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ABSTRACT

The analysis and numerical discretization of a variety of problems related to
electromagnetism, neural network architectures motivated by fractional time deriva-
tives, and an image denoising problem based on some nonlocal differential operators
are the focus of this thesis. Some of these optimization problems fall in the category of
inverse problems and others are optimization problems with partial differential equa-
tions (PDEs) as constraints. A common thread linking them is the fact that they are
usually ill-posed.

This thesis is divided into three chapters. In the first chapter, we consider
a boundary control problem for Maxwell’s equations in the frequency domain. The
Wirtinger derivative is used in order to find the optimality conditions because the
cost functional is not complex differentiable. The Rao-Wilton-Glisson basis and high-
order Nédélec elements are used for the numerical discretization of the control and
state equation, respectively. A modified version of the BFGS method is used for the
numerical optimization.

In the second chapter, we consider a type of network architecture based on
the discretization of a fractional time derivative. We consider a scaling factor for the
activation functions, which is based on an adaptive time-stepping method for ODEs.
This method may be used to remove unnecessary layers and help with the vanishing
gradient problem. We also include several numerical experiments that support and
illustrate our theoretical findings.

Finally, in the third chapter, we proposed two fractional bounded variation (BV)
spaces based on the Riesz and Gagliardo gradients. We demonstrate that analogous
properties of the BV space, such as lower semicontinuity and Sobolev embeddings, are

still valid for the fractional case. However, the relationship with the space W*! is

x1



different. This framework is used to create a fractional version of the total variation

denoising model.
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Chapter 1

INTRODUCTION

This thesis explores a variety of optimization problems with emphasis on opti-
mization problems constrained by partial differential equations (PDEs) [13]. We hereby
term these problems as PDECO problems. PDECO has several applications, includ-
ing shape optimization, weather prediction, and inverse problems. It commonly uses
the underlying physics or knowledge about the problem, which is typically linked to
some PDE system, to solve control, design, and inverse problems. All of the problems
discussed in this work may be formulated as the following constrained optimization
problem:

min F(u) + G(Au), (P)

for suitable operators F', G and A, where U is a suitable Banach space. Some classic
problems with this structure include:

. L a 2
e Noise removal: rilelg}lDuKQ) + 2Hu qll
1
e Obstacle problem: min—/ |Vul*dz — / fudzx + I (u)
ucl 2 Q Q
e Mossolov’s problem: ming/ |Vu]2dx+ﬂ/ \Vu|da:—/fudx
ueld 2 Q Q Q
1
e Filtering-theory: min—/(Au)2d1‘ - / fudx + I (u).
Q Q

uelU

Here I, denotes an indicator function; for more details on these models, see [3, 62, 128|.
Identifying the right operators F', G and A and the set U simplifies the theoretical
and numerical analysis of the problem. From a numerical optimization perspective,

an appropriate splitting of the cost functional allows the use of algorithms like the



alternating direction method of multipliers (ADMM) or the primal-dual algorithm,
cf. [29]. In the context of convex optimization, the concept of dual is connected to
the Legendre-Fenchel transform, which is crucial for convex optimization. The dual
problem, which is built on a family of perturbations, connects a minimization problem
with a maximization problem. For example, the dual problem of (P) is given by:

sup —F*(A*p*) — G*(—p") |- (P*)

P
In Chapter 4, we utilize a method known as pre-dual to study the theoretical properties
of a new image denoising model that utilizes fractional derivatives. The existence and
uniqueness of the solutions to the optimization problems under consideration in this
study are established using the direct method in the calculus of variations and the
method of Lagrange multipliers.

Recent advances in software, computer architecture, numerical simulations, and
algorithms have made it possible to handle massive optimization problems. One ap-
plication of such advances is modern artificial neural networks; see [32]. In this work,
we took a different approach; we tried to simplify the numerical methods as much as
possible by relying on some properties of the problem. In Chapter 2, for instance,
we present a simple strategy based on the so-called Wirtinger derivative for dealing
with optimization problems formulated on a complex Hilbert space that do not need
rewriting as real-valued problems. This enables the acceleration of gradient-based ap-
proaches that rely on solving numerous linear systems, which may be expensive to solve
otherwise. We utilize this strategy to solve a problem involving Maxwell’s equations in
the frequency domain, where we also employed high-order Nédélec elements to address
the PDE discretization. In Chapter 3, we also use neural networks to approximate the
solution of Maxwell’s equations. This set of equations are crucial in the study of the
electromagnetic phenomena. From 1856 through 1865, James Clerk Maxwell published
a series of articles in which he generalized and unified all electrodynamic principles,

see [113]. Oliver Heaviside later wrote them in modern vector calculus notation. They



relate the electric field F, the current density J, and the magnetic field B, which in

their differential form are given by:

e Gauss’ law for electricity: V- F = ﬁ,

€0

e Gauss’ law for magnetism: V- B = 0,

0B
e Faraday’s law of induction: V x E = ~ 0
1 1 0B
e Ampeére’s circuital law: Vx B= —J 4+ ——,
€oC? 2 ot

see [115] for more details.
For the neural networks, we considered a Feedforward architecture, which is a
type of architecture where the information flows only forward, from left to right; see

Figure 1.1. This causal structure is shared with some discrete dynamical systems and

Input Hidden Hidden Output
layer layer 1 layer 2 layer

T

\yl

T2

3

Figure 1.1: Feedforward neural network

has been studied in [47], where the authors address the connection between feedforward
networks and the discretization of an ordinary differential equation. Consider, for

instance,
y'(t) =o(t,y(t)) forallte (0,1)

y(0) =vo.
Euler’s method approximates y(-) at ¢, = n - At by vy, via the following recurrence

relation:

Yn =Yn—1 + At - O-(tn—hy’n—l) with n € N) (101)



which resembles a ResNet’s architecture, cf. [77]. However, certain events, such as
delayed effects or hysteresis cannot be modelled by the standard concept of derivatives,
which are local operators. Fractional derivatives are a common technique to model such
nonlocal phenomena. Following [118], we consider the left-sided Caputo fractional
derivative of order ~, which is given by:
1 bt 1
OJu(x,typyq) = F(l——’y)/o m&gu(z,ﬂdﬂ (1.0.2)

where I' is Euler’s Gamma function. And a finite difference scheme for (1.0.2) is given

by:

a;yu(a thrl) R

LN, (u<~,tk+l_j> —u<~,tk_j>)
Iz 7) 2" (Af)7 |
where a; = (j+1)'77 = (j)'77; see (3.5.4) for more details. It is worth mentioning that
we consider an adaptive step size method in time, but in contrast with the standard
theory of ODEs, a small time step will mean to us that we could ignore a given layer;
see Figure 3.2. Note that this is not possible for a Feedforward architecture neural
network without the additional connections between layers present in the Fractional
Neural Network architecture.

We also investigate two types of spatial-fractional derivatives in Chapter 4; the
Riesz and Gagliardo types. These fractional derivatives allow us to define the concepts
of fractional gradient and divergence, and once we have both, we can describe first-
order fractional systems and bounded variations. The Riesz type of fractional derivative
is related to the well-known Riemann-Liouville integral, and it is based on operator
Riesz potential: 1°f(z) :== F ' (|¢|"*F f(£)) (x), then it is possible to define a notion

of fractional gradient and divergence, namely:

D®f :=DI'"°f,
Div, f :=divI'™f.



In turn, the Gagliardo fractional derivative defines a more “local” type of fractional
gradient and divergence:

f(x) = f(y)
|z — y|*

(dive F)(z) == — / F(z,y) — F(y, )

’x o y’n+a

(daf)(2,y) =

dy.

Having a notion of fractional divergence allow us to construct a fractional bounded

variation minimization-based image denoising scheme.

Outline: In Chapter 2, we present a boundary control for Maxwell’s equations in the
frequency domain. A surface type of curl operator is shown to be the appropriate
regularization in order for the optimal control problem to be well-posed. Since, all
underlying variables are assumed to be complex valued, the standard results on differ-
entiability do not directly apply. Instead, we extend the notion of Wirtinger derivatives
to complexified Hilbert spaces. Then, optimality conditions are derived and higher or-
der boundary regularity of the adjoint variable is established. The state and adjoint
variables are discretized using higher order Nédélec finite elements. The finite element
space for controls is identified as a space which preserves the structure of the control
regularization. Convergence of the fully discrete scheme is established. The theory is
validated by numerical experiments, in some cases, motivated by realistic applications.

Later in Chapter 3, we investigate a type of neural network architecture that per-
mits long-term memory via a discretization of the left-sided Caputo fractional deriva-
tive. The innovation of this approach comes in letting the discretization parameter
(time-step size) change from layer to layer in an optimization framework, which must
be learned. The suggested architecture is applicable to any current network, including
ResNet, DenseNet, and Fractional-DNN. This approach is shown to help in overcoming
the vanishing and exploding gradient issues. The stability of various existing continu-
ous DNNs, such as the Fractional-DNN, is also investigated. The proposed method is

used to approximate the solution of a 3D Maxwell’s equation.



Finally, in Chapter 4, we study the features of two fractional bounded varia-
tion (BV)-type spaces, which are motivated by problems involving jumps over lower-
dimensional subsets and abrupt transitions across interfaces. One space is induced
from the Riesz-fractional gradient, which Comi-Stefani recently studied in [52]; and
the other is induced by the Gagliardo-type fractional gradient often used in Dirichlet
forms and Peridynamics — this one is naturally related to the Caffarelli-Roquejoffre-
Savin fractional perimeter, see [38|. As an application, novel image denoising models
are proposed and their corresponding Fenchel pre-dual formulations are developed uti-
lizing the features of these spaces. The latter requires a dense set of smooth functions
with compact support. This density property is established for convex domains.

Parts of this thesis have appeared in the following articles:

e Boundary control of time-harmonic eddy current equations; with Harbir Antil,
[7].

e An Optimal Time Variable Learning Framework for Deep Neural Networks; with
Harbir Antil and Evelyn Herberg, [8].

e Nonlocal Bounded Variations with Applications; with Harbir Antil, Tian Jing
and Armin Schikorra, [9].



Chapter 2

MAXWELL BOUNDARY VALUE PROBLEM

2.1 Motivation

In recent years, problems related to controllability and optimal control con-
strained by Maxwell’s equations have gained a large amount of attention in both time
and frequency domains; see, for instance, a series of works [18, 25, 40, 93, 95, 96, 97,
117, 145, 146, 152, 153, 154, 155|. Most of the existing literature focuses on the case
where the control is in the interior, though the boundary control case can be found
in some limited number of references [18, 95, 96, 97]. The novelty in this chapter is
that it works in the frequency domain, whereas previous works were in the time do-
main. It also deals with appropriate tangential traces (control space) of H(curl) when
the physical domain is only Lipschitz polyhedral, in contrast to earlier publications in
which either no numerical method is given or the domain is assumed to be smooth.
As a result, the method presented in those articles is rather impractical. There are
no numerical examples given. In addition, we provide a full convergence analysis for
the fully discrete scheme as well as a numerical implementation using finite elements.
Furthermore, this method applies in a generic situation when all the variables are com-
plex valued, and it introduces a framework for performing complex differentiation in
Hilbert spaces.

Maxwell’s equations with non-homogeneous boundary conditions in a non-smooth
setting (Lipschitz polyhedral domains) is a relatively recent topic [33, 34, 143]. In
addition, the underlying functional analytic framework is delicate. Nonetheless, non-

homogeneous boundary conditions with non-smooth boundaries do occur in realistic



applications, such as microwave ovens, see also [26]. It is crucial to resolve the phys-
ical domain, for instance, using the finite element method, which permits a simple
implementation and has a well-studied theoretical framework [115].

Motivated by [26], the articles [21, 22| introduced yet another boundary value
problem for Maxwell equation (cf. (2.6.1)) where the boundary conditions are on cer-
tain electrodes. Notice that the non-homogeneous boundary conditions of the type
considered here also arise in the scattering theory of electromagnetic fields. For in-
stance, the incident and scattered fields denoted by E* and E*, respectively, satisfy
the “boundary” condition: E*xn = —Exn. Here n is the outward unit normal. These
works forms the motivation for us to study boundary optimal control of time-harmonic

Maxwell’s equations.

2.2 Problem Setup

Let Q C R? be a polyhedron with a Lipschitz continuous boundary denoted
by T. Moreover, let the current density j. € L?(Q;C?), a desired field vector ug
in L?(Q; C?), and symmetric and positive definite functions k and p in L°°(; R 3*3),
w # 0, positive constants « and 3, and a suitable lower semicontinuous convex function
f. If (u, z) represents the state-control pair, then the goal of this work is to study the

following boundary optimal control problem:

(u,z)eUxZ

: 1
min {j(U, z) = f(u) + 3 (OzHCurlrzH%z(r) + ﬁ||Z||%2(F)> } , (2.2.1a)
subject to the time-harmonic Maxwell’s equations as constraints

curl (uteurlu) + (iw)ku = j. in Q,
( ) (2.2.1b)
uxn=zxmn onl.

In (2.2.1a), curlp denotes the scalar surface curl. For a precise definition of curly, the
surface divergence divr, the tangential gradient Vr, and the tangential vector curl
curly when € is a Lipschitz polyhedron, see [33, 34].

To the best of our knowledge, this is the first work on boundary control of

Maxwell’s equations with complete analysis and numerical implementation in the time



harmonic setting. Another significant difference between us and the existing literature
on optimal control of Maxwell type equations is that we work in a complex setting
without assuming a split between real and imaginary parts.

