwo, is defined accordingly by a composition of

Pone:

Ptwo = Π ◦ F̂f2 ◦ F̂s ◦ Σ ◦ Π ◦ F̂f1 ◦ F̂s ◦ Σs , (3.20)

where F̂f1 and F̂f2 are flight phase flow maps which could have different leg control

strategies γ1 and γ2.

Spring-Loaded Inverted Pendulum

The SLIP corresponds to the case where the rigid torso in the ASLIP is replace

with a point mass located at the hip joint (L = 0). The state of the system can be

fully described by q = (xcm, ycm)
′ ∈ Q and x ∈ X := {(q′, q̇′)′ | q ∈ Q, q̇ ∈ R

2}.

The threshold functions, flow map and Poincaré map can be obtained accordingly. In

1 Notation: x ∈ X denotes the complete state vector, and flow maps associated with
it are signified by “ˆ”. z ∈ Π(X ), denotes the states after projecting out xcm and “ˆ”
is removed from the corresponding quantities.
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flight 1 flight 2posterior

stance

Figure 3.2: Footfall pattern of a bounding gait. Solid circles indicate legs in contact
with the ground and white circles indicate legs in the air. The two flight
phases “f1” and “f2” are distinguished by which stance phase it follows.

the following, the notation of SLIP will be kept the same as ASLIP when there is no

ambiguity.

3.1.2 Quadrupedal Bounding

Figure 3.1(b) shows the reduced model employed to study quadrupedal bound-

ing. Figure 3.2 describes the footfall pattern of a quadrupedal bounding gait. In

bounding gait, the robot always uses its front or back legs in unison. As a result, mass-

less virtual legs are used to represent the collective effects of the physical leg pairs.

In this chapter, we restrict our attention to bounding without double stance

phase, which is composed of three different phases: the stance-anterior “sa”, the stance-

posterior “sp” and the flight “f” phases. The two flight phases of the quadruped

are distinguished as “f1” and “f2”, indicating the possibilities of using a different leg

placement strategy. These phases are separated by touchdown and liftoff events for

the back or front leg pairs, which are denoted by “td” and “lo”, respectively. The

geometric and inertia parameters are given in Table 3.2. They roughly correspond to

the quadrupedal robot Scout II [71].

Dynamics in Continuous Time

Similar to the ASLIP, in each phase, the configuration space Q can be parame-

terized by q = (xcm, ycm, θ)
′ ∈ Q. For convenience, at stance phase the origin of xcm is

reset to the toe in contact with ground.
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Table 3.2: Mechanical Parameters of the Reduced-order Quadrupedal Model

Parameter Value Units
Torso Mass (M) 20.865 kg
Torso Inertia (J) 1.39 kg m2

Hip-to-Shoulder spacing (2L) 0.276×2 m
Nominal Leg Length (l0) 0.323 m
Leg Spring Constant (kleg) 7040 N/m

In contrast to the ASLIP model, where the hip torque is necessary to maintain

the upright posture of the torso, in quadrupedal running with bounding gait, torso sta-

bilization does not require feedback control specifically devoted to it [74]. In addition,

in the context of our massless leg template, leg placement does not require an input

torque at the hip, as it is achieved kinematically. Hence, in the quadrupedal model

we do not introduce torques at the hip joint. The model is passive and conservative.

During the flight phase the torso goes through a ballistic motion and the vector field is

the same as (3.1). During the anterior stance and posterior stance phases, the potential

energy is given by

Vsa(q) =Mgycm +
1

2
k(l0 −

√

(xcm + L cos θ)2 + (ycm + L sin θ)2)2 (3.21)

Vsp(q) =Mgycm +
1

2
k(l0 −

√

(xcm − L cos θ)2 + (ycm − L sin θ)2)2 , (3.22)

respectively. The corresponding kinetic energy during both stance phases is

T (q̇) =
Mẋ2cm

2
+
Mẏ2cm
2

+
Jθ̇2

2
. (3.23)

Using the method of Lagrangian, the equations of motion can be derived, resulting in
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the following vector fields governing the dynamics of the system during stance:

fsa(x) =






















ẋcm

ẏcm

θ̇

−
1

M
· kleg(l0 − lsa) ·

−(xcm + L cos θ)

lsa

−g −
1

M
· kleg(l0 − lsa) ·

−(ycm + L sin θ)

lsa

−
kleg(l0 − lsa)

J
·
(xcm + L cos θ)L sin θ − (ycm + L sin θ)L cos θ

lsa






















(3.24)

and

fsp(x) =






















ẋcm

ẏcm

θ̇

−
1

M
· kleg(l0 − lsp) ·

−(xcm − L cos θ)

lsp

−g −
1

M
· kleg(l0 − lsp) ·

−(ycm − L sin θ)

lsp

−
kleg(l0 − lsp)

J
·
(ycm − L sin θ)L cos θ − (xcm − L cos θ)L sin θ

lsp






















, (3.25)

where lsa =
√

(xcm + L cos θ)2 + (ycm + L sin θ)2 is the length of the leg at anterior

stance phases and lsp =
√

(xcm − L cos θ)2 + (ycm − L sin θ)2 is the length of the leg at

posterior stance phase.

To summarize, for each i ∈ {sa, f1, sp, f2}, the vector field is of the form

ẋ = fi(x), (3.26)

where x ∈ X := {(q′, q̇′)′ | q ∈ Q, q̇ ∈ R
3} is the state variable.

Event-based Transition

Transitions between different phases occur when certain threshold functions

H : X → R cross their zero value. Assuming that liftoff occurs when a leg extends to
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its natural length, the threshold functions that correspond to the anterior and posterior

legs liftoff are, respectively,

Hsa→f(x) = l0 −
√

(xcm + L cos θ)2 + (ycm + L sin θ)2 (3.27)

Hsp→f(x) = l0 −
√

(xcm − L cos θ)2 + (ycm − L sin θ)2 . (3.28)

On the other hand, the threshold functions which describe touchdown events of the

two legs on flat ground are defined as

Hf1→sp(x, γp) = ycm − L sin θ − l0 cos γp (3.29)

Hf2→sa(x, γa) = ycm + L sin θ − l0 cos γa (3.30)

which corresponds to the vertical height of the toes from the substrate. Notice that

γp and γa depend on the leg angle control policy and they can either be constants or

functions of the states and time.

Flow, Flow Maps and Poincaré Return Map

For each i ∈ {sa, f1, sp, f2}, let φi(t, x0), t ≥ t0, be a maximal solution of (3.26)

with initial condition x0 ∈ TQ; that is, φi(t0, x0) = x0 and

φi(t, x0) = x0 +

∫ t

t0

fi (φi(τ, x0)) dτ . (3.31)

With a slight abuse of notation, define φt
i(x0) = φi(t, x0). The time-to-switch function

Ti : X → R for each phase i ∈ {sa, f1, sp, f2} is defined by

Tsa(x0) = inf{t > 0 | Hsa→f(φ
t
sa(x0)) = 0} , (3.32)

Tsp(x0) = inf{t > 0 | Hsp→f(φ
t
sp(x0)) = 0} , (3.33)

and

Tf(x0, γ) = inf{t > 0 | Hf2→sa(φ
t
f(x0), γa) = 0 or Hf1→sp(φ

t
f(x0), γp) = 0}, (3.34)
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where γ ∈ {γp, γa}. With these definitions at hand, the flow map Fi : X → X for each

phase i ∈ {sa, f1, sp, f1} is

F̂i(x0) = φ
Ti(x0)
i (x0) . (3.35)

In words, the flow map takes “entry” conditions to “exit” conditions for each phase.

Assume, without loss of generality, that the bounding cycle begins at the touchdown

of the anterior leg, and define Ssa ⊂ X to be the set of anterior leg touchdown states

that can result in a complete bounding cycle (not necessarily periodic)

Ssa := {x ∈ X | Hf2→sa(x) = 0, Tf(F̂sp ◦ F̂f1 ◦ F̂sa(x)) > 0} . (3.36)

The stride map F̂ : Ssa → X can then be defined through the composition of the

corresponding flow maps as

F̂ = F̂f2 ◦ F̂sp ◦ F̂f1 ◦ F̂sa . (3.37)

The method of Poincaré is used to evaluate stability of the gait. As in the

ASLIP model of Sec. 3.1.1, the horizontal position xcm of the COM is a cyclic variable

and will be projected out from the stride map by the operator Π defined in (3.17). In

addition, we define the maps

Σsa(z) :=




−L cos θ−

√

l20 − (ycm + L sin θ)2

z



 (3.38)

Σsp(z) :=




L cos θ−

√

l20 − (ycm − L sin θ)2

z



 (3.39)

which reset the origin of xcm at the beginning of the stance anterior and the stance

posterior phases; z is the non-xcm component of the state vector. Then, the Poincaré

return map P : Π(S) → Π(S) can be defined through the stride map (3.37) as

P := Π ◦ F̂f2 ◦ F̂sp ◦ Σsp ◦ Π ◦ F̂f1 ◦ F̂sa ◦ Σsa . (3.40)

As in the stride map given in (3.37), at the beginning of the stance phases, the Poincaré

return map utilizes Σsp(z) and Σsa(z) to reset the origin of the horizontal displacement

xcm; at the end of the stance phases, it projects out the xcm component.
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3.2 Stability Analysis of ASLIP

In this section, we first describe the proposed ASLIP controller. Then, we

analyze stability property of the model under the control law. It is proved that with a

symmetry-based leg angle control law and a torso balancing strategy, every point on a

special subset of Π(S) is a fixed point of Ptwo, and is neutrally stable.

3.2.1 Controller for ASLIP Model

Leg Angle Control Based on Symmetry

The leg touchdown angle is a powerful control input for locomotion and it has

been extensively used to stabilize running gaits [74]. Leg touchdown angle control poli-

cies have been derived using symmetry arguments regarding the gait. Symmetric gaits

are common idealizations of certain locomotion behaviors [76]. For example, consider

human running. During the motion, the two legs are kept roughly in a symmetric

configuration with respect to the frontal plane passing through the hip [75]. This type

of symmetry is termed “scissor symmetry”. The same phenomenon has also been ob-

served in the context of the SLIP model in [87], and it was used in [86] to propose a leg

control strategy that enlarges the basin of attraction of running motions for the model

of blaberus discoidalis :

γsymASLIP = −γLO . (3.41)

Basically, this control law sets the leg touchdown angle to a constant value, which

equals the negative of the previous liftoff angle.

Torso Control Based on the Virtual Pivot Point (VPP) Concept

The nontrivial torso of the ASLIP model requires active balance. Based on the

observation that in human locomotion the ground reaction force (GRF) intersect at a

point above the COM, [58] proposed the virtual pivoting point (VPP) concept. This

concept has been used in [59] to stabilize the torso of ASLIP model

τhip = kleg(l0 − l)l
(L+ rP) sinψ

l − (L+ rP) cosψ
, (3.42)
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where l =
√

(xcm − L cos θ)2 + (ycm − L sin θ)2 is the length of the leg and rP is the

distance from COM to VPP point. The physical meaning of this control input is shown

in Fig. 3.1(a), where the hip torque τhip at stance phase is used to redirect the GRF to

pass through the VPP point which is located above the COM. Numerical simulations

have proved that this concept can lead to self-stable running gaits under a constant

leg touchdown angle policy [58].

In the following analysis we use a special version of the controller where rP = 0:

τhip = kleg(l0 − l)l
L sinψ

l − L cosψ
. (3.43)

Equation (3.43) is a special case where the VPP coincides with the COM of the torso.

This controller has originally been proposed in [70], prior to the introduction of VPP,

and it effectively makes the GRF pass through the COM thereby the pitch dynamics

will be governed by

θ̈ = 0 . (3.44)

This can be derived by using the stance phase dynamics given in (3.7).

3.2.2 Hybrid Zero Dynamics of ASLIP

Similar to [70], we define output y as

y := θ − π/2 , (3.45)

which is the angle formed by the torso and the vertical line. Under the constraint

y ≡ 0, the system evolves on the set Z

Z = {x | y = 0, ẏ = 0} , (3.46)

which is referred as zero dynamics manifold. The dynamics of the system restricted to

Z is the zero dynamics–the maximal internal dynamics compatible with the output y

being identically zero [13]. Notice that the hip control input defined in (3.43) enforces
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θ̈ = 0, as stated in (3.44). Applying the hip controller (3.43) and imposing the constrain

θ = π/2 to (3.7), the zero dynamics at stance phase is explicitly given by

fZ
cl,s(x) =





















ẋcm

ẏcm

0

xcmkleg(l0 − lZ)

MlZ

−g +
ycmkleg(l0 − lZ)

MlZ

0





















+
kleg(l0 − lZ)

M





















0

0

0

−xcm(ycm − L)L

lZ(x2cm + y2cm − Lycm)

−x2cmL

lZ(x2cm + y2cm − Lycm)

0





















(3.47)

where lZ =
√

x2cm + (ycm − L)2 is the leg length on the zero dynamics manifold.

Since ASLIP has a trivial jump map—that is, there is no discontinuity in the

state vector as the system transits from flight to stance and from stance to flight—the

output remains unchanged through the transitions and the zero dynamics can be ex-

tended to include both the continuous-time dynamics and the discrete-time dynamics,

which is referred as the Hybrid Zero Dynamics. Note also that under the control law

(3.43), the GRF would pass through the COM of the torso so that θ̈ = 0 during stance.

The flight phase is also governed by θ̈ = 0. As a result, the system is hybrid invariant:

once it is in Z, it will stay in it.

3.2.3 Stability of Stride Two Gait on the Zero Dynamics Manifold

The following theorem shows that under the influence of the touchdown angle

policy (3.41) and the controller (3.43), every point of Π(Z) at which the stride-two

map Ptwo is defined, is essentially a fixed point of Ptwo.

Theorem 2. Under the leg angle control law defined in (3.41) and torso control law

defined in (3.43), every point in Π(Z)∩Π(S) is a fixed point of the restricted stride-two

Poincaré return map PZ
two, where Z is defined by (3.46), S is defined by (3.15), Π by

(3.17), and PZ
two is the restriction of Ptwo on Π(Z). In addition, they are all neutrally

stable for PZ
two on the manifold Π(Z) in the sense of Lyapunov.
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The proof is organized in three lemmas. Before we proceed, PZ
two is re-organized

as follows. Define the diagonal matrix

ĜASLIP := diag [−1, 1, 1, 1,−1, 1] , (3.48)

and notice that ĜASLIP ◦ ĜASLIP = I6×6 so that (3.20) can be written as

PZ
two = Π ◦ F̂f2 ◦ ĜASLIP ◦ ĜASLIP ◦ F̂s ◦Σs ◦Π ◦ F̂f1 ◦ ĜASLIP ◦ ĜASLIP ◦ F̂s ◦Σs . (3.49)

As a result of the decoupling of the motion at flight phase, we get

Σs ◦ Π ◦ F̂f1 ◦ ĜASLIP = Σs ◦ Ff1 ◦ Π ◦ ĜASLIP = Σs ◦ Ff1 ◦GASLIP ◦ Π , (3.50)

where Ff1 is the non-xcm component of F̂f1 under the control policy γ1 and GASLIP =

diag [1, 1, 1,−1, 1] 2. Similarly, the restricted stride-two Poincaré return map in (3.49)

can be further simplified as:

PZ
two = Ff2 ◦GASLIP ◦Π ◦ ĜASLIP ◦ F̂s ◦ Σs ◦ Ff1 ◦GASLIP ◦ Π ◦ ĜASLIP ◦ F̂s ◦ Σs. (3.51)

When the symmetry leg control policy γsymASLIP defined in (3.41) is adopted for

the flight phases, the non-xcm flight map Ff1 or Ff2—the only difference between the

two phases is the leg control policy—will be denoted as Ffγsym
ASLIP

. With this definition,

we have the following lemma:

Lemma 1. If the symmetry leg angle control policy (3.41) is adopted for the flight

phase, then for every liftoff state z0 ∈ Π(Z) with ẏcm > 0, Ffγsym
ASLIP

(z0) = GASLIP(z0).

Proof. This lemma is a direct result of the symmetric leg angle: due to this policy,

the ascending and descending part of the flight phase have the same duration. As a

consequence of the fact that the motion of the system during flight is ballistic, only

the vertical velocity changes direction. Notice that the torso will maintain its vertical

configuration since it starts from the set Z with θ̇ = 0 and θ = π
2
.

2 GASLIP can be obtained by directly checking the matrix multiplication of ĜASLIP ◦Π
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As a result, if γsymASLIP is adopted for Ff1, (3.50) can be simplified to

Σs◦Ff1◦GASLIP◦Π = Σs◦Ffγsym
ASLIP

◦GASLIP◦Π = Σs◦GASLIP◦GASLIP◦Π = Σs◦Π (3.52)

and the restricted stride-two Poincaré return map (3.51) is simplified as

PZ
two = Ff2 ◦GASLIP ◦ Π ◦ ĜASLIP ◦ F̂s ◦ Σs ◦ Π ◦ ĜASLIP ◦ F̂s ◦ Σs. (3.53)

Lemma 2. For every touchdown state x0 ∈ S ∩ Z, under the torso controller (3.43),

ĜASLIP ◦ F̂s ◦ ĜASLIP ◦ F̂s(x0) = I6×6, where Ĝ is defined in (3.48).

Proof. On Z, the torso will remain vertical due to the controller (3.43). As a result,

the model is governed by the zero dynamics. By checking the vector field of (3.47)

directly, it can be found that it satisfies the following symmetry property3

ĜASLIP × fZ
cl,s = −fZ

cl,s ◦ ĜASLIP (3.54)

on Z. This is equivalent to

ĜASLIP ◦ φt
s = φ−t

s ◦ ĜASLIP. (3.55)

where φt
s is the flow of stance dynamics on Z.

Next we show that the time-to-switch function satisfies Ts ◦ ĜASLIP ◦ F̂s(x0) =

Ts(x0). According to the definition, the threshold function of the left side is

Hs→f(φ
t
s ◦ ĜASLIP ◦ F̂s(x0)) = Hs→f(φ

t
s ◦ ĜASLIP ◦ φTs(x0)

s (x0))

= Hs→f(ĜASLIP ◦ φTs(x0)−t
s (x0)) = Hs→f(φ

Ts(x0)−t
s (x0)).

(3.56)

Noticing that t = 0 and t = Ts(x0) will make the right side of (3.56) equal to zero,

and recall that Ts is the minimal solution, there is no other 0 < t < Ts will make the

threshold function be zero. This proves Ts(x0) = Ts ◦ Ĝ ◦ F̂s(x0).

3 This justifies the choice of ĜASLIP. ĜASLIP reverses the sign of horizontal displacement
and vertical velocity. This is due to the fact that after stance phase, the torso is in
front of the foot and the vertical velocity is changing from downward to upward.

39



As a result of (3.55) and (3.56), we obtain:

ĜASLIP ◦ F̂s ◦ ĜASLIP ◦ F̂s = ĜASLIP ◦ φTs(ĜASLIP◦F̂s(x0)) ◦ ĜASLIP ◦ φTs(x0)

= φ−Ts(GASLIP◦F (x0)) ◦ φTs(x0) = I6×6 .
(3.57)

Lemma 3. For x1 := ĜASLIP ◦ F̂s ◦ Σs(z0), where z0 ∈ (Π(Z) ∩ Π(S)) is the state of

the ASLIP model at the touchdown event (the beginning of stance), Σs ◦Π(x1) = I6×6.

Proof. Define x2 := F̂s◦Σs(z0) denoted as x2 := (xcm,2, ycm,2, π/2, ẋcm,2, ẏcm,2, 0)
′, which

is the state at liftoff (end of stance phase). Notice that the COM is in front of the toe

at the end of stance phase, xcm,2 =
√

l20 − (ycm,2 − L)2. As a result, x1 = ĜASLIP(x2)

will be:

x1 := ĜASLIP ◦ F̂s ◦ Σs(z0) = (−xcm,2, ycm,2, π/2, ẋcm,2,−ẏcm,2, 0)
′. (3.58)

Meanwhile, applying Σs ◦ Π on x1, we get the following

Σs ◦ Π(x1) =

















−
√

l20 − (ycm,2 − L)2

ycm,2

π/2

ẋcm,2

−ẏcm,2

0

















=

















−xcm,2

ycm,2

π/2

ẋcm,2

−ẏcm,2

0

















= x1. (3.59)

The proof of Theorem 2 is provided next.

Proof of Theorem 2. The first part of the theorem is an immediate consequence of

Lemmas 1, 2 and 3. By applying the leg control policy (3.41) at F̂f1, and using the

controller defined in (3.43), (3.53) would now becomes

PZ
two = Ff2 ◦GASLIP ◦ Π ◦ ĜASLIP ◦ F̂s ◦ Σ ◦ Π ◦ ĜASLIP ◦ F̂s ◦ Σ

︸ ︷︷ ︸

id

= Ff2 ◦GASLIP .

(3.60)
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This shows that the stride-two Poincaré return map is reduced to a flight phase

map. Recall that the dynamics of the flight phase can be integrated analytically, PZ
two

is analytically solvable. Moreover, if we apply the leg placement control policy γsymASLIP

in (3.41) also for flight phase F̂f2, then the stride-two return map would become

PZ
two = Ff2 ◦GASLIP = Ff

γ
sym
ASLIP

◦GASLIP = I5×5 (3.61)

using the result of Lemma 1. As a result, every point on Π(Z) ∩ Π(S) is a stride-two

fixed point of PZ
two, and they are all neutrally stable in the sense of Lyapunov on the

manifold Π(Z) ∩ Π(S). In addition, these points are also fixed points of the full map

P two, since the constant torso angle is trivially periodic.

Remark 1. A result similar to theorem 2 can be obtained for SLIP model: under the

leg angle control law (3.41), Ptwo = I3×3, indicating that every point on Π(S) is a

stride-two fixed point for SLIP, and they are all neutrally stable in the Lyapunov sense.

Figure 3.3 gives the intuition. Under γsymASLIP, the two stance phases are canceled out

by each other. Since the results are proved using the symmetric property of the vector

field without any approximation, conclusions on stability can be drawn. In contrast,

[86] proved that (3.41) will necessarily produce periodic-two gaits for SLIP model by

ignoring gravity during stance phase and approximating the stance phase map using

conservation of energy. However, no conclusion on stability can be drawn in that case:

the approximated linear system has eigenvalues equal to one and the stability property

of the original nonlinear system cannot be determined.

3.2.4 Stabilizing the Full Dynamics

Although every point on Π(Z) ∩ Π(S) is a fixed point for both PZ
two and Ptwo,

the stability property on the zero dynamics manifold Z does not carry to the full

dynamics. Indeed, when there are disturbances in the θ and /or θ̇ components of the

state vector, the system will no longer evolve on the zero dynamics manifold Z because
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under (3.43), θ is not stabilized as can be seen from (3.44). To stabilize the pitch angle,

the hip controller in (3.43) is modified as follows:

τhip = τVPP + τfinite , (3.62)

where τVPP is the VPP controller defined in (3.43); τfinite is defined as

τfinite =
J

JJac, 3
·
−sign(ẏ)|ẏ|α − sign(η(y, ẏ))|η(y, ẏ)|α/(2−α)

ǫ
(3.63)

where y = θ− π/2 is the output defined at (3.46); η(y, ẏ) = y+ (1/2−α)sign(ẏ)|ẏ|2−α

with α ∈ (0, 1); ǫ is used to adjust the rate of convergence; J is the moment of inertia

of torso; JJac, 3 is the third element of the Jacobian defined in (3.6). By checking stance

phase vector field (3.7) and recall (3.44), the pitch dynamics will now be governed by

θ̈ =
−sign(θ̇)|θ̇|α − sign(η(y, θ̇))|η(y, θ̇)|α/(2−α)

ǫ
(3.64)

This is exactly the continuous finite-time controller used in [5,6,31] for double integra-

tor. As a result, under hip controller (3.62), the pitch angle will be driven to π/2 in

finite time and the system will eventually converges to the zero dynamics manifold Z.

As a result, the zero dynamics manifold Z is finite attractive under (3.62). Notice that

once the system converges to Z, τfinite becomes zero, and the controller (3.62) becomes

(3.43). Hence, Z is hybrid invariant.

Figure 3.3: Stride-Two gait of SLIP, begins at touchdown event. Every point at the
Poincaré section S is a stride-two fixed point under γsymASLIP. Meanwhile,
they are all neutrally stable in Lyapunov sense.
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As a direct result of theorem [102, Theorem 4.5], we obtain the following lemma:

Lemma 4. Under (3.41) and (3.62), every point on Π(Z) ∩ Π(S) is a fixed point for

P two, and they are all neutrally stable in Lyapunov sense.

The performance of the controller will be evaluated numerically later in Sec. 3.4.1.

3.3 Stability Analysis of Quadruped Bounding

In this section, the stability of passive bounding gaits under a family of sym-

metric leg angle control law is analyzed using a similar approach. Before we proceed,

we first factor (3.40) as

P = Π ◦ F̂f2 ◦ F̂sp ◦ Σsp ◦ Π ◦ F̂f1 ◦ F̂sa ◦ Σsa

= Ff2 ◦ Π ◦ F̂sp ◦ Σsp ◦ Ff1 ◦ Π ◦ F̂sa ◦ Σsa

= Ff2 ◦ Fsp ◦ Ff1 ◦ Fsa

= Ff2 ◦Gquad
︸ ︷︷ ︸

P2

◦Gquad ◦ Fsp ◦ Ff1 ◦ Fsa
︸ ︷︷ ︸

P1

,

(3.65)

where Ff2 and Ff1 is the restriction of F̂f2 and F̂f1 on Π(X ) so that Π◦ F̂f2 = Ff1 ◦Π due

to the decoupling of the horizontal motion from the vertical and the rotational motions

during flight. Fi := Π ◦ F̂i ◦ Σi for i ∈ {sa, sp}. Gquad is a diagonal matrix defined as

Gquad := diag [1,−1, 1,−1, 1] (3.66)

and Gquad · Gquad = I5×5. Note that the factor P1 in (3.65) does not correspond

to the time-reversed flow map of an individual phase; rather it is the time-reversed

composition of three flow maps.

3.3.1 Passive Periodic Bounding Gaits

Unlike the ASLIP model, by properly controlling the touchdown angles of the

two legs, a number of passive periodic bounding gaits can be found numerically. Fig-

ure 3.4 gives the touchdown angles as well as several states of one such gait. From

Fig.3.4(a) it can be observed that the touchdown angle of the posterior (anterior) leg
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is equal to the negative value of the liftoff value of the anterior (posterior) leg for the

fixed point; i.e., γtda = −γlop and γtdp = −γloa . Focusing on the first three phases, it can

be seen that

P1(z̄) := Gquad ◦ Fsp ◦ Ff1 ◦ Fsa(z̄) = z̄. (3.67)

Gaits that satisfy (3.67) are central to the following analysis for quadrupedal bounding

in this work, the purpose of which is to exploit the symmetries of the underlying vector

fields for analyzing stability in symmetric bounding motions.

3.3.2 Necessary Conditions for Stability of Bounding

We begin with Theorem 3 which establishes conditions under which P1 is an

involution:

(Gquad ◦ Fsp ◦ Ff1 ◦ Fsa) ◦ (Gquad ◦ Fsp ◦ Ff1 ◦ Fsa) = idΠ(Ssa). (3.68)

Theorem 3. For z ∈ Π(Ssa), where Ssa is defined in (3.36), and let Π be the projection

as per (3.17), if the posterior leg has its touchdown angle set according the following

law

γtdp = −γloa , (3.69)

then P1 is an involution on Π(Ssa). Furthermore, if z is a fixed point of P shared by

P1, we have that | det(DzP1)(z))| = 1.

The proof of Theorem 3 is organized in two lemmas.

Lemma 5. On Π(Ssp), Fsa◦Gquad◦Fsp = Gquad. Similarly, on Π(Ssa), Fsp◦Gquad◦Fsa =

Gquad.

Proof. We focus on the first part of the Lemma, the second part can be proved by

a similar argument. By inspecting the vector fields fsa and fsp it can be verified

directly that Ĝquad ◦ fsp = −fsa ◦ Ĝquad, where Ĝquad = diag [−1, 1,−1, 1,−1, 1] and

Ĝquad · Ĝquad = I6×6. Integrating from an initial condition x0 ∈ Ssp results in

Ĝquad ◦ φ̂
t

sp = φ̂−t

sa ◦ Ĝquad . (3.70)
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ẋ
cm
(m

/
s)

(b)

0 0.05 0.1 0.15 0.2 0.25 0.3
0.3

0.31

0.32

0.33

0.34

0.35

Time(s)

y c
m
(m

)

(c)

0 0.05 0.1 0.15 0.2 0.25 0.3
−1

−0.5

0

0.5

1

Time(s)
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Figure 3.4: (a) Leg angle; (b)-(f) State evolution of a periodic bounding gait. Vertical
lines represent events; from left to right: anterior leg liftoff, posterior leg
touchdown, posterior leg liftoff.

45



Next we show that Tsp(x0) = Tsa(Ĝquad(x0)). According to (3.70), Hsp→f ◦ φ̂
t

sp =

Hsp→f ◦ Ĝquad ◦ φ̂
−t

sa ◦ Ĝquad.

Now, by the definitions (3.27) and (3.28) of the corresponding threshold func-

tions observe that Hsp→f = Hsa→f ◦ Ĝquad. Then, Hsp→f ◦ Ĝquad ◦ φ̂−t

sa ◦ Ĝquad =

Hsa→f ◦ φ̂
−t

sa ◦ Ĝquad, and hence

Hsp→f ◦ φ̂
t

sp = Hsa→f ◦ φ̂
−t

sa ◦ Ĝquad. (3.71)

This implies that the value of the threshold function Hsp→f along the flow φ̂t
sp(x0) is

equal to the value of Hsa→f along the time-reversed flow φ̂−t
sa ◦Ĝquad(x0). Since by (3.32)

and (3.33), Tsp and Tsa represent the minimal solutions of the corresponding threshold

equations being equal to zero, (3.71) implies Tsp(x0) = Tsa(Ĝquad(x0)). As a result,

(3.70) can be written in a flow map form. Applying the projection map Π (3.17)

completes the proof.

Remark 2. Figure 3.5 provides some intuition on Lemma 5. Due to the fact the

vector fields fsp and fsa of the stance-posterior and stance-anterior phases are related

through Ĝquad, the evolution of the stance-posterior phase starting from initial con-

ditions zA = Π(xA) and progressing forward in time is indistinguishable from the

evolution of the stance-anterior phase starting from the corresponding Gquad-reflected

initial conditions, zD = Π(Ĝquad(xA)) = Gquad(zA), and progressing backward in time.

Lemma 5 establishes that not only the flows, but also the flow maps of the two phases

are Gquad-related because the corresponding threshold functions “preserve” the time re-

versal symmetry Gquad.

Next we show that the flow map of the flight phase prior to the posterior-stance

is Gquad-related with itself, provided that the touchdown angle of the posterior leg is

selected according to a simple control law.

Lemma 6. Let γloa be the liftoff angle of the anterior leg. Define Sf := {x ∈ X | Hsa→f(x) =

0, ẏcm > 0} and let Π(Sf) be the projection as per (3.17). If the touchdown angle of

posterior leg is selected according to the rule γtdp = −γloa then Ff1 ◦Gquad ◦ Ff1 = Gquad

for initial state z0 ∈ Π(Sf).
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Proof. (sketch) The condition γtdp = −γloa guarantees that the time-to-switch functions

for the two phases satisfy Tf(x0) = Tf(Ĝquad(x0)). The arguments are identical to those

in the proof of Lemma 5 and are omitted for brevity.

The proof of Theorem 3 is provided next.

Proof of Theorem 3. The first part of the theorem proof is an immediate result of the

Lemmas 5 and 6. The second part is a result of Theorem 1 under condition (3.67).

With Theorem 3 in hand, we can now state necessary conditions for the stability

of periodic bounding gait. The determinant of the Poincaré map at a fixed point z̄

realized under the touchdown angle control policy suggested by Theorem 3 is

| det(DzP (z̄))| = | det(DzP2(P1(z̄)) ·DzP1(z̄))| = | det(DzP2(z̄))| = | det(DzFf2(z̄))|.

As stated in (2.4), a necessary condition for z̄ to be a stable fixed point of P is

| det(DzFf2(z̄))| < 1. Otherwise, the Poincaré return map would have at least one

eigenvalue which is bigger than one. Note that Ff2 is the flow map of the flight fol-

lowing the posterior stance and that the corresponding touchdown angle has not been

fixed by the procedure, thus it is available for control.

zA

zB zC

zD

Figure 3.5: The stance-posterior and stance-anterior phases are related through a
time-reversal symmetry.
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Given an initial condition z0 = Π(x0), the fight phase flow map Ff2 can be

computed analytically due to the integrability of the underlying vector field ff ; i.e.,

Ff2(z0) =














ycm,0 + ẏcm,0Tf −
1
2
gT 2

f

θ0 + θ̇0Tf

ẋcm,0

ẏcm,0 − gTf

θ̇0














(3.72)

where4 Tf = Tf(z0, γa) is an implicit function of initial state and front leg angle, which

will be determined by a state feedback law of the form γa(z0). Tf is described by zeroing

the threshold equation Hf→sa:

ycm + ẏcmTf −
gT 2

f

2
+ Lsin(θ0 + θ̇Tf)− l0cosγ

td
a = 0 (3.73)

The determinant of DzFf2(z0) can be computed by

det(DzFf2) = 1− g
∂Tf
∂ẏcm,0

+ ẏcm,0
∂Tf
∂ycm,0

+ θ̇0
∂Tf
∂θ0

(3.74)

The partial derivative of Tf in the determinant can be replaced using implicit differen-

tiation rules on (3.73). After some manipulation, DzFf2(z0) can be written as

det(DzFf2(z0)) =
∆1

−∆2
, (3.75)

where

∆1=sin γtda l0

(

ẏcm,0
∂γtda
∂ycm,0

+ θ̇0
∂γtda
∂θ0

− g
∂γtda
∂ẏcm,0

)

∆2 = ẏcm,0 − gTf + θ̇0L cos(θ0 + θ̇0Tf)

See Appdendix A for the detailed derivation.

4 Note that by (3.30), Hf→sa does not depend on xcm, thus Tf is essentially a function
of z.
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3.4 Numerical Simulation

3.4.1 Evaluation for ASLIP Model

Figure 3.6 (a)-(c) presents the stride-one and stride-two fixed points for the

ASLIP model in the ycm-ẏcm plane at the Poincaré section (the beginning of stance) for

three different running velocities. The red and black lines in the figures are unstable

and stable stride-one fixed points under a constant touchdown angle controller and

torso controller (3.62). Notice that no self-stable stride-one fixed points are found for

2m/s. Meanwhile, the blue dots represent stride-two fixed points under (3.62) and

(3.41), and as proved by Theorem 4, they are all stable. Moreover, there is more area

in ycm-ẏcm plane which allows stride-two fixed points.
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Figure 3.6: Stride-one and Stride-two fixed points for ASLIP. The black line includes
stable stride-one fixed points, where the red line includes unstable stride-
one fixed points. The blue points i stride-two fixed points under (3.62)
and (3.41). All the stride-two fixed points are neutral stable in Lyapunov
sense.

Figure 3.7 illustrates how the ASLIP model converges to the zero dynamics

manifold under torso controller (3.62). The torso starts from a initial condition with

θ̇ 6= 0. The controller driven the torso back to the zero dynamics manifold in finite

time.

To examine if the stride-two gaits can negotiate disturbances in the form of

unexpected ground height variations and energy changes, we test one of the stride-

two fixed points, the point marked by a black square dot in Fig 3.6(b). The ground
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Figure 3.7: The converge of ASLIP to the zero-dynamcis manifold under (3.62).

is modeled as a 200m trail, composed by 0.2m-wide flat surfaces of different height.

The height of each surface is a uniform distributed random variable within [-0.1,0],

described by the following equation:

ygnd = −0.1 + 0.1 rand . (3.76)

To provide enough toe clearance, the leg length is set to 80% of the rest length after

liftoff and extended to full length after apex. 100 simulation runs are carried out and

all the tests are success, i.e., the model can run to the end of the 200m noisy trail.

Figure 3.8 presents the ground height profile of a portion of the random trail, and the

corresponding COM velocity at Poincaré section.

3.4.2 Analysis of Bounding Under A Leg Control Law

In this section, we analyze the stability of bounding under a control law, which

is discussed next. Based on our previous analysis, we set

γtdp [n] = −γloa [n] , (3.77)

and we employ the following feedback controller to regulate the touchdown angle of

the anterior leg

γtda [n] = γ̄tda + c(γ̄lop − γlop [n]) (3.78)
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Figure 3.8: The response of one stride-two gait of ASLIP under γ̄ to ground variation.
(a) One set of the ground profile. (b) The horizontal COM velocity.

where γ̄tda and γ̄lop are the anterior leg touchdown and the posterior leg liftoff angles at

a fixed point; c is a constant gain, and γlop is the posterior leg’s liftoff angle.

Noticing that γlop = −acos(ycm,0−Lsinθ0
l0

) and using γtdp = −γloa at a symmetric

fixed point z̄0, the determinant of the Jacobian of the Poincaré return map at fixed

point z̄ is

| det(DzP(z̄))| = | det(DzFf2(z̄))| = |c|. (3.79)

See Appdendix A for the detailed derivation. As a result, a necessary condition for the

system to be stable is c ∈ [−1, 1].

Figure 3.9 shows the discrete evolution of the system in closed loop with the

controller (3.77)-(3.78) under a perturbation away from the fixed point of Fig. 3.4. The
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perturbation does not change the total energy of the system. Three different values of

c are considered. Although, (3.79) is necessary but not sufficient for stability, it can

be seen that for c < 1 the system converges to a fixed point. For c = 1 the evolution

oscillates around the fixed point while it diverges for c > 1. Finally, to fully characterize

stability, Fig. 3.10 presents the root locus of the eigenvalues of the linearization of the

Poincaré map for different values of c at the fixed point. It can be seen that for |c| > 1

the system is indeed unstable.
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Figure 3.9: Discrete evolution of the closed loop system (blue dots) under a pertur-
bation that leaves the system’s total energy unchanged. The initial state
is marked by the black square while the final condition is marked as green
square. 3.9(a): c = 0.5; 3.9(b): c = 1; and 3.9(c): c = 1.2.

3.5 Conclusion and Discussion

This chapter analyzed the stability of running gaits using the method of the

Poincaré return map. Rather than treating the nonintegrable maps as a black box

and resorting to numerical methods, we factor the Poincaré return map based on

symmetries and offer analytically expressed conclusions on stability. Two reduced-

order templates with non-trivial torso moment of inertia, one for monopedal hopping

and one for quadrupedal bounding, were studied. For the ASLIP model, the analysis

provides a synthesized controller with analytically tractable stability properties. The

controller is composed of a torso controller and a symmetry leg placement controller.

It is shown analytically that every point on the manifold Z with upright torso angle

which can lead to a gait is a periodic gait and they are all stable in Lyapunov sense.
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For the quadrupedal bounding, the approach offers analytically expressed necessary

conditions for stability. Inspired by this analysis, a simple touchdown angle policy is

devised with its control gains selected so that the necessary condition for stability is

satisfied. Numerical simulation demonstrates the performance of controllers for the

two models in case of ground height variation and state perturbation.
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Chapter 4

ACTIVE COMPLIANCE HYBRID ZERO DYNAMICS CONTROL OF
BOUNDING ON HYQ

In this chapter, an elaborate model with segmented legs is employed to study

quadrupedal bounding, the morphology of which resembles that of HyQ. In contrast

to the reduced-order template models analyzed in the previous chapter, this model

has nontrivial leg mass. As a result, the model is no longer energy conservative due

to the inelastic impact between the toe and the ground. In addition, this model has

no passive compliant elements because HyQ features no spring. In light of the role of

compliance in running, this chapter proposes a bounding controller which incorporates

active compliant elements into the Hybrid Zero Dynamics framework to realize stable

periodic bounding gaits. Exploiting the hybrid nature of the system, the control action

is developed in both continuous and discrete time to regulate the torque applied at the

support leg and the motion of the swing leg. The performance of the controller is

evaluated by numerical simulations. Part of this chapter has appeared in [55].

This chapter is organized as follows. Section 4.1 develops a saggital-plane bound-

ing model of HyQ. Section 4.2 gives a detailed account on the controller design. Section

4.3 evaluates the controller in simulation and Section 4.4 concludes the chapter.

4.1 Modeling Bounding of HyQ

Figure 4.1(a) presents the Hydraulically actuated Quadruped HyQ. HyQ is a

fully torque-controlled robot built by the Dynamic Legged Systems Lab of the Istituto

Italiano di Tecnologia (IIT) [90]. The robot weighs about 86kg in its current configu-

ration and has a height of 1m with fully extended legs. Each leg has three hydraulic

joints: two in the hip (abduction/adduction (HAA) and flexion/extension (HFE)) and
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one in the knee (flexion/extension (KFE)). High-performance servovalves enable joint-

level torque and position control with excellent tracking performance [8]. The high

power-density of hydraulic actuators allow strong and fast leg motions. The robust-

ness of hydraulic actuation against impact also makes HyQ a very suitable platform

for dynamic gaits, such as trotting and bounding.

(a)

(xcm, ycm)

θtor

θp,1

θp,2

θa,1

θa,2
γp

HFE

KFE

(b)

Figure 4.1: (a) The Hydraulically Actuated Quadruped (HyQ). HyQ is developed
by the Dynamic Legged Systems Lab of the Istituto Italiano di Tecnolo-
gia (IIT). It features three degrees of freedom per leg, two in the hip
abduction/adduction and flexion/extension joints and one in the knee
flexion/extension joint. (b) A sagittal plane model of HyQ used for con-
troller design.

4.1.1 Modeling Assumption

In modeling bounding with HyQ, it is assumed that the essential features of

bounding motion take place in the sagittal plane, resulting in the planar model of

Fig. 4.1(b). As a result, the hip abduction-adduction degrees of freedom are not con-

sidered in the model. In Fig. 4.1(b), the back and front virtual legs represent the

collective effect of the back and front physical leg pairs, respectively. The geometric

and inertia parameters of the model can be found in Table 4.1.
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Table 4.1: Mechanical Parameters of the Model

Parameter Value Units

Torso mass (including HAA joints) (M) 72.00 kg

Upper leg mass (virtual leg) (M1) 5.30 kg

Lower leg mass (virtual leg) (M2) 1.60 kg

Total Mass (Mtotal) 85.80 kg

Torso Inertia (including HAA joints) (J0) 6.98 kg m2

Upper leg inertia (J1) 0.05 kg m2

Lower leg inertia (J2) 0.02 kg m2

Hip-to-Hip distance (2× L) 0.74 m

HAA linkage length (L0) 0.12 m

Upper leg linkage length (L1) 0.35 m

Lower leg linkage length (L2) 0.33 m

Upper leg COM to hip distance (Lm,1) 0.162 m

Lower leg COM to knee distance (Lm,2) 0.122 m

Depending on the contact between the foot with the ground, the model can be in

one of the following phases: flight “f,” anterior stance “sa,” posterior stance “sp,” and

double stance “sd”. Figure 4.2 shows the phase sequence of a nominal bounding gait,

which does not include a double stance phase; Note, however, that while converging

from a perturbation the model can go through double stance phases. The indices

“sw” and “su” refer to the swing leg and the support leg respectively. Furthermore,

quantities related to the hip and knee joints, such as torques and angles, will be denoted

by “1” and “2,” respectively.

4.1.2 Dynamics in Floating-base Form

As defined in Fig. 4.1(b), a convenient choice of generalized coordinates describ-

ing the model’s configuration is q := (xcm, ycm, θtor, θp,1, θp,2, θa,1, θa,2)
′, where (xcm, ycm)

correspond to the Cartesian position of the torso’s center of mass (COM), θtor is the

pitch angle of the torso with respect to the horizontal, (θp,1, θa,1) are the hip angles of
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Figure 4.2: Phase transition of a nominal bounding gait.

the posterior and anterior legs, and (θp,2, θa,2) are the knee angles of the posterior and

anterior legs. The dynamics can be written in the form

D(q)q̈ + C(q, q̇)q̇ +G(q) = Bu+ JTFext, (4.1)

where D is the mass matrix, C contains Coriolis and centrifugal terms, G is the

vector of gravity-dependent forces, and B is the matrix mapping the input vector

u := (up,1, up,2, ua,1, ua,2)
′ to the vector of generalized forces. In (4.1), J := (Jx′, Jy ′)

′
is

the contact Jacobian obtained by differentiating the position of the foot with respect

to an inertia frame, while Fext = (F x
ext, F

y
ext)

′
is the interaction force, which is zero when

the leg/toe is in flight and not in contact with the ground.

The contact between the toe and the ground is modeled based on a Coulomb

friction model, resulting in

Jyq̈ + J̇y q̇ = 0 (4.2)
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Jxq̈ + J̇xq̇ = 0 or F x
ext = µF y

ext (4.3)

that are augmented to (4.1) to solve for q̈ and Fext; in (4.3), µ is the sliding friction

coefficient assumed to be 0.8. Depending on whether sliding occurs, either constraint

in (4.3) is used.

4.1.3 Reduced Dynamics

In the anterior and posterior stance phases, and under the assumption that the

toe does not slide over the ground, the equations of motion can be written as:

Di(qs)q̈s + Ci(qs, q̇s)q̇s +Gi(qs) = Biu , (4.4)

for i ∈ {sa, sp}, where the configuration variables are qs := (θtor, θp,1, θp,2, θa,1, θa,2)
′.

Notice that qs does not include xcm and ycm of q.

4.1.4 Transitions

For bounding gaits, transitions among phases are triggered at the instance of

touchdown (TD) or liftoff (LO) events.

Flight-to-stance Transition

Switching from flight to the anterior or posterior stance, or from the anterior or

posterior stance to double stance, occurs at TD, which is modeled as a instantaneous

inelastic impact that results in no rebound using to the assumptions listed in [102,

Section 3.4]. Note that the resulting impact maps leave the configuration variables

unaffected, while the corresponding velocities experience jumps.

Stance-to-flight Transition

The robot enters the flight phase when the support leg takes off. This event

is characterized by the zeroing of the normal component of the ground reaction force.

With the knee and hip joints actively controlled, the liftoff event can be initiated by

actively flexing the joints. Hence, we will assume that the legs take off when the
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corresponding knee joint angle is ±40◦, where “+” refers to the posterior and “−” to

the anterior leg.

4.2 Controller Design

The proposed controller—see Fig. 4.3 for an overview of the control action—is

largely inspired by the study of passive bounding models in Chapter 3. By command-

ing appropriate leg touchdown angles at flight phases, and keeping the leg passive

during the stance phases, self-stable periodic bounding gaits can be generated by low-

dimension models with mass-less springy legs [71]. HyQ, however, is neither energy-

conservative nor has any spring in it. Hence, to “mimic” the behavior of the passive

model, the joints of the support leg are torque-controlled to create a virtual spring

while the joints of the swing leg are motion controlled to imposes (virtual) holonomic

constraints to land the robot with a preferred touchdown configuration. Utilizing the

hybrid nature of the system, the introduce parameters are updated in a discrete time to

render the constraints impact-invariant, leading to the notion of hybrid zero dynamics.

ΓcΓα

Motion and force control

Impact Invariance

Figure 4.3: Feedback diagram illustrating the structure of the controller. The contin-
uous line represents signals in continuous time; the dashed lines represent
signals in discrete time. The continuous-time controller Γc creates an ac-
tively compliant zero dynamics using torque planning and motion control.
The discrete-time controller Γα updates parameters to ensure invariance
under the transition maps.
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4.2.1 Stance Phase Torque Planning and Motion Control

The stance phase dynamics (4.4) can be written without interaction force as

ẋs = fi(xs) + gsui (xs)u
su
i + gswi (xs)u

sw
i , (4.5)

where i ∈ {sa, sp} and xs := (q′s, q̇
′
s)

′ is the state vector. gsui and gswi describe the

influence of the support and swing leg torques usui and uswi , respectively. More explicitly,

ususp = (up,1, up,2)
′ and uswsp = (ua,1, ua,2)

′ in stance-posterior and ususa = (ua,1, ua,2)
′ and

uswsa = (up,1, up,2)
′ in stance-anterior.

The purpose of the controller at stance phases (sa or sp) is to “create” active

compliant elements to (indirectly) control the interaction between the support leg and

the ground, and to place the swing leg at a desired configuration. To achieve these

objectives, a combination of torque planning and motion control is employed.

Active Compliance through Torque Planning for the Support Leg

To regulate the interaction between the torso and the environment, the controller

commands desired torque profiles at the hip and knee joints of the leg in contact with

the ground. In more detail, a constant torque βi, i ∈ {sp, sa} is commanded at the hip

actuator of the support leg as

up,1 = βsp and ua,1 = βsa (4.6)

for the stance-posterior and the stance-anterior phase. Next, the following torque is

commanded at the knee joint

up,2 = ūp,2 + kp(θp,2 − θ̄p,2) (4.7)

for the stance-posterior phase, and similarly

ua,2 = ūa,2 + ka(θa,2 − θ̄a,2) (4.8)

for the stance-anterior phase. In (4.7), kp and θ̄p,2 are the stiffness and the rest angle

of the virtual knee spring for the posterior leg in the posterior-stance phase; similarly,
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ka and θ̄a,2 in (4.8) are the corresponding constants for the anterior leg virtual spring

in the anterior-stance phase. We require θ̄p,2 = −θ̄a,2 = 40◦, consistent with the liftoff

conditions in 4.1.4 so that the (virtual) spring is completely undeformed at liftoff. Note

that the offsets ūp,2 and ūa,2 in (4.7) and (4.8), are added to ensure that the normal

component of the ground reaction force is sufficiently large to prevent toe slipping.

To summarize, for each i ∈ {sp, sa}, the commanded torque profiles for the

support leg during the stance-posterior and stance-anterior phases, can be written in

the form

usui = Γsu
i (xi, α

su
i ) (4.9)

for i ∈ {sp, sa}, where αsu
sp := {ūp,2, kp, βsp} and αsu

sa := {ūa,2, ka, βsa}. With this

notation, the stance dynamics (4.5) for i ∈ {sp, sa} in closed loop with the controller

of the corresponding support leg (4.9) becomes

ẋi = f sw
i (xi, α

su
i ) + gswi (xi)u

sw
i , (4.10)

where f sw
i (xi, α

su
i ) := fi(xi) + gsui (xi)Γ

su
i (xi, α

su
i ). Note that if a double stance phase

occurs while converging from a perturbation, both legs are support legs and are torque

controlled using the controller described here.

Swing Leg Motion Control

The continuous-time control input usw in (4.10) includes the hip and knee joint

torques of the swing leg, and it will be used to prepare the swing leg for its ensuing

touchdown. To achieve this objective, we associate to (4.10) the output

yi = hi(qs, α
sw
i ) := Hiqs − hdi (si(qs), α

sw
i ) (4.11)

for i ∈ {sp, sa}, where Hiqs is the vector of the controlled variables, which contains the

absolute hip angle and the knee angle relative to the upper part of the swing leg; i.e.,

Hsp :=




1 −1 0 0 0

0 0 1 0 0



 and Hsa :=




1 0 0 −1 0

0 0 0 0 1



 (4.12)
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for the stance-posterior and the stance-anterior phases.

In (4.11), hdi is the desired evolution of the controlled variables, which is repre-

sented by smooth polynomials as detailed in Appendix B. We only mention here that

the polynomials are parameterized by the normalized variables

ssp(qsp) :=
γp(qsp)− γtdp

∆sp
and ssa(qsa) :=

γa(qsa)− γtda
∆sa

(4.13)

where ∆sp and ∆sa are constants, γp and γa are the angles between the vertical and

the line connecting the hip with the foot of the posterior and anterior leg, respectively,

and γtdp , γtda are the corresponding values at touchdown; see Fig. 4.1(b). Note that, for

each i ∈ {sp, sa}, si is a monotonic function of the configuration variables, essentially

replacing time in the parameterization of the polynomials described in the Appendix

B. Finally, all the parameters associated with the design of the desired evolution hdi

of the controlled variables, are collected in the array αsw
i , which, participates in the

definition of the constraint (4.11).

The outputs (4.11) are functions of the configuration variables only; hence, they

can be interpreted as holonomic constraints, which can be imposed (asymptotically)

on the system by driving (4.11) to zero. To do so, we differentiate (4.11) for given

values of αi := {αsu
i , α

sw
i } to get1

d2yi
dt2

= L2
fsw
i
hi(xi, αi) + Lgswi

Lfsw
i
hi(xi, αi)u

sw (4.14)

where Lgswi
Lfsw

i
hi(xi, αi) is the decoupling matrix. Upon verifying the invertibility of

Lgswi
Lfsw

i
hi(xi, αi),

usw∗ (xi, αi) := −
(
Lgsw

i
Lfsw

i
hi(xi, αi)

)−1
L2
fsw
i
hi(xi, αi) (4.15)

is the unique control input which renders the surface

Zαi
:= {xi ∈ Xi | hi(qi, α

sw
i ) = 0, Lfsw

i
hi(xi, αi) = 0

}
(4.16)

1 Note that the output (4.11) depends only on αsw
i ; however, when we differentiate

along the dynamics (4.10) the resulting Lie derivatives depend also on the parameters
αsu
i introduced by the force controller.
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invariant under the flow of the closed-loop dynamics. Zeroing the output effectively

reduces the dimension of the system by restricting its dynamics on the zero dynamics

surface Zαi
. The dynamics of the system restricted on Zαi

,

ż = f ∗
i |Zαi

(z) (4.17)

is the corresponding zero dynamics. To ensure attractivity of Zαi
, the input (4.15) is

modified as

usw = Γsw
i (xi, αi) =

(
Lgswi

Lfsw
i
hi(xi, αi)

)−1 [
υ(yi, ẏi, ǫ)− Lgswi

Lfsw
i
hi(xi, αi)

]
(4.18)

where

υ(yi, ẏi, ǫ) := −
1

ǫ2
KPyi −

1

ǫ
KVẏi, (4.19)

and KP, KV are gain matrices, and ǫ > 0. Under the influence of the continuous-time

feedback laws Γsw
i for i ∈ {sp, sa} the solutions of (4.10) converge to the invariant

surface Zαi
exponentially fast.

In what follows, the combined continuous-time control action during the stance

phases i ∈ {sp, sa} will be denoted by Γc
i = {Γsu

i ,Γ
sw
i }, depicted in Fig. 4.3.

4.2.2 Flight Phase Motion Control

The continuous-time control design in the flight phases is analogous to that of

the stance, thus the exposition here will be terse. Let xf := (q′, q̇′)′ be the state for the

flight phase. Then, the dynamics in both flight phases can be written as

ẋf = ff(xf) + gf(xf)u. (4.20)

To allow the use of polynomials with different coefficients in defining the desired evo-

lution of the controlled variables, to each flight phase—that is, the flight phase after

the posterior leg liftoff denoted by the index f1, and the flight phase after the anterior

leg liftoff denoted by f2—we associate the output

yi = hi(xf , αi) := Hfq − hdi (sf(q), αi), (4.21)
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where i ∈ {f1, f2}. In (4.21), the controlled variables Hfq are the same in both flight

phases, and correspond to the absolute hip and the relative knee angles of the posterior

and anterior legs; that is, Hf is defined as

Hf :=




02×2 Hsp

02×2 Hsa



 . (4.22)

Similarly, in (4.21), for each flight phase i ∈ {f1, f2}, h
d
i represents the desired

evolution of the controlled variables, which is defined by smooth polynomials parame-

terized through the monotonic quantity

si(qi) =
xcm − xlo

cm,i

∆i
, (4.23)

where ∆i is a normalizing constant, and xlo
cm,i is the value of the horizontal coordinate

xcm of the torso’s COM at liftoff, so that (4.23) represents a monotonically increasing

quantity that replaces time in the parameterization of the polynomials. The details

associated with the polynomials are presented in the Appendix B; we only mention

here that αi are the parameters introduced by hdi in each flight phase i ∈ {f1, f2}.

To impose the constraints, a continuous-time controller that zeros the output

(4.21) is designed. The process is similar to the one employed in the stance phase. In

each phase i ∈ {f1, f2}, the corresponding controller has the form

u = Γc
i (xf , αi) := (LgfLffhi(xf , αi))

−1 [υ(yi, ẏi, ǫ)− LgfLffhi(xf , αi)] . (4.24)

where the auxiliary control input υ has the same form with (4.19), and it renders the

zero dynamics surface

Zαi
= {xf ∈ Xf | hi(qf , αi) = 0, Lffhi(xf , αi) = 0} (4.25)

invariant and attractive.

4.2.3 Discrete-time Control Laws

At discrete transitions, zeroing of the output may be violated when x+i /∈ Zαi

for i ∈ {sp, sa, f1, f2 }. x+i is the state of the robot after transition. To ensure that the
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zero dynamics surface in each phase is invariant under transitions, the control action

updates the parameters αi according to controllers

α+
i = Γα

i (x
+
i ) (4.26)

for i ∈ {sp, sa, f1, f2} as detailed in the Appendix B.

4.3 Simulation Results

The bounding gait naturally defines a Poincaré return map. We select the

Poincaré section to be the flight-to-stance-posterior switching surface Sf2→sp, when the

posterior leg touches the ground. The corresponding Poincaré map P : Sf2→sp → Sf2→sp

of the system under the influence of the combined continuous-time (state-based) con-

trollers Γc
i and the discrete-time (state-based) controllers Γα

i , with i ∈ {sp, sa, sd, f1, f2}

becomes

x+sp[k + 1] = P
(
x+sp[k]

)
(4.27)

where x+sp[k] is the state after the k-th impact of the posterior leg with the ground.

Then, a nominal periodic running gait corresponds to a fixed point of the Poincaré

return map defined by

x+sp = P
(
x+sp

)
(4.28)

4.3.1 Nominal Gait

By using Matlab’s fsolve, a number of fixed points that respect the physical

constraints can be computed for (4.28). Figs. 4.4 and 4.5 presents one such fixed point

with an average horizontal velocity 2.527m/s. Numerical computations reveal that the

norm of the dominant eigenvalue of the linearized Poincaré map (4.28) at this fixed

point is 0.95, implying local exponential stability. Stable points has been found for

velocities from 1.6m/s to 3.5m/s for different control parameters. Note also that the

resulting nominal motion has neither double stance phase nor slip of the foot.
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Figure 4.4: Evolution of the torso’s COM cartesian variables and pitch angle with
respect to time during the nominal bounding motion. The vertical lines
correspond to the events; from left to right: posterior leg touchdown,
posterior leg liftoff, anterior leg touchdown, anterior leg liftoff.
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Figure 4.5: Evolution of the leg angles and actuator torques with respect to time
during the nominal bounding motion of Fig. 4.4. The red lines corre-
spond to the posterior leg and the blue dashed lines to the anterior leg.
The vertical lines correspond to the events, as in Fig. 4.4.

4.3.2 Disturbance Rejection

To evaluate the performance of the controller, we consider the case where the

model experiences an unexpected variation in the ground height of 9cm, which is

approximately equal to 15% of the leg length. Figures 4.6(a) and 4.6(b) present the

evolution of the torso height and the horizontal velocity, showing convergence to the

nominal gait. The corresponding continuous-time inputs are presented in Figs. 4.6(c)

and 4.6(d), illustrating that the peak torques are well within the capabilities of the

hydraulic actuators of the robot.

Figure 4.7 presents an estimate of the domain of attraction of this controller

in the (ẋcm, ycm) plane. The disturbance is added at the end of the stance-posterior
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Figure 4.6: Response of the system to a 9cm step-down disturbance showing conver-
gence to the nominal orbit. (a) Hopping height; (b) forward velocity; (c)
knee joint actuator torque; (d) hip joint actuator torque. In (a) and (b),
the green squares denote the state at Poincare section. In (c) and (d),
the red lines correspond to the posterior leg and the blue dashed lines to
the anterior leg torques.

phase. The blue area is the part where the robot eventually converges back to the

original fixed point. Note that the largest portion of the region of attraction lies in the

second quadrant, where the vertical displacement of the robot is increased while the

velocity is decreased; this is due to the fact that such disturbances do not drastically

increase the total energy of the system, and can be rejected relatively easily.

Finally, Fig. 4.8 presents the sensitivity of the controller to the inaccuracy in

the inertia parameters. Here it is assumed that the mass of the thigh and shank has
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Figure 4.7: An estimate of the region of attraction. The blue area represents states
that can be accommodated by the controller.

an inaccuracy randomly distributed within ±30% of the model, while the torso mass

and moment of inertia is either increased or decreased by 20% (corresponding to 14kg

and 1.4kg-m2). For all the points randomly tested, the controller is able to converge to

a periodic gait. Notice that due to the under-actuation of the system, the robot will

not return to the nominal periodic gait, but it will converge to a nearby orbit.

4.4 Conclusion and Discussion

4.4.1 Conclusion

This chapter proposes a framework for designing controllers that integrate ac-

tively generated compliance and torque planning with motion control to induce dy-

namic stable bounding gaits on a model of HyQ. In continuous time the purpose of

the controller is twofold. First, it commands suitably parameterized torque profiles to

the support leg actuators to create active compliance and to compensate for energy

loss. Second, it enforces a set of (virtual) holonomic constraints to restrict the evolu-

tion of the hip and knee angles on lower-dimensional surfaces in the state space of the

system. The parameters introduced through continuous-time control are updated by

the discrete-time controller, which effectively re-plans the constraint profiles providing
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Figure 4.8: Robustness test. The leg mass M1 and M2 is randomly perturbed within
±30% of the nominal value. All the points randomly checked stabilized
to periodic gaits. The torso mass and moment of inertia is increased by
20% (a) and decreased by 20% (b).

additional control action. The controller is tested in simulation under different distur-

bances, including unanticipated ground height variation, horizontal velocity, as wells

as parameter inaccuracy.

4.4.2 Discussion

Compared to the case where physical springs are used, more energy is consumed

when actuators are used to create active compliant elements. From (4.7) and (4.8), it

can be observed that the knee actuator provides both a springy term and a “shaping”

term. If a rotational spring is incorporated into the knee, the knee actuator only needs

to provides the following torque

uacti = ui −Ki(θi −Θi) (4.29)

where uacti is the actuator torque after removing the part that can be provided by a

passive linear rotational spring with stiffness Ki and rest angle Θi; ui is the nominal

torque specified in (4.7) and (4.8). For the nominal gait with 2.527m/s running velocity,
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the optimized Ki and Θi can be obtained by minimizing the cost

Wmech =
∑

∫ T

0

max(uacti θ̇i, 0)dt (4.30)

Notice that this cost corresponds to the mechanical energy that is consumed by the

actuators.

By using Matlab’s fmincon, the optimal Ki and Θi are numerically obtained.

Table 4.2 gives the energy consumption of the hip and knee joints for the two cases

with and without knee springs. When no spring is used, the nominal gait consumes

134.6J of energy, corresponding to a mechanical cost of transport (COT) of 0.246.

When springs are added to the knee joints, the optimization shows a 40% reduction of

energy consumption, corresponding to a COT of 0.148. Figure 4.9 also shows that the

peak torque of the knee joint is reduced if a spring is used.

0 0.05 0.1 0.15 0.2 0.25
−200

−100

0

100

200

300

Time(s)

K
ne

e 
T

or
qu

e(
N

m
)

Figure 4.9: The torque of the back and front knee joints (leg pairs). The blue and
red solid lines are the nominal torques of the front and back knee joints
without the springs. The blue and red dashed lines are the torque of
front and back knee actuators when there are springs.

