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FIGURE 5 Results of the pressure for Example 6.4, the interfaces are mapped with the circular real lines in (A) and (D), and the locations
of the receivers are marked with ◦. Top: results for the one line interface case, (A) snapshot of the pressure at the finial time, (B) time
histories of the receiver (0.01, 0.025) m, (C) time histories of the receiver (0.01, −0.025) m. Bottom: results for the two line interfaces case, (D)
snapshot of the pressure at the finial time, (E) time histories of the receiver (0.01, 0.025) m, (F) time histories of the receiver (0.01, 0.04) m
[Colour figure can be viewed at wileyonlinelibrary.com]

7 CONCLUSION AND FUTURE WORKS

In this work, we have derived an approximate Biot-JKD model and developed a DG method with operator splitting to
investigate wave propagation in orthotropic poroelastic media. The Biot-JKD model, containing the temporal convolution
and stiff property, is challenging to be implemented numerically. To avoid storage and integration of the entire variable
histories, we propose a fast algorithm based on the rational approximation in which the required poles and weights are
calculated with high accuracy by using the technique of the best relative Chebyshev approximation of the square-root
function. For completeness, we also present in the paper two competitive existing methods for computing the poles and
weights. One is based on the Stieltjes function (SF) formulation and the other on the diffusion approximation (DA). In
comparison with SF, the new method does not require any arbitrary precision arithmetic system for computing the poles
and weights; this is a big advantage. However, the SF approach is able to handle more general cases where the memory
kernels are not of square-root function type. Indeed, the SF approach only require a finite set of interpolation points
without demanding the kernel to be in any specific functional form. For the JKD kernel, we do see the advantage of the
new method over SF.

By splitting the temporal convolution into a sequence of continuum local ODEs with the auxiliary variables, we derive a
more tractable model with finite memory variables and zero components of the flux for the auxiliary variables. The RKDG
method with the Strang splitting method is used to solve the approximated Biot-JKD equation. Both the homogeneous
and heterogeneous cases are considered.

In the future, we will extend the idea of this paper to some other dissipative problems whose governing equations con-
tain fractional derivative with order 1/2. We will also consider the inverse problem of the multiparameter full waveform
inversion in poroelastic medium.
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APPENDIX A : THE PROOF OF THEOREM 2.1

Proof. To begin with, we prove that the energy function  is positive definite. Clearly, both 2 and 3 are positive
definite. Since det(𝑗) > 0, 𝜌 > 0, 𝜇𝑗 > 0, we know that 1 is positive definite.

In the following, we prove that (2.22) holds. Multiplying (2.11) with vT and integrating on R, we obtain

0 = ∫
R2

(
𝜌vT 𝜕v

𝜕t
+ 𝜌𝑓vT 𝜕q

𝜕t
− vT∇ · 𝝉̄

)
dxdz.

By the Fourier transform, we have

0 = ∫
R2

(
𝜌v̂Tsv̂T + 𝜌𝑓 v̂Tsq̂ − v̂T∇ · ̂̄𝝉

)
dxdz. (C1)

Integrating by part and using v = 𝜕tu, 𝜖i𝑗 =
(
𝜕iu𝑗 + 𝜕𝑗ui

)
∕2, it is easy to check that

−∫
R2

v̂T∇ · ̂̄𝝉dxdz = ∫
R2
𝝉̂Ts𝝐̂dxdz,

which together with (2.14) leads to

−∫
R2

v̂T∇ · ̂̄𝝉dxdz = ∫
R2
𝝉̂TC−1s𝝉̂ + 𝝉̂TC−1𝜷spdxdz.
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With the above equation, (C1) is reformulated as

0 = ∫
R2

(
𝜌v̂Tsv̂T + 𝜌𝑓 v̂Tsq̂ + 𝝉̂TC−1s𝝉̂ + 𝝉̂TC−1𝜷sp

)
dxdz. (C2)

Multiplying (2.19) with qT and integrating on R gives

0 = ∫
R2

[
𝜌𝑓qT 𝜕v

𝜕t
+ qTdiag(𝜇𝑗)

𝜕q
𝜕t

+ qT∇p + qTdiag
(
𝜗𝑗

(
𝜕t + 𝜆𝑗

)1∕2
)

q
]

dxdz, 𝑗 = 1, 3.

