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Abstract 

An improved population balance-based rheological constitutive framework for polydisperse ag-

gregating suspensions is derived by incorporating detailed models for orthokinetic and perikinetic 

aggregation and shear breakage processes. The framework accounts for critical properties such as 

dynamic arrest, viscoelasticity, kinematic hardening, thixotropy, and yield stress to generate a full 

range of thixotropic elasto-viscoplastic (TEVP) response. Additionally, the model is thermody-

namically consistent because the dynamics and timescales are completely determined by internal 

structural and kinetic variables. The model connects the rheological response to the structural de-

scriptors such as the size distribution of agglomerates, mean sizes, fractal dimension and 

agglomerate volume fraction. Predictions are compared against a wide range of shear rheology 

measurements data for model thixotropic suspensions of fumed silica and carbon black, including 

large amplitude oscillatory shear (LAOS), as well as ultra-small angle neutron scattering under 

steady shear (Rheo-uSANS). While the steady state fits and transient predictions suggest that the 

model accurately captures viscoelasticity and thixotropy at medium and large deformation rates, 

there is room for improvement in the elasto-viscoplastic modeling to enhance predictions for short 

time transients and small deformation rates. 
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1. Introduction

Aggregating suspensions are common in consumer products as well as industrial processes.1-4 

These solid-liquid mixtures typically involve small particles (~10 nm – 1 µm) suspended in a liquid 

formulation. Examples include paints, adhesives,5 printer inks, clay and ceramics,6,7 and even bi-

ological liquids such as blood8 and synovial fluid.9 These suspensions exhibit thixotropic, 

viscoelastic behavior and, in some cases, an apparent yield stress (see review by Mewis and Wag-

ner for a detailed overview of thixotropic materials2). Consequently, developing modeling 

approaches for such suspensions is an active research aim.10-15 

Of interest here are modeling approaches that represent explicitly the thixotropic, viscoelastic, and 

yielding (or thixotropic elasto-viscoplastic (TEVP)) behavior as a consequence of time and defor-

mation dependent mesoscale structure of the solid phase. Three general approaches to this 

modeling can be identified as structure kinetics, physically-based population balance equations, 

and direct numerical simulation. Literature reviews (ref. Barnes,4 Mewis and Wagner,2 Larson and 

Wei11) and research monographs (ref. Ramkrishna,16 Wagner and Mewis,17 and Mewis and Wag-

ner1) provide background and historical context on the former two, while direct numerical 

simulation is necessarily limited in system size and complexity and often finds utility in testing 

specific physical processes, as will be illustrated in the following. 

Large agglomerates form in such suspensions due to interparticle interactions (such as depletion, 

Van der Waals, and electrostatic),  resulting in extra stresses of both viscous and elastic nature as 

these structures impart drag on the medium and form system-spanning networks. Such structures 

are deformation/stress sensitive and take finite time to deform, break, and aggregate, so that the 

suspension can exhibit viscoelasticity, thixotropy, and yield stress. This microstructural behavior 

manifests macroscopically as thixotropy, which is usually defined in terms of time-dependence of 
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viscosity,18 as well as viscoelasticity, arising from both Brownian motion of the particles (if they 

are colloidal in size) and stored elasticity in the microstructure itself. In order to distinguish be-

tween thixotropy and viscoelasticity from a microstructure point of view, we offer the following 

definition: 

“Thixotropy refers to a history-dependent rheology due to the reversible breaking and 

reformation of physical or chemical bonds between constituent particles. It can clearly co-

exist with viscoelasticity, which is due to conformational changes in the structure without 

breakage or reformation of bonds.” 

This new definition emphasizes the central role of micro- and mesoscale structural changes, such 

as agglomerate aggregation-breakage processes and deformation to the time evolution of rheolog-

ical behavior.19,20 

Chief among the modeling approaches for the aggregation and breakage behavior are structure 

kinetics models that involve scalar structure parameters, typically bounded between two extremes 

of fully “structured” and “unstructured” liquid.11,15,21 Following the original work of Goodeve,12 a 

structure parameter is introduced as a loose analog of the degree of bonding between particles in 

the agglomerates. Recent versions of structure kinetics by Wei et al.21 and Varchanis et al.22 (ML-

IKH and SPTT-IKH models, respectively) model TEVP physics and include phenomena such as 

isotropic and kinematic hardening, combining them with elasto-viscoplastic constitutive relation-

ships such as those proposed by Saramito23 and Phan-Thein & Tanner.24 Although such 

representations demonstrably capture the viscoelastic and thixotropic phenomenology of these sus-

pensions, the model construction is usually ad hoc and lacks a clear connection to measurable 

physical quantities. The problem of thermodynamic inadmissibility for this class of rheological 

constitutive equations has been addressed in the work by Joshi.25 
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Recently, the use of population balance modeling has been proposed to address the criticism of 

structure kinetics modeling.26 Population balance modeling provides a more direct representation 

of the kinetics of mesoscale structure evolution and also allows for the inclusion of additional 

particle-level phenomena such as diffusion and irreversible growth, which were absent from pre-

vious modeling paradigms. The historical importance of aggregation and breakage process is well 

documented.16 First serious effort in this direction can be attributed to Marian Smoluchowski who 

derived the master equation describing the population evolution as well as collision frequencies 

for Brownian and shear-driven aggregation.27,28 A rich body of work has emerged looking at the 

flocculation behavior of colloidal particles under various flow regimes owing to Smoluchowski’s 

framework and the advancements in modeling colloidal interactions to overcome the limitations 

of the DLVO theory.29 The collision efficiency and collision frequency of aggregating particles 

depend on the particle shape, size distribution, interaction, hydrodynamics, and flow regime. For 

a given collision environment (e.g., diffusion-limited vs. reaction-limited), a distinct colloidal pop-

ulation can form.30 Due to the emergent nature of agglomerate morphologies, their shapes and 

conformations become challenging to describe; however, it is common to use fractal descriptions 

so that the morphological characteristics reduce to a single parameter, the fractal dimension.31,32 

Although this description is limited, it adequately describes self-similar structures generated due 

to isotropic aggregation and breakage kinetics through scalar expressions.32-34 It has been observed 

that suspensions under shear can undergo alignment and compaction, with the fractal dimension 

evolving with deformation and time, and in some cases leading to the breakdown of self-similar 

and isotropic behavior.20,35 Here, population balance modeling can benefit from direct numerical 

simulations; using Dissipative particle dynamics (DPD), Jamali et al.20 have elucidated the transi-

ent morphology of the agglomerates at various low and intermediate shear rates, showing the 
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emergent anisotropy, compaction and aging behavior, and identified the dyadic of center-to-center 

distance, or fabric tensor, to be a promising three-dimensional structural descriptor. Because it is 

based on actual physical processes described at the particle level, the inherent power of using 

population balance modeling as a framework for developing rheological constitutive equations is 

that rational and systematic improvements can be made. Additionally, parameters appearing in the 

modeling have physical meaning and, in principle, can be obtained independently and not neces-

sarily fitted to the rheological behavior. In other words, unlike structure kinetics approaches which 

are inherently empirical, this modeling approach can be truly predictive. We demonstrate aspects 

of both of these distinct advantages in the work presented here. 