This, however, introduces additional challenges. For instance, even the standard

quadratic cost functional

flu) = %/Q|u — uy|* dx, (2.2.2)

is not differentiable in the (complex) Géateaux sense, thus making most of the exist-
ing gradient-based optimization algorithms not directly applicable. However, provided
that we can define an appropriate notion of derivatives, the complex structure leads
to elegant analysis. Furthermore, because most modern programming languages can
handle complex arithmetic, working in the complex field directly is advantageous. In
the particular case of quadratic functionals of the form (2.2.2), the differentiability
problem can be addressed via directional derivatives as in [145, Sec. 3.2], where they
consider an optimal current problem with a complex control related to impressed cur-
rents (internal control), see also [40, Sec. 4.1]. Our approach allows us to study a
considerably larger family of functionals. In the case of quadratic functions, this result
in a natural extension to the real-valued case.

The Wirtinger derivative (1927) [149], which is a well-known concept in finite
dimensions, inspired our idea of derivatives. Its origins may be traced back at least
to 1899 in a paper by J.H. Poincaré on potentials [122, Théoréme 8|. This notion of
derivatives is motivated by the splitting of a function into its real and imaginary com-
ponents. However, it allows one to work within the complex regime without using any
such splitting. Wirtinger derivatives have been used in finite-dimensional optimization
problems at least since the 1960s, in the works of Levinson, Mond, Hanson, and Kaul,
cf. [102, 114, 90], and in the engineering community since the 1980s, see 30|, with
applications from signal theory to Machine learning, see [27]. We refer to [91, 94] for

more details on Wirtinger derivatives.



In this work, we extend the notion of derivatives from finite dimensions to
infinite dimensions with complex fields and rigorously derive the optimality conditions
at the continuous level and identify continuous gradients. We discretize our state
and adjoint variables using higher-order Nédélec elements, and for the control, we use
the lowest-order Nédélec elements on each boundary face, which by construction have
continuous tangential components. Next, we establish convergence of our numerical
scheme. Numerical experiments confirms our theoretical findings. In particular, in our
first experiment, motivated by [21, 22|, we consider a realistic application with non-
homogeneous boundary conditions where we first derive an explicit solution and next
we validate our Nédélec finite element implementation against this explicit solution,
the expected rate of convergence is observed. In the second experiment, we study the
convergence of optimal control problem, see section 2.6 for more details.

Outline: In section 2.3, we introduce some notation and establish the well-posedness
of the state equation. Section 2.4 first establishes existence of solution to the control
problem. Next, section 2.4.1 introduces the notion of Wirtinger derivatives on complex
Hilbert spaces and derives abstract optimality conditions. This is followed by a rigorous
derivation of optimality conditions for our problem in section 2.4.2. Well-posedness of
the adjoint equation is also established. Additional regularity for the adjoint equation
and the optimality system are provided in section 2.4.3. Section 2.5 introduces the
discrete optimal control problem. Details on imposing non-zero boundary conditions
are provided in section 2.5.1. Moreover, section 2.5.2 is devoted to best approximation
results for the state equations. The precise choice of the control space is discussed
in section 2.5.3. Section 2.5.4 discusses the regularity of discrete adjoint equation and
derives the discrete optimality system. Finally, in section 2.5.5, we provide convergence
analysis of the optimal control problem. In Subsection 2.5.6, we establish that the lower
order terms can be dropped, i.e., §in (2.2.1a) can be set to zero. Section 2.6 is devoted

to numerical examples which confirms the theoretical results.
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2.3 Notation and preliminary results

From now on, if X is a set of scalars, we use the notation X to denote (X)3, i.e.,
vectors. The term V* will be used to refer to both the space of linear and conjugate
linear functionals on a vector space V' (see, for example, [120, p. 168]), this choice will
be clear from the context. In what follows, we will need to identify the restriction of
functions onto polygonal faces of Q. For this purpose we use the notation I' = [T},
where each I'; is an open subset of I' such that its closure is a face of I and the I'; are

pairwise disjoint. We use n to denote the outward unit normal to I". Next, we define

several Hilbert spaces, endowed with their standard inner products and norms:

d1v1~7

):
{veL}I): divrv e L*(I')},

L*(Q) :=L*(%:C),
Hy(div; Q) :={v € H(div;Q): 7p(v) :=v-n=0onT},
H(curl; Q) :={v € L*(Q) : curlv € L (Q)},
L) :={ve L’ (T;C°) : v-n=0ae onl}, (2.3.1)
H(curlp;T) :={wv € L}(T): curlpv € L*(I)},
IDE
)

HE(T) :={A e L3(D): Alr, € HE(T,), for each face T, C r} ,

where all the differential operators are in the sense of distributions, cf. [69, Ch. I.
Unless stated otherwise, we will use the notation (-,-)oq and || - [lo.q to denote the L*-
inner product and norm (respectively), regardless of whether the functions are scalar-
valued, vector-valued, etc. Similarly, we will use the notation (-,-)r to denote the
duality pairing of H2(T") and Hz ().

Control space. We now define the set of admissible controls for our optimal control

problem (2.2.1):
Z :={z € H(cwlp;T) : curlpz € L§(T) }, (2.3.2)
endowed with the norm on H(curlp;I"), given by

| 2]lcurtr = [|2|| 20y + [|curlpz|| 22y, (2.3.3)
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where LZ(T) is the space of L?-functions on I' with zero mean. The zero mean condition
is a natural restriction for the problem, related to the identity divcurlu = 0 for
u € H(curl;Q); see for instance, |35, Corollary 5.4]. This condition also appears
naturally in the finite element method setting, cf. [1, Sec. 2]. We further emphasize
that the norm definition in (2.3.3) motivates the control regularization in (2.2.1a). In
Subsection 2.5.6, we establish that the lower-order term in the regularization can be
dropped. Whenever we write a < b in what follows, we mean that a < Cb, where C' is

a positive non-essential constant and its value might change at each occurrence.

2.3.1 Tangential traces and Green’s identities for H(curl;2)

We begin this section by defining the tangential trace of a function in H'(Q),
since from the boundary condition in (2.2.1b), it is clear that these are the traces that
are being imposed by the control. The material in this subsection is known, and we
refer the interested reader to [33] and [130, Chapter 16] for more details. Because
we are considering €2 to be a polyhedron, the outer unit normal n is well-defined
almost everywhere on I', as well as along each edge of I' one of the tangential traces is

continuous when applied to smooth functions.

Definition 2.3.1. The tangential traces of v, defined from H(Q) onto H2(T), are
given by

VU =YV X N, and Yrvi=n X (Yo X n).
where v denotes the standard restriction of v on I' in the trace sense.
1 1
We now define the Hilbert spaces HF (I') and Hf ('), see [33, Prop. 2.6], as the

image of the maps 7; and 77 restricted to H'(2). Moreover, we have the following

result

Lemma 2.3.2. The following maps are linear, continuous and surjective

1

Yo HY Q) — HZ (D), and v : HY(Q) — H‘%(F)'

Proof. See [33, Proposition 2.7]. O

12



Definition 2.3.3. The spaces

(H > (@), 01 g p)y and (H 2@y ) (2.3.4)

1 1
are the dual spaces of H} (') and H (T') (endowed with dual norms), respectively. In

this case, L?(T") is taken as the pivot space.

However, Lemma 2.3.2 is not directly applicable in our setting. Instead of
H(2), the right function space for (2.2.1b) is H(curl; ). Notice that H(curl; () is
less regular than H'(Q), but the dual space of its trace space is more delicate than
H2(D).

To define weaker versions of 7; and 7, we first note that for v € C*(Q), the
image of the maps ;v and v belong to H_% (I'), according to Definition 2.3.1. Since no
restrictions are imposed on the normal component of yu, those maps can be extended
by density to elements of H(curl; ().

To obtain a Green’s identity when both functions are in H(curl; §2), the ranges
of v, and vz acting on H (curl; 2) must be properly defined. We again refer to [33] and
[130, Ch. 16] as well as [115, p. 58] for more details. Following the notation of [33],

we define
H, * (divps T) = {A € H*(T): diviA € Hé(r)} :
Hlé(curlp; I):= {)\ € HI%(D s eurlpA € H%(F)} ;

endowed with the norms

1A

i ey =g+ 1AVEAg

(2.3.5)

HAHHI%(curIF;F) = |’)\HJ_7,%7F + ”CHI‘II‘A"f%,F'

_1
2

_1
Moreover, we have H *(curlp;I') := (H, *(divr; I))*, where L(T) is used as pivot,
and the following holds:

Lemma 2.3.4. The maps,

1

_ 1
v : H(curl; Q) = H) *(divp; T'), and yr : H(curl; Q) — H | *(curlp; T)

13



are linear, continuous and surjective.

Proof. See [34, Thm. 5.4]. O

With these definitions we have the following Green’s identity:
Theorem 2.3.5 ([115, Thm. 3.31|). The space H, *(divr;T') is a Hilbert space. The

_1
2

continuous linear mappings v;: H(curl; ) — H (dive;T) and vr : H(curl; Q) —
H 2 (curlp; T') are surjective, and for all v, ¢ € H(curl; Q)

(’U, V x (}’))075‘2 — (V X v, ¢)0’Q = <’}/t’v,’}/Td)>F*, (236)
where (-, -)p+ is the duality pairing between HH_g(din; I') and H| ?(curly; T).
-3

Now, given g € H, *(divr;I') we define

Hg(curl; Q) :=={v € H(curl;Q2): yw=gonT}.

2.3.2 Well-posedness of the state equation

First, let us introduce the sesquilinear form

a: H(curl; Q) x H(curl; ) — C given by
a(u,v) = /Q,ulcurlu -curl o dx + (iw) /Q Ku -vdr. (2.3.7)
The following lemmas show the well-posedness of the state equation (2.2.1b).
Lemma 2.3.6. Given f € H(curl;Q)*, the problem, find uw € H(curl; Q) such that
a(u,v) = (f,v) Vv € H(curl; Q), (2.3.8)

is a well-posed problem in the sense of Hadamard, where (-,-) denotes the duality paring

between H (curl; Q) and its dual.

Proof. The hypothesis on p and K guarantees that a(-, -) defines a sesquilinear, bounded
and coercive form. The Lax-Milgram lemma implies that (2.3.8) has a unique solution;

moreover, we have
C(KH 123 w)HuH(Q:url,Q < |CL(U, ’U,)‘ S ’<fa u>|’ (239)

where ¢ is a positive constant that depends on w and the eigenvalues of p and k. [

14



Lemma 2.3.7. Given z € H(curlp; ') and 3. € L*(Q2), the problem, findu € H,yp(curl; Q)
such that

a(u,v) = /jc ‘vdx Vv € Hy(curl; Q), (2.3.10)
Q
18 well-posed.

Proof. Let z € H(curlp; T') be given. Then z x n € v, H (curl; ), which follows from
the much more general results on weak rotations, see [130, Prop. 16.16 and Eq. (16.42)].
Therefore from Lemma 2.3.4, there exists u, € H(curl;{2) such that yyu, = z x n

and

sl Szl g S (2:3.11)

where the last inequality follows because of the isometry ||zxn| _i = |lz|| _1 :
HH 2 (divp;I) H | 2 (curlp;T)

see [130, p. 448], and

=1l < Cf|leurr

| 2 (curlpsl)
which follows from the compact embedding of L*(T') into H~2 ().
Now, we look for uy € Hy(curl; 2) such that

a(ug, v) = /QjC ‘vdr — a(uy,v) Vv € Hy(curl; Q). (2.3.12)
This problem is well-posed, according to Lemmas (2.3.6) and (2.3.11), and
[woll < lldello.c + 2 /cus-
Finally, uw := ug + u, is the unique solution to (2.3.10) and
[ullcur 0 S l7elloe + [[2]lewr,

which finishes the proof. O

From the previous analysis, w depends on both z and j.. The goal of the next
section is to reduce the cost functional J(u, z) = J(u(2; j¢), z) to be only a function

of z, and then derive the optimality conditions.
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2.4 Reduced cost functional and its derivative
For the remainder of the Chapter, we will assume that j. is given. By introduc-
ing the control-to-state map, we can obtain the so-called reduced optimization problem.

The solution map is an affine transformation, and it is given by

S: Z — H(curl; Q) — L*(Q)

z — Sz = u, (2.4.1)

where u is the unique solution to (2.3.10) with right-hand-side j. and the boundary
condition z X n. The notation — indicates the continuous embedding; as a result,
we can consider S : Z — L2(Q). The solution operator S is an affine map, and it is
common to split S into two parts: the part that depends on z and the one that depends
on j7.. We write

Sz = Srz + uq,

where Sr is the solution operator for the state equation with 5. = 0, and uq is the
solution for the state equation when z = 0. By Lemma 2.3.7, S is continuous, and

there exists a C' = C(u, K, ) > 0, such that

HSZchrl,ﬂ = Huchrl,Q <C (Hcho,Q + Hzchrlr) . (2.4.2)

As a result, the reduced-cost functional j(z) := J(Sz, z) is also continuous, and

it can be represented using the above-mentioned splitting as

rznei?j(z) = rznelg % /Q ISrz — g|* dx + % /F curlpz|* dS + g /F |z|* dS, (2.4.3)
where uy = ug — ug. Therefore, without loss of generality, in what follows we will
consider j. = 0, and therefore S = Sp. Notice that in this case, ug = 0.

Our goal now is to discuss the existence and uniqueness of a solution to the

reduced optimization problem

min j(z) = melgl J(Sz, z). (2.4.4)

zeZ
The proof follows immediately from the direct method of calculus of variations; we

outline it for completeness.
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Theorem 2.4.1 (existence and uniqueness). The problem (2.4.4) has a unique solution

ze .

Proof. Notice that j(-) is bounded below, therefore there exists an infimizing sequence
{zn}5, such that ;22 Jj(z) = 77}1%1%10 j(z,). The previous limit and the definition of j(-)
implies that {z,}7°, is a bounded sequence in Z. Notice that Z is closed subspace of a
Hilbert space and is therefore a Hilbert space itself. Thus the boundedness of sequence
{z,}52, implies that there exists a subsequence (not relabeled) that converges to z
in Z. It then remains to show that 2z is the minimizer of (2.4.4). This immediately
follows from weak lower semicontinuity of j(-). The uniqueness is a direct consequence

of the strict convexity of j(-). O

As is usual, we want to apply a gradient-based method to locate the criti-
cal points of the cost functional j(-) in order to discover the optimal control z of
(2.4.3). Nonetheless, differentiability differs significantly between real and complex
fields. However, Fréchet and Gateaux differentiability on complex fields are quite simi-
lar, cf. [159, 160, 161]. Notice that, [Spz — wy|? in (2.4.3) is smooth, but as we will see
below, it is not complex Géateaux differentiable. To study (2.4.3), we require a weaker
definition of j(-). In order to do that, we will propose a notion of derivative for j(-)
that is more flexible than Gateaux or Fréchet derivatives for complex spaces, and that
it is strong enough to allow Taylor series expansions; this will allow us to characterize
the critical points of j(-).

Before we begin our discussion of derivatives, let us define what it means for a

complex-valued function to be C', but not necessarily analytic; see [99, (2.1)].

Definition 2.4.2 (C' functions). For a compler Banach space U, suppose D C U is

open and u : D — C is a function. If the directional derivatives

du(z: €) = Tim u(z +t€) —u(z)

., teR (2.4.5)
t—0 t

exist for all z € D, € €U, and du : D x U — C is continuous, we write u € C1 (D).
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Consider the function

z 22 = |2 (2.4.6)

which is C'(C) but not complex Fréchet differentiable, nor complex Gateaux differen-
tiable. This shows that complex differentiability is too restrictive, especially in the
context of optimization. A weaker notion of “complex derivative” which has most of
the required properties in optimization is the so-called Wirtinger derivative, cf. [149].

In the next section, we extend the concept of Wirtinger derivatives to spaces
that are the complexification of a real Hilbert space; that generalizes case f : C — C,

cf. [147].

2.4.1 Wirtinger derivatives on complexified Hilbert spaces
Let (U, | - ]z) be the complexification of a real Hilbert space (H, (+,-)y), and let
f U — C be a continuous function but not complex differentiable. We can extend f

to a function on U x U. Let g : U x U — C be a continuous extension of f such that
9(z,2) = f(z) VzelU.

Now, let us assume g is complex Fréchet differentiable, and define

9 0
a_i z=2z9 = VQ (20720) (61>7 a_£ z=2g = Vg (z()?EO) (62)7

where the unit vectors e; and e, will give us the first and second components of Vg.
Even if the existence of a complex Fréchet differentiable extension g of f may look to
be too restrictive, such an extension exists when f is continuous and f is analytic for
z and Z; separately, cf. |91, p. 2|, these conditions hold for the function in (2.4.6), for
instance. This follows from Hartogs’ theorem or one of its generalizations to infinite-

dimensional spaces; see, for instance, [110, Thm. 3.2]. Now, for any z; and dz in U,
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the following limit exists and the resulting expression is linear in 6z,

f(zo+1t6z) — f(z0)

d®f(z;02) := lim

o t
g <<ZQ720) +1 ((52,5)) —4g (20,20)
= lim
Im (D=0 ¢
(2.4.7)
oz | —
= _ 7V9(Zo,zo)
0z

Uxu

= 6z,%(zo)> —l—(@,%(zo)) .
u u

Theorem 2.4.3. Let U be the complexification of a real Hilbert space H, and consider

a continuous function f : U — R,z — f(z), such that [ is analytic in z and in Z,

separately, then d® f(zo;0z) defined in (2.4.7) exists. Moreover,

d® f(zg;02) = 2Re (%(zo), 5z) Vzo,0z € U. (2.4.8)
u

Proof. The existence of d® f(zg;dz) follows from the previous analysis. On the other

hand, if f is real-valued, then by definition d® f(z¢; §z) is also real-valued, yielding
of af
— = ——(zp). 2.4.
(20 = Lz0) (249)

In order to prove this identity, consider the inner product on U given by

(w1 +iv1, U + i02),, = (U1, U2) y + (V1,V2)y +1 ((’01, Us)y — (uy, ’UQ)H) .
Now, we consider the splitting between real and imaginary parts
0 0
6z = 0z +i6"mz, 8—£(z0) = fRe4ifl™ and 3_2(%) = fEe +iflm.
In turn, from (2.4.7)

de(zo;éz) = <5z, %(zo)) + (&, %(Z@)

_ (5Rez + idlmz, sze _ ilem)u + ((5Rez — i5ImZ, f?"’ - ilem>uv
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and because Im{d" f(zo,0z)} = 0, we have

( R 5fmz>H + ((5R€z, f§m>H - ( R 5fmz)H n (5R€z, fzf’”)H —0.

5Re

In particular, if 0"°z = 0 we get

<f5€7 6Imz>

In turn, if 6™z = 0 we get

(£Ee0imz) =0 fle= fle

H

(3% f2m) 4 (672 fim) =0 flm = —fim

Thus,

g—i(zo) = (g—;(zo)), and therefore <5z,g:£(zo)>u = (E,g@@)u,

which concludes the proof. O]

Our next goal is to relate d®f given in (2.4.8) with a gradient so that we can
derive the first-order optimality conditions for problem (2.2.1a). In order to do that,
we identify f with a real functional u, namely u : H x H — R that satisfies f(z) =
f(x+iy) = u(x,y) for all z = x+iy in U. From the regularity of g (as defined above),
we obtain

u(x + tox, y + toy) — u(x, y)

Rop(o. s\ 1
d f(z,éz)—lgrol ;

teR

= | Vu, (2.4.10)

HxH

du ou
=(=.5 —,0
(89'37 w)H i <8y’ y>H7
where §z = dx + idy. Consequently, f € C'(U) (see Definition 2.4.2) and we have the

following identities

u ((w,y) + <5w,5y)> =u (w,y) + (vu(.ﬁa,g), (5;,;,51,)) , (2.4.11)

f(z+62) = f(z) + d*f(Z;62), (2.4.12)
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for some Z = Z 449 in the segment [z, z+§z]. From now on, the expression d* f(z;0z)
will be referred to as the R—linear derivative of f at z in the direction dz. Many
properties of f can be derived from its extension g or using the relation with wu; for
example, f is (real) convex if and only if u is convex. Also, one can determine the
directions of the steepest descent and stationary points of f. In fact, we have the

following result:

Theorem 2.4.4 (Steepest descent). Let f, g and u be as above, then the direction of

steepest descent for f at zg = xy + iyy is given by

_Of, . of
5’2 - az( 0) az(z0)7
or equivalently
ox
= — Vu(xg, yo).
0y

Proof. The result follows from the two characterizations of d®f given in (2.4.8) and
(2.4.10), respectively. In the first case, we have also used (2.4.9). The proof is complete.
O

From the previous theorem, we obtain

0 0 0 0 0 0
(2 = geley) g @), ad SL() = 0 (@) i (@)

The identities, known as the Wirtinger derivatives (in finite dimensions) for a real-

valued function f, are commonly written as

of _of . .0f
92— Da + 18y’ (2.4.13)
of of .of
9% = D lay' (2.4.14)
Lemma 2.4.5. Let f be as above. Then, zy = xo + i1yo 1S a stationary point of f if
and only if
of ,_\ _ of ,_\ _
a—z(zo) =0 or a_E(ZO) =0.
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Proof. Tt is enough to identify f with u, then Vu(xo,yo) = 0, and using (2.4.13) and
(2.4.14) the proof is complete. O

Finally, we present the following useful theorem, where Dom(f) denotes the

domain of f.

Theorem 2.4.6. Let f be as above, and assume f : Dom(f) — C with Dom(f) convez.

If zy is an optimal point then
d®f(z0;2 — 2z0) >0, Vz & Dom(f). (2.4.15)
In addition, if f is (real) convex then (2.4.15) is a sufficient condition.

Proof. This result follows directly from identifying f with v and applying well-known

results for convex real-valued functions. O]

2.4.2 The R—linear derivative of the reduced cost functional and optimality

conditions

Since the map z +— Z - z is not (complex) Gateaux differentiable, the same
can be concluded for the reduced functional j defined in (2.4.3). The following lemma

shows, however, that d®j is well-defined.

Lemma 2.4.7. Let (X,| - | x) be a complex Banach space, (U, (-, )u) be a complex
Hilbert space, @ e U, and S € L(X,U). Then, the convex function f(z) = Sz — a3

has an R -linear derivative given by
d®f(z;v) = 2Re(Sz — @, Sv)y,
where ||ull? := (u,w)y and Re(a) denotes the real part of a € C.

Proof. We examine the difference quotient from the definition of d¥, cf. 2.4.7, namely:

flz+tv) = f(z)  |S(z+tv) —u|? — Sz — ull?

t t
~ (ISz — @3 +2Re(Sz — @, tSv)y + [[tSv||%) — Sz — all?
N t
_ 2Ret(Sz — 'ZZ,St’v)u + |t|2||S'v||§,‘ (2.4.16)
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Considering t € C such that Im(¢) = 0, and then taking the limit as ¢ — 0 completes
the proof. O

Remark 2.4.8. From (2.4.16), we can also conclude that f is not complex Gateaux

differentiable.
In what follows we recall that S = Sp and ug = uy.

Corollary 2.4.9. For z and € in H(curlp; '), the R -linear derivative of j at z (given
in (2.4.3)), in the direction & is given by

d¥j(z;€) = Re{(Sz — ug, S€)o.0 + afcurly, curlpg)or + 5(z, 5)0,1“}7 (2.4.17)
where (-,-)or denotes the inner product in both L*(T") and L*(T).

As usual, we will avoid computing the term S& by introducing the adjoint of S,
denoted by S*. Since S is bounded linear, S* : L?(Q2) — H/(curlp; I')* is well defined.
Then from (2.4.17), given € € H(curlp; ') we have that d®j(z;€) is given by

d®j(z;€) = Re{ (S*(Sz — uy), €>H(curlp;F)*,H(curlr;F) + a(curlpz, curlpé)or + 5(z, 5)0’1"}.
(2.4.18)

We will make additional assumptions on g and kK, so the duality pairing in (2.4.18)

will become the inner product on L?(T"). As is usual for optimal control of PDEs, S*

is the solution operator for a problem similar to the state equation known as adjoint

state equation. Given f € L*(Q), find w € H(curl; Q) such that

curl (p'eurlw) — (w)kw = f in Q,

(2.4.19)
wxn=0 onl.
The weak formulation of this problem is: find w € Hy(curl; 2) such that
a*(w,v) = (f,v) Vv € Hy(curl; ), (2.4.20)
where
a*(w,v) == a(v,w) Vw,v € H(curl; Q). (2.4.21)
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By the Lax-Milgram lemma (see Lemma 2.3.7), the above problem is well-posed. Now,
given £ in H(curlp;I') we set ug = SE, the unique solution to state equation, cf. (2.4.1),

namely

a(ug,v) =0 Vv € Hy(curl; ),
¢ " (2.4.22)

Tug =€ XN on I

In turn, given f € L2(Q) let w be the solution for (2.4.20), and testing the first
equation in (2.4.19) with S, and integrating by parts using (2.3.6) and the fact that

pteurlw € H(curl; Q) we arrive at

(f,S€)o0 = — <%(H_1V X ’w)ﬁTUg>F*
= — (e 'V xw),£). .

_1
2

1
Recall that (-, -)p« represents the duality pairing H, 2 (divp;T)and H, * (curlp; T'). Nev-
ertheless, under some additional regularity on g and k we will show that w is smooth
enough so this duality becomes an integral. Now, by setting f = uw — ug, (2.4.19)

becomes the adjoint problem for the state equation, and we have the following result.

Theorem 2.4.10. The adjoint operator for S is given by

§°: L2(Q) — H *(divpsT)

F=Sf=-—np'Vxw), (2.4.23)
where w € Hy(curl; Q) solves

curl (uteurlw) — (iw)kw = f  in Q
( ) (2.4.24)
wxn=0 onl.

Since, H(curlp;I') < HI%(CU.I‘IF;F), we can rewrite (2.4.17) as
d%j(z;€) = Re{ (S*(Sz — uq), €).. + acurlpz, curlp€)or + 5(2’,5)&1"}7 (2.4.25)

for all € € H(curlp; T).
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Proof. The proof follows from the above analysis and the fact that p~'curlw €
H(curl; Q2), and therefore v, (u~'V x w) € H‘T%(din;F), cf. Lemma 2.3.4. Finally,

I
H(curlp;T)*. Thus, we can replace the H(curlp;')*—H (curlp;I") duality pairing in

_1 1 _1 *
since H(curlp;I") < H | ?(curlp; I'), therefore, H, *(divp; ') = (HLZ(curlp;F)> —

(2.4.18) by the (-, -)pr+ pairing and the proof is complete. ]

2.4.3 Additional regularity of S* for Lipschitz polyhedra

The goal of this section is to show that we can obtain additional regularity for
S*; for instance, S* : L*(Q2) — LZ(T"), under suitable assumptions on g and &. These
additional assumptions along with the regularity of the adjoint problem (2.4.24) will
imply v(p'curlw) € H?(T), for some o > 0. As a result, we can replace the duality
pairing in (2.4.25) by the inner product in L?(T). From now on, we will assume that x
and g are in WH(Q). In what follows, we give some technical results that are slight
variations of the ones found in [152, Thm. 4.1]. We omit most of the proof details as

they mostly follow from straightforward calculations.

Lemma 2.4.11. If & € W°(Q) such that k(z) > ko > 0 almost everywhere, and
¢ €Cr(Q), then k™1 € HY(Q) and

Vo= (k"'VE) o+ KV (k7'9).

Proof. The proof follows immediately after using the product rule in V(k™1¢) and

rearranging the resulting expression. O]

Using this result, we obtain the following two lemmas involving the product rule

for divergence and curl:

Lemma 2.4.12. Let kK € WH®(Q) such that k(z) > ko > 0 almost everywhere, and
u € L?(Q) such that divku = v € L*(Q), then w € H(div; Q) and

div(u) = k™'v — (k'VK) - u. (2.4.26)
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Lemma 2.4.13. Let ( € WH(Q) such that ((x) > (o > 0 almost everywhere, and
u € L?(Q) such that curl (u = v € L*(Q), then u € H(curl;Q) and

curl (u) =l +u x ((T'V(). (2.4.27)

We will show that 'V x w is smooth enough to have a well-defined and
integrable trace, where w is the solution for the adjoint problem (2.4.24). To do this,

we will now show some results for the regularity of w,
Lemma 2.4.14. If w € Hy(curl;Q), then curlw € Hy(div; Q).
Proof. 1t is clear that div(curl w) = 0, then curlw € H(div;2) and therefore 7, (curl w)
belongs to H~2(T"). Similarly; for each v € H'(2), Vo € H(curl; ), and
Wn(curlw),yv)_%ér :/Qv div(curl w)dx + /chrlw - Vude
=0+ /Qw -curl (Vo)de — (vyw, yr (Vo))
= 0.

Thus, from the surjectivity of the trace map 7 from H'(Q) onto H%(F) the proof

concludes. O

Theorem 2.4.15. Let w be the solution for the adjoint problem (2.4.24) with p, Kk €
Whee(Q), then
pteurlw € H(curl; Q) N Hy(div; ).

Proof. We will first invoke Lemma 2.4.12 with u = G := p~'curlw and k = . Notice
that G € L?(Q) and divuG = diveurlw = 0 € L*(Q). Therefore, G € H(div;)
and

divG = —(pu 'Vp) - (u leurlw) € L*(Q). (2.4.28)
In addition, we notice that curl G = (u—uy)+iwkw € L*(Q2). Thus, G € H(curl; Q)N
H(div; Q).
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Finally, to complete the proof, we show that the normal trace of G vanishes.
From Lemma 2.4.11, p~'v € H'(Q) for all v € H'(Q), this along Lemma 2.4.14, and
the Green’s identity in H(div; (), cf. [66, Lemma 1.4], yields

0= (v (curlw) ,y(p'v))_ = /chrlw V(p tv)de + /Q(,ulfu) div(curl w)dz

D=
N

= /Q/,L_lcurlw-uV(y,_lv)dx
= /Q;flcurlw . (VU — u_lviw) dx.
Then using (2.4.28), we obtain that
0= (v (curlw) ,y(pn'v))_ = /Q teurlw - Vvdx—l—/vdiv(ulcurlw)dx

= <fyn “eurlw) ,’y(v)>

which concludes the proof. O]

N
N

)
By

[NIE
N[

Corollary 2.4.16. Let w be the solution for the adjoint equation (2.4.24), then
(Y X w) € (D).

Proof. From |2, Thm. 4.4] H(curl;Q) N Hy(div; Q) — ’H%Jre*( ), for some €, > 0.
Thus, according to Theorem 2.4.15 we have p='V x w € ’H2+6*( ), then by trace
theorem, y(pu ™'V x w) € H(T). In particular, v,(u ™'V x w) € LX(T). O

As aresult of Corollary 2.4.16, the duality paring in (2.4.25) becomes an integral,

namely
((p'V xw), &) = (Y (pT'V xw) xn, &),
= /(,y(u—lv x w) x n)-€dS.
r

Corollary 2.4.17. The function Z € Z is an optimal control for (2.4.3), if and only
of

S
Re { <A, z— 2) + a (curlrz, curlp(z — 2))0F +6(z,z— g)or} =0, VzelZ
0T , :
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Proof. The result is a consequence of Theorems 2.4.6 and 2.4.10, and Corollary 2.4.16.
O

2.5 Discrete Problem

Let © be a connected polyhedral Lipschitz domain, and {7}, be a family of
shape regular simplicial triangulation for 2. For a given mesh 7, we denote the set
of faces on the boundary by T, and the edges belonging to ', by £&. We consider
a conforming finite element space for H(curl; ) denoted by N}, we utilize the basis
given in [72]. More specifically, for T' € T;, we consider a local basis for NJ(T) :=
PT) & (x x 75,3(T)) ¢ Pp 1 (T) where Py is the set of homogeneous polynomials of
degree k. Note that it is common to count these spaces in the index £ + 1, so that
the lowest order would be £ = 1, but here that case will be £ = 0. Thus, given
z € H(curlp;T') and & € NU {0}, we consider the semi-discrete state equation: find
uy, € N} such that

(p~teurluy, curlwy,), (, + (iw) (Kun,vp)oq =0 Vo, € N,

0.0 (2.5.1)

u, Xxn=zxn onl,

where MV}, := N]'N Hy(curl; Q). Because N} is a closed subspace of Hy(curl; Q) well-
posedness of (2.5.1) follows from the continuous case, except for how the boundary
condition u, X n = z x n is imposed. This can be done in several ways; for instance,
with a L?(T';) projection plus taking an average for the edge dofs. Nevertheless, for
that approach, approximation and commutativity properties seem rather difficult to
prove. We impose the Dirichlet condition in (2.5.1) using moments, which allows us to
use the well-known approximation theory of Nédélec and Raviart-Thomas elements in

2D along the approximation theory described in [1].

2.5.1 Imposition of discrete boundary conditions
As we already mentioned, we impose the condition u;, x n = z x n through a
lifting defined by moments. Now, the natural strategy would be to use the 2D local

moments for H(div, F'), for each face I’ on I';, which is a collection of linear integral
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equations; see, for instance, [66, Sec. 3|. Nevertheless, because we consider z x n
instead of just z, imposing those moments turns out to be equivalent to imposing
yrup, = z through the local moments for H (curl, F'), cf. [115, Sec. 5.5]. We now define
a global lifting operator

Ly, :Dp, € H(curlp;T) — N}

2.5.2
z s Lpz =ul, ( )

where D, denotes the domain of £, which is a finite subspace of H(curlp;I') and its

h

7 is the unique element

elements have well-defined and continuous moments on I'y, u
in A" which shares the local 2D Nédélec moments with z for all the faces/edges in 'y,
and it has zero interior moments. Because of the regularity needed for this lifting, we

will choose the discrete control space Z" so that the following holds

Z" C Dg, CyrN}', for some j € {0, ..., k}. (2.5.3)

2.5.2 Discrete solution operator and cost functional

Let j € {0,...,k} and define Z":= R,NZ, where
Ry, = {'yTuh tuy, € /\/'jh} . (2.5.4)
Now, let us introduce the discrete optimization problem,

1
min J (up, 2p) 1= 5/ [y, — wg|® doe + %/ |curlpz,|? dS + g/ |zn|?dS, (2.5.5)
0 r r

Uh,Zh

where uy, is the unique solution to (2.5.1), for z = z;,. As in the continuous case, we

reduce this problem with the help of a (discrete) solution operator

ShIZthhi—)N]?

Zn = Spzn =: up,.

To prove that S, is bounded, with constant independent of h, let us consider the

following lemma.
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Lemma 2.5.1. Let w and uy, be the solutions for the continuous and discrete state
equations, (2.2.1b) and (2.5.1), respectively, with respective boundary data given by

z xn and z, X n. Then, the following holds

VREN

- < i — — 2.9.
[ = upflewn o < C ( min [ — lewn 0 + |12 zh|’H15(cur1F;r)> ) (2.5.6)
where C' only depends on the shape reqularity of Ty, 2 and the eigenvalues of p and K.

Proof. From |1, Corollary 4.4], we have

v —upllewr o < C | min |lu —vpllen o + |2 X1 -2z xnf| 4
v EN] HH (divp;T)

1
Finally, from the well-known isometry for weak rotations between H  *(curlp;T") and

HlTa(din; '), see [130, p. 448], the proof concludes. ]
A useful result related to (2.5.6) is the existence of a uniformly bounded operator

Ly: Ry — Nt

Zp = Uy,

such that yr(u,,) = zn, and [|u, ||t ,0 < C||2h]|cure, Where C' is independent of h,
see [1] and references within. Thus, S;, is linear and bounded independently of h. We

now introduce the reduced discrete cost functional
gn: 2" R,
(2.5.7)
zn — Jn(zn) == T (Su(zn), 2n)-

It is clear that jj, is continuous and bounded independently of h. Now, under the same

arguments as for the continuous case, we have

d%ji (21, &) =Re{(Shzn — ua, Sn€n)oq + alcurlpzy, curlr&p)or + B(2n, En)or}
(2.5.8)

=Re{(S};(Snzn — wa), &)y + alcurlpzy, curlpéy)or + B(2zn, €n)or}

for all z;,, and &, in Z". Where the action of the discrete adjoint operator S; will be

defined later, cf. (2.5.19).
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2.5.3 Particular choice of discrete control space

For simplicity and because most of the theory for Nédélec elements focuses on
this case, we consider the lowest-order space for our discrete control z,, along with a
higher-order approximation for u;. As usual, we just construct the real-valued spaces.
It turns out that it is easier to inherit properties for z; from the space of z; x n, which
is related to the Raviart-Thomas space. In fact, given F' € I', we recall that the local
Raviart-Thomas space RTj(F) is just a m/2-rotation of Nédélec’s space Ny (F), see
[49]. This idea can be easily generalized to the piecewise linear manifold I';,. In order

to do that, we first introduce the Raviart-Thomas space for I';,

RTy(Ty) == {q € L(T"): VF €Ty, q|lr € RTx(F) and Ve € &}, [q-V]. = O} )
(2.5.9)

where [q - V] = 0 denotes the continuity of q - v across the edge e, and v is the 2D
“normal vector” on e, this will be clarified later, see (2.5.13). In the same manner, the
space for the discrete control z; will be a subspace of the Nédélec space for I'j,, which

is given by

Ni(Ty) == {q € L2(l): VF €Ty, qlr € Ni(F) and Ve € &, [qle - te = O} :
(2.5.10)

where t. is a unitary vector along the edge e. Then, it follows that RTy(I';) is a 7/2-
rotation of Ny (T';) but just facewise, which can be compactly represented as RTy(I';) =
Ni.(T) xn. Now, we show that for the lowest order case, k = 0, the identity RTy (') =
N (T,) x m can be reduced to an identity between elements of a particular choice of

bases. To show that, notice that RT,(I') is given by
{q € LA): YF €Ty, Ja e R®, I ER, glr —a+bx and Ve € &L, [q- v :o}.

For a global basis for this space we consider the Rao-Wilton-Glisson basis [123]. From
now on, we assume that all the faces on I', are oriented counterclockwise in terms of

its vertices, and the normal vector of a face points outward. Now, let us consider an
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edge e € £ and the two faces, I} and F. on I',, which share e. Therefore, without
loss of generality, we assume that /. has e with a negative orientation. We now want
to find . in RTH(I'n) N H%(F) such that 1. - v|p + e - V| vanishes point-wise on
&l Here the main difference between this case and the 2D-case is that v|g # —v|p
in general. Nevertheless, “the definition for Raviart-Thomas basis” is the same for this

case. Consider,

’Lpe . Fh — R?
(el
—(@—vl) zek,
2]
el (2.5.11)
T > he(T) = —2|E|(a:—'ve) cx e F,
0 : elsewhere,
\
where vF is the vertex opposite to e in Fy, see Figure 2.1, 1), was scaled for visual-

ization purposes.

P
NN X

L S e

o

3
A
to
ey
‘ ;

A
LR R T N
J

I T T T VO
|

v oA
'

Figure 2.1: Fy UeU F., ¥c|p and (np X 9e)|p

The functions v, have many good properties. For instance, it has a constant
normal component on each edge of | and F . To show this, we follow [16, Sec. 4].
Given F' € I'y, let us assume that ' = conv{v;, ve,v3}, and define e; to be the edge
opposite to the vertex v;. Then, by some basic properties of triangles and orthogonal

projections in R2, see Figure 2.2, yields

F
(JI — ’Uj) V= hj = Zu Va € €j, VJ S {1, 2,3} (2512)
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Figure 2.2: Altitudes and outer normals of F.

Now, we give a formal definition for the “normal” vector v, see |33, section 2|,

te X N, on e OF,
= ' ’ (2.5.13)

te Xnp on eﬂF_,

where t. is a unitary vector along e, following its orientation, and np, is the unitary
outer normal vector to Fy. Note that, v|engp = tvg, therefore v|enp points inward.

With this definition we have the following result

Lemma 2.5.2. Let . defined as in (2.5.11), then

4

1 :xce,

(we : V) (w) =
0 iwesh fe}.
:|:|c;| m Fi,

diveep, = { Tl
0 elsewhere,
/divr'l,bedS =0.
r
Proof. See [16, Lemma 4.1]. O

Now, we will study a basis for Ny(I',), cf. (2.5.10). To simplify the notation,

from now on we assume that e is the edge between the vertices [x, x,,], following that
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orientation. For the lowest order case, in 2D and 3D, there are only edge related func-
tions of the form, &e = MV, — N\, V.. This motivates us to consider the collection

of functions {¢e}.c en, given by
¢e : Fh — R?
|€| (/\Evl")\m - >\va)\€) ‘Fi B S EI:? (2514)
T Pe(x) 1=

0 : elsewhere.

Note that ¢, = npg X 1., see Figure 2.1. Based on this observation, we have the

following result

Lemma 2.5.3. Let e € E then

1 e=e,
¢e “te =
0 e#e,
¢e Xn :¢67
:t‘F,i’ mn Fi,
curlpge = |
0 elsewhere,

/ curlpgedS =0.
r

Proof. Tt follows from VA, - te = V) - te, the definition of v, cf. (2.5.13), ¢ X N
having the same edge moments as 1., the unisolvence of RT,(F'), and the identity
curlp@, = divrge X n. O

We now show how to compute the terms that appear in the stabilization term
in the cost functional and its derivative for the discrete setting. Our analysis only
involves the length of the boundary edges, their local orientation, and the barycentric

coordinates Ay, Ay and Az on the 2D reference face F' = conv{(0,0)7, (1,0)7, (0,1)7}.
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Proposition 2.5.4. Let F' € T, with edges (eq, ey, €.), z € Z" with z|p = Bae, +
By@e, + Bee.. Then, for each i,j € {a,b,c}, yields

(Bicurlr e, , Bicurlr e, ) p = Bif; / curlp e, curlp e, dS = 3,3, ‘e’iuﬂ?", (2.5.15)
P
_ _ F Nt~
(Bie;, Bide,) r = Bi3; /F @i - P;dS = @ﬂﬂ&“%\%/ﬁ <¢e> Br¢n,ds,

(2.5.16)

where {,m € {1,2,3},

B :— 1 eal” 2
F ._4|F|2 |eb|2 - (|ea|2 + ’eC|2) ’8 ’2 ’
2 C
¢1 = — ()\1 + )\2) - >\2 7¢2 = )\3 - )\2 ) and
0 1 0 1

~ ~ (|1 ~ o~

¢3 3:)\3 + ()\1 + )\3)
0 1

Proof. First of all, because we are dealing with tangent fields, it is enough to show

the 2D case. Let us consider a face F' = conv{v;, vy, v3}, where v; = (z;,y;)" for

J € {1,2,3}, and the reference face F = conv{(0,0)%, (1,0)T, (0,1)T} with associated

barycentric coordinates Xl, /):2, /):3, and the affine map

npiﬁl—)F,

8)

X1

&)

T9g — X1 T3 — X1
= +

Y2 — Y1 Ys— U Y1

<)
<)

Let us assume the edges of F have length |e,|, |ey| and |e.|, see Figure 2.3. And,

as usual, define

To — T r3 — X
s e (2.5.17)

Y2—Y1 Ys— WU
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(2]
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U1 V2

Figure 2.3: Affine transformation between Fand F

It straightforward to show
det(Br) =|F|/|F| = 2|F],

B-1_ I (Y= x1—3

E Al )
2| F| Y= Y2 T2 —T1

I lea|? les|*~(lea*+ec[?)
B—IB—T — a 2

ETE 4 F)2 | les=(leal*+lecl?) le|? ’
2 C

where we have used v;v5 - V103 = |e,||e.| cos(), see Figure 2.3, and the law of cosines

|eb|2 :|ea|2 + |ec|2 - 2|ea||ec| COS(V)'

In practice we replace |e;| by *|e;|, according to the orientation of the edge on F.
The rest of the proof follows from the fact that the elements of our basis are up to a
constant, the length of the edge, are the same as the standard lowest order Nédélec

basis of the first kind. O

A different approach to compute the above mentioned quantities can be done

in terms of ¢, x m, for the 2D case, this can be found in [16, sec. 4.2-4.3].

2.5.4 Discrete Adjoint equation and optimality conditions

Because for wy, € N}*, V x wy, ¢ H(curl; Q), we cannot apply the same strategy

as for the continuous adjoint S% cf. Theorem 2.4.10. To overcome this problem, we first
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consider a discretization of the continuous adjoint problem, cf. (2.4.24): find w;, € N}

such that,

and as in the continuous case, for &, and z; in Z; we want to simplify the term

(Shzh — Ugq, Shfh)o,sz

which appears in the definition of d® jj,, so it does not require to compute/assemble the

term Sy&),, for each feasible direction &,. To do that, we apply the following splitting

Sn€n = Sno&n + Ln&n,
where Spo&, € N, and L, is the lifting operator defined in (2.5.2). Thus, we define

(Si(S2z — wa), &)1, = (Snz — ua, Si€og
= (Shz — w4, Spo€)oo + (Spz — ua, Ln€)on
(25.18) (wh, Spo&) + (Shz — wa, Ln€)oq (2.5.19)
CL2D Sk, wn) + (Shz — ua, Lr€)o0

= —a(Lr€,wy) + (Shz — ug, L€)oo,

where the last identity follows from (2.5.1), taking v, = wjy. Note that the support of

L&y is contained just in a small h-neighborhood of T',.

Theorem 2.5.5. The first-order optimality condition (2.4.15) implies in the discrete
setting that: z, € Z" is an optimal control of (2.5.7) if and only if

up, = SpZzh,

Re {<S;(ﬁh — ’U,d), zZn — zh>F* +« (curlth, curlp(zh — Eh))OI -+ 6 (Eh, Zn — Z)O,F} = 0, \V/Zh S Z}P

2.5.5 Convergence of fully discrete scheme

Theorem 2.5.6. Let {Z),}), be the family of discrete optimal controls related to {Tp}
then
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(a) {Zn}n is uniformly bounded,
(b) there exists a subsequence {Z;, }; of {Zn}n such that
2; — Z|lewn, — 0, ash— 0,
where Z is the unique solution to the continuous optimization problem (2.4.3).

Proof. The first part of the proof follows from

i) < () = POy e 0

_ B
2 e < SllewrleZall3 e + SR < llwal e

(2.5.20)

Since H(curlp;T") is a Hilbert space, {Z,}, has a weakly convergent subsequence i.e.,

there exists z € H(curlp;I'), such that

zZ;—~ 2z, ash—0. (2.5.21)
Now, since the injection of H(curly;T) into H | *(curly; ') is compact, therefore

1z — 2 b0, when 2, — % in H(curlp; I). (2.5.22)

1
H, 2 (curlp;T)

In turn, from (2.5.6) we get ||S;Z;, — SZ||cun 0 25 0. In fact,

— ~ . ~ = o~ h
1S:2;, — SZ||eurt 0 < dist(SZ,NY) + |25, — z||H, — 0.

1
n 2 (curlp;T)

Now, we will show convergence of the solutions for the discrete adjoint problem, cf.
(2.5.18). In order to do that, let us consider w € Hy(curl; €2) to be the unique solution
of

a*(w,v) = (Sz — ug,v) Yv € Hy(curl;Q),
and functionals ¢ and ¢, given by

l(v) = (S2 —uq,v)00 Vv € Hy(curl; ),

(h(vn) = (ShZn — ua, vn)o  You € M.
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Thus, from Strang’s first lemma we obtain that

U(v;) — ln(vy)
Hvﬁ”curl,ﬂ

”’IE — mﬁ“curl,ﬂ S infk ”’IB - /UfLchrl,Q + Sup~
v, N v, EN

< inf @ — v lewr. + ISZ — $5Z; ||ewt.0 = 0.
’U;LE./\/’,?O

On the other hand, it is clear that for each p € Z we have that

— _ h ~ ~
a (curlpZy, carlpp) o + B (Zh, P)op — a (curlpz, curlyp), p + B (2, p)o 1 -

1
In turn, {Z"}; is dense in H(curly;T); moreover, {Z"};, is dense in H 2(curlp;T)
which follows from [36, Corollary 5|. Thus, for a given p € Z we define pj, as its best

approximation in Z", then
<SZ<SBEB - ud)apﬁ>r* = (S3Z), — wa, Sppy o0
= (Sﬁzﬁ — Ugq, S;p;, — Sp)o,g + (S;LE;L — Ug, Sp)oﬂ.

Thus, because S;,Z), is bounded (independently of h) we conclude

<SZ<SEEB - Ud),Pﬁ> % (S"(S%Z - wa), p),..

F*
Finally,
Re {(S*(SE — ud),p>r* + a (curlr 2, curlyp), - + B (2, p)o,r} =0 VpeZ,
and by uniqueness of local minimum we conclude (z,Sz,w) = (Z,w, w). O
2.5.6 Using [|curlpz||j - as the regularization term
In this section we study the problem

mini(z)—minl/ |Srz —u |2da:+g/|curl z[*dS (2.5.23)

ZEZQ‘7 - z€Z 2 Q r d 2 T r ’ e
where

Z? :={z € H(curly;T) : curlpz € L)} Nker(curly)™. (2.5.24)
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The continuous analysis for this problem follows from the previous case, given that
l23e + llewrlez |2 S lowlrz]2,  Vz € 22, (2.5.25)

which follows from the open mapping theorem [31, Corollary 2.7|, and the following

result
Lemma 2.5.7. The operators
divp : L}(T) — H Y(I')/R, and curlp : L2(T') — H YT')/R

are linear, continuous and surjective. Moreover,

ker(divy) = {curlpp : ¢ € H'(')},

ker(curlp) = {Vrp: ¢ € HY(I)}.
Proof. See Definition 2.3, Remark 3.2 and Proposition 3.1 in [34]. O

In turn, for the discrete case we have
Proposition 2.5.8. The set of discrete admissible controls, Z" satisfies Z" C Z2.
Proof. From Lemma 2.5.3 it is clear that
z" c {z € H(cwl;T) : curlrz € L§(T) }.

On the other hand, we have the following Hodge decomposition for L(T'), cf. [34,
Thm. 3.4],

L}(T) = VrH'(T) @ curlp H'(T).
Thanks to Lemma 2.5.7, to conclude the proof we only need to show
divpZ" = {0}.

In order to do that, let r(a) be the position vector associated with the point &, which
satisfies curl? = #. Then, given an edge e € £ and faces F} and F_ in T, such that

e = F_NF,,cf. Figure 2.1, we have

diVl"¢e|Fi = Curlp’l,be|pi =+—

which concludes the proof. O
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2.6 Numerical results
In this section we test our codes, developed in MATLAB®, for dealing with
higher order Nédélec spaces with nonhomegeneous Dirichlet boundary conditions. For

optimization, we use a complex version of the BFGS algorithm [138|.

2.6.1 Code validation for Nédélec elements

To test our code, we consider the problem involving electrodes given in |21, 22]
but with a simpler Dirichlet boundary condition. Let us denote H, E, and J as the
complex amplitude of the magnetic field, the electric field, and the current density on
a bounded domain €2, Figure 2.4. And let us consider the eddy current problem: find
(H, E,J) such that

curl H =J in Q,
wpuH +curl E =0 in €,
J=cFE in (),

subject to:

I'e Exn=0 onI'g, (2.6.1)
Figure 2.4: Electrode / J-n =, ne{l,.., N},
I'n
N
Exn=0 on U Iy,
k=1

H - n=0 on 0f).

In the particular case that €2 is a cylinder of radius R and height L, N = 1, and
the partition for the boundary I' is given by

Ii={(z,y,2) :2=L, 2+ y* <R}, Tp={(z,y,2) : 2=0, 2 +y* < R},To =T\ (I'1 UTp).
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Then, as shown in [21, 22|, it is possible to find an analytic solution for (2.6.1) given

by

ny do(ar)
2nRo I (vR)

_ 4 I (yr)
27 R I,(7R)

H(z,y,2) ey, E(x,y,z2) = e,, and J=0cFE, (2.6.2)

where I, is the modified Bessel function of the first kind of order v, v := /iwuo,
ri= \/m, ey :=r"'(—y,z,0), and e, := (0,0, 1). Now, we approximate H with
N2 which satisfies P3 ¢ NI & P3. Also, we set all the parameters equal to 1 except
for R = %, and then we consider the problem: find Hj, € N such that

a(Hy,v,) =0 Yoy, € Nyt 0 Hy(curl; Q),

HhX’I’L:HX’I’I, OIth.

The domain 2 was approximated with a family of meshes generated with Gmsh [67].
Figure 2.5 shows a log-log plot for the error &, := ||[H — H}||cun 0, along with the

coarsest mesh considered, where the color represents the element-wise error ||H —

Hh”curl,K‘
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Figure 2.5: Log-log plot &, vs h, and coarsest mesh along with element-wise error.

2.6.2 Validation optimization routines

We devote this section to testing our codes related to the minimization problem.
We start by testing our equivalent expression for d®jy, cf. (2.5.8). The main difficulty is
the term that involves S;, which can be computed as in (2.5.19). Figure 2.6 (left) shows
the the difference between d®j,(z; &) and its approximation using a finite difference
quotient. Here & denotes the random direction. We see a linear rate of convergence

until the round-off error kicks in, as expected.

2.6.3 Convergence of optimization problem

It is difficult to devise an exact solution to the optimal control problem in order
to explicitly show the application of Theorem 2.5.6. Instead, we show the convergence
of the cost functional J (up, z1,) to J(u, z) as h — 0. Here (u, z) is the optimal control

corresponding to a mesh obtained after 6 refinements. The optimization problem is
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—o—|T (wp,z1) — T (u,2)|/T (u,2)
—o— |1 (wn, 1) — Ji(wp, z) |/ Th (an, z)
|J2(zn) — Ta(2)|/ Ta(2)

Error

10° 102 107 10° 10! L L L L L L L
T 0.16 0.18 0.2 022 024 026 0.28

Figure 2.6: Left: Given a random direction &, the panel shows the difference between
d®j,(z; &) and its finite difference approximation. As expected, we observe a linear rate
of convergence. Right: We let a = 1le™3 and 8 = 0 in the cost functional J(-). Let
Ji(u, 2) = 5llu — ug|* and JFo(2) := §[lcurlrz||3, . Moreover, let z be the optimal
control corresponding to the finest mesh. Then the three curves show |7 (up, 2z,) —
j(u7 z)|/j(’u,, z)7 |t—71<’u’h7 zh)_jl(u7 Z)|/\71(u7 Z), and |j2(zh)—$(z)|/J2(z) as h —
0.

solved using the BFGS method mentioned above with a stopping tolerance of 1077.
We let uq = H, cf. (2.6.2) and let « = 107 and 8 = 0. Let Ji(u,2) := if|ju —
uql|” and Jo(2) = §llcurlrz||75 (. Figure 2.6 (right) shows the errors [ (un, zn) —

J(u, 2)|/ T (w, 2), |T1(wn, 21) = T (u, 2)|/ Ti(w, 2), and | To(z) = To(2)|/ Ja(2) as h —

0. The expected convergence is observed.
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Chapter 3

AN OPTIMAL TIME VARIABLE LEARNING FRAMEWORK FOR
DEEP NEURAL NETWORKS

3.1 Introduction

Consider a network architecture, for example, the residual neural network (ResNet)

which contains a parameter 7 and an activation function o. It is also possible to
consider other architectures, such as feed-forward networks, etc. The above neural
network can be understood as the time discretization of a non-linear ordinary differen-
tial equation (ODE). The feature vector y!! is computed by forward propagation from
the previous layers’ feature vector 4~! and network parameters, which are collected in
6=, In most of the existing literature, 7 is a given fixed constant. The main novelty

of this work lies in
replacing 7 by learning variables 7%

and the treatment of these 71%. These variables can be understood as the “time step-
sizes” in Deep Neural Networks (DNNs). This work considers them as optimization
variables, not as hyperparameters. Furthermore, the parameters 71 are allowed to
differ from layer to layer, i.e., the time grid can be non-uniform. Notice that this
T-variable framework can be applied to any of the existing networks of type (3.1.1).
The deep learning optimization problem will now also learn optimal parameters 714
in addition to the standard DNN parameters. As will be illustrated throughout the

chapter, the presented approach is not just a scaling of the activation function o by 7.
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T
-------- ResNet
—ResNet + variable 7
ResNet + B.O.
——ResNet 4 B.O. + variable 7
Fractional-DNN
—Fractional- DNN + variable 7
»»»»»»»» Fractional-DNN + B.O. nl
— Fractional-DNN + B.O. + variable 7

Figure 3.1: The panel shows the mean squared error during training when the variable-
7 framework is applied to a ResNet and a Fractional-DNN for an ill-posed 3D-Maxwell’s
equation. More details are available in Section 3.7.

This will become evident when applying the proposed framework to Fractional-DNNs,

where 71 enters in multiple ways; see Remark 3.5.1.
This proposed approach presents multiple advantages, including:

e The proposed framework leads to optimal adaptive time discretizations of DNNZs,
such as ResNets and Fractional-DNNs, tailored to the optimization/learning
problem.

e The proposed framework can further help (as is rigorously established) overcome
the vanishing and exploding gradient problems in networks such as ResNets and
Fractional-DNNs. Notice, that motivation behind introducing ResNets [77] was
vanishing gradients and Fractional-DNNs was vanishing and exploding gradients
[12].

o If 79 for any layer ¢ is close to zero, then the associated layer is redundant
and can be deleted without sacrificing the accuracy. Thus leading to small yet
accurate DNNs.

e Variable 79 helps improve the training error decay, see Figure 3.1.

The main idea of approximate parameterized PDEs and solving the inverse problems
using Fractional-DNNs has been recently introduced in [10]. The present approach not
only introduces the aforementioned variable time step framework, but for the first time,
to the best of our knowledge, also applies DNNs, such as ResNets and Fractional-DNNs,

to ill-posed problems such as Maxwell’s equations with Gauss’s law. A comparison of
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these standard DNNs with their time-step variable versions has also been carried out.
The problem is ill-posed in the following sense: Nédélec finite elements are traditionally
used to discretize Maxwell’s equations. However, they are curl-conforming, and thus
Gauss’s law (divergence condition) cannot be directly imposed [48]. The DNNs are
shown to generalize well on unseen data and physical domains.

Deep learning is a nascent field of research with many exciting applications, for
example, imaging science [12, 77, 88, 124, 150], biomedical applications [45, 75, 98|,
satellite imagery, remote sensing [24, 140, 157|, segmentation [126], and gaming [136].
Recently, this topic is starting to receive significant attention from mathematicians
[55, 61]. Especially, the fact that DNNs of type (3.1.1) can be viewed as optimization
problems constrained by discrete dynamical systems [12, 20, 43, 73, 74, 107, 134] and
partial differential equations [106, 129]. In these settings, the state-of-the-art is to
consider a uniform time grid, where the time step-size 7 is chosen before running the
optimization algorithm to identify weights, i.e. 7 is a hyperparameter.

The articles [76, 87| suggest to consider 71 as hyperparameters for physics-
informed neural networks and ResNets, respectively. In both cases, the hyperparame-
ters 71 are seen as scalings applied, outside [76] and inside [87], the activation function.
In [87], a global 7 = 7! for all ¢ is considered leading to training error improvement
and more accurate solutions, which will also hold true for our more general setting. In
[76], a sequence of 7! fulfilling a probabilistic condition, is chosen to avoid explod-
ing gradients. In contrast, we let the optimization algorithm learn 7t and provides

deterministic arguments to overcome the vanishing and exploding gradient problems.

Outline: This Chapter is organized as follows: Section 3.2 introduces some basic pre-
liminary results and notation. We introduce definitions of fractional derivatives and
state a generic DNN. We also describe an extension of this DNN to include a recently
introduced bias ordering idea from [6]|, which offers multiple advantages such as nar-
rowing the parameter search space. This is followed by Section 3.3, where the relation

between continuous DNNs and dynamical systems is considered. Special attention is

47



given to two continuous versions of DNNs: ResNet (DNN with a standard time deriva-
tive) and Fractional-DNN (DNN with a fractional time derivative). Stability results for
these two DNNs are also provided. Notice that Fractional-DNNs have been recently
introduced in [12]| for classification and further extended in [10] to inverse problems
with PDEs. They have multiple advantages over ResNets as they can incorporate
memory into the network due to the nonlocal nature of fractional derivatives, and due
to the low regularity requirements of fractional derivatives, they can be applied to non-
smooth functions. As stated above, one of the main motivations behind introducing
Fractional-DNN was to overcome vanishing and exploding gradients. The article [12]
provides numerical evidence of overcoming the vanishing gradient problem.

Next, in Section 3.4 we state selected DNN architectures and compare them
for a fixed 7. The new framework with variable 7! is applied to the architectures of
Section 3.4 in Section 3.5. Notice that our approach is broad and can be applied to
any network architecture of type (3.1.1), and it is independent of the choice of the loss
functional. Clearly, the proposed approach inherits all the positive aspects of these
existing networks. Additionally, the new framework is rigorously shown to overcome
vanishing and exploding gradient issues (cf. Section 3.6).

Finally, in Section 3.7, we illustrate the efficacy of our approach with the help
of an ill-posed 3D-Maxwell’s equation. The numerical examples validate the above-
mentioned advantages of the proposed framework. In particular, stability and network

reduction.

3.2 Preliminaries

The goal of this section is to introduce the relevant notation and abstract opti-
mization problems arising while training the DNNs. The content of this section is well

known [12, 10, 6].
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Symbol Description

LeN Number of network layers (i.e. network depth)
N eN Number of distinct data samples

Ny Number of nodes in layer ¢

yll € R™ Feature vector in layer /¢

o Activation function

Wl e Rrewxne Weights in layer ¢

bl € Rren Biases in layer ¢

M eR Time step-size in layer /¢

ol) ¢ Rre+1(net D+ Voctor of all variables (weights, biases and time step-size) in layer /
Pf Projection matrix from layer j onto layer ¢

10) Adjoint variables

F Network represented as a function

fe Layer function

J Loss function

A, Ao, B ER Regularization parameters

L Lagrangian

{u, S(u)} Input / Output pair of training data

() Euler’s Gamma function

Table 3.1: Notation

3.2.1 Caputo fractional derivative

In preparation for the Fractional-DNN architecture, we next introduce the left
and right Caputo fractional derivatives for absolutely continuous functions and refer
to [11, Definitions 2.1 and 2.4, and Proposition 2.3] and (92, (2.4.17) and (2.4.18)] for
details.

Definition 3.2.1. (Left Caputo Fractional Derivative) Let y € WH([0,T]; X), with
X denoting a Banach space. The left Caputo fractional derivative of order v € (0, 1)

15 given by
t /
v y'(r)
0)y(t) = 07/0 = r)“/dr’ (3.2.1)
where ¢, 1= ﬁ and I'(+) is Euler’s Gamma function.

Definition 3.2.2. (Right Caputo Fractional Deriative) Let y € WH([0,T]; X), with

X denoting a Banach space. The right Caputo fractional derivative of order v € (0, 1)
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15 given by T
y'(r

o t) = — 2~ d

T—ty< ) CW/t (7" _ t)'y r

Next, we introduce the general deep learning problem as an optimization prob-

lem with DNN constraints.

3.2.2 Deep Learning problem
Consider a neural network architecture with an input layer of dimension ng, L—1
hidden layers of dimension ny, for / = 1,...,L — 1 and an output layer of dimension

nr. Then we can represent this network as a function

F=fr-10 fr—20---0 fo, (3-2-2)

where { fg}fz_ol are the layer functions. These layer functions are parameterized by
weight matrices W € R™+1*™ and bias vectors bl € R™+1. The definition of f,
depends on the network architecture. We will introduce different options in Section
3.4.

The weights and biases are identified during a training process that requires
solving an optimization problem. Let {u(i),S (u(i))}j\[1 (input/output pairs) denote
the training data. Then the goal is to match the out;ut of the DNN with the data

points S(u). This is accomplished by minimizing a loss functional .J and the resulting
optimization problem is given by:
min T ({(y[ﬂ(i)? SO}, {19y, (b }£>
UL AR U vy (3.2.3)
subject to  y = F (u(i); wth,, {b[e]}g)> i=1,...,N.

One standard choice for the loss function is the mean squared error:

N
1 . .
—_ E (L) _ (Y112

Another example is the Cross-entropy loss, see [71] for more examples. The choice of J
is dictated by the application. For our study, it is not relevant which of these options

is chosen since our focus is on DNNs, represented by the operator F.
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It is also common to add regularization, for example, ¢! and ¢? regularizations

on weights and biases

\ L-1 A L-2
I =T+ 53 (IR ) + 557 (I +09) . (3:24)
£=0 =0

where A\; > 0 is the regularization parameter.

Before we continue, we emphasize that recently, the article [6] has extended
the above generic network (3.2.3) by incorporating ordering among the bias vector
components in each layer. The main idea is that in each layer ¢, with ¢ =0,..., L — 2,
one enforces

<ol =1 ne L (3.2.5)

where the subscript j indicates the bias vector component. This approach offers mul-
tiple advantages, as highlighted in [6]. Our numerical examples further provides a
comparison between with and without bias ordering framework. Notice that the bias
ordering is implemented using a penalty framework; see [6] for details.

Next, we provide a mathematical background behind learning the time step-sizes

7. To start, we discuss a link between some DNNs and dynamical systems.

3.3 Continuous DNNs

In this section, we study the continuous structure of multiple DNNs; cf. (3.1.1)
and (3.2.2). This section mainly focuses on the stability of these architectures, which
will follow from a connection with dynamical systems. For other approaches, we refer to
[15, 76] and the references therein. Since we are primarily interested in stability results,
we start with a basic remark on a (finite) network with a Lipschitz activation function,
like ReLLU. The finite composition of Lipschitz functions is also a Lipschitz function and
therefore differentiable almost everywhere by Rademacher’s theorem. In the following,
we show some historical connections between neural networks and dynamical systems,

and later on we consider continuous Fractional-DNNs which enable memory into the

DNNs.

o1



3.3.1 Ordinary Differential Equations and Neural Networks
The relation between Neural Networks (NNs) and differential equations is not
new. In fact, in the late ’'80s, in [121] the following model was considered for the

activity of j-th neuron:

% =—ay; + Ba(zk: wjkyk) + b, (3.3.1)
where a and (3 are (given) positive constants, the weights {w;;,} represent the connec-
tion strength between the k-th and j-th neurons, and b; represents a bias. Note that
most modern neural network architectures are related to stationary solutions of the
ODE above. In the present work, we restrict our focus to a different connection with
dynamical systems (cf. (3.1.1)), which is more recent, mainly because it has been tested
more thoroughly. Also, because we are interested in optimal control, we will primarily
focus on the ideas presented in [12], [47], and [129]. Nevertheless, for completeness, we
also mention some other related works: [60] and [137] from a dynamical systems point
of view, [142] for universal maps with memory, [103| for problems in the frequency
domain, [65] for a Runge-Kutta based NN, PINNs [39] for PDE-related problems, and
SINDy [89] for data-driven model discovery. Also, when ReLU is considered as the
activation function, a DNN is a high-dimensional, piecewise linear function. Therefore,
some techniques from the Finite Element and the Monte Carlo methods can be used
for its analysis, cf. [82].

Motivated by ResNets [77], the authors in [47] relate DNNs of type (3.1.1) to a
recurrence relation obtained when numerically solving a system of ODEs. For instance,
for given f : R x R +— R and yy € R, consider the problem: Find a function y, such
that:

y(t) = f(ty(t), in(0,T),

y(O) = Yo-

(3.3.2)
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A solution for this system can be approximated, under mild assumptions on y and f,
by the Euler method:

47 t4r
y(t+7) —ylt) = / y (s)ds = / F(s,y(s))ds ~ 7 f(t (1)),

t
where we have (formally) used the fundamental theorem of calculus and a left Riemann-
sum approximation. Namely, we can understand the layers of a DNN as samples from
a continuous system that evolves from the input to the output. Here, the first and last
layers are special cases due to common upsampling and downsampling techniques.

It is worth mentioning, that in [47, B.2| the authors consider f = f(y(),t,0),
where 6 represents the parameters of the DNN. Namely, 6 is independent of ¢t and
therefore their ODE system is limited (essentially) to autonomous systems. Thus,
DNNs generated with the method given in [47] are smooth by construction. This
property allows one to use well-known results in the theory of dynamical systems,
control theory, adaptive ODE solvers, among others. An interesting application where
smooth trajectories are desired is when self-intersecting trajectories or surfaces are
not allowed, as in shape optimization (manifold surfaces), cf. [125, 151]. It is clear
that the additional smoothness also limits the usability of the model [59]. Obviously,
the architecture of a neural network must match its purpose, i.e., the given data and
desired application case.

Besides the networks of type (3.3.2), the present work also focuses on problems
where the underlying system depends on its history in a nonlocal way. The latter is
most commonly found in systems with hysteresis or delayed effects. Note that the
derivative in (3.3.2) is a local operator; this follows from its pointwise limit definition.
Therefore, based on [10, 11, 12|, we consider a fractional derivative based approach.
As pointed out in [10, 12|, this serves two main purposes: it acts as a global operator
(memory effect), and the order of a differential equation is allowed to be less than 1,

which reduces the smoothness of the system.
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3.3.2 Stability of continuous Fractional-DNN

As mentioned before, ResNet-like architectures can be connected to a classical
ODE system, and therefore we can apply the well-known theories to analyze the prop-
erties of the DNN [47, 129]. A commonly desired property is continuous dependence
on the data. In the context of machine learning, this means that input variables that
are “close” should produce outputs of the DNN that are also “close”. Of course, in
the context of real-life applications, the notion of distance is not always known, nor is
the right dimension or the smoothness/regularity of the system underneath. Following
[10, 12], we consider a DNN architecture that can be related to a different notion of
derivative, the so-called fractional derivative, see Section 3.2.1, and here we show a
stability result for this notion of derivative with respect to the initial data. In order
to do so, we consider € to be an open, bounded and connected subset of R?, define
E = (L*Q),]| - o), and let f : Dom(f) C [0,00) x E + E. To establish the stabil-
ity of continuous Fractional-DNN, we consider a dynamical system for y. Notice that

similar structure holds for the continuous Fractional-DNN (cf. (3.5.6))

Oy=f(ty), with  y(0)=uy, (3.3.3)
where 1y € E, and f satisfies the standard assumptions:

There exist positive constants 7" and r such that f restricted to [0, 7] x B,(yo)

is continuous, bounded and Lipschitz with respect to the second argument.
(H)

The last hypothesis implies there exists L > 0 such that

Hf(taZh) - f(tay2)HQ < LHyl - Z/2HQ vVt € [O,T], and Yy, y2 € Br(yo)~

Let us remark that E can be replaced by any other space with the Radon-Nikodym
property, but based on the most common loss functions, we restrict the analysis to
L?(2). From [11] we have the following result connecting the strong and generalized

Caputo derivatives
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Lemma 3.3.1. Let v € (0,1), and T > 0. Ify € W' ((0,T); E) then the following
equality holds in the L'((0,T]; E)—sense

9y(t) = Dl (y — y(0))(t), (3.3.4)

for a.e. t € (0,T], where D; denotes the Left Riemann-Liouville fractional derivative,

cf. [11, Definition 2.2].

Proof. The proof follows from [11, Proposition 2.3 and the fact that every reflexive
Banach space has the Radon-Nikodym property. O

We write the Left Caputo derivative in the generalized Caputo derivative form
(3.3.4), because several of the well-known results, which hold for standard ODEs, also
have their counterparts in the generalized Caputo derivative setting. For instance, the
solution operator for a non-autonomous fractional ODE can be represented in terms
of a Volterra integral; cf. [57, Theorem 2.1|. By using this integral representation, the
next proposition shows the stability of the fractional ODE (3.3.3) with respect to its

initial value when the solution is smooth enough.

Proposition 3.3.2. Givenyo € E, and f that satisfies (H). If yo, ys € WHH((0,T); E)
solve (3.3.83) with initial conditions yYa0 and yso both in B,(yo). Then,

19a = ysll107:m) < Cllyao — ysolle, (3.3.5)
where C' = C(v,T,L) > 0.

Proof. By Lemma 3.3.1, and because E is reflexive and therefore has the Radon-
Nikodym property, we can recast (3.3.3) as (3.3.4), with y(0) € {Ya0, yso}, and rep-
resent each solution in terms of a nonlinear Volterra integral, cf. [57, Lemma 2.1].
Namely, if y.,ys represent the solutions for (3.3.3) with corresponding initial condi-
tions ya.0,Ys,0, then for t € [0,7], and a.e. z € (2

1
(t—T)

lant) = pola) + e, | o e )

Yo(2,t) = Yao(T) + C; /O [, ya(z, 7))dr,
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where we recall ¢, = ﬁ Then,

t
1
WMCJ)—yM»ﬂHQSIwmo—ywﬂg+cyé @jjquf&wm%—fﬁdwﬂde
t
1
< ||ya,0 - yﬁ,OHQ + 07/0 mL Hya<'> 7) —ys(, 7')”9 dr

Finally, from Gronwall’s inequality in its integral form

L |
«a '7t - 'Jt < a, d
a1 1) — 5 )l < o, yﬁ,onaexp(F(l_y) | = )

| | L
= |Ya,0 — Yp,0]|Q EXP )
’ Fl-9)1-n

and integrating over (0,7) concludes the proof. O

Remark 3.3.3. It is important to point out that the previous results assume the reg-
ularity WH1((0,T); E), but for most problems in Machine Learning the regularity of
solutions is still an open question. Fven at the “discrete level”, the reqularity depends
on the data, DNN architecture, optimization algorithm, loss function, among others
factors.  Another difficulty is that DNNs can have a different number of neurons in

each layer, i.e., the space E can change over time.

Finally, and as mentioned before, a DNN with Lipschitz activation functions
defines a locally Lipschitzian operator. Later in Section 3.6, we will explore how the
activation function and weights affect locally the gradient of a DNN and therefore the
Lipschitz constant, and we will study the vanishing and exploding gradients problem

of various DNNs under the variable—7 framework that is introduced in Section 3.5.

3.4 Network architectures with fixed 7-parameter

Let us begin by stressing that, in general, the proposed framework with variable
7 can be applied to any DNN. We will illustrate our ideas using three representative
DNNSs. Subsequently, we will describe their strengths and weaknesses.

The first network architecture is ResNet [77]. As described in the previous

section, see (3.3.2), this network arises after adding an identity map to a standard
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feedforward network. This leads to connectivity between the adjacent layers. In order
to connect all layers and additionally be able to approximate non-smooth functions,
we refer to DenseNet [84] and Fractional-DNN [12]. We remark that there also exist
other approaches that attempt to induce multilayer connections, e.g., Highway Net
[139], AdaNet [53], ResNetPlus [46], etc.

DenseNet is an ad-hoc method that uses the feature maps of all preceding lay-
ers as inputs into all subsequent layers. Meanwhile, Fractional-DNN can be viewed as
a time-discretization of a fractional in time non-linear ODE of type (3.3.3), connect-
ing all layers in a mathematically rigorous manner. Both approaches, DenseNet and
Fractional-DNN, improve the vanishing gradient effect issue due to the memory effect
they incorporate. Furthermore, Fractional-DNN allows approximation of non-smooth
functions and thus can also potentially help with exploding gradients.

We recall the ResNet [77] with uniform time-steps 7, cf. (3.1.1). The feature
vector yl € R™ in layer ¢ = 1,...,L is computed by forward propagation in the

following way
gl = ng_ly[ffl] g (W[éfl}y[ffll + bV*H) , (=1,...,L,

where P} = 0 € R™*™ and y!% = u. Here, o is a nonlinear activation function; for
instance, ReLLU [71], 7 is the fixed time-step length, and u is the input data. Notice
that, if all the layers are the same size, then P/ | equals an identity matrix. In general,

P}, will allow layers to have different sizes, i.e.,
dim(PL_,y") = dim(y!).

While ResNet provides connectivity between adjacent layers, we are also interested in
fully connected networks, such as DenseNet [84].
In a DenseNet, the connection through all layers is achieved by the following

forward propagation:

/—1
M => Pyl +o (W[é_l]yw‘” + b[g‘”) ., (=1,...,L,

1=0
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where 3% = u is the input data.

Notice that this method does not contain a time step-size parameter. It is
possible to artificially add the parameter 7 before the activation function o. The
connection of the resulting expression to a dynamical system remains unclear. Instead
of DenseNet, we focus on Fractional-DNN. In addition to connecting all layers, the
Fractional-DNN can be understood as a time discretization of a dynamical system of
type (3.3.3). Hence, learning the time step sizes is a meaningful task in this setup.

We recall the Fractional-DNN, with uniform time-steps 7, from [12, 10]. It
corresponds to a time discretization of a system of type (3.3.3). The forward propaga-

tion for the Fractional-DNN is given by
y = Pz 1y Z ap—;( P Yl P»g Yl 1]) +7T(2—7)o (W[g_l]yw_l] + bw_l]> ,

where £ =1,..., L, y =, and Pf as before. Moreover
aj = (L+1— )77 = (=)'

Remark 3.4.1. In Section 3.5.2 below, we will consider a Fractional-DNN with vari-
able 7, i.e., T for ¢ =1,...,L — 1. In this case, the coefficients ag—; will depend on

)

We conclude this section by emphasizing that depending on the number of DNN

outputs, the last layer may have a different size, which can be captured via
YL = L=yl

For the remainder of the Chapter, we will assume such a setup for the last layer.

3.5 Variable-7 framework for DNNs
Instead of a fixed 7, we propose to use a different 71 for each layer, which is
learned during the training process. This allows us to optimize the “time step-sizes"

4

71 resulting in what can be viewed as an adaptive time discretization of the ODE
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tailored to the optimization (learning) problem. The resulting optimization problem
is given by (cf. 3.2.3)
min In (9, S ) s, WY, {819, {71
{W[ }L ' {b }L 2{ [l]}L ; (3 5 1)
subject to MO = F (u@; (Wi, (oY, {TW}@)) i=1,...,N.

Constraints on 71, for instance, non-negativity can be easily incorporated. Recall from
(3.2.4) that .Jy, contains the regularization for the weights W and b/. Additional
regularization on 71 can be easily introduced as

L-2

A
= da+ 2 37 (I + 1171

=0
where A = A(A\q, A\2).
We apply the 7-variable framework to the ResNet and the Fractional-DNN dis-

cussed above.

3.5.1 ResNet with variable 7
Consider (3.5.1) with F denoting the ResNet with variable 7
y[e] _ sz_ly[ﬁ—l] + 7_[6—1}0<W[€—1]y[€—1] + b[é—1]>7 (=1,...,L—1, (3 - 2)
Yl = ety L1
For simplicity of notation, we write .J instead of Jy and collect W, bl and 74 for
all ¢ into one vector ¢ and denote the adjoint variables by ¢.
We introduce the Lagrangian functional to derive the optimality system, follow-
ing the approach of [12],

L—-1
L(y,0,¢) = < 4 _ pt =1l e el +bw—11)7¢m>

(=1

_ <y[L1 ) ’¢[L1> _
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Setting the variation of £ with respect to ¢ equals zero, we recover the state equation
(3.5.2). Similarly, setting the variation of £ with respect to y equals zero, we arrive at

the adjoint system

ol = (PE T 4 AIWINT (641 0 o/ (WHyF 4 0)) = L—2,. 1,

(Zg[L*l} — (W[Lfl})T(b[L}’

where the last equality is due to the specific choice of the least-squares loss function.
It will be different, for example, in the case of the cross-entropy softmax.
Since we will be solving the above optimization problem using a gradient-based

method, we also need to evaluate the derivatives with respect to 6:

Owiz-nL = o (YT 10,1201 (6),
Byt £ = ylf (¢[e+u © rHg! (Wayld bm)>T Oy O), =0,....L—2
Aya L = (1) Trllg! (mem + bm> + Oy J (0), (=0,...,L—2,
0.10L = <a(W[’4yW + i), ¢V+”> +O.0J(6), (=0,...,L—2

Next, we state the Fractional-DNN [12] but now with variable 7. Recall that,

in contrast to a ResNet, the Fractional-DNN allows connectivity between all the layers.

3.5.2 Fractional-DNN with variable 7

Consider a time-discretization ty < t; < --- < t; with L € N and set I, :=
(te,tes1] and 79 =t — ¢, for 0 < ¢ < L — 1. Throughout, we will assume that
7l > 0 to justify division by 7.

We generalize the numerical scheme introduced in [105, 104] to a non-uniform

time discretization and obtain the discrete approximation of the left-sided Caputo
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fractional derivative of order v € (0,1). For 0 < ¢ < L — 1, we have that:

1 Oy (z,t) 8yact
Nufoti) =, [ z ) e

0 (tesr — )7

¢
=,y y(@ t) —y(. 1) L gyttt (3.5.3)
T2 70 ( ? o

1, (te — 1)

041

where we have used the finite difference approximation. Here r.™" denotes the remain-

der from the Taylor formula, which can be estimated as described in [118, Section

3.2.1]. After carrying out the integration in (3.5.3), we arrive at
y4 z,t; —y(z,t; Y i - ¢ i 1—y
Oly(z,ti) = ¢ ijo o ﬁt?ﬂ s (1i7) ((Zz = 7l ]) - <Zizj+1 7! ]) ) + 7‘5"'1

cey A () T ()T (gl ten) — )
= Cy=1 2. 5=0 717 i=j T i=j+1 7T y(@, tjn) —y(@,t;) +rith
(3.5.4)

Analogously, we obtain the approximation of the right-sided Caputo fractional deriva-

tive of order v € (0,1) for 0 < ¢ < L — 1:

. N\ 1=
0F_y(@,t) = —c, 130, = (( i ET[@]) (zg:; Tm) ) (y(x,ti1) — ylz,t;)) +rl.
(3.5.5)

Before we apply the above discretization to the Fractional-DNN formulation, we con-

sider two generic nonlinear ODEs of type (3.3.3) (cf. e.g. [12, Section 4.1]) with

v € (0,1):
8,?y(:v,t) = f(t,y(:v,t)), y(ZE,O) =%

3%_ty(x, t) = f(t) y(l’7 t))v y(l’7 T) = yr-
This also links back to Subsection 3.3.2, where the stability of the above continuous

(3.5.6)

DNN was discussed. Here, we will move on to formulate the discrete version.
Using the discretizations from (3.5.4) and (3.5.5) in (3.5.6), for 0 < ¢ < L —1,

we arrive at

-1
(@ ten) = y(@,te) = > ari(y(z tin) — y(a,t) + (79 F b y(a,te),
7=0
L—1
(@ te) = y(@,ten) + > biely(@ i) — y(ty)) + (T)e ke y(a ),
=11
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with

. )y Vi i 1—y ¢ i 1—v
g == (T[j}) ((Zz] TH) - (Zi:j-{—l TH) ) ;
T[Z] ~ . i 1*’}/ i1 i 177
bj = (TT]) ((Zfz TH) - (Zgzz TH) ) :

Notice that the uniform case, 71 = 7 for all ¢, considered throughout the literature,
is a special case of the above setting. Furthermore, in the uniform setting, a;, = b;,
which may not be true in the aforementioned general scenario.

After these preparations, we are ready to apply the 7-variable framework to
Fractional-DNN. Here, we take into account that the feature vectors y! may have
different sizes across the layers. Thus, as in case of 7-variable ResNet, we introduce
projection matrices Pf for j=0,....0—1and ¢ =1,...,L — 1 with dim(Pfym) =
dim(y!). The resulting Fractional DNN with variable 7 is

-

)

Il
o

J
+ (YL g (Wt ple-tly (=1,...,L—1

YL — ey ),

Remark 3.5.1. Before we proceed further, we stress that the T-variable framework is
not merely a scaling of the activation by 7. Indeed, in (3.5.7) the scaling in front of
o is not simply 719, but is (75_1)70;}1. Furthermore, a1 ; also contains Tl e
which makes the impact of the time step sizes much more complex than just the scaling

of o.

As in the ResNet case, we next derive the optimality conditions. This requires
introducing the Lagrangian formulation as before. In this fractional derivative setting,
we observe a subtle issue. It is well known that there are two approaches to derive the
optimality conditions: optimize-then-discretize and discretize-then-optimize [13, 81].

Below, in the 7-variable fractional setting, we observe that the two approaches do not
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coincide. It is not difficult to see that in the first case, optimize-then-discretize, we
obtain the following adjoint equation:

L-2
o = (PEYTO 1) bje(PIT)Tol Y — (P])ToV)
j=t+1

+ (T[Z])vc;il {(W[f])T <¢[€+1} o o' (Wl 4 bV]))} ’ (=L-2,...,1,
Sl <W[L—1}>T nel
(3.5.8)

Next, we derive the adjoint equations for the second approach, i.e., discretize-then-

optimize. We begin by introducing the Lagrangian

~

1 —
L(y.0,0) =J(0) = > W = Py T+ Y ae1i(Pyy = Py

1 J

— (Pl (W gty gl

_ <y[L1 _ eyl ¢[L]> _

[\

~
Il
Il
<)

Setting the variation of £ with respect to ¢ equal zero, we obtain the state equation
(3.5.7). To derive the adjoint equation, we calculate the variation of £ with respect
to y!¥ for every ¢ = 1,..., L. A detailed calculation can be found in Appendix A.0.1.

Setting this variation equal to zero, we arrive at the following adjoint system

L-1
o= (1= age) (P T 4+ ) (a1 = ajore-1) (F]) TV
j=t+2
+ (e, [(WW)T (¢V+H © o' (Wl 4 b[ﬂ)ﬂ . f=L-2...1
T
o1 — <W[L71]> ol
o = 0,17 (0)

(3.5.9)
Below, we collect all summands that contain factors b,, in (3.5.8) on the left side and

all summands that contain factors a;, in (3.5.9) on the right side. We see that the two
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adjoint equations given in (3.5.8) and (3.5.9) differ in the following term:

L-2 L-2 L-1
S0 b (BT (BT 2 3 a6 = 3T e ()Y
j=0+1 j=0+1 j=0+1

In our computations, we have implemented the discretize-then-optimize approach, i.e.,

(3.5.9). Finally, we compute the derivative with respect to 6:

Oy L = oM (yEN)T + 0y J(0),
.
Oy £ =yl (qs[f“] @ (et o/ (Wl 4 b[@)) + Oy J(0), (=0,...,L—2,

Oy £ = (T (71ye Lo (W[fly[q + b[ﬂ) + Oy J (6), 0=0,...,L -2,

L—2 min{k—1,¢}

Oual==3 >, Oualary) <Pff11?/[j+” — PFyll, ¢[k+”>
k= =0

~—

X <W(T[e])7—10_110(W[1z]y[e] + bl ¢[z+1]> + 0,10 J(0), ¢=0,...,L -2

Details on the computation of 0.y £ can be found in Appendix A.0.2. Next, we examine
the impact of variable 7 on the stability of networks such as ResNets and Fractional-

DNNs.

3.6 Vanishing and exploding gradients

It is well known that optimization problems with DNN constraints can suffer
from vanishing and exploding gradients, see e.g. [19, 70|. In this section, we analyze
the structure of the derivatives for several network architectures such as feedforward
network, ResNet, DenseNet, Fractional-DNN, and the consequences of application of
T-variable framework on these networks. We will identify various conditions to help
overcome the aforementioned challenges.

For simplicity of the notation, we define the abbreviation al¥ := o (W lyl 4 pl¥)
and omit the projection matrices P{ |, i.e., ny = n for all layers £. While the following
result may not be new for the standard case with 719 = 7 € R for all ¢, to the best of

our knowledge, this is new for variable 7.
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Theorem 3.6.1 (Feedforward Network and ResNet). Consider the feedforward net-

work and ResNet with T-variable framework
ym = Fl=tlgle1, (=1,...,L—1,

4] (1]

MU ¢(=1,...,L —1.

y =Y

Let O = (WW(:), blH T["’])T be the parameters associated with layer k fork =0,..., L—

2. Then the respective derivatives take the form
Jj+1
diy = ] ( id, )89[1( bl gy, (3.6.1)
i=0—1
Jj+1

dgi1y H (]I—I—T[]d[]a )8[ ( 7] [j]) (3.6.2)

i=0—1
forallt=1,...,.L—1and j=0,...,{—1.

Proof. For the feedforward neural network we can compute with chain rule

gy = dgy 7 Mal

A el dy g

y[z—l]a

= T[éil}dy[ul]aw*u . dg[j]T[272]a[€721.

where - denotes the standard matrix multiplication. By iterating we arrive at

j+1 j+1
dy = ] <¢Mdy[i]am> dyny = T <dey[,-]a[’]> By (T ald).
i=0—1 i=0—1

Similarly, for the ResNet, we obtain
Ayt = dyo (51 + 7 Ugl)
= iyt + T[K_l]dy[gfl]aw_” - dgpyt
= I+ T[é_l]dy[g_l]a[e_”) dgiyY,

where [ € R™™ denotes the identity matrix, with n = n, constant throughout all layers

¢. By iterating we arrive at

Jj+1 Jj+1
dny = ] (1[ + T[ﬂdy[i}aﬁ]) dany? ™ = ] (H + 7lld, g dl )ae[ 1 (Tal),
i=0—1 i=0—1
where we use that demym = 0. This concludes the proof. ]
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Remark 3.6.2. Since o is applied componentwise, special caution needs to be exercised
when deriving d,ma". Let TH be the jth row of Wy £l namely P W[Z] [Z]+bm
forje{l,... ,n}. Then, with a slight abuse of notation, it holds

n

= diag(ca’ ("), ..., o’ (rlh)) - W,

Y J

d,mall = dymo(w my[i] + bm) = dym (U(T[?])) -
]:
(2]

/
where o' (r;

derivative Ogy) (T[J]am), we recall OV = (WUI(), 6] 70T € RN with N = n? +n + 1

[i]

) is the one-dimensional derivative of o at ;. Furthermore, for the partial

and the fact that ab! depends on WU and bV, but not V1. Consequently, we see
Ot (T g }) = ( J]@W a[ﬂ] 7118, al a[]]) c RN,

As pointed out above, the standard feedforward neural network, where 71 = 1
for all ¢, can suffer from vanishing and exploding gradients, which can be a challenge
for optimization with deep networks [19, 70|. Consider the structure of the derivatives
in (3.6.1) with 719 = 1 for all ¢, e.g. for the final hidden layer with £ = L — 1,

Jj+1
dgmy[Lfl] = H (dyma[i]> (99[j]a[j],
i=L—2
Especially in the one-dimensional case, it is obvious that if the partial derivatives d, al’
are smaller than one, the product will tend to 0 as the number of layers L increases,
which leads to vanishing gradients. On the other hand, if the partial derivatives dyma[i]
are larger than 1, the product will tend to oo as the number of layers L increases,
which leads to exploding gradients. The feedforward neural network with variable 7,
can potentially help overcome both problems, since now we have flexibility with respect
to 714, But one needs to be careful as if the gradient components are really small, then
71 needs to be really large to compensate, which could lead to ill-conditioning issues.

A more appropriate approach is the standard ResNet with 714 = 7 € R for all
¢. Tt is known to be stable with respect to vanishing gradients. Recalling the gradient
from (3.6.2)

j+1

dyy™ " = T (Hdeyma[i]) By (T,

i=L—2
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it becomes clear that this stability is achieved by the added identity I in every part of
the product. Hence, even if the Jacobians dymam vanish, the product still contains the
identity matrices. This advantage carries over to the 7-variable framework.
Furthermore, the introduction of 71¥ in ResNet allows us to tackle the exploding
gradients problem. This property has also been discussed using probabilistic bounds in
[76]. Our approach is deterministic. The standard ResNet architecture does not have
this property. Appropriate small 714 can prevent the product from exploding with
growing number of layers. However, choosing 7/ too small may lead to the vanishing
gradient problem again, as we will illustrate in the following simple example. Recall

that we do not tune 71 by hand, but let the optimization find it.

Example 3.6.3. Consider the ResNet architecture with variable T in one dimenstion,

1.e. one node per layer. We have

d9[1]y[2] = 39[1] (T[l]am),

de[o]ym = (1 + T[l]dy[l]am) 89[0] (T[O]a[o]).

Assume that d,mal'l is large, so that it leads to a large dgoy®.

This problem can
be overcome if T attains a small value. However, this may lead to dyuy®? being
accordingly small in its first two components, i.e., the deriwatