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ABSTRACT

The analysis and numerical discretization of a variety of problems related to

electromagnetism, neural network architectures motivated by fractional time deriva-

tives, and an image denoising problem based on some nonlocal differential operators

are the focus of this thesis. Some of these optimization problems fall in the category of

inverse problems and others are optimization problems with partial differential equa-

tions (PDEs) as constraints. A common thread linking them is the fact that they are

usually ill-posed.

This thesis is divided into three chapters. In the first chapter, we consider

a boundary control problem for Maxwell’s equations in the frequency domain. The

Wirtinger derivative is used in order to find the optimality conditions because the

cost functional is not complex differentiable. The Rao-Wilton-Glisson basis and high-

order Nédélec elements are used for the numerical discretization of the control and

state equation, respectively. A modified version of the BFGS method is used for the

numerical optimization.

In the second chapter, we consider a type of network architecture based on

the discretization of a fractional time derivative. We consider a scaling factor for the

activation functions, which is based on an adaptive time-stepping method for ODEs.

This method may be used to remove unnecessary layers and help with the vanishing

gradient problem. We also include several numerical experiments that support and

illustrate our theoretical findings.

Finally, in the third chapter, we proposed two fractional bounded variation (BV )

spaces based on the Riesz and Gagliardo gradients. We demonstrate that analogous

properties of the BV space, such as lower semicontinuity and Sobolev embeddings, are

still valid for the fractional case. However, the relationship with the space Wα,1 is

xi



different. This framework is used to create a fractional version of the total variation

denoising model.
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Chapter 1

INTRODUCTION

This thesis explores a variety of optimization problems with emphasis on opti-

mization problems constrained by partial differential equations (PDEs) [13]. We hereby

term these problems as PDECO problems. PDECO has several applications, includ-

ing shape optimization, weather prediction, and inverse problems. It commonly uses

the underlying physics or knowledge about the problem, which is typically linked to

some PDE system, to solve control, design, and inverse problems. All of the problems

discussed in this work may be formulated as the following constrained optimization

problem:

min
u∈U

F (u) +G(Λu), (P)

for suitable operators F , G and Λ, where U is a suitable Banach space. Some classic
problems with this structure include:

• Noise removal: min
u∈U

|Du|(Ω) + α

2
∥u− g∥2

• Obstacle problem: min
u∈U

1

2

ˆ
Ω

|∇u|2dx−
ˆ
Ω

fudx+ I+(u)

• Mossolov’s problem: min
u∈U

α

2

ˆ
Ω

|∇u|2dx+ β

ˆ
Ω

|∇u|dx−
ˆ
Ω

fudx

• Filtering-theory: min
u∈U

1

2

ˆ
Ω

(∆u)2dx−
ˆ
Ω

fudx+ I+(u).

Here I+ denotes an indicator function; for more details on these models, see [3, 62, 128].

Identifying the right operators F , G and Λ and the set U simplifies the theoretical

and numerical analysis of the problem. From a numerical optimization perspective,

an appropriate splitting of the cost functional allows the use of algorithms like the
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alternating direction method of multipliers (ADMM) or the primal-dual algorithm,

cf. [29]. In the context of convex optimization, the concept of dual is connected to

the Legendre-Fenchel transform, which is crucial for convex optimization. The dual

problem, which is built on a family of perturbations, connects a minimization problem

with a maximization problem. For example, the dual problem of (P) is given by:

sup
p∗

[
−F ∗(Λ∗p∗)−G∗(−p∗)

]
. (P∗)

In Chapter 4, we utilize a method known as pre-dual to study the theoretical properties

of a new image denoising model that utilizes fractional derivatives. The existence and

uniqueness of the solutions to the optimization problems under consideration in this

study are established using the direct method in the calculus of variations and the

method of Lagrange multipliers.

Recent advances in software, computer architecture, numerical simulations, and

algorithms have made it possible to handle massive optimization problems. One ap-

plication of such advances is modern artificial neural networks; see [32]. In this work,

we took a different approach; we tried to simplify the numerical methods as much as

possible by relying on some properties of the problem. In Chapter 2, for instance,

we present a simple strategy based on the so-called Wirtinger derivative for dealing

with optimization problems formulated on a complex Hilbert space that do not need

rewriting as real-valued problems. This enables the acceleration of gradient-based ap-

proaches that rely on solving numerous linear systems, which may be expensive to solve

otherwise. We utilize this strategy to solve a problem involving Maxwell’s equations in

the frequency domain, where we also employed high-order Nédélec elements to address

the PDE discretization. In Chapter 3, we also use neural networks to approximate the

solution of Maxwell’s equations. This set of equations are crucial in the study of the

electromagnetic phenomena. From 1856 through 1865, James Clerk Maxwell published

a series of articles in which he generalized and unified all electrodynamic principles,

see [113]. Oliver Heaviside later wrote them in modern vector calculus notation. They

2



relate the electric field E, the current density J , and the magnetic field B, which in

their differential form are given by:

• Gauss’ law for electricity: ∇ · E =
ρ

ε0
,

• Gauss’ law for magnetism: ∇ ·B = 0,

• Faraday’s law of induction: ∇× E = −∂B

∂t
,

• Ampère’s circuital law: ∇×B =
1

ε0c2
J +

1

c2
∂B

∂t
,

see [115] for more details.

For the neural networks, we considered a Feedforward architecture, which is a

type of architecture where the information flows only forward, from left to right; see

Figure 1.1. This causal structure is shared with some discrete dynamical systems and

x1

x2

x3

Input
layer

Hidden
layer 1

Hidden
layer 2

y1

y2

Output
layer

Figure 1.1: Feedforward neural network

has been studied in [47], where the authors address the connection between feedforward

networks and the discretization of an ordinary differential equation. Consider, for

instance,

y′(t) =σ
(
t, y(t)

)
for all t ∈ (0, 1)

y(0) =y0.

Euler’s method approximates y(·) at tn = n · ∆t by yn via the following recurrence

relation:

yn =yn−1 +∆t · σ(tn−1, yn−1) with n ∈ N, (1.0.1)

3



which resembles a ResNet’s architecture, cf. [77]. However, certain events, such as

delayed effects or hysteresis cannot be modelled by the standard concept of derivatives,

which are local operators. Fractional derivatives are a common technique to model such

nonlocal phenomena. Following [118], we consider the left-sided Caputo fractional

derivative of order γ, which is given by:

∂γ
t u(x, tk+1) =

1

Γ(1− γ)

ˆ tk+1

0

1

(tk+1 − τ)γ
∂tu(x, τ)dτ, (1.0.2)

where Γ is Euler’s Gamma function. And a finite difference scheme for (1.0.2) is given

by:

∂γ
t u(·, tk+1) ≈

1

Γ(2− γ)

k∑

j=0

aj ·
(
u(·, tk+1−j)− u(·, tk−j)

(∆t)γ

)
,

where aj = (j+1)1−γ − (j)1−γ; see (3.5.4) for more details. It is worth mentioning that

we consider an adaptive step size method in time, but in contrast with the standard

theory of ODEs, a small time step will mean to us that we could ignore a given layer;

see Figure 3.2. Note that this is not possible for a Feedforward architecture neural

network without the additional connections between layers present in the Fractional

Neural Network architecture.

We also investigate two types of spatial-fractional derivatives in Chapter 4; the

Riesz and Gagliardo types. These fractional derivatives allow us to define the concepts

of fractional gradient and divergence, and once we have both, we can describe first-

order fractional systems and bounded variations. The Riesz type of fractional derivative

is related to the well-known Riemann–Liouville integral, and it is based on operator

Riesz potential: Iαf(x) := F−1
(
|ξ|−αFf(ξ)

)
(x), then it is possible to define a notion

of fractional gradient and divergence, namely:

Dαf :=DI1−αf,

Divα f := div I1−αf.

4



In turn, the Gagliardo fractional derivative defines a more “local” type of fractional

gradient and divergence:

(dαf)(x, y) :=
f(x)− f(y)

|x− y|α ,

(divα F )(x) :=−
ˆ
Rn

F (x, y)− F (y, x)

|x− y|n+α dy.

Having a notion of fractional divergence allow us to construct a fractional bounded

variation minimization-based image denoising scheme.

Outline: In Chapter 2, we present a boundary control for Maxwell’s equations in the

frequency domain. A surface type of curl operator is shown to be the appropriate

regularization in order for the optimal control problem to be well-posed. Since, all

underlying variables are assumed to be complex valued, the standard results on differ-

entiability do not directly apply. Instead, we extend the notion of Wirtinger derivatives

to complexified Hilbert spaces. Then, optimality conditions are derived and higher or-

der boundary regularity of the adjoint variable is established. The state and adjoint

variables are discretized using higher order Nédélec finite elements. The finite element

space for controls is identified as a space which preserves the structure of the control

regularization. Convergence of the fully discrete scheme is established. The theory is

validated by numerical experiments, in some cases, motivated by realistic applications.

Later in Chapter 3, we investigate a type of neural network architecture that per-

mits long-term memory via a discretization of the left-sided Caputo fractional deriva-

tive. The innovation of this approach comes in letting the discretization parameter

(time-step size) change from layer to layer in an optimization framework, which must

be learned. The suggested architecture is applicable to any current network, including

ResNet, DenseNet, and Fractional-DNN. This approach is shown to help in overcoming

the vanishing and exploding gradient issues. The stability of various existing continu-

ous DNNs, such as the Fractional-DNN, is also investigated. The proposed method is

used to approximate the solution of a 3D Maxwell’s equation.
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Finally, in Chapter 4, we study the features of two fractional bounded varia-

tion (BV )-type spaces, which are motivated by problems involving jumps over lower-

dimensional subsets and abrupt transitions across interfaces. One space is induced

from the Riesz-fractional gradient, which Comi-Stefani recently studied in [52]; and

the other is induced by the Gagliardo-type fractional gradient often used in Dirichlet

forms and Peridynamics – this one is naturally related to the Caffarelli-Roquejoffre-

Savin fractional perimeter, see [38]. As an application, novel image denoising models

are proposed and their corresponding Fenchel pre-dual formulations are developed uti-

lizing the features of these spaces. The latter requires a dense set of smooth functions

with compact support. This density property is established for convex domains.

Parts of this thesis have appeared in the following articles:

• Boundary control of time-harmonic eddy current equations; with Harbir Antil,
[7].

• An Optimal Time Variable Learning Framework for Deep Neural Networks; with
Harbir Antil and Evelyn Herberg, [8].

• Nonlocal Bounded Variations with Applications; with Harbir Antil, Tian Jing
and Armin Schikorra, [9].

6



Chapter 2

MAXWELL BOUNDARY VALUE PROBLEM

2.1 Motivation

In recent years, problems related to controllability and optimal control con-

strained by Maxwell’s equations have gained a large amount of attention in both time

and frequency domains; see, for instance, a series of works [18, 25, 40, 93, 95, 96, 97,

117, 145, 146, 152, 153, 154, 155]. Most of the existing literature focuses on the case

where the control is in the interior, though the boundary control case can be found

in some limited number of references [18, 95, 96, 97]. The novelty in this chapter is

that it works in the frequency domain, whereas previous works were in the time do-

main. It also deals with appropriate tangential traces (control space) of H(curl ) when

the physical domain is only Lipschitz polyhedral, in contrast to earlier publications in

which either no numerical method is given or the domain is assumed to be smooth.

As a result, the method presented in those articles is rather impractical. There are

no numerical examples given. In addition, we provide a full convergence analysis for

the fully discrete scheme as well as a numerical implementation using finite elements.

Furthermore, this method applies in a generic situation when all the variables are com-

plex valued, and it introduces a framework for performing complex differentiation in

Hilbert spaces.

Maxwell’s equations with non-homogeneous boundary conditions in a non-smooth

setting (Lipschitz polyhedral domains) is a relatively recent topic [33, 34, 143]. In

addition, the underlying functional analytic framework is delicate. Nonetheless, non-

homogeneous boundary conditions with non-smooth boundaries do occur in realistic

7



applications, such as microwave ovens, see also [26]. It is crucial to resolve the phys-

ical domain, for instance, using the finite element method, which permits a simple

implementation and has a well-studied theoretical framework [115].

Motivated by [26], the articles [21, 22] introduced yet another boundary value

problem for Maxwell equation (cf. (2.6.1)) where the boundary conditions are on cer-

tain electrodes. Notice that the non-homogeneous boundary conditions of the type

considered here also arise in the scattering theory of electromagnetic fields. For in-

stance, the incident and scattered fields denoted by Ei and Es, respectively, satisfy

the “boundary” condition: Es×n = −Ei×n. Here n is the outward unit normal. These

works forms the motivation for us to study boundary optimal control of time-harmonic

Maxwell’s equations.

2.2 Problem Setup

Let Ω ⊂ R 3 be a polyhedron with a Lipschitz continuous boundary denoted

by Γ. Moreover, let the current density jc ∈ L2(Ω;C3), a desired field vector ud

in L2(Ω;C3), and symmetric and positive definite functions κ and µ in L∞(Ω;R 3×3),

ω ̸= 0, positive constants α and β, and a suitable lower semicontinuous convex function

f . If (u, z) represents the state-control pair, then the goal of this work is to study the

following boundary optimal control problem:

min
(u,z)∈U×Z

{
J (u, z) := f(u) +

1

2

(
α∥curlΓz∥2L2(Γ) + β∥z∥2L2(Γ)

)}
, (2.2.1a)

subject to the time-harmonic Maxwell’s equations as constraints

curl
(
µ−1curlu

)
+ (iω)κu = jc in Ω,

u× n = z × n on Γ.
(2.2.1b)

In (2.2.1a), curlΓ denotes the scalar surface curl. For a precise definition of curlΓ, the

surface divergence divΓ, the tangential gradient ∇Γ, and the tangential vector curl

curlΓ when Ω is a Lipschitz polyhedron, see [33, 34].

To the best of our knowledge, this is the first work on boundary control of

Maxwell’s equations with complete analysis and numerical implementation in the time
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harmonic setting. Another significant difference between us and the existing literature

on optimal control of Maxwell type equations is that we work in a complex setting

without assuming a split between real and imaginary parts.

This, however, introduces additional challenges. For instance, even the standard

quadratic cost functional

f(u) :=
1

2

ˆ
Ω

|u− ud|2 dx, (2.2.2)

is not differentiable in the (complex) Gâteaux sense, thus making most of the exist-

ing gradient-based optimization algorithms not directly applicable. However, provided

that we can define an appropriate notion of derivatives, the complex structure leads

to elegant analysis. Furthermore, because most modern programming languages can

handle complex arithmetic, working in the complex field directly is advantageous. In

the particular case of quadratic functionals of the form (2.2.2), the differentiability

problem can be addressed via directional derivatives as in [145, Sec. 3.2], where they

consider an optimal current problem with a complex control related to impressed cur-

rents (internal control), see also [40, Sec. 4.1]. Our approach allows us to study a

considerably larger family of functionals. In the case of quadratic functions, this result

in a natural extension to the real-valued case.

The Wirtinger derivative (1927) [149], which is a well-known concept in finite

dimensions, inspired our idea of derivatives. Its origins may be traced back at least

to 1899 in a paper by J.H. Poincaré on potentials [122, Théorème 8]. This notion of

derivatives is motivated by the splitting of a function into its real and imaginary com-

ponents. However, it allows one to work within the complex regime without using any

such splitting. Wirtinger derivatives have been used in finite-dimensional optimization

problems at least since the 1960s, in the works of Levinson, Mond, Hanson, and Kaul,

cf. [102, 114, 90], and in the engineering community since the 1980s, see [30], with

applications from signal theory to Machine learning, see [27]. We refer to [91, 94] for

more details on Wirtinger derivatives.
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In this work, we extend the notion of derivatives from finite dimensions to

infinite dimensions with complex fields and rigorously derive the optimality conditions

at the continuous level and identify continuous gradients. We discretize our state

and adjoint variables using higher-order Nédélec elements, and for the control, we use

the lowest-order Nédélec elements on each boundary face, which by construction have

continuous tangential components. Next, we establish convergence of our numerical

scheme. Numerical experiments confirms our theoretical findings. In particular, in our

first experiment, motivated by [21, 22], we consider a realistic application with non-

homogeneous boundary conditions where we first derive an explicit solution and next

we validate our Nédélec finite element implementation against this explicit solution,

the expected rate of convergence is observed. In the second experiment, we study the

convergence of optimal control problem, see section 2.6 for more details.

Outline: In section 2.3, we introduce some notation and establish the well-posedness

of the state equation. Section 2.4 first establishes existence of solution to the control

problem. Next, section 2.4.1 introduces the notion of Wirtinger derivatives on complex

Hilbert spaces and derives abstract optimality conditions. This is followed by a rigorous

derivation of optimality conditions for our problem in section 2.4.2. Well-posedness of

the adjoint equation is also established. Additional regularity for the adjoint equation

and the optimality system are provided in section 2.4.3. Section 2.5 introduces the

discrete optimal control problem. Details on imposing non-zero boundary conditions

are provided in section 2.5.1. Moreover, section 2.5.2 is devoted to best approximation

results for the state equations. The precise choice of the control space is discussed

in section 2.5.3. Section 2.5.4 discusses the regularity of discrete adjoint equation and

derives the discrete optimality system. Finally, in section 2.5.5, we provide convergence

analysis of the optimal control problem. In Subsection 2.5.6, we establish that the lower

order terms can be dropped, i.e., β in (2.2.1a) can be set to zero. Section 2.6 is devoted

to numerical examples which confirms the theoretical results.
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2.3 Notation and preliminary results

From now on, if X is a set of scalars, we use the notation X to denote (X)3, i.e.,

vectors. The term V ∗ will be used to refer to both the space of linear and conjugate

linear functionals on a vector space V (see, for example, [120, p. 168]), this choice will

be clear from the context. In what follows, we will need to identify the restriction of

functions onto polygonal faces of Ω. For this purpose we use the notation Γ =
⋃

Γi,

where each Γi is an open subset of Γ such that its closure is a face of Γ and the Γi are

pairwise disjoint. We use n to denote the outward unit normal to Γ. Next, we define

several Hilbert spaces, endowed with their standard inner products and norms:

L2(Ω) :=L2(Ω;C),

H0(div; Ω) :={v ∈ H(div; Ω) : γn(v) := v · n = 0 on Γ},

H(curl; Ω) :=
{
v ∈ L2 (Ω) : curlv ∈ L2 (Ω)

}
,

L2
t (Γ) :=

{
v ∈ L2

(
Γ; C3

)
: v · n = 0 a.e. on Γ

}
,

H(curlΓ; Γ) :=
{
v ∈ L2

t (Γ) : curlΓv ∈ L2(Γ)
}
,

H(divΓ; Γ) :=
{
v ∈ L2

t (Γ) : divΓv ∈ L2(Γ)
}
,

H
1
2
−(Γ) :=

{
λ ∈ L2

t (Γ) : λ|Γi
∈ H 1

2 (Γi), for each face Γi ⊂ Γ
}
,

(2.3.1)

where all the differential operators are in the sense of distributions, cf. [69, Ch. I].

Unless stated otherwise, we will use the notation (·, ·)0,Ω and ∥ · ∥0,Ω to denote the L2-

inner product and norm (respectively), regardless of whether the functions are scalar-

valued, vector-valued, etc. Similarly, we will use the notation ⟨·, ·⟩Γ to denote the

duality pairing of H− 1
2 (Γ) and H

1
2 (Γ).

Control space. We now define the set of admissible controls for our optimal control

problem (2.2.1):

Z :=
{
z ∈ H(curlΓ; Γ) : curlΓz ∈ L2

0(Γ)
}
, (2.3.2)

endowed with the norm on H(curlΓ; Γ), given by

∥z∥curlΓ := ∥z∥L2(Γ) + ∥curlΓz∥L2(Γ), (2.3.3)

11



where L2
0(Γ) is the space of L2-functions on Γ with zero mean. The zero mean condition

is a natural restriction for the problem, related to the identity div curlu = 0 for

u ∈ H(curl; Ω); see for instance, [35, Corollary 5.4]. This condition also appears

naturally in the finite element method setting, cf. [1, Sec. 2]. We further emphasize

that the norm definition in (2.3.3) motivates the control regularization in (2.2.1a). In

Subsection 2.5.6, we establish that the lower-order term in the regularization can be

dropped. Whenever we write a ≲ b in what follows, we mean that a ≤ Cb, where C is

a positive non-essential constant and its value might change at each occurrence.

2.3.1 Tangential traces and Green’s identities for H(curl; Ω)

We begin this section by defining the tangential trace of a function in H1(Ω),

since from the boundary condition in (2.2.1b), it is clear that these are the traces that

are being imposed by the control. The material in this subsection is known, and we

refer the interested reader to [33] and [130, Chapter 16] for more details. Because

we are considering Ω to be a polyhedron, the outer unit normal n is well-defined

almost everywhere on Γ, as well as along each edge of Γ one of the tangential traces is

continuous when applied to smooth functions.

Definition 2.3.1. The tangential traces of v, defined from H1(Ω) onto H
1
2
−(Γ), are

given by

γtv := γv × n, and γTv := n× (γv × n) .

where γ denotes the standard restriction of v on Γ in the trace sense.

We now define the Hilbert spaces H
1
2
⊥(Γ) and H

1
2

|| (Γ), see [33, Prop. 2.6], as the

image of the maps γt and γT restricted to H1(Ω). Moreover, we have the following

result

Lemma 2.3.2. The following maps are linear, continuous and surjective

γt : H1(Ω) 7→ H
1
2
⊥(Γ), and γT : H1(Ω) 7→ H

1
2

|| (Γ).

Proof. See [33, Proposition 2.7].
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Definition 2.3.3. The spaces

(H
− 1

2
⊥ (Γ), ∥ · ∥⊥,− 1

2
,Γ), and (H

− 1
2

|| (Γ), ∥ · ∥||,− 1
2
,Γ) (2.3.4)

are the dual spaces of H
1
2
⊥(Γ) and H

1
2

|| (Γ) (endowed with dual norms), respectively. In

this case, L2
t (Γ) is taken as the pivot space.

However, Lemma 2.3.2 is not directly applicable in our setting. Instead of

H1(Ω), the right function space for (2.2.1b) is H(curl; Ω). Notice that H(curl; Ω) is

less regular than H1(Ω), but the dual space of its trace space is more delicate than

H− 1
2 (Γ).

To define weaker versions of γt and γT , we first note that for v ∈ C∞(Ω), the

image of the maps γtv and γTv belong to H
1
2
−(Γ), according to Definition 2.3.1. Since no

restrictions are imposed on the normal component of γu, those maps can be extended

by density to elements of H(curl; Ω).

To obtain a Green’s identity when both functions are in H(curl; Ω), the ranges

of γt and γT acting on H(curl; Ω) must be properly defined. We again refer to [33] and

[130, Ch. 16] as well as [115, p. 58] for more details. Following the notation of [33],

we define

H
− 1

2

|| (divΓ; Γ) :=

{
λ ∈ H

− 1
2

|| (Γ) : divΓλ ∈ H− 1
2 (Γ)

}
,

H
− 1

2
⊥ (curlΓ; Γ) :=

{
λ ∈ H

− 1
2

⊥ (Γ) : curlΓλ ∈ H− 1
2 (Γ)

}
,

endowed with the norms

∥λ∥
H

− 1
2

|| (divΓ;Γ)
:= ∥λ∥||,− 1

2
,Γ + ∥divΓλ∥− 1

2
,Γ,

∥λ∥
H

− 1
2

⊥ (curlΓ;Γ)
:= ∥λ∥⊥,− 1

2
,Γ + ∥curlΓλ∥− 1

2
,Γ.

(2.3.5)

Moreover, we have H
− 1

2
⊥ (curlΓ; Γ) := (H

− 1
2

|| (divΓ; Γ))
∗, where L2

t (Γ) is used as pivot,

and the following holds:

Lemma 2.3.4. The maps,

γt : H(curl; Ω) 7→ H
− 1

2

|| (divΓ; Γ), and γT : H(curl; Ω) 7→ H
− 1

2
⊥ (curlΓ; Γ)
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are linear, continuous and surjective.

Proof. See [34, Thm. 5.4].

With these definitions we have the following Green’s identity:

Theorem 2.3.5 ([115, Thm. 3.31]). The space H
− 1

2

|| (divΓ; Γ) is a Hilbert space. The

continuous linear mappings γt: H(curl; Ω) → H
− 1

2

|| (divΓ; Γ) and γT : H(curl; Ω) →
H

− 1
2

⊥ (curlΓ; Γ) are surjective, and for all v,ϕ ∈ H(curl; Ω)

(v,∇× ϕ)0,Ω − (∇× v,ϕ)0,Ω = ⟨γtv, γTϕ⟩Γ∗ , (2.3.6)

where ⟨·, ·⟩Γ∗ is the duality pairing between H
− 1

2

|| (divΓ; Γ) and H
− 1

2
⊥ (curlΓ; Γ).

Now, given g ∈ H
− 1

2

|| (divΓ; Γ) we define

Hg(curl ; Ω) :=
{
v ∈ H(curl; Ω) : γtv = g on Γ

}
.

2.3.2 Well-posedness of the state equation

First, let us introduce the sesquilinear form

a : H(curl; Ω)×H(curl; Ω) → C given by

a(u,v) :=

ˆ
Ω

µ−1curlu · curlv dx+ (iω)

ˆ
Ω

κu · v dx. (2.3.7)

The following lemmas show the well-posedness of the state equation (2.2.1b).

Lemma 2.3.6. Given f ∈ H(curl; Ω)∗, the problem, find u ∈ H(curl; Ω) such that

a(u,v) = ⟨f ,v⟩ ∀v ∈ H(curl; Ω), (2.3.8)

is a well-posed problem in the sense of Hadamard, where ⟨·, ·⟩ denotes the duality paring

between H(curl; Ω) and its dual.

Proof. The hypothesis on µ and κ guarantees that a(·, ·) defines a sesquilinear, bounded

and coercive form. The Lax-Milgram lemma implies that (2.3.8) has a unique solution;

moreover, we have

c(κ,µ;ω)∥u∥2curl ,Ω ≤ |a(u,u)| ≲ |⟨f ,u⟩|, (2.3.9)

where c is a positive constant that depends on ω and the eigenvalues of µ and κ.
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Lemma 2.3.7. Given z ∈ H(curlΓ; Γ) and jc ∈ L2(Ω), the problem, find u ∈ Hz×n(curl ; Ω)

such that

a(u,v) =

ˆ
Ω

jc · v dx ∀v ∈ H0(curl; Ω), (2.3.10)

is well-posed.

Proof. Let z ∈ H(curlΓ; Γ) be given. Then z × n ∈ γtH(curl; Ω), which follows from

the much more general results on weak rotations, see [130, Prop. 16.16 and Eq. (16.42)].

Therefore from Lemma 2.3.4, there exists uz ∈ H(curl; Ω) such that γtuz = z × n
and

∥uz∥curl ,Ω ≲ ∥z × n∥
H

− 1
2

|| (divΓ;Γ)
≲ ∥z∥curlΓ , (2.3.11)

where the last inequality follows because of the isometry ∥z×n∥
H

− 1
2

|| (divΓ;Γ)
= ∥z∥

H
− 1

2
⊥ (curlΓ;Γ)

,

see [130, p. 448], and

∥z∥
H

− 1
2

⊥ (curlΓ;Γ)
≤ C∥z∥curlΓ ,

which follows from the compact embedding of L2(Γ) into H− 1
2 (Γ).

Now, we look for u0 ∈ H0(curl; Ω) such that

a(u0,v) =

ˆ
Ω

jc · v dx− a(uz,v) ∀v ∈ H0(curl; Ω). (2.3.12)

This problem is well-posed, according to Lemmas (2.3.6) and (2.3.11), and

∥u0∥ ≲ ∥jc∥0,Ω + ∥z∥curlΓ .

Finally, u := u0 + uz is the unique solution to (2.3.10) and

∥u∥curl ,Ω ≲ ∥jc∥0,Ω + ∥z∥curlΓ ,

which finishes the proof.

From the previous analysis, u depends on both z and jc. The goal of the next

section is to reduce the cost functional J (u, z) = J (u(z; jc), z) to be only a function

of z, and then derive the optimality conditions.
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2.4 Reduced cost functional and its derivative

For the remainder of the Chapter, we will assume that jc is given. By introduc-

ing the control-to-state map, we can obtain the so-called reduced optimization problem.

The solution map is an affine transformation, and it is given by

S : Z → H(curl; Ω) ↪→ L2(Ω)

z 7→ Sz := u, (2.4.1)

where u is the unique solution to (2.3.10) with right-hand-side jc and the boundary

condition z × n. The notation ↪→ indicates the continuous embedding; as a result,

we can consider S : Z → L2(Ω). The solution operator S is an affine map, and it is

common to split S into two parts: the part that depends on z and the one that depends

on jc. We write

Sz = SΓz + uΩ,

where SΓ is the solution operator for the state equation with jc ≡ 0, and uΩ is the

solution for the state equation when z ≡ 0. By Lemma 2.3.7, S is continuous, and

there exists a C = C(µ,κ,Ω) > 0, such that

∥Sz∥curl ,Ω = ∥u∥curl ,Ω ≤ C
(
∥jc∥0,Ω + ∥z∥curlΓ

)
. (2.4.2)

As a result, the reduced-cost functional j(z) := J (Sz, z) is also continuous, and

it can be represented using the above-mentioned splitting as

min
z∈Z

j(z) = min
z∈Z

1

2

ˆ
Ω

|SΓz − ûd|2 dx+
α

2

ˆ
Γ

|curlΓz|2 dS +
β

2

ˆ
Γ

|z|2 dS, (2.4.3)

where ûd = ud − uΩ. Therefore, without loss of generality, in what follows we will

consider jc ≡ 0, and therefore S = SΓ. Notice that in this case, uΩ = 0.

Our goal now is to discuss the existence and uniqueness of a solution to the

reduced optimization problem

min
z∈Z

j(z) = min
z∈Z

J (Sz, z). (2.4.4)

The proof follows immediately from the direct method of calculus of variations; we

outline it for completeness.
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Theorem 2.4.1 (existence and uniqueness). The problem (2.4.4) has a unique solution

z ∈ Z.

Proof. Notice that j(·) is bounded below, therefore there exists an infimizing sequence

{zn}∞n=1 such that inf
z∈Z

j(z) = lim
n→∞

j(zn). The previous limit and the definition of j(·)
implies that {zn}∞n=1 is a bounded sequence in Z. Notice that Z is closed subspace of a

Hilbert space and is therefore a Hilbert space itself. Thus the boundedness of sequence

{zn}∞n=1 implies that there exists a subsequence (not relabeled) that converges to ẑ

in Z. It then remains to show that ẑ is the minimizer of (2.4.4). This immediately

follows from weak lower semicontinuity of j(·). The uniqueness is a direct consequence

of the strict convexity of j(·).

As is usual, we want to apply a gradient-based method to locate the criti-

cal points of the cost functional j(·) in order to discover the optimal control z of

(2.4.3). Nonetheless, differentiability differs significantly between real and complex

fields. However, Fréchet and Gâteaux differentiability on complex fields are quite simi-

lar, cf. [159, 160, 161]. Notice that, |SΓz− ûd|2 in (2.4.3) is smooth, but as we will see

below, it is not complex Gâteaux differentiable. To study (2.4.3), we require a weaker

definition of j(·). In order to do that, we will propose a notion of derivative for j(·)
that is more flexible than Gâteaux or Fréchet derivatives for complex spaces, and that

it is strong enough to allow Taylor series expansions; this will allow us to characterize

the critical points of j(·).
Before we begin our discussion of derivatives, let us define what it means for a

complex-valued function to be C1, but not necessarily analytic; see [99, (2.1)].

Definition 2.4.2 (C1 functions). For a complex Banach space U , suppose D ⊂ U is

open and u : D → C is a function. If the directional derivatives

du(z; ξ) = lim
t→0

u(z + tξ)− u(z)

t
, t ∈ R (2.4.5)

exist for all z ∈ D, ξ ∈ U , and du : D × U → C is continuous, we write u ∈ C1(D).
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Consider the function

z 7→ zz = |z|2, (2.4.6)

which is C1(C) but not complex Fréchet differentiable, nor complex Gâteaux differen-

tiable. This shows that complex differentiability is too restrictive, especially in the

context of optimization. A weaker notion of “complex derivative” which has most of

the required properties in optimization is the so-called Wirtinger derivative, cf. [149].

In the next section, we extend the concept of Wirtinger derivatives to spaces

that are the complexification of a real Hilbert space; that generalizes case f : C → C,
cf. [147].

2.4.1 Wirtinger derivatives on complexified Hilbert spaces

Let (U , ∥ · ∥U) be the complexification of a real Hilbert space (H, (·, ·)H), and let

f : U → C be a continuous function but not complex differentiable. We can extend f

to a function on U × U . Let g : U × U → C be a continuous extension of f such that

g(z, z) = f(z) ∀z ∈ U .

Now, let us assume g is complex Fréchet differentiable, and define

∂f

∂z

∣∣∣
z=z0

:= ∇g (z0, z0) (e1),
∂f

∂z

∣∣∣
z=z0

:= ∇g (z0, z0) (e2),

where the unit vectors e1 and e2 will give us the first and second components of ∇g.

Even if the existence of a complex Fréchet differentiable extension g of f may look to

be too restrictive, such an extension exists when f is continuous and f is analytic for

z and z; separately, cf. [91, p. 2], these conditions hold for the function in (2.4.6), for

instance. This follows from Hartogs’ theorem or one of its generalizations to infinite-

dimensional spaces; see, for instance, [110, Thm. 3.2]. Now, for any z0 and δz in U ,
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the following limit exists and the resulting expression is linear in δz,

dRf(z0; δz) := lim
t→0

Im(t)=0

f(z0 + tδz)− f(z0)

t

= lim
t→0

Im(t)=0

g

((
z0, z0

)
+ t

(
δz, δz

))
− g

(
z0, z0

)

t

=






δz

δz


 ,∇g(z0, z0)




U×U

=

(
δz,

∂f

∂z
(z0)

)

U
+

(
δz,

∂f

∂z
(z0)

)

U
.

(2.4.7)

Theorem 2.4.3. Let U be the complexification of a real Hilbert space H, and consider

a continuous function f : U 7→ R, z 7→ f(z), such that f is analytic in z and in z,

separately, then dRf(z0; δz) defined in (2.4.7) exists. Moreover,

dRf(z0; δz) = 2Re

(
∂f

∂z
(z0), δz

)

U
∀z0, δz ∈ U . (2.4.8)

Proof. The existence of dRf(z0; δz) follows from the previous analysis. On the other

hand, if f is real-valued, then by definition dRf(z0; δz) is also real-valued, yielding

∂f

∂z
(z0) =

∂f

∂z
(z0). (2.4.9)

In order to prove this identity, consider the inner product on U given by

(u1 + iv1,u2 + iv2)U := (u1,u2)H + (v1,v2)H + i
(
(v1,u2)H − (u1,v2)H

)
.

Now, we consider the splitting between real and imaginary parts

δz = δRez + iδImz,
∂f

∂z
(z0) = fRe

z + if Im
z , and

∂f

∂z
(z0) = fRe

z + if Im
z .

In turn, from (2.4.7)

dR f(z0; δz) =

(
δz,

∂f

∂z
(z0)

)

U
+

(
δz,

∂f

∂z
(z0)

)

U

=
(
δRez + iδImz, fRe

z − if Im
z

)
U
+
(
δRez − iδImz, fRe

z − if Im
z

)
U
,
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and because Im{dR f(z0, δz)} = 0, we have
(
fRe
z , δImz

)
H
+
(
δRez, f Im

z

)
H
−
(
fRe
z , δImz

)
H
+
(
δRez, f Im

z

)
H
= 0.

In particular, if δRez = 0 we get
(
fRe
z , δImz

)
H
−
(
fRe
z , δImz

)
H
= 0 ⇔ fRe

z = fRe
z .

In turn, if δImz = 0 we get
(
δRez, f Im

z

)
H
+
(
δRez, f Im

z

)
H
= 0 ⇔ f Im

z = −f Im
z .

Thus,

∂f

∂z
(z0) =

(
∂f

∂z
(z0)

)
, and therefore

(
δz,

∂f

∂z
(z0)

)

U
=

(
δz,

∂f

∂z
(z0)

)

U
,

which concludes the proof.

Our next goal is to relate dRf given in (2.4.8) with a gradient so that we can

derive the first-order optimality conditions for problem (2.2.1a). In order to do that,

we identify f with a real functional u, namely u : H × H → R that satisfies f(z) =

f(x+ iy) = u(x,y) for all z = x+ iy in U . From the regularity of g (as defined above),

we obtain

dRf(z; δz) = lim
t→0
t∈R

u(x+ tδx,y + tδy)− u(x,y)

t

=


∇u,



δx

δy







H×H

(2.4.10)

=

(
∂u

∂x
, δx

)

H

+

(
∂u

∂y
, δy

)

H

,

where δz = δx+ iδy. Consequently, f ∈ C1(U) (see Definition 2.4.2) and we have the

following identities

u

((
x,y

)
+

(
δx, δy

))
= u

(
x,y

)
+

(
∇u(x̂, ŷ),

(
δx, δy

))
, (2.4.11)

f(z + δz) = f(z) + dRf(ẑ; δz), (2.4.12)
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for some ẑ = x̂+ iŷ in the segment [z, z+δz]. From now on, the expression dRf(z; δz)

will be referred to as the R−linear derivative of f at z in the direction δz. Many

properties of f can be derived from its extension g or using the relation with u; for

example, f is (real) convex if and only if u is convex. Also, one can determine the

directions of the steepest descent and stationary points of f. In fact, we have the

following result:

Theorem 2.4.4 (Steepest descent). Let f , g and u be as above, then the direction of

steepest descent for f at z0 = x0 + iy0 is given by

δz =− ∂f

∂z
(z0) = −∂f

∂z
(z0),

or equivalently


δx

δy


 =−∇u(x0,y0).

Proof. The result follows from the two characterizations of dRf given in (2.4.8) and

(2.4.10), respectively. In the first case, we have also used (2.4.9). The proof is complete.

From the previous theorem, we obtain

∂f

∂z
(z) =

∂u

∂x
(x,y) + i

∂u

∂y
(x,y), and

∂f

∂z
(z) =

∂u

∂x
(x,y)− i

∂u

∂y
(x,y).

The identities, known as the Wirtinger derivatives (in finite dimensions) for a real-

valued function f , are commonly written as

∂f

∂z
=

∂f

∂x
+ i

∂f

∂y
, (2.4.13)

∂f

∂z
=

∂f

∂x
− i

∂f

∂y
. (2.4.14)

Lemma 2.4.5. Let f be as above. Then, z0 = x0 + iy0 is a stationary point of f if

and only if
∂f

∂z
(z0) = 0 or

∂f

∂z
(z0) = 0.
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Proof. It is enough to identify f with u, then ∇u(x0,y0) = 0, and using (2.4.13) and

(2.4.14) the proof is complete.

Finally, we present the following useful theorem, where Dom(f) denotes the

domain of f .

Theorem 2.4.6. Let f be as above, and assume f : Dom(f) → C with Dom(f) convex.

If z0 is an optimal point then

dRf(z0; z − z0) ≥ 0, ∀z ∈ Dom(f). (2.4.15)

In addition, if f is (real) convex then (2.4.15) is a sufficient condition.

Proof. This result follows directly from identifying f with u and applying well-known

results for convex real-valued functions.

2.4.2 The R−linear derivative of the reduced cost functional and optimality

conditions

Since the map z 7→ z · z is not (complex) Gâteaux differentiable, the same

can be concluded for the reduced functional j defined in (2.4.3). The following lemma

shows, however, that dRj is well-defined.

Lemma 2.4.7. Let (X, ∥ · ∥X) be a complex Banach space, (U , (·, ·)U) be a complex

Hilbert space, ũ ∈ U , and S̃ ∈ L(X,U). Then, the convex function f(z) := ∥S̃z − ũ∥2U
has an R -linear derivative given by

dRf(z;v) = 2Re(S̃z − ũ, S̃v)U ,

where ∥u∥2U := (u,u)U and Re(a) denotes the real part of a ∈ C.

Proof. We examine the difference quotient from the definition of dR, cf. 2.4.7, namely:

f(z + tv)− f(z)

t
=

∥S̃(z + tv)− ũ∥2U − ∥S̃z − ũ∥2U
t

=

(
∥S̃z − ũ∥2U + 2Re(S̃z − ũ, tS̃v)U + ∥tS̃v∥2X

)
− ∥S̃z − ũ∥2U

t

=
2Re t̄(S̃z − ũ, S̃v)U + |t|2∥S̃v∥2U

t
. (2.4.16)
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Considering t ∈ C such that Im(t) = 0, and then taking the limit as t → 0 completes

the proof.

Remark 2.4.8. From (2.4.16), we can also conclude that f is not complex Gâteaux

differentiable.

In what follows we recall that S = SΓ and ud = ûd.

Corollary 2.4.9. For z and ξ in H(curlΓ; Γ), the R -linear derivative of j at z (given

in (2.4.3)), in the direction ξ is given by

dRj(z; ξ) = Re
{
(Sz − ud, Sξ)0,Ω + α(curlΓ, curlΓξ)0,Γ + β(z, ξ)0,Γ

}
, (2.4.17)

where (·, ·)0,Γ denotes the inner product in both L2(Γ) and L2(Γ).

As usual, we will avoid computing the term Sξ by introducing the adjoint of S,

denoted by S∗. Since S is bounded linear, S∗ : L2(Ω) → H(curlΓ; Γ)
∗ is well defined.

Then from (2.4.17), given ξ ∈ H(curlΓ; Γ) we have that dRj(z; ξ) is given by

dRj(z; ξ) = Re
{〈
S∗(Sz − ud), ξ

〉
H(curlΓ;Γ)∗,H(curlΓ;Γ)

+ α(curlΓz, curlΓξ)0,Γ + β(z, ξ)0,Γ

}
.

(2.4.18)

We will make additional assumptions on µ and κ, so the duality pairing in (2.4.18)

will become the inner product on L2
t (Γ). As is usual for optimal control of PDEs, S∗

is the solution operator for a problem similar to the state equation known as adjoint

state equation. Given f ∈ L2(Ω), find w ∈ H(curl; Ω) such that

curl
(
µ−1curlw

)
− (iω)κw = f in Ω,

w × n = 0 on Γ.
(2.4.19)

The weak formulation of this problem is: find w ∈ H0(curl; Ω) such that

a∗(w,v) = (f ,v) ∀v ∈ H0(curl; Ω), (2.4.20)

where

a∗(w,v) := a(v,w) ∀w,v ∈ H(curl; Ω). (2.4.21)
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By the Lax-Milgram lemma (see Lemma 2.3.7), the above problem is well-posed. Now,

given ξ in H(curlΓ; Γ) we set uξ = Sξ, the unique solution to state equation, cf. (2.4.1),

namely

a(uξ,v) = 0 ∀v ∈ H0(curl; Ω),

γtuξ = ξ × n on Γ.
(2.4.22)

In turn, given f ∈ L2(Ω) let w be the solution for (2.4.20), and testing the first

equation in (2.4.19) with Sξ, and integrating by parts using (2.3.6) and the fact that

µ−1curlw ∈ H(curl; Ω) we arrive at

(f ,Sξ)0,Ω = −
〈
γt(µ

−1∇×w), γTuξ

〉
Γ∗

= −
〈
γt(µ

−1∇×w), ξ
〉
Γ∗ .

Recall that ⟨·, ·⟩Γ∗ represents the duality pairing H
− 1

2

|| (divΓ; Γ)andH− 1
2

⊥ (curlΓ; Γ). Nev-

ertheless, under some additional regularity on µ and κ we will show that w is smooth

enough so this duality becomes an integral. Now, by setting f = u − ud, (2.4.19)

becomes the adjoint problem for the state equation, and we have the following result.

Theorem 2.4.10. The adjoint operator for S is given by

S∗ : L2(Ω) → H
− 1

2

|| (divΓ; Γ)

f 7→ S∗f = −γt(µ
−1∇×w), (2.4.23)

where w ∈ H0(curl; Ω) solves

curl
(
µ−1curlw

)
− (iω)κw = f in Ω

w × n = 0 on Γ.
(2.4.24)

Since, H(curlΓ; Γ) ↪→ H
− 1

2
⊥ (curlΓ; Γ), we can rewrite (2.4.17) as

dRj(z; ξ) = Re
{〈
S∗(Sz − ud), ξ

〉
Γ∗ + α(curlΓz, curlΓξ)0,Γ + β(z, ξ)0,Γ

}
, (2.4.25)

for all ξ ∈ H(curlΓ; Γ).
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Proof. The proof follows from the above analysis and the fact that µ−1curlw ∈
H(curl; Ω), and therefore γt(µ

−1∇ × w) ∈ H
− 1

2

|| (divΓ; Γ), cf. Lemma 2.3.4. Finally,

since H(curlΓ; Γ) ↪→ H
− 1

2
⊥ (curlΓ; Γ), therefore, H− 1

2

|| (divΓ; Γ) =

(
H

− 1
2

⊥ (curlΓ; Γ)

)∗
↪→

H(curlΓ; Γ)
∗. Thus, we can replace the H(curlΓ; Γ)

∗–H(curlΓ; Γ) duality pairing in

(2.4.18) by the ⟨·, ·⟩Γ∗ pairing and the proof is complete.

2.4.3 Additional regularity of S∗ for Lipschitz polyhedra

The goal of this section is to show that we can obtain additional regularity for

S∗; for instance, S∗ : L2(Ω) → L2
t (Γ), under suitable assumptions on µ and κ. These

additional assumptions along with the regularity of the adjoint problem (2.4.24) will

imply γ(µ−1curlw) ∈ Hσ(Γ), for some σ > 0. As a result, we can replace the duality

pairing in (2.4.25) by the inner product in L2(Γ). From now on, we will assume that κ

and µ are in W 1,∞(Ω). In what follows, we give some technical results that are slight

variations of the ones found in [152, Thm. 4.1]. We omit most of the proof details as

they mostly follow from straightforward calculations.

Lemma 2.4.11. If κ ∈ W 1,∞(Ω) such that κ(x) ≥ κ0 > 0 almost everywhere, and

ϕ ∈ C∞
0 (Ω), then κ−1ϕ ∈ H1

0 (Ω) and

∇ϕ =
(
κ−1∇κ

)
ϕ+ κ∇

(
κ−1ϕ

)
.

Proof. The proof follows immediately after using the product rule in ∇(κ−1ϕ) and

rearranging the resulting expression.

Using this result, we obtain the following two lemmas involving the product rule

for divergence and curl:

Lemma 2.4.12. Let κ ∈ W 1,∞(Ω) such that κ(x) ≥ κ0 > 0 almost everywhere, and

u ∈ L2(Ω) such that divκu = v ∈ L2(Ω), then u ∈ H(div; Ω) and

div(u) = κ−1v −
(
κ−1∇κ

)
· u. (2.4.26)
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Lemma 2.4.13. Let ζ ∈ W 1,∞(Ω) such that ζ(x) ≥ ζ0 > 0 almost everywhere, and

u ∈ L2(Ω) such that curl ζu = v ∈ L2(Ω), then u ∈ H(curl; Ω) and

curl (u) = ζ−1v + u×
(
ζ−1∇ζ

)
. (2.4.27)

We will show that µ−1∇ × w is smooth enough to have a well-defined and

integrable trace, where w is the solution for the adjoint problem (2.4.24). To do this,

we will now show some results for the regularity of w,

Lemma 2.4.14. If w ∈ H0(curl; Ω), then curlw ∈ H0(div; Ω).

Proof. It is clear that div(curlw) = 0, then curlw ∈ H(div; Ω) and therefore γn(curlw)

belongs to H− 1
2 (Γ). Similarly; for each v ∈ H1(Ω), ∇v ∈ H(curl; Ω), and

⟨γn(curlw), γv⟩− 1
2
, 1
2
,Γ =

ˆ
Ω

v div(curlw)dx+

ˆ
Ω

curlw · ∇vdx

= 0 +

ˆ
Ω

w · curl (∇v)dx− ⟨γtw, γT (∇v)⟩Γ∗

= 0.

Thus, from the surjectivity of the trace map γ from H1(Ω) onto H
1
2 (Γ) the proof

concludes.

Theorem 2.4.15. Let w be the solution for the adjoint problem (2.4.24) with µ,κ ∈
W 1,∞(Ω), then

µ−1curlw ∈ H(curl; Ω) ∩H0(div; Ω).

Proof. We will first invoke Lemma 2.4.12 with u = G := µ−1curlw and κ = µ. Notice

that G ∈ L2(Ω) and divµG = div curlw = 0 ∈ L2(Ω). Therefore, G ∈ H(div; Ω)

and

divG = −(µ−1∇µ) · (µ−1curlw) ∈ L2(Ω). (2.4.28)

In addition, we notice that curlG = (u−ud)+iωκw ∈ L2(Ω). Thus,G ∈ H(curl; Ω)∩
H(div; Ω).
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Finally, to complete the proof, we show that the normal trace of G vanishes.

From Lemma 2.4.11, µ−1v ∈ H1(Ω) for all v ∈ H1(Ω), this along Lemma 2.4.14, and

the Green’s identity in H(div; Ω), cf. [66, Lemma 1.4], yields

0 =
〈
γn (curlw) , γ(µ−1v)

〉
− 1

2
, 1
2
,Γ
=

ˆ
Ω

curlw · ∇(µ−1v)dx+

ˆ
Ω

(µ−1v) div(curlw)dx

=

ˆ
Ω

µ−1curlw · µ∇(µ−1v)dx

=

ˆ
Ω

µ−1curlw ·
(
∇v − µ−1∇µv

)
dx.

Then using (2.4.28), we obtain that

0 =
〈
γn (curlw) , γ(µ−1v)

〉
− 1

2
, 1
2
,Γ
=

ˆ
Ω

µ−1curlw · ∇vdx+

ˆ
Ω

v div(µ−1curlw)dx

=
〈
γn
(
µ−1curlw

)
, γ(v)

〉
− 1

2
, 1
2
,Γ
,

which concludes the proof.

Corollary 2.4.16. Let w be the solution for the adjoint equation (2.4.24), then

γt(µ
−1∇×w) ∈ L2

t (Γ).

Proof. From [2, Thm. 4.4] H(curl; Ω) ∩ H0(div; Ω) ↪→ H
1
2
+ϵ∗(Ω), for some ϵ∗ > 0.

Thus, according to Theorem 2.4.15 we have µ−1∇ × w ∈ H
1
2
+ϵ∗(Ω), then by trace

theorem, γ(µ−1∇×w) ∈ Hϵ∗(Γ). In particular, γt(µ−1∇×w) ∈ L2
t (Γ).

As a result of Corollary 2.4.16, the duality paring in (2.4.25) becomes an integral,

namely
〈
γt(µ

−1∇×w), ξ
〉
Γ∗ =

〈
γ(µ−1∇×w)× n, ξ

〉
Γ∗

=

ˆ
Γ

(γ(µ−1∇×w)× n) · ξ dS.

Corollary 2.4.17. The function ẑ ∈ Z is an optimal control for (2.4.3), if and only

if

û = Sẑ,

ζ̂ = S∗(û− ud),

Re

{(
ζ̂, z − ẑ

)
0,Γ

+ α
(
curlΓẑ, curlΓ(z − ẑ)

)
0,Γ

+ β (ẑ, z − ẑ)0,Γ
}

= 0, ∀z ∈ Z.
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Proof. The result is a consequence of Theorems 2.4.6 and 2.4.10, and Corollary 2.4.16.

2.5 Discrete Problem

Let Ω be a connected polyhedral Lipschitz domain, and {Th}h be a family of

shape regular simplicial triangulation for Ω. For a given mesh Th we denote the set

of faces on the boundary by Γh, and the edges belonging to Γh by Eh
Γ . We consider

a conforming finite element space for H(curl; Ω) denoted by N h
k , we utilize the basis

given in [72]. More specifically, for T ∈ Th we consider a local basis for N h
k (T ) :=

P3
k(T ) ⊕

(
x × P̃3

k(T )
)
⊊ P3

k+1(T ) where P̃k is the set of homogeneous polynomials of

degree k. Note that it is common to count these spaces in the index k + 1, so that

the lowest order would be k = 1, but here that case will be k = 0. Thus, given

z ∈ H(curlΓ; Γ) and k ∈ N ∪ {0}, we consider the semi-discrete state equation: find

uh ∈ N h
k such that

(
µ−1curluh, curlvh

)
0,Ω

+ (iω) (κuh,vh)0,Ω = 0 ∀vh ∈ N h
k0,

uh × n = z × n on Γ,
(2.5.1)

where N h
k0 := N h

k ∩H0(curl; Ω). Because N h
k0 is a closed subspace of H0(curl; Ω) well-

posedness of (2.5.1) follows from the continuous case, except for how the boundary

condition uh × n = z × n is imposed. This can be done in several ways; for instance,

with a L2(Γh) projection plus taking an average for the edge dofs. Nevertheless, for

that approach, approximation and commutativity properties seem rather difficult to

prove. We impose the Dirichlet condition in (2.5.1) using moments, which allows us to

use the well-known approximation theory of Nédélec and Raviart-Thomas elements in

2D along the approximation theory described in [1].

2.5.1 Imposition of discrete boundary conditions

As we already mentioned, we impose the condition uh × n = z × n through a

lifting defined by moments. Now, the natural strategy would be to use the 2D local

moments for H(div;F ), for each face F on Γh, which is a collection of linear integral

28



equations; see, for instance, [66, Sec. 3]. Nevertheless, because we consider z × n
instead of just z, imposing those moments turns out to be equivalent to imposing

γTuh = z through the local moments for H(curl, F ), cf. [115, Sec. 5.5]. We now define

a global lifting operator

Lh : DLh
⊆ H(curlΓ; Γ) 7→ N h

k

z 7→ Lhz := uh
z ,

(2.5.2)

where DLh
denotes the domain of Lh which is a finite subspace of H(curlΓ; Γ) and its

elements have well-defined and continuous moments on Γh, uh
z is the unique element

in N h
k which shares the local 2D Nédélec moments with z for all the faces/edges in Γh,

and it has zero interior moments. Because of the regularity needed for this lifting, we

will choose the discrete control space Zh so that the following holds

Zh ⊆ DLh
⊆ γTN h

j , for some j ∈ {0, ..., k}. (2.5.3)

2.5.2 Discrete solution operator and cost functional

Let j ∈ {0, ..., k} and define Zh := Rh∩Z, where

Rh :=
{
γTuh : uh ∈ N h

j

}
. (2.5.4)

Now, let us introduce the discrete optimization problem,

min
uh,zh

J (uh, zh) :=
1

2

ˆ
Ω

|uh − ud|2 dx+
α

2

ˆ
Γ

|curlΓzh|2 dS +
β

2

ˆ
Γ

|zh|2 dS, (2.5.5)

where uh is the unique solution to (2.5.1), for z = zh. As in the continuous case, we

reduce this problem with the help of a (discrete) solution operator

Sh : Zh ⊆ Rh 7→ N h
k

zh 7→ Shzh =: uh.

To prove that Sh is bounded, with constant independent of h, let us consider the

following lemma.
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Lemma 2.5.1. Let u and uh be the solutions for the continuous and discrete state

equations, (2.2.1b) and (2.5.1), respectively, with respective boundary data given by

z × n and zh × n. Then, the following holds

∥u− uh∥curl ,Ω ≤ C

(
min

vh∈Nh
k

∥u− vh∥curl ,Ω + ∥z − zh∥
H

− 1
2

⊥ (curlΓ;Γ)

)
, (2.5.6)

where C only depends on the shape regularity of Th, Ω and the eigenvalues of µ and κ.

Proof. From [1, Corollary 4.4], we have

∥u− uh∥curl ,Ω ≤ C

(
min

vh∈Nh
k

∥u− vh∥curl ,Ω + ∥z × n− zh × n∥
H

− 1
2

|| (divΓ;Γ)

)

Finally, from the well-known isometry for weak rotations between H
− 1

2
⊥ (curlΓ; Γ) and

H
− 1

2

|| (divΓ; Γ), see [130, p. 448], the proof concludes.

A useful result related to (2.5.6) is the existence of a uniformly bounded operator

Lh : Rh 7→ N h
k

zh 7→ uzh ,

such that γT (uzh) = zh, and ∥uzh∥curl ,Ω ≤ C∥zh∥curlΓ , where C is independent of h,

see [1] and references within. Thus, Sh is linear and bounded independently of h. We

now introduce the reduced discrete cost functional

jh : Zh 7→ R ,

zh 7→ jh(zh) := J (Sh(zh), zh).
(2.5.7)

It is clear that jh is continuous and bounded independently of h. Now, under the same

arguments as for the continuous case, we have

dRjh(zh, ξh) =Re{(Shzh − ud,Shξh)0,Ω + α(curlΓzh, curlΓξh)0,Γ + β(zh, ξh)0,Γ}
(2.5.8)

=Re{
〈
S∗h(Shzh − ud), ξh

〉
Γ∗ + α(curlΓzh, curlΓξh)0,Γ + β(zh, ξh)0,Γ}

for all zh, and ξh in Zh. Where the action of the discrete adjoint operator S∗h will be

defined later, cf. (2.5.19).
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2.5.3 Particular choice of discrete control space

For simplicity and because most of the theory for Nédélec elements focuses on

this case, we consider the lowest-order space for our discrete control zh, along with a

higher-order approximation for uh. As usual, we just construct the real-valued spaces.

It turns out that it is easier to inherit properties for zh from the space of zh×n, which

is related to the Raviart-Thomas space. In fact, given F ∈ Γh we recall that the local

Raviart-Thomas space RTk(F ) is just a π/2-rotation of Nédélec’s space Nk(F ), see

[49]. This idea can be easily generalized to the piecewise linear manifold Γh. In order

to do that, we first introduce the Raviart-Thomas space for Γh

RTk(Γh) :=
{
q ∈ L2

t (Γ) : ∀F ∈ Γh, q|F ∈ RTk(F ) and ∀e ∈ Eh
Γ , [q · ν]e = 0

}
,

(2.5.9)

where [q · ν]e = 0 denotes the continuity of q · ν across the edge e, and ν is the 2D

“normal vector” on e, this will be clarified later, see (2.5.13). In the same manner, the

space for the discrete control zh will be a subspace of the Nédélec space for Γh, which

is given by

Nk(Γh) :=
{
q ∈ L2

t (Γ) : ∀F ∈ Γh, q|F ∈ Nk(F ) and ∀e ∈ Eh
Γ , [q]e · te = 0

}
,

(2.5.10)

where te is a unitary vector along the edge e. Then, it follows that RTk(Γh) is a π/2-

rotation of Nk(Γh) but just facewise, which can be compactly represented as RTk(Γh) =

Nk(Γh)×n. Now, we show that for the lowest order case, k = 0, the identity RTk(Γh) =

Nk(Γh) × n can be reduced to an identity between elements of a particular choice of

bases. To show that, notice that RT0(Γh) is given by

{
q ∈ L2

t (Γ) : ∀F ∈ Γh,∃a ∈ R3,∃b ∈ R , q|F = a+ bx and ∀e ∈ Eh
Γ , [q · ν]e = 0

}
.

For a global basis for this space we consider the Rao-Wilton-Glisson basis [123]. From

now on, we assume that all the faces on Γh are oriented counterclockwise in terms of

its vertices, and the normal vector of a face points outward. Now, let us consider an
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edge e ∈ Eh
Γ and the two faces, F+ and F− on Γh, which share e. Therefore, without

loss of generality, we assume that F− has e with a negative orientation. We now want

to find ψe in RT0(Γh) ∩H
1
2
−(Γ) such that ψe · ν|F+ + ψe · ν|F− vanishes point-wise on

Eh
Γ . Here the main difference between this case and the 2D-case is that ν|F+ ̸= −ν|F−

in general. Nevertheless, “the definition for Raviart-Thomas basis” is the same for this

case. Consider,

ψe : Γh 7→ R3,

x 7→ ψe(x) :=





|e|
2|F+|

(x− v+e ) : x ∈ F+,

− |e|
2|F−|

(x− v−e ) : x ∈ F−,

0 : elsewhere,

(2.5.11)

where v±e is the vertex opposite to e in F±, see Figure 2.1, ψe was scaled for visual-

ization purposes.

nF+

v+
e

v�
e

e

F+
F�

Figure 2.1: F+ ∪ e ∪ F−, ψe|F+ and (nF+ ×ψe)|F+

The functions ψe have many good properties. For instance, it has a constant

normal component on each edge of F+ and F−. To show this, we follow [16, Sec. 4].

Given F ∈ Γh, let us assume that F = conv{v1,v2,v3}, and define ej to be the edge

opposite to the vertex vj. Then, by some basic properties of triangles and orthogonal

projections in R2, see Figure 2.2, yields

(x− vj) · νj = hj = 2
|F |
|ej|

∀x ∈ ej, ∀j ∈ {1, 2, 3}. (2.5.12)
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ν3

h1

h3

v2

v1v3

h2

Figure 2.2: Altitudes and outer normals of F.

Now, we give a formal definition for the “normal” vector ν, see [33, section 2],

ν =





te × nF+ on e ∩ F+,

te × nF− on e ∩ F−,
(2.5.13)

where te is a unitary vector along e, following its orientation, and nF± is the unitary

outer normal vector to F±. Note that, ν|e∩F± = ±νF± , therefore ν|e∩F− points inward.

With this definition we have the following result

Lemma 2.5.2. Let ψe defined as in (2.5.11), then

(ψe · ν) (x) =





1 : x ∈ e,

0 : x ∈ Eh
Γ \ {e},

divΓψe =





± |e|
|F±| in F±,

0 elsewhere,
ˆ
Γ

divΓψedS =0.

Proof. See [16, Lemma 4.1].

Now, we will study a basis for N0(Γh), cf. (2.5.10). To simplify the notation,

from now on we assume that e is the edge between the vertices [xℓ,xm], following that
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orientation. For the lowest order case, in 2D and 3D, there are only edge related func-

tions of the form, ϕ̃e = λℓ∇λm − λm∇λℓ. This motivates us to consider the collection

of functions {ϕe}e∈Eh
Γ
, given by

ϕe : Γh 7→ R3,

x 7→ ϕe(x) :=





|e| (λℓ∇Γλm − λm∇Γλℓ) |F± : x ∈ F±,

0 : elsewhere.

(2.5.14)

Note that ϕe = nF+ × ψe, see Figure 2.1. Based on this observation, we have the

following result

Lemma 2.5.3. Let e ∈ Eh
Γ then

ϕe · tê =





1 e = ê,

0 e ̸= ê,

ϕe × n =ψe,

curlΓϕe =





± |e|
|F±| in F±,

0 elsewhere,
ˆ
Γ

curlΓϕedS =0.

Proof. It follows from ∇Γλℓ · te = ∇λℓ · te, the definition of ν, cf. (2.5.13), ϕe × n
having the same edge moments as ψe, the unisolvence of RT0(F ), and the identity

curlΓϕe = divΓϕe × n.

We now show how to compute the terms that appear in the stabilization term

in the cost functional and its derivative for the discrete setting. Our analysis only

involves the length of the boundary edges, their local orientation, and the barycentric

coordinates λ̂1, λ̂2 and λ̂3 on the 2D reference face F̂ = conv{(0, 0)T , (1, 0)T , (0, 1)T}.
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Proposition 2.5.4. Let F ∈ Γh with edges (ea, eb, ec), z ∈ Zh with z|F = βaϕea +

βbϕeb + βcϕec. Then, for each i, j ∈ {a, b, c}, yields

⟨βicurlΓϕei , βjcurlΓϕej⟩F = βiβj

ˆ
F

curlΓϕeicurlΓϕejdS = βiβj

|ei||ej|
|F | , (2.5.15)

⟨βiϕei , βjϕej⟩F = βiβj

ˆ
F

ϕi · ϕjdS = βiβj|ei||ej|
|F |
2

ˆ
F̂

(
ϕ̂ℓ

)t
BF ϕ̂mdS,

(2.5.16)

where ℓ,m ∈ {1, 2, 3},

BF :=
1

4|F |2




|ea|2
|eb|2 − (|ea|2 + |ec|2)

2
|eb|2 − (|ea|2 + |ec|2)

2
|ec|2


 ,

ϕ̂1 :=− (λ̂1 + λ̂2)



1

0


− λ̂2



0

1


, ϕ̂2 := λ̂3



1

0


− λ̂2



0

1


, and

ϕ̂3 :=λ̂3



1

0


+ (λ̂1 + λ̂3)



0

1


 .

Proof. First of all, because we are dealing with tangent fields, it is enough to show

the 2D case. Let us consider a face F = conv{v1,v2,v3}, where vj = (xj, yj)
T for

j ∈ {1, 2, 3}, and the reference face F̂ = conv{(0, 0)T , (1, 0)T , (0, 1)T} with associated

barycentric coordinates λ̂1, λ̂2, λ̂3, and the affine map

ηF : F̂ 7→ F,


x̂

ŷ


 7→



x2 − x1 x3 − x1

y2 − y1 y3 − y1






x̂

ŷ


+



x1

y1


 .

Let us assume the edges of F have length |ea|, |eb| and |ec|, see Figure 2.3. And,

as usual, define

BF =



x2 − x1 x3 − x1

y2 − y1 y3 − y1


 . (2.5.17)
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Figure 2.3: Affine transformation between F̂ and F

It straightforward to show

det(BF ) =|F |/|F̂ | = 2|F |,

B−1
F =

1

2|F |



y3 − y1 x1 − x3

y1 − y2 x2 − x1


 ,

B−1
F B−T

F =
1

4|F |2




|ea|2 |eb|2−(|ea|2+|ec|2)
2

|eb|2−(|ea|2+|ec|2)
2

|ec|2


 ,

where we have used −−→v1v2 · −−→v1v3 = |ea||ec| cos(γ), see Figure 2.3, and the law of cosines

|eb|2 =|ea|2 + |ec|2 − 2|ea||ec| cos(γ).

In practice we replace |ej| by ±|ej|, according to the orientation of the edge on F .

The rest of the proof follows from the fact that the elements of our basis are up to a

constant, the length of the edge, are the same as the standard lowest order Nédélec

basis of the first kind.

A different approach to compute the above mentioned quantities can be done

in terms of ϕe × n, for the 2D case, this can be found in [16, sec. 4.2-4.3].

2.5.4 Discrete Adjoint equation and optimality conditions

Because forwh ∈ N h
k , ∇×wh /∈ H(curl; Ω), we cannot apply the same strategy

as for the continuous adjoint S∗, cf. Theorem 2.4.10. To overcome this problem, we first
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consider a discretization of the continuous adjoint problem, cf. (2.4.24): find wh ∈ N h
k0

such that,

a∗(wh,vh) = (Shzh − ud,vh)0,Ω ∀vh ∈ N h
k0, (2.5.18)

and as in the continuous case, for ξh and zh in Zh we want to simplify the term

(Shzh − ud,Shξh)0,Ω

which appears in the definition of dR jh, so it does not require to compute/assemble the

term Shξh, for each feasible direction ξh. To do that, we apply the following splitting

Shξh = Sh0ξh + Lhξh,

where Sh0ξh ∈ N h
k0, and Lh is the lifting operator defined in (2.5.2). Thus, we define

〈
S∗h(Sz − ud), ξ

〉
Γ∗ := (Shz − ud,Shξ)0,Ω

= (Shz − ud,Sh0ξ)0,Ω + (Shz − ud,Lhξ)0,Ω

(2.5.18)
= a∗(wh, Sh0ξ) + (Shz − ud,Lhξ)0,Ω

(2.4.21)
= a(Sh0ξ,wh) + (Shz − ud,Lhξ)0,Ω

= −a(Lhξ,wh) + (Shz − ud,Lhξ)0,Ω,

(2.5.19)

where the last identity follows from (2.5.1), taking vh = wh. Note that the support of

Lhξh is contained just in a small h-neighborhood of Γh.

Theorem 2.5.5. The first-order optimality condition (2.4.15) implies in the discrete

setting that: zh ∈ Zh is an optimal control of (2.5.7) if and only if

uh = Shzh,

Re
{〈
S∗h(uh − ud), zh − zh

〉
Γ∗ + α

(
curlΓzh, curlΓ(zh − zh)

)
0,Γ

+ β (zh, zh − z)0,Γ
}
= 0, ∀zh ∈ Zh.

2.5.5 Convergence of fully discrete scheme

Theorem 2.5.6. Let {zh}h be the family of discrete optimal controls related to {Th}h
then
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(a) {zh}h is uniformly bounded,

(b) there exists a subsequence
{
zh̃
}
h̃

of {zh}h such that

∥zh̃ − z∥curlΓ → 0, as h̃ → 0,

where z is the unique solution to the continuous optimization problem (2.4.3).

Proof. The first part of the proof follows from

jh(zh) ≤ jh(0) ⇒
min{α, β}

2
∥zh∥2curlΓ ≤ α

2
∥curlΓzh∥20,Γ +

β

2
∥zh∥20,Γ ≤ ∥ud∥20,Ω.

(2.5.20)

Since H(curlΓ; Γ) is a Hilbert space, {zh}h has a weakly convergent subsequence i.e.,

there exists z̃ ∈ H(curlΓ; Γ), such that

zh̃ ⇀ z̃, as h̃ → 0. (2.5.21)

Now, since the injection of H(curlΓ; Γ) into H
− 1

2
⊥ (curlΓ; Γ) is compact, therefore

∥zh̃ − z̃∥
H

− 1
2

⊥ (curlΓ;Γ)

h̃−→ 0, when zh ⇀ z̃ in H(curlΓ; Γ). (2.5.22)

In turn, from (2.5.6) we get ∥Sh̃zh̃ − Sz̃∥curl ,Ω
h̃−→ 0. In fact,

∥Sh̃zh̃ − Sz̃∥curl ,Ω ≲ dist(Sz̃,N h
k ) + ∥zh̃ − z̃∥

H
− 1

2
⊥ (curlΓ;Γ)

h̃−→ 0.

Now, we will show convergence of the solutions for the discrete adjoint problem, cf.

(2.5.18). In order to do that, let us consider w̃ ∈ H0(curl; Ω) to be the unique solution

of

a∗(w̃,v) = (Sz̃ − ud,v) ∀v ∈ H0(curl; Ω),

and functionals ℓ and ℓh given by

ℓ(v) = (Sz̃ − ud,v)0,Ω ∀v ∈ H0(curl; Ω),

ℓh(vh) = (Shzh − ud,vh)0,Ω ∀vh ∈ N h
k0.
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Thus, from Strang’s first lemma we obtain that

∥w̃ −wh̃∥curl ,Ω ≲ inf
vh̃∈N h̃

k0

∥w̃ − vh̃∥curl ,Ω + sup
vh̃∈N h̃

k0

∣∣∣∣∣
ℓ(vh̃)− ℓh(vh̃)

∥vh̃∥curl ,Ω

∣∣∣∣∣

≲ inf
vh̃∈N h̃

k0

∥w̃ − vh̃∥curl ,Ω + ∥Sz̃ − Sh̃zh̃∥curl ,Ω
h̃−→ 0.

On the other hand, it is clear that for each p ∈ Z we have that

α (curlΓzh, curlΓp)0,Γ + β (zh,p)0,Γ
h̃−→ α (curlΓz̃, curlΓp)0,Γ + β (z̃,p)0,Γ .

In turn, {Zh}h is dense in H(curlΓ; Γ); moreover, {Zh}h is dense in H
− 1

2
⊥ (curlΓ; Γ)

which follows from [36, Corollary 5]. Thus, for a given p ∈ Z we define ph as its best

approximation in Zh, then

〈
S∗
h̃
(Sh̃zh̃ − ud),ph̃

〉
Γ∗

= (Sh̃zh̃ − ud,Sh̃ph̃)0,Ω

= (Sh̃zh̃ − ud,Sh̃ph̃ − Sp)0,Ω + (Sh̃zh̃ − ud,Sp)0,Ω.

Thus, because Shzh is bounded (independently of h) we conclude

〈
S∗
h̃
(Sh̃zh̃ − ud),ph̃

〉
Γ∗

h̃−→
〈
S∗(Sz̃ − ud),p

〉
Γ∗ .

Finally,

Re
{〈
S∗(Sz̃ − ud),p

〉
Γ∗ + α (curlΓz̃, curlΓp)0,Γ + β (z̃,p)0,Γ

}
= 0 ∀p ∈ Z,

and by uniqueness of local minimum we conclude (z̃,Sz̃, w̃) = (z,u,w).

2.5.6 Using ∥curlΓz∥20,Γ as the regularization term

In this section we study the problem

min
z∈Z2

j̃(z) = min
z∈Z

1

2

ˆ
Ω

|SΓz − ûd|2 dx+
α

2

ˆ
Γ

|curlΓz|2 dS, (2.5.23)

where

Z2 :=
{
z ∈ H(curlΓ; Γ) : curlΓz ∈ L2

0(Γ)
}
∩ ker(curlΓ)

⊥. (2.5.24)
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The continuous analysis for this problem follows from the previous case, given that

∥z∥20,Γ + ∥curlΓz∥20,Γ ≲ ∥curlΓz∥20,Γ ∀z ∈ Z2, (2.5.25)

which follows from the open mapping theorem [31, Corollary 2.7], and the following

result

Lemma 2.5.7. The operators

divΓ : L2
t (Γ) 7→ H−1(Γ)/R, and curlΓ : L2

t (Γ) 7→ H−1(Γ)/R

are linear, continuous and surjective. Moreover,

ker(divΓ) = {curlΓφ : φ ∈ H1(Γ)},

ker(curlΓ) = {∇Γφ : φ ∈ H1(Γ)}.

Proof. See Definition 2.3, Remark 3.2 and Proposition 3.1 in [34].

In turn, for the discrete case we have

Proposition 2.5.8. The set of discrete admissible controls, Zh, satisfies Zh ⊂ Z2.

Proof. From Lemma 2.5.3 it is clear that

Zh ⊂
{
z ∈ H(curlΓ; Γ) : curlΓz ∈ L2

0(Γ)
}
.

On the other hand, we have the following Hodge decomposition for L2
t (Γ), cf. [34,

Thm. 3.4],

L2
t (Γ) = ∇ΓH

1(Γ)⊕ curlΓH
1(Γ).

Thanks to Lemma 2.5.7, to conclude the proof we only need to show

divΓZ
h = {0}.

In order to do that, let r(x) be the position vector associated with the point x, which

satisfies curl r ≡ θ. Then, given an edge e ∈ Eh
Γ and faces F+ and F− in Γh such that

e = F− ∩ F+, cf. Figure 2.1, we have

divΓϕe|F± = curlΓψe|F± = ± |e|
|F±|

curlΓ
(
(r − r(v±e ))

)
= ± |e|

|F±|
(curl (r − r(v±e ))) · nF = 0,

which concludes the proof.
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2.6 Numerical results

In this section we test our codes, developed in Matlab®, for dealing with

higher order Nédélec spaces with nonhomegeneous Dirichlet boundary conditions. For

optimization, we use a complex version of the BFGS algorithm [138].

2.6.1 Code validation for Nédélec elements

To test our code, we consider the problem involving electrodes given in [21, 22]

but with a simpler Dirichlet boundary condition. Let us denote H ,E, and J as the

complex amplitude of the magnetic field, the electric field, and the current density on

a bounded domain Ω, Figure 2.4. And let us consider the eddy current problem: find

(H ,E,J) such that

Γ1 Γ2

ΓE

Γ0

Figure 2.4: Electrode

curlH = J in Ω,

iωµH + curlE = 0 in Ω,

J = σE in Ω,

subject to:

E × n = 0 on ΓE, (2.6.1)ˆ
Γn

J · n = ιn, n ∈ {1, ..., N},

E × n = 0 on
N⋃

k=1

Γk,

J · n = 0 on Γ0,

H · n = 0 on ∂Ω.

In the particular case that Ω is a cylinder of radius R and height L, N = 1, and

the partition for the boundary Γ is given by

Γ1 = {(x, y, z) : z = L, x2 + y2 < R}, ΓE = {(x, y, z) : z = 0, x2 + y2 < R},Γ0 = Γ \ (Γ1 ∪ ΓE).
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Then, as shown in [21, 22], it is possible to find an analytic solution for (2.6.1) given

by

H(x, y, z) =
ι1

2πR

I1(γr)

I1(γR)
eθ, E(x, y, z) =

ι1γ

2πRσ

I0(γr)

I1(γR)
ez, and J = σE, (2.6.2)

where Iν is the modified Bessel function of the first kind of order ν, γ :=
√
iωµσ,

r :=
√

x2 + y2, eθ := r−1 (−y, x, 0) , and ez := (0, 0, 1). Now, we approximate H with

N h
2 which satisfies P3

2 ⊊ N h
2 ⊊ P3

3 . Also, we set all the parameters equal to 1 except

for R = 1
2
, and then we consider the problem: find Hh ∈ N h

2 such that

a(Hh,vh) = 0 ∀vh ∈ N h
2 ∩H0(curl; Ω),

Hh × n = H × n on Γh.

The domain Ω was approximated with a family of meshes generated with Gmsh [67].

Figure 2.5 shows a log-log plot for the error Eh := ∥H −Hh∥curl ,Ω, along with the

coarsest mesh considered, where the color represents the element-wise error ∥H −
Hh∥curl ,K .
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Figure 2.5: Log-log plot Eh vs h, and coarsest mesh along with element-wise error.

2.6.2 Validation optimization routines

We devote this section to testing our codes related to the minimization problem.

We start by testing our equivalent expression for dRjh, cf. (2.5.8). The main difficulty is

the term that involves S∗h, which can be computed as in (2.5.19). Figure 2.6 (left) shows

the the difference between dRjh(z; ξ) and its approximation using a finite difference

quotient. Here ξ denotes the random direction. We see a linear rate of convergence

until the round-off error kicks in, as expected.

2.6.3 Convergence of optimization problem

It is difficult to devise an exact solution to the optimal control problem in order

to explicitly show the application of Theorem 2.5.6. Instead, we show the convergence

of the cost functional J (uh, zh) to J (u, z) as h → 0. Here (u, z) is the optimal control

corresponding to a mesh obtained after 6 refinements. The optimization problem is
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Figure 2.6: Left: Given a random direction ξ, the panel shows the difference between
dRjh(z; ξ) and its finite difference approximation. As expected, we observe a linear rate
of convergence. Right: We let α = 1e−3 and β = 0 in the cost functional J (·). Let
J1(u, z) :=

1
2
∥u− ud∥2 and J2(z) :=

α
2
∥curlΓz∥2L2(Γ). Moreover, let z be the optimal

control corresponding to the finest mesh. Then the three curves show |J (uh, zh) −
J (u, z)|/J (u, z), |J1(uh, zh)−J1(u, z)|/J1(u, z), and |J2(zh)−J2(z)|/J2(z) as h →
0.

solved using the BFGS method mentioned above with a stopping tolerance of 10−9.

We let ud = H , cf. (2.6.2) and let α = 10−3 and β = 0. Let J1(u, z) := 1
2
∥u −

ud∥2 and J2(z) := α
2
∥curlΓz∥2L2(Γ). Figure 2.6 (right) shows the errors |J (uh, zh) −

J (u, z)|/J (u, z), |J1(uh, zh)−J1(u, z)|/J1(u, z), and |J2(zh)−J2(z)|/J2(z) as h →
0. The expected convergence is observed.
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Chapter 3

AN OPTIMAL TIME VARIABLE LEARNING FRAMEWORK FOR
DEEP NEURAL NETWORKS

3.1 Introduction

Consider a network architecture, for example, the residual neural network (ResNet)

y[ℓ] = y[ℓ−1] + τσ(y[ℓ−1], θ[ℓ−1]), (3.1.1)

which contains a parameter τ and an activation function σ. It is also possible to

consider other architectures, such as feed-forward networks, etc. The above neural

network can be understood as the time discretization of a non-linear ordinary differen-

tial equation (ODE). The feature vector y[ℓ] is computed by forward propagation from

the previous layers’ feature vector y[ℓ−1] and network parameters, which are collected in

θ[ℓ−1]. In most of the existing literature, τ is a given fixed constant. The main novelty

of this work lies in

replacing τ by learning variables τ [ℓ]

and the treatment of these τ [ℓ]. These variables can be understood as the “time step-

sizes” in Deep Neural Networks (DNNs). This work considers them as optimization

variables, not as hyperparameters. Furthermore, the parameters τ [ℓ] are allowed to

differ from layer to layer, i.e., the time grid can be non-uniform. Notice that this

τ -variable framework can be applied to any of the existing networks of type (3.1.1).

The deep learning optimization problem will now also learn optimal parameters τ [ℓ]

in addition to the standard DNN parameters. As will be illustrated throughout the

chapter, the presented approach is not just a scaling of the activation function σ by τ [ℓ].
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Figure 3.1: The panel shows the mean squared error during training when the variable-
τ framework is applied to a ResNet and a Fractional-DNN for an ill-posed 3D-Maxwell’s
equation. More details are available in Section 3.7.

This will become evident when applying the proposed framework to Fractional-DNNs,

where τ [ℓ] enters in multiple ways; see Remark 3.5.1.
This proposed approach presents multiple advantages, including:

• The proposed framework leads to optimal adaptive time discretizations of DNNs,
such as ResNets and Fractional-DNNs, tailored to the optimization/learning
problem.

• The proposed framework can further help (as is rigorously established) overcome
the vanishing and exploding gradient problems in networks such as ResNets and
Fractional-DNNs. Notice, that motivation behind introducing ResNets [77] was
vanishing gradients and Fractional-DNNs was vanishing and exploding gradients
[12].

• If τ [ℓ] for any layer ℓ is close to zero, then the associated layer is redundant
and can be deleted without sacrificing the accuracy. Thus leading to small yet
accurate DNNs.

• Variable τ [ℓ] helps improve the training error decay, see Figure 3.1.

The main idea of approximate parameterized PDEs and solving the inverse problems

using Fractional-DNNs has been recently introduced in [10]. The present approach not

only introduces the aforementioned variable time step framework, but for the first time,

to the best of our knowledge, also applies DNNs, such as ResNets and Fractional-DNNs,

to ill-posed problems such as Maxwell’s equations with Gauss’s law. A comparison of
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these standard DNNs with their time-step variable versions has also been carried out.

The problem is ill-posed in the following sense: Nédélec finite elements are traditionally

used to discretize Maxwell’s equations. However, they are curl-conforming, and thus

Gauss’s law (divergence condition) cannot be directly imposed [48]. The DNNs are

shown to generalize well on unseen data and physical domains.

Deep learning is a nascent field of research with many exciting applications, for

example, imaging science [12, 77, 88, 124, 150], biomedical applications [45, 75, 98],

satellite imagery, remote sensing [24, 140, 157], segmentation [126], and gaming [136].

Recently, this topic is starting to receive significant attention from mathematicians

[55, 61]. Especially, the fact that DNNs of type (3.1.1) can be viewed as optimization

problems constrained by discrete dynamical systems [12, 20, 43, 73, 74, 107, 134] and

partial differential equations [106, 129]. In these settings, the state-of-the-art is to

consider a uniform time grid, where the time step-size τ is chosen before running the

optimization algorithm to identify weights, i.e. τ is a hyperparameter.

The articles [76, 87] suggest to consider τ [ℓ] as hyperparameters for physics-

informed neural networks and ResNets, respectively. In both cases, the hyperparame-

ters τ [ℓ] are seen as scalings applied, outside [76] and inside [87], the activation function.

In [87], a global τ = τ [ℓ] for all ℓ is considered leading to training error improvement

and more accurate solutions, which will also hold true for our more general setting. In

[76], a sequence of τ [ℓ], fulfilling a probabilistic condition, is chosen to avoid explod-

ing gradients. In contrast, we let the optimization algorithm learn τ [ℓ] and provides

deterministic arguments to overcome the vanishing and exploding gradient problems.

Outline: This Chapter is organized as follows: Section 3.2 introduces some basic pre-

liminary results and notation. We introduce definitions of fractional derivatives and

state a generic DNN. We also describe an extension of this DNN to include a recently

introduced bias ordering idea from [6], which offers multiple advantages such as nar-

rowing the parameter search space. This is followed by Section 3.3, where the relation

between continuous DNNs and dynamical systems is considered. Special attention is

47



given to two continuous versions of DNNs: ResNet (DNN with a standard time deriva-

tive) and Fractional-DNN (DNN with a fractional time derivative). Stability results for

these two DNNs are also provided. Notice that Fractional-DNNs have been recently

introduced in [12] for classification and further extended in [10] to inverse problems

with PDEs. They have multiple advantages over ResNets as they can incorporate

memory into the network due to the nonlocal nature of fractional derivatives, and due

to the low regularity requirements of fractional derivatives, they can be applied to non-

smooth functions. As stated above, one of the main motivations behind introducing

Fractional-DNN was to overcome vanishing and exploding gradients. The article [12]

provides numerical evidence of overcoming the vanishing gradient problem.

Next, in Section 3.4 we state selected DNN architectures and compare them

for a fixed τ . The new framework with variable τ [ℓ] is applied to the architectures of

Section 3.4 in Section 3.5. Notice that our approach is broad and can be applied to

any network architecture of type (3.1.1), and it is independent of the choice of the loss

functional. Clearly, the proposed approach inherits all the positive aspects of these

existing networks. Additionally, the new framework is rigorously shown to overcome

vanishing and exploding gradient issues (cf. Section 3.6).

Finally, in Section 3.7, we illustrate the efficacy of our approach with the help

of an ill-posed 3D-Maxwell’s equation. The numerical examples validate the above-

mentioned advantages of the proposed framework. In particular, stability and network

reduction.

3.2 Preliminaries

The goal of this section is to introduce the relevant notation and abstract opti-

mization problems arising while training the DNNs. The content of this section is well

known [12, 10, 6].
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Symbol Description
L ∈ N Number of network layers (i.e. network depth)
N ∈ N Number of distinct data samples
nℓ Number of nodes in layer ℓ
y[ℓ] ∈ Rnℓ Feature vector in layer ℓ
σ Activation function
W [ℓ] ∈ Rnℓ+1×nℓ Weights in layer ℓ
b[ℓ] ∈ Rnℓ+1 Biases in layer ℓ
τ [ℓ] ∈ R Time step-size in layer ℓ
θ[ℓ] ∈ Rnℓ+1(nℓ+1)+1 Vector of all variables (weights, biases and time step-size) in layer ℓ
P ℓ
j Projection matrix from layer j onto layer ℓ

ϕ Adjoint variables
F Network represented as a function
fℓ Layer function
J Loss function
λ1, λ2, β ∈ R Regularization parameters
L Lagrangian
{u, S(u)} Input / Output pair of training data
Γ(·) Euler’s Gamma function

Table 3.1: Notation

3.2.1 Caputo fractional derivative

In preparation for the Fractional-DNN architecture, we next introduce the left

and right Caputo fractional derivatives for absolutely continuous functions and refer

to [11, Definitions 2.1 and 2.4, and Proposition 2.3] and [92, (2.4.17) and (2.4.18)] for

details.

Definition 3.2.1. (Left Caputo Fractional Derivative) Let y ∈ W 1,1([0, T ];X), with

X denoting a Banach space. The left Caputo fractional derivative of order γ ∈ (0, 1)

is given by

∂γ
t y(t) = cγ

ˆ t

0

y′(r)

(t− r)γ
dr, (3.2.1)

where cγ := 1
Γ(1−γ)

and Γ(·) is Euler’s Gamma function.

Definition 3.2.2. (Right Caputo Fractional Derivative) Let y ∈ W 1,1([0, T ];X), with

X denoting a Banach space. The right Caputo fractional derivative of order γ ∈ (0, 1)
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is given by

∂γ
T−ty(t) = −cγ

ˆ T

t

y′(r)

(r − t)γ
dr.

Next, we introduce the general deep learning problem as an optimization prob-

lem with DNN constraints.

3.2.2 Deep Learning problem

Consider a neural network architecture with an input layer of dimension n0, L−1

hidden layers of dimension nℓ for ℓ = 1, . . . , L − 1 and an output layer of dimension

nL. Then we can represent this network as a function

F = fL−1 ◦ fL−2 ◦ · · · ◦ f0, (3.2.2)

where {fℓ}L−1
ℓ=0 are the layer functions. These layer functions are parameterized by

weight matrices W [ℓ] ∈ Rnℓ+1×nℓ and bias vectors b[ℓ] ∈ Rnℓ+1 . The definition of fℓ

depends on the network architecture. We will introduce different options in Section

3.4.

The weights and biases are identified during a training process that requires

solving an optimization problem. Let
{
u(i), S(u(i))

}N

i=1
(input/output pairs) denote

the training data. Then the goal is to match the output of the DNN with the data

points S(u(i)). This is accomplished by minimizing a loss functional J and the resulting

optimization problem is given by:

min
{W [ℓ]}L−1

ℓ=0 ,{b[ℓ]}L−2
ℓ=0

J
(
{(y[L](i), S(u(i)))}i, {W [ℓ]}ℓ, {b[ℓ]}ℓ

)

subject to y[L](i) = F
(
u(i); ({W [ℓ]}ℓ, {b[ℓ]}ℓ)

)
i = 1, . . . , N.

(3.2.3)

One standard choice for the loss function is the mean squared error:

J :=
1

2N

N∑

i=1

||y[L](i) − S(u(i))||22.

Another example is the Cross-entropy loss, see [71] for more examples. The choice of J

is dictated by the application. For our study, it is not relevant which of these options

is chosen since our focus is on DNNs, represented by the operator F .
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It is also common to add regularization, for example, ℓ1 and ℓ2 regularizations

on weights and biases

Jλ1 = J +
λ1

2

L−1∑

ℓ=0

(
||W [ℓ]||22 + ||W [ℓ]||1

)
+

λ1

2

L−2∑

ℓ=0

(
||b[ℓ]||22 + ||b[ℓ]||1

)
, (3.2.4)

where λ1 > 0 is the regularization parameter.

Before we continue, we emphasize that recently, the article [6] has extended

the above generic network (3.2.3) by incorporating ordering among the bias vector

components in each layer. The main idea is that in each layer ℓ, with ℓ = 0, . . . , L− 2,

one enforces

b
[ℓ]
j ≤ b

[ℓ]
j+1, j = 1, . . . , nℓ+1 − 1, (3.2.5)

where the subscript j indicates the bias vector component. This approach offers mul-

tiple advantages, as highlighted in [6]. Our numerical examples further provides a

comparison between with and without bias ordering framework. Notice that the bias

ordering is implemented using a penalty framework; see [6] for details.

Next, we provide a mathematical background behind learning the time step-sizes

τ [ℓ]. To start, we discuss a link between some DNNs and dynamical systems.

3.3 Continuous DNNs

In this section, we study the continuous structure of multiple DNNs; cf. (3.1.1)

and (3.2.2). This section mainly focuses on the stability of these architectures, which

will follow from a connection with dynamical systems. For other approaches, we refer to

[15, 76] and the references therein. Since we are primarily interested in stability results,

we start with a basic remark on a (finite) network with a Lipschitz activation function,

like ReLU. The finite composition of Lipschitz functions is also a Lipschitz function and

therefore differentiable almost everywhere by Rademacher’s theorem. In the following,

we show some historical connections between neural networks and dynamical systems,

and later on we consider continuous Fractional-DNNs which enable memory into the

DNNs.
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3.3.1 Ordinary Differential Equations and Neural Networks

The relation between Neural Networks (NNs) and differential equations is not

new. In fact, in the late ’80s, in [121] the following model was considered for the

activity of j-th neuron:

dyj
dt

= −αyj + βσ
(∑

k

wjkyk

)
+ bj, (3.3.1)

where α and β are (given) positive constants, the weights {wjk} represent the connec-

tion strength between the k-th and j-th neurons, and bj represents a bias. Note that

most modern neural network architectures are related to stationary solutions of the

ODE above. In the present work, we restrict our focus to a different connection with

dynamical systems (cf. (3.1.1)), which is more recent, mainly because it has been tested

more thoroughly. Also, because we are interested in optimal control, we will primarily

focus on the ideas presented in [12], [47], and [129]. Nevertheless, for completeness, we

also mention some other related works: [60] and [137] from a dynamical systems point

of view, [142] for universal maps with memory, [103] for problems in the frequency

domain, [65] for a Runge-Kutta based NN, PINNs [39] for PDE-related problems, and

SINDy [89] for data-driven model discovery. Also, when ReLU is considered as the

activation function, a DNN is a high-dimensional, piecewise linear function. Therefore,

some techniques from the Finite Element and the Monte Carlo methods can be used

for its analysis, cf. [82].

Motivated by ResNets [77], the authors in [47] relate DNNs of type (3.1.1) to a

recurrence relation obtained when numerically solving a system of ODEs. For instance,

for given f : R × R 7→ R and y0 ∈ R, consider the problem: Find a function y, such

that:

y′(t) = f(t, y(t)), in (0, T ),

y(0) = y0.
(3.3.2)
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A solution for this system can be approximated, under mild assumptions on y and f ,

by the Euler method:

y(t+ τ)− y(t) =

ˆ t+τ

t

y′(s)ds =

ˆ t+τ

t

f(s, y(s))ds ≈ τ · f(t, y(t)),

where we have (formally) used the fundamental theorem of calculus and a left Riemann-

sum approximation. Namely, we can understand the layers of a DNN as samples from

a continuous system that evolves from the input to the output. Here, the first and last

layers are special cases due to common upsampling and downsampling techniques.

It is worth mentioning, that in [47, B.2] the authors consider f = f(y(t), t, θ),

where θ represents the parameters of the DNN. Namely, θ is independent of t and

therefore their ODE system is limited (essentially) to autonomous systems. Thus,

DNNs generated with the method given in [47] are smooth by construction. This

property allows one to use well-known results in the theory of dynamical systems,

control theory, adaptive ODE solvers, among others. An interesting application where

smooth trajectories are desired is when self-intersecting trajectories or surfaces are

not allowed, as in shape optimization (manifold surfaces), cf. [125, 151]. It is clear

that the additional smoothness also limits the usability of the model [59]. Obviously,

the architecture of a neural network must match its purpose, i.e., the given data and

desired application case.

Besides the networks of type (3.3.2), the present work also focuses on problems

where the underlying system depends on its history in a nonlocal way. The latter is

most commonly found in systems with hysteresis or delayed effects. Note that the

derivative in (3.3.2) is a local operator; this follows from its pointwise limit definition.

Therefore, based on [10, 11, 12], we consider a fractional derivative based approach.

As pointed out in [10, 12], this serves two main purposes: it acts as a global operator

(memory effect), and the order of a differential equation is allowed to be less than 1,

which reduces the smoothness of the system.
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3.3.2 Stability of continuous Fractional-DNN

As mentioned before, ResNet-like architectures can be connected to a classical

ODE system, and therefore we can apply the well-known theories to analyze the prop-

erties of the DNN [47, 129]. A commonly desired property is continuous dependence

on the data. In the context of machine learning, this means that input variables that

are “close” should produce outputs of the DNN that are also “close”. Of course, in

the context of real-life applications, the notion of distance is not always known, nor is

the right dimension or the smoothness/regularity of the system underneath. Following

[10, 12], we consider a DNN architecture that can be related to a different notion of

derivative, the so-called fractional derivative, see Section 3.2.1, and here we show a

stability result for this notion of derivative with respect to the initial data. In order

to do so, we consider Ω to be an open, bounded and connected subset of Rd, define

E :=
(
L2(Ω), ∥ · ∥Ω

)
, and let f : Dom(f) ⊆ [0,∞) × E 7→ E. To establish the stabil-

ity of continuous Fractional-DNN, we consider a dynamical system for y. Notice that

similar structure holds for the continuous Fractional-DNN (cf. (3.5.6))

∂γ
t y = f(t, y), with y(0) = y0, (3.3.3)

where y0 ∈ E, and f satisfies the standard assumptions:




There exist positive constants T and r such that f restricted to [0, T ]×Br(y0)

is continuous, bounded and Lipschitz with respect to the second argument.

(H)

The last hypothesis implies there exists L > 0 such that

∥f(t, y1)− f(t, y2)∥Ω ≤ L∥y1 − y2∥Ω ∀t ∈ [0, T ], and ∀y1, y2 ∈ Br(y0).

Let us remark that E can be replaced by any other space with the Radon-Nikodym

property, but based on the most common loss functions, we restrict the analysis to

L2(Ω). From [11] we have the following result connecting the strong and generalized

Caputo derivatives
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Lemma 3.3.1. Let γ ∈ (0, 1), and T > 0. If y ∈ W 1,1
(
(0, T );E

)
then the following

equality holds in the L1((0, T ];E)−sense

∂γ
t y(t) = Dγ

t (y − y(0))(t), (3.3.4)

for a.e. t ∈ (0, T ], where Dγ
t denotes the Left Riemann-Liouville fractional derivative,

cf. [11, Definition 2.2].

Proof. The proof follows from [11, Proposition 2.3] and the fact that every reflexive

Banach space has the Radon-Nikodym property.

We write the Left Caputo derivative in the generalized Caputo derivative form

(3.3.4), because several of the well-known results, which hold for standard ODEs, also

have their counterparts in the generalized Caputo derivative setting. For instance, the

solution operator for a non-autonomous fractional ODE can be represented in terms

of a Volterra integral; cf. [57, Theorem 2.1]. By using this integral representation, the

next proposition shows the stability of the fractional ODE (3.3.3) with respect to its

initial value when the solution is smooth enough.

Proposition 3.3.2. Given y0 ∈ E, and f that satisfies (H). If yα, yβ ∈ W 1,1((0, T );E)

solve (3.3.3) with initial conditions yα,0 and yβ,0 both in Br(y0). Then,

∥yα − yβ∥L1(0,T ;E) ≤ C∥yα,0 − yβ,0∥Ω, (3.3.5)

where C = C(γ, T, L) > 0.

Proof. By Lemma 3.3.1, and because E is reflexive and therefore has the Radon-

Nikodym property, we can recast (3.3.3) as (3.3.4), with y(0) ∈ {yα,0, yβ,0}, and rep-

resent each solution in terms of a nonlinear Volterra integral, cf. [57, Lemma 2.1].

Namely, if yα, yβ represent the solutions for (3.3.3) with corresponding initial condi-

tions yα,0, yβ,0, then for t ∈ [0, T ], and a.e. x ∈ Ω

yα(x, t) = yα,0(x) + cγ

ˆ t

0

1

(t− τ)γ
f(τ, yα(x, τ))dτ,

yβ(x, t) = yβ,0(x) + cγ

ˆ t

0

1

(t− τ)γ
f(τ, yβ(x, τ))dτ,
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where we recall cγ = 1
Γ(1−γ)

. Then,

∥yα(·, t)− yβ(·, t)∥Ω ≤
∥∥yα,0 − yβ,0

∥∥
Ω
+ cγ

ˆ t

0

1

(t− τ)γ
∥∥f(τ, yα)− f(τ, yβ)

∥∥
Ω
dτ

≤
∥∥yα,0 − yβ,0

∥∥
Ω
+ cγ

ˆ t

0

1

(t− τ)γ
L
∥∥yα(·, τ)− yβ(·, τ)

∥∥
Ω
dτ

Finally, from Gronwall’s inequality in its integral form

∥yα(·, t)− yβ(·, t)∥Ω ≤ ∥yα, − yβ,0∥Ω exp

(
L

Γ(1− γ)

ˆ t

0

1

(t− τ)γ
dτ

)

= ∥yα,0 − yβ,0∥Ω exp

(
L

Γ(1− γ)

t1−γ

1− γ

)
,

and integrating over (0, T ) concludes the proof.

Remark 3.3.3. It is important to point out that the previous results assume the reg-

ularity W 1,1((0, T );E), but for most problems in Machine Learning the regularity of

solutions is still an open question. Even at the “discrete level”, the regularity depends

on the data, DNN architecture, optimization algorithm, loss function, among others

factors. Another difficulty is that DNNs can have a different number of neurons in

each layer, i.e., the space E can change over time.

Finally, and as mentioned before, a DNN with Lipschitz activation functions

defines a locally Lipschitzian operator. Later in Section 3.6, we will explore how the

activation function and weights affect locally the gradient of a DNN and therefore the

Lipschitz constant, and we will study the vanishing and exploding gradients problem

of various DNNs under the variable−τ framework that is introduced in Section 3.5.

3.4 Network architectures with fixed τ-parameter

Let us begin by stressing that, in general, the proposed framework with variable

τ can be applied to any DNN. We will illustrate our ideas using three representative

DNNs. Subsequently, we will describe their strengths and weaknesses.

The first network architecture is ResNet [77]. As described in the previous

section, see (3.3.2), this network arises after adding an identity map to a standard
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feedforward network. This leads to connectivity between the adjacent layers. In order

to connect all layers and additionally be able to approximate non-smooth functions,

we refer to DenseNet [84] and Fractional-DNN [12]. We remark that there also exist

other approaches that attempt to induce multilayer connections, e.g., Highway Net

[139], AdaNet [53], ResNetPlus [46], etc.

DenseNet is an ad-hoc method that uses the feature maps of all preceding lay-

ers as inputs into all subsequent layers. Meanwhile, Fractional-DNN can be viewed as

a time-discretization of a fractional in time non-linear ODE of type (3.3.3), connect-

ing all layers in a mathematically rigorous manner. Both approaches, DenseNet and

Fractional-DNN, improve the vanishing gradient effect issue due to the memory effect

they incorporate. Furthermore, Fractional-DNN allows approximation of non-smooth

functions and thus can also potentially help with exploding gradients.

We recall the ResNet [77] with uniform time-steps τ , cf. (3.1.1). The feature

vector y[ℓ] ∈ Rnℓ in layer ℓ = 1, . . . , L is computed by forward propagation in the

following way

y[ℓ] = P ℓ
ℓ−1y

[ℓ−1] + τσ
(
W [ℓ−1]y[ℓ−1] + b[ℓ−1]

)
, ℓ = 1, . . . , L,

where P 1
0 = 0 ∈ Rn0×n1 and y[0] = u. Here, σ is a nonlinear activation function; for

instance, ReLU [71], τ is the fixed time-step length, and u is the input data. Notice

that, if all the layers are the same size, then P ℓ
ℓ−1 equals an identity matrix. In general,

P ℓ
ℓ−1 will allow layers to have different sizes, i.e.,

dim(P ℓ
ℓ−1y

[ℓ−1]) = dim(y[ℓ]).

While ResNet provides connectivity between adjacent layers, we are also interested in

fully connected networks, such as DenseNet [84].

In a DenseNet, the connection through all layers is achieved by the following

forward propagation:

y[ℓ] =
ℓ−1∑

i=0

P ℓ
i y

[i] + σ
(
W [ℓ−1]y[ℓ−1] + b[ℓ−1]

)
, ℓ = 1, . . . , L,
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where y[0] = u is the input data.

Notice that this method does not contain a time step-size parameter. It is

possible to artificially add the parameter τ before the activation function σ. The

connection of the resulting expression to a dynamical system remains unclear. Instead

of DenseNet, we focus on Fractional-DNN. In addition to connecting all layers, the

Fractional-DNN can be understood as a time discretization of a dynamical system of

type (3.3.3). Hence, learning the time step sizes is a meaningful task in this setup.

We recall the Fractional-DNN, with uniform time-steps τ , from [12, 10]. It

corresponds to a time discretization of a system of type (3.3.3). The forward propaga-

tion for the Fractional-DNN is given by

y[ℓ] = P ℓ
ℓ−1y

[ℓ−1] −
ℓ−1∑

j=1

aℓ−j(P
ℓ
j y

[j] − P ℓ
j−1y

[j−1]) + τ γΓ(2− γ)σ
(
W [ℓ−1]y[ℓ−1] + b[ℓ−1]

)
,

where ℓ = 1, . . . , L, y[0] = u, and P ℓ
j as before. Moreover

aℓ−j := (ℓ+ 1− j)1−γ − (ℓ− j)1−γ.

Remark 3.4.1. In Section 3.5.2 below, we will consider a Fractional-DNN with vari-

able τ , i.e., τ [ℓ] for ℓ = 1, . . . , L − 1. In this case, the coefficients aℓ−j will depend on

τ [j], . . . , τ [ℓ].

We conclude this section by emphasizing that depending on the number of DNN

outputs, the last layer may have a different size, which can be captured via

y[L] = W [L−1]y[L−1].

For the remainder of the Chapter, we will assume such a setup for the last layer.

3.5 Variable-τ framework for DNNs

Instead of a fixed τ , we propose to use a different τ [ℓ] for each layer, which is

learned during the training process. This allows us to optimize the “time step-sizes"

τ [ℓ], resulting in what can be viewed as an adaptive time discretization of the ODE
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tailored to the optimization (learning) problem. The resulting optimization problem

is given by (cf. 3.2.3)

min
{W [ℓ]}L−1

ℓ=0 ,{b[ℓ]}L−2
ℓ=0 ,{τ [ℓ]}L−2

ℓ=0

Jλ

(
{(y[L](i), S(u(i)))}i, {W [ℓ]}ℓ, {b[ℓ]}ℓ, {τ [ℓ]}ℓ

)

subject to y[L](i) = F
(
u(i); ({W [ℓ]}ℓ, {b[ℓ]}ℓ, {τ [ℓ]}ℓ)

)
i = 1, . . . , N.

(3.5.1)

Constraints on τ [ℓ], for instance, non-negativity can be easily incorporated. Recall from

(3.2.4) that Jλ1 contains the regularization for the weights W [ℓ] and b[ℓ]. Additional

regularization on τ [ℓ] can be easily introduced as

Jλ := Jλ1 +
λ2

2

L−2∑

ℓ=0

(
||τ [ℓ]||22 + ||τ [ℓ]||1

)
,

where λ = λ(λ1, λ2).

We apply the τ -variable framework to the ResNet and the Fractional-DNN dis-

cussed above.

3.5.1 ResNet with variable τ

Consider (3.5.1) with F denoting the ResNet with variable τ

y[ℓ] = P ℓ
ℓ−1y

[ℓ−1] + τ [ℓ−1]σ(W [ℓ−1]y[ℓ−1] + b[ℓ−1]), ℓ = 1, . . . , L− 1,

y[L] = W [L−1]y[L−1].
(3.5.2)

For simplicity of notation, we write J instead of Jλ and collect W [ℓ], b[ℓ], and τ [ℓ] for

all ℓ into one vector θ and denote the adjoint variables by ϕ.

We introduce the Lagrangian functional to derive the optimality system, follow-

ing the approach of [12],

L(y, θ, ϕ) =J(θ)−
L−1∑

ℓ=1

〈
y[ℓ] − P ℓ

ℓ−1y
[ℓ−1] − τ [ℓ−1]σ(W [ℓ−1]y[ℓ−1] + b[ℓ−1]), ϕ[ℓ]

〉

−
〈
y[L] −W [L−1]y[L−1], ϕ[L]

〉
.
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Setting the variation of L with respect to ϕ equals zero, we recover the state equation

(3.5.2). Similarly, setting the variation of L with respect to y equals zero, we arrive at

the adjoint system

ϕ[ℓ] = (P ℓ+1
ℓ )⊤ϕ[ℓ+1] + τ [ℓ](W [ℓ])⊤

(
ϕ[ℓ+1] ⊙ σ′(W [ℓ]y[ℓ] + b[ℓ])

)
, ℓ = L− 2, . . . , 1,

ϕ[L−1] = (W [L−1])⊤ϕ[L],

ϕ[L] = ∂y[L]J(θ) = y[L] − S(u),

where the last equality is due to the specific choice of the least-squares loss function.

It will be different, for example, in the case of the cross-entropy softmax.

Since we will be solving the above optimization problem using a gradient-based

method, we also need to evaluate the derivatives with respect to θ:

∂W [L−1]L = ϕ[L](y[L−1])⊤ + ∂W [L−1]J(θ),

∂W [ℓ]L = y[ℓ]
(
ϕ[ℓ+1] ⊙ τ [ℓ]σ′(W [ℓ]y[ℓ] + b[ℓ])

)⊤
+ ∂W [ℓ]J(θ), ℓ = 0, . . . , L− 2,

∂b[ℓ]L = (ϕ[ℓ+1])⊤τ [ℓ]σ′
(
W [ℓ]y[ℓ] + b[ℓ]

)
+ ∂b[ℓ]J(θ), ℓ = 0, . . . , L− 2,

∂τ [ℓ]L =
〈
σ(W [ℓ]y[ℓ] + b[ℓ]), ϕ[ℓ+1]

〉
+ ∂τ [ℓ]J(θ), ℓ = 0, . . . , L− 2.

Next, we state the Fractional-DNN [12] but now with variable τ [ℓ]. Recall that,

in contrast to a ResNet, the Fractional-DNN allows connectivity between all the layers.

3.5.2 Fractional-DNN with variable τ

Consider a time-discretization t0 ≤ t1 ≤ · · · ≤ tL with L ∈ N and set Iℓ :=

(tℓ, tℓ+1] and τ [ℓ] = tℓ+1 − tℓ for 0 ≤ ℓ ≤ L − 1. Throughout, we will assume that

τ [ℓ] > 0 to justify division by τ [ℓ].

We generalize the numerical scheme introduced in [105, 104] to a non-uniform

time discretization and obtain the discrete approximation of the left-sided Caputo
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fractional derivative of order γ ∈ (0, 1). For 0 ≤ ℓ ≤ L− 1, we have that:

∂γ
t y(x, tℓ+1) = cγ

ˆ tℓ+1

0

∂ty(x, t)

(tℓ+1 − t)γ
dt = cγ

ℓ∑

j=0

ˆ
Ij

∂ty(x, t)

(tℓ+1 − t)γ
dt

= cγ

ℓ∑

j=0

y(x, tj+1)− y(x, tj)

τ [j]

ˆ
Ij

1

(tℓ+1 − t)γ
dt+ rℓ+1

γ (3.5.3)

where we have used the finite difference approximation. Here rℓ+1
γ denotes the remain-

der from the Taylor formula, which can be estimated as described in [118, Section

3.2.1]. After carrying out the integration in (3.5.3), we arrive at

∂γ
t y(x, tℓ+1) = cγ

∑ℓ
j=0

y(x,tj+1)−y(x,tj)

τ [j]
1

(1−γ)

((∑ℓ
i=j τ

[i]
)1−γ

−
(∑ℓ

i=j+1 τ
[i]
)1−γ

)
+ rℓ+1

γ

= cγ−1

∑ℓ
j=0

1
τ [j]

((∑ℓ
i=j τ

[i]
)1−γ

−
(∑ℓ

i=j+1 τ
[i]
)1−γ

)(
y(x, tj+1)− y(x, tj)

)
+ rℓ+1

γ .

(3.5.4)

Analogously, we obtain the approximation of the right-sided Caputo fractional deriva-

tive of order γ ∈ (0, 1) for 0 ≤ ℓ ≤ L− 1:

∂γ
T−ty(x, tℓ) = −cγ−1

∑L−1
j=ℓ

1
τ [j]

((∑j
i=ℓ τ

[i]
)1−γ

−
(∑j−1

i=ℓ τ
[i]
)1−γ

)(
y(x, tj+1)− y(x, tj)

)
+ rℓγ.

(3.5.5)

Before we apply the above discretization to the Fractional-DNN formulation, we con-

sider two generic nonlinear ODEs of type (3.3.3) (cf. e.g. [12, Section 4.1]) with

γ ∈ (0, 1):

∂γ
t y(x, t) = f(t, y(x, t)), y(x, 0) = y0,

∂γ
T−ty(x, t) = f(t, y(x, t)), y(x, T ) = yT .

(3.5.6)

This also links back to Subsection 3.3.2, where the stability of the above continuous

DNN was discussed. Here, we will move on to formulate the discrete version.

Using the discretizations from (3.5.4) and (3.5.5) in (3.5.6), for 0 ≤ ℓ ≤ L− 1,

we arrive at

y(x, tℓ+1) = y(x, tℓ)−
ℓ−1∑

j=0

aℓ,j(y(x, tj+1)− y(x, tj)) + (τ [ℓ])γc−1
γ−1f(tℓ, y(x, tℓ)),

y(x, tℓ) = y(x, tℓ+1) +
L−1∑

j=ℓ+1

bj,ℓ(y(x, tj+1)− y(tj)) + (τ [ℓ])γc−1
γ−1f(tℓ, y(x, tℓ)),
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with

aℓ,j :=
(τ [ℓ])γ

τ [j]

((∑ℓ
i=j τ

[i]
)1−γ

−
(∑ℓ

i=j+1 τ
[i]
)1−γ

)
,

bj,ℓ :=
(τ [ℓ])γ

τ [j]

((∑j
i=ℓ τ

[i]
)1−γ

−
(∑j−1

i=ℓ τ
[i]
)1−γ

)
.

Notice that the uniform case, τ [ℓ] = τ for all ℓ, considered throughout the literature,

is a special case of the above setting. Furthermore, in the uniform setting, aj,ℓ = bj,ℓ,

which may not be true in the aforementioned general scenario.

After these preparations, we are ready to apply the τ -variable framework to

Fractional-DNN. Here, we take into account that the feature vectors y[ℓ] may have

different sizes across the layers. Thus, as in case of τ -variable ResNet, we introduce

projection matrices P ℓ
j for j = 0, . . . , ℓ − 1 and ℓ = 1, . . . , L − 1 with dim(P ℓ

j y
[j]) =

dim(y[ℓ]). The resulting Fractional DNN with variable τ is

y[ℓ] = P ℓ
ℓ−1y

[ℓ−1] −
ℓ−2∑

j=0

aℓ−1,j(P
ℓ
j+1y

[j+1] − P ℓ
j y

[j])

+ (τ [ℓ−1])γc−1
γ−1σ(W

[ℓ−1]y[ℓ−1] + b[ℓ−1]), ℓ = 1, . . . , L− 1

y[L] = W [L−1]y[L−1].

(3.5.7)

Remark 3.5.1. Before we proceed further, we stress that the τ -variable framework is

not merely a scaling of the activation by τ [ℓ]. Indeed, in (3.5.7) the scaling in front of

σ is not simply τ [ℓ], but is (τ ℓ−1)γc−1
γ−1. Furthermore, aℓ−1,j also contains τ [j], . . . , τ [ℓ−1],

which makes the impact of the time step sizes much more complex than just the scaling

of σ.

As in the ResNet case, we next derive the optimality conditions. This requires

introducing the Lagrangian formulation as before. In this fractional derivative setting,

we observe a subtle issue. It is well known that there are two approaches to derive the

optimality conditions: optimize-then-discretize and discretize-then-optimize [13, 81].

Below, in the τ -variable fractional setting, we observe that the two approaches do not
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coincide. It is not difficult to see that in the first case, optimize-then-discretize, we

obtain the following adjoint equation:

ϕ[ℓ] = (P ℓ+1
ℓ )⊤ϕ[ℓ+1] +

L−2∑

j=ℓ+1

bj,ℓ((P
j+1
ℓ )⊤ϕ[j+1] − (P j

ℓ )
⊤ϕ[j])

+ (τ [ℓ])γc−1
γ−1

[
(W [ℓ])⊤

(
ϕ[ℓ+1] ⊙ σ′(W [ℓ]y[ℓ] + b[ℓ])

)]
, ℓ = L− 2, . . . , 1,

ϕ[L−1] =
(
W [L−1]

)⊤
ϕ[L],

ϕ[L] = ∂y[L]J(θ).

(3.5.8)

Next, we derive the adjoint equations for the second approach, i.e., discretize-then-

optimize. We begin by introducing the Lagrangian

L(y, θ, ϕ) =J(θ)−
L−1∑

ℓ=1

⟨y[ℓ] − P ℓ
ℓ−1y

[ℓ−1] +
ℓ−2∑

j=0

aℓ−1,j(P
ℓ
j+1y

[j+1] − P ℓ
j y

[j])

− (τ [ℓ−1])γc−1
γ−1σ(W

[ℓ−1]y[ℓ−1] + b[ℓ−1]), ϕ[ℓ]⟩

−
〈
y[L] −W [L−1]y[L−1], ϕ[L]

〉
.

Setting the variation of L with respect to ϕ equal zero, we obtain the state equation

(3.5.7). To derive the adjoint equation, we calculate the variation of L with respect

to y[ℓ] for every ℓ = 1, . . . , L. A detailed calculation can be found in Appendix A.0.1.

Setting this variation equal to zero, we arrive at the following adjoint system

ϕ[ℓ] = (1− aℓ,ℓ−1)(P
ℓ+1
ℓ )⊤ϕ[ℓ+1] +

L−1∑

j=ℓ+2

(aj−1,ℓ − aj−1,ℓ−1)(P
j
ℓ )

⊤ϕ[j]

+ (τ [ℓ])γc−1
γ−1

[
(W [ℓ])⊤

(
ϕ[ℓ+1] ⊙ σ′(W [ℓ]y[ℓ] + b[ℓ])

)]
, ℓ = L− 2, . . . , 1,

ϕ[L−1] =
(
W [L−1]

)⊤
ϕ[L],

ϕ[L] = ∂y[L]J(θ).

(3.5.9)

Below, we collect all summands that contain factors bj,ℓ in (3.5.8) on the left side and

all summands that contain factors aj,ℓ in (3.5.9) on the right side. We see that the two
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adjoint equations given in (3.5.8) and (3.5.9) differ in the following term:

L−2∑

j=ℓ+1

bj,ℓ((P
j+1
ℓ )⊤ϕ[j+1] − (P j

ℓ )
⊤ϕ[j]) ̸=

L−2∑

j=ℓ+1

aj,ℓ(P
j+1
ℓ )⊤ϕ[j+1] −

L−1∑

j=ℓ+1

aj−1,ℓ−1(P
j
ℓ )

⊤ϕ[j]

In our computations, we have implemented the discretize-then-optimize approach, i.e.,

(3.5.9). Finally, we compute the derivative with respect to θ:

∂W [L−1]L = ϕ[L](y[L−1])⊤ + ∂W [L−1]J(θ),

∂W [ℓ]L = y[ℓ]
(
ϕ[ℓ+1] ⊙ (τ [ℓ])γc−1

γ−1σ
′(W [ℓ]y[ℓ] + b[ℓ])

)⊤
+ ∂W [ℓ]J(θ), ℓ = 0, . . . , L− 2,

∂b[ℓ]L = (ϕ[ℓ+1])⊤(τ [ℓ])γc−1
γ−1σ

′
(
W [ℓ]y[ℓ] + b[ℓ]

)
+ ∂b[ℓ]J(θ), ℓ = 0, . . . , L− 2,

∂τ [ℓ]L = −
L−2∑

k=ℓ

min{k−1,ℓ}∑

j=0

∂τ [ℓ](ak,j)
〈
P k+1
j+1 y

[j+1] − P k+1
j y[j], ϕ[k+1]

〉

+
〈
γ(τ [ℓ])γ−1c−1

γ−1σ(W
[ℓ]y[ℓ] + b[ℓ]), ϕ[ℓ+1]

〉
+ ∂τ [ℓ]J(θ), ℓ = 0, . . . , L− 2.

Details on the computation of ∂τ [ℓ]L can be found in Appendix A.0.2. Next, we examine

the impact of variable τ on the stability of networks such as ResNets and Fractional-

DNNs.

3.6 Vanishing and exploding gradients

It is well known that optimization problems with DNN constraints can suffer

from vanishing and exploding gradients, see e.g. [19, 70]. In this section, we analyze

the structure of the derivatives for several network architectures such as feedforward

network, ResNet, DenseNet, Fractional-DNN, and the consequences of application of

τ -variable framework on these networks. We will identify various conditions to help

overcome the aforementioned challenges.

For simplicity of the notation, we define the abbreviation a[ℓ] := σ(W [ℓ]y[ℓ]+ b[ℓ])

and omit the projection matrices P ℓ
ℓ−1, i.e., nℓ = n for all layers ℓ. While the following

result may not be new for the standard case with τ [ℓ] = τ ∈ R for all ℓ, to the best of

our knowledge, this is new for variable τ [ℓ].
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Theorem 3.6.1 (Feedforward Network and ResNet). Consider the feedforward net-

work and ResNet with τ -variable framework

y[ℓ] = τ [ℓ−1]a[ℓ−1], ℓ = 1, . . . , L− 1,

y[ℓ] = y[ℓ−1] + τ [ℓ−1]a[ℓ−1], ℓ = 1, . . . , L− 1.

Let θ[k] = (W [k](:), b[k], τ [k])⊤ be the parameters associated with layer k for k = 0, . . . , L−
2. Then the respective derivatives take the form

dθ[j]y
[ℓ] =

j+1∏

i=ℓ−1

(
τ [i]dy[i]a

[i]
)
∂θ[j](τ

[j]a[j]), (3.6.1)

dθ[j]y
[ℓ] =

j+1∏

i=ℓ−1

(
I+ τ [i]dy[i]a

[i]
)
∂θ[j](τ

[j]a[j]), (3.6.2)

for all ℓ = 1, . . . , L− 1 and j = 0, . . . , ℓ− 1.

Proof. For the feedforward neural network we can compute with chain rule

dθ[j]y
[ℓ] = dθ[j]τ

[ℓ−1]a[ℓ−1]

= τ [ℓ−1]dy[ℓ−1]a[ℓ−1] · dθ[j]y
[ℓ−1]

= τ [ℓ−1]dy[ℓ−1]a[ℓ−1] · dθ[j]τ
[ℓ−2]a[ℓ−2].

where · denotes the standard matrix multiplication. By iterating we arrive at

dθ[j]y
[ℓ] =

j+1∏

i=ℓ−1

(
τ [i]dy[i]a

[i]
)
dθ[j]y

[j+1] =

j+1∏

i=ℓ−1

(
τ [i]dy[i]a

[i]
)
∂θ[j](τ

[j]a[j]).

Similarly, for the ResNet, we obtain

dθ[j]y
[ℓ] = dθ[j](y

[ℓ−1] + τ [ℓ−1]a[ℓ−1])

= dθ[j]y
[ℓ−1] + τ [ℓ−1]dy[ℓ−1]a[ℓ−1] · dθ[j]y

[ℓ−1]

= (I+ τ [ℓ−1]dy[ℓ−1]a[ℓ−1]) dθ[j]y
[ℓ−1],

where I ∈ Rn×n denotes the identity matrix, with n = nℓ constant throughout all layers

ℓ. By iterating we arrive at

dθ[j]y
[ℓ] =

j+1∏

i=ℓ−1

(
I+ τ [i]dy[i]a

[i]
)
dθ[j]y

[j+1] =

j+1∏

i=ℓ−1

(
I+ τ [i]dy[i]a

[i]
)
∂θ[j](τ

[j]a[j]),

where we use that dθ[j]y
[j] = 0. This concludes the proof.
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Remark 3.6.2. Since σ is applied componentwise, special caution needs to be exercised

when deriving dy[i]a
[i]. Let r[i]j be the jth row of W [i]y[i]+b[i], namely

∑n
m=1W

[i]
j,my

[i]
m+b

[i]
j

for j ∈ {1, . . . , n}. Then, with a slight abuse of notation, it holds

dy[i]a
[i] = dy[i]σ(W

[i]y[i] + b[i]) = dy[i]

(
σ(r

[i]
j )
)n
j=1

= diag(σ′(r[i]1 ), . . . , σ
′(r[i]n )) ·W [i],

where σ′(r[i]j ) is the one-dimensional derivative of σ at r[i]j . Furthermore, for the partial

derivative ∂θ[j](τ
[j]a[j]), we recall θ[j] = (W [j](:), b[j], τ [j])⊤ ∈ RN , with N = n2 + n + 1

and the fact that a[j] depends on W [j] and b[j], but not τ [j]. Consequently, we see

∂θ[j](τ
[j]a[j]) =

(
τ [j]∂W [j](:)a

[j] τ [j]∂b[j]a
[j] a[j]

)
∈ Rn×N .

As pointed out above, the standard feedforward neural network, where τ [ℓ] = 1

for all ℓ, can suffer from vanishing and exploding gradients, which can be a challenge

for optimization with deep networks [19, 70]. Consider the structure of the derivatives

in (3.6.1) with τ [ℓ] = 1 for all ℓ, e.g. for the final hidden layer with ℓ = L− 1,

dθ[j]y
[L−1] =

j+1∏

i=L−2

(
dy[i]a

[i]
)
∂θ[j]a

[j].

Especially in the one-dimensional case, it is obvious that if the partial derivatives dy[i]a
[i]

are smaller than one, the product will tend to 0 as the number of layers L increases,

which leads to vanishing gradients. On the other hand, if the partial derivatives dy[i]a
[i]

are larger than 1, the product will tend to ∞ as the number of layers L increases,

which leads to exploding gradients. The feedforward neural network with variable τ ,

can potentially help overcome both problems, since now we have flexibility with respect

to τ [ℓ]. But one needs to be careful as if the gradient components are really small, then

τ [ℓ] needs to be really large to compensate, which could lead to ill-conditioning issues.

A more appropriate approach is the standard ResNet with τ [ℓ] = τ ∈ R for all

ℓ. It is known to be stable with respect to vanishing gradients. Recalling the gradient

from (3.6.2)

dθ[j]y
[L−1] =

j+1∏

i=L−2

(
I+ τ [i]dy[i]a

[i]
)
∂θ[j](τ

[j]a[j]),
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it becomes clear that this stability is achieved by the added identity I in every part of

the product. Hence, even if the Jacobians dy[i]a
[i] vanish, the product still contains the

identity matrices. This advantage carries over to the τ -variable framework.

Furthermore, the introduction of τ [ℓ] in ResNet allows us to tackle the exploding

gradients problem. This property has also been discussed using probabilistic bounds in

[76]. Our approach is deterministic. The standard ResNet architecture does not have

this property. Appropriate small τ [ℓ] can prevent the product from exploding with

growing number of layers. However, choosing τ [ℓ] too small may lead to the vanishing

gradient problem again, as we will illustrate in the following simple example. Recall

that we do not tune τ [ℓ] by hand, but let the optimization find it.

Example 3.6.3. Consider the ResNet architecture with variable τ in one dimenstion,

i.e. one node per layer. We have

dθ[1]y
[2] = ∂θ[1](τ

[1]a[1]),

dθ[0]y
[2] = (1 + τ [1]dy[1]a

[1]) ∂θ[0](τ
[0]a[0]).

Assume that dy[1]a
[1] is large, so that it leads to a large dθ[0]y

[2]. This problem can

be overcome if τ [1] attains a small value. However, this may lead to dθ[1]y
[2] being

accordingly small in its first two components, i.e., the derivatives by the weights and

biases. Consequently, fixing one potential exploding gradient problem can cause another

gradient to vanish. However, as emphasized earlier, we do not tune τ [ℓ] by hand but let

the optimization find optimal values.

We also analyze the respective derivatives in the DenseNet architecture with

variable τ . Finding a closed form for dθ[j]y
[ℓ] is not so easy for this network architecture,

but we can derive a recursive relation in terms of lower-order terms.

Theorem 3.6.4. Consider the DenseNet with τ -variable framework

y[ℓ] =
ℓ−1∑

k=0

y[k] + τ [ℓ−1]a[ℓ−1], ℓ = 1, . . . , L− 1.
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Then the derivatives can be recursively written as

dθ[j]y
[i] = dθ[j]

i−2∑

k=j+1

y[k] + (I+ τ [i−1]dy[i−1]a[i−1]) dθ[j]y
[i−1] i = ℓ, . . . , j + 2,

dθ[j]y
[j+1] = ∂θ[j](τ

[j]a[j]).

Proof. For i = ℓ, . . . , j + 2 we employ the chain rule of differentiation and use that

dθ[j]y
[k] = 0 for k < j + 1 to arrive at

dθ[j]y
[i] = dθ[j]




i−1∑

k=0

y[k] + τ [i−1]a[i−1]




= dθ[j]

i−2∑

k=j+1

y[k] + dθ[j]y
[i−1] + τ [i−1]dθ[j]a

[i−1]

= dθ[j]

i−2∑

k=j+1

y[k] + (I+ τ [i−1]dy[i−1]a[i−1]) dθ[j]y
[i−1].

The case i = j + 1 is special since the chain rule does not need to be applied here. It

simply holds

dθ[j]y
[j+1] = dθ[j]




j∑

k=0

y[k] + τ [j]a[j]


 = ∂θ[j](τ

[j]a[j]),

because k < j + 1. The proof is complete.

Remark 3.6.5. In Theorem 3.6.4, we can successively insert the expressions for the

lower-order terms in the higher-order terms, so that finally dθ[j]y
[ℓ] depends only on

∂θ[j](τ
[j]a[j]) and dy[i]a

[i] for i = j + 1, . . . , ℓ − 1. Furthermore, we see that every next

lower order term enters with a factor (I + τ [i]dy[i]a
[i]), so that one can overcome the

vanishing gradients problem in a DenseNet (both fixed and variable τ cases). To discuss

the exploding gradients problem we consider for example the derivative dθ[j]y
[L−1], where

one summand will be
∏L−2

i=j+1

(
τ [i]dy[i]a

[i]
)
∂θ[j](τ

[j]a[j]). In the standard one-dimensional

DenseNet architecture with τ [ℓ] = 1 for all ℓ, we see that the above product tends to ∞
with a growing number of layers L if dy[i]a

[i] > 1 for all i. The τ -variable architecture

can help deal with this problem; see also Example 3.6.8.
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Similarly to the above cases, we can express derivatives of Fractional-DNN ar-

chitecture, with variable τ , in terms of lower-order terms.

Theorem 3.6.6. Consider the Fractional-DNN with τ -variable framework

y[ℓ] = y[ℓ−1] −
ℓ−2∑

k=0

aℓ,k(y
[k+1] − y[k]) + (τ [ℓ−1])γc−1

γ−1a
[ℓ−1], ℓ = 1, . . . , L− 1.

Then the derivatives can be recursively written as

dθ[j]y
[i] = dθ[j]

i−2∑

k=j+1

(ai,k − ai,k−1)y
[k] +

(
(1− ai,i−2)I+ (τ [i−1])γc−1

γ−1 dy[i−1]a[i−1]
)
dθ[j]y

[i−1],

i = ℓ, . . . , j + 2,

dθ[j]y
[j+1] = c−1

γ−1 ∂θ[j]((τ
[j])γa[j]).

Proof. First of all, we rewrite the forward propagation for ℓ = 1, . . . , L−1 in Fractional-

DNN

y[ℓ] = y[ℓ−1] −
ℓ−2∑

k=0

aℓ,k(y
[k+1] − y[k]) + (τ [ℓ−1])γc−1

γ−1a
[ℓ−1]

= aℓ,0y
[0] +

ℓ−2∑

k=1

(aℓ,k − aℓ,k−1)y
[k] + (1− aℓ,ℓ−2)y

[ℓ−1] + (τ [ℓ−1])γc−1
γ−1a

[ℓ−1].

Then for i = ℓ, . . . , j + 2 we use chain rule and dθ[j]y
[k] = 0 for k < j + 1 to obtain

dθ[j]y
[i] = dθ[j]

(
ai,0y

[0] +
i−2∑

k=1

(ai,k − ai,k−1)y
[k] + (1− ai,i−2)y

[i−1] + (τ [i−1])γc−1
γ−1a

[i−1]
)

= dθ[j]

i−2∑

k=j+1

(ai,k − ai,k−1)y
[k] +

(
(1− ai,i−2)I+ (τ [i−1])γc−1

γ−1 dy[i−1]a[i−1]
)
dθ[j]y

[i−1].

Finally, for i = j + 1, we exploit again dθ[j]y
[k] = 0 for k < j + 1, and derive

dθ[j]y
[j+1] = dθ[j]

(
aj+1,0y

[0] +

j−1∑

k=1

(aj+1,k − aj+1,k−1)y
[k] + (1− aj+1,j−1)y

[j] + (τ [j])γc−1
γ−1a

[j]
)

= c−1
γ−1 ∂θ[j]((τ

[j])γa[j]).

This completes the proof.
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Remark 3.6.7. Again, the lower order term representations can be successively in-

serted into the higher order terms until we arrive at dθ[j]y
[ℓ] depending only on ∂θ[j]((τ

[j])γa[j])

and dy[i]a
[i] for i = j + 1, . . . , ℓ− 1. Here, the next lower order term enters with a fac-

tor
(
(1− ai,i−2)I+ (τ [i−1])γc−1

γ−1 dy[i−1]a[i−1]
)
, which allows us to overcome the vanishing

gradient problem in Fractional-DNNs. Furthermore, the multiplication by (τ [i−1])γ in

this factor can help us to deal with exploding gradients. This is similar to ResNet with

variable τ .

Example 3.6.8. To get an idea of how different network architectures influence the

derivatives, the derivative dθ[0]y
[3] is displayed here for the four different options that

have been considered in this section, i.e., feedforward neural network, ResNet, DenseNet,

and Fractional DNN:

dθ[0]y
[3] = τ [2]dy[2]a

[2] · τ [1]dy[1]a
[1] · ∂θ[0](τ [0]a[0]),

dθ[0]y
[3] =

(
I+ τ [1]dy[1]a

[1] + τ [2]dy[2]a
[2] + τ [1]τ [2]dy[2]a

[2] · dy[1]a
[1]
)
∂θ[0](τ

[0]a[0]),

dθ[0]y
[3] =

(
2I+ τ [1]dy[1]a

[1] + τ [2]dy[2]a
[2] + τ [1]τ [2]dy[2]a

[2] · dy[1]a
[1]
)
∂θ[0](τ

[0]a[0]),

dθ[0]y
[3] = {(1− a2,0 − a3,0 + a2,0a3,1)I+ (1− a3,1)(τ

[1])γc−1
γ−1dy[1]a

[1]

+ (1− a2,0)(τ
[2])γc−1

γ−1dy[2]a
[2] + (τ [1])γ(τ [2])γc−2

γ−1dy[2]a
[2] · dy[1]a

[1]} c−1
γ−1∂θ[0]((τ

[0])γa[0]).

In conclusion, ResNet, DenseNet and Fractional-DNN have a visible additive

structure in the derivatives, which helps with the vanishing gradients problem. Fur-

thermore, the parameters τ [ℓ] can help overcome both vanishing and exploding gradi-

ents.

3.7 Numerical results

In this section, we apply the τ -variable framework to a ResNet and a Fractional

DNN with and without bias ordering (3.2.5). A thorough comparison is carried out in

the context of an ill-posed 3D parametrized Maxwell’s equation with Gauss’s law. This

problem is ill-posed because the standard Nédélec finite element is only curl conforming
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and cannot directly impose the Gauss’s law. In all cases, we apply the smoothed version

of standard ReLU(y) = max{0, y} as the activation function

smoothReLU(y) =





max{0, y}, if |y| > η

1
4η
y2 + 0.5y + 0.25η, if y ∈ [−η, η] .

We have found that η = 10−4 is a robust choice for the examples under consideration.

Notice, that one can also use other activation functions which can differ from layer to

layer.

3.7.1 Maxwell’s equations

Our findings suggests that the τ -variable framework outperforms the standard

approach (with fixed τ) for deeper networks; see Figure 3.1. This is expected, since

the effect of variable τ [ℓ] will be more prominent when more layers (and consequently

more time-step parameters τ [ℓ]) are present. On the other hand, for shallow networks,

the τ -variable framework provides comparatively less improvements; see Figure 3.3(c).

Nevertheless, the τ -variable framework applied to ResNet yields error improvements

compared to a standard ResNet for model extrapolation, see Figure 3.4. These results

are also comparable to the approximation obtained with the finite element method

(FEM) using the lowest-order Nédélec space (see Figure 3.3(d)).

Consider the Maxwell-Dirac equations; our goal is to learn u : Ω ⊂ R 3 7→ R 3

that satisfies

curl
(
µ−1curlu

)
= f in Ω,

div(εu) = ρ in Ω,

u× n = g on ∂Ω,

(3.7.1)

where µ and ε are positive definite symmetric tensors in L∞(Ω)3, f ∈ L2(Ω)3, ρ ∈
L2(Ω) and g ∈ H

− 1
2

|| (divΓ; ∂Ω). This problem is particularly difficult at the discrete

level due to its divergence-related constraints and requires rather tailored algorithms to
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deal with it, see for instance [48]. Therefore, an interesting question is to approximate

the map:

(x,f(x),µ(x), ρ(x)) 7→ u(x),

that can lead to a reasonable and noise-robust approximation of the solution u to

(3.7.1), note that we ignore the boundary data g. This approach is similar to a surro-

gate model where its output could be used as an initial guess by an iterative method

like the domain decomposition method or in the reduced basis method [141]. Never-

theless, those problems are beyond the scope of the present study, and thus will be

studied in future works.

This learning problem is challenging because the solutions to (3.7.1) can have

discontinuities, while most neural networks, except for those with the Heaviside ac-

tivation function, lead to continuous approximations. Also, it is still not clear how

to incorporate the geometry (domain Ω) of the problem in a meaningful way. Thus,

we consider an example with a known smooth solution and we compare it with an

approximation obtained by various DNNs and by the lowest order Nédélec space of the

first kind, cf. [116], denoted by N0(Ω). Here, we consider the basis proposed in [72].

In order to do that, let us consider ε = I3×3, and for a smooth φ : Ω 7→ R + we define

µ−1(x) = φ(x)I3×3, then curl
(
µ−1curlu

)
= ∇φ× curlu+ φcurl (curlu) .

Thus, if we consider

u : Ω 7→ R 3, (x1, x2, x3) 7→ I1(r(x1, x2, x3))eθ, (3.7.2)

φ : Ω 7→ R , (x1, x2, x3) 7→
1

2
(x2

1 + x2
2 + 1),

where Ω is the cylinder {(x1, x2, x3) ∈ R 3 : x2
1 + x2

2 ≤ 1 and x3 ∈ [0, 1]}, Iν is the

modified Bessel functions of the first kind of order ν, r(x1, x2, x3) =
√

x2
1 + x2

2, and

eθ(x1, x2, x3) = (x2
1 + x2

2)
− 1

2 (−x2, x1, 0), we obtain:

curlu = I0(r)ez, curl (curlu) = −u, divu = 0, and

curl
(
µ−1curlu

)
= −rI0(r)eθ − φu =: f .

72



Because u is divergence free, we consider the reduced map (x,f(x),φ(x)) 7→
u(x), where x = (x1, x2, x3), and u(x) = (u1(x),u2(x),u3(x)). In order to generate

the input/output data for the DNNs, we consider points {xi}Ni=1 ⊂ Ω randomly chosen

from Ω obtained with Matlab’s function unifrnd along with philox as the random num-

ber algorithm. Here, we set N = 12, 000. Then, {(xi, f(xi), φ(xi))}Ni=1 and {u(xi)}Ni=1

can be utilized as input/output data. We are now ready to train and compare several

DNNs.

Neural Network size & network reduction

The bigger the network that we use for training, the bigger the computational

time and the memory requirements. We employ the τ -variable framework and start

with a ResNet architecture with five hidden layers with ten nodes each. As target

functional, we implement the mean squared error with no regularization, i.e., λ1 =

λ2 = 0. Additionally, we consider bias ordering (B.O.) with a fixed Moreau-Yosida

parameter β = 10. After 1000 steepest descent steps we observe the following result:

The relative error in the Euclidean norm on the test set is 0.07, and we see τ [1], τ [3] and

τ [4] are approximately 0. Recalling the ResNet structure with variable τ , (3.5.2), it is

obvious that e.g. from τ [1] ≈ 0 we can deduce y[2] ≈ P 2
1 y

[1]. Consequently, we delete

the hidden layers 2,4 and 5, cf. Figure 3.2. The reduced network with 2 hidden layers

achieves the same relative error on the test set, i.e. 0.07.

Figure 3.2: Left: Optimal weights and biases for ResNet with variable τ with 5 hidden
layers and 10 nodes each with bias ordering. Right: Reduced ResNet with 2 hidden
layers, i.e., hidden layers 1 and 3 from the larger network. The color of the dots indicates
the bias value, and the color of the lines indicates the magnitude of the weight.
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While the same relative error is obtained with the reduced network, we aim at

achieving even better results, therefore we next consider a larger network size with 6

hidden layers and 50 nodes in each layer (6-50). The proposed variable-τ approach

seems to always outperform its constant τ counterpart, see Figure 3.1. As stated

before, this is expected because the variable-τ framework and also Fractional-DNN

have a bigger impact for deeper architectures with more hidden layers. Let us remark

that the curves in Figure 3.1 are not monotone because we have only plotted the

mean squared error term. In case of the entire J we do observe monotone behavior as

expected. Even though we see in Table 3.2 that τ [ℓ] > 0 for all ℓ in this setup, motivated

by the reduction in the previous architecture of 5 hidden layers and 10 nodes per layer

instead of (6-50), we also consider a network with 2 hidden layers with 50 nodes per

layer (2-50), which yields better results; cf. Figure 3.3.

Results: 6 layers-50 nodes vs. 2 layers-50 nodes

From now on, uNN(x) will denote the approximation of u obtained with a neural

network at a point x, the specific architecture will be clear from the context. Note

that, uNN(x) = (uNN
1 (x),uNN

2 (x),uNN
3 (x)) ∈ R 3.

6-50 τ [0] τ [1] τ [2] τ [3] τ [4] τ [5] 2-50 τ [0] τ [1]

ResNet 0.92 0.95 0.99 0.95 0.92 0.88 0.84 0.87
ResNet + B.O. 0.70 0.94 1.00 0.96 0.86 0.70 0.28 0.51
Fractional-DNN 0.59 0.70 0.53 0.34 0.28 0.30 0.94 0.93
Fractional-DNN + B.O. 0.67 0.80 0.78 0.68 0.44 0.04 0.85 0.95

Table 3.2: Optimal learned τ variables for various DNN architectures with τ -variable
framework with 6 layers and 2 layers. These are the same network architectures that
are considered in Figure 3.3.

We compare the neural network results with an approximation obtained with

the FEM, see Figures 3.3(a), 3.3(b), and 3.3(d). To do that, we consider the unit

cube (0, 1)3, denoted by Ω̃, as a domain. The unit cube is considered, to test how well

the Neural Network performs for unseen data, and to test its extrapolation properties.

Recall that the training data has been generated on Ω, which is cylindrical. For the
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(c) MSE plot – 2 layers and 50 nodes
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(d) Comparison – 2 layers and 50 nodes

Figure 3.3: Comparison between various DNN architectures and FEM. Top row: L2

error between an exact solution and DNN approximation (6 hidden layers with a width
of 50 each) or FEM approximation. B.O. indicates bias ordering. The left and right
panels correspond to fixed and variable τ , respectively. Bottom row: The left panel
shows the mean squared error during training of different DNNs with 2 hidden layers
with a width of 50 nodes each. The right panel displays the L2 error between an exact
solution and a DNN approximation for the same DNNs and FEM.

FEM, we consider 10 uniform refinements of the unit cube (0, 1)3 and denote by h the

mesh size of each one. Then, we compute ∥u − uNN∥Ω̃ and ∥u − uh∥Ω̃, where ∥ · ∥Ω̃
denotes the L2(Ω̃)3−norm and uh denotes the best approximation of u into N0(Ω̃),

with respect to the H(curl; Ω̃)−norm.

In Figure 3.3(d), we observe that, for the DNN with 2 layers and for large h,

the DNN approach gives a better approximation than the Lowest Order Nédélec space.

We further notice that, as h gets smaller, uNN needs to be evaluated at more points

in Ω̃ \Ω and it is not obvious if the DNN approximation will remain stable. However,
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Figure 3.3(a), 3.3(b), and 3.3(d) show that the DNN approximation remains stable.

(a) ResNet (b) ResNet + τ (c) Fractional-DNN

(d) Fractional-DNN + τ

Figure 3.4: Comparison of testing errors between ResNet, ResNet with τ -learning
framework, Fractional-DNN and Fractional-DNN with τ -learning framework (2-50).
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Figure 3.5: u, uNN and pointwise error on Ω, at x3 = 0.5 (x1x2-plane).

There are several ways to measure how well a neural network performs. For

instance, in the case of 2 layers and 50 nodes, the training error is slightly better with

the ResNet-based architectures, cf. Figure 3.3(c), while a smaller error on unseen data

is achieved with Fractional-DNNs, cf. Figure 3.3(d). Furthermore, when we plot the

error on the square (−1, 1)2×{0.5}, we see that Fractional-DNNs, cf. Figure 3.4(c) and

3.4(d), extrapolate better than ResNets, cf. Figure 3.4(a) and 3.4(b). In the ResNet

setting, employing the τ -learning framework (Figure 3.4(b)) yields to slightly better
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results than fixing τ (Figure 3.4(a)). Additionally, from its definition, we know u3 ≡ 0,

cf. (3.7.2). Hence, we present quiver plots of the first two components of u(·, x3) for

any x3, and uNN(·, 0.5), in Figure 3.5. The two plots seem to coincide. Therefore, we

further present pointwise errors restricted to Ω, where the pointwise error is measured

in the (R 2) Euclidean norm. For Fractional-DNN with variable τ (2-50) and no bias

ordering inside Ω, we observe that −0.0051 ≤ uNN
3 (x) ≤ 0.0077, i.e., the constraint

violation is of the order of approximation error. Meanwhile, ResNet with variable τ

achieves better results in this test case.

Besides improving the training, the approximation could be further improved if

we knew a priori some qualitative properties of the exact solution. Then, they could

be forced into the loss functional, similarly, as it is done with PINNs; cf. [39]. It is

important to mention that several other numerical examples were considered to test the

robustness of our τ -variable framework. For instance, we considered problems where

the standard Neural ODEs (cf. [47]) struggle to obtain good approximations, as pointed

out in [59]. We obtained similar results to the ones presented here. For the sake of

brevity, those results have been excluded.

Conclusion

A time-variable learning framework for DNNs has been presented, which can be

used to almost any DNN. However, from a mathematical perspective, DNN architec-

tures which can be related to dynamical systems are of interest, since learning τ then

corresponds to optimal adaptive time stepping. Consequently, special emphasis has

been put on applying the τ -variable framework to ResNet and Fractional-DNN. The τ -

variable framework is argued to overcome vanishing and exploding gradient challenges.

The numerical results suggest that DNNs with τ -variable framework outperform their

counterparts with fixed τ for deep architectures and enjoy an improved training error

decay. Moreover, this method has the potential to identify redundant layers so that

the network size can be reduced while maintaining the quality of the prediction.

77



Chapter 4

NONLOCAL BOUNDED VARIATIONS WITH APPLICATIONS

4.1 Introduction

Fractional calculus and nonlocal operators have emerged as natural tools for

studying numerous phenomena in science and engineering in recent years. Fractional

operators differ from their classical counterparts in various ways, including the fact

that they need less smoothness and are nonlocal in nature. Such flexibilities have led

to multiple successes of fractional derivative-based models in practical applications.

For instance, magnetotellurics in geophysics [148], viscoelastic models [109], quantum

spin chains and harmonic maps [54, 100, 5], deep neural networks [12], repulsive curves

[156], etc.

A fundamental concept in inverse problems, such as image denoising, is the use

of regularization. The article [4] introduced the fractional Laplacian as a regularizer

in image denoising as an alternative to well-known approaches such as total-variation

regularization. Subsequently, this model has been successfully used by various authors

in imaging science as it provides a behavior that is closer to total variation based

approaches [85], yet it is simple to implement in practice. The current approach is

motivated by these observations. We also refer to [68] for a different (discrete) nonlocal

regularization in imaging.

Fundamental developments are being made in fractional calculus. In fact, now

there are notions of fractional divergence and gradient. For example, the aforemen-

tioned fractional Laplacian, can be obtained by the composition of fractional divergence

and fractional gradient. This is similar to the classical integer-order setting. Such dis-

coveries are not only fueling further developments in analysis but are also leading to
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new application areas or improving the existing ones. Inspired by image denoising,

the goal of this work is to study the fundamental properties of the space of (nonlocal)

fractional bounded variation. Based on such fractional order spaces, we introduce novel

image denoising models, and we derive Fenchel dual formulations [62, chapter III] for

these. Notice that such formulations are critical in deriving efficient numerical methods

in the classical setting. To motivate the analytical tools developed in this work, the

remainder of this section provides a detailed discussion of new image denoising models.

Total variation minimization is a well-established method for solving image de-

noising problems [3, 127, 128]. Let uN : Ω ⊆ Rn → R denote a continuous representa-

tion of an image (possibly noisy). Given a regularization parameter β > 0, a standard

image denoising problem amounts to finding u solving

argmin
u∈X

{
β|Du|X +

1

2
∥u− uN∥2L2(Ω)

}
, (4.1.1)

where the space X is chosen in conjunction with the norm | · |X such that Du is well

defined at least in a distributional sense, and u can be piecewise smooth. One of the

most popular spaces used in practice is the space of functions with bounded variation

(BV), defined by

BV(Ω) =
{
u ∈ L1(Ω) : Var(u; Ω) < ∞

}
.

Namely, a function u in L1(Ω,R ) is said to have bounded variation if and only if

Var(u; Ω) := sup

{ˆ
Rn

u(x) Div Φ(x) dx : Φ ∈ C1
c (Ω,Rn), ∥Φ∥L∞(Ω) ≤ 1

}
< ∞.

If the variation Var(u; Ω) is finite, one can show that its distributional derivative Du

is a Radon measure and Var(u; Ω) = |Du|(Ω), see [14, Ch. 10]. It is well known that

BV(Ω) preserves edges better than W 1,1(Ω) in a noisy images while retaining several of

its properties. For instance, it is a Banach space; it is lower semi-continuous on L1(Ω);

Sobolev inequalities; etc.

In this work, we are interested in the fractional version of the problem (4.1.1).

For this, we first need to decide on the notion of fractional BV . We accomplish this by
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replacing the derivative in the preceding definition with a suitable fractional derivative.

Alas, there are many different, yet natural, fractional operators that are considered

extensions of the usual gradient – and each one induces its own BV -space.

We will consider the two most popular notions. Firstly, we will consider the

space BV α, which we refer to as Riesz-type. The study of BV α was initiated by Comi-

Stefani in [52], see Section 4.2. It relies on the notion of what is sometimes referred to

as Riesz gradient Dα, which is simply the usual gradient combined with a regularizing

Riesz potential.

The other type of fractional BV we consider will be denoted by bvα and is

referred to as Gagliardo-type; see Section 4.3. We are not aware whether this has been

considered in the literature prior to this work. The notion of a fractional derivative is

what we will refer to as the Gagliardo-type derivative, which is considered in various

aspects of mathematics, e.g., Dirichlet forms [80], peridynamics [58], and harmonic

analysis [111]. This Gagliardo-type bvα is naturally related to the most popular notion

of a fractional perimeter defined by Caffarelli–Roquejoffre–Savin [38]. Indeed, we will

show in Theorem 4.3.4 that bvα coincides with the Gagliardo-Sobolev space Wα,1 – a

maybe surprising feature of the case α < 1, since this is false for α = 1: indeed it is

well-known that W 1,1 ̸= BV , see [64]. This is one of the main theoretical contributions

of the current study.

We will introduce new types of variational models for image denoising based on

these fractional BV notions. Namely, we study the fractional versions of (4.1.1),

argmin
u∈X

{
βVarα(u; Ω) +

γ

p
∥u− uN∥pLp(Ω)

}
. (4.1.2)

A related model was studied by Bartels and one of the authors in [4], but working in

fractional order Hilbert space Hs(Ω) rather than X = BV α(Ω).

We emphasize that the numerical algorithms for solving problems of type (4.1.1)

make extensive use of the Fenchel dual formulations [17, 42]. However, this requires

dealing with the dual space of BV(Ω), whose full characterization is still unknown

[144]. Instead, one proceeds by finding a predual problem to (4.1.1), i.e., a problem
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whose Fenchel conjugate is (4.1.1); see, for instance, [37, 41, 78]. In this case, one

does not need to deal with BV(Ω)∗ but instead the closure in Lp(Ω) of the range of a

divergence-like operator, which is the conjugate of −D : X ⊂ BV(Ω) → M(Ω,Rn).

We will derive a pre-dual problem corresponding to (4.1.2) in Section 4.4. Derivation

of pre-dual requires density of smooth functions with compact support. This is highly

non-trivial in general, even in the local case. We establish this result, provided that the

domain Ω is convex. Such results are of interest by themselves, see Propositions 4.4.4

and 4.4.8.

4.2 Fractional BV in the Riesz sense

To begin, consider the fractional Laplacian and its inverse, the Riesz potential.

Denote by F and F−1 the Fourier transform on Rn. For α > 0 the fractional Laplacian

of f : Rn → R with differential order α, denoted by |D|αf , is given by

|D|αf(x) := F−1
(
|ξ|αFf(ξ)

)
(x).

The notation |D|α = (−∆)
α
2 is common, but we will mostly use the notation |D|α in

this chapter, since it states the order of derivatives more clearly. The definition above

also makes sense when α < 0. In that case, we call the operator Riesz potential. More

precisely, for all α ∈ (0, n) we define

Iαf(x) := F−1
(
|ξ|−αFf(ξ)

)
(x).

It is then easy to see that |D|αIαf = Iα|D|αf = f , at least for suitably smooth

functions with decay at infinity, i.e. the fractional Laplacian and Riesz potential are

inverses to each other. The fractional Laplacian |D|α has no gradient structure. It

does not converge to the gradient D when α → 1. Recently, many authors considered

a fractional-order operator with a gradient structure. Although this operator may be

traced as far back as [83], it has received increased interest in various applications since

the works e.g., [52, 131, 132, 135]. It is defined very simply as the usual gradient of

the Riesz potential

Dαf := DI1−αf. (4.2.1)
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From its Fourier transform representation, it is easy to show that Dα → D as α → 1.

The fractional divergence Divα is defined as

Divα f = div I1−αf.

Note that Divα is the adjoint of −Dα. In fact, the following integration-by-parts

formula holds
ˆ
Rn

F ·Dαgdx = −
ˆ
Rn

Divα F gdx ∀F ∈ C∞
c (Rn,Rn),∀g ∈ C∞

c (Rn), (4.2.2)

which follows readily from the definition via the Fourier transform and Plancherel’s

theorem. We comment on the integral definition of the above operators. For any

α ∈ (0, 1], we have

|D|αf(x) = c1,α

ˆ
Rn

f(x)− f(y)

|x− y|n+α
dy,

Dαf(x) = c2,α

ˆ
Rn

(
f(x)− f(y)

)
(x− y)

|x− y|n+α+1
dy,

Divα F (x) = c3,α

ˆ
Rn

(
F (x)− F (y)

)
· (x− y)

|x− y|n+α+1
dy,

(4.2.3)

for some constants c1,α, c2,α and c3,α, which can be found in the literature. Having the

notion of a fractional gradient, we naturally obtain the notion of fractional BV spaces.

Our definitions are very similar to [52] and different from other natural approaches as

in [28] or an approach via a different type of nonlocal gradient and divergence as in

[58, 111], which we will discuss later in Section 4.3. When employing the concept of

fractional BV spaces in this work, most of the needed properties will follow the same

basic principles as in conventional BV spaces. We give a derivation of the results that

we were unable to find in the literature, and we provide references otherwise. Some of

these results may already be known to experts.

To distinguish the resulting space from the one discussed in Section 4.3, we use

the notations BV α, Divα and Varα. In Section 4.3 we will use bvα, divα, and varα

instead.
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Let α ∈ (0, 1] and f ∈ L1(Rn), the variation of f is defined as

Varα(f ;Rn) := sup

{ˆ
Rn

f Divα Φ dx : Φ ∈ C1
c (Rn;Rn), ∥Φ∥L∞(Rn) ≤ 1

}
. (4.2.4)

Let Ω ⊆ Rn. For any f ∈ L1(Ω), we define

Varα(f ; Ω) := Varα(χΩf ;Rn),

where χΩf is the extension of f by zero to Rn. The integralˆ
Rn

f DivαΦ dx

is well defined for all f ∈ L1(Rn) and Φ ∈ C1
c (Rn,Rn), which is a consequence of the

following result.

Lemma 4.2.1. Let Φ ∈ C1
c (Rn;Rn), then for any α ∈ (0, 1] and any p ∈ [1,∞] we

have

DivαΦ ∈ Lp(Rn).

Proof. Fix Φ ∈ C1
c (Rn;Rn). For α = 1, we have Divα Φ ∈ Cc(Rn) ⊆ Lp(Rn) for all

p ∈ [1,∞]. For α < 1, we have from (4.2.3) that
∣∣Divα Φ(x)

∣∣ ≾α

(
2∥Φ∥L∞(Rn) + ∥∇Φ∥L∞(Rn)

) ˆ
Rn

min{1, |x− y|}
|x− y|n+α

dy.

Here ≾α implies that the hidden constant depends on α (and any constant may depend

on the dimension n). Since α < 1, the following integral is finite and has the same

value for every x ∈ Rn, i.e.,ˆ
Rn

min{1, |x− y|}
|x− y|n+α

dy ≡ C(n, α) < ∞,

which implies that

∥DivαΦ∥L∞(Rn) ≾α

(
∥Φ∥L∞(Rn) + ∥∇Φ∥L∞(Rn)

)
.

It remains to prove that DivαΦ ∈ L1(Rn). Once this is shown we conclude

DivαΦ ∈ Lp(Rn) for any p ∈ [1,∞] by interpolation. Taking R ≥ 1 large enough, such

that suppΦ ⊂ B(0, R/2), then for x ∈ Rn \B(0, R) we have

∣∣DivαΦ(x)
∣∣ ≾α

ˆ
B(0,R/2)

∣∣Φ(y)
∣∣

|x− y|n+α
dy.
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By Fubini’s theorem, we have

∥Divα Φ∥L1(Rn\B(0,R)) ≾
ˆ
B(0,R/2)

|Φ(y)|
(ˆ

Rn\B(0,R)

1

|x− y|n+α
dx

)
dy

≾∥Φ∥L1(Rn) sup
y∈Rn\B(0,R/2)

(ˆ
{x:|x−y|≥R/2}

1

|x− y|n+α
dx

)
.

Here we hide the constant by using ≾. Using the fact that
ˆ
{x:|x−y|≥R/2}

1

|x− y|n+α
dx ≾α R−α < ∞,

we obtain

∥Divα Φ∥L1(Rn\B(0,R)) ≾α ∥Φ∥L1(Rn).

On the complement B(0, R), we have Divα Φ ∈ L∞(B(0, R)) ⊂ L1(B(0, R)). Thus, we

obtain that ∥DivαΦ∥L1(Rn) < ∞, which finishes the proof.

Now we are ready to define the first fractional BV space of this work, i.e., BV α;

see also [52, 51, 50] where this space was considered first. This space inherits most of

its properties from the gradient structure of the Riesz-derivative Dα, cf. (4.2.1).

Definition 4.2.2 (Riesz-type fractional BV). For Ω ⊂ Rn, we define

BV α
00(Ω) := {f ∈ L1(Rn) : f ≡ 0 on Rn \ Ω, Varα(f ; Ω) < ∞}, (4.2.5)

endowed with the norm

∥f∥BV α(Ω) := ∥f∥L1(Ω) +Varα(f ; Ω).

In this chapter, we often identify f ∈ L1(Ω) with its extension by zero χΩf ∈
L1(Rn). Observe that we do not need to assume any regularity of ∂Ω in the above

(and following) definitions and results. The regularity of ∂Ω is only relevant for de-

termining if constant functions in Ω belong to BV α(Ω). Namely 1 ∈ L1(Ω) belongs

to BV α
00(Ω) (with the usual identification 1 ∈ L1(Ω) corresponds to χΩ ∈ L1(Rn)) if

the α-Cacciopoli-perimeter of ∂Ω is finite. We refer to [52] for the definition of this

perimeter. Essentially by definition we immediately obtain
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Proposition 4.2.3. The surface ∂Ω has finite α-Cacciopoli-perimeter, i.e. Perα(∂Ω) <

∞ if and only if Varα(1; Ω) < ∞.

Observe that the Cacciopoli-perimeter above is different from the more com-

monly used fractional perimeter introduced by Caffarelli-Roquejoffre-Savin [38]. The

latter one is related to the fractional version of BV functions defined using the diver-

gence as used in, e.g. [58, 111]. We shall discuss it in Section 4.3.

Next, we note that one can obtain the existence of the distributional derivative

Dαf (which is a Radon measure) just like for BV , see [64, p.167, Theorem 1, Structure

Theorem] If f ∈ BV α
00(Ω), then the mapping

C1
c (Rn;Rn) ∋ Φ 7→

ˆ
Rn

f Divα Φdx

extends to a linear functional on (Cc(Rn;Rn), ∥ · ∥L∞(Rn)). By the Riesz representation

theorem [64, Section 1.8, Theorem 1], there exists a Radon measure µ on Rn and a

µ-measurable function σ : Rn → Rn such that |σ| = 1 µ-a.e. and
ˆ
Rn

f Divα Φdx = −
ˆ
Rn

Φ · σdµ.

Moreover, we have

|µ(Rn)| ≤ Varα(f ; Ω).

The latter follows by the definition of the norm. By slight abuse of notation we will

denote by Dαf both the distributional derivative and the measure Dαf := σ⌞µ (where

⌞ denotes the concatenation of function and measure), whichever is applicable.

We now consider the approximation of BV α
00(Ω) functions by smooth functions.

Since f is compactly supported, the convolution f ∗ ηε is in C∞
c (Rn). Using the same

argument as in [64, Theorem 5.2], we obtain the following result.

Proposition 4.2.4. Let Ω ⊂ Rn be open and bounded. For any f ∈ BV α
00(Ω) there

exists fk ∈ C∞
c (Rn) such that

∥fk − f∥L1(Rn) +
∣∣Varα(f ;Rn)− Varα(fk;Rn)

∣∣ k→∞−−−→ 0.

85



Equivalently, (since f vanishes outside of Ω),

∥fk − f∥L1(Rn) +
∣∣Varα(f ; Ω)− Varα(fk;Rn)

∣∣ k→∞−−−→ 0.

We also have the following embedding theorem.

Proposition 4.2.5. Let Ω ⊂ Rn be open and bounded and n ≥ 2. Then for all

p ∈ [1, n
n−α

] we have BV α
00(Ω) ⊆ Lp(Rn) and

∥f∥Lp(Rn) ≤ C(n, p, α)∥f∥BV α
00(Ω).

If n = 1, then the same results hold for all p ∈
[
1, 1

1−α

)
.

Proof. Let fk be the approximation of f as in Proposition 4.2.4. By the main result in

[133], we have for all p ∈
[
1, n

n−α

]

∥fk∥Lp(Rn) ≤ C
(
∥fk∥L1(Rn) + ∥Dαfk∥L1(Rn)

)
,

since fk ∈ C∞
c (Rn). Observe that by an integration-by-parts formula, since we already

know Dαfk ∈ L1(Rn,Rn),

∥Dαfk∥L1(Rn,Rn) = Varα(fk;Rn).

Since up to subsequences fk converges to f almost everywhere we conclude from Fatou’s

lemma,

∥f∥Lp(Rn) ≤ lim inf
k→∞

∥fk∥Lp(Rn) ≤ C lim inf
k→∞

(
∥fk∥L1(Rn) +Varα(fk;Rn)

)

=C
(
∥f∥L1(Rn) +Varα(f ;Rn)

)
,

which concludes the proof.

Using the duality definition of Varα and the same argument as in [64, Theorem

5.2], we obtain the lower semicontinuity with respect to the so-called intermediate

convergence; see Definition 10.1.3 and Remark 10.1.3 in [14] for details.
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Proposition 4.2.6 (Lower semicontinuity). Let Ω ⊂ Rn be open and bounded. Assume

{fk}∞k=1 ⊂ BV α
00(Ω), and assume that f ∈ L1(Rn) such that

∥fk − f∥L1(Rn)
k→∞−−−→ 0.

Then f ∈ BV α
00(Ω) and we have

Varα(f ;Rn) ≤ lim inf
k→∞

Varα(fk;Rn).

Or, equivalently,

Varα(f ; Ω) ≤ lim inf
k→∞

Varα(fk; Ω).

Corollary 4.2.7. Let Ω ⊂ Rn be bounded. Then
(
BV α

00(Ω), ∥ · ∥BV α(Ω)

)
is a complete

space.

Proof. Let {fk}∞k=1 be a Cauchy sequence in BV α
00(Ω). Since fk is Cauchy in L1(Rn),

there exists f ∈ L1(Rn) with f ≡ 0 in Rn \ Ω, such that fk → f in L1(Rn). By

Proposition 4.2.6, we find that f ∈ BV α
00(Ω). Using the lower semicontinuity of the

variation still from Proposition 4.2.6, we obtain

lim
k→∞

Varα(f − fk; Ω) ≤ lim
k→∞

lim inf
ℓ→∞

Varα(fℓ − fk; Ω) = 0,

which completes the proof.

Using the weak*-convergence of Radon measures, and the arguments of the

standard Rellich-Kondrachov compactness, see [64, Theorem 5.2 & Theorem 5.5], we

have the following result.

Proposition 4.2.8 (Weak compactness). Let Ω ⊂ Rn be open and bounded. Assume

{fk}∞k=1 ⊂ BV α
00(Ω) such that

sup
k≥1

∥fk∥BV α(Ω) < ∞.

Then there exists f ∈ BV α
00(Ω) such that

Varα(f ;Rn) ≤ lim inf
k→∞

Varα(fk;Rn),
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or equivalently,

Varα(f ; Ω) ≤ lim inf
k→∞

Varα(fk; Ω),

and there is a subsequence {fki}∞i=1 such that for all p ∈
[
1, n

n−α

)
we have

∥fki − f∥Lp(Rn)
i→∞−−−→ 0.

Lastly, as in the local case where we know that H1,1(Ω) is a subspace of BV (Ω)

(where H1,1(Ω) is the space of functions f ∈ L1(Ω) such that Df ∈ L1(Ω)), the

corresponding result for the fractional situation holds as well.

Lemma 4.2.9. Let f ∈ Hα,1(Rn), i.e., f ∈ L1(Rn) and Dαf ∈ L1(Rn;Rn). Assume

additionally that f ≡ 0 in Rn \ Ω. Then f ∈ BV α
00(Ω).

Proof. We only need to show Varα(χΩf ;Rn) < ∞. For any Φ ∈ C1
c (Rn;Rn) such that

∥Φ∥L∞(Rn) ≤ 1, we have by Fubini’s theorem
ˆ
Rn

χΩf DivαΦ = −
ˆ
Rn

Dαf · Φ ≤∥Φ∥L∞(Rn)∥Dαf∥L1(Rn) ≤∥Dαf∥L1(Rn) ,

which implies that Varα(χΩf ;Rn) < ∞.

4.3 Fractional BV in the Gagliardo sense

The notion of fractional BV from Section 4.2 (as in [52]) is very similar to the

usual BV , since it is essentially a lifting by the Riesz potential. In this section, we

introduce another natural notion, which is denoted by bvα. This notion recovers the

fractional perimeter as defined by Caffarelli-Roquejoffre-Savin in [38]. We begin by

introducing a different type of fractional divergence, as defined in [111]. We stress that

related notions were known before [58] and are often utilized in the theory of Dirichlet

forms, see [80].

A (nonlocal) vector-field F on Rn is defined as an Ln × Ln-measurable map

F : Rn × Rn → R , which is additionally antisymmetric, i.e., F (x, y) = −F (y, x). As

in [111] the set of such vector-fields is denoted by M(
∧

odRn), where od stands for

off-diagonal and (as in the theory of Dirichlet forms)
∧

od stands for a sort of one-form
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(we will not really use this aspect, we recommend the reader to take it as a purely

notational choice).

We say that F ∈ Lp(
∧

odRn) if F ∈ M(
∧

odRn) and

∥F∥Lp(
∧

od Rn) :=

(ˆ
Rn

ˆ
Rn

|F (x, y)|p
|x− y|n dx dy

) 1
p

< ∞

for p ∈ [1,∞), and

∥F∥L∞(
∧

od Rn) := ess sup
x,y∈Rn

|F (x, y)| < ∞

for p = ∞. For Ω ⊂ Rn, we say F ∈ Lp
00(
∧

od Ω) if F ∈ Lp(
∧

odRn) and F (x, y) = 0 for

Ln-a.e. x ∈ Rn \ Ω (and thus for a.e. y ∈ Rn \ Ω).

The (Gagliardo sense) fractional derivative dα, which has similar properties to

a function’s gradient, takes an Ln-measurable function f : Rn → R into a vector-field

(dαf)(x, y) :=
f(x)− f(y)

|x− y|α .

Let us remark that if one were to consider stability as α → 1, then it would make more

sense to set

(dαf)(x, y) := (1− α)
f(x)− f(y)

|x− y|α .

However, for the purpose of clarity, we shall not utilize this term.

The scalar product of two vectorfields F and G is given by:

(F ·G)(x) :=

ˆ
Rn

F (x, y)G(x, y)

|x− y|n dy. (4.3.1)

The fractional divergence divα is then the formal adjoint to − dα with respect to the

L2(Rn) scalar product, i.e., for all φ ∈ C∞
c (Rn), we have

ˆ
Rn

divα F φdx := −
ˆ
Rn

F · dαφdx = −
ˆ
Rn

ˆ
Rn

F (x, y)(φ(x)− φ(y))

|x− y|n+α dydx. (4.3.2)

The multiplication of a scalar function f(x) and a vector field F (x, y) is defined as:

(fF )(x, y) :=
f(x) + f(y)

2
F (x, y). (4.3.3)
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Using (4.3.2), we can obtain the integral formula of divα. By antisymmetry F (x, y) =

−F (y, x) and the Fubini’s theorem, we have
ˆ
Rn

ˆ
Rn

F (x, y)
φ(x)− φ(y)

|x− y|n+α dydx = 2

ˆ
Rn

ˆ
Rn

F (x, y)

|x− y|n+αdy φ(x) dx,

which enables us to give the integral definition of divα F by

(divα F )(x) := −2

ˆ
Rn

F (x, y)

|x− y|n+αdy = −
ˆ
Rn

F (x, y)− F (y, x)

|x− y|n+α dy.

In what follows, by yet another slight abuse of notation we are going to use this

formulation even when F (x, y) ̸= −F (y, x):

(divα F )(x) := −
ˆ
Rn

F (x, y)− F (y, x)

|x− y|n+α dy. (4.3.4)

It was shown in [111] how this fractional divergence naturally appears and leads to

conservation laws and div-curl type results in the theory of fractional harmonic maps.

The Fourier transform can be used to verify that

(−∆)αf = −c divα(dαf) (4.3.5)

for some constant c = c(n, α).

With the fractional divergence divα, we may define the fractional bounded vari-

ation in the Gagliardo sense.

Definition 4.3.1 (Gagliardo-type fractional BV). Let f ∈ L1
loc(Rn). For an open set

Ω ⊂ Rn, we define

varα(f ; Ω) := sup

{ˆ
Rn

f divα Φ dx : Φ ∈ C∞
c (Ω× Ω), ∥Φ∥L∞(Rn×Rn) ≤ 1

}
.

Observe that this is equivalent to

varα(f ; Ω) = sup

{ˆ
Ω

f divα Φ dx : Φ ∈ C∞
c (Ω× Ω), ∥Φ∥L∞(Ω×Ω) ≤ 1

}
.

We say that f ∈ bvα(Ω) if

∥f∥bvα(Ω) := ∥f∥L1(Ω) + varα(f ; Ω) < ∞.
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The notion varα(f ; Ω) is well-defined by the following observations: first, in

order to have consistency, we observe that

Lemma 4.3.2. Let Φ ∈ C1
c (Rn × Rn), then for all α ∈ (0, 1) and all p ∈ [1,∞], we

have

divα Φ ∈ Lp(Rn).

Observe that we exclude the case α = 1 since divαΦ is not well defined for

α = 1. A multiplication with (1− α) would lead to a stable theory as α → 1.

Proof. Observe that by differentiability of Φ,

|Φ(x, y)−Φ(y, x)| ≤ |Φ(x, y)−Φ(x, x)|+ |Φ(x, x)−Φ(y, x)| ≤ 2∥DΦ∥L∞(Rn×Rn) |x−y|.

Then, using a similar argument as in Lemma 4.2.1, we have

∣∣(divαΦ) (x)
∣∣ ≤ 2

(
∥Φ∥L∞(Rn×Rn) + ∥DΦ∥L∞(Rn×Rn)

) ˆ
Rn

min{1, |x− y|}
|x− y|n+α

dy

≾α

(
∥Φ∥L∞(Rn×Rn) + ∥DΦ∥L∞(Rn×Rn)

)
,

(4.3.6)

which implies that ∥ divαΦ∥L∞(Rn) < ∞. It remains to prove that ∥ divαΦ∥L1(Rn) < ∞.

Then the required result can be obtained using interpolation. Since Φ is compactly

supported, we may suppose suppΦ ⊆ B(0,M)×B(0,M) for some M > 0. Thus, we

obtain

∥divα Φ∥L1(Rn) =

ˆ
B(0,M)

∣∣∣∣∣

ˆ
B(0,M)

Φ(x, y)− Φ(y, x)

|x− y|n+α dy

∣∣∣∣∣ dx

≾ ∥DΦ∥L∞(Rn×Rn)

ˆ
B(0,M)

ˆ
B(0,M)

1

|x− y|n+α−1dydx < ∞,

(4.3.7)

which finishes the proof.

We introduce the definition of space Wα,1(Ω), see [111] for details.

Definition 4.3.3. Let Ω ⊆ Rn be an open set. A function f is in Wα,1(Ω) when

f ∈ L1(Ω) and

[f ]Wα,1(Ω) :=

ˆ
Ω

ˆ
Ω

∣∣f(x)− f(y)
∣∣

|x− y|n+α dydx < ∞. (4.3.8)
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The norm of Wα,1(Ω) is defined as

∥f∥Wα,1(Ω) :=∥f∥L1(Ω) + [f ]Wα,1(Ω). (4.3.9)

We now state our main theorem of this section, which is in strong contrast to

the Riesz-type fractional BV functions, cf. Lemma 4.2.9. The fractional BV space bvα

is actually equivalent to Wα,1, which makes this space more tractable and probably

more attainable for numerical purposes.

Theorem 4.3.4. Let α ∈ (0, 1). Let Ω ⊆ Rn be any open set. Then bvα(Ω) = Wα,1(Ω).

More precisely, for any f ∈ L1(Ω) we have

varα(f ; Ω) = [f ]Wα,1(Ω),

whenever one of the two sides are finite.

Remark 4.3.5. It is well known that Theorem 4.3.4 is false for α = 1: e.g. take any

nonempty open and bounded set Ω with finite perimeter. Then χΩ ̸∈ W 1,1(Rn) (e.g.

because it is not continuous on almost all lines). However, we have χΩ ∈ BV (Rn). In

that sense, Theorem 4.3.4 may be surprising at first. Let us mention that, although we

are not aware of Theorem 4.3.4 in the literature, intuitively related observations have

been made by people working with fractional perimeters.

Remark 4.3.6. An immediate corollary is that the fractional perimeter as defined by

Caffarelli-Roquejoffre-Savin, [38], Perα(Ω;Rn) = varα(χΩ;Rn). Thus, the space bvα

is the naturally associated notion for a fractional BV space when working with that

perimeter.

We prove several lemmas before proving Theorem 4.3.4.

Lemma 4.3.7. Suppose f ∈ Wα,1(Ω), then we have f ∈ bvα(Ω) and varα(f ; Ω) =

[f ]Wα,1(Ω).

Proof. Given any Φ ∈ C1
c (Ω × Ω,R ). Without loss of generality, we may suppose

suppΦ ⊆ K × K, while K is a compact subset of Ω. Then we obtain that also

divαΦ = 0 outside K.
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We have from Fubini’s theorem (since f ∈ Wα,1(Ω), both sides converge abso-

lutely) ˆ
Rn

fdivαΦdx = −
ˆ
Ω

ˆ
Ω

f(x)− f(y)

|x− y|α Φ(x, y)
dydx

|x− y|n . (4.3.10)

Since L∞(Ω× Ω) is the dual of L1(Ω× Ω), from (4.3.10) we obtain

varα(f ; Ω) = [f ]Wα,1(Ω),

which completes the proof.

The lemma above has not yet proven Theorem 4.3.4: if we only know f ∈ bvα(Ω)

we cannot yet apply Lemma 4.3.7. However, Lemma 4.3.7 does give us the direction

varα(f ; Ω) ≤ [f ]Wα,1(Ω) whenever the right-hand side is finite (because in that case we

can indeed apply Lemma 4.3.7).

Next, we observe the following lower semi-continuity result.

Lemma 4.3.8. Suppose fk ∈ bvα(Ω) for all k ∈ N and ∥fk − f∥L1(Ω) → 0 as k → ∞.

Then we have

varα(f ; Ω) ≤ lim inf
k→∞

varα(fk; Ω),

and in particular f ∈ bvα(Ω).

Proof. Consider any Φ ∈ C1
c (Ω×Ω) with∥Φ∥L∞(Ω×Ω) ≤ 1. Since fk → f in L1(Ω), and

divαΦ is bounded by Lemma 4.3.2, we have ∥fkdivαΦ− fdivαΦ∥L1(Ω) → 0. Thus, we

have ˆ
Ω

fdivαΦdx = lim
k→∞

ˆ
Ω

fkdivαΦdx ≤ lim inf
k→∞

varα(fk; Ω). (4.3.11)

Taking the supremum over all admissible Φ, we have

varα(f ; Ω) ≤ lim inf
k→∞

varα(fk; Ω), (4.3.12)

which completes the proof.

To prove varα(f ; Ω) ≥ [f ]Wα,1(Ω) (whenever the left-hand side is finite), the last

missing ingredient is the following recovery sequence result. In the following, we say

that a set G is compactly contained in a set Ω, in symbols G ⊂⊂ Ω, if G is bounded

and G ⊂ Ω.
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Lemma 4.3.9. Let Ω ⊆ Rn be any open set. Assume f ∈ L1(Ω) with varα(f ; Ω) < ∞.

Then for any open G ⊂⊂ Ω there exists fk ∈ C∞
c (Ω), for all k ∈ N, such that

fk → f in L1(G)

and

lim sup
k→∞

varα(fk;G) ≤ varα(f ; Ω).

Proof. Since G ⊂⊂ Ω, there exist open sets U and V such that G ⊂⊂ U ⊂⊂ V ⊂⊂ Ω.

Pick ζ ∈ C∞
c (V ) such that ζ = 1 on U and ζ ≤ 1 in all of Rn. Take ε0 > 0 such that

Bε(G) := {z ∈ Rn : dist (z,G) < ε} ⊂⊂ U and Bε(V ) ⊂⊂ Ω for any ε ∈ (0, ε0). Let

η ∈ C∞
c (B(0, 1)),

´
η = 1, be the usual mollifier kernel and set ηε := ε−nη(·/ε). For

ε ∈ (0, ε0), we define fε := ηε ∗ (fζ), then suppfε ⊆ Ω. Given any Φ ∈ C1
c (G×G) with

∥Φ∥L∞(Rn×Rn) ≤ 1. Using (4.3.4), the Fubini’s theorem and the substitution x′ = x− z

and y′ = y − z, we obtain
ˆ
Rn

fε divαΦdx

=

ˆ
G

ηε ∗ (fζ)divαΦdx

=

ˆ
G

(ˆ
B(0,ε)

ηε(z) f(x− z) ζ(x− z)dz

)(
−
ˆ
G

Φ(x, y)− Φ(y, x)

|x− y|n+α dy

)
dx

= −
ˆ
G

ˆ
G

ˆ
B(0,ε)

f(x− z) ζ(x− z) ηε(z)
Φ(x, y)− Φ(y, x)

|x− y|n+α dz dy dx

= −
ˆ
Bε(G)

ˆ
Bε(G)

ˆ
B(0,ε)

f(x′) ζ(x′) ηε(z)
Φ(x′ + z, y′ + z)− Φ(y′ + z, x′ + z)

|x′ − y′|n+α dz dy′ dx′.

(4.3.13)

Notice that since ηε(−z) = ηε(z), we have

(ηε ∗ Φ) (x′, y′) :=

ˆ
B(0,ε)

ηε(z)
(
Φ(x′ + z, y′ + z)− Φ(y′ + z, x′ + z)

)
dz. (4.3.14)
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Thus, by (4.3.13) we have
ˆ
Rn

fεdivαΦdx =−
ˆ
Bε(G)

ˆ
Bε(G)

f(x′) ζ(x′)
(ηε ∗ Φ) (x′, y′)

|x′ − y′|n+α dy′dx′

=−
ˆ
Bε(G)

ˆ
Bε(G)

f(x′)
1

2
(ζ(x′) + ζ(y′))

(ηε ∗ Φ) (x′, y′)

|x′ − y′|n+α dy′dx′

−
ˆ
Bε(G)

ˆ
Bε(G)

f(x′)
1

2
(ζ(x′)− ζ(y′))

(ηε ∗ Φ) (x′, y′)

|x′ − y′|n+α dy′dx′.

Since Bε(G) ⊂ U and ζ ≡ 1 in U , the second term vanishes. Setting

Ψε(x
′, y′) :=

1

2
(ζ(x′) + ζ(y′)) (ηε ∗ Φ) (x′, y′),

we see that Ψε ∈ C∞
c (Ω× Ω), Ψε(x

′, y′) = −Ψε(y
′, x′), and

ˆ
Rn

fε divα Φdx =

ˆ
Ω

f divαΨε dx
′.

It is easy to check that
∣∣∣∣
1

2
(ζ(x′) + ζ(y′)) (ηε ∗ Φ) (x′, y′)

∣∣∣∣ ≤
∣∣(ηε ∗ Φ) (x′, y′)

∣∣ ≤ ∥Φ∥L∞(Rn×Rn) ≤ 1.

Thus, we have shown that for any Φ ∈ C∞
c (G × G) with ∥Φ∥L∞(Rn×Rn) ≤ 1, and any

ε < ε0, there is ˆ
Rn

fεdivαΦdx ≤ varα(f ; Ω).

Taking the supremum over such test-functions Φ we obtain

sup
ε∈(0,ε0)

varα(fε;G) ≤ varα(f ; Ω).

In particular,

lim sup
ε→0

varα(fε;G) ≤ varα(f ; Ω).

By usual mollifier arguments we have fε → ζf in L1(Rn) as ε → 0. Since ζ ≡ 1 in G,

we have fε → f in L1(G) as ε → 0.

We now finish the proof of the main theorem.
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Proof of Theorem 4.3.4. Let f ∈ L1(Ω). In Lemma 4.3.7, we have proved [f ]Wα,1(Ω) ≥
varα(f ; Ω), whenever the left-hand side is finite. So we only need to establish [f ]Wα,1(Ω) ≤
varα(f ; Ω), whenever the right-hand side is finite.

Given any G ⊂⊂ Ω, we can take a sequence {fk}∞k=1 as stated in Lemma 4.3.9.

Since fk ∈ C∞
c (Ω), we have fk ∈ Wα,1(G), so Lemma 4.3.7 is applicable. Combining

Lemma 4.3.7 and Lemma 4.3.9, we find

lim sup
k→∞

[fk]Wα,1(G) ≤ lim sup
k→∞

varα(fk;G) ≤ varα(f ; Ω).

Since fk → f in L1(G), up to passing to a subsequence, we may assume that fk(x)

converges to f(x) a.e. in G. Using Fatou’s lemma, we obtain
ˆ
G

ˆ
G

∣∣f(x)− f(y)
∣∣

|x− y|n+α dydx ≤ lim inf
k→∞

ˆ
G

ˆ
G

∣∣fk(x)− fk(y)
∣∣

|x− y|n+α dydx. (4.3.15)

Thus, we obtain

[f ]Wα,1(G) ≤ lim inf
k→∞

[fk]Wα,1(G) ≤ varα(f ; Ω). (4.3.16)

Picking an increasing sequence of open sets {Gm}, such that Gm ⊂⊂ Ω and

∞⋃

m=1

Gm = Ω. (4.3.17)

Applying the above argument to G = Gm, we have [f ]Wα,1(Gm) ≤ varα(f ; Ω) for any

m ∈ N. Using Fatou’s lemma again, we have

[f ]Wα,1(Ω) ≤ lim inf
m→∞

ˆ
Gm

ˆ
Gm

∣∣f(x)− f(y)
∣∣

|x− y|n+α dydx

≤ lim inf
m→∞

[f ]Wα,1(Gm) ≤ varα(f ; Ω),

(4.3.18)

which concludes the proof.

Using Theorem 4.3.4, we can easily obtain the following result.

Proposition 4.3.10 (Weak compactness). Let Ω ⊂ Rn be an open and bounded set

with Lipschitz boundary. Assume that {fk}∞k=1 ⊂ bvα(Ω) such that

sup
k∈N

∥fk∥bvα(Ω) < ∞.
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Then there exists f ∈ bvα(Ω) such that

varα(f ; Ω) ≤ lim inf
k→∞

varα(fk; Ω),

and there is a subsequence {fki}∞i=1, such that for all p ∈
[
1, n

n−α

)

∥fki − f∥Lp(Ω)
i→∞−−−→ 0.

Proof. By Theorem 4.3.4, we have

varα(fk,Ω) = [fk]Wα,1(Ω).

Since Ω is a Lipschitz domain, it is regular in the sense of [158]. Thus, by the main

result of [158], we can find an extension f̃k ∈ Wα,1(Rn) with compact support, f̃k = fk

a.e. in Ω, such that

[f̃k]Wα,1(Rn) ≾ [fk]Wα,1(Ω).

From the usual Rellich theorem, we find a subsequence (fki)i∈N, such that for all p ∈[
1, n

n−α

)

∥fki − f∥Lp(Ω)
i→∞−−−→ 0.

see [56, Corollary 7.2]. In particular, in view of Lemma 4.3.8,

varα(f ; Ω) ≤ lim inf
k→∞

varα(fk; Ω).

Using Theorem 4.3.4, we also readily obtain the Sobolev embedding theorem,

which can be proved using the extension theorem as in Proposition 4.3.10 above and

then [108, Theorem 9].

Proposition 4.3.11. Let Ω ⊂ Rn be an open and bounded set with Lipschitz boundary.

Then there exists a constant C = C(n, α) > 0 such that for any f ∈ bvα(Ω),

∥f∥
L

n
n−α (Ω)

≤ C varα(f ; Ω).
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We also obtain the following density result, which might be known to experts

(observe that this density is not true for α = 1, cf. [64, Theorem 5.3 and remark

after]). Using the identification in Theorem 4.3.4, the extension property in [158] , and

the usual mollifcation in [56, Theorem 2.4.] or [112, Lemma 26], we have the following

result.

Corollary 4.3.12. Let α ∈ (0, 1). Let Ω ⊂ Rn be any open and bounded set with

Lipschitz boundary, then C ∞(Ω) is dense in bvα(Ω).

Let us make a last remark about traces. For a classical BV function there is a

trace, [14, Theorem 10.2.1]. However, this will not be true for bvα(Ω), since Wα,1(Ω)

does not have a reasonably defined trace. The typical approach is then the notion of a

fat boundary trace, which we do not pursue here.

4.4 Image Denoising and Predual Problem

Let Ω ⊂ Rn be a open and bounded set with a Lipschitz continuous boundary,

α ∈ (0, 1), p ∈ (1,∞), p∞ := n
n−α

, and uN ∈ Lp(Ω). Based on the two fractional

variations considered in this work, we consider the (primal) problems for some fixed

positive parameters β and γ

inf
u∈Lp(Ω)

{
γ

p
∥u− uN∥pLp(Ω) + βVarα(χΩu;Rn)

}
, (PR)

inf
u∈Lp(Ω)

{
γ

p
∥u− uN∥pLp(Ω) + βvarα(u; Ω)

}
. (PG)

Note that the condition of u having bounded fractional variation is imposed implicitly,

and it is also clear that both problems are strictly convex for p > 1. As a result,

we use well-known results from convex analysis, cf. [62], to study the minimizers of

problems (PR) and (PG). The regularity theory of a related problem to PG was

recently studied in [119, 23].

Convex Analysis and Optimization

As usual in convex optimization, we consider the so-called dual problem, which

usually gives new insights about the structure of the primal problem. In this work, we
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consider a different but related approach coined the predual method. Here we mainly

follow the approach given in [37, 44, 78]. In order to introduce this method, we need

some definitions, cf. [62, Ch. I]. Consider a Banach space V and its topological dual

V ∗, with duality paring denoted by ⟨·, ·⟩V ∗,V . Given F : V → R , its Fenchel conjugate

is given by F ∗ : V ∗ → R ,

u∗ 7→ F ∗(u∗) := sup
u∈V

{
⟨u∗, u⟩V ∗,V − F (u)

}
. (4.4.1)

We denote by ∂F (u) the subdifferential map of F at the point u ∈ V, see [62, Definition

I.5.1]. The following characterization holds,

u∗ ∈ ∂F (u) if and only if F (u) is finite and

⟨u∗, v − u⟩V ∗,V + F (u) ≤ F (v), ∀v ∈ V.
(4.4.2)

We now introduce a process known as dualization [62, Chs. III-IV]. Here we will focus

on problems with the form:

inf
u∈V

{F (u) +G(Λu)}, (Q)

where Y is a Hausdorff topological space with dual Y ∗, Λ ∈ L (V, Y ), with transpose

Λ∗ ∈ L (Y ∗, V ∗), and F : V → R , G : V → R . We define the dual problem of (Q) as

sup
v∈Y ∗

−Φ∗(0, v), (Q∗)

where Φ∗ : V ∗ × Y ∗ → R is the Fenchel conjugate (dual) of Φ : V × Y → R , (u, p) 7→
Φ(u, p) := F (u) + G(p + Λu), see (4.4.1). The next theorem gives conditions for the

so-called Fenchel’s duality; cf. [62, Theorem III.4.1] and [63, Pg. 130].

Theorem 4.4.1. Assume V and Y are Banach spaces, F and G are convex and lower

semicontinuous (l.s.c.), and there exists v0 ∈ V such that F (v0) < ∞, G(Λv0) < ∞,

and G is continuous at Λv0. Then, the problems (Q) and (Q∗) are related by:

inf
u∈V

{F (u) +G(Λu)} = sup
v∈Y ∗

−Φ∗(0, v)

= sup
v∈Y ∗

{
−F ∗(Λ∗v)−G∗(−v)

}
,
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and there exists at least one solution to (Q∗). Moreover, if u and v are solutions for

(Q) and (Q∗), respectively, then

Λ∗v ∈ ∂F (u),

−v ∈ ∂G(Λu).
(4.4.3)

In general, there are several options for F,G and Λ in order to write a given

problem as shown in (Q). Here we consider one that satisfies the hypothesis of Theorem

4.4.1 in a straightforward manner. We now show existence and characterization for

minimizers of problems (PR) and (PG).

Riesz-type

By Proposition 4.2.5, for p ∈ [1, p∞], with p∞ := n
n−α

, we can consider the

problem (PR) defined on Lp(Ω) or BVα
00(Ω), cf. (4.2.5), interchangeably. The next

lemma shows that the problem (PR), related to the Riesz-type of fractional bounded

variation, has a solution and for p > 1 it is unique.

Lemma 4.4.2. For p ∈ (1, p∞), the problem (PR) has a unique solution u ∈ BVα
00(Ω)

Proof. Let p ∈ [1,∞), define JR :
(
Lp(Ω), ∥ · ∥Lp(Ω)

)
→ R , given by

JR(u) :=
γ

p
∥u− uN∥pLp(Ω) + βVarα(χΩu;Rn). (4.4.4)

It is clear that

0 ≤ inf
u∈Lp(Ω)

JR(u) ≤
γ

p
∥uN∥pLp(Ω).

Now, let (uk)k∈N ⊆ Lp(Ω) be a minimizing sequence associated to the problem (PR),

then for each k ∈ N

∥uk∥Lp(Ω) ≤ ∥uk − uN∥Lp(Ω) + ∥uN∥Lp(Ω) ≤ 2∥uN∥Lp(Ω), and

Varα(χΩuk;Rn) ≤ γ

pβ
∥uN∥Lp(Ω).

Then, for p ∈ [1, p∞), Propositions 4.2.5 and 4.2.8 imply there exist u ∈ BVα
00(Ω) ↪→

Lp(Rn) and a subsequence {uki}i∈N such that

Varα(u;Rn) ≤ lim inf
i→∞

Varα(uki ;Rn) and ∥uki − uN∥pLp(Ω)

i→∞−−−→ ∥u− uN∥pLp(Ω).
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Thus, the existence of a solution for (PR) follows from the fact that u = χΩu, a.e.,

for the uniqueness it is enough to notice that JR, cf. (4.4.4), is a strictly convex

functional for p > 1. In fact, if u1 and u2 were two different solutions to (PR), then

for λ ∈ (0, 1),

JR(λu1 + (1− λ)u2) =
γ

p
∥λu1 + (1− λ)u2 − ud∥pLp(Ω) + βVarα(χΩ(λu1 + (1− λ)u2);Rn)

=
γ

p
∥λ(u1 − ud) + (1− λ)(u2 − ud)∥pLp(Ω)

+ βVarα(χΩ(λu1 + (1− λ)u2);Rn)

<
γ

p
λ∥u1 − ud∥pLp(Ω) +

γ

p
(1− λ)∥u2 − ud∥pLp(Ω)

+ βVarα(χΩ(λu1 + (1− λ)u2);Rn)

≤λJR(u1) + (1− λ)JR(u2).

Thus, u1 = u2 a.e. and by the definition of Varα, cf. (4.2.4), the proof concludes.

Next, we will derive an expression for the predual of (PR). In order to do

that, we begin with the regularity for the “test functions” in (4.2.4). It is clear that if

u ∈ L1(Rn) and suppu ⊂ Ω, then
´
Rn u DivαΦ dx does not depend on Divα Φ|Ωc . This

motivates us to define ∥Φ∥XRiesz :=
q

√
∥Φ∥qLq(Rn,Rn) + ∥DivαΦ∥qLq(Ω) for Φ ∈ C1

c (Rn;Rn),

where q := p
p−1

. We consider the space XRiesz := XRiesz(Ω, q, α), given by

XRiesz := C1
c (Rn;Rn)

∥·∥XRiesz .

We also define an auxiliary problem:

inf
Φ∈XRiesz

{
1

q
∥ −DivαΦ∥qLq(Ω) −

ˆ
Ω

uN(−Divα Φ) + Iβ(Φ)

}
, (QR)

where Iβ denotes the convex indicator function defined as

Iβ(Φ) :=





0 : ∥Φ∥L∞(Rn) ≤ β,

+∞ : otherwise.
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We will establish that (QR) is the pre-dual problem to (PR), i.e., dual of (QR) will

be (PR) if Ω is convex.

We begin by noting that (QR) fits in the abstract framework of (Q) if we con-

sider the spaces: Y :=
(
Lq(Ω), ∥ · ∥Lq(Ω)

)
, V :=

(
XRiesz, ∥ · ∥XRiesz

)
, and the operators:

G : Y → R , G(v) :=
1

q
∥v∥qLq(Ω) −

ˆ
Ω

uNvdx,

F : V → R , F (Φ) := Iβ(Φ),

Λ : V → Y, Λ(Φ) := (−Divα Φ)|Ω.

(4.4.5)

To compute the dual problem of (QR), we compute the Fenchel conjugate of F,G, and

Λ, given in (4.4.5).

Proposition 4.4.3. Let Ω ⊆ Rn be open, bounded, convex. Let Y :=
(
Lq(Ω), ∥ · ∥q,Ω

)
,

V :=
(
XRiesz, ∥ · ∥XRiesz

)
, and operators F,G and Λ be defined as in (4.4.5), then

G∗ : Y ∗ → R , u 7→ 1

p
∥u+ uN∥pLp(Ω),

F ∗ : V ∗ → R , Ψ∗ 7→ sup
Φ∈V

∥Φ∥L∞(Rn)≤β

⟨Ψ∗,Φ⟩V ∗,V ,

F ∗◦ Λ∗ : Y ∗ → R , u 7→ βVarα(χΩu;Rn).

Proposition 4.4.3, while in principle looking very similar to the arguments in

[78, Section 2], contains a serious nuance. Observe that [78] does not consider test-

functions with the natural restriction ∥Φ∥L∞(Rn) ≤ β, but rather component-wise con-

trol |Φi| ≤ β, i = 1, . . . , n (leading to a nonstandard BV -space) – which is critical in

their argument to compute the predual.

Instead, we show here that such unnatural restrictions are unnecessary for

bounded, open, convex sets Ω. The main property we use is the controllable distance

of rescaled sets; cf. Lemma B.0.1 and Lemma B.0.2. The main novelty is contained in

the next proposition. Notice that such a result is even critical to prove the result in

[78, 79], where α = 1, for the natural BV -space.
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Proposition 4.4.4. If Ω is convex, then for all Φ ∈ XRiesz,

Iβ(Φ) = Ĩβ(Φ),

where

Ĩβ(Φ) :=





0 : if there exists Ψk ∈ C∞
c (Rn;Rn), Ψk → Φ in XRiesz

such that supk ∥Ψk∥L∞(Rn) ≤ β,

+∞ : otherwise.

Proof. We first observe that

Ĩβ(Φ) = 0 ⇒ Iβ(Φ) = 0. (4.4.6)

Indeed, if Ĩβ(Φ) = 0 then there exists a sequence Ψk ∈ C∞
c (Rn;Rn) with ∥Ψk∥L∞(Rn) ≤

β, such that Ψk → Φ in XRiesz. In particular, we have ∥Ψk − Φ∥Lq(Rn)
k→∞−−−→ 0. Then

there exists a subsequence, still denoted by Ψk, such that Ψk converges a.e. to Φ, which

implies that |Φ(x)| ≤ β a.e. in Rn, i.e. ∥Φ∥L∞(Rn) ≤ β. By the definition of Iβ, we

have Iβ(Φ) = 0, which proves (4.4.6).

From (4.4.6) we conclude Ĩβ(Φ) ≥ Iβ(Φ). It remains to prove Ĩβ(Φ) ≤ Iβ(Φ). If

the right-hand side is +∞ then there is nothing to show. Thus, we only need to show

Iβ(Φ) = 0 ⇒ Ĩβ(Φ) = 0. (4.4.7)

Suppose that Φ ∈ XRiesz and Iβ(Φ) = 0. In order to establish (4.4.7), we need to show

∀ε > 0 ∃Θ ∈ C∞
c (Rn;Rn), ∥Θ∥L∞(Rn) ≤ β, ∥Θ− Φ∥XRiesz < ε. (4.4.8)

We proceed in several steps.

Step 1: We first show that

∀ε > 0 ∃Θ1 ∈ XRiesz, suppΘ1 ⊂⊂ Rn, ∥Θ1∥L∞(Rn) ≤ β, ∥Θ1 − Φ∥XRiesz < ε.

(4.4.9)
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For m ∈ N, we choose a smooth cut-off function 0 ≤ ζm ≤ 1, such that ζm = 1 when

|x| < m; ζm = 0 when |x| > 2m; and |∇ζm| ≾ 1
m

. For sufficiently large m, we set

Θ1 := ζmΦ.

It is clear that ∥Θ1∥L∞(Rn) ≤ ∥ζmΦ∥L∞(Rn) ≤ ∥Φ∥L∞(Rn) ≤ β. Thus, we only need to

show

∥Φζm − Φ∥Lq(Rn) +
∥∥Divα(Φζm)−DivαΦ

∥∥
Lq(Ω)

→ 0.

Since |Φζm| ≤|Φ| and ζm → 1 almost everywhere on Rn, using the Lebesgue dominated

convergence theorem, we have ∥Φζm − Φ∥Lq(Rn) → 0. Since m is sufficiently large, we

may assume without loss of generality that ζm(x) ≡ 1 when dist(x,Ω) ≤ 1. Since

Φ ∈ XRiesz, there exists a sequence Φk ∈ C∞
c (Rn), such that ∥Φk−Φ∥XRiesz

k→∞−−−→ 0 and
ˆ
Rn

Φk ·Dαφ = −
ˆ
Ω

Divα(Φk)φ, ∀φ ∈ C∞
c (Ω).

By the definition of XRiesz-convergence, we can take the limits of both sides, which

implies ˆ
Rn

Φ ·Dαφ = −
ˆ
Ω

Divα(Φ)φ, ∀φ ∈ C∞
c (Ω).

Now we claim that Divα(ζmΦ) ∈ Lq(Ω). Indeed, let φ ∈ C∞
c (Ω), then

ˆ
Rn

Φζm ·Dαφ =

ˆ
Rn

Φ ·Dα(ζmφ) +

ˆ
Rn

Φ ·
(
ζmD

α(φ)−Dα(ζmφ)
)

=

ˆ
Rn

Φ ·Dαφ+

ˆ
Rn

Φ ·
(
ζmD

α(φ)−Dα(ζmφ)
)
.

In the last step we used that ζmφ = φ by the definition of ζm and the support of φ.

Using e.g. the Coifman-McIntosh-Meyer commutator estimate (e.g., see [101, Theorem

6.1] or [86, Theorem 3.2.1]), we have

∥ζmDα(φ)−Dα(ζmφ)∥Lq′ (Rn) ≾ [ζm]Lip ∥I1−αφ∥Lq′ (Rn),

where I1−α denotes the Riesz potential and q′ = q
q−1

. Since φ has compact support in

the bounded set Ω, we have by Sobolev-Poincaré inequality

∥I1−αφ∥Lq′ (Rn) ≾Ω ∥φ∥Lq′ (Ω),
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which follows from the usual blow-up argument used for the classical Poincaré inequal-

ity. That is, we have shown that for any φ ∈ C∞
c (Ω),

∣∣∣∣
ˆ
Rn

Divα (Φζm − Φ) φ

∣∣∣∣ ≡
∣∣∣∣
ˆ
Rn

(Φζm − Φ) ·Dαφ

∣∣∣∣ ≤ C(Ω, q)∥Φ∥Lq(Rn) ∥φ∥Lq′ (Rn)[ζm]Lip .

Observe that [ζm]Lip ≾ 1
m

, so we have shown by duality that

∥Divα (Φζm − Φ) ∥Lq(Ω) ≾
1

m
∥Φ∥Lq(Rn)

m→∞−−−→ 0,

which establishes (4.4.9).

Step 2: By translation we may assume Ω is convex and 0 ∈ Ω. For ρ > 1, we set

Ωρ := ρΩ = {ρx : x ∈ Ω}. (4.4.10)

Then, from Lemma B.0.1 and Lemma B.0.2, we have Ω ⊂⊂ Ωρ for ρ > 1.

In this step, we show that

∀ε > 0 ∃Θ2 ∈ XRiesz, ρ > 1, suppΘ2 ⊂⊂ Rn,Divα Θ2 ∈ Lq(Ωρ),

∥Θ2∥L∞(Rn) ≤ β, ∥Θ2 − Φ∥XRiesz < ε.
(4.4.11)

By the results in Step 1, we only need to show (4.4.11) with Φ replaced by Θ1. We let

Ψ := Θ1 for convenience. For ρ > 1,

Ψρ(x) := Ψ(x/ρ).

Then we have

∥Ψρ∥L∞(Rn) = ∥Ψ∥L∞(Rn) ≤ β.

Moreover, in view of Lemma B.0.4, we have

∥Ψρ −Ψ∥Lq(Rn)
ρ→1+−−−→ 0.

It remains to show Divα Ψρ ∈ Lq(Ωρ) and

∥Divα Ψρ −Divα Ψ∥Lq(Ω)
ρ→1+−−−→ 0.
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We first observe that
ˆ
Rn

Ψρ ·Dαφdx = ρn−α

ˆ
Rn

Ψ ·Dα
(
φ (ρ ·)

)
dx.

Thus, from φ(·) ∈ C∞
c (Ωρ) we have φ (ρ ·) ∈ C∞

c (Ω). Then we conclude

DivαΨρ(x) = ρ−α(DivαΨ)(x/ρ) for a.e. x ∈ Ωρ.

In particular DivαΨρ ∈ Lq(Ωρ). We now have

∥Divα Ψρ −Divα Ψ∥Lq(Ω)

≤ ∥Divα Ψρ − ρ−α Divα Ψ∥Lq(Ω) + ∥ρ−αDivαΨ−Divα Ψ∥Lq(Ω)

= ρ−α∥(DivαΨ)(·/ρ)− (Divα Ψ)(·)∥Lq(Ω) + (1− ρ−α)∥DivαΨ∥Lq(Ω)

ρ→1+−−−→ 0,

where we have used Lemma B.0.4 for the first term and Divα Ψ ∈ Lq(Ω) for the second

term. This implies that (4.4.11) is satisfied, by considering Ψρ for ρ > 1 close enough

to 1.

Step 3: Conclusion Given ε > 0, we take Ψ := Θ2 and pick ρ > 1 such that

(4.4.11) is satisfied for ε
2

instead of ε. Since Ω is convex, by Lemma B.0.1 and

Lemma B.0.2, there exists D > 0 such that dist (Ω, ∂Ωρ) > D. We let δ0 := D
100

and choose δ ∈ (0, δ0). Let η ∈ C∞
c (B(0, 1)) be the usual symmetric mollifier kernel,

and set

Ψδ := ηδ ∗Ψ.

Since suppΨ ⊂⊂ Rn, we have Ψδ ∈ C∞
c (Rn) and

∥Ψδ∥L∞(Rn) ≤ ∥Ψ∥L∞(Rn) ≤ β

We also have by usual mollification

∥Ψδ −Ψ∥Lq(Rn)
δ→0−−→ 0.

Lastly, for φ ∈ C∞
c (Ω) we have by Fubini’s theorem

ˆ
Rn

Ψδ ·Dαφ =

ˆ
Rn

Ψ ·Dα(φ ∗ ηδ).
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Observe that φ ∈ C∞
c (Ω) implies that φ∗ηδ ∈ C∞

c (B(Ω, δ)) ⊂ C∞
c (Ωρ). Thus, we haveˆ

Rn

Ψδ ·Dαφ =

ˆ
Rn

DivαΨ(φ ∗ ηδ) ∀φ ∈ C∞
c (Ω).

Since Divα Ψ ∈ Lq(Ωρ), we conclude that

DivαΨδ = (Divα Ψ) ∗ ηδ in Ω.

Then, since DivαΨ ∈ Lq(Ωρ) we have that (Divα Ψ) ∗ ηδ converges to DivαΨ in Lq(Ω)

as δ → 0, i.e.

∥DivαΨδ −Divα Ψ∥Lq(Ω)
δ→0+−−−→ 0.

Thus, we conclude that

∥Ψδ −Ψ∥XRiesz

δ→0+−−−→ 0.

Now by choosing δ > 0 sufficiently small, we have

∥Ψδ − Φ∥XRiesz ≤ ∥Ψδ −Ψ∥XRiesz + ∥Ψ− Φ∥XRiesz ≤
ε

2
+

ε

2
= ε.

Letting Θ := Ψδ, we have shown (4.4.8), which implies (4.4.7). Therefore, we have

proved Ĩβ(Φ) ≤ Iβ(Φ), which completes the proof.

With the help of Proposition 4.4.4, we can now continue with the optimizing

problem.

Proof of Proposition 4.4.3. For G∗ the procedure is standard, cf. [62, Ch. I], and

follows from (4.4.1),

G∗ : Y ∗ → R ,

G∗(u) = sup
v∈Lq(Ω)

{ˆ
Ω

vudx−G(v)

}
=

1

p
∥u+ uN∥pLp(Ω).

As for F ∗, we follow [78, Section 2], with the crucial adaptation of using Proposi-

tion 4.4.4 in the last step

F ∗ : V ∗ → R ,

F ∗(Ψ∗) = sup
Φ∈V

{
⟨Ψ∗,Φ⟩V ∗,V − F (Φ)

}
= sup

Φ∈V

{
⟨Ψ∗,Φ⟩X∗,X − Iβ(Φ)

}

= sup
Φ∈V

{
⟨Ψ∗,Φ⟩X∗,X − Ĩβ(Φ)

}
= sup

Φ∈V ∩C∞
c (Rn)

∥Φ∥L∞(Rn)≤β

⟨Ψ∗,Φ⟩V ∗,V .
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The condition in the last line that we can assume Φ ∈ C∞
c (Rn) is the crucial point

of Proposition 4.4.4, and the only place where convexity of Ω appears. Finally, by

definition we have Λ∗ : Y ∗ → V ∗. Therefore,

F ∗(Λ∗u) = sup
Φ∈V ∩C∞

c (Rn)
∥Φ∥L∞(Rn)≤β

⟨Λ∗u,Φ⟩V ∗,V = sup
Φ∈V ∩C∞

c (Rn)
∥Φ∥L∞(Rn)≤β

⟨u,ΛΦ⟩Y ∗,Y

= β sup
Φ∈C∞

c (Rn,Rn)
∥Φ∥L∞(Rn)≤1

ˆ
Rn

χΩu(−Divα Φ)dx = βVarα(χΩu;Rn),

which concludes the proof.

From Theorem 4.4.1, we have the following result.

Corollary 4.4.5. If Ω is convex, the problems (PR) and (QR) are related by

min
Φ∈XRiesz

{
1

q
∥ −Divα Φ∥qLq(Ω) −

ˆ
Ω

uN(−DivαΦ)dx+ Iβ(Φ)

}

= − min
u∈Lp(Ω)

{
γ

p
∥u− uN∥pLp(Ω) + βVarα(χΩu;Rn)

}
.

It is important to mention that the (predual) problem (QR) has at least one

solution. Moreover, we have the following results for the optimality conditions, cf.

(4.4.3),

Lemma 4.4.6. Let u be the unique solution for (PR) and let Φ be any solution for

(QR). Then we have

Λ∗u ∈ ∂F (Φ) ⇔
〈
Λ∗u,v − Φ

〉
≤ 0 ∀v ∈ XRiesz, (4.4.12)

−u ∈ ∂G(ΛΦ) ⇔ −u = −
∣∣∣DivαΦ

∣∣∣
q−2

Divα Φ− uN . (4.4.13)

Proof. It is clear that (4.4.12) follows from (4.4.2). On the other hand, if G is Gâteaux

differentiable at u ∈ Y , then ∂G(u) = {G′(u)}, cf. [62, Prop. I.5.3]. In turn, the

following property about the duality map, it is also well known:

∂∥ · ∥qLq(Ω)
: Lq(Ω) → Lp(Ω)

u 7→ {q|u|q−2u},

which proves (4.4.13) and finishes the proof.
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Gagliardo-Type

Next, we focus on the Gagliardo case. We refer to [119] where they studied a

related problem. As in the case of Riesz, we begin by establishing the existence and

uniqueness of solution to (PG).

Lemma 4.4.7. For p ∈ (1, p∞), the problem (PG) has a unique solution u ∈ bvα(Ω)∩
Lp(Ω).

Proof. The proof is similar to the Riesz case in Lemma 4.4.2 after using Proposition

4.3.10.

Now, we characterize the minimizers of (PG) using the predual strategy as

discussed in the Riesz case. Note that u does not need to be extended by zero outside

Ω. As a result, our approach is largely motivated by [37, Section 2]. We now study the

predual problem associated to (PG). In a similar way as in the Riesz case, we consider

the spaces

XGagliardo =
{
Φ : Φ ∈ C1

c (Ω× Ω), Φ(x, y) = −Φ(y, x)
}∥·∥XGagliardo , (4.4.14)

where

∥Φ∥XGagliardo :=
q

√
∥Φ∥qLq(

∧
od Ω) + ∥ divαΦ∥qLq(Ω) ,

which is well defined because of Lemma 4.3.2; note that we may equivalently assume

Φ ≡ 0 in (Rn × Rn) \ (Ω× Ω) and set

∥Φ∥XGagliardo :=
q

√
∥Φ∥qLq(

∧
od Rn) + ∥ divαΦ∥qLq(Rn) .

As in the Riesz case, we will use the indicator function Iβ for some β > 0. For

Φ ∈ XGagliardo, we define

Iβ(Φ) :=





0 : ∥Φ∥L∞(Rn×Rn) ≤ β,

+∞ : otherwise.
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As in the Riesz case, our main novelty is that we are able to pass from Iβ to a

new Ĩβ which has better approximation properties.

Proposition 4.4.8. If Ω is convex then for all Φ ∈ XGagliardo,

Iβ(Φ) = Ĩβ(Φ),

where

Ĩβ(Φ) :=





0 : if there exists Ψk ∈ C∞
c (Ω× Ω),

Ψk → Φ in XGagliardo such that supk ∥Ψk∥L∞(Rn×Rn) ≤ β,

+∞ : otherwise.

Proof. We may assume without loss of generality that Ω is convex and 0 ∈ Ω. First,

we establish that Iβ(Φ) ≤ Ĩβ(Φ) for all Φ ∈ XGagliardo . The case Ĩβ(Φ) = ∞ is trivial.

Suppose that Ĩβ(Φ) = 0, then there exist Ψk ∈ C∞
c (Ω× Ω) with Ψk(x, y) = −Ψk(y, x)

and supk ∥Φk∥L∞(Rn×Rn) ≤ β, such that Ψk → Φ in XGagliardo. From the Lq(
∧odRn)-

convergence of Ψk, we can find a subsequence, still denoted by Ψk, such that

|Ψk(x, y)− Φ(x, y)|
|x− y|nq +s

k→∞−−−→ 0 for L2n-a.e. (x, y) ∈ R 2n,

which in particular implies

|Ψk(x, y)− Φ(x, y)| k→∞−−−→ 0 for L2n-a.e. (x, y) ∈ R 2n.

Thus, we have

|Φ(x, y)| ≤ β for L2n-a.e. (x, y) ∈ R 2n,

which implies that Iβ(Φ) = 0 and proves that Iβ(Φ) ≤ Ĩβ(Φ) for all Φ ∈ XGagliardo.

Now we to prove the opposite direction, i.e. Iβ(Φ) ≥ Ĩβ(Φ) for all Φ ∈ XGagliardo.

If Iβ(Φ) = ∞ there is nothing to show, so we actually need to show

Iβ(Φ) = 0 ⇒ Ĩβ(Φ) = 0.

Assuming that Φ ∈ XGagliardo satisfies ∥Φ∥L∞(Rn×Rn) ≤ β, we prove that

∀ε > 0 ∃Θ ∈ C∞
c (Ω× Ω), ∥Θ∥L∞(Rn×Rn) ≤ β, ∥Θ− Φ∥XGagliardo < ε. (4.4.15)
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Step 1: In contrast to the Riesz case, we scale the functions inwards for the

Gagliardo case, which ensures that the mollification produces a function still in C∞
c (Ω).

Using again the notation

Ωρ := ρΩ = {ρx : x ∈ Ω}

in (4.4.10) with ρ < 1. Since Ω is convex and 0 ∈ Ω, we have that Ωρ ⊂⊂ Ω for any

ρ < 1. We prove that

∀ε > 0 ∃Θ1 ∈ XGagliardo, ∃ρ < 1, suppΘ1 ⊂ Ωρ×Ωρ, ∥Θ1∥L∞(Rn×Rn) ≤ β, ∥Θ1−Φ∥XGagliardo < ε.

(4.4.16)

For ρ < 1, we define

Φρ(x, y) := Φ

(
x

ρ
,
y

ρ

)
.

Then we have suppΦρ ⊂ Ωρ×Ωρ and ∥Φρ∥L∞(Rn×Rn) = ∥Φ∥L∞(Rn×Rn) ≤ β. So in order

to establish (4.4.16) we need to show

∥Φρ − Φ∥XGagliardo

ρ→0−−→ 0. (4.4.17)

We first observe that
Φρ(x, y)

|x− y|nq
= ρ−

n
q
Φ(x/ρ, y/ρ)

|x/ρ− y/ρ|nq
.

So we have

∥Φρ − Φ∥Lq(
∧

od Rn) ≤
∣∣∣ρ−

n
q − 1

∣∣∣
∥∥∥∥∥
Φ(x/ρ, y/ρ)

|x/ρ− y/ρ|nq

∥∥∥∥∥
Lq(Rn×Rn)

+

∥∥∥∥∥
Φ(x/ρ, y/ρ)

|x/ρ− y/ρ|nq
− Φ(x, y)

|x− y|nq

∥∥∥∥∥
Lq(Rn×Rn)

=
∣∣∣ρ−

n
q − 1

∣∣∣ ρ
2n
q

∥∥∥∥∥
Φ(x, y)

|x− y|nq

∥∥∥∥∥
Lq(Rn×Rn)

+

∥∥∥∥∥
Φ(x/ρ, y/ρ)

|x/ρ− y/ρ|nq
− Φ(x, y)

|x− y|nq

∥∥∥∥∥
Lq(Rn×Rn)

=
∣∣∣ρ−

n
q − 1

∣∣∣ ρ
2n
q ∥Φ∥Lq(

∧
od Rn) +

∥∥∥∥∥
Φ(x/ρ, y/ρ)

|x/ρ− y/ρ|nq
− Φ(x, y)

|x− y|nq

∥∥∥∥∥
Lq(Rn×Rn)

ρ→1−−→0,

where for the first term we use that ∥Φ∥Lq(
∧

od Rn) = ∥Φ∥Lq(
∧

od Ω) < ∞, for the second

term we use Lemma B.0.4 in Rn × Rn. Moreover, a direct computation from (4.3.4)

yields

divα Φρ(x) = ρ−α(divα Φ)(x/ρ) a.e. x ∈ Rn.
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So again with Lemma B.0.4 we have

∥ divα Φρ − divα Φ∥Lq(Rn) ≤
∣∣ρ−α − 1

∣∣ ∥(divα Φ)(·/ρ)∥Lq(Rn) + ∥(divαΦ)(·/ρ)− divαΦ∥Lq(Rn)

=
∣∣ρ−α − 1

∣∣ ρn
q ∥(divαΦ)∥Lq(Rn) + ∥(divα Φ)(·/ρ)− divα Φ∥Lq(Rn)

ρ→1−−→0

where we used crucially that by the support of Φ in Ω× Ω we have

∥ divαΦ∥Lq(Rn) = ∥ divα Φ∥Lq(Ω) < ∞.

This establishes (4.4.17) and thus (4.4.16) is proven.

Step 2: Let Θ1 and ρ ∈ (0, 1) be from Step 1. Set δ0 := D
100

where D :=

dist (Ωρ, ∂Ω) > 0. Let η ∈ C∞
c (B(0, 1)) be the usual symmetric mollifier, i.e. η ≥ 0

and
´
η = 1. For δ ∈ (0, δ0), we define ηδ(x) := η(x/δ)/δn. Using the notation from

(4.3.14), we define

Ψδ(x, y) := (ηδ ∗Θ1) (x, y).

Then Ψδ ∈ C∞
c (B(Ωρ×Ωρ, δ)) ⊂ C∞

c (Ω×Ω) and ∥Ψδ∥L∞(Rn×Rn) ≤ ∥Θ1∥L∞(Rn×Rn) ≤ β.

Notice that
(ηδ ∗Θ1) (x, y)

|x− y|n/q
= (ηδ ∗ Ξ) (x, y) (4.4.18)

where Ξ(x′, y′) := Θ1(x
′, y′)/|x′ − y′|n/q. By the definition of Θ1 ∈ Lq(

∧
odRn), we have

Ξ ∈ Lq(Rn × Rn). Thus, we have

∥Ψδ −Θ1∥Lq(
∧1

od Rn)

δ→0−−→ 0. (4.4.19)

For any x ∈ Rn, by letting y′ = y − z, we obtain

(divαΨδ) (x) =
(
divα (ηδ ∗Θ1)

)
(x) = −

ˆ
Rn

(ηδ ∗Θ1) (x, y)− (ηδ ∗Θ1) (y, x)

|x− y|n+α dy

= −
ˆ
Rn

(ˆ
Rn

ηδ(z)
(
Θ1(x− z, y − z)−Θ1(y − z, x− z)

)
dz

)
dy

|x− y|n+α

=

ˆ
Rn

ηδ(z)

(
−
ˆ
Rn

Θ1(x− z, y′)−Θ1(y
′, x− z)∣∣(x− z)− y′

∣∣n+α dy′
)
dz

=

ˆ
Rn

ηδ(z)(divαΘ1)(x− z)dz =
(
ηδ ∗ (divαΘ1)

)
(x).

(4.4.20)
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Thus, we have

∥divαΨδ − divαΘ1∥Lq(Rn) =
∥∥ηδ ∗ (divαΘ1)− divαΘ1

∥∥
Lq(Rn)

→ 0 (4.4.21)

as δ → 0+. Using (4.4.19) and (4.4.21), for a sufficiently small δ, the function Θ := Ψδ

satisfies the requirements in (4.4.15), which completes the proof.

Now we continue with the optimizing problem. We set V =
(
XGagliardo, ∥ · ∥XGagliardo

)
,

Y =
(
Lq(Ω), ∥ · ∥Lq(Ω)

)
and the operators

G : Y → R , G(v) :=
1

q
∥v∥qLq(Ω) −

ˆ
Ω

uNvdx,

F : V → R , F (Φ) := Iβ(Φ),

Λ : V → Y, Λ(Φ) := − divα Φ.

(4.4.22)

Similarly as in Lemma 4.4.3, we have

Corollary 4.4.9. Let Ω be open, bounded, and convex set, V =
(
XGagliardo, ∥ · ∥XGagliardo

)
,

Y =
(
Lq(Ω), ∥ · ∥Lq(Ω)

)
, and let F,G and Λ defined as in (4.4.22), then for all u ∈ Lp(Ω)

G∗(−u) =
1

p
∥u− uN∥pLp(Ω), and

F ∗(Λ∗u) = βvarα(u; Ω).

This motivates us to consider the problem

inf
Φ∈XGagliardo

{
1

q
∥ − divα Φ∥qLq(Ω) −

ˆ
Ω

uN(− divαΦ) dx+ Iβ(Φ)

}
. (QG)

We have the following result (see, Corollary 4.4.5 for the Riesz case).

Corollary 4.4.10. If Ω is an open, bounded, and convex set, the problems (PG) and

(QG) are related by

min
Φ∈XGagliardo

{
1

q
∥ − divα Φ∥qLq(Ω) −

ˆ
Ω

uN(− divα Φ) dx+ Iβ(Φ)

}

= − min
u∈Lp(Ω)

{
γ

p
∥u− uN∥pLp(Ω) + βvarα(u; Ω)

}
.
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Finally, we have the following optimality conditions as consequences of Theo-

rem 4.4.1.

Corollary 4.4.11. Let u be the unique solution to (PG) and let Φ be any solution to

(QG), then

Λ∗u ∈ ∂F (Φ) ⇔
〈
Λ∗u,Ψ− Φ

〉
≤ 0 ∀Ψ ∈ XGagliardo, and (4.4.23)

−u ∈ ∂G(ΛΦ) ⇔ −u = −
∣∣∣divα Φ

∣∣∣
q−2

divαΦ− uN . (4.4.24)
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Appendix A

DERIVATIVES OF THE LAGRANGIAN L

We provide detailed calculations of derivatives needed in Section 3.5.2. To this

end we recall

L(y, θ, ϕ) = J(θ)−
L−1∑

ℓ=1

⟨y[ℓ] − P ℓ
ℓ−1y

[ℓ−1] +
ℓ−2∑

j=0

aℓ−1,j(P
ℓ
j+1y

[j+1] − P ℓ
j y

[j])

− (τ [ℓ−1])γc−1
γ−1σ(W

[ℓ−1]y[ℓ−1] + b[ℓ−1]), ϕ[ℓ]⟩

−
〈
y[L] −W [L−1]y[L−1], ϕ[L]

〉

A.0.1 Derivative with respect to y[ℓ]

Here, we calculate the variation of L with respect to y[ℓ] for ℓ = 1, . . . , L:

∂y[ℓ]L(y, θ, ϕ) = ∂y[ℓ]J(θ)− ∂y[ℓ]




L−1∑

k=1

⟨y[k] − P k
k−1y

[k−1], ϕ[k]⟩




− ∂y[ℓ]




L−1∑

k=1

〈
k−2∑

j=0

ak−1,j(P
k
j+1y

[j+1] − P k
j y

[j]), ϕ[k]

〉


+ ∂y[ℓ]




L−1∑

k=1

〈
(τ [k−1])γc−1

γ−1σ(W
[k−1]y[k−1] + b[k−1]), ϕ[k]

〉



− ∂y[ℓ]
〈
y[L] −W [L−1]y[L−1], ϕ[L]

〉
.

From e.g. [12, Section 4.2.] we have most components of this expression already given.

The main difference lies in the factors ak−1,j, since the contained τ [j], . . . , τ [k−1] are
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variable now. We only calculate the remaining unknown term, i.e. the second line in

the above equation. First we rewrite the double sum in the following way:

−
L−1∑

k=1

〈
k−2∑

j=0

ak−1,j(P
k
j+1y

[j+1] − P k
j y

[j]), ϕ[k]

〉

=
L−2∑

k=0




k−1∑

j=0

ak,j⟨P k+1
j y[j], ϕ[k+1]⟩ −

k−1∑

j=0

ak,j⟨P k+1
j+1 y

[j+1], ϕ[k+1]⟩




=
L−2∑

k=0




k−1∑

j=0

ak,j⟨P k+1
j y[j], ϕ[k+1]⟩ −

k∑

j=1

ak,j−1⟨P k+1
j y[j], ϕ[k+1]⟩


 .

Now we take the derivative with respect to y[ℓ] and can apply the sum rule of differen-

tiation:

L−2∑

k=0

k−1∑

j=0

ak,j ∂y[ℓ]⟨y[j], (P k+1
j )⊤ϕ[k+1]⟩ −

L−2∑

k=0

k∑

j=1

ak,j−1 ∂y[ℓ]⟨y[j], (P k+1
j )⊤ϕ[k+1]⟩

=
L−2∑

k=0,ℓ≤k−1

ak,ℓ(P
k+1
ℓ )⊤ϕ[k+1] −

L−2∑

k=0,ℓ≤k

ak,ℓ−1(P
k+1
ℓ )⊤ϕ[k+1]

=
L−2∑

k=ℓ+1

ak,ℓ(P
k+1
ℓ )⊤ϕ[k+1] −

L−2∑

k=ℓ

ak,ℓ−1(P
k+1
ℓ )⊤ϕ[k+1]

For ℓ = L and ℓ = L− 1 this derivative vanishes. For ℓ = 1, . . . , L− 2 we can slightly

rewrite to get

L−2∑

k=ℓ+1

ak,ℓ(P
k+1
ℓ )⊤ϕ[k+1] −

L−2∑

k=ℓ

ak,ℓ−1(P
k+1
ℓ )⊤ϕ[k+1]

=
L−1∑

k=ℓ+2

(ak−1,ℓ − ak−1,ℓ−1)(P
k
ℓ )

⊤ϕ[k] − aℓ,ℓ−1(P
ℓ+1
ℓ )⊤ϕ[ℓ+1].

Now, the derivative can be assembled.
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A.0.2 Derivative with respect to τ [ℓ]

Care must be observed as ak,j contains τ [j], . . . , τ [k]. The derivative of L(y, θ, ϕ)
with respect to τ [ℓ] for ℓ = 0, . . . , L− 2 therefore consists of the following terms:

∂τ [ℓ]L(y, θ, ϕ) = ∂τ [ℓ]J(θ)− ∂τ [ℓ]




L−1∑

k=1

〈
k−2∑

j=0

ak−1,j(P
k
j+1y

[j+1] − P k
j y

[j]), ϕ[k]

〉


+ ∂τ [ℓ]




L−1∑

k=1

〈
(τ [k−1])γc−1

γ−1σ(W
[k−1]y[k−1] + b[k−1]), ϕ[k]

〉

 .

We make an index shift from k − 1 to k, use the sum rule of differentiation and the

fact that only τ [j], . . . , τ [k] are contained in ak,j to obtain

∂τ [ℓ]


−

L−1∑

k=1

〈
k−2∑

j=0

ak−1,j(P
k
j+1y

[j+1] − P k
j y

[j]), ϕ[k]

〉


= −
L−2∑

k=0

k−1∑

j=0

∂τ [ℓ](ak,j)
〈
P k+1
j+1 y

[j+1] − P k+1
j y[j], ϕ[k+1]

〉

= −
L−2∑

k=ℓ

min{k−1,ℓ}∑

j=0

∂τ [ℓ](ak,j)
〈
P k+1
j+1 y

[j+1] − P k+1
j y[j], ϕ[k+1]

〉
.

Using the above equality, we arrive at

∂τ [ℓ]L(y, θ, ϕ) = ∂τ [ℓ]J(θ)−
L−2∑

k=ℓ

min{k−1,ℓ}∑

j=0

∂τ [ℓ](ak,j)
〈
P k+1
j+1 y

[j+1] − P k+1
j y[j], ϕ[k+1]

〉

+
〈
γ(τ [ℓ])γ−1c−1

γ−1σ(W
[ℓ]y[ℓ] + b[ℓ]), ϕ[ℓ+1]

〉
.
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For implementations we may want to understand the double summation in more detail.

In fact, it can be split up into 3 terms in the following way:

−
L−2∑

k=ℓ

min{k−1,ℓ}∑

j=0

∂τ [ℓ](ak,j)
〈
P k+1
j+1 y

[j+1] − P k+1
j y[j], ϕ[k+1]

〉

= −
ℓ−1∑

j=0

∂τ [ℓ](aℓ,j)
〈
P ℓ+1
j+1y

[j+1] − P ℓ+1
j y[j], ϕ[ℓ+1]

〉

−
L−2∑

k=ℓ+1

ℓ−1∑

j=0

∂τ [ℓ](ak,j)
〈
P k+1
j+1 y

[j+1] − P k+1
j y[j], ϕ[k+1]

〉

−
L−2∑

k=ℓ+1

∂τ [ℓ](ak,ℓ)
〈
P k+1
ℓ+1 y

[ℓ+1] − P k+1
ℓ y[ℓ], ϕ[k+1]

〉
.

Now for each of the above terms we can easily compute the contained derivative using

basic differentiation rules. Employing the product rule for j = 0, . . . , ℓ− 1, i.e. j < ℓ,

we get

∂τ [ℓ](aℓ,j) = (1− γ) (τ
[ℓ])γ

τ [j]

((∑ℓ
i=j τ

[i]
)−γ

−
(∑ℓ

i=j+1 τ
[i]
)−γ

)

+ γ (τ [ℓ])γ−1

τ [j]

((∑ℓ
i=j τ

[i]
)1−γ

−
(∑ℓ

i=j+1 τ
[i]
)1−γ

)
.

For j = 0, . . . , ℓ− 1 and k = ℓ+ 1, . . . , L− 2, i.e. j < ℓ < k, we have

∂τ [ℓ](ak,j) = (1− γ) (τ
[k])γ

τ [j]

((∑k
i=j τ

[i]
)−γ

−
(∑k

i=j+1 τ
[i]
)−γ

)
.

And finally, using the product rule again for k = ℓ+ 1, . . . , L− 2, i.e. ℓ < k, we see

∂τ [ℓ](ak,ℓ) =
(τ [k])γ

(τ [ℓ])2

((∑k
i=ℓ+1 τ

[i]
)1−γ

−
(∑k

i=ℓ τ
[i]
)1−γ

)
+ (1− γ) (τ

[k])γ

τ [ℓ]

(∑k
i=ℓ τ

[i]
)−γ
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Appendix B

SCALING IN LP -NORMS AND STAR-SHAPED DOMAINS

In this appendix we state and prove for the convenience of the reader some facts

about star-shaped domains that are most likely well-known to experts.

Denote the n − 1-dimensional unit sphere by Sn−1 := {x ∈ R n : |x| = 1}. For

x ∈ Sn−1.

Lemma B.0.1. Assume λ : Sn−1 → (0,∞) is continuous and consider

Ω =

{
x ∈ R n \ {0} : |x| < λ

(
x

|x|

)}
∪ {0}.

For ρ > 0 set

Ωρ := {ρx : x ∈ Ω}

then we have for any ρ1 < ρ2

dist (Ωρ1 ,R n \ Ωρ2) > 0.

Proof. We first observe

∂Ω =

{
x ∈ R n \ {0} : |x| = λ

(
x

|x|

)}
. (B.0.1)

Indeed x̄ ∈ ∂Ω. Since 0 ∈ Ω and Ω is open by continuity of λ, we have x̄ ̸= 0.

Then there exists 0 ̸= xk ∈ Ω, 0 ̸= yk ∈ R n\Ω such that limk |xk−x̄| = limk |yk−x̄| = 0.

We have

|xk| < λ

(
xk

|xk|

)
, |yk| ≥ λ

(
yk
|yk|

)
∀k.

Since xk, yk, x̄ ̸= 0 these expressions are continuous and passing to the limit as k → ∞,

|x̄| ≤ λ

(
x̄

|x̄|

)
, |x̄| ≥ λ

(
x̄

|x̄|

)
∀k.
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This implies |x̄| = λ( x̄
x̄
) and thus we have established

∂Ω ⊆
{
x ∈ R n \ {0} : |x| = λ

(
x

|x|

)}
.

Now assume x̄ ∈ R n \ {0} with |x̄| = λ
(

x
|x|

)
. Then for µ > 0 we have

|µx̄| = µλ

(
µx̄

|µx̄|

)
.

Thus, if µ > 1 we have µx̄ ̸∈ Ω and if µ < 1 we have µx̄ ∈ Ω. In particular,

xk := (1− 1

k
)x̄ ∈ Ω, yk := (1 +

1

k
)x̄ ̸∈ Ω,

and limk→∞ xk = limk→∞ yk = x̄, so x̄ ∈ Ω ∩ R n \ Ω = ∂Ω. This implies

∂Ω ⊇
{
x ∈ R n \ {0} : |x| = λ

(
x

|x|

)}
.

So (B.0.1) is established.

Next we observe

Ωρ =

{
x ∈ R n \ {0} : |x| < ρλ

(
x

|x|

)}
∪ {0}.

In particular if ρ1 < ρ2 we have that

Ωρ1 ∩
(
R n \ Ωρ2

)
= {x : |x| < ρ1λ

(
x

|x|

)
, and |x| ≥ ρ2λ

(
x

|x|

)
} = ∅.

Since Ωρ1 and
(
R n \ Ωρ2

)
are disjoint, and Ωρ1 is bounded we conclude that

dist (Ωρ1 ,R n \ Ωρ2) =dist (∂Ωρ1 , ∂Ωρ2)

= inf
x,y∈R n

∣∣∣∣ρ1
x

|x|λ(
x

|x|)− ρ2
y

|y|λ(
y

|y|)
∣∣∣∣

= inf
x,y∈Sn−1

∣∣ρ1xλ(x)− ρ2yλ(y)
∣∣ .

Since λ(·) is continuous and Sn−1 is compact, this infimum is attained at some x̄, ȳ ∈
Sn−1,

dist (Ωρ1 ,R n \ Ωρ2) =
∣∣ρ1x̄λ(x̄)− ρ2ȳλ(ȳ)

∣∣
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We claim that
∣∣ρ1x̄λ(x̄)− ρ2ȳλ(ȳ)

∣∣ > 0. Indeed if this was not the case we would have

ρ1x̄λ(x̄) = ρ2ȳλ(ȳ)

Since the scalar factors ρ1, ρ2, λ(x̄), λ(ȳ) are all positive – and |x̄| = |ȳ| = 1 this implies

that x̄ = ȳ. Whence we would find

ρ1λ(x̄) = ρ2λ(x̄),

and thus – since λ(x̄) ∈ (0,∞), ρ1 = ρ2 – a contradiction to ρ1 < ρ2. Thus we have

established

dist (Ωρ1 ,R n \ Ωρ2) > 0.

In Lemma B.0.2, the continuity of λ is not guaranteed for generic star-shaped

domain – even if their boundaries are Lipschitz. We provide two examples in Figure

B.1. The first example is the union of an open disk and an open sector. The second is

an open unit disk with a slit, i.e. the ray {(c+ 1/2, c+ 1/2) : c ≥ 0} is excluded from

the disk.

However, the assumptions of the set Ω in Lemma B.0.1 are satisfied if Ω is star-

shaped w.r.t to an open neighborhood of the origin – this can be obtained by a careful

inspection of the proof below. We will focus on convexity here.

Figure B.1: Examples of star-shaped sets with discontinuous λ. Both sets are star-
shaped with respect to the origin, and the first has even Lipschitz continuous boundary
– however the conclusions of Lemma B.0.1 are not true.
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Lemma B.0.2. Let Ω be an open, bounded, convex set with 0 ∈ Ω, then there exists

continuous λ : Sn−1 → (0,∞) such that

Ω =

{
x ∈ R n \ {0} : |x| < λ

(
x

|x|

)}
∪ {0}. (B.0.2)

In particular the results of Lemma B.0.1 are true.

Proof. For x ∈ Sn−1, we define

λ(x) := sup {r ≥ 0 : rx ∈ Ω} . (B.0.3)

Since Ω is open and 0 ∈ Ω there exists a ball B(0, a) ⊂ Ω, and thus λ(x) ≥ r for all

x ∈ Sn−1. Since Ω is bounded there must be some b > 0 such that λ(x) ≤ b for all

x ∈ Sn−1.

We first establish (B.0.2). If x ∈ Ω then |x| x
|x| ∈ Ω and since 0 ∈ Ω we have

that r x
|x| ∈ Ω for all r ∈ [0, |x|]. Since Ω is open, there actually must be some δ > 0

such that r x
|x| ∈ Ω for all r ∈ [0, |x|+ δ]. Thus λ(x/|x|) ≥ |x|+ δ > |x|.

On the other hand if x ∈ R n \ {0} and |x| < λ(x/|x|), then by definition of λ(·)
there must be some r > |x| such that rx/|x| ∈ Ω. Since 0 ∈ Ω and Ω is convex we

conclude that x = |x|x/|x| ∈ Ω. Thus (B.0.2) is established.

It remains to prove the continuity of λ on Sn−1. Given any x̄ ∈ Sn−1, we let

{xk}∞k=1 ⊆ Sn−1 be a sequence such that xk
k→∞−−−→ x̄.

Recall that the open ball B(0, a) ⊂ Ω. We denote the open cone from λ(x̄)x̄ to

B(0, a) as

A := {θλ(x̄)x̄+ (1− θ)z : z ∈ B(0, a), θ ∈ [0, 1)}. (B.0.4)

Clearly, A is an open set. Also, whenever θ ∈ [0, 1) we have that θλ(x̄)x̄ ∈ Ω, by

convexity of Ω and definition of λ(·). Since z is taken from an open ball B(0, a) ⊂ Ω

we conclude that θx̄+ (1− θ)z ∈ Ω. That is we have A ⊂ Ω.

Similarly, we define the open sets Ak by

Ak := {θλ(xk)xk + (1− θ)z : z ∈ B(0, a), θ ∈ [0, 1)} ⊂ Ω (B.0.5)
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Now we assume that there exists ε > 0 and a sequence xk ∈ Sn−1 converging to

x̄ ∈ Sn−1 such that λ(xk) ≤ λ(x̄) − ε. Then xkλ(xk) ⊂ A when k is sufficiently large,

see Figure B.2. Thus we have lower semicontinuity of λ:

λ(x) ≤ lim inf
Sn−1∋x→x̄

λ(x).

On the other hand, if there exists ε > 0 and a sequence xk ∈ Sn−1 converging

to x̄ ∈ Sn−1 such that λ(xk) ≥ λ(x̄) + ε. Then we have that x̄λ(x̄) ∈ Ak for all large k,

see Figure B.2. Thus we have established upper semicontinuity of λ

λ(x) ≥ lim sup
Sn−1∋x→x̄

λ(x).

Therefore, we have proved the continuity of λ.

Remark B.0.3. We leave the technical details to the reader, but observe that the lower

semicontinuity of λ holds under the assumption that Ω is open and star-shaped. It is the

upper semiconintuity of λ that requires the center of Ω containing an open neighborhood

of the origin B(0, a) (which in particular is a consequence of convexity and openness).

Lemma B.0.4. Let Ω ⊆ R n be an open domain star-shaped with respect to the origin.

Fix p ∈ [1,∞), let f ∈ Lp(Ω) and set for ρ > 1

fρ := f(·/ρ).

Then

∥fρ − f∥Lp(Ω)
ρ→1+−−−→ 0.

Proof. Let ε > 0. Since p ∈ [1,∞) we have C0(Ω) is dense in Lp(Ω), and thus there

exists g ∈ C0
c (R n) with

∥f − g∥Lp(Ω) ≤ ε.

Set for some ρ ∈ (1, 2),

gρ := g(·/ρ).
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x

xk

λ(x) − ε

λ(x)x

λ(xk)xk

x

xk

λ(x) + ε

λ(x)x

λ(xk)xk

Figure B.2: Assuming that the ball B(0, a) in the proof is actually equal to B(0, 1)
(which can always be obtained by scaling) the above figure explains the proof of
Lemma B.0.2.
Left: if λ(xk) < λ(x̄)− ε and xk is sufficiently close to x̄ then λ(xk)xk must belong to
the cone A. Right: if λ(xk) > λ(x̄) + ε and xk is sufficiently close to x̄ then x̄ must
belong to Ak (using that the cone Ak has a minimal aperture that does not change and
is determined by B(0, a) as k changes)

Since Ω is star-shaped with respect to the origin,

∥fρ − gρ∥Lp(Ω) = ρ
n
p ∥f − g∥Lp( 1

ρ
Ω)

ρ<2

≤ 2
n
p ∥f − g∥Lp(Ω) ≤ 2

n
p ε.

Then we have for any ρ > 1,

∥fρ − f∥Lp(Ω) ≤ ∥fρ − gρ∥Lp(Ω) + ∥f − g∥Lp(Ω) + ∥g − gρ∥Lp(Ω) ≤ 2
n
p
+1ε+ ∥g − gρ∥Lp(Ω).

(B.0.6)

Take R > 0 such that

supp g ⊂ B(0, R/4).

Since g has compact support we can find such an R. Then g is uniformly continuous

on B(0, R) and thus there exists some ρ0 ∈ (1, 2) such that

|g(x)− g(x/ρ)| ≤ ε

|B(0, R)| 1p
∀x ∈ B(0, R),∀ρ ∈ [1, ρ0].

On the other hand if x ̸∈ B(0, R) then

g(x) = g(x/ρ) = 0 ∀ρ ∈ [1, 2].

Thus we have

∥g − gρ∥L∞(R n) <
ε

|B(0, R)| 1p
∀ρ ∈ [1, ρ0]
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and thus

∥g − gρ∥Lp(Ω) = ∥g − gρ∥Lp(B(0,R)) ≤ |B(0, R)| 1p ∥g − gρ∥L∞(R n) ≤ ε.

Combining this with (B.0.6), we have shown

∥fρ − f∥Lp(Ω) ≤ (2
n
p
+1 + 1)ε,

which holds for any ρ ∈ [1, ρ0). We can conclude.
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