These observations set the stage for the next chapter, in which a novel way

to incorporate passive compliance into legged robots is explored. According to the

design approach described in Chapter 5, a physical, where a physical spring is put in

parallel with the knee actuator to reduce both the torque requirement and the energy

consumption of running. In addition, to allow unobstructed joint movement during
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Table 4.2: Energy Consumption of the Nominal Gait

(Joule) Back Knee Front Knee Hips Total
Without spring 39.5 39.2 55.9 134.6
With spring 10.8 14.5 – 81.2

flight phase, a mechanical switch is introduced to disengage the spring at flight phase.

The working principle, hardware realization, as well as the experimental evaluation are

presented in detail next chapter.
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Chapter 5

DESIGN AND EVALUATION OF MONOPEDAL ROBOT SPEAR

Motivated by the role of compliant elements in animal motion, springs are in-

troduced in the driving train of legged robots to reduce energy cost as well as to allow

safer interaction with their environment. This chapter presents the working principle,

hardware realization, numerical and experimental evaluation of a Switchable Parallel

Elastic Actuator (Sw-PEA) design actuating the monopedal robot SPEAR. In the pro-

posed design, a mechanical switch engages the parallel spring only during the stance

phase, when it is needed to support body weight and promote energy recovery. During

flight, the spring is disengaged to allow for unobstructed joint movement. Furthermore,

the proposed design enables online leg stiffness adjustments simply by changing the

landing configuration of the knee joint. Numerical simulations as well as experiments

demonstrate the effectiveness of the design in promoting energy efficiency without com-

promising mobility. Part of this chapter has appeared in [54] and [52].

This chapter is organized as follows. Section 5.1 describes the working principle

and design details of SPEAR, as well as the test setup. Section 5.2 builds a dynamic

model of SPEAR and carries out numerical optimization to find the control strategies

for the leg. Section 5.3 documents experiments on the leg. Section 5.4 discusses further

improvements and concludes the chapter.

5.1 Design of SPEAR

In this section we present the basic principle underlying the Switchable Parallel

Elastic Actuator (Sw-PEA) design, as well as the hardware implementation of the

concept in realizing the monopedal robot SPEAR. The energy saving mechanism and

the stiffness property of the leg are also discussed.
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5.1.1 Working Principle of Sw-PEA

Introducing compliance into running robots is not a straightforward task, and

has been a central theme in the development of actuators for such systems [33]. Part

of the challenge stems from the fact that different objectives must be satisfied by the

mechanical system of a running robot as it goes through different phases of its motion.

Compliant elements may facilitate or hinder the achievement of these objectives. For

instance, when a leg is in contact with the ground, springs can be beneficial by passively

supporting body weight and by recycling mechanical energy that can be used to power

the bouncing motion. In addition they can offer a degree of protection against impulsive

loads by providing naturally compliant leg-ground interaction. When the leg is in the

air, however, compliant elements may cause difficulties. For example, compliance in

SEAs usually introduces oscillations which typically require feedback control action to

attenuate if the joint damping is not carefully designed. On the other hand, compliance

in PEAs may impede the free motion of the joint.

To address this challenge, we propose the Sw-PEA, a new actuator design which

incorporates a discrete coupling element—a switch—to engage compliance in paral-

lel with a motor when elastic energy storage is needed. For illustration purposes,

Fig. 5.1(a) presents the underlying principle of the proposed design in the context of

a prismatic joint configuration. In Fig. 5.1(a), Link A is assumed to be the base, and

is connected to Link B through an actuator and a compliant element inserted in par-

allel with the actuator. The compliant element contains two springs S1 and S2 with

different stiffnesses: the spring S1 has stiffness K1, much larger than the stiffness K2 of

spring S2; i.e., K1 ≫ K2. The two springs are connected in series through a mechanical

switch realized by a key and a chain. The effective stiffness of the combined springs is

determined by the status of the key. In more detail, when the key is inserted in the

chain, the left side of the hard spring S1 is restrained; hence, in this configuration, the

mechanical switch engages S1, leading to a large joint stiffness K1 that favors energy

storage as Link B moves. When the key is not in the chain, the springs S1 and S2

are connected in series, and the effective stiffness of the joint is mainly determined by
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Figure 5.1: (a) The schematic of the proposed Sw-PEA design. The stiffness of the
joint is determined by the status of the Key. (b) The section view of the
foot which functions as the Key in (a). Here the foot is inserted into the
chain by the ground reaction force (GRF) and spring S1 is engaged. S3

is a small spring used to keep the foot unplugged from the chain when
there is no force applied. The contact switch is used to determine if the
foot is inserted in the chain. (c) The manufactured foot.

the softer spring S2. With K2 negligible, the hard spring S1 is effectively “switched

off,” and this configuration favors precise joint motion control via the actuator, as if

no spring is present. In addition, when the key is not inserted in the chain, the rest
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length of the combined compliant element can be easily adjusted by using the parallel

actuator to modify the locking positions of the chain.

5.1.2 SPEAR: A Leg Design that Uses the Sw-PEA

The monopedal robot SPEAR has been designed to explore the implications

of switchable parallel elastic actuation on realizing dynamic running gaits; Fig. 5.2

shows the assembled robot and a schematic representation of the mechanical system.

SPEAR consists of a torso and two links corresponding to the thigh and the shank of

a kneed leg that terminates at a point foot (toe). To reduce the overall weight of the

system, the thigh is composed of two lightweight aluminum plates and the shank is

formed by a carbon fiber tube. The thigh is connected to the torso via the hip joint

with a range of motion [−85◦, 85◦], while the shank is connected to the thigh by the

knee joint with a range of motion [−10◦, 140◦]. The robot’s torso is connected to a

boom as described in Section 5.1.5 below. The assembly is actuated by two brushless

motors; one responsible for the knee and the other the hip joint. To further reduce the

moment of inertia with respect the hip axis, the knee motor is placed in proximity to

the hip joint, and a cable-pulley system is used to transmit the motor torque to the

knee. Table 5.1 provides a list of some relevant parameters of SPEAR.

As indicated in Fig. 5.2(b), the knee joint of SPEAR is driven by an Sw-PEA. In

our implementation of the concept, the Sw-PEA is arranged so that the hard spring S1

is engaged only during the stance phase, thereby harnessing its elastic energy storage

capability when it is needed. During the subsequent flight phase, S1 is disengaged,

allowing the actuator to shorten or lengthen the leg without interfering with the spring.

This configuration is realized as shown in Fig. 5.2. One end of a hard spring S1 is rigidly

attached to the thigh by a steel cable. The other end of S1 is attached to another cable,

which first wraps over the circular knee spacer that is rigidly mounted on the shank,

and then connects to one end of a roller chain that passes through the foot. The other

end of the chain is then attached to the shank via a soft return spring S2.
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Figure 5.2: (a) The manufactured leg. A cable-pulley system is used to move the
knee actuator more close to the hip axis. (b) The schematic drawing of
the robotic leg. One end of the large spring S1 is attached to the thigh
by a steel cable, while the other end first pass through the knee spacer,
then pass through the foot (at this part, the cable is replaced by a roller
chain), then attached to the shank by the small spring S2.

The chain is one part of a “mechanical” switch, which effectively realizes the

key/chain block in Fig. 5.1(a). The other part is the foot itself, as shown in Fig. 5.1(b)-

5.1(c). The foot is designed to have a tooth shape at one end, and is connected to

the shank via a prismatic joint, which allows the foot to move up and down with a

maximum displacement of 1cm. During the stance phase, the ground reaction force

pushes the tooth of the foot inside the chain, thereby engaging the spring S1, as shown

in Fig. 5.1(b)-5.1(c). During the flight phase, an additional small spring S3 is used to

push the foot outside the chain, thereby disengaging the spring S1. As a result, this

simple “mechanical” realization of the switch does not require additional control effort

to synchronize the engagement of the energy storing spring S1 with the state of the leg.
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Table 5.1: SPEAR Parameters

Parameter Value Units

Torso mass (including boom and CPU) (M) 4.91 kg

Thigh mass (M1) 2.43 kg

Thigh inertia (including motor) (J1) 0.06 kgm2

Shank mass (M2) 0.73 kg

Shank inertia (including motor) (J2) 0.02 kgm2

Thigh length (L1) 0.320 m

Shank length (L2) 0.327 m

Hip friction coefficient (f1) 0.31 Nm/(rad/s)

Knee friction coefficient(f2) 0.06 Nm/(rad/s)

Motor torque constant (Kt) 0.0414 Nm/A

Motor coil resistance (R) 0.72 Ω

As a final remark, note that other types of locking devices—such brakes or

clutches—could be used to implement the switch in the Sw-PEA concept of Fig. 5.1(a).

In the case of running robots, however, due to the large ground reaction forces that

are developed, a relatively high locking torque capability is required. While locking

devices capable of reliably holding such torques are commercially available, they tend

to be heavy and would have the undesirable effect of increasing the weight of the

robot. Contrary to these solutions, the passive self-locking nature of the proposed

“mechanical” switch makes the overall design compact and reliable. In addition, since

the larger the spring deformation is, the larger the ground reaction force that pushes

the key into the roller chain will be, the proposed design can be easily scaled to larger

robots, as long as a stronger chain and a suitably selected spring are used.

5.1.3 Energy Flow of Sw-PEA in SPEAR

Figure 5.3 presents the energy flow diagram of the knee joint of SPEAR, from

the energy source (battery) to the leg segments. Assuming that the total energy lost

due to resistive (Ohmic) heating in the electrical circuitry and due to switching effects
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in the motor drivers is small, three principal sources of energy dissipation are identi-

fied. As in [92], these are associated with Joule heating in the electromagnetic motor

that actuates the knee joint, friction losses in the mechanical transmission system—

primarily in the gearbox—and interaction losses occurring at the interface between the

leg and the substrate.

As indicated in Fig. 5.3, the proposed Sw-PEA design improves the energetic

performance of SPEAR mainly in two ways. First, the spring recycles part of the

mechanical energy as it compresses during the early stages of the stance phase and uses

it subsequently to power the cyclic motion. Negative mechanical work is inevitable in

running, due to the forces required to re-direct the center of mass during stance. When

negative work is performed, the energy flows back from the leg segments through the

transmission to the actuators. In the absence of regenerative braking circuitry—the

MIT Cheetah [92] features such capabilities, which though are typically not available

in most current legged systems, including SPEAR—this energy is eventually lost in

friction and Joule heating in the motors. The parallel spring in the Sw-PEA that is

engaged during stance mitigates this effect by storing energy and release it later in the

cycle.

The second aspect of the Sw-PEA that contributes to reduced energy consump-

tion is associated with the configuration of the spring S1, which is connected in parallel

with the actuator. As a result, the torques developed by the spring and the combined

actuator/transmission system are added during stance so that the need for the motor

unit to develop large torques is lessened. This is beneficial for two reasons. First, re-

ducing the required torque allows the motor to convert electrical energy to mechanical

more efficiently. Indeed, neglecting rotor friction, the efficiency η1 of a DC motor can

be approximated by

η1 ≃ 1−
I2R

V I
= 1−

R

KtV
τm (5.1)

where Kt is the torque constant, V is the supply voltage, I is the current that flows

in the motor’s coils with resistance R, and τm is the motor torque. Thus, for a given

motor and voltage applied, the energy dissipated due to Joule heating decreases with
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Figure 5.3: Energy flow of the Sw-PEA in the knee joint of SPEAR at stance phase,
where the red arrows are energies that are eventually lost. The flight
phase energy flow is similar but without the spring block and impact.

the motor torque. Second, due to the reduced torque requirement, a gearbox with a

relatively smaller ratio can be chosen, which further improves the efficiency η2 of the

transmission system [36]. Hence, for a given specification of output torque, different

combinations of motors and gearboxes can be selected depending on whether optimizing

η1 or η2 is the objective of the specific design. It is important to emphasize though that

choosing a smaller gear ratio is advantageous, for it decreases the reflected moment of

inertia and it enhances joint back-drivability. This fact is particularly important in our

implementation of the Sw-PEA concept. In SPEAR, a 25 : 1 reduction ratio is used

for the Sw-PEA as a design choice that balances transmission friction losses and Joule

heating, and ensures a sufficiently back-drivable knee joint.

Finally, note that—contrary to the SEA architecture—in PEAs the combined
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motor and transmission unit is not totally isolated from the leg segments, and thus it

is exposed to the impulsive load associated with the impact of the leg at touchdown.

The cable driven system adopted in SPEAR and the back-drivability of the knee joint

provide sufficient protection against the contact loads. Additional protection of the Sw-

PEA could be achieved by incorporating a torsion bar or a belt transmission system

to isolate impact.

5.1.4 Stiffness Property of the Leg

Stiffness of the Knee Joint

Due to the geometry of the leg, the prismatic springs S1 and S2 have the equiv-

alent effect of a rotational spring located at the knee joint. To relate the stiffness of

the prismatic springs with the corresponding stiffness of the joint we will assume neg-

ligible deformation in the cables. With reference to Fig. 5.4, keeping the thigh fixed

and rotating the shank from D to D′ causes the knee joint to rotate by an angle ∆θ,

thereby deforming the prismatic spring by ∆L = r∆θ, where r is the radius of the

knee spacer. As a result, the stiffness KRot of the rotational spring at the knee joint

can be computed by

KRot =
(KLin ×∆L)× r

∆L
r

= KLin × r2 , (5.2)

where KLin represents the stiffness of the prismatic spring that is engaged. At stance,

when the mechanical switch engages S1,

KRot = KLin × r2 = K1 × r2 . (5.3)

In our design, K1 = 39000N/m and r = 1.5in, resulting in KRot = 56.67Nm/rad. For

this equivalent rotational stiffness, 28J of energy can be stored in the spring for a 1rad

deformation. During flight, on the other hand, the springs S1 and S2 are connected in

series and the effective rotational stiffness is

KRot = KLin × r2 < K2 × r2 . (5.4)
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Figure 5.4: The relation between the linear spring and the corresponding knee rota-
tional spring. The spring depicts the effect of S1 or S2.

With K2 = 310N/m and r = 1.5in, the knee joint has a stiffness below 0.3Nm/rad,

which is small enough and will be neglected.

To summarize, due to the switching, the knee joint of the SPEAR has a stiffness

of 56.67Nm/rad when the leg is on the ground, acting primarily as an elastic energy

storage element, developing torque

τspring = −56.67(θknee − θTD
knee) (5.5)

where θTD
knee is the touchdown angle of the knee. When the leg is in the air, however, the

stiffness of the knee becomes smaller than 0.3Nm/rad, so that the motors can efficiently

control the leg’s motion.

Adjusting the Virtual Stiffness of the Leg

Leg compliance—passive or active—is essentially a defining feature of run-

ning [60], and the ability to vary the stiffness of the leg provides a useful tool for

gait control [37]. The implementation of the Sw-PEA in SPEAR offers a simple way

to adjust leg stiffness on line and in an energy efficient manner. Practically, this is

achieved by varying the knee angle during flight to realize different landing configura-

tions of the leg, so that the energy-storing spring S1 engages at different knee angles

when the foot contacts the ground.

In more detail, the equivalent rotational compliance of the knee joint corresponds

to a nonlinear virtual spring acting along the line that connects the hip joint with the
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foot; see Fig. 5.2(b). Furthermore, as detailed in [84], changing the rest angle of the

knee compliance effectively modifies the stiffness of the virtual spring. In the context

of the SPEAR, the mechanical switch engages the energy-storing spring S1 as soon as

the foot contacts the ground, and the value of the knee angle just prior to touchdown

specifies the rest angle of the knee rotational compliance. As a result, modifying the

angle of the knee at touchdown provides an effective means for adjusting the overall

stiffness of the virtual spring between the hip and the foot. Note that it is very easy for

the knee motor to achieve the desired knee angle during flight, when S1 is not engaged,

due to the rotational stiffness of the spring S2 being negligible. Figure 5.5 presents

the force-displacement relationship of the virtual spring for different knee touchdown

angles. This simple mechanism of adjusting the effective stiffness of the leg will be

explored further in the following sections.
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Figure 5.5: Changing the stiffness of the leg by changing the touchdown angle of
knee joint. The x-axis is the deformation of the virtual spring, while
the y-axis is the force of the virtual spring. As the knee becomes more
straight (varying from 130◦ to 10◦), the virtual spring is becoming stiffer.
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5.1.5 Test Setup and Electronic System

To realize hopping motions in SPEAR, a support system consisting of a vertical

and a horizontal boom arranged as shown in Fig. 5.6 has been constructed. SPEAR’s

torso is mounted at one end of the two-meter long horizontal boom, which restricts the

motion of the hip joint on the surface of a sphere. In what follows, however, due to the

relatively large length of the horizontal boom, we will assume that the motion of the

system occurs in the sagittal plane. No counter weight is used, and the boom adds to

the mass of the torso. A safety cable is used to offer some protection, but it does not

prevent the leg from falling.

Figure 5.6: The testbed used for 2D hopping experiments.

To implement the locomotion controllers used in experiments—see Section 5.3

below for details—the position and velocity of the leg with respect to the world frame

are required. To obtain this information, two incremental encoders are used to mea-

sure the rotation of the boom. Note that due to the relatively large length of the
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horizontal boom, a 30, 000 counts per revolution encoder is used to estimate the hori-

zontal displacement of the robot with accuracy 0.1mm, which is sufficient for controller

implementation.

To monitor its motion, SPEAR is equipped with a collection of sensors to mea-

sure and estimate the robot’s state, as well the contact state of the leg. At the joint

level, measurements from the motor encoders are combined with data from joint po-

tentiometers to provide accurate information regarding the position of the joints and

the deformation of the springs. Furthermore, a snap-acting switch is placed at the foot

to detect the state of the leg, stance or flight.

Figure 5.7 present the electronic system of SPEAR. A PC/104 stack computer

with a low-power 1.6GHz Intel Atom CPU is used as the target computer, running

a Simulink Realtime control model at 1kHz. Two motor servos with current control

ability are used to servo the analog reference current signal from the DA converter

of target computer. The current is measured by the motor servo and are sent to the

target computer through the RS485 bus at 921.6kbps, which will be used to calculate

the energy consumption. The target computer can connect with a laptop through a

mini wireless router, allowing online debugging and data logging. As a prototype for

a quadrupedal robot, the leg is designed to be power autonomous. The whole system

can be powered by three 22.2V LiPo batteries, two of which are used to power the

motor, a third for the control electronics.

5.2 Simulation Evaluation

In this section, we investigate the performance of SPEAR in the context of

periodic hopping in place. The results are based on numerical optimization using a

model of the robot, and provide insight for the experiments detailed in Section 5.3.

5.2.1 Hybrid Dynamics of the Hopping Gait

The model of SPEAR used in this section is presented in Fig. 5.8. As was

described in Section 5.1, during stance, the mechanical switch in the Sw-PEA engages
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Figure 5.7: The electronic system of the leg. All the parts are commercial off-the-shelf
components.

the stiff spring S1, allowing energy storage. During the subsequent flight phase, the

switch disengages S1, allowing the actuator to control the knee joint so that only the

soft spring S2 is involved. With the effect of S2 negligible, the torque developed at the

(unilateral) rotational knee spring can be modeled by

τspring=







−56.67max{(θknee − θTD
knee), 0}, if ytoe = 0

0, if ytoe > 0
(5.6)

where θTD
knee is the touchdown angle of the knee.

With reference to Fig. 5.8, the configuration variables of the model are selected

as q := [xhip, yhip, θhip, θknee]
T. The continuous-time dynamics of SPEAR in hopping
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APEX TD LO APEX

Figure 5.8: A complete hopping gait that begins at the apex.

can then be written in the form

D(q)q̈ + h(q, q̇) = B(τAct + τPas + τDamp) + JT(q)Fext, (5.7)

where D is the inertia matrix and h is the vector of the configuration and the velocity

dependent forces, excluding the spring’s force. The matrix B maps to the vector of

generalized forces the actuator (in joint) torques τAct := [τm,hip, τm,knee]
T, the joint

viscous friction torque τDamp, and the passive (unilateral) knee spring torque τPas :=

[0, τspring]
T computed by (5.6). Finally, J is the Jacobian matrix, mapping the contact

force Fext = [F x
ext, F

y
ext]

T to the vector of generalized forces. The contact of the toe with

the ground is modeled as a unilateral constraint so that Jq̈ + J̇ q̇ = 0, which, together

with (5.7), can be used to specify the acceleration q̈ and the contact force Fext. During

flight Fext is zero.

The dynamics of hopping can be captured by a hybrid system composed of

flight and stance phases that are separated by touchdown (TD) and liftoff (LO) events.

Without loss of generality, the apex height event (APEX) is also defined and used to

denote the beginning of a hopping gait. These events are defined as follows.
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Touchdown Event

The transition from flight to stance occurs when the height of the toe decreases

to zero. This transition is modeled as an inelastic instantaneous impact according to

the assumptions in [102, Section 3.4]. This impact model leads to a jump in the velocity

while keeping the configuration unchanged.

Liftoff Event

The transition from stance to flight phase happens when the unilateral con-

straint between the toe and the ground is open, i.e., F y
ext decreases to zero. With the

knee and hip joints actively controlled, the liftoff event can be initiated by actively

flexing the joint. To ensure that the energy stored in the spring during compression is

released back to the system, liftoff is specified when the knee angle as the leg extends

reaches its touchdown value.

Apex Event

Without losing generality, a hopping gait is defined to begin and end when the

hip axis reaches its maximum height at flight phase, characterized by ẏhip = 0.

5.2.2 Generation of Periodic Hopping Motions

To explore the effect of the Sw-PEA on the energetics of SPEAR, a controller

for generating periodic hopping motions is developed and a performance index that

captures electrical energy consumption is used to define an optimization problem, which

is solved numerically. The controller is considered successful if it can generate periodic

gait.

Input Parametrization

The controller essentially excites the dynamics by imposing desired torque inputs

at the hip and knee joints during stance and nominal joint angle trajectories during
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flight. In more detail, during stance, the joint torques are commanded according to

the prescription

τm,i = a0 +

5∑

k=1

aiksin(kωs) + bikcos(kωs) , (5.8)

for i ∈ {hip, knee}, where s := t − tTD is the stance time reset at the touchdown

event. Note that by parameterizing the torque directly, it is easier to compute motions

that take advantage of compliance in the leg. During flight, on the other hand, PD

controllers are used enforce the nominal joint angles θ̄i for i ∈ {hip, knee} parameterized

via Bézier polynomials

θ̄i(s) =

5∑

k=0

cik
5

k!(5− k)!
(s)k(1− s)5−k , (5.9)

where s is the normalized time computed by

s =
t− tLO

tAPEX − tLO
or s =

t

tTD

, (5.10)

for the ascending and descending parts of the flight phase, respectively; in (5.10), tLO

and tTD represent the liftoff and touchdown instants.

Return Map and Periodic Motions

The existence of periodic hopping gaits will be studied through the numerical

construction of a Poincaré map P defined at the apex height event, as

z[k + 1] = P(z[k], α[k]) , (5.11)

where z is the state of the systems at a apex excluding the cyclic variable xhip, and α

comprises all the parameters introduced by the stance and flight control inputs (5.8)

and (5.9), respectively. Then, finding periodic hopping gaits reduces to finding state

vectors z and parameters α such that z = P (z, α).

Cost Functions and Optimization

To provide cost functions capable of capturing the total cost of transport—

including electrical energy losses—a simplified DC actuator model is included in the
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model. It is assumed that the electric time constant is small enough to be negligible

and that the motors can be treated as ideal torque sources. Having the friction of the

rotors lumped into the damping coefficient of the joints, the motor model becomes

Ii =
τm,i

niKt
and Vi = θ̇iniKt +RIi, (5.12)

for i ∈ {hip, knee}, where Vi and Ii are the supply voltage and current of the motor,

R is the terminal resistance of the motor, τm,i is the torque of the joint, and ni is the

gearbox ratio. The hip and knee motors of SPEAR is the same, where the gearbox

reduction ratio is 25:1 for the knee, and 60:1 for the hip. The rest of the parameters

are listed in Table 5.1.

With the actuator model of (5.12), the electrical energy consumed during the

gait can be approximated as in [105] by

Wele =
∑

i∈{knee,hip}

∫ T

0

max{(ViIi), 0}dt =
∑

i

∫ T

0

max{(I2i R + τm,iθ̇i), 0}dt , (5.13)

where T is the duration of a stride. Note that when negative mechanical work is

performed at the knee joint, energy flows back from the leg segments to the motor, as

described in Fig.5.3. Part of this energy could have been recovered to reduce the total

energy consumption using regenerating motor driving circuitry as in [91]. However, as

is typical in many legged robots, SPEAR does not have such capabilities; hence, as

indicated by (5.13), we assume that this part of the energy is eventually dissipated.

With (5.11) and (5.13) available, finding periodic hopping gaits that minimize

electrical energy consumption can be formulated as the constrained optimization prob-

lem

minimize Wele(α, x)

such that z = P(z, α)

θhip ∈ [−70◦, 70◦] , θknee ∈ [0◦, 140◦] .

(5.14)

Additional equality constraints can be incorporated to (5.14) to compute hopping mo-

tions satisfying certain desired specifications; e.g., achieve a desired maximum toe clear-

ance Ytoe or land with a desired knee touchdown angle ΘTD
knee. The optimization (5.14)

is solved using MATLAB’s fmincon.
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5.2.3 Optimization Results

Recycling Mechanical Energy

The results presented in Fig. 5.9 correspond to an optimized hopping-in-place

gait computed for Ytoe = 7.5cm. It can be seen from Fig. 5.9(a), that both the knee and

hip actuators perform positive work during stance, with small amount of negative work

done in flight. On the other hand, focusing on the spring, Fig. 5.9(a) indicates that

the spring performs negative work during leg compression, which is stored and released

later when the leg extends. Note also that during the later stages of the stance phase

the parallel knee actuator does contribute to the positive work done by the spring by

essentially “shaping” its response. In addition, compared with the spring, the motor

only provides a small portion of the work.

Reducing motor torque requirements

Figure 5.9(c) presents the torques developed by the knee and hip motors and by

the spring for the optimized hopping gait. It can be observed that during stance, the

peak torque of the knee actuator is smaller than 2Nm. On the other hand, the spring

generates a much larger torque, exceeding 35Nm at its peak. This drastic reduction

in the required motor torque is a consequence of the parallel connection of the spring

with the motor unit, and it relaxes the need for a high torque actuator and gearbox

combination at the knee.

Increasing toe clearance by active knee flexion

As was discussed above, connecting the spring in parallel with the knee actuator

significantly decreases the torque required by the motor during stance. During flight,

on the other hand, if the mechanical switch were not present—as in typical PEA

configurations—the knee motor would have to do unnecessary work against the spring

to actively flex the knee joint. In this case, achieving a desired toe clearance by

shortening the leg in flight would entail additional energy cost. In the context of the
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Figure 5.9: An optimized Hopping-in-place motion for 7.5cm maximum toe clearance.
Vertical lines denote touchdown and liftoff. (a) Hip (blue solid), knee (red
solid) and spring (red dotted) power. (b) Knee angle. (c) Hip (blue solid),
knee (red solid) and spring (red dotted) torque. (d) Toe clearance. The
spring power and torque in (a) and (c) is scaled down by a factor of five.

Sw-PEA, however, actively flexing the knee during flight does not involve the energy-

storing spring and it could be a more energy-efficient way to increase the toe clearance.

To verify if this intuition is correct, we compare the energy consumption of

SPEAR for different maximum toe clearances with one alternative leg model. That

model has a PEA at its knee joint but no switch and will be referred as the PEA model.

For the PEA model, uspring in (5.7) is given by

uspring = −56.67 max{(θknee − θ̄knee), 0} , (5.15)
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where θ̄knee is the rest angle of the knee rotational spring. Due to the absence of the

switch in the PEA model, θ̄knee cannot be adjusted; of course, the motor can modify

the knee touchdown angle during flight, but such action necessarily deforms the spring.

In what follows, we choose θ̄knee = 61◦ as the nominal configuration of PEA.
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Figure 5.10: Hopping-in-place gait for the Sw-PEA (red solid line) and for the PEA
leg (blue dashed line). (a): cele for different maximum toe clearance.(b):
maximum contraction of the knee angle at flight phase.

Figure 5.10 presents optimized hopping-in-place gaits for both the Sw-PEA and

the PEA leg models obtained for different maximum toe clearances. As Fig. 5.10(a)

shows, while the energy cost is almost linearly increasing with the toe clearance, the

PEA model uses 10-20% more energy than SPEAR. It can be seen in Fig. 5.10(b), that

the optimizer favors motions in which the SPEAR flexes its knee joint actively in the

flight phase to increase the toe clearance; this was also observed in Figs. 5.9(b)-5.9(d).

The desired toe clearance is achieved by moving the relatively light shank through

the knee actuator. The evolution of the knee torque shown in Fig. 5.9(c) also shows

that the knee actuator first flexes the knee joint to reach the maximum clearance, then

extends it to prepare for touchdown. However, the optimizer adopts a different strategy

in the PEA leg model; this is due to the cost associated with flexing the knee during

flight, where the knee actuator must perform work over the spring.
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Adjusting leg stiffness for energy saving

As described in Section 5.1.4, the mechanical switch in the proposed Sw-PEA

implementation allows for tuning the leg stiffness on a step-by-step fashion in an energy

efficient way. This is simply achieved by landing at different knee angles that are

specified during the flight phase. Figure 5.11 presents the results of the optimization

(5.14) with Ytoe = 7.5cm for different knee touchdown angles ΘTD
knee. It can be seen that

the cost is decreasing as the leg contacts the ground in a more flexed configuration

that corresponds to a softer virtual spring. However, beyond a certain knee touchdown

angle the energy cost starts increasing. This can be explained by the fact that for

such excessively “crouched” configurations, the spring becomes too soft and the knee

actuator needs to contribute to the negative work to decelerate the downward motion

of the COM and prevent the leg from collapsing.
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Figure 5.11: The electrical energy consumption for hopping with a fixed maximum
toe clearance of 7.5cm with different touchdown angles.
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5.3 Experimental Results

To evaluate the performance of the proposed implementation of a Sw-PEA, this

section presents experiments with SPEAR realizing both hopping in place and forward

running motions.

5.3.1 Hopping Controller

Similar to [69], the controller used here to stabilize hopping in place and running

forward motions on the SPEAR is organized on two levels, as shown in Fig. 5.12. On the

first level, a continuous-time feedback control law is used to apply desired torques to the

hip and knee actuators during stance and to realize the desired landing configuration

during flight. On the second level, the parameters introduced by the continuous-time

controller are updated in an event-based fashion to regulate hopping height and and

forward velocity.

ΓCΓD

motion and force control

discrete update for stability

Figure 5.12: The framework of the controller used for experiments.
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Continuous-time control

During stance, the continuous-time controller applies desired torques—instead

of trajectories—at the knee and hip joints, with the objective of injecting energy in the

system in a way that “preserves” the natural compliance of the leg. For simplicity in

parameter tuning, the torque applied at the knee during stance is given by

τknee(t)=







uknee, if t− tTD <
T̄st

2

−uknee, if t− tTD ≥ T̄st

2

(5.16)

where uknee is constant over a step but can vary from one step to the next, as will be

explained below—and tTD is the touchdown instant of the current step, and T̄st is a

constant that captures, on average, the duration of the stance phase at a given speed.

The prescription (5.16) ensures that the knee actuator performs mainly positive work,

injecting energy by further compressing the spring S1 during the first half of the stance

phase and assisting with spring recoil during the second half in preparation for takeoff.

Finally, throughout stance the hip actuator applies a constant torque

τHip(t) = τ̄Hip , (5.17)

with the intention of reducing the chance of slipping.

During flight, on the other hand, the objective of the controller is to drive the

leg to a desired configuration prior to landing. This is achieved by specifying desired

target angles θ̄knee and θ̄hip for the knee and hip joint, respectively. Note that θ̄knee

specifies the rest position of the knee joint compliance and thus the equivalent stiffness

of the virtual leg connecting the foot with the hip, while both angles (θ̄knee, θ̄hip) are

needed to specify the touchdown angle γ defined in Fig. 5.2(b), which can be used

to regulate forward velocity. With the ability to switch off the energy-storing spring

during flight, the target joint angles are achieved simply, by using a Linear Quadratic

Regulator (LQR) on a second-order approximation of the input/output dynamics of

each of the hip and knee joints, assuming that the coupling between them is small.
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Event-based control

The parameters introduced by the continuous-time control law are updated in

an event-based fashion to stabilize the motion. In more detail, to regulate hopping

height, the parameter τ̄knee in (5.16) is updated at the apex height of the k-th step

based on feedback from the current hopping height y[k] as follows

uknee[k] = τ̄knee − c1(y[k]− ȳ) , (5.18)

where τ̄knee and ȳ are the nominal (desired) values of the knee torque and apex height,

respectively, and c1 is a positive gain.

To regulate the forward velocity, the touchdown angle γ of the virtual leg con-

necting the foot and the hip joint—see Fig. 5.2(b)—is updated according to a modified

version of Raibert’s velocity controller [74] as

γ[k] = γ̄ + c2(ẋcm[k]− ˙̄xcm) , (5.19)

where ẋcm and ¯̇xcm are current and nominal values of the horizontal velocity of the

COM at the apex height of the k-th step, γ̄ is the nominal touchdown angle and c2

is a positive gain. To realize γ̄ in (5.19), different combinations of (θ̄knee, θ̄hip) can be

used. As was described in Section 5.1.4, θ̄knee determines the stiffness of the virtual

leg during the subsequent stance phase, and has a great influence both on the stability

and energy efficiency of the motion; its effect will be briefly explored in Section 5.3.3

below. Given θ̄knee and γ̄ the target value of θ̄hip can then be computed easily, and the

continuous-time flight controller can be applied to achieve the target touchdown values

of the knee and hip joint angles.

Implementation details

To implement the controller, first the flight controller’s LQR gains are computed

to obtain a sufficiently fast step-response when the legs is not in contact with the

ground. Then, the values of the parameters

α = {τ̄hip, τ̄knee, γ̄, θ̄knee, T̄st} (5.20)
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corresponding to desired nominal forward velocity ˙̄xcm and hopping height ȳ are spec-

ified through experiments. The gains c1 and c2 are then tuned to achieve a stable

motion. In implementing (5.19), the average velocity after liftoff instead of the in-

stantaneous one is used for ẋcm to filter out the noise. Finally, to start hopping, an

initialization step is involved. Similar to the stance controller (5.16), the leg first bends

its knee with its maximum torque to store energy in the spring, then, when the leg

reaches its minimum height, the knee motor inverts its torque to push against the

ground to begin hopping.

5.3.2 Leaping

The mobility of a legged robot is largely related to the height its toe can clear

during flight. The proposed Sw-PEA can increase toe clearance in two different ways.

First, as indicated by the stance phase knee controller (5.16), the actuator can inject

energy into the spring during the first half of the stance phase compressing it further,

much like loading a catapult mechanism. With this energy released later during stance,

a much larger vertical liftoff velocity can be achieved causing the COM of the system

to reach a higher position. Second, the leg is able to flex its knee freely during flight

without interfering with the parallel spring, thereby further increasing the maximum

toe clearance; see [52, Section VI] for a detailed simulation analysis.

To demonstrate SPEAR’s vertical jumping capability, two sets of leaping ex-

periments are carried out, one with active knee flexion and one without. In both

experiments, an initialization step is used, after which the controller (5.16) is engaged

with τ̄knee = 12.4Nm, the maximum torque the actuator can provide within the speci-

fied current limit (approximately 12A). The results are presented in Fig. 5.13, in which

it is seen that without active knee flexion during flight the robot can jump with a toe

clearance of 14cm, corresponding to 25% of the leg’s rest length. With active knee

flexion, on the other hand, the leg is shortened during flight and SPEAR reaches a

25cm toe clearance, corresponding to 45% of the leg’s rest length with the vertical

height of the hip joint virtually unchanged.
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Figure 5.13: The gray area is the flight phase. At the second stride, the knee of one
experiment actively flexed to increase toe clearance. (a) The knee angle.
The red line is the touchdown angle (rest angle) of the knee spring. (b)
Toe and COM vertical position. (c) Knee actuator input.
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In both experiments, the contribution of the parallel spring during stance is

significant. For example, in the initialization step, when the knee spring is deformed

about 0.5rad the corresponding spring toque is 27Nm, about 2.3 times larger than the

maximum torque 12.4Nm that can be delivered by the knee actuator given the current

limit of 12A. This advantage is typical of PEA designs. However, in these designs the

energy-storing spring is always engaged, causing the actuator to perform unnecessary

work during flight to actively bend the knee. As was detailed in [52, Section VI], the

additional energy cost associated with active knee flexion during flight in PEAs may

render this strategy for ensuring sufficient toe clearance inefficient. By way of contrast,

the proposed Sw-PEA combines the advantages of the parallel spring during stance with

unobstructed knee joint control during flight to achieve sufficient toe clearance, thereby

enhancing mobility without compromising efficiency.

5.3.3 Periodic Hopping in Place

Figure 5.14 presents the vertical displacement of the hip joint during a hopping

in-place experiment. The initialization procedure is employed during the first hop, and

then the controller of Section 5.3.1 is engaged. It can be seen that, after a short period,

the controller is successful in stabilizing the leg to a periodic hopping motion.
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Figure 5.14: Vertical displacement of the hip for the hopping in place experiment.
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The evolution of certain variables of interest in one hopping cycle is presented

in Fig. 5.15. It can be seen from Fig. 5.15(a) that at the middle of the stance phase the

knee spring achieves its maximum deformation of 0.8rad, corresponding to about 18J of

mechanical energy. By integrating the sampled data, it can be found that the actuators

inject only about 4.6J of mechanical energy during the first half of the stance phase,

indicating that part of the gravitational potential energy and kinetic energy is stored

in the spring S1. To quantify the contribution of the spring, the hopping efficiency ηhop

can be defined as

ηhop := 1−
W+

motor

W+
motor +W+

spring

, (5.21)

where W+
motor and W+

spring represent the positive work done by the motors and the

spring, respectively, computed by

W+
motor =

∑

i∈{knee,hip}

∫ T

0

max(τm,i · θ̇m,i, 0)dt

W+
spring =

∫ T

0

max(τspring · θ̇knee, 0)dt ,

(5.22)

where t is the duration of the stride, τm,i = KT · Ii is the torque delivered at the

shaft of the i-th motor, i ∈ {knee, hip} when current Ii flows in its coil and θ̇m,i the

corresponding shaft velocity. In (5.22), τspring is the torque developed by the spring

computed by (5.6) and θ̇knee the knee joint rotational velocity. The efficiency ηhop

proposed in [41] measures how much of the positive mechanical work in one hopping

stride is recycled. For this gait, (5.21) results in ηhop = 0.642, implying that 64% of

the positive mechanical energy in one stride is generated by the spring.

Figures 5.15(c)–5.15(d) show that the parallel spring reduces both the torque

and power requirements of the motor. During stance, the spring produces most of the

torque required at the knee, equal to approximately 44Nm at its maximum deformation,

while the motor only contributes approximately 5.7Nm corresponding to the applied

current 5.5A. This confirms the prediction of the optimization in [52]. Furthermore,

the power of the knee motor reaches its peak of 80W (mechanical), which is significantly

lower than the power associated with the spring S1, i.e., −200W in compression and
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Figure 5.15: Experimental results of hopping in place. The red dotted line is the
reference signal. The vertical lines stands for the liftoff event. (a) Hip
angle. (b) Knee angle. (c) The current of the knee actuator. (d) The
power of knee motor (blue line) and the spring (red line) at one stride.

400W in decompression. Finally, note that during stance the knee motor performs

positive work due to the controller (5.18).

To investigate the effect of varying leg stiffness on the energy required to main-

tain the motion, three hopping experiments have been conducted, each corresponding

to a different target value of the knee angle at touchdown. As was explained in Sec-

tion 5.1.4, landing with different knee angles effectively changes the stiffness of the

virtual leg connecting the foot with the hip. Figure 5.16 presents the results corre-

sponding to the values 0.74rad, 1.07rad, and 1.4rad of the angle θ̄knee, while keeping
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the maximum toe clearance at 0.08m. It can be seen from Fig. 5.16(a) that the leg

uses less energy during a stride when landing with more straight leg configurations, in

which, as Fig. 5.16(b) shows, the virtual spring between the foot and the hip becomes

stiffer. Note that this relationship between the stiffening of the leg and the decrease

in energy consumption is due to the specific operating conditions considered here; in

general, there is an optimal leg stiffness that results in minimum energy consumption,

as discussed in [38].

0.8 1 1.2 1.4 1.6
0

5

10

15

20

25

Knee TD Angle(rad)

E
ne

rg
y/

S
tr

id
e 

(J
)

(a)

0 0.05 0.1 0.15 0.2 0.25 0.3
0

50

100

150

200

250

Virtual Spring Deformation (m)

V
irt

ua
l S

pr
in

g 
F

or
ce

(N
)

0.74

1.07

1.4

(b)

Figure 5.16: (a) Electrical energy consumption for hopping-in-place with different
touchdown angles. (b) Virtual leg stiffness for the knee touchdown
angles in (a). Landing at more straight leg configurations results in
stiffer springs which correspond to reduced energy consumption.

5.3.4 Periodic Running Forward

Modifying the value of ¯̇xcm in (5.19) and the parameters associated with the

controller, running motions with forward velocities ranging from 0.1m/s to 0.5m/s have

been realized. Experimental results for one such experiment corresponding to speed

0.14m/s are presented in Fig. 5.17. Similarly to the hopping-in-place experiments of

Section 5.3.3, the knee spring S1 recycles part of the mechanical energy during the

stance phase, keeping the power requirements of the knee motor small. This can
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be seen in Fig. 5.17(d), which is similar to what was observed in the hopping-in-

place experiments. Compared with hopping in place, running forward results in larger

deformations of the knee spring and higher amplitude of the vertical oscillation.
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Figure 5.17: Experimental results of a forward hopping gait with average velocity of
0.14 m/s. (a) The horizontal displacement of the hip. (b) The vertical
displacement of the hip. (c) Knee angle; the red dotted line is the
reference position. (d) The power of knee motor (blue line) and the
spring (red line) at one stride. The vertical lines in (c) and (d) represents
the liftoff event.

To characterize the performance of SPEAR in terms of energy economy, the cost

of transport (COT) at different velocities is computed on the basis of experimental data.

The COT measures the amount of energy required to transport a unit weight over a
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unit distance [48]; mathematically,

COT =
W

Mg∆xcm
, (5.23)

where M is the total mass of the robot, ∆xcm is the forward distance travelled, and W

is the energy consumed for traveling that distance. Depending on how W is defined

in (5.23), different energy costs can be computed, revealing different aspects of how

energy is utilized by the system. In the case of positive mechanical cost of transport

COT+
me, W in (5.23) corresponds to the positive mechanical work of the motors,

W =W+
motor , (5.24)

where W+
motor has been defined in (5.22). To take into account both positive and

negative mechanical work, COTme is also used, with W in (5.23) given by

W =
∑

i∈{knee,hip}

∫ T

0

abs(τm,i · θ̇m,i)dt , (5.25)

where T , τm,i and θ̇m,i have the meaning discussed in (5.22). Clearly, if the difference

between (5.24) and (5.25) is small, the negative work performed by the motors is

small, implying that the controller makes effective use of the mechanical system in

sustaining the motion. This is the case for SPEAR, as can be seen from Fig. 5.18(a),

which shows that the mechanical COTs computed based on (5.24) and (5.25) are close.

Hence, the energy-storing spring S1 does most of the negative work associated with

locomotion—particularly during the compression part of the stance phase—and the

motors contribute by providing mostly positive work to regulate the motion. According

to Fig. 5.18(a), the mechanical cost of transport COT+
me of SPEAR decreases as the

running speed increases, and

COT+
me = 0.45 (5.26)

is the lowest value achieved at the highest speed 0.54m/s.

The COT (5.23) defined on the basis of mechanical energy focuses on the locomo-

tion task from an “output” perspective, without considering the actuation technology
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used to input energy in a specific system. As such, the mechanical COT does not cap-

ture the total energy required to sustain locomotion. In the context of the electrically

actuated SPEAR, the total cost of transport COTele can be computed withW in (5.23)

given as in [105] by the equation

Wele =
∑

i∈{knee,hip}

∫ T

0

max{(ViIi), 0}dt

=
∑

i∈{knee,hip}

∫ T

0

max{(I2i Ri + τm,i · θ̇m,i), 0}dt ,

(5.27)

where Vi and Ii are the supply voltage and current at the terminals of the i-th motor,

Ri is the motor’s terminal resistance, and τm,i and θ̇m,i have the meaning described

above. The cost (5.27) captures the energy at the input of the motors1, as shown in

Fig. 5.3. As can be seen in Fig. 5.18(a), the performance is best when the robot runs

at its highest speed 0.54m/s, where

COTele = 0.86 . (5.28)

This value is smaller than the COTele in [40], in which SEAs are employed, but still

about 70% larger than the corresponding value for the MIT cheetah that uses cus-

tomized high torque-density motors and regenerative braking [91].

Figure 5.18(a) also shows that the ratio COTme+/COTele over the range of

speeds reported is about 50%, which is a rough indicator of the efficiency by which

electrical energy is transformed to mechanical energy in SPEAR. This is evident from

Fig. 5.18(b), which shows that nearly half of the electrical energy input to the motors,

as computed by (5.27), is lost due to Joule heating; the hip motor does not contribute

much to the energy lost due to the small torques developed at the hip. Regarding

the knee joint, as was mentioned in Section 5.1.3, inserting the spring in parallel with

the actuator decreases the torque required by the knee motor, thereby reducing the

1 Note that COTele does not include the energy consumption due to the CPU, the
motor driver logic and the wireless router, which are powered separately, as shown in
Fig.5.7.
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Figure 5.18: (a) The COT of SPEAR for forward speeds ranging from 0.1m/s to
0.54m/s. Each point corresponds to a running experiment at a com-
manded speed ˙̄xcm, and represents the COT averaged over 10 steady-
state strides. (b) The energy consumption of the knee and hip joints,
as well as Joule heating of the two motors.

energy dissipated due to Joule heating at the coils of the knee motor. In the absence of

springs, the energy lost due to Joule heating at the knee motor would have been much

higher. Finally, Fig. 5.19 places SPEAR amongst alternative robotic designs in terms

of COTele; it can also be seen that SPEAR’s COTele is on the line of land animals.

5.4 Conclusion

In this chapter, we present the working principle of the Switchable Parallel

Elastic Actuator (Sw-PEA), as well as SPEAR, a monoped leg which is used to evaluate

the concept in the field of legged locomotion. Using a passive mechanical switch at

the foot, the spring at the knee joint is engaged at stance phase to support body

weight and is disengaged at flight phase to allow precise motion control. The design is

compact and reliable, and can be easily scaled for heavier robots. The proposed design

improves the efficiency of legged locomotion both by recycling mechanical energy and by

reducing the torque of the joint, which is demonstrated both by numerical simulations

and experimental results. The proposed design allows a convenient way to adjust the
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Figure 5.19: The cost of transport for a variety of robots and land animals. Figure
adapted from [92] with additional robot values from [10, 36, 40, 72, 81].

stiffness property of the two-segment leg. This property of the leg is found to have

important influence on the energy consumption of the leg. As demonstrated by the

leaping experiment, this Sw-PEA design does not sacrifice the mobility of the robot.
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Chapter 6

CONCLUSIONS AND FUTURE WORK

6.1 Conclusions

Compliant elements exist in the muscles and tendons of biological systems, and

they play important roles in human and animal running gaits. The objective of this

thesis is to develop running robots that combine mobility and efficiency through com-

pliant elements, which can be introduced mechanically—passive compliance—or via

the control system—active compliance. In this thesis, running controllers are devel-

oped for models of increasing complexity and their stability properties are analyzed.