Again by the Fourier transform, we have

0 = ∫
R2

[
𝜌𝑓 q̂Tsv̂ + q̂Tdiag(𝜇𝑗)sq̂ + q̂T∇p̂ + q̂Tdiag

(
𝜗𝑗

(
s + 𝜆𝑗

)1∕2
)

q̂
]

dxdz, (C3)

Integrating by part and using q = 𝜕tw, 𝜁 = −∇ · w as well as (2.14)–(2.15), we see

∫
R2

q̂T∇p̂dxdz = −∫
R2

p∇ · q̂dxdz = ∫
R2

p̂s𝜁 dxdz = ∫
R2

p̂s
( 1

M
p̂ + 𝜷T 𝝐̂

)
dxdz

= ∫
R2

1
M

p̂sp̂dxdz + ∫
R2

(
p̂s𝜷TC−1𝝉̂ + p̂s𝜷̂TC−1𝜷p̂

)
dxdz,

which together with (C3) implies

− ∫
R2

q̂Tdiag
(
𝜗𝑗

(
s + 𝜆𝑗

)1∕2
)

q̂dxdz

= ∫
R2

[
𝜌𝑓 q̂Tsv̂ + q̂Tdiag(𝜇𝑗)sq̂ + 1

M
p̂sp̂ + 𝜷TC−1𝝉̂sp̂ + 𝜷TC−1𝜷p̂sp̂

]
dxdz.

(C4)

Summing up (C2) and (C4), and combining 1 and 2, we derive


[

d(1 + 2)
dt

]
= −∫

R2
q̂Tdiag

(
𝜗𝑗

(
s + 𝜆𝑗

)1∕2
)

q̂dxdz = − 2
𝜋∫R2 ∫

∞

0
q̂Tdiag

(
𝜗𝑗

)
𝝍 d𝑦dxdz, (C5)

where (2.20) is used and 𝝍 = (𝜓1, 𝜓3)T .
Multiplying (2.21) with (𝝍 − q)T and using the Fourier transform, we obtain

q̂Tdiag
(
𝑦2 + 2𝜆𝑗

)
𝝍̂ = (𝝍̂ − q̂)Ts (𝝍̂ − q̂) + 𝝍̂Tdiag

(
𝑦2 + 𝜆𝑗

)
𝝍̂ + q̂Tdiag

(
𝜆𝑗

)
q̂,

which indicates

q̂Tdiag
(
𝜗𝑗

)
𝝍̂ = (𝝍̂ − q̂)Tdiag

(
𝜗𝑗

𝑦2 + 2𝜆𝑗

)
s (𝝍̂ − q̂)

+ 𝝍̂Tdiag
(
𝑦2 + 𝜆𝑗

𝑦2 + 2𝜆𝑗
𝜗𝑗

)
𝝍̂ + q̂Tdiag

(
𝜆𝑗𝜗𝑗

𝑦2 + 2𝜆𝑗

)
q̂, 𝑗 = 1, 3.

Combining the above equations and 3, we arrive at


[

d
dt

]
= − 2

𝜋∫R2 ∫
∞

0

[
𝝍̂Tdiag

(
𝑦2 + 𝜆𝑗

𝑦2 + 2𝜆𝑗
𝜗𝑗

)
𝝍̂ + q̂Tdiag

(
𝜆𝑗𝜗𝑗

𝑦2 + 2𝜆𝑗

)
q̂
]

d𝑦dxdz ≤ 0.

Translating to time domain completes the proof.



APPENDIX B : THE PROOF OF THEOREM 2.2

Proof. Let Q′ =
(

vx, qx, Hx
1 , … ,Hx

m, vz, qz, Hz
1, … , Hz

m, 𝜏xx, 𝜏zz, 𝜏xz, p
)T , then the matrix of the diffusive part is

H̃ =
⎡⎢⎢⎣

H̃1 0 0
0 H̃3 0
0 0 04×4

⎤⎥⎥⎦ ,
where

H̃𝑗 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 𝜌𝑓 𝜗𝑗(𝜆𝑗𝜔𝑗
m+1+𝜔

𝑗

m+2)
𝛾𝑗

− 𝜌𝑓 𝜗𝑗𝜔
𝑗
1

𝛾𝑗
− 𝜌𝑓 𝜗𝑗𝜔

𝑗

2
𝛾𝑗

… − 𝜌𝑓 𝜗𝑗𝜔
𝑗
m

𝛾𝑗

0 − 𝜌𝜗𝑗(𝜆𝑗𝜔𝑗
m+1+𝜔

𝑗

m+2)
𝛾𝑗

𝜌𝜗𝑗𝜔
𝑗
1

𝛾𝑗

𝜌𝜗𝑗𝜔
𝑗

2
𝛾𝑗

… 𝜌𝜗𝑗𝜔
𝑗
m

𝛾𝑗

0 1 p𝑗1 + 𝜆𝑗 0 … 0
0 1 0 p𝑗2 + 𝜆𝑗 … 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮
0 1 0 0 0 p𝑗m + 𝜆𝑗

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, 𝑗 = 1, 3.

Clearly, the matrix H is similar to H̃. According to

det
(
𝜆̃I − H̃

)
= 0,

we derive
𝜆̃4 · det

(
𝜆̃I − H̃1

)
· det

(
𝜆̃I − H̃3

)
= 0.

By straightforward computing, we have

𝒫 (𝜆̃) ∶= det
(
𝜆̃I − H̃1

)
= 𝜆̃

[(
𝜆̃ +

𝜌𝜗1
(
𝜆1𝜔

1
m+1 + 𝜔1

m+2
)

𝛾1

) ∏
k=1…m

(
𝜆̃ − p1

k − 𝜆1
)
− 𝜌𝜗1

𝛾1

m∑
k=1

𝜔1
k

∏
𝓁=1…m,𝓁≠k

(
𝜆̃ − p1

𝓁 − 𝜆1
)]

.

Consequently, we know zero with multiplicity 1 is an eigenvalue of 𝒫 (𝜆̃). In addition, we obtain

𝒫 (p1
k + 𝜆1) = −

(
p1

k + 𝜆1
)
· 𝜌𝜗1

𝛾1
𝜔1

k

∏
𝓁=1…m,𝓁≠k

(
p1

k − p1
𝓁

)
,

which together with p1
1 < p1

2 … < p1
m and m = 2q − 1 gives

sign𝒫 (p1
k + 𝜆1) = −sign𝒫 (p1

k+1 + 𝜆1), k = 1 … m − 1.

Particularly, we can check that

𝒫 (0) = 0, lim
𝜆̃→0+

𝒫 (𝜆̃) > 0, 𝒫 (p1
1 + 𝜆1) < 0, 𝒫 (p1

m + 𝜆1) < 0, lim
𝜆̃→+∞

𝒫 (𝜆̃) > 0.

Thus we infer that there exist eigenvalues 𝜆̃1 in (0, p1
1 +𝜆1) and 𝜆̃m+1 in (p1

m +𝜆1,+∞). Together the above discussions,
we know that the non-zero eigenvalues of H̃1 satisfy

0 < 𝜆̃1
1 < p1

1 + 𝜆1 < … < 𝜆̃1
m < p1

m + 𝜆1 < 𝜆̃1
m+1.



By repeated application, we can obtain the non-zero eigenvalues of H̃3 satisfy

0 < 𝜆̃3
1 < p3

1 + 𝜆3 < … < 𝜆̃3
m < p3

m + 𝜆3 < 𝜆̃3
m+1.

Recalling that H̃ is similar to H, we finish the proof.
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