Foundational work by Mwasame et al.26 demonstrated that population balance modeling can be 

incorporated into a robust, efficient, and accurate rheological constitutive model. In that work, the 

model presented (hereafter referred to as PBEMono) used a monodisperse closure to develop the 

moment version of the population balance equation as a coarse-graining assumption. The use of a 

closure assumption for the moments of the size distribution enables reducing the inherent integro-

differential nature of population balance equations to a finite system of simultaneous ordinary 

differential equations in time, similar in complexity, but distinct in form to the typical structure 

kinetics models (for a more detailed discussion, see Mwasame et al.26). While successfully applied 

to model a range of thixotropic and viscoelastic behavior in suspensions of fumed silica and human 

blood,36 the oversimplistic nature of the monodisperse assumption fails to adequately represent the 

agglomerate distribution and significantly overpredicts the agglomerate sizes when compared with 

independent microstructural measurements.37 Polydisperse particles typically pack at a much 

higher volume fractions (
mono poly

max max  ), and Mwasame et al.38-40 proposed corrections in relative 

viscosity relationships that can be directly incorporated into an improved approach. Importantly, 
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then, independent, verified studies of the effects of closure assumptions on the behavior of popu-

lation balance equations41-43 as well as improvements in rheological constitutive equations for 

stable suspensions can be systematically and intentionally included in this approach to make im-

provements in modeling without introducing any new or undefined parameters, as is demonstrated 

in the following. 

Another critically important issue is that of thermodynamic consistency. Larson raised this issue 

through a simple thought experiment where a structured fluid with infinite viscosity (thixo-elastic 

material) is deformed in a closed cycle. Such a material, when deformed, will undergo a breakage 

of internal structure during the deformation, which will then recover when the material is allowed 

to rest at a fixed strain. During a slow reversal, the stress will be higher than the forward process 

(because the structure dependent modulus will be higher now that the fluid is fully structured), 

making the material perform more work on the environment compared to the work required to 

deform it.10 The dependence on external kinematics for agglomeration and breakage processes 

admits such thixo-elastic materials, thus violating the Planck statement of the second law of ther-

modynamics.25 This imposes a strict restriction on all the phenomenological constants such that 

they must depend only on the internal variables describing the non-equilibrium state of the liquid 

(as well as their rates and spatial gradients).44,45 Several new models that respect these thermody-

namic considerations have been proposed, typically involving a reformulation of the existing 

phenomenological models in terms of internal variables such as stresses (or conformation tensor) 

and plastic component of strain rate.21,22,25,46 Alternatively, some approaches also derive constitu-

tive models using non-equilibrium thermodynamic formalisms47-49. Using the single-generator 

bracket formalism of non-equilibrium thermodynamics (SGBF-NET), Jariwala et al.49 showed that 

the energy of mixing associated with the particle size distribution is fundamental to generate 
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aggregation and breakage dynamics required to model thixotropic behavior. The authors also 

showed that aggregation and breakage depend on the invariants of the internal stresses developed 

within the agglomerates (modeled via a conformation tensor). Stephanou and Georgiou47 were also 

able to derive a structure kinetics model through the SGBF-NET framework, which they have 

successfully applied to hemorheology as well.48,50 

In this work, we offer an improved, thermodynamically consistent version of the population bal-

ance-based approach for rheological constitutive modeling of aggregating suspensions. We show, 

without incorporating any additional parameters, how one can more accurately describes the ag-

glomerate distribution, removing any a priori imposition of size distribution to account for 

polydispersity and its effect on the macroscopic rheological behavior (this model will be hereafter 

referred to as PBEPoly). We offer a comparison with rheological measurements of suspensions of 

fumed silica (data from Armstrong et al.51 and Wei et al.52 ) and carbon black dispersion in mineral 

oil (data from Hipp et al.37) for a range of shear rheology protocols (steady shear, step up and step 

down in shear rate, large amplitude oscillatory shear experiment (LAOS)) and demonstrate the 

model’s accuracy in prediction as well as agreement with direct measurements of changing fluid 

microstructure under shear using simultaneous rheology and ultra-small angle neutron scattering 

measurements (Rheo-uSANS). 

This article is organized as follows: in the next section (Section 2) we describe the model equations 

and their parameterization for shear rheology, followed by a comparison of the model fits and 

predictions against experimental measurements in Section 3. We also offer some recommendations 

for future work to improve the accuracy and applicability of this modeling framework before con-

cluding our findings in Section 4. 
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2. Modeling methodology 

2.1. Population balance model for structural thixotropy 

The modeling approach is based on the population balance framework developed by Mwasame et 

al.26,53. The authors formulated the master equation based on known kernels for Brownian and 

shear aggregation as well as shear-induced breakage. 54-56 The kernels used here are written in 

terms of the volume of the agglomerate, m . The integro-differential equation quantifying birth 

and death processes due to aggregation and breakage is as follows: 
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where, the distribution ( , )n m t  of particles of size m  evolves with birth and death events corre-

sponding to aggregation and breakage processes.16 Because the agglomeration and breakage are 

assumed to be self-similar, the fractal dimension, fd , is held fixed to characterize the length scales 

( )1/
~ fd

m  in the shear aggregation and the Brownian aggregation kernels, 
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, ; | |
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In the shear aggregation kernel ( , )a m m , collision frequency is a function of collision cross-sec-

tion of the aggregating particles 
1/ 1/3 3( )+f fd d

pa m m , weighted by  , the collision efficiency. pa  

is the radius of the primary particle, and   is the applied shear rate. The absolute value of the shear 
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rate is used to make the expression independent of shearing direction. In the Brownian kernel 

( ), c m m , W is the Fuchs’ stability ratio, a function of interaction potential between colliding par-

ticles, Bk  is the Boltzmann constant, and T  is the temperature of the fluid element. s  is the 

suspending medium viscosity, and r  is the relative suspension viscosity which depends on the 

volume fraction of particles in the suspension. Following Mwasame et al.,26 the medium viscosity 

term in the original Smoluchowski formulation of the aggregation kernel is replaced by the sus-

pension viscosity to extend the applicability of the expression which was initially derived for dilute 

suspensions. 

Note that the Brownian kernel does not have an equivalent breakage term to establish equilibrium 

(stationary state) under no-flow conditions. As a result, the population balance equation does not 

follow detailed balance in the unmodified form, which allows the agglomerates to grow infinitely 

large with time. To address this unphysical behavior, the empiricism of Mohtaschemi et al.57 is 

adopted whereby both shear and Brownian aggregation terms are weighted with a cut-off function 

( ) a . Here, we define this as: 

 ( )

2

3
max

max

 
 

 

− 
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−

 −

fd
a

a

pc

, (4) 

which serves to limit the growth of agglomerates when the volume fraction reaches the maximum 

packing limit, max . The maximum packing limit varies with polydispersity.58,59 The cut-off func-

tion introduced here differs from the one in previous work26, where a hyperbolic tangent function 

was used. The motion of particles slows down significantly when they are surrounded by a dense 

network of agglomerates. Eq. (4) captures this effect as the timescale of agglomerate movement 
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follows the same scaling as the elasticity in the network, albeit in the opposite sense, meaning that 

as the network becomes more rigid (increase in elasticity), the cut-off function decreases. 

Although colloidal agglomerate breakage has been studied extensively at very high shear rates 

through detailed Stokesian dynamics simulations,55,56 breakage at intermediate and low shear rates 

and the resulting daughter distribution is still an open problem, especially when agglomerates form 

system spanning networks. For simplicity, we assume the breakage kernel is linear order in ag-

glomerate size and a power-law in shear rate as described by Spicer and Pratsinis54, 

 

1

0

1

2( , ) 
 
 = −
 
 

f f pcd

p

d
b m b m m , (5) 

with a modification to limit the minimum size at pm . Physically, pm  represents the size of the 

primary clusters, which are irreversibly linked and cannot be disintegrated through shearing. Ap-

parent volume fraction corresponding to this size is 
13/

 
−

= fd

pc p pm . This lower limit results in the 

population tending to a monodisperse asymptotic solution at high shear rates. 

Shear rate scaling in the breakage expression must correspond to the viscous dissipation due to 

shear flow, because the agglomerate breakage process must be purely dissipative to be thermody-

namically admissible.49 This necessitates that the shear rate involved in the breakage kernel be 

purely plastic or unrecoverable in nature. From a mechanistic standpoint, breakage is caused by 

the stresses developed within the agglomerate rather than the external kinematics imposed on the 

material; therefore, it is essential that the structural evolution equations do not depend on total 

strain rate. This criterion ensures that the resulting equations do not admit thixo-elastic materials 

which are shown to be non-physical.10,25,49 In Maxwell-type viscoelastic constitutive equations for 

stress, Joshi has proven that thermodynamic consistency can be enforced by decomposing the total 
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shear strain rate into its elastic and plastic contributions, ensuring that shear aggregation and break-

age depend only on the plastic component of the shear strain rate.25 Following this development, 

one can still use the empirically-constructed breakage kernels and retain their accuracy without 

violating the thermodynamic admissibility. The strain rate   is simply replaced by  p  (the viscous 

part of strain rate) in the shear aggregation, ( ), ,
pa m m  and shear breakage, ( , ) pb m  kernels (

 p  is derived in the subsection on Viscoelasticity). 

The integro-differential form of the population balance equation, Eq. (1), can be converted to a 

system of ordinary differential equations using the method of moments. This approach generates 

an infinite set of simultaneous equations that involve fractional moments requiring a closure rule. 

In this work, we use the Method of Moments with Interpolative Closure (MOMIC) described by 

Diemer et al.42,60 This approach approximates the fractional moments of the distribution in terms 

of the integer moments using a polynomial interpolation (see Appendix B. for details). The key 

advantage of this approach is that it does not impose the distribution a priori; rather, the distribu-

tion ( , )n m t arises naturally from the choice of kernels, allowing one to describe populations with 

complexities, such as bimodality, just by solving for additional integer moments. The detailed 

derivation of the moment equations is presented in Appendix A., and the final expressions are as 

follows: 
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The birth due to breakage term in the population balance equation also involves the distribution of 

daughter fragments, ( | )P m m . The daughter distribution is modeled using a beta distribution gen-

eralized for an arbitrary number of fragments following Diemer and Olson43,  whose moments k

given by, 

( )
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d d dd

k d
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 where dn is the number of daughter fragments and ds is a shape parameter for the distribution. 

This description can account for more complex mechanisms of breakage, but in this work, we limit 

our analysis to binary and uniform breakage by setting 2, 1= =d dn s . Because the distribution is 

written as a function of volume, the first moment is the total solids volume which is conserved. 

The zeroth moment is related to the average number of primary particles per agglomerate, which 

makes it a particularly useful descriptor to track as will be shown. The subsequent integer moments 

can be related to the variance ( 2 ), skewness ( 3 ), kurtosis ( 4 ), and hyperskewness ( 5 ) of the 

agglomerate size distribution using appropriate standardization. 
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2.2. Yield stress 

Yield stress depends on the extent of network formation and hydrodynamic interactions between 

large and small aggregates. Although the phenomenology of yield stress has been replicated using 

non-linear viscoelastic constitutive relationships,46,49,61 it is difficult to directly associate the pa-

rameters with the fractal structure of the agglomerates. Following Shih et al.62 model for effective 

elastic modulus G , and elastic strain  e , in the strong link regime, the yield stress can be described 

as 

( ) ( ) ( )
3

0

max

2

 
     

 

− −
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f
c

d
a

y a a e a

c

y

p

p

G , (10) 

where 0 0 0 =y eG  is the yield stress at equilibrium. 

2.3. Kinematic hardening 

Kinematic hardening is added explicitly using a back stress to indicate the shift of the yield plane 

in the direction of deformation (also known as the Bauschinger effect). This modeling approach 

was proposed by Armstrong and Frederick63 for plastic materials and later extended to elasto-

viscoplastic materials by Dmitriou and McKinley64. The equation used in this work is due to Wei 

et al.65, 

( )( )sg1 n = −p p

dA
q A

dt
, (11) 

where q is a fit parameter and A is the back strain that corrects the stress predicted by the consti-

tutive model, 
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based on the kinematic strain hardening theory. The parameter hk  is the equilibrium back stress 

modulus such that the back stress expression bears the same structural scaling as the yield stress. 

In contrast to Wei et al.,21 here the back stress modulus becomes vanishingly small as the fluid 

becomes completely unstructured, consistent with the idea that there should not be any elastic 

effects in the limit of large deformation. 

2.4. Viscosity 

The viscosity description is usually based on Krieger-Dougherty,66 Maron-Pierce,67 or Quemada-

type relationship,68,69 where the viscosity diverges as the volume fraction of agglomerates ap-

proaches the random close packing limit. Here we use a Krieger-Dougherty model: 
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For a polydisperse system, the relative viscosity expression requires correction to include the ef-

fects due to smaller particles. The presence of smaller particles has a two-fold contribution to the 

overall viscosity; first, an increase in the background viscosity because the smaller particles act as 

an effective medium in which the larger particles are suspended. Secondly, they also occupy an 

effective volume in the suspending medium. Without including these contributions, one would 

underpredict the overall viscosity for the same volume fraction. Polydisperse particles can also 

pack much closer compared to the random close packing limit for monodisperse hard spheres (

mono

max ~ 0.64 ). The maximum packing limit for a lognormally-distributed population of hard sphere 

has been obtained by Farr and Groot59 where the authors generated three-dimensional random 
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close packing of spheres via simulation and mapped it onto a distribution  of one-dimensional rods. 

The simulation data for the maximum packing limit has been fit to an analytic expression by Farr,58  
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e

e e  (14) 

which agrees with the results up to four decimal places. The viscosity expression for polydisperse 

non-colloidal suspensions derived by Mwasame et al. 38-40 uses the size distribution of the agglom-

erates in the form of abscissa ( im ) and weights (i ) of the quadrature, 

 
1

 
=

=  k

i

i

k i

N

m . (15) 

This inverse problem calculation is performed using the product-difference algorithm proposed by 

Gordon70 and McGraw.71 Using the first 6 moments of the size distribution (k = 0, 1, …, 5), a 

ternary population can be described such that the volume fractions of each component is given as 

 
1 2 3

32

3 3 3

1 1 1

1 , ,
 

     

  
= = =

= = =

  
a a a

i

D D

i i i

i i

D , (16) 

where 
iD  are the volume fractions corresponding to each abscissa, and the respective sizes, iD  

are given as 
1/

= fd

iiD K m . Because this calculation only involves the ratios of diameters, the pre-

factor K can be neglected. The relative viscosity is then determined using the hydrodynamic func-

tion  
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 ( ) ( )( )exp  r k tri kf . (17) 

The complete definition of ( )tri kf  is provided in the Appendix C. Assuming self-similarity, a 

correction to account for the effective hydrodynamic volume fraction ,
ih D  can be included as,  

 

3

, 
 

=  
 

i iD
h

a

Dh

R

R
, (18) 

with h aR R  being the ratio of hydrodynamic radius to the radius of the aggregate. For this work, 

the ratio h aR R  is held constant for all volume fractions 
iD . 

2.5. Viscoelasticity 

Viscoelasticity is modeled using a constitutive relationship based on work by Kamani et al.72 

where the authors propose a phenomenological equation for modeling yield-stress fluids, given as 

 ( ) ( )
1

      


−

 + =
 




++



ny

dt
K

d
. (19) 

At steady state, the proposed equation reduces to the Herschel-Bulkley model for yield-stress ma-

terials. The authors unify the physics of pre-yield and post-yield state of the material by removing 

the discontinuity in the Oldroyd-Prager formalism73-75 through the use of a rate-dependent relaxa-

tion time ( )  . The yield stress term behaves like a constant viscous term bearing the same sign 

as the shear rate and in the absence of explicit solvent contribution, the retardation time    van-

ishes. This is consistent with Jariwala et al. TEVP constitutive model derived from non-

equilibrium thermodynamics, where the authors have shown that the phenomenology of fluid yield 

stress can be replicated through non-linear terms in the viscoelasticity expression.49 An alternative 
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expression for this constitutive relation is one proposed by Saramito23 where an explicit distinction 

between the elastic and visco-plastic behavior is maintained through the use of a discontinuity, 

 max 0,
  

  


 −
+ =  

 

y d

dt
. (20) 

However, we found that the use of such discontinuous functions is hard to justify from a non-

equilibrium thermodynamics standpoint as they do not arise naturally from the free energy func-

tionals based on internal structural variables. 

A key difference in the use of the constitutive relation Eq. (19) when applied in our work is the 

structural dependence of the relaxation time instead of the shear rate dependence used by Kamani 

et al.72 This is done to guarantee thermodynamic admissibility of the resulting governing equations 

as the phenomenological quantities must depend on the internal structural variables rather than 

external kinematics, as shown by Souvaliotis and Beris.44 In order to introduce a structural de-

pendence on the relaxation time and elasticity, two modifications are made; (a) a White-Metzner 

type relaxation time and (b) yield stress that follows the work of Shih et al. 62,76,77  to introduce a 

scaling with the agglomerate volume fraction. The relaxation time expression is obtained using the 

zeroth-order characteristic time from the population balance equation, following the previous 

work,26 such that  

 ( )
( )

0 0

0

1  
 

  
=

p

y y

k

S kS yG
. (21) 
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Here, p  is a White-Metzner power-law parameter. The characteristic structural shear rate, 

( ) SS k , is defined through the stationary point of the zeroth moment evolution equation such that 

0 0
 



=

=
SS

d

dt
, i.e., 
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C

 (22) 

The separation of time scales is ensured in this framework by using two distinct timescales for 

thixotropy and viscoelasticity: one emerging from aggregation and breakage rates, and the other 

corresponding to deformation rates and strains. In order to include kinematic hardening, the stress 

term in the viscoelastic constitutive equation is replaced with eff  as calculated in Eq. (12). The 

final stress constitutive equation then becomes, 

 ( )
( )
( )

( )
 

      
 

 
+ = +  

 

y a

eff k s r k

SS k

d

dt
. (23) 

This equation can also be re-written as 

 
( )

( )
( )

( )
( )
( )

( )

  
  

   
     

   

+ = +
   

+ +   
  

=



effk

e p

y a y a

s r k s r k

SS k SS k

d

dt
, (24) 

Accepted Manuscript 
Version of Record at: https://doi.org/10.1002/aic.18184



 

 

19 

 

decomposing the total shear strain rate as a sum of its elastic and plastic parts (or recoverable and 

unrecoverable parts). Following this idea, the plastic component of shear rate is described as, 

 
( )
( )

( )




 
  

 
+

=
eff

p

y a

s r k

SS k

. (25) 

The plastic component of shear rate is now completely determined by stress and structural state of 

the systems, making it fully consistent with thermodynamics and the mechanistic picture of ag-

glomerate breakage. At steady state, the plastic component of shear strain is identical to the total 

strain rate, i.e., ( ) →  =p t . The stress constitutive relation at steady state reduces to, 

 ( )
0

2

3

max

sgn( )
 

      
 

−



 −
+ +  − 


=  



f

c

a
d

pch
SS y s r k

p

k

q
. (26) 

3. Results and Discussion 

3.1. Model parameters and their estimation 

The model consists of a system of simultaneous ordinary differential equations, 

, ,
  

  

T

kd d dA
dt dt dt

. The equations describe the time evolution of the integer moments of ag-

glomerate size distribution k , the overall stress  , and the back strain A . Only the first six 

scaled integer moments are included in the solution ( , 0,1,2,3,4,5 =k k ). As the first moment 1

is fixed because of mass conservation requirements 1 0
 = 

 

d
dt

, only five moment equations 

need to be solved. The model equations are summarized in TABLE 1. The model involves a total 

of fifteen parameters mono

max 0 0 0, , , , , , , , , , , ,, ,    
 
 

h
a

h
p p y f pa

R
k q T W d m G p

R
b , however four of 
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these, mono

max, , , p pa T  can be readily determined from the sample preparation parameters, heuris-

tics, and experimental conditions. The remaining eleven are estimated here by fitting the model to 

steady state and transient rheological experimental data, although we note that some of these can 

be estimated or independently determined by supplementary measurements. Note that the fit pa-

rameters may not be completely independent. In some instances, the morphological parameters in 

aggregating suspensions can be determined from theory, simulations, and experiment. For exam-

ple, the Kirkwood-Riseman theory relates the fractal dimension to the porosity and the 

hydrodynamic radius of the agglomerate but its applicability is limited to spherically symmetric 

open/porous aggregates.78 

A parallel tempering optimization algorithm by Armstrong et al.,79 which is efficient in determin-

ing the fit parameters for highly non-linear models, is used to determine these fit parameters. This 

fitting approach overcomes the computational penalty of starting from a poor initial guess by uti-

lizing parallel runs to avoid local trapping. A cost function must be defined first to use this fitting 

procedure that appropriately weights the experiments. Following the work by Armstrong et al.,80 

we use two cost functions, obj,SSF  and obj,tranF  for steady state and transient experiments, which are 

defined as, 

 

SS

tran

model, data,

obj,SS

1SS data, 2

model, data,

obj,tran

tran a 2
1 dat ,

1

1

1

 



 

=

=

−

−

=

= 



k

M
k k

k k

k k

k k

M

F
M P

M
F

, (27) 

where kP  are the number of points in a transient experiment, and SSM  and tranM  are the number 

of steady state and transient experiments, respectively. The parallel tempering algorithm takes the 

initial guess values of the parameters, some of which are bounded, and minimizes the cost function 
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obj obj,SS obj,tran= +F F F  to return the optimal values of the parameters. Both steady state and transient 

data are needed as the governing equations admit multiple solutions for the parameters due to non-

linearities. Appropriate bounds are chosen such that the parameter values agree with physical in-

tuition. Set of parameters that gives the minimum value for the cost function is chosen as the best 

fit. 