In addition, a novel actuation mechanism for running robots is proposed and evaluated

in both simulations and experiments.

This thesis begins with reduced-order models for monopedal and quadrupedal

running gaits. Albeit simple, these models are able to characterize the fundamental

principles of human and animal running. Analytic conclusions on stability are obtained

for these models by exploiting the reversing symmetries of the underlying vector field.

For the monopedal running model, a hierarchical controller is proposed. By regulating

the torso using a finite-time controller and by selecting appropriate touchdown angles,

the controller leads to analytically provable neutrally stable periodic gait. For the

quadrupedal bounding model, a necessary condition for gait stability is obtained, which

is later used to facilitate the selection of control parameters. Numerical simulations

demonstrate the analytic results and the performance of the controller.

Inspired by the existence of passively stable bounding gaits in compliant quadruped

running models, this thesis proposed a bounding controller for a detailed sagittal plane

model of the Hydraulic Quadruped (HyQ) robot, designed and constructed by the Ital-

ian Institute of Technology. The controller combines elements of hybrid zero dynamics
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control with force planning to coordinate the joints of the robot to mimic the behavior

of a passively compliant quadruped. By creating active compliance in the support leg,

and by controlling the touchdown angle of the swing leg, stable periodic gaits emerge

as the interaction between the low-order system with the environment. The controller

is demonstrated to be robust to ground height variations and parameter inaccuracy.

In the last part of this thesis, based on our analysis of passive and active compli-

ant systems, the concept of switchable parallel elastic actuation (Sw-PEA) is proposed

as way to enhance mobility without sacrificing efficiency. A mechanical switch is intro-

duced in a parallel elastic actuation configuration to engage the spring only when it is

needed, that is, during stance. The switch is placed at the food of the robot, where the

ground reaction force is used to automatically engage and disengage the spring. The

performance of the mechanism is tested by the monopedal robot SPEAR, which incor-

porates a Sw-PEA for its knee joint. Experiments demonstrate that Sw-PEA reduce

the energy consumption without impairing the mobility of the robot.

6.2 Future Work

6.2.1 Symmetry Controller for Biped Running

In Chapter 3, a symmetry based controller is proposed for the ASLIP model.

This controller works on the Hamiltonian system, offering analytically tractable stabil-

ity conclusions. However, due to impact and friction in physical systems, this controller

is not expected to work for models with energy dissipation: the system energy will con-

tinuously decrease until the robot stops or falls. In addition, the controller would only

make the system neutrally stable: disturbances would shift the system to different

operating conditions without it begin able to attenuate them.

To apply this controller on physical robots, modifications are necessary. One

possible modification would be to add extra layers to regulate the energy and velocity

of the system, so that the energy lost due to impacts and/or due to disturbances are

compensated. A similar approach has been proposed in [42] to stabilize a bipedal

walker. The control design took three steps: first, the dissipativity of the system is
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neglected and a controller is proposed for this reduced-order model; then, a energy

controller is add on top to stabilize the periodic gait; last, an adaptive layer is added

to reduce control effort. By using the inclination of the torso (which adds asymmetry),

energy is injected into the biped to stabilize the walking velocity.

A similar strategy has also been used to stabilize bounding gaits for the quadrupedal

model studied in Section 3.3. Two extra layers are added to make the periodic gait

asymptotically stable. To regulate the system’s energy, two actuators are introduced at

the hip joints of the posterior and the anterior legs of the bounding model introduced

in Section 3.1.2. Each actuator acts only when the corresponding leg is on the ground,

and delivers torques computed according to the prescription

τ = −K
E − Ē

∆ϕ̄
, (6.1)

where ∆ϕ̄ is a constant, corresponding to the change of the stance leg angle ϕ relative

to the torso at the fixed point; E is the total energy and Ē is the nominal value at the

fixed point, and K ∈ [0, 1], controls the converging rate. This energy-level controller

can be considered as a transit action since its effect would be zero after the energy of

the system is stabilized.

To prevent the system from converging to a nearby fixed point within the same

energy level instead of the desired fixed point, the posterior leg touchdown angle con-

troller (3.69) can be modified to include a “symmetry-breaking” term, as follows

γtdp [n] = −γloa [n] +Kvel(¯̇xcm − ẋcm). (6.2)

where Kvel is a gain multiplying the error between the nominal (fixed point) ¯̇xcm and

the current velocity ẋcm.

Figure 6.1 presents the performance of the controller under control laws (3.78),

(6.1) and (6.2). The control coefficients are chosen as c = 0.1, K = 0.1 and Kvel =

0.05. Linearization of the Poincaré return map gives a dominant eigenvalue of 0.89,

suggesting that the fixed point is locally exponentially stable.
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Figure 6.1: Response of the bounding model under a 0.08m/s disturbance in ẋcm. The
black lines corresponds to nominal values. Figure 6.1(a) and Fig. 6.1(b)
are the horizontal velocity and total energy at the Poincaré section. Fig-
ure 6.1(c) and Fig. 6.1(d) are the phase plot of the state variables.

6.2.2 Quadruped Design and Evaluation

Another direction for future research concerns the use of the SPEAR leg as

a building block toward the design of a quadrupedal robot. Compared with bipedal

robot, robotic quadrupeds offer a good tradeoff among stability, load-carrying capacity

and mechanical complexity; thus, they offer an attractive solution to applications that

require enhanced mobility and versatility.

Figure 6.2 presents a 3D model of a quadrupedal robot, which is being developed

at the Robotic Locomotion Laboratory of the University of Delaware. Using SPEAR as
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a prototype, each leg has three degrees of freedom, namely, hip adduction/abduction,

hip flexion/extension, and knee flexion/extension. The torque from the knee actuator

is transferred to the joint using a timing belt. The flexion of the timing belt offers

additional protection to the motor and gearbox. With one more joint on each leg, the

robot can be used as a platform to test different algorithms. It should be mentioned

that the controller proposed in Chapter 4 can be modified for this robot by removing

the active compliance term in (4.7) and (4.8).

Figure 6.2: 3D Model of a quadruped. Each leg of the robot is similar to SPEAR,
but with three DOFs per leg: hip adduction/abduction, hip flex-
ion/extension, and knee flexion/extension. The additional hip adduc-
tion/abduction joint makes the robot more suitable for exploration tasks.
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Appendix A

INTERMEDIATE PROOF OF BOUNDING CONTROLLER

A.1 Time-to-Switch of Flight Phase

For the flight phase that follows the posterior stance phase, the corresponding

flow can be obtain by integrating the flow as

φf(t, x0) =
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



, (A.1)

where x0 = [xcm,0, ycm,0, θ0, ẋcm,0, ẏcm,0, θ̇0] is the initial state of the flight phase. The

flow map Ff (without the xcm part) can defined as following:

Ff = φ
tf (z0)
f (z0), (A.2)

where z0 = [ycm,0, θ0, ẋcm,0, ẏcm,0, θ̇0]. tf(z0) is the time-to-switch function which gives

the duration the system evolves in this vector field. tf(z0) is defined as following

tf(z0) = inf{t > 0|Hf→sa(φ
t

f (z0 ), γa(z0 )) = 0}, (A.3)

where Hf→sa is the height of the anterior toe:

Hf→sa = ycm,0 + ẏcm,0t−
gt2

2
+ L sin(θ0 + θ̇0t)− l0 cos γa(z0) . (A.4)

and γa(z0) is the anterior leg angle given by a state-based leg control policy.
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Remark 3. Notice that tf = tf(z0) is an implicit function of initial state z0 defined by

Hf→sa = 0. This fact will be used during the following proof. Also notice that Hf→sa is

only zero at the initial liftoff and final touchdown event.

A.2 Determinant of the Jacobian of Ff

The Jacobian of the flow map Ff(z0) (restriction on z without the xcm compo-

nent) is

Dz0Ff =













1 +
ẏcm,0·∂tf
∂ycm,0

− gtf ·∂tf
∂ycm,0

ẏcm,0·∂tf
∂θ0

− gtf ·∂tf
∂θ0

∗ tf +
ẏcm,0·∂tf
∂ẏcm,0

− gtf ·∂tf
∂ẏcm,0

∗

θ̇0
∂tf

∂ycm,0
1 + θ̇0

∂tf
∂θ0

∗ θ̇0
∂tf

∂ẏcm,0
∗

0 0 1 0 0

−g ∂tf
∂ycm,0

−g ∂tf
∂θ0

∗ 1− g ∂tf
∂ẏcm,0

∗

0 0 0 0 1














.
(A.5)

The determinant of the Jacobian is

det(Dz0Ff) = 1− g
∂tf

∂ẏcm,0

+ ẏcm,0
∂tf

∂ycm,0

+ θ̇0
∂tf
∂θ0

. (A.6)

Noticing that tf is an implicit function of initial state and satisfy the fol-

lowing equation,i.e., the threshold function (A.4) equals to zero:

Hf→sa = ycm,0 + ẏcm,0tf −
gt2f
2

+ L sin(θ0 + θ̇0tf)− l0 cos γ
td
a (z0) = 0, (A.7)

where γTD
a = γa(z0)|t=tf is the leg angle at the instance of touchdown angle.

Took partial derivative of (A.7) with respect to ycm,0 we get the following:

∂H

∂ycm,0

+
∂H

∂tf

∂tf
∂ycm,0

= 0, (A.8)

where
∂H

∂ycm,0
= 1 + l0 sin γ

td
a

∂γtda
∂ycm,0

, (A.9)

∂H

∂tf
:= ∆2 = ẏcm,0 − gtf + θ̇0L cos(θ0 + θ̇0tf). (A.10)
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Hence

∂tf
∂ycm,0

=
1 + l0 sin γ

td
a

∂γtd
a

∂ycm,0

−∆2

. (A.11)

Similarly, we get the following:

∂tf
∂θ0

=
L cos(θ0 + θ̇0tf) + l0 sin γ

td
a

∂γtd
a

∂θ0

−∆2
, (A.12)

∂tf
∂ẏcm,0

=
tf + l0 sin γ

td
a

∂γtd
a

∂ẏcm,0

−∆2
, (A.13)

Plug in these three partial derivatives to the expression (A.6), we get the fol-

lowing:

det(Dz0Ff) =
∆1

−∆2
, (A.14)

where

∆1 = sin γal0(ẏcm,0
∂γtda
∂ycm,0

+ θ̇0
∂γtda
∂θ0

− g
∂γtda
∂ẏcm,0

) . (A.15)

A.3 Determinant of the Proposed Control Strategy

In the control strategy (3.78), the leg angle is kept constant during the flight

phase, and it is a function of initial state of the flight phase only:

γtda [n] = γa[n] = γ̄tda + c(γ̄lop − γlop [n]) = γ̄tda + c(γ̄lop + acos(
ycm,0 − L sin θ0

l0
)) , (A.16)

where γ̄tda and γ̄lop are constant (nominal value of the fixed point), and the last equation

is obtained by noticing that the posterior leg liftoff at the same instance of the beginning

of the flight phase. As a result,

∆2 = ẏcm,0 − gtf + θ̇0L cos(θ0 + θ̇0tf) . (A.17)

Notice that the touchdown angle is not a function of ẏcm,0, so

∆1 = sin γal0(ẏcm,0
∂γtda
∂ycm,0

+ θ̇0
∂γtda
∂θ0

) . (A.18)
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So now the determinate of a flight phase is

det(Dz0Ff) =
∆1

−∆2

= −
sin γal0(ẏcm,0

∂γtd
a

∂ycm,0
+ θ̇0

∂γtd
a

∂θ0
)

ẏcm,0 − gtf + θ̇0L cos(θ0 + θ̇0tf)
. (A.19)

Using the expression of γtda , we obtain

∂γtda
∂θ0

= c
(−1)(−L cos θ0)

l0

√

1− (
ycm,0−L sin θ0

l0
)2

. (A.20)

Since at the instance of liftoff the following holds:

(
ycm,0 − L sin θ0

l0
) = cos γlop . (A.21)

Hence
∂γtda
∂θ0

= c
(L cos θ0)

l0| sin γlop |
. (A.22)

Using the same process, we can obtain the ∂γtd
a

∂ycm,0
as following:

∂γtda
∂ycm,0

=
−c

l0| sin γlop |
. (A.23)

Hence, by plugging these two equations into (A.19), we obtain

det(Dz0Ff) =
c sinγtd

a

| sinγlo
p |
(−ẏcm,0 + Lθ̇0 cos θ0)

ẏcm,0 − gtf + θ̇0L cos(θ0 + θ̇0tf)
. (A.24)

Notice that until now, we do not require that the initial state is a fixed

point. All we assume is that z0 is the state at the event of posterior leg liftoff, which

is also the beginning of a flight phase. Now, the determinate is evaluated at the fixed

point z̄0. Notice that at fixed point,

¯̇ycm,0 − gtf = −¯̇ycm,0 , (A.25)

which means that for a fixed point, the vertical velocity at the end of the flight phase

has the same magnitude with the initial value, only the sign is changed.

θ̄0 +
¯̇
θ0tf = −θ̄0 , (A.26)
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which means that for a fixed point, the pitch angle at the end of the flight phase has

the same magnitude with the initial value, only the sign is changed. What is more, at

the fixed point, we have the touchdown angle of anterior leg equals the negative of the

liftoff angle of the posterior leg, i.e., γ̄tda = −γ̄lop .

As a result,

|det(Dz0Ff)|z0=z̄0| = |
c sin γ̄td

a

| sin γ̄lo
p |
(−¯̇ycm,0 + L

¯̇
θ0 cos θ̄0)

¯̇ycm,0 − gtf +
¯̇θ0L cos(θ̄0 +

¯̇θ0tf)
| = |c| . (A.27)
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Appendix B

HOLONOMIC CONSTRAINTS

This appendix provides more details on the design of the polynomials that char-

acterize the desired evolution of the controlled variables. To simplify the presentation,

we focus on a single controlled variable θ with desired evolution hdθ .

B.1 Polynomial Design

We consider the output

y = θ − hdθ(s(q), α), (B.1)

where s is a monotonic function of configuration q, defined though s(q) = φ(q)−φ0

∆

with φ0 and ∆ suitably selected constants that have the meaning of the constants

participating in (4.13) for the stance and in (4.23) for the flight phases. For example,

in the stance-posterior phase, φ is γp, φ0 is γtdp and ∆ corresponds to ∆sp. Then, h
d
θ is

selected as

hdθ(s(q)) :=







4∑

k=0

aks(q)
k, if s < σ

a5, if s ≥ σ.

(B.2)

The first part of (B.2) transfers the corresponding controlled variable θ over the inter-

val [0, σ) to its target position with zero final velocity and acceleration. The second

part of (B.2) keeps the controlled variable equal to constant a5 until the phase termi-

nates. Lastly, to ensure continuity up to the second derivative, we impose the following

constraints

a4σ
4 + a3σ

3 + a2σ
2 + a1σ + a0 = a5

4a4σ
3 + 3a3σ

2 + 2a2σ + a1 = 0

12a4σ
2 + 6a3σ + 2a2 = 0.

(B.3)
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For each output (two for the stance phase and four for the flight phases), this

procedures introduces a number of parameters – namely, {a0, ..., a5, σ,∆, φ0} – which

participate in the definition of α in (B.1).

B.2 Coefficient Updates for Invariance

To extend invariance in the hybrid setting we need to ensure that the initial

condition x+i for each phase belongs on the corresponding zero dynamics surface Zαi
.

To satisfy this condition, the surface Zαi
can be “deformed” by updating αi so that

x+i ∈ Zαi
. Consider again the controlled variable θ, and let θ+ be its initial value.

Then, updating the coefficients in (B.2) through

a0 = θ+ and a1 = (1/ṡ)θ̇+, (B.4)

for all the controlled variables ensures invariance under transitions. Note that (B.3)

and (B.4) define a system of five equations with five unknowns, the solution of which

provides the polynomial coefficients.
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