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ABSTRACT

In this thesis we explore the interplay between topological structures, gravita-
tional waves, and dark matter in Grand Uni ed Theories, focusing or50O(10) and
Es. We uncover composite topological structures from the spontaneous breaking of
SO(10) to the Standard Model, including string networks forming necklaces, dumb-
bells connecting monopoles with antimonopoles, and walls bounded by necklaces. By
examining these structures before and after electroweak symmetry breaking, we dis-
cuss their early-universe formation and gravitational wave implications. Extending to
Es, we consider topological structures emerging from its breaking vi&0O(10), includ-
ing novel scenarios for producing metastable and current-carrying strings. We analyze
the stochastic gravitational wave background from these strings, nding compatibil-
ity with observations, including recent NANOGrav data. We investigate third-family
guasi-Yukawa uni cation within a supersymmetric framework, nding viable sparti-
cle mass spectra and stable dark matter candidates. We highlight collider-accessible
gluino solutions, and heavy Higgsino-like states compatible with dark matter relic den-
sity and direct detection experiments. Collectively, these studies provide insights into
the formation and evolution of topological structures in Grand Uni ed Theories, their
gravitational wave signatures, and their roles in dark matter phenomenology, o ering
novel perspectives on the early universe's evolution and guiding future experimental

searches.
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Chapter 1
INTRODUCTION

1.1 Topological Structures

This section overviews topological defects from spontaneous symmetry breaking
in physical systems. Starting with a toy model, we show how symmetry breaking lead
to stable defects. We then examine domain walls in ferromagnets, where symmetry
breaking below the Curie temperature creates distinct magnetic domains separated
by stable interfaces called domain walls. The discussion advances to cosmic strings
by examining the Mexican-hat potential for a complex scalar eld, highlighting the
topological nature of these one-dimensional defects through phase winding. Addition-
ally, we delve into the theoretical foundation of magnetic monopoles, including the
Dirac quantization condition and the emergence of 't Hooft-Polyakov monopoles in
non-Abelian gauge theories. Finally, the section synthesizes these examples through
the lens of group topology and homotopy theory, providing a mathematical frame-
work to classify and understand the stability of various topological defects based on
the properties of the vacuum manifold. For comprehensive reviews on cosmic strings,
readers are encouraged to refer to [27] and references therein. For a detailed review on

monopoles, see [28] and references therein.

1.1.1 Toy model

Consider a toy model featuring standing rods attached to beads (see Fig. 1.1).
These beads are connected by springs to model nearest neighbor interactions. The
con guration where all rods are standing upright is a highly symmetrical state. How-
ever, to minimize potential energy, the rods tend to fall to the ground. There are two

possibilities for how the rods can fall:



Figure 1.1: Model of rods attached to beads, with beads connected by springs. Re-
gions where rods fall left or right are separated by a topological defect
(orange), where some rods remain upright.

1. Rods falling to the right: The springs mediating nearest neighbor interactions
will encourage neighboring rods to also fall to the right.

2. Rods falling to the left: Alternatively, the rods can fall to the left, and the
springs will encourage neighboring rods to do the same.

The springs can only mediate this interaction within a certain region. Beyond
this region, in another part of the system, the rods may all fall in the opposite direction.
At the boundary between these regions|where rods have fallen to the left and to the
right[there will be some rods standing upright (neither fallen left nor right). This
region (shown in orange in Fig. 1.1) is called a topological defect. Notice that in this
region, the original symmetry of the standing rods is restored. To mathematically state
this phenomenon, we can introduce the idea of a vacuum manifold, which is the set of
ground states:M = fjLi[j Rig, wherejLi represents the state with all rods fallen to
the left, and jRi represents the state with all rods fallen to the right. This manifold is
disconnected consisting of two distinct states that cannot be continuously transformed

into each other without passing through higher energy con gurations (the standing



rods). The stability of the topological defect can be studied by examining the topology

of the vacuum manifold. Since the manifold is disconnected, the defect is topologically
stable. The stability is guaranteed by the topology of the vacuum manifold because
there is no continuous path within the manifold that can eliminate the defect without

increasing the system's energy.

1.1.2 Domain wall

Now, let's consider an example from condensed matter physics: the phase tran-
sition within a ferromagnet. This phase transition occurs at a particular temperature
called the Curie temperature Tc). At high temperatures above the Curie temperature,
the system is in its symmetric phase. All the elementary spins inside the ferromagnet
are randomly distributed (see Fig. 1.2); there is no preferred direction, and the system

behaves as a paramagnet. When the system is cooled down below the Curie tempera-

Figure 1.2: Above the Curie temperature {Tc), spins in a ferromagnet are randomly
oriented, exhibiting paramagnetic behavior. Below ¢, spins align.

ture, the paramagnet turns into a ferromagnet. At this point, the spins align sponta-
neously and all point in a given direction due to the exchange interactions among these
spins. However, this preferred direction is only chosen inside a nite volume. Within

that volume, you have a preferred direction, which means that spontaneous symmetry



Figure 1.3: lllustration of a domain wall in a ferromagnet, showing regions with dis-
tinct magnetization directions. The domain wall forms at the boundary
between areas where spins align di erently.

breaking has occurred. In this context, the three dimensional rotation invariance is
spontaneously broken. The phase transition leads to spontaneous symmetry breaking,
and as a result, defects are generated in the form of magnetic domains. For example,
in one domain (as shown in schematic Fig. 1.3), the preferred direction is up. However,
in another domain further away, the magnetization may point in a di erent direction.
The interface between these di erent magnetic domains is referred to as domain walls
inside the ferromagnet after spontaneous symmetry breaking. It turns out that these
domain walls are stable unless an external force is applied|in this case, a magnetic
eld.

1.1.3 String or vortex
Let us consider a potential commonly referred to as the Mexican-hat potential

for a complex scalar eld in three spatial dimensions:

V()= Y V22 (1.1)



Figure 1.4: Visualization of the Mexican-hat potential and the resultingU(1) symme-
try breaking. The potential forms a circular valley of minima atj j = v,
representing the vacuum manifold. The diagram illustrates how the phase
(shown in white arrows) of the eld changes around a cosmic string,
with each point around the string corresponding to a di erent phase in
the vacuum manifold. As one loops around the string, the phase winds
around the manifold, highlighting the topological nature of the defect.

where is a positive coupling constant, and/ represents the vacuum expectation value
of the eld. This potential has a degenerate set of minima forming a circular \valley"
at j j = v, which constitutes the vacuum manifold. This manifold is topologically
equivalent to the group manifold ofU(1), the group of complex phases of unit magni-
tude. When the eld acquires a speci c vacuum expectation value, the continuous
U(1) symmetry of the Lagrangian is spontaneously broken down to the identity ele-
ment. This symmetry breaking is depicted in Fig. 1.4, which shows the mapping from
the vacuum manifold to the space surrounding a cosmic string. In this gure, each
point in space around the string corresponds to a speci c phase angle in the vacuum
manifold. As one encircles the cosmic string, the eld winds around the vacuum
manifold, completing a full rotation (winding number=1). This non-trivial winding
number re ects the topological nature of the string as a defect resulting from thig (1)

symmetry breaking.



It is possible that as the Universe cooled, symmetry-breaking phase transitions
occurred in the early Universe, leading to the formation of stable cosmic strings, which
are topological defect solutions in eld theories [29, 30]. The gravitational e ects
of these strings are quanti ed by the dimensionless paramet& , which relates the
energy scale of the phase transition to their gravitational interactions through

2

G 10° (1.2)

106 GeV

1.1.4 Magnetic monopoles

Magnetic monopoles have been a topic of theoretical interest since the early
days of classical electromagnetism. In Maxwell's equations, electric charges are sources
of electric elds, while magnetic elds are generated by electric currents or changing
electric elds, but there are no magnetic charges to act as sources of magnetic elds.
The symmetry between electric and magnetic elds in Maxwell's equations is broken
due to the absence of magnetic monopoles. The introduction of magnetic monopoles
would restore this symmetry and have profound implications for both classical and
guantum theories. More importantly, the existence of magnetic monopoles would pro-
vide an explanation for the quantization of electric charge observed in nature. In 1931,
Paul Dirac invoked the existence of magnetic monopoles in order to explain why elec-
tric charge is quantized [31]. Dirac showed that if magnetic monopoles exist, it would
necessitate that all electric charges be quantized.

Now let's outline the argument demonstrating the quantization of electric charge
in the presence of a magnetic monopole [32]. In classical electromagnetism, the mag-

netic eld B can be expressed in terms of a vector potenti& such that:
B=r A (1.3)
However, for a magnetic monopole located at the origin, the magnetic eld is given by:
B =g (1.4)

whereg is the magnetic charge. To de ne the vector potentiak corresponding to this

magnetic eld, we face a problem: the vector potential cannot be de ned everywhere in



space without introducing singularities or discontinuities due to the monopole's pres-
ence. Speci cally, there is a real singularity at the location of the magnetic monopole
itself, and a fake singularity that arises from our choice of vector potential. This issue
can be circumvented by de ning the vector potential in di erent regions of space, thus
avoiding the arti cial singularity introduced by the vector potential. The vector po-
tentials in spherical coordinates are de ned di erently over the upper (northern) and

lower (southern) hemispheres to avoid these arti cial singularities:

1

AN = %%'{\ for O < =2+ ; (1.5)
1+

A(S) = %%'{\ for =2 < . (1.6)

where is a small angle ensuring the two regions overlap. In the overlap region,

=2 < < = 2+ ,the two potentials are related by a gauge transformation:
AN = &O 4+ 1 (1.7)
where is a scalar function given by:

22'; where, 0 '< 2: (1.8)

For the gauge transformation to be single-valued and the wavefunction of an electron
moving in the monopole's eld to be single-valued, the change in around a closed

loop must be a multiple of 2 :
exp ieI r dr =1: (1.9)
Computing the integral over' from 0 to 2 , we get:
e(2) O)=e 22(2 ) 0 = eg: (1.10)

For the exponential to be unity:

eg=2n;, n 2Z: (1.11)



This is the Dirac quantization condition, which implies that the electric charges must

be an integer multiple of 2=g. The Dirac quantization condition provides a theoretical
explanation for the quantization of electric charge. If magnetic monopoles exist, all
electric charges must be quantized in units related to the inverse of the magnetic
charge. This profound result links the existence of magnetic monopoles to one of the
fundamental observations in physics|the discrete nature of electric charge.

In 1974, Gerard 't Hooft [33] and Alexander Polyakov [34] independently dis-
covered that magnetic monopole solutions naturally arise after spontaneous symme-
try breaking in non-Abelian gauge theories with electric charge quantization. These
monopoles are topologically stable, nite-energy, nonsingular solutions of the classical
eld equations, in contrast to the point-like, singular Dirac monopole. Let's outline
how these solutions emerge [35].

Consider anSU(2) gauge theory with a scalar eld 2 (wherea=1;2;3) that

transforms as a triplet underSU(2). The Lagrangian density for this theory is given

by:
L = %Waw a2+ %(D O * V() ; (1.12)

whereW? is the eld strength tensor de ned as:
W2 = @w? @W? e wbwe; (1.13)

and the covariant derivative of the Higgs eld is:
D 3=@ 2+ e 2WP & (1.14)

The Higgs potential, responsible for spontaneous symmetry breaking, is:

vo= 4 *° V2 2 (1.15)

where the vacuum expectation value (VEV) is given by = é“T The Higgs vacuum
con guration is:
5=1(0;0;v); (1.16)



Figure 1.5: lllustration of the hedgehog ansatz in the 't Hooft-Polyakov monopole.
The scalar eld 2(¥) = v points radially outward at each point in
space, resembling the quills of a hedgehog. This con guration demon-
strates the alignment of the internalSU(2) space with physical space,
leading to the monopole solution.

which spontaneously break§U(2) ! U(1)em. At large distancesr !' 1, we consider

the hedgehog ansatz: _
O
() = vI¥ 2 = é a r\T; (1.17)

re . . , . : . .
where r® = 3 is the unit radial vector. This con guration, often visualized as a

\hedgehog" due to the radial alignment of the scalar eld vectors, is illustrated in

Fig. 1.5. The magnetic eld is given by:

a
1oowa (1.18)

Bi 5 ik Wik

Substituting the asymptotic elds, we nd:

_ 1r, .
B = or3 (1.19)
which corresponds to a monopole magnetic eld with magnetic charge:
Z
.4
g= BjdS=—: (1.20)
s2 e



This charge is twice the minimal Dirac magnetic chargep = = sog=2gy. The

monopole mass is estimated from the energy density:
z 1 1 4v
M d*r Z(B¥?+ Z(D; )%+ V() — (1.21)
2 2 e
Thus, the monopole has a nite mass proportional tor=e Its core size is determined

by the masses of the gauge and scalar elds:

1
max(Mw; M )’

P_— . .
Mw =ev;, M = 2v; withcore size (1.22)

In the next section, we will explore this phenomenon further from the perspective of

group topology.

1.1.5 Group topology and Homotopy groups

Lie groups are not just algebraic structures but also topological spaces, meaning
they have a notion of continuity and can be studied using topology|the mathematical
eld concerned with properties that are preserved under continuous deformations. For
instance, a donut and a co ee cup are topologically equivalent because one can be
transformed into the other without tearing or gluing.

Consider the Lie groupSU(2), which consists of 2 2 unitary matrices with
determinant +1. This group has the topology of a three-dimensional sphe®@®. The
parameters de ning SU(2) span this space; that is, each element &U(2) corresponds
to a point on S3. Importantly, SU(2) is simply connected: any loop drawn o0& can be
continuously contracted to a point without leaving the space. In contrast, the special
orthogonal groupSO(3), representing rotations in three dimensions, has the topology
of S® with antipodal points identi ed. This means that SO(3) is not simply connected:;
there exist closed loops that cannot be contracted to a point. This di erence in topology
betweenSU(2) and SO(3) has implications in the study of topological defects.

In theories of spontaneous symmetry breaking, a symmetry grop is reduced
to a subgroupH through the dynamics of scalar elds acquiring non-zero vacuum

expectation values. This symmetry breaking is denoted asG ! H. The set of
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degenerate vacuum states resulting from this breaking forms the vacuum manifold,
mathematically represented as the quotient spacél = G=H. The topology of M is
crucial because it encapsulates all possible ground states of the theory and determines
the types of topological defects that can emerge.

Homotopy theory provides a uni ed language to characterize topological defects
by classifying how spheres of various dimensions can be mapped into the vacuum
manifold M . Speci cally, the n-th homotopy group ,(M ) categorizes the di erent
ways n-dimensional sphere$" can be continuously mapped intdM , where mappings
that cannot be smoothly deformed into each other are considered distinct. When
these homotopy groups are nontrivial (i.e., (M) 6 0), it indicates the existence
of stable topological defects. These defects manifest in various forms depending on
the dimension involved: domain walls (associated withg), cosmic strings (with ),
monopoles (with ;), and textures (with 3). For a review of homotopy theory, physicist
readers are encouraged to consult the book [36]. Let's consider some speci c examples
to gain an understanding of homotopy theory.

Consider the symmetry breakingSU(2) ! U(1). The vacuum manifold is:
M = SU(2)=U(1) = S? (1.23)
the two-dimensional sphere. The second homotopy group of the sphere is nontrivial:
,(S?) = Z (Set of +ve and -ve integers) (1.24)

which predicts the existence of monopoles|speci cally, the 't Hooft-Polyakov monopole.
These monopoles are associated with nontrivial mappings from the spatial in nit§?
into the vacuum manifold S?, characterized by an integer winding number that quan-
tizes the magnetic charge.
In another instance, the breaking of a compadt/(1) ! f 1g leads to a vacuum
manifold:
M = U(1)=f1g= U(1) = S%; (1.25)
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a circle. The fundamental group is nontrivial:
1(SYH = Z; (1.26)

indicating the potential formation of cosmic strings. These strings arise from non-
contractible loops in the vacuum manifold, resulting in stable, one-dimensional defects
carrying quantized ux.

Similarly, breaking a discrete symmetry likeZ, ! f 1gyields a vacuum manifold:
M = Z,=flg= Z,=f 1;+1lq: (1.27)

The zeroth homotopy group is nontrivial:
o(Z2) = Zs; (1.28)

leading to the formation of domain walls|two-dimensional defects that separate re-
gions of di erent vacuum states.

The notion of simple connectedness plays a pivotal role in understanding these
phenomena. When a grougs is simply connected|meaning any loop in G can be
contracted to a point|but the subgroup H is not, the quotient spaceG=H inherits
nontrivial topological features fromH. Speci cally, for monopoles, instead of searching
for non-contractible surfaces irG=H, we can look for non-contractible loops it . This

is encapsulated by the relation:
2(G=H) = 1(H); (1.29)

provided that 1(G) = 1.
To summarize, by studying the homotopy groups of the vacuum manifoldl ,
we obtain a systematic mathematical framework to predict and classify the types of

topological defects that can occur in a given theory.

1.2 Grand Unied Theories
In this section, we provide an overview of the Standard Model (SM) of particle

physics and explore its extensions through various Grand Uni ed Theories (GUTS).
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The SM, based on the gauge grouBU(3)c SU(2). U(1)y, successfully classi es
fermions and their interactions but has several shortcomings, including the absence of
neutrino masses, dark matter candidates, and charge quantization. To address these
issues, we examine GUT frameworks such &4J(5), SO(10) and Eg, which introduces
additional symmetries and new particles, o ering richer model-building possibilities
[37]. These GUTs provide elegant solutions to the limitations of the Standard Model
while making testable predictions that bridge particle physics and cosmology, guiding

future experimental and theoretical investigations.

1.2.1 Standard Model and beyond
The Standard Model is formulated based on the gauge gro&J(3)c SU(2),

U(1)y, corresponding to the strong, weak, and hypercharge interactions, respectively.
Particles are characterized by how they transform under these groups:

1. Lorentz Symmetry: Particles have properties like spin and mass, determined
by their representations under the Lorentz groulSO(1; 3), which governs spacetime
symmetries.

2. Gauge Symmetry: Particles carry charges under the gauge grops(3)c
(color charge),SU(2). (weak isospin), andU(1)y (hypercharge), dictating their inter-
actions via the fundamental forces.

The fermions (quarks and leptons) of the Standard Model are organized into
three generations, each containing: 0 1

a) Left-handed quark doublets:Q, = @"A 329

L
b) Right-handed up-type quarks:ugr  (3;1; )

¢) Right-handed down-type quarks:dRO (§; 1; %)

d) Left-handed lepton doublets:L, = @ “A 1;2 %)
e

e) Right-handed charged leptonser  (1;1; 1)

Here, the numbers in parentheses denote the representations und&dd(3)c,

SU(2)., and the hyperchargeY under U(1)y .
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The Higgs Field is a complex scalaBU(2) doublet:
0o 1

H = @:OA (1;2: 1) (1.30)

The Higgs Mechanism involves the neutral component of the Higgs eld acquiring a
nonzero vacuum expectation value (VEV), which spontaneously breaks the electroweak
symmetry:

SU@c U@y ! U@)em (1.31)

This symmetry breaking results in mass generation for the gauge and matter elds.
Speci cally, the W and Z bosons obtain mass, while the photon remains massless.
Additionally, fermions (except the three neutrinos) gain mass through Yukawa cou-
plings with the Higgs eld. The Higgs Boson is the physical manifestation of the Higgs
eld's excitations, discovered in 2012, thereby con rming the mechanism that endows
elementary particles with mass.

The Standard Model (SM) of particle physics has been remarkably successful
in describing the fundamental particles and their interactions via the electromagnetic,
weak, and strong forces. However, several experimental observations and theoretical
considerations indicate that the SM is incomplete.

Let's list some key issues which suggest the existence of new physics beyond the
Standard Model:

1. Neutrino Oscillations and Masses: The observation of neutrino oscillations
shows that the neutrinos have non-zero masses, which the Standard Model (SM) can-
not accommodate [38, 39, 40, 41, 42, 43]. Extensions such as introducing right-handed
neutrinos for Dirac masses or employing the dimension ve Weinberg operator for Ma-
jorana masses can provide potential explanations for the smallness of neutrino masses
through mechanisms like the see-saw [44, 45, 46, 47].

2. Dark Matter (Non-Baryonic): Astrophysical and cosmological evidence re-

quires a non-baryonic dark matter component, which the SM does not provide [48,
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49, 50, 51, 52]. Proposed candidates include Weakly Interacting Massive Particles
(WIMPs), axions or sterile neutrinos.

3. Quantization of Electric Charge: While electric charge quantization is ob-
served in nature, it lacks a fundamental explanation in SM [53]. Grand Uni ed Theories
(GUTSs) such as SU(5) or SO(10) o er natural explanations by embedding gauge groups
of SM inside larger GUT group.

4. Baryon Asymmetry of the Universe: The observed matter-antimatter imbal-
ance exceeds the SM's capability to generate su cient asymmetry [54]. Beyond SM
scenarios like leptogenesis or models with extended scalar sectors can provide the neces-
sary baryon number violation and enhanced CP violation to account for the asymmetry
[55].

5. Stability of the Electroweak Vacuum: Current measurements suggest that the
electroweak vacuum is metastable [56, 57, 58, 59]. New physics beyond the SM could
stabilize the Higgs potential by modifying the running of the Higgs quartic coupling or
introducing additional interactions that prevent the potential from becoming negative
at high energy scales.

6. Strong CP Problem: The SM permits a CP-violating term in Quantum
Chromodynamics (QCD) that is experimentally constrained to be unnaturally small
[60, 60, 61]. The Peccei-Quinn mechanism, which introduces a spontaneously broken
global U(1) symmetry and predicts the axion, o ers a dynamic solution by e ectively
converting the e ective CP-violating parameter into a dynamic eld which eventually
settles down close to zero [62, 63, 64].

7. Dark Energy: The accelerated expansion of the universe, attributed to dark
energy, is not explained by the SM [65, 52]. Potential resolutions include the cos-
mological constant introduced by Einstein, and dynamical dark energy models like
guintessence, modi cations to general relativity, or anthropic reasoning within a mul-

tiverse framework [66, 67, 68].
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1.2.2 SU(5) GUT
Georgi and Glashow proposed th8U(5) GUT [69], where the SM gauge group
is embedded intoSU(5):

SU@B)c SU@). U@y SU®) (1.32)

In SU(5), the matter elds of each generation are placed into the following

representations:

A~

10: An antisymmetric rank-2 tensor representation containing:

10! (3;2,1=6)+(3;1, 2=3)+(1;1;1) (2.33)
QL + UR + €5 (1.34)

" 5: The conjugate of the fundamental representation containing:

51 (311=3)+(1;2 1=2) (1.35)
dS+ L, (1.36)

Here, uS and dS are the charge conjugates of the right-handed up and down quarks,
and €5 is the charge conjugate of the right-handed electron.

The adjoint representation24 of SU(5) contains the gauge bosons:

241 (8;1,0)+(1;3,0)+(1;1;,0)+(3;2 5=6)+(3;2,506) (2.37)
This decomposition includes:
" The gluons (8 1;0) of SU(3)c
" The W and Z bosons (13;0) of SU(2),
" The hypercharge gauge boson {(1;0) of U(1)y

" Additional heavy X andY gauge bosons with quantum numbers (2; 5=6) and
(3; 2;5=6) that mediate transitions between quarks and leptons.
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The SU(5) grand uni ed theory o ers several important bene ts for our un-
derstanding of fundamental forces. One key advantage is that it explains why electric
charge is quantized, meaning that particles have charges that are multiples of a basic
unit. The embedding of the hypercharge gauge grou(1)y into SU(5) naturally leads
to the quantization of electric charge. Additionally, SU(5) successfully combines the
strong, weak, and electromagnetic forces into a single framework, making the Standard
Model simpler and more uni ed. However, the minimalSU(5) also faces signi cant
challenges. It predicts that protons should decay at a rate that experiments have not
observed. Moreover, the simplest version &U(5) does not allow the three SM gauge
couplings di erent forces to unify properly at high energy without introducing new
physics such as supersymmetry. FinallsU(5) does not naturally include masses for
neutrinos, which are known to exist from experimental evidence. Despite these issues,
SU(5) remains an important model in the search for a uni ed theory of all fundamental
forces, guiding further research and the development of more advanced theories based

on non-minimal versions ofSU(5).

1.2.3 SO(10) (Spin(10)) Grand Uni cation
The SO(10) model extends uni cation further by embedding the SM within a
larger symmetry. TheSO(10) GUT [70] is particularly elegant because all the matter

elds of one generation t into a single 16-dimensional spinor representation:
16! (10;1)+(5; 3) +(F{i?) (1.38)
R

SO(10) predicts the existence of right-handed neutrino g), a singlet of the SM,
providing a natural framework for neutrino masses through the seesaw mechanism.
The branching rules for some important representations &0O(10) underSU(5)
U(1) are:
" 10! (5;2)+(5; 2)
" 451 (1;0)+(10;4)+ (10, 4)+(24;0)
S 1261 (1; 10)+(5; 2)+(10; 6)+(10,6)+(45;2)+ (45 2)
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Another useful decomposition involves breakin§O(10) into SU(4). SU(2),
SU(2)r, which provides a left-right symmetric framework. The branching rules for

representations ofSO(10) under SU(4). SU(2). SU(2)r are:
© 10! (1;2,2)+(6;1;1)
T16! (4,21)+(4,1,2)
" 451 (1,3 1)+(1;13)+(15;11)+(6:22)
" 126! (6;1;1)+(10;3;1)+(1G,1;3) +(15;2;2)

The SUM4). SU(2). SU(2)r model is a pioneering framework for quark-
lepton uni cation [71]. In this setup, the matter elds are embedded in the (42; 1)

and (4; 1, 2) representations as follows:

0 1 0 1
r b g r b g
u. ug ug Ur Ur Ug

L= A R = A (1.39)
G & o e dh o} d e
Note that the right-handed elds er, dr, etc., of the Standard Model transform as
doublets under a new gauge symmetr8U(2)r.

SO(10) Grand Uni ed Theories (GUTs) present a compelling framework for
unifying the fundamental forces of nature under a single gauge group. One of the
salient features of SO(10) GUTs is the prediction of gauge coupling uni cation, wherein
the Standard Model (SM) gauge groups SU(@) SU(2), U(1), merge into a single
SO(10) group at a high energy scale around ¥0GeV, suggesting a common origin
for the strong, weak, and electromagnetic interactions. The theory also predicts that
the observed neutrinos are Majorana particles with non-zero masses via the see-saw
mechanism incorporating the right-handed neutrinos (RHNs). This helps explain the
small neutrino masses observed in neutrino oscillations. Additionally, the existence
of RHNs in SO(10) GUTs plays a crucial role in explaining the baryon asymmetry of
the universe through the mechanism of leptogenesis. Another signi cant prediction of
SO(10) is proton decay, a process which is absent in the SM, and while not yet observed,

its potential discovery would provide direct evidence for grand uni cation. Recall
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that the proton is stable in the SM because of an accidental global baryon symmetry
U(1)g. All GUTs including SO(10) predict the quantization of electric charge, aligning
with observed phenomena. The theory also anticipates the existence of topological
structures such as cosmic strings and monopoles arising during spontaneous symmetry
breaking, which have cosmological implications and could generate gravitational waves
detectable by future observatories. These features collectively highlight the ability of
SO(10) grand uni cation to address fundamental questions beyond the SM, making it

a signi cant area of theoretical and experimental research.

124 Eg GUT
The fundamental representation oEg is the 27, which decomposes unde&0O(10)
U(l) as:
271 (16;1)+(10; 2)+(1;4): (1.40)

The branching rules for other important representations oEg under SO(10) U(1)
are:

" 78! (45/0)+(16; 3)+(16,3)+(1;0),
© 351%1 (1; 8)+(10; 2)+ (16, 5)+(54;4)+ (126 2)+(144;1).

Es Grand Unied Theory (GUT) [72, 73] provides a compelling extension be-
yond SO(10). One of the primary features oEg GUTS is the ability to accommodate
additional U(1) symmetries, such adJ(1) and U(1) , which o er a broader frame-
work for symmetry breaking and model building. Additionally,Es models predict new
exotic particles, such as vector-like quarks and leptons, which could be probed at fu-
ture colliders. The presence of exotic states could also serve as candidates for dark
matter. Just like SO(10), E¢ allows for new topological con gurations, such as cosmic
strings and domain walls, that could arise during symmetry breaking. These struc-
tures may have cosmological implications, including the production of gravitational
waves, which could be detectable in future observatories, providing a unique window
into high-energy physics. In summary, thdeg GUT extends beyondSO(10) by o ering

a larger symmetry group, richer particle content, and more exible symmetry-breaking
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mechanisms, making it a promising candidate for understanding physics beyond the
Standard Model.

1.2.5 GUT Monopole

Recall that in the Dirac magnetic monopole discussed in Section 1.1.4, the
vector potentials de ned in the overlapping northern and southern hemispheres are
related along the equator|the overlap region|by a U(1) gauge transformation. This
mapping of the equatorial circleS! to the U(1) gauge transformations is characterized
by the homotopy group 1(U(1)) = Z, representing the set of integers that quantify
the monopole's magnetic charge.

However, this mapping becomes more subtle when considering the unbroken
symmetry group of the Standard Model,SU(3). U(1)em. One thing is certain: all
Grand Uni ed Theories (GUTS) inevitably predict magnetic monopoles. Since the
GUT group G is usually taken to be simply connected and the unbroken groug =
SUB): U(1)em contains U(1)en, it follows from the discussion in Section 1.1.5 that

2(G=H) = {(H) is non-trivial. This means we can nd non-contractible loops irH
because of the compadt/(1).n, factor, leading to monopole solutions.

To understand more about the non-contractible loops iBU(3); U(1)em, let's
consider a speci c example of the&sU(5) GUT monopole. Consider the symmetry-

breaking pattern:
SUGB) ! SUB). SUR). U@y ! SUB). U@)em: (1.41)

Despite the presence of fractionally charged quarks, the lightest monopole carries one
unit of Dirac magnetic charge. This can be understood by examining the electric charge

operator Qe in the fundamental representation 5) of SU(5):

1- 1- 1-

§y :-_),l 31 01 1 . (1.42)

Qem = diag
A 2 rotation generated byQ.n, leads to phase shifts in the wavefunction components:

@R en =diag €'3: i3; @13; 1.1 : (1.43)
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Similarly, consider a color charge operatd@.qor acting non-trivially only on the quark

components:
Qecoor = diag %; %; g; 0,0 : (1.44)
A 2 rotation with Qclor Yields:
Qo =diag e 2'3; e 213; e*la; 1,1 ; (1.45)
Combining these rotations, the net e ect is:
€1 (Qem*Quoior) = (fiag 1; 1; €#'; 1; 1 =diag(l; 1; 1; 1; 1): (1.46)

This shows that the combined rotation brings us back to the identity element. This
can be visualized in Figure 1.6, which schematically illustrates hoWw(1)en, intersects
the centerZ; = 1;e27=3; =3 of SU(3).. The non-contractible loop starts at the
identity, travels one-third of the way alongU(1)em, and returns to the identity through
SU3)..

Figure 1.6: Schematic representation of the non-contractible loop IBU(3). U(1)em.
The loop starts at the identity, moves one-third alongU(1)em, and re-
turns to the identity through SU(3).. This illustrates how the monopole
con guration is associated with non-trivial topology in the gauge group
due to the compactU (1) factor and the centerZ; of SU(3)..
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This analysis demonstrates that the monopole carries both electromagnetic and
color magnetic charges, but the net magnetic charge is quantized in integer units of
the Dirac charge. Speci cally, the monopole carries one unit of Dirac magnetic charge
(2 =e), satisfying the Dirac quantization condition even in the presence of fractionally
charged quarks. Furthermore, the color magnetic eld associated with the monopole is
screened at distances greater than the QCD con nement scale ( o¢p). Recall that
beyond the con nement radius, free quarks do not exist and therefore, only particles
with integer electric charges are present beyond this con nement radius, allowing the
Dirac monopole quantization condition to hold.

Currently, several experimental e orts are actively searching for magnetic monopoles.
The Monopole and Exotics Detector at the Large Hadron Collider (MOEDAL) at CERN
is speci cally designed to detect magnetic monopoles and other highly ionizing parti-
cles [74]. The ATLAS experiment at the LHC also conducts searches, setting stringent
limits on monopole production cross-sections [75]. The IceCube Neutrino Observatory
in Antarctica leverages its vast detection volume to search for monopoles traversing the
ice, detecting the Cherenkov radiation they may emit [76]. The NOVA experiment at
Fermilab uses its Far Detector to search for fast and slow magnetic monopoles in cos-
mic rays, setting limits on monopole ux across a wide range of masses and velocities
[77, 78].

1.3 Supersymmetry

Supersymmetry (SUSY) is one of the most compelling extensions of the Stan-
dard Model (SM) of particle physics. SUSY o ers elegant solutions to several theoret-
ical and observational challenges:

1. Resolution of the gauge hierarchy problem: SUSY provides a natural mech-
anism to stabilize the Higgs boson mass against large quantum corrections.

2. Gauge coupling uni cation: With SUSY, the running of the SM gauge cou-

plings converges at high energies, suggesting a grand uni ed theory (GUT).
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3. Dark Matter candidates: SUSY models naturally include stable, weakly
interacting massive particles (WIMPSs) that could account for the observed dark matter
in the universe.

In this section, we provide a brief review of supersymmetry (SUSY) su cient
to understand this thesis. For a more comprehensive overview of the subject, readers
are encouraged to refer to Ref. [79] and the references therein.

SUSY postulates a symmetry between fermions and bosons. For every SM
particle, SUSY predicts a superpartner with identical quantum numbers except for
spin, which di ers by 1/2. The minimal extension of the SM incorporating SUSY is
known as the Minimal Supersymmetric Standard Model (MSSM).

The MSSM extends the SM particle content signi cantly. Table 1.1 summarizes

the super elds in the MSSM.

Super eld Spin 0 Spin 1/2 SUB)c SU@2). U)y
Squarks, quarks| Q= (tL;d) | Q=(uL;d) (3:2:Y)
(3 families) b ug (31 2
a df (3;1;3)
Sleptons, leptons) C=(~ &) L=(;e.) (1;2; %)
(3 families) ef e (1;1;1)
Higgs doublets | H, = (H};H?) | F, = (K ;HY) (1;2; 1)
Ha=(H$Hy) | Ha= (H$: Hy) (L2, 3)

Table 1.1: Matter and Higgs super elds in the MSSM with quantum numbers under
SUB). SU@). UQ)y

In addition to the matter and Higgs super elds, the MSSM includes gauge
super elds, which contain the gauge bosons and their superpartners (gauginos). These
are summarized in Table 1.2.