The datasets of experiments used for fitting and comparison includes fumed silica suspensions by 

Armstrong et al.79 and Wei et al.,52 both consisting of 2.9 vol.% Evonic Aerosil R972 particles 

(~16 nm) suspended in 69 wt% paraffin oil and 31 wt% polyisobutylene. The compositions of the 

suspending medium and primary particles used for these two suspensions appear to be very similar; 

however, data by Wei et al.52 were obtained after 20 days of sample preparation. This was done to 

have repeatability in measurements. We suspect that this delay in measurement caused quiescent 

restructuring at the primary cluster level, which in turn caused the rheological behavior of these 

two samples to be distinct.  

Because we are also comparing the model (PBEPoly) against previous iterations of the population 

balance model (PBEMono) and the multi-lambda structure kinetics model by Wei et al. (ML-

IKH), we have used a similar set of experimental data for fitting. This includes the steady state 

flow curve along with a set of step shear experiments to represent the transient data. The interme-

diate shear rate regime has the most prominent thixotropic response, and thus requires more 

transient experiments to be resolved. For the fumed silica dataset of Armstrong et al.79, in addition 

to the steady state flow curves, we have used nine step shear experiments: four step downs [
15 s−
 

to 
12.5,1.0,0.5,0.1s−
] and five step ups [

10.1s−
 to 

15,2.5,1.0,0.5,0.25 s−
]. For Wei et al. data, only 
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three step-up experiments in shear rate were used for transients [
10.1s−
 to 

15,2.5,1.0 s−
] (similar 

to what the authors have used for their ML-IKH model21). 

An additional comparison is made for the dataset of a carbon black dispersion (4.95 wt% Vulcan 

XC-72 (~20 nm primary particles) in mineral oil) from Hipp et al.,37 for which, in addition to the 

rheological measurements, the authors also conducted simultaneous rheological and ultra-small 

angle neutron scattering measurements (Rheo-uSANS). This enables us to directly compare the 

structure predictions made by PBEPoly with the radius of gyration estimated from scattering in-

tensity profiles. A limitation with this formulation of carbon black dispersion is that whenever the 

stress drops below the yield stress, the suspension undergoes irreversible structural transition and 

loses the reversible thixotropic characteristics.37 In some formulations, carbon black suspensions 

also exhibit antithixotropy or rheopexy which has been hypothesized to arise due to formation 

vorticity aligned structures during long transients at low-intermediate shear rate regime.81,82  Be-

cause a scalar description is used to describe mesoscale structure in our modeling, predicting 

alignment and spatial heterogeneities would require invoking additional structural descriptors. So, 

for this dataset, the fitting procedure only included the steady state data at higher shear rates, such 

that   y , along with four step-downs in shear rate [
12500 s−
 to 

11000,500,100,50 s−
].  

The parameters generated from the fitting are tabulated in TABLE 2. The fit parameter values 

agree favorably with the physical intuition, especially the fractal dimension which agrees with the 

reaction limited aggregation and is in the range 2.1-2.5.34 The fractal dimension for the carbon 

black dispersion was estimated to be Rheo-uSANS 2.53  0.025= fd  from scattering measurements, 

which is quite close to the one determined from fitting PBEPoly 0 012.37 .= fd  (the error bounds are 

standard deviations determined from 15 independent runs). Note that the fractal dimension in this 
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approach is a fixed parameter such that any agglomerate restructuring or compaction that might 

change the fractal dimension is neglected. 

TABLE 1. Summary of the equations used for the model presented in the paper (PBEPoly) and 

ML-IKH21 model in this article. 

 PBEPoly ML-IKH21 (rate-controlled form) 
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TABLE 2. Model parameters and objective functions for the three datasets under consideration. 

The unshaded parameter values for each set are predetermined from the sample preparation and 

specific aspects of the data. The fit (shaded) parameter values were obtained after 15 independently 

initialized runs of parallel tempering algorithm.79 The complete set of parameters obtained from 

the runs are provided in Tables S1-3. 

 Suspensions  
Carbon black 

(Hipp et al.37) 

Fumed silica 

(Armstrong et al.51) 

Fumed silica 

(Wei et al.52) 

pa  10 nm 8 nm 8 nm 
mono

max  0.64 0.64 0.64 

T  298 K 298 K 298 K 
q  1 1 1 

p 3 3 3 

p  0.028 0.03 0.03 

0 y  10.42 ± 0.11 Pa 2.43 ± 0.15 Pa 0.59 ± 0.02 Pa 

hk  0 Pa 8.6 ± 0.4 Pa 0.30 ± 0.01 Pa 

W  3 55.32 10 4 10− −    0.0091 ± 0.0003 19.68 ± 1.85 

  0.97 ± 0.01 0.76 ± 0.06 0.64 ± 0.02 

0b  5 64.54 10 4.1 10− −   s 
3 37.6 10 2.1 10− −   s 

3 42.21 10 2.5 10− −   s 

fd  2.37 ± 0.01 2.05 ± 0.12 2.29 ± 0.02 

h aR R  0.988 ± 0.002 0.939 ± 0.008 0.85 ± 0.01 

pm  316 ± 14 220 ± 38 475 ± 74 

0G  1070 ± 10 Pa 808 ± 47 Pa 37.5 ± 0.8 Pa 

s  0.0224 ± 0.0002 Pa s 0.41 Pa s † 0.367 ± 0.008 Pa s 
† Determined from independent measurement 

obj,SSF  0.01154 0.01375 0.00697 

obj, transF  0.35316 0.59145 0.33282 
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3.2. Steady shear 

The steady state equations are solved by setting the time derivatives ,
 kd d

dt dt
 and dA

dt
 to 0 

and solving the corresponding non-linear equations for a range of shear rates. Compared to the 

monodisperse version of the constitutive model (PBEMono), the new model (PBEPoly) provides 

more accurate steady state fits that are comparable to ML-IKH (see Figure 1 (a)). The main ad-

vantage of the population balance approach for modeling the structural evolutions is the insight it 

provides into the mesoscale structure through the agglomerate size distribution and quantities such 

as mass mean radius and apparent volume fraction swept by the agglomerate structures. Consistent 

with the argument 
mono poly

max max  , we see in Figure 1 (b) that the predicted volume fraction at lower 

shear rates from the PBEPoly model are higher than PBEMono. The volume fraction shows similar 

trends with shear rate, i.e., decreasing in value because of agglomerate breakage. The moments of 

the size distribution vary independently, yet at higher shear rates, the magnitude of all integer 

moments , 2 k k  starts decreasing with shear rate indicating that the distribution is narrowing 

(Figure 1 (c)). This is because the agglomerate size is approaching the minimum size limit set by 

min = pm m  in the breakage kernel. This limit forces the distribution to tend to monodisperse distri-

bution because the primary clusters are assumed to be monodisperse. Although we found this 

assumption to hold quite well for the rheological protocols examined in this work, it has been 

observed that the primary particle and primary cluster size distribution may have some polydis-

persity.82,83 This polydispersity may become critical when the high-shear rheology of aggregated 

particles is being examined. This assumption can be relaxed, though determining the primary par-

ticle/cluster distribution will introduce additional fit parameters. 
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Figure 1 (a) Steady state flow curve for the fumed silica suspension (data from Armstrong et al.51) 

indicating the shear stress as a function of shear rate. The lines indicate the PBEPoly (solid), 

PBEMono (dashed), ML-IKH (dotted) model fits to the experimental data denoted by square sym-

bols. Note the presence of yield stress (y-axis intercept) because of agglomerate networks at lower 

shear rates. The predictions of elastic and viscous components of stress for PBEPoly model are 

plotted as solid red and blue lines, respectively. (b) The volume fraction of agglomerates decreases 

with increasing shear rates as the networks and bonds between the agglomerates disintegrate. 

PBEPoly model predicts significantly higher agglomerate volume fraction compared to 

PBEMono. (c) The scaled moments i  as a function of shear rate. 
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In Figure 2 (a), the steady state flow curve fit from the model is presented along with the computed 

values of mass mean radius, 

 1 1/ +=
fa R dR K , (28) 

where, aR  is the mass mean radius and RK  is a pre-factor weighting the 1 1/ + fd  moment. The pre-

factor depends on the primary particle size and the measurement technique used to determine the 

agglomerate sizes.84 By normalizing the predictions and experimental estimates by their respective 

minimum values, the pre-factor is canceled out and the scaling behavior with shear rate can be 

examined. As the behavior at high shear rates is pre-dominantly viscous shear-thinning (thixo-

viscous in transients), it can be seen that in order to generate similar viscosities, the monodisperse 

agglomerates need to be much larger in size. The scaling predictions from PBEPoly shown in 

Figure 2 (b), though not exact, still quite closely agree with experimental estimates. The size esti-

mates from Rheo-uSANS are biased towards larger agglomerate sizes because the form factor is 

weighted by the square of the agglomerate volume, favoring the larger tail end of the distribution.37 

The reconstructed distributions for the carbon black dispersion for a range of shear rates (shown 

in Figure 3) indicate that the distribution becomes narrower at larger shear rates and the mean 

agglomerate size decreases, yet the distribution is sufficiently wide to not admit a monodisperse 

description. 
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Figure 2 (a) Steady state flow curve model fits using PBEMono and PBEPoly. PBEPoly offers 

significanltly improved steady state fits owing to the polydisperse description of viscosity and 

elastic modulus. (b) Mass mean length scale prediction of both PBEMono and PBEPoly is 

compared. The values are normalized by the minimum predicted/measured value in each data set,

minR , to get rid of the pre-factor that weights the fractal scaling for estimating radii. The 

measurements of Rheo-uSANS37 are represented using symbols (the error bars are smaller than 

the symbols) 
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Figure 3. Reconstructed distributions for a range of shear rates calculated using the scaled integer 

moments , 0,2,3,4,5 =k k  at steady state for Vulcan XC-72 carbon black dispersion based on 

model fits to Hipp et al. data.37 A lognormal distribution reconstruction procedure was used 

(Appendix D). 

3.3. Transients 

The transient rheology is described by solving the governing equations (system of ordinary differ-

ential equations) in tandem with the coupled relations to determine the rheological properties (as 

shown in TABLE 1). For simple shear flow, the equations can be solved by supplying the shear 

rate as a function of time for various rheological experiments and generating a time dependent 

solution using the method of lines. The shear rate step-up and step-down experiments, where the 

shear deformation rate is suddenly changed, are described by the step function, 

 
0

( )
0







= 



initial

final

t
t

t
. (29) 

The model fits to step shear experiments for fumed silica suspension from Armstrong et al.51 and 

Wei et al.52 are shown in Figure 4 (a) and (c), respectively. PBEPoly is able to capture the trends 
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due to the viscoelastic and thixotropic transient timescales; however, for the step down experi-

ments to low shear rates (for instance from 
-15 s  to 

-10.1s  in Figure 4 (a)), there is a systematic 

discrepancy between model fits and experimental data at short times. This can be attributed directly 

to the viscoelastic constitutive relation used in this work, Eq. (23). The viscous term 





y

SS

 does 

not decrease to a sufficiently low value to allow the stress to undergo a complete viscoelastic 

relaxation as observed in the experiment.  

The apparent volume fraction increases in the case of a step-down experiment because of the de-

crease in the applied deformation rate. The predicted a  values in Figure 4 (b) are very close to 

the random close packing limit, indicating that around these shear rates, it is likely that the ag-

glomerates will begin forming system spanning networks. The viscoelasticity of flocculated 

networks is still an open problem and their viscoelastic characterization is a subject of ongoing 

work.85 Fractional Kelvin-Voigt models that mimic the limiting behavior of hierarchical networks 

have been used with some success though the numerics of such a description are quite limiting 

when it comes to flow modeling applications. The viscoelastic description used in this work is 

prone to provide poor predictions at lower deformation rates, and the suspected reason is the for-

mation of flocculated system spanning networks that are found in that flow regime. 

The model fits shown in Figure 4 are comparable to those for the ML-IKH model for the step 

transients. PBEPoly captures the thixotropic structural relaxation, and the model can replicate the 

features of the stretched exponential relaxation distribution that was introduced artificially in the 

ML-IKH model. 
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For large amplitude oscillatory shear (LAOS) measurements, the strain and shear rate can be de-

scribed using the following relations, 

 
0

0(

s

,

in( ) ,

) cos

  

   

=

=

t t

t t
 (30) 

where 0  is the strain amplitude and   is the oscillation frequency of torque applied by the rhe-

ometer. LAOS experiments have been shown to capture complex viscoelastic and yielding 

behaviors and encode the timescales corresponding to thixotropy, viscoelasticity as well as rheo-

logical features such as dynamic yield stress.86-89 LAOS experiments capture the directional 

deformation and the resulting kinematic hardening which are not seen in the steady shear and step 

transient experiments due to their unidirectional nature. As shown in Figure 5 (a-d), PBEPoly does 

an adequate job of capturing the sharp viscoelastic and dynamic yield transitions at moderate and 

high shear rates in LAOS experiments; however, at low strain amplitudes and frequencies, the 

predictions do not match very well with the experiments. This is a result of the specific choice of 

viscoelastic constitutive equation, which on the one hand guarantees thermodynamic consistency, 

but at the same time performs inadequately at low shear rates. This is a clear indication of missing 

physics that the structurally based relaxation time expressions fail to account for. It may be possi-

ble to construct a relaxation time that involves the rates of the agglomerate moment evolution, as 

shown by Armstrong et al.90 in their recent work on hemorheology; however, for the sake of sim-

plicity and not introducing additional parameters, we left this avenue largely unexplored in this 

work. As discussed earlier, without a clear parallel development in experimental (in vitro or in 

silico) observation of strains and evolving structure at mesoscale, one must contend with phenom-

enology when constructing the stress constitutive relationship. This is further exacerbated in the 

flow reversal experiments, where the shear rate switches direction in a step change yet retains the 
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same magnitude. PBEPoly predictions are seen in Figure 6, compared against the data and ML-

IKH model, and it is clear that there is a missing piece in the viscoelastic constitutive equation 

plaguing this formulation. Nonetheless, PBEPoly qualitatively captures the two-step relaxation 

during flow reversal at lower shear rates. 
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Figure 4 (a) Fits for step down in shear rate from 
-15 s to the indicated values. Both PBEPoly (solid 

line) and ML-IKH models (dotted line) are compared against the experimental data from 

Armstrong et al.51 (symbols). (b) PBEPoly predictions for correponding evolution of apparent 

volume fraction of the agglomerates. (c) Model fits for step up in shear rate from 
10.1s−
to the 

indicated value and (d) the corresponding change in the agglomerate volume fraction. 
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Figure 5 Comparison of model predictions (red line) with experimental measurements (black line, 

data after Armstrong et al.51) of large aplitude oscillatory shear measurements (LAOS) shown in 

the Pipkin space in terms of the elastic (a) and viscous (b) projections of Lissajous-Bowditch 

curves for a range of strain amplitudes and frequencies. (c) The projections highlighted in orange 

are plotted in three-dimensional space to illustrate the complete stress response with strain and 

strain rate. (d) A zoomed in view of the viscous projection. 
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Figure 6 Flow reversal predictions (lines) for the fumed silica suspension of Wei et al.52 compared 

against experimental measurements (symbols). Note that flow reversal experiments were not 

explicitly included in the fitting as the parameters hk  and 0 y  were determined with small error 

bounds. 

3.4. Discussion and suggestions for improvement 

PBEPoly model fits and predictions confirm that polydispersity is critical for the accuracy of the 

steady state flow curve. After including polydispersity in the population balance formulation, the 

predictions for the agglomerate length scales become comparable to the values estimated from 

Rheo-uSANS. The monodisperse closure assumption (PBEMono) results in quantitatively inferior 

fits to the steady state data because it significantly overpredicts the agglomerate sizes. Improving 

the steady state fits naturally results in improved transients as well, illustrated through the step 

shear experiments and the LAOS predictions for a wide range of strain amplitudes and frequencies. 

Additionally, the predicted volume fraction reflects the high apparent volume fractions of polydis-

perse agglomerates. 

Kinematic hardening does not play a role in experiments with unidirectional shearing protocols, 

such as steady shear flow sweeps and step transients. In LAOS and shear reversal on the other 

hand, kinematic hardening becomes necessary to capture the transients due to the Bauschinger 
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effect. The yield plane moves in the direction of applied flow and in the experiments where the 

flow direction changes, the yield plane undergoes a transient before it is established fully in the 

reverse direction. These transients are controlled by the back stress modulus hk  and the parameter 

q . 

Although the shear rate involved in the shear aggregation and breakage kernels is corrected fol-

lowing Joshi’s work,25 there is still a need to reformulate these expressions such that they have 

implicit dependence on the invariants of applied stress. Because such a reformulation would re-

quire that the population balance equation depend on an internal variable (i.e. stress or 

conformation tensor) instead of the shear rate, not only will this ensure thermodynamic admissi-

bility, but also make the model applicable for both stress-controlled and rate-controlled rheometric 

protocols without reparameterization. A theoretical skeleton for such a tensorial description can 

be generated using non-equilibrium thermodynamics, as shown by Jariwala et al.49, though infer-

ring the phenomenological parameters for generalized aggregation and breakage dynamics 

requires more development on the simulation and experimental front before this framework can 

be generalized beyond simple shear flows. 

Another area where more work is needed to improve the PBEPoly model is the description of 

viscoelasticity. Although the transient fits are comparable to the ML-IKH structure kinetics model, 

the constitutive equation (Eq. (23)) overpredicts stress at low deformation rates and does not ex-

hibit sharp transitions in elasticity. There are many phenomenological alternatives (SPTT-IKH 

model by Varchanis et al.22 and the rate-dependent relaxation proposed by Kamani et al.72), yet 

developing one that is based on the detailed structural considerations remains to be examined from 

a more rigorous, microscopic point of view. Brownian dynamics simulations91 have been found to 

reveal the complex anisotropy and residual stresses that can develop within agglomerates. Such 
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simulations can help identify adequate structural descriptors to characterize back stress and dy-

namic yield stress in our model. 

Recent machine learning tools have also been developed to learn constitutive models using rheo-

logical measurement data for systems that exhibit non-ideal/irreversible TEVP characteristics. The 

key limitation in such approaches is typically the lack of rheometry data available for a wide range 

of transients and deformation types. Using the results of a physics-based constitutive model, such 

as PBEPoly, to generate low-fidelity data in combination with a few high-quality experimental 

measurements to train Physics-Informed Neural Networks (PINNs) has been shown to be a prom-

ising approach by Mahmoudabadbozchelou and Jamali.92,93 Lennon et al.94 have also demonstrated 

that one can incorporate fully-connected forward neural networks, that take stress and deformation 

tensors (along with their rates and gradients) as inputs, into a physics-based viscoelastic expression 

to construct data-driven constitutive models. 

4. Conclusion 

Improvements in the population balance modeling framework in terms of allowing for polydisper-

sity and achieving thermodynamic consistency are successfully implemented and shown to 

improve model fits and predictions, including the ability to predict effect of mesoscale agglomer-

ation and breakage processes on not only the macroscopic rheological behavior, but also the 

agglomerate fractal dimension and size. We have illustrated how this model can capture dynamic 

arrest, shear thinning, yield stress, kinematic hardening, and viscoelastic characteristics observed 

in aggregating suspensions using physically defined parameters that can be obtained or tested in-

dependently of fitting. In addition, we also showed the ability of this model to generate accurate 

structural descriptors, such as apparent volume fraction of agglomerates, mass mean radii, radii of 

gyration, that further enable incorporation of independent physical modeling of more complex 
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particle-level phenomena, such as diffusion and non-reversible restructuring and compaction with-

out reparameterization of the model. The accuracy of population balance modeling can be further 

enhanced by including additional scaled integer moments, as needed. 

The present scalar description is also thermodynamically consistent as the phenomenological con-

stants in the model equations depend strictly on internal structural variables, borrowing from 

Joshi,25 Souvaliotis and Beris44 and Jariwala et al.49 Although the current model already surmounts 

the empiricism involved in the structure kinetics framework and offers a quantitatively comparable 

and structurally-based alternative for scalar representation of stress, it stands to benefit from novel 

experiments, direct numerical simulation, and data-driven methods to further improve its predic-

tive capabilities. 
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Data availability 

The experimental data and code used for this work can be obtained from the repository located at: 

https://github.com/sohamjariwala/PBEPoly. 

Appendix A: Derivation of moment equations from the integro-differential form of the 

population balance equation 

Each term in the integro-differential form of the population balance equation can be treated inde-

pendently to evaluate its representation in the scaled moment space, k . First, the number density 

is scaled with the total number of primary particles, 0N , 

 
0
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n m
n m
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, 

such that the scaled moment, k  is defined as: 
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Shear aggregation terms 

The 
thk -moment of the birth and death terms corresponding to shear aggregation are: 
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Performing a change of variables, = +m p m , such that 
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and replacing p  with m  results in, 
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which can be further simplified to, 
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Brownian aggregation terms 

In Eq. (34), replacing ( ), ;
pa m m  with ( ), c m m  and using the binomial expansion, we get 
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On further simplification, 
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Shear breakage terms 

The shear breakage terms in the population balance equation (Eq. (1)) are: 

 ( ) ( ) ( )0

0

ˆ ˆ; | ( ) ; ( ) 
 


 

 = − 
 

 
m

k

k p pSB N m b m P m m n m b m md nm dm . (39) 

The moments of the daughter distribution ( )ˆ |( )  m P mP m  are defined as 

1

0

( )ˆ   = 
k

k dP , 

where  =


m

m
, such that  =



dm
d

m
. Substituting in Eq. (39) gives, 
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 (40) 

Now, substituting ( ; ) pb m  gives, 
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 (41) 

The final moment equation can be written as: 

 0


= + +k

k k k

d
N Br SA SB

dt
, (42) 

which simplifies to, 
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 (43) 

Furthermore, the number density of primary particles 0N  can be rewritten in terms of the volume 

fraction of primary particles, p  as 
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34

3

0




=

p

pa
N , (44) 

leading to the equations (6)-(8). 

Appendix B: Method of interpolative closure 

The moment equations are an infinite set of simultaneous ordinary differential equations with 

terms involving the fractional moments of the size distribution. The interpolative closure rule per-

forms a polynomial interpolation to approximate the missing moments. The normalized moments 

of the distribution are represented as 

 
0

ln 
=

= 
N

k

k

k

j c j , (45) 

which implies that the scaled moments are, 

 ( ) ( )0

1

ln 1
=

= − −+
k

k

j k

N

jc j c j . (46) 

Here, a new set of unknowns, kc  are introduced, which are the polynomial coefficients. The mo-

ment differential equations now require a change of variables to this new set of unknowns which 

can be performed simply through a matrix multiplication, 

 
1
ln 

−
=c A , (47) 

where, the vector c  and   are, 
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, (48) 

and the matrix 
[ 1 1]−  −N N

A  is obtained as, 

 

0 2 3

0 2 3

[ 1 1]

0 2 3

1 0 0 0

2 1 2 2 2 2 2 2

3 3 3 3 33 3 3
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N
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NNNN NNNN

. (49) 

The inverse of this matrix can be stored in the memory at the beginning of every computation for 

efficiency. The time derivatives in moment equations can still be evaluated in the scaled moment 

space and converted to the coefficient space in before the solution step using, 

 
[ 1] [ 1]

[ 1 1

1

]

ln 
− −

− −

−


=

N N

N N

ddc
A

dt dt
. (50) 

Appendix C: Viscosity of polydisperse suspension 

For a polydisperse suspension, the relative viscosity can be evaluated by decomposing the distri-

bution into a ternary system using the quadrature weights and abscissa followed by applying a 

hydrodynamic function by Mwasame et al.38-40, defined as 

 ( ) ( )( ),monoln  =u rf , (51) 

where ( ),mono r  is a viscosity function for monodisperse suspension, which in this case is selected 

to be the Krieger-Dougherty equation. Using the 
1 2
, D D  and 

3
D  determined from Eq. (16) and 
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the diameters, 1 2 3 D D D  determined from the quadrature abscissas, the hydrodynamic function 

for the trimodal system is, 
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f

f

f f
 (52) 

The volume fractions are weighted by non-linear functions 1  and 2  which can be determined 

using the diameter ratios and volume fractions, 
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 (53) 

Appendix D: Distribution reconstruction 

The normalized moments of the size distribution can be computed as, 

 
1

0 1




 −
= k

k k k
. (54) 

The moments can then be used in fit to probability density distributions. We found that the lognor-

mal does an adequate job representing the size distribution at low and high shear rates, and does 

not suffer from singularity experienced at high shear rates (due to monodispersed primary clusters) 
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in more advanced reconstructions such as those proposed by Diemer et al.60 that involve modified 

gamma distribution or fitting to modified Laguerre polynomial basis. Using just one parameter, 

2 , the normalized form of the lognormal distribution can be computed as 

 ( )

2

ln ln1 1
ln ln exp ln

2 ln n2 l  

  −
 = −      

g

gg

x x
f x d x d x , (55) 

where, 

 

2

2

l

1
.

lnn 



=

=

g

gx
 (56) 

When plotting the distributions, the weights are chosen to normalize the area under the curve to 

unity. 

Nomenclature 

Greek symbols 
  Collision efficiency 

  Cut-off function 

  Shear strain 

  Shear strain rate 

0  Strain amplitude 

 e  Elastic component of shear strain rate 

 p  Plastic component of shear strain rate 

r  Relative viscosity 

k  Moment of the daughter distribution 

k  thk  scaled moment of the distribution ( )n m  

k  thk  normalized moment of the distribution ( )n m  

s  Solvent viscosity 

  Daughter distribution parameter 


m
m

 

  Shear stress 
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0, y y  Yield stress and yield stress parameter 

  Relaxation time 

a  Apparent volume fraction of agglomerates 

p  Volume fraction of primary particles 

pc  Critical volume fraction corresponding to minimum agglomerate size 

max  Maximum packing fraction 

  Frequency 

 

Latin symbols 

pa  Radius of the primary particle 

A  Back strain 

0b  Breakage constant 

ic  MOMIC coefficient space for the scaled moments 

iD  Diameters corresponding to quadrature 

,f fpcd d  Fractal dimension of agglomerates and primary cluster 

f  Hydrodynamic function 

0G  Equilibrium elastic modulus 

hk  Back stress modulus 

RK  Pre-factor for fractal scaling 

m  Size (volume) of primary particles 

( , )n m t  Distribution of agglomerate population size 

dn  Number of daughter fragments after breakage 

0N  Number density of primary particles 

( )| P m m  Probability of generating agglomerate of size m  when agglomerate of size m  

breaks 
p  White-Metzner relaxation exponent 
q  Back stress relaxation parameters 

aR  Radius of agglomerate (generated using mass mean) 

hR  Hydrodynamic radius 

ds  Daughter distribution size parameter 

t  time 

T  Temperature 
W  Fuchs’ stability ratio 
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