To prevent rapid proton decay, SUSY models often introduce a discrete symme-

try called R-parity, de ned as:
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Super eld Spin1/2 | Spinl | SUB)c SUR). UQ)y
Gluino, gluon 31 g (8;1;0)
Winos, W bosons| W ;W% | W ;W?° (1;3;0)
Bino, B boson B0 BO (1;1;0)

Table 1.2: Gauge super elds in the MSSM with quantum numbers undegU(3)¢
SU@2)L  U@)vy

R=( 1)% br2s (1.47)

whereB is baryon number,L is lepton number, ands is spin. Standard Model
particles have R = +1, while their superpartners have R = 1. Conservation of
R-parity has profound implications:

1. Superpartners can only be produced in pairs.

2. The lightest supersymmetric particle (LSP) is stable.

3. The LSP, if neutral and weakly interacting, becomes a natural dark matter
candidate.

In many SUSY models, the LSP is the lightest neutralino, a mixture of the
superpartners of neutral gauge and Higgs bosons.

If SUSY were an exact symmetry, superpartners would have the same masses
as their SM counterparts. The absence of observed superpartners implies that SUSY
must be broken. The MSSM incorporates soft SUSY breaking terms in the Lagrangian,

which give masses to superpartners without reintroducing quadratic divergences.
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Lmssm =Lsusy + Lsot
1
Lot = 5(Magg+ MoWW + MiBB +h.c)
(mé)ij Q'Q (MY bigitiry; (M3 g Oy
(M) O/Cj  (M2)j ey
(A} QiHubg; + Al QHal; + ALCiHqey +h.c.)

(1.48)

mg, HIH, mj HXHg (H Hg+hc)

The MSSM Lagrangian consists of two main partsk sysy, which preserves supersym-
metry, and L s, Which breaks it softly. L sysy includes kinetic terms for gauge bosons
and gauginos [ gauge), Matter elds and their superpartners (L mater ), Yukawa inter-
actions (L vukawa ), and Higgs potential terms ( piggs). Lsort iNtroduces SUSY-breaking
terms: gaugino massedz, M,, M), scalar masses for squarks and sleptormg, m2Z,
m2, mZ, mg), trilinear scalar couplings A, Aq, A¢), and Higgs mass parametersiff,
mﬁd, ). These soft-breaking terms give masses to the superpartners, explaining why
they haven't been observed at the same masses as their Standard Model counterparts.

The MSSM, in its most general form, introduces a large number of new param-
eters beyond the SM, making phenomenological studies computationally challenging.
However, within the framework of SUSY Grand Unied Theories (GUTS), this pa-
rameter space can be signi cantly reduced. GUT-scale boundary conditions impose
relations among the soft SUSY-breaking parameters, such as universal gaugino masses
(M1 = M, = M3) and scalar masses at the uni cation scale. Popular models like min-
imal Supergravity (nNSUGRA) or Constrained MSSM (CMSSM) reduce the number of
free parameters to just ve: mg, mi—,, Ag, tan , and sign( ). This drastic reduction
in parameter space not only makes phenomenological analyses more tractable but also
provides more predictive power for experimental searches.

Ongoing searches at the Large Hadron Collider (LHC) and other experiments
continue to push the limits on SUSY particle masses and couplings. Supersymmetry

remains one of the most promising extensions of the Standard Model, o ering solutions
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to multiple theoretical and observational challenges. While direct evidence for SUSY
particles remains elusive, the theory continues to drive both theoretical developments

and experimental searches in particle physics and cosmology.

1.4 Gravitational Waves from Cosmic Strings

Gravitational wave astronomy has opened new avenues for probing the universe.
The landmark discovery of gravitational waves from binary black hole mergers [80,
81] by LIGO and Virgo collaborations has demonstrated the potential of this new
observational window to explore astrophysical and cosmological phenomena that were
previously inaccessible. In addition, cosmic strings|a type of topological defect formed
during phase transitions in the early universe could contribute signi cantly to the
stochastic gravitational wave background (SGWB) [82]. Detecting or constraining such
signals provides valuable information about high-energy physics and the conditions of
the early universe.

In the following paragraphs, we outline the approach described in [83, 84] for
calculating the stochastic gravitational wave background (SGWB) generated by stable
cosmic strings. For a comprehensive review of alternative methods, see Ref. [85] and
the references therein.

Gravitational waves are generated by cosmic strings primarily through the os-
cillations of cosmic string loops. These loops, formed via intercommutation processes
when long strings intersect and exchange partners, detach from the network and evolve
independently. As they oscillate under their own tension, they emit gravitational ra-
diation, which serves as a crucial energy loss mechanism for the string network and
prevents it from dominating the energy density of the universe.

The rate of mass los$4 for a cosmic string loop due to the emission of gravita-
tional waves can be estimated using the quadrupole approximation. The quadrupole
momentQ of the loop is approximatelyQ ML 2, whereM is the mass of the loop and

L is its characteristic size. The power emitted in gravitational waves is proportional
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to the square of the third time derivative of the quadrupole moment:
M G(Q)% (1.49)

Assuming the loop oscillates at a frequendy % the third derivative of the quadrupole

moment is:
Q Q% (1.50)
whereQqy ML 2. Substituting ! and Q,, we get:
1% M
ML? = = —: 1.51
Q == (1.51)
Therefore, the mass loss rate becomes:
M 2 M 2
M G — =G—: 1.52
] |2 (1.52)

Since the mass of the loop i1 = L , with being the mass per unit length, we have:

M. G( tz)z =G % (1.53)

Including a dimensionless constant to account for the detailed dynamics of the loop,
the nal expression for the total power emitted in gravitational waves by a cosmic
string loop is given by:

P= G 2 (1.54)

where is a numerical factor dependent on the loop's shape (simulations suggest
50). The emission of gravitational radiation causes the loop to lose energy and
shrink over time. The rate of change of the loop length due to gravitational radiation

is given by:
dL
T

Integrating this equation, we nd the length of the loop at any timet:

G: (1.55)

L)=L G (t t); (1.56)
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wherel; is the initial loop length at time t;. The lifetime of a loop before it decays
completely is thus:
Li

= T; (1.57)

BecauseG is typically small (e.g., G 10 © for grand uni ed theory (GUT)-scale
strings), loops can survive for many oscillation periods before disappearing.

The gravitational waves emitted by cosmic string loops contribute to a stochastic
gravitational wave background (SGWB), observable today. Loops emit gravitational
radiation at discrete frequencies corresponding to their oscillation modes. The funda-

mental frequency of a loop of lengthL is:

fn= ka; (1.58)
wherek is an integer representing the harmonic mode. The power emitted in tlieth
harmonic is:

Pc= k 9G 2 (1.59)
where g characterizing how the power scales witlk. The value of q depends on the
small-scale structure of the loopsq = 4=3 for loops with cuspsg = 5=3 for loops with
kinks, and g = 2 for kink-kink collisions. The cumulative e ect of all loops throughout
the history of the universe leads to the SGWB, characterized by the dimensionless
energy density parameter g, (f):

1dgw
gw(f): gw

.dInf’

(1.60)

2 L. . .
where . = gH—GO is the critical energy density of the universe. To compute 4, (f ), we

sum over the contributions from all harmonic modes up to a cutok :

X Kk
W)=
g = (@

where (q) is the Riemann zeta function and .4 (f ) represents the contribution from

k;gw(f ); (1.61)

the k-th harmonic mode. Each mode's contribution involves integrating over all loop

lengths Ly and cosmic timest:

16 G °?

k;gw(f) = 3 H_o

Z 1o a(t) °
r - dtkn(L,(t);1) a0 ; (1.62)
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where tg is the present time,t, denotes the point in time where loop production
starts to play a crucial role, n(L;t) is the number density of loops of lengthLy at
time t, and Li(t) = Z'f‘:—(ot) is the length of loops emitting at frequencyf in the k-th
harmonic at time t. The factor %) ’ accounts for the redshift of energy density and
frequency due to the expansion of the universe.

Cosmic strings, which are a generic prediction of many theories beyond the
Standard Model, can produce a stochastic gravitational wave background (SGWB)
that depends sensitively on the string tension and the dynamics of the cosmic string
network. Observations across di erent frequency ranges by gravitational wave detectors
including Pulsar Timing Arrays (PTAs) like NANOGrav, space-based interferometers
such as LISA, and ground-based detectors like LIGO, Virgo, and KAGRA (LVK)
provide valuable insights into the properties of cosmic strings and the conditions of the
early universe [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 86]. PTAs monitor the arrival
times of pulses from millisecond pulsars, and deviations can indicate the presence
of an SGWB; recent results from NANOGrav have reported presence of SGWB at
nanohertz frequencies [24]. NANOGrav so far has placed upper limits on the tension
of stable cosmic strings, withG . 10 1! 10 °[87, 2], while observations from the
Cosmic Microwave Background (CMB) provide a weaker constraint @& . 10 7 [88].
These constraints translate to symmetry-breaking scales of. 10 GeV, suggesting
that stable cosmic strings did not form at the Grand Uni ed Theory (GUT) scale (
10'® GeV) or that their gravitational wave production was suppressed. Future detectors
like LISA [89, 85] and the Einstein Telescope (ET) [23] will have increased sensitivity
and may detect the SGWB from stable cosmic strings or place even tighter constraints
on G , o ering a unique window into high-energy physics beyond the Standard Model.
Precise modeling of cosmic string networks and gravitational wave emission is crucial
for accurate predictions, with open issues including understanding loop distribution,

backreaction e ects, and the impact of di erent cosmological parameters.
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1.5 Dark Matter

Observational evidence from galactic rotation curves, gravitational lensing, and
the cosmic microwave background (CMB) anisotropies strongly suggest the existence
of a non-luminous form of matter that interacts predominantly through gravity. For
instance, the rotation curves of spiral galaxies remain at at large radii, implying the
presence of unseen mass beyond the luminous components [90]. Similarly, the Bullet
Cluster provides compelling gravitational lensing evidence where the distribution of
total mass does not coincide with the baryonic matter, reinforcing the dark matter
hypothesis [49]. The Standard Model (SM) of particle physics fails to account for dark
matter. This limitation necessitates the exploration of theories beyond the Standard

Model (BSM) to provide viable dark matter candidates.

Figure 1.7: Mass scales of various dark matter candidates, ranging from ultralight
dark matter (down to 10 ?> eV) and QCD axions (10® 10 * eV),
through light dark matter (keV-scale particles and sterile neutrinos),
WIMPs (GeV to TeV), composite dark matter (up to the Planck mass),
to primordial black holes (up to 10 solar masses). This gure is not to
scale.

Dark matter candidates vary widely in their properties, from ultralight particles
to superheavy objects. Figure 1.7 presents an overview of the mass scales associated
with various dark matter (DM) candidates. At the lowest end of the spectrum lies
ultralight DM, comprising non-thermal bosonic elds with masses as small as 1
eV. This category includes QCD axions, which occupy the mass range between®10
and 10 # eV. Moving up the mass hierarchy, light DM consists of particles from dark
sectors and sterile neutrinos with keV to sub-GeV mass scales. In the intermediate

mass range, Weakly Interacting Massive Particles (WIMPS) are situated between the
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GeV and TeV scales and have been a central focus of DM research. Beyond WIMPs,
dark matter candidates such as composite objects like Q-balls and nuggets, as well
as superheavy dark matter particles that appear in realistic extensions of the SM,
can have masses extending up to the Planck madd (). At the highest mass scales,
primordial black holes are considered, with masses reaching up to 10 solar masses.
These diverse dark matter candidates o er numerous opportunities for both current
and future detection experiments (for a summary, see Ref. [91]).

In this thesis, we will focus on WIMPs. WIMPs are patrticles that interact
via the weak nuclear force and have masses in the range from a few GeV to a few
TeV. They naturally provide the correct relic abundance of dark matter through the
thermal freeze-out mechanism in the early universe. As the universe expanded and
cooled, WIMPs decoupled from thermal equilibrium when their annihilation rate could
no longer compete with the Hubble expansion rate, leaving behind a relic density.

The evolution of the WIMP number densityn is governed by the Boltzmann

equation:

dn ,
W+3Hn = h vi(n® n%,); (1.63)

whereH is the Hubble parameter,hv i is the thermally averaged annihilation
cross-section times relative velocity, and . ¢4 is the equilibrium number density. This
equation accounts for the expansion of the universe and the annihilation and creation
processes a ecting the WIMP population.
Solving the Boltzmann equation enables us to determine the relic abundance
of dark matter. For cold dark matter candidates, the present-day density parameter,
com h?, is approximately given by:

10 8GeV 2
comh? o1 S 20 DOV (1.64)
20 DM

where X¢, = mﬁgﬂ characterizes the freeze-out process, typically ranging froxg, 20

to 50. The freeze-out temperaturdy, is the temperature at which dark matter particles

decouple from thermal equilibrium in the early universe. A standard analysis of the
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Boltzmann equation, including the calculation of the freeze-out temperature and the
dark matter relic abundance, is presented in the book [92].

The observed relic abundance from Cosmic Microwave Background (CMB) mea-
surements, cpm h? 0:12 [93], can be achieved with a dark matter annihilation
cross-section of pu 10 8GeV 2. This correspondence underscores the so-called
\WIMP miracle": a weak-scale cross-section (o 10 8GeV 2?) and a dark matter
mass around the TeV scalenfipy 1 TeV) naturally produce the observed dark mat-
ter density. This remarkable coincidence, along with the simplicity and naturalness
of electroweak-scale interactions producing the correct relic abundance, makes Weakly
Interacting Massive Particles (WIMPSs) highly attractive and popular dark matter can-
didates in both particle physics and cosmology.

In the framework of supersymmetry, the neutralino emerges as a promising dark
matter candidate. It can be the lightest neutral supersymmetric particle (LSP) and
arises from the mixing of the superpartners of the neutral Higgs bosons and electroweak
gauge bosons: the binoX?), wino (W°), and higgsinos &§, H?). The conservation of
R-parity in SUSY models ensures the stability of the LSP, making the neutralino an
excellent Weakly Interacting Massive Particle (WIMP) candidate for dark matter.

In the gauge-eigenstate basiBC; W°; HS; H?), the neutralino mass matrix is

given by:
0 1
M, 0 CSymz S symz
0 M C m S m
M o= ? G Mz L3 oF (1.65)
CSymz Cocymyz 0
S SwMmz S CywMmz 0

whereM; and M, are the soft supersymmetry-breaking mass parameters for the bino
and wino, respectively; is the higgsino mass parametenmnn; is the Z-boson mass;
sw =sin w and cy = cos \ are the sine and cosine of the weak mixing angle; and
s =sin andc =cos , withtan being the ratio of the vacuum expectation values

of the two Higgs doublets.
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To determine the composition of the lightest neutralino, we diagonalize the mass

matrix M . The mass eigenstates are linear combinations of the gauge eigenstates:
~0'= NjsB?+ NioWO + N9 + NigHi?; (1.66)

whereN; are elements of the unitary matrix that diagonalizesvl .

When the higgsino mass parametgr j is much smaller thanM; and M, (j ]
M3; M,), the lightest neutralino ~2 becomes predominantly higgsino-like. In this sce-
nario, the neutralino mainly consists of the higgsino component3? and H?. This
higgsino-like neutralino interacts signi cantly with the Z-boson and the Higgs boson,
leading to enhanced cross-sections in dark matter detection experiments. A nearly pure
higgsino neutralino with a mass around 1 TeV remains consistent with current exper-
imental constraints, such as those from the XENONL1T experiment, making it a viable
dark matter candidate within the Minimal Supersymmetric Standard Model (MSSM)
[94, 95, 96]. Several experimental e orts are underway to search for Higgsino-like dark
matter candidates, particularly through their predicted gamma-ray signatures. Up-
coming observatories like the Cherenkov Telescope Array (CTA) could detect these
gamma-ray signals from Higgsino annihilation in the Galactic Center with improved

sensitivity. For a recent discussion, see [97] and references therein.
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Chapter 2
COMPOSITE TOPOLOGICAL STRUCTURES IN SO(10)

This chapter includes content from the following works:

" Composite Topological Structures in SO(10) . George Lazarides, Qaisar
Sha, Amit Tiwari. Published in: JHEP 05 (2023), 1109.
DOI: 10.1007/JHEP05(2023)119.
This content is reused under the terms of theCreative Commons Attribution
License (CC-BY 4.0).
License link: https://creativecommons.org/licenses/by/4.0/

In this chapter, we study a range of composite topological structures that emerge
from the spontaneous breaking 0c50O(10) to SU(3). U(1)em through one of its maxi-
mal subgroups, such aSU(5) U(1) andSU(4). SU(2). SU(2)r. These structures
include: i) networks ofZ strings that develop monopoles and evolve into necklaces with
Z, string con gurations, ii) dumbbell-like con gurations connecting distinct monopoles
or monopole-antimonopole pairs, iii) star sh-like structures, iv) polypole con gura-
tions, and v) domain walls bounded by a necklace. We examine these structures both
before and after electroweak symmetry breaking. This chapter is based on the work in
[98].

2.1 Introduction

During the late 1970s and early 1980s, one of the key challenges in theoretical
physics was to uncover topologically stable string solutions within the framework of
uni ed gauge theories, without resorting to the introduction of an additional ad hoc
U(1) symmetry [71, 69, 99, 70]. This issue was resolved when topologically stable
strings were identi ed within SO(10), or more precisely its double cover Spin(10), as

long as its spontaneous symmetry breaking to the Standard Model (SM) gauge group,
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Gsw = SUB), SU(2). U(1)y, and furtherto SU(3); U(1)em, is mediated by scalar
elds in tensor representations [100]. [For simplicity of notation we use throughout a
less precise notation for thesO(10) subgroups. For instance, the SM subgrou@sy

is written without the factor Z3 Z, in the denominator, whereZ; and Z, denote the
centers ofSU(3). and SU(2), respectively.] Importantly, the breaking ofSO(10) with
tensor representations always leaves intact a discrefg symmetry, which is a remnant
of the centerZ, of SO(10) [100].

Around the same period, researchers also demonstrated that more complex topo-
logical con gurations, such as domain walls connected by strings, can form in models
like SO(10) [101]. The rst example of such a structure arose from the breaking of
S0O(10) to SU(4). SU(2). SU(2)r using a 54-dimensional scalar representation,
which also preserves a discrete symmetry known &3-parity' [101]. It was shown that
the subsequent breaking of thi€-parity leads to the formation of superconducting do-
main walls bounded by strings [102]. Notably, a similar phenomena have been observed
in condensed matter systems like super uid helium-3 (He-3) [103].

The discovery of gravitational waves predicted by Einstein's theory of general
relativity has sparked signi cant interest in the gravitational radiation emitted by
cosmic strings [104, 105, 106, 107, 108, 109, 110, 111, 112, 113, 114], domain walls [115,
116, 117], and composite objects like walls bounded by strings [118, 119]. Given these
advances, it is timely to explore in detail the range of composite topological structures
that may arise in realistic GUTs such as those based o80O(10) or Eg [120, 121].
For instance, in the breaking ofSO(10) to Gsy through SU(4). SU((2)., SU(2)Rg,
in addition to cosmic strings and intermediate mass monopoles [122, 110, 123, 124],
one can nd necklace-like structures in which monopoles of two di erent types are
connected along a string [121]. Interestingly, similar topological structures are also
found in super uid helium-3 [125, 126, 127]. Earlier theoretical work on monopoles
forming on strings can be found in [128, 129, 130], with a more comprehensive review
provided in [131].
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In this chapter, we will explore the variety of composite topological con gura-
tions that emerge from the breaking o60O(10) to the SM gauge groulsU(3). U(1)em.
We will concentrate on two speci ¢ symmetry breaking pathwaysSU(5) U(1) and
SUM). SU@2). SU(2)r [71]. Although there are additional ways to brealsO(10)
to the SM, these two chains are particularly interesting due to their phenomenological
viability and the rich variety of topological structures they predict. These structures
include networks of strings that form monopole necklaces, dumbbells connecting di er-
ent types of monopoles (or monopoles and antimonopoles), star sh-like con gurations,
polypole arrangements, and walls bounded by a necklace. We will also see how these
structures evolve following electroweak symmetry breaking.

A detailed examination of the gravitational wave signals produced by these
topological structures may reveal important information not only about the underlying
GUT| SO(10) in this case|but also about the speci c symmetry-breaking patterns
and the scalar elds responsible for the breaking [132, 133, 134, 111, 112, 135, 136].
Speci cally, when the breaking involves vacuum expectation values (VEVS) of tensor
elds, a residual Z, symmetry remains, which can play the role of "‘matter parity' in
supersymmetric models, ensuring the stability of the lightest supersymmetric particle
(LSP) as a dark matter candidate. In non-supersymmetric models, this same symmetry
can stabilize other dark matter candidates [135, 137, 138, 139, 140, 141, 142, 143].

Later in this chapter, we will see how the spontaneous breaking of the residual
symmetry gives rise to domain walls bounded by a necklace structure. Exploring such
structures may provide exciting new insights, and there is even potential for similar
objects to be realized in condensed matter systems like super uid helium.

We begin by discussing the symmetry-breaking chaidu(5) U(1) and how
the aforementioned composite topological structures manifest in this context, followed
by an analysis of how these structures are a ected by electroweak symmetry breaking.
We will then extend this discussion to the other symmetry-breaking chain &0(10),
namely theSU(4). SU(2). SU(2)r model. For early work onSO(10) vortices and

their connection to the electroweak phase transition, see [144].
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2.2 SO(10) breaking via SU (5) U(1)
Consider the symmetry breaking o650(10) down to SU(3). U(1)em, as shown

in the following chain:

SO(0)! SsuB) U@
I SUR). SU@)L. U@y U@) 2.1)
I SUR). SU@2)L  U@)y
I SUR)e U(D)em:

The rst two steps in this breaking sequence are facilitated by the vacuum
expectation values (VEVs) of a Higgs eld in the 45-dimensional representation of
S0O(10), aligned along the singlet and 24-plet directions ddU(5), respectively. To
understand the structure of the magnetic monopole that arises during the rst breaking,
we need to identify the common elements betweeédU(5) and U(1) . The generators
of the U(1) symmetries are normalized according to Ref. [37], such that their charges
are minimal integers consistent with a period of 2

Within the subgroup SU(5) SO(10), the 5 and 10 representations o8U(5)
decompose undeBU(3). SU(2). U(1)y as follows:

5=(1;2)( 3)+(31)(2); (2.2)
10=(1;1)(6) + (3, 1)( 4)+(3;2)(2): (2.3)

When decomposed undesO(10) ! SU(5) U(1) , the spinor representation
16 splits as:

16 = 1( 5)+ 5(3)+10( 1): (2.4)

It is important to note that any group elements that act the same way on the
16-dimensional spinor representation will behave identically across all representations

of SO(10), making them indistinguishable.
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The center of SU(5), denoted by Zs, lies within the U(1)y subgroup, and its

elements are of the forn€" . For instance,5 transforms as:

- ﬁl;—f{’é—3?+ﬁ§_;{9(_2}?: (2.5)

a2
Since the center elements must be proportional to the identity, we require that

3 +2 =2k, wherek is an integer. The elements of 5 are then€?Y** 5 generated
by €2Y=5. When embedded inSO(10), this acts on the 16-dimensional representation

as follows:

101 1104 e

gi4=5 gi2=5
Similarly, the Zs subgroup ofU(1) is generated bye? = 5 which acts on the

16 representation as:

01 R 120 e

e i4=5 e i2=5

By comparing Egs. (2.6) and (2.7), we nd that:

ds e i&Y: (2.8)

Starting from the identity element, we can move along th&(1) direction until
reaching the generator of theZs subgroup, which coincides with the inverse generator
of the center ofSU(5), and then return to the identity through SU(5) (see schematic
Fig. 2.1). This process describes a non-contractible loop in the unbrok8t(5) U(1)
subgroup, leading to a monopole that carries botkl(1) and SU(5) magnetic uxes.

In SU(5), we move backward from the inverse generator of its center, so the ux
corresponds to the center's generator. As shown in the breaking chain of Eq. (2.1),

the breaking of SU(5) results in a grand uni ed theory (GUT) monopole that carries
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Figure 2.1: Schematic depiction of a non-contractible loop in the unbroke8BU(5)
U(1) subgroup. The loop begins at the identity element and moves along
the U(1) direction until reaching the generator of theZs subgroup, which
coincides with the inverse generator of the center &U(5). The path
then returns to the identity through the SU(5) group. This closed loop
leads to a monopole con guration that carries bothU(1) and SU(5)
magnetic uxes.

one unit of Dirac magnetic charge and also exhibits screened color magnetic charge
[145, 146].

2.2.1 Dumbbell Con guration

As discussed earlier, the rst symmetry breaking step in Eq. (2.1) leads to the
formation of a minimal monopole, which carries magnetic uxes associated with both
U(1) and SU(5). Speci cally, the monopole possesses a magnetic charge correspond-
ing to a 2=5 rotation along U(1) , and an additional charge related to a rotation in

SU(b), starting from the identity element and moving toward the center of the group.
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When the second stage of symmetry breaking occurs, triggered by the vacuum expec-
tation value (VEV) of a 24-plet Higgs eld in the 45-plet representation ofSO(10),

the original SO(10) monopole evolves to exhibit a combination of Coulomb magnetic
elds associated with bothU(1) and U(1)y. Upon further breaking, induced by a
16-plet Higgs eld aligned along its °-type component, the magnetic ux associated

with U(1) is conned into a ux tube, as illustrated in Fig. 2.2.

Figure 2.2: Schematic representation of aisO(10) monopole, showing theJ(1)y Zs
Coulomb ux and the U(1) Zs magnetic ux tube.

We refer to this ux tube as aU(1) Zs tube, indicating that it corresponds to
a 2=>5 rotation along U(1) . However, since this tube results from the breaking of
U(1) down to its Zs subgroup, it is more accurately described as &-string, where
each multiple is distinct. As we move along the positive direction around the tube,
the phase of the °-type Higgs VEV changes by 2 . Similarly, the magnetic ux
associated withU(1)y is referred to as aU(1)yZs Coulomb ux, as it corresponds to
a 2=>5 rotation alongU(1)y .

An interesting con guration emerges when arSO(10) monopole (denoted in
red) is connected to its antimonopole (shown in green) byld(1) Zs ux tube, forming
what is known as a dumbbell con guration, as shown in Fig. 2.3.

In the nal step of symmetry breaking in Eq. (2.1), the electroweak (EW) Higgs
doubletsh, and hq, which belong to the 10-plet andl26-plet of SO(10), acquire VEVs.
Under SU(5) U(1) , these Higgs elds decompose as:
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Figure 2.3: Dumbbell con guration: An SO(10) monopole (red) and antimonopole
(green) connected by a&J(1) Zs ux tube.

10 =5(2) + 5( 2);
(2.9)
126 =5(2)+ 45( 2)+ :::

Under the Standard Model gauge grougsy , the Higgs elds are identi ed as

follows:

5

ﬁl_;h%(_a)ﬁ i
e (2.10)
f1_2{)4_3})+ e

hq

5
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Before electroweak symmetry breaking, it is permissible to add aT;? Coulomb
ux around the monopole, as this corresponds to a contractible loop at this stage
(see Ref. [147]). Here, we use the normalizatidif = diag(1; 1). After electroweak
breaking, the monopole's total Coulomb ux is con ned into an electroweak tube that
runs along the superheavyJ(1) Zs ux tube. The magnetic ux of the electroweak
tube aligns in the broken direction, orthogonal to the electric charge operat@. As
we move around the combined ux tube, the phases of the Higgs eld VEVs, and
hy change by 4 and 4 , respectively. The phase of the °-type Higgs VEV remains

una ected by the electroweak tube, continuing to change by 2 . Fig. 2.4 illustrates
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Figure 2.4. SO(10) monopole and dumbbell con gurations after electroweak break-
ing.

the SO(10) monopole and the dumbbell con guration, including the combined ux

tube after electroweak symmetry breaking.

2.2.2 Star sh Con guration

If, during the rst step of symmetry breaking, SU(5) breaks directly to the
Standard Model gauge groufGsy , while SO(10) simultaneously breaks toSU(5)
U(1) , both the standard SU(5) monopole and theSO(10) monopole are produced.
By bringing together ve SO(10) monopoles, we form a multimonopole con guration
that carries full Coulomb uxes corresponding to 2 rotations around both U(1) and
U(1)y, as shown in the star sh-like con guration in Fig. 2.5.

This multimonopole structure can potentially be stable, depending on the spe-
ci c parameters involved. This is in line with earlier discussions on the stability of
the SU(5) monopole, which carries a magnetic charge ve times the Dirac charge
[148, 149]. Onc&J(1) is broken, its magnetic ux is con ned within ve U(1) Zs ux
tubes, which terminate on ve SO(10) antimonopoles, forming the star sh-like con g-
uration displayed in Fig. 2.5. After electroweak (EW) symmetry breaking, theJ(1)y

ux of the central multimonopole is similarly squeezed into veU(1)yZs ux tubes,
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Figure 2.5: Star sh-like con guration: A central multimonopole connected to ve
SO(10) antimonopoles viaU(1) Zs ux tubes.

which merge with the corresponding ux tubes from the antimonopoles, as illustrated
in Fig. 2.6.

Now, let us consider the breaking o50(10) via the pathway SU(5) U(1) , as
outlined in Eqg. (2.1). If SU(5) remains unbroken, the full Coulomb ux associated with
U(1)y can be removed from the central multimonopole in the star sh con guration (see
Fig. 2.5), asU(1)v is contractible within SU(5). This stabilization mechanism reduces
the energy of the central multimonopole, making it more secure against decay compared
to ve individual monopoles.

However, following electroweak symmetry breaking, the(1)y Zs ux tubes em-
anating from the peripheral antimonopoles re-emerge and terminate on the central
multimonopole. This process excites th&J(1)y ux of the central multimonopole, po-

tentially destabilizing it and causing it to break apart into ve individual monopoles.
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Figure 2.6: After the electroweak breaking, theU(1)y ux of the central multi-
monopole in the star sh con guration is con ned to ve U(1)yZs tubes,
which connect with the corresponding tubes from the antimonopoles.

As a result, the entire star sh-like con guration may decay after electroweak symmetry

breaking, fragmenting into ve dumbbells, which will then eventually contract.

2.2.3 Necklace Con guration

We now consider the scenario where the third step of symmetry breaking in
Eqg. (2.1) is driven by the vacuum expectation value (VEV) of the ¢ °-type component
in the 126-plet Higgs representation 060(10) and its conjugate. In this case, theZ,
subgroup of the center o50O(10) remains unbroken, which results in the formation of
Z, strings, as rst described in Ref. [100]. Here, th&(1) group is broken down to
its Z10 = Zs Z, subgroup, whereZs corresponds to the center o8U(5). As a result,
the ux tube shown in Fig. 2.2 splits into two equivalent ux tubes emerging from the
monopole, as depicted in Fig. 2.7.

We can interpret theseU(1) Z,o ux tubes as a combination of oneZ, tube

and two Zs anti-tubes, since ¥10 = 1=2 2=5. However, it is important to note
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Figure 2.7: Necklace structure formed by monopoles (red) and antimonopoles
(green), connected byU(1) Zio ux tubes, which carry half the ux
of Zs tubes and represent a rotation by 2= 10 alongU(1) . These tubes
are hybrid structures combining one&Z, tube (magenta) and twoZs anti-
tubes (blue), with the actual Z, string being the necklace itself.

that these tubes are not literalZs or Z, strings; they are Z strings, generated by
the breaking of U(1) into discrete subgroups. We refer to them abtl(1) Z, tubes

to indicate that they correspond to a 2=n rotation along U(1) . Additionally, even

the Z, tubes are oriented, indicating that the rotation occurs in the positive direction,
unlike non-orientedZ, strings.

By connecting monopoles and antimonopoles with thedd(1) Z,, tubes, we
form necklace con gurations, as shown in Fig. 2.7. These necklaces represent the
actual Z, strings because, if we invert all the arrows in the necklace, we obtain an
equivalent con guration. This re ects the topological stability of Z, strings, which
emerge wherSO(10) is broken toGsy  Z», rather than just U(1) breaking to Z,.
Therefore, the scale of the&sO(10) breaking manifests through theSO(10) monopoles
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and antimonopoles that form the beads of the necklace. When we go around a tube
segment connecting a monopole and antimonopole in Fig. 2.7, the phase of tlie°-
type Higgs VEV changes by 2 in the positive direction of the Z, tube.

After the electroweak (EW) breaking, new EW ux tubes form around the
U(1) Zy tubes in the necklace, leading to the structure shown in Fig. 2.8. These
new tubes carry half the ux of the EW tube shown in Fig. 2.4. As we traverse the
combined tubes, the phases of the Higgs eld VEMs, and hy change by 2 and 2 ,
respectively, while the phase of the® °-type Higgs VEV changes by 2 . By in ating
the monopoles away, a network oZ strings can emerge, though these strings tend to
generate monopole-antimonopole pairs along them and eventually becorestrings.
Depending on the symmetry breaking scales, theZestrings can either be metastable

or quasistable against monopole-antimonopole pair creation.

Figure 2.8: Necklace con guration after electroweak breaking. For simplicity, the
detailed structure of theU(1) Z; tubes is not shown here.

46



2.2.4 Walls Bounded by Necklaces

Before exploring the formation of walls bounded by necklaces in tieO(10)
model, it is instructive to consider a simpler case of symmetry breaking, as seen in
the sequencesU(2) ! U(1)! Z,!f eg, wheree represents the identity element of
SU(2). In this scenario, the rst stage of breaking produces a monopole whose ux
corresponds to a 2 rotation around the T2 = diag(1; 1) direction, which results in a
monopole carrying two units of Dirac magnetic charge. This monopole is recognized as
the well-known 't Hooft-Polyakov monopole [33, 34]. The subsequent breakingdfl)
to Z, generate<Z-strings, which are associated with half rotations (from 0 to ) around
T3. The complete monopole ux is divided into two tubes, leading to the formation
of necklace-like structures, which are e ectivelyZ,-strings. The nal breaking of Z,
causes these strings to disappear by forming the boundariesZgfwalls.

A similar process unfolds in the context o60(10). Here, theZ,-strings, which
manifest as necklaces of monopoles and antimonopoles, arise during the symmetry
breaking. If the Z, symmetry is subsequently broken by the vacuum expectation value
(VEV) of a Higgs eld in the 16-plet representation and its conjugate, a new type of
structure, referred to as \walls bounded by necklaces," emerges. Speci cally, when the
Z, subgroup ofU(1) is broken by the VEV of a °-type Higgs eld and its conjugate,
the 16-plet VEV and its conjugate change sign as one traverses any segment of the
necklace's ux tube. As a result, aZ,-domain wall forms at each tube segment where
this sign change occurs, with the necklace itself serving as the boundary of thewall,

as depicted in Fig. 2.9.

2.3 SO(10) breaking via SU (4). SU(2). SU(2)r
2.3.1 Dumbbell Con guration

We consider the symmetry breaking sequence $0(10) outlined as follows:
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Figure 2.9: A Z,-domain wall (shaded in orange) emerging from each segment of the
necklace due to the breaking of th&, subgroup ofU(1) by the VEV of a
-type Higgs eld and its conjugate. The necklace acts as the boundary

of the Z,-wall.

SO(10) ! SU(4).
I SUEB).
I SUEB).
I SUE).

SU(2). SU@2)r

SuU(2
UDs L U@L U@k (2.11)
SU@2). Uy

U(L)em

This breaking chain, discussed in Ref. [121], initially leads to the formation of

Z, monopoles [150, 121], which later evolve into the superheavy grand unied the-

ory (GUT) monopoles. The second stage of breaking generates two distinct types of

monopoles. These monopoles correspond to the breakingSif(4). into SU(3).

U(Q)s . and SU(2)r into U(1)r, and are referred to as red and blue monopoles in

Ref. [121]. The red monopole is associated with a full rotation around the generator
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X =B L+ 2T& while the blue monopole is related to a full rotation aroundrg,
where B and L represent the baryon and lepton numbers, and? = diag(1;1; 2),
T3 =diag(1; 1).

The breaking ofU(1)g . U(1)r to U(1)y is achieved by the vacuum expec-
tation values (VEVs) of a °-type Higgs eld in the 16-plet and its conjugate. This
process generates a ux tube connecting the red and blue monopoles, forming the
dumbbell con guration illustrated in Fig. 1 of Ref. [121]. To correctly understand how
this dumbbell transforms after electroweak (EW) breaking, we employ the approach
introduced in Ref. [147]. At the stage wheré&J(1)s . U(1)r remains unbroken, the
SU(2). gauge group is also unbroken. Thus, a full rotation around? is contractible,
and it is permissible to add a fullT2? Coulomb ux emerging from the blue monopole,

as shown in Fig. 2.10.

Figure 2.10: Dumbbell con guration consisting of a red monopole (from the breaking
of SU(4).to SU(3). U(1)g L) and a blue monopole (from the breaking
of SU(2)r to U(1)r), connected by a magnetic ux tube generated by
the breaking ofU(1)s | U(1)r. A full T2 Coulomb ux is added to
the blue monopole.

At this stage, the °-type VEV has X =1, T3 = 1, andT? = 0. Therefore,
the two Coulomb uxes shown in Fig. 2.10 correspond to unbroken generators. When
electroweak breaking occurs, a tube with ux %TE’ must be directed along the super-
heavy tube from the red to the blue monopole. After this step, the Coulomb ux for
the red monopole becomeé(x + T3 + T2), and for the blue monopole, it becomes

(X + T3+ T?). Recall that X + T3+ T2 =2Q+ 2T8, which represents the Schwinger
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monopole ux along with a color magnetic ux, satisfying the Dirac quantization con-
dition. The transformation of the dumbbell con guration following the EW breaking

is depicted in Fig. 2.11.

Figure 2.11: Dumbbell con guration after electroweak breaking.

At this stage, the VEVs of the EW Higgs doubletsh, and hq have X = 0, with
T8=1, 1,andT2= 1,1, respectively. Therefore, the phases bf and hy remain
constant around the ux tube. The phase of the °-type Higgs VEV, however, changes
by 2 . Ultimately, this con guration can contract to form a Schwinger monopole with

a Coulomb ux of 2Q + £T¢.

2.3.2 Polypole Con gurations

We now turn to the polypole con gurations that arise from the breaking of
SO(10) through SU(4). SU(2). SU(2)r. At the level of SU3). SU(2).
UQ)s . U(1)r, acon guration of three red monopoles can be formed. Under appro-
priate conditions, this con guration could lead to a stable red trimonopole, depending
on the range of relevant parameters. The total Coulomb ux of this trimonopole con-
guration is 3X, whereX = B L + 2T&. After the breaking of U(1)s . U(1)r to
U(1)y, three ux tubes emerge from the trimonopole, as shown in Fig. 2.12, and the
remaining Coulomb ux is given by 3[2K + T3)=3].

These ux tubes can terminate either on green (anti-red) monopoles or on blue

monopoles. A speci c example, where one ux tube terminates on an anti-red monopole
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Figure 2.12: Emergence of three ux tubes from a red trimonopole after the breaking
ofUl1)s . U@)r.
and the other two on blue monopoles, is shown in Fig. 2.13. In this case, following

Ref. [147], an additionalT? ux is added to each of the blue monopoles.

Figure 2.13: Polypole con guration, with three ux tubes from the red trimonopole
terminating on one green (anti-red) and two blue monopoles.

The overall Coulomb ux of the con guration in Fig. 2.13 is twice the Schwinger
monopole ux. Depending on the number of green (anti-red) and blue monopoles in-
volved, con gurations with 0, 1, 2, or 3 Schwinger uxes are possible. After electroweak
(EW) symmetry breaking, the con guration shown in Fig. 2.13 transforms into the one

depicted in Fig. 2.14.
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Figure 2.14: The polypole con guration from Fig. 2.13 after electroweak symmetry
breaking.

To ensure the stability of the central red trimonopole, we can remove the con-
tractible loop in SU(3)., thereby adjusting the initial Coulomb ux of the trimonopole
from 3X to 3(B L). This modi cation lowers the energy of the trimonopole, making it
more stable than three individual red monopoles. The transformed con guration, after
the EW breaking, is shown in Fig. 2.15. Here, an additional® ux is included, along
with the extra T2 ux associated with each blue monopole. The resulting Coulomb
uxes correspond to unbroken generators, and the behavior of the VEVs of thé-type
Higgs, hy, and hg Higgs elds around the ux tube remains consistent with the earlier

stages. The total Coulomb ux once again corresponds to twice the Schwinger ux.

2.3.3 Necklace Con gurations

In the case of topologically stableZ, strings, where the vacuum expectation
values (VEVs) of a ¢ °-type Higgs eld and its conjugate are employed, the combined
ux tube shown in Fig. 2.11 splits into two equal ux tubes, as illustrated in Fig. 2.16.

These split tubes can have their loose ends connected to form various types of necklace
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Figure 2.15: The stable polypole con guration after removing the contractible loop
in SU(3). from the central trimonopole.

con gurations. These necklaces can consist of both red and blue monopoles, along
with their corresponding antimonopoles. For instance, each red monopole can either
connect with its antimonopole or a blue monopole, and vice versa.

An example of such a necklace is displayed in Fig. 2.17, where the brown
monopole is the antimonopole of the blue monopole, and the green monopole is the
antimonopole of the red monopole. The total Coulomb magnetic ux of this necklace is
a multiple of the Schwinger monopole ux. Speci cally, the necklace shown in Fig. 2.17
has a ux that is the negative of the Schwinger ux. A variety of these necklace con-
gurations can be constructed, all of which can be interpreted as realizations &/
strings. If the arrows on all the ux lines are inverted, the sign of the total Coulomb
ux changes. However, by attaching the appropriate number of Schwinger monopoles
at certain points (beads) along the necklace, the con guration can be made equivalent
to the original one. Therefore, these necklaces can be regardedZasstrings with
Schwinger monopoles attached.

Following the subsequent breaking of the&Z, subgroup of Z, (the center of
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Figure 2.16: Splitting of the combined tube from Fig. 2.11 into two equivalent ux
tubes, in the presence of topologically stablg, strings.

S0O(10)) by the VEV of a °-type Higgs eld and its conjugate, these necklaces evolve

into the boundaries ofZ, domain walls, as discussed in section 2.2.4.

2.4 Conclusion

In this chapter, we have explored a variety of composite topological structures,
many of which are newly proposed. These structures, if they existed in the early
universe, could produce distinctive signatures that may be detectable through current
and future observational e orts. Such observations would provide an innovative means
of probing the symmetry-breaking patterns of the underlying grand uni ed theory
(GUT). This method would be particularly valuable if the symmetry-breaking scales
are far beyond the reach of any future collider experiments.

The detectability of the stochastic gravitational wave background generated by
these composite objects depends on several factors. We propose that further study
of the SU(4). SU(2). SU(2)r scenario, particularly with Z, strings, would be of
great interest. Under the assumption that the red and blue monopoles are partially
in ated and re-enter the horizon after the equidensity timeteq, Strings, and the loops
formed during the radiation-dominated era, are expected to have lower tension than
necklaces, as these loops will mostly lack monopoles. The contribution of loops created
beforeteq but decaying after it leads to a low-frequency peak in the gravitational wave
spectrum [110]. Consequently, the lower tension of these loops could help in satisfying

the pulsar timing array (PTA) bounds. In contrast, loops that form after teq will have
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Figure 2.17: An example of a necklace formed by connecting the loose ends of the
ux tubes shown in Fig. 2.16. The brown monopole is the antimonopole
of the blue monopole, and the green monopole is the antimonopole of
the red monopole. This necklace is a realization of th&, string.

higher tension due to the re-entry of monopoles into the horizon but are not expected
to signi cantly a ect the primary low-frequency peak.

Finally, it would be especially exciting if some of these composite structures
could be realized within condensed matter systems, o ering a novel experimental av-

enue for studying these theoretical predictions.
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Chapter 3
COMPOSITE TOPOLOGICAL STRUCTURES IN E 6

This chapter includes content from the following works:

~ Topological Structures, Dark Matter, and Gravitational Waves in E 6
Rinku Maji, Qaisar Sha , Amit Tiwari. Published in: JHEP 08 (2024), 060.
DOI: 10.1007/JHEP08(2024)060.

This content is reused under the terms of theCreative Commons Attribution
License (CC-BY 4.0).
License link: https://creativecommons.org/licenses/by/4.0/

Gravitational Wave Emission from Metastable Current-Carrying Strings

in Es: Adeela Afzal, Qaisar Sha, Amit Tiwari. Published in: Phys. Lett. B
850 (2024), 138516.

DOI: 10.1016/j.physletb.2024.138516.

In this chapter, we explore the emergence of various topological structures re-
sulting from the spontaneous breaking oEg to the Standard Model (SM) through its
maximal subgroupSO(10) U(1) . These structures include dumbbells, metastable
strings, and domain walls bounded by necklaces. We propose a new scenario for gener-
ating metastable strings based on the symmetry-breaking sequendg€l) ! Zg! Z4:

In this framework, the metastable string emerges from the merging @f strings that
are con ned by a domain wall. We also discuss more exotic con gurations, such as
toroidal structures formed by a lattice of necklaces. Additionally, we examine exten-
sions of the Standard Model based oBEg, which give rise to two types of superheavy
metastable cosmic strings (CSs). These strings di er in that one type supports neutral
current carriers, while the other carries electrically charged currents. This chapter is

based on the work presented in Refs. [151, 152].
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3.1 Introduction

In this chapter, we extend the discussion of topological structures fro®0(10)
grand uni cation [98] to the Eg model [72, 153, 73]. Previous work has explored various
topological structures in Eg [121], but here we specically focus on the symmetry
breaking pathway ofEg through its maximal subgroupSO(10) U(1) . The topological
structures discussed here, including dumbbells, domain walls bounded by necklaces,
and metastable strings, are intimately connected to the abelian factas(1) .

A signi cant part of this discussion involves the emergence of a nearly stable
U(1) string, initially identi ed by Witten [154], as well as superheavy metastable
cosmic strings (CSs) [2, 155, 156, 157, 158, 159, 160, 152, 161, 162, 163]. These
metastable strings are particularly relevant to recent pulsar timing array (PTA) obser-
vations [24, 164, 165, 166].

We propose a new scenario for the generation of metastable cosmic strings within
the breaking sequence:Eg ! [SO(10) U(1) ]=Z4 ! [SO(10) Zg]=Z4 !
SO(10): In this scenario, the breaking pattern leads to the formation of domain walls
bounded by necklaces in the presence of primordigl(1) monopoles. However, if
these monopoles are in ated away during the early universe, metastable strings can
emerge. These strings are formed by the merger of t&g strings, each carrying a= 8
ux, which are initially attached to the same domain wall. The quantum tunneling of
U(1) monopole-antimonopole pairs, with magnetic charges = 4, makes these strings
metastable. If the monopoles are signi cantly heavier than th&J(1) breaking scale,
the tunneling rate is exponentially suppressed, making these strings e ectively stable.

Witten [154] also demonstrated that superconducting strings can arise in re-
alistic extensions of the Standard Model (SM). Such strings are naturally realized in
Es grand uni cation [154, 167, 168, 169, 170, 171, 172, 173, 174, 175], as well as in
other extensions of the SM [176, 177, 178]. These strings radiate both electromagnetic
and gravitational waves. For further discussion on how cosmic strings may capture
right-handed neutrinos (RHNs), see Ref. [179].

In Section 3.2, we investigate the symmetry breaking & to SO(10) U(1) =Z4
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and subsequently td5O(10), elucidating the formation of monopoles and dumbbell con-
gurations. Section 3.3 introduces the fourfold monopoles connected by ux tubes and
discusses their stability and potential decay mechanisms. In Section 3.4, we explore the
emergence of domain walls bounded by necklaces resulting from the breaking sequence
U(l) ' Zg! Z4, and their implications for the formation of metastable strings. The
more exotic topological structures, including toroidal lattices with domain walls, are
examined in Section 3.5. Finally, in Section 3.6, we present three distineg symmetry-
breaking models that give rise to metastable current-carrying cosmic strings, each with

unique implications for gravitational wave observations and grand uni ed theories.

3.2 Eg Model and U(1) Monopoles

In this section, we focus on the topological con gurations that emerge from the
symmetry breaking patternEg! SO(10) U(1) =Z4! SO(10). There is some over-
lap with the previous discussion found in Ref. [121], which also examines the breaking of
Eg, though via a trini cation subgroup SU(3). SU(3). SU(3)r. The 15 chiral mat-
ter elds per family of the SM reside in the 27 dimensional fundamental representation
of Eg, and the quantum numbers of the 27 elds undeGsgy are listed in Table 3.1. In
addition to the well-known RHN ¢, we also haveSO(10) 10-plets Hy;; Hgi; Di; DY)
and SO(10) singletsN;, wherei (= 1;2;3) denotes the family index. The normaliza-
tion of the Q generator ensures that the minimal charge is 1, consistent with a 2
periodicity.

The breaking of Eg to SO(10) U(1) =Z4 is achieved through the vacuum
expectation value (VEV) of a Higgs eld in the 78-plet. TheU(1) group intersects
with SO(10) in its center, which is aZ, subgroup [121]. As a result, the monopole
created during this breaking carries #4 of the magnetic ux associated withU(1) ,
as well as som&0O(10) ux. This monopole corresponds to a rotation by 2= 4 along
U(1) followed by an appropriateSO(10) rotation that returns to the identity element,
as illustrated in Fig. 3.1.
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Matter elds | Representations undeGgy | 2 10Q |2 6Q |2 6Q o] 2 10Q o
9 (32, 1=6) 1 1 1 1
us (3;1;, 2=3) 1 1 1 1
d° (3;1;1=3) 3 1 2 2
I (1,2, 1=2) 3 1 2 2
c (1;1,0) 5 1 4 0
e (1;1;1) 1 1 1 1

Hu (1;2;1=2) 2 2 2 2
Hg (12, 1=2) 2 2 1 3
D, (3:1; 1=3) 2 2 2 2
D¢ (3;1; 1=3) 2 2 1 3
N; (1;1,0) 0 4 1 5

Table 3.1: Transformation properties of the matter elds under the SM gauge group
Gswm, and their charges undﬁr_the local symmetried(1) , U(l)p,_U(l) 0
andU(1) o. HereQ o=1=4( 15Q Q )andQ o=1=4(Q + 15Q ),
whereQ andQ are the normalized GUT generators ofJ(1) and U(1)
respectively. Family indices are denoted by the subscript(= 1;2; 3).

Next, consider the e ect of a full 2 rotation along U(1) . This results in the
creation of a monopole that carries one full unit obJ(1) ux, which we denote simply
as . Anticipating the subsequent breaking ofJ(1) , a new composite topological ob-
ject can be formed by combining a monopole carrying ux with four antimonopoles,
each carrying the minimal ¥4 charge ofU(1) ux. This con guration results in a

nite-energy structure.

3.3 Dumbbells and Fourfold Monopole

We begin by recalling the breaking oEg to SO(10) U(1) =Z4, driven by the
vacuum expectation value (VEV) of the 78-plet along its singlet component. This
breaking produces a minimally charged magnetic monopole carrying4 ux. When
the N eld, with charge 4 (as shown in Table 3.1), obtains a non-zero VEV, the
U(1) symmetry is further broken to Z,, which corresponds to the center 08§ 0O(10).
This second step results in the formation of a ux tube carrying=4 ux, con n-

ing the magnetic monopole generated in the rst symmetry breaking step. A(1)
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Figure 3.1: U(1) isembedded irEg and intersects theSO(10) group at the centerZ,.
The minimally chargedU(1) monopole corresponds to a 2 4 rotation
along this circle.

monopole-antimonopole pair connected by this ux tube forms a dumbbell con gura-

tion, illustrated in Fig. 3.2.

Figure 3.2: The second symmetry breaking step occurs when tiNe-type component
of the Higgs 27-plet obtains a VEV, breakingJ(1) to Z,4 (which is a
subset 0fSO(10)). The minimal U(1) monopole (in red) created in the
rst step is conned by a U(1) Z, ux tube, which connects it to a
minimal U(1) antimonopole (in green).

To explain the recent PTA observations through a metastable string scenario,
we propose that the symmetry breaking scales associated with the VEVs of the 78-
plet and N-plet are su ciently close together. If the dimensionless string tension
parameterG is approximately 10 ®, this could explain the NANOGrav results. In such
a case, primordialu(1) monopoles are in ated away, and quantum tunneling afJ(1)

monopole-antimonopole pairs can break thg(1) string, rendering it metastable.
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An in ationary model within the Eg framework, based on the mechanism of
hybrid in ation [157, 180], can incorporate anEg singlet in aton eld. However, a de-
tailed exploration of this in ationary scenario falls outside the scope of this discussion.

The fermions residing in the 10-plets 0§ O(10) gain mass through renormaliz-
able interactions with N, while the N; elds acquire mass via dimension- ve operators,
NiN; INihNi, which are suppressed by the reduced Planck massp = 2:4 10"
GeV.

Figure 3.3: The magnetic ux from a monopole (blue) associated with a 2rotation
alongU(1) is distributed across four ux tubes. These tubes terminate
at minimally charged U(1) antimonopoles, forming a fourfold con gu-
ration.

A more exotic nite-energy topological structure can be realized by combin-
ing a \fourfold" monopole, which carries one full unit of ux, with four elementary
antimonopoles, each carrying =4 ux. This con guration is depicted in Fig. 3.3.
The stability of such a fourfold monopole depends on energy considerations and the
height of potential barriers between di erent con gurations. It is possible that the an-
timonopoles could annihilate with the central monopole, or the central monopole could
split into four individual monopoles that would then connect to the four antimonopoles,
forming four dumbbell-like structures. The rate of such splitting is highly dependent
on the model's parameter space. For related studies on the decay of higher-charge

monopoles, see Ref. [181].
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3.4 Domain Walls Bounded by Necklace and Strings from Domain Walls

In this section, we explore a novel scenario for generating metastable strings,
where theN; elds acquire non-zero masses at the renormalizable level due to a non-
zero VEV of the 35P Higgs eld, which carries aU(1) charge of 8. This breaking
of U(1) down to Zg leads to the formation of a ux tube with =8 ux. The U(1)
monopole, which carries=4 ux, becomes con ned through a necklace structure, as

depicted in Fig. 3.4.

Figure 3.4: Necklace formed from the symmetry breakinggs ! SO(10)
U =Z4 ! SO(0) Zg=Z,. The breaking ofU(1) ! Zg results
in a ux tube carrying half the ux of the minimal U(1) monopole.

This is not, however, the nal step. A non-zero VEV for theN eld is still
necessary to give mass to the fermions in th@O(10) 10-plets, which further breaks
the Zg symmetry down to Z,, identi ed with the center of SO(10). This breaking
introduces a domain wall, and thus the nal con guration is a domain wall bounded
by a necklace, as shown in Fig. 3.5.

Actually this is a reasonable conclusion since we have brokeg to SO(10) as

follows:

Ee! SO(10) U(l) ! SO(10) Zg! SO(10): (3.1)
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Figure 3.5: Breaking ofZg! Z, via the VEV of the N eld results in a domain wall
(shown in orange) bounded by a necklace.

SinceEg is e ectively broken to SO(10), both the rst and second homotopy
groups of the spaceEg=SO(10) are trivial, and thus no topologically stable objects
are expected to survive. The appearance of domain walls bounded by necklaces aligns
with this conclusion. The next step is to understand how metastable strings arise in
this framework.

Assuming the primordial monopoles are in ated away, the following symmetry

breaking occurs:
U@ ! Zg! Z4 (3.2)

In this scenario, the initial breaking ofU(1) producesZg strings, and the sub-
sequent breaking toZ, creates domain walls. As a result, we obtain domain walls
bounded by Zg strings. Once the domain walls collapse, a \stableZ, string re-
mains, as the collapse of the domain wall between the twfy strings produces this
nal metastable string. The quantum mechanical pair production olU(1) monopole-
antimonopole pairs can then break thiZ, string, making it metastable. This process

is schematically summarized in Fig. 3.6.
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Figure 3.6: Schematic illustrating domain walls bounded by g strings, the formation
of a metastableZ, string upon collapse, and its breaking via quantum
tunneling-induced monopole-antimonopole pair production.

The time of collapse ., of the Zg string-domain wall system into aZ, string is
estimated to be:
tc - (3-3)

where is the string tension, and is the domain wall tension [182, 183, 184, 119].
With a string scale near 1&° GeV and anN VEV between this scale and 10 TeV, the
collapse timet. is less than 104 seconds. The gravitational wave spectrum generated
by these metastable strings is discussed in Section 4.2.

Lastly, in the absence of both quantum mechanical tunneling and primordial
U(1) monopoles, the symmetry breakindJ(1) ! Zg! Z, is expected to yield
practically stable strings, which contribute to the gravitational wave spectrum in the
standard manner.

This scenario can be compared with the symmetry breakingu(2) ! U(1) !
Z,! 1 discussed in Ref. [98]. A similar domain wall bounded by a necklace appears
in this case, but sinceSU(2) is simply connected, no strings remain after the domain

wall collapse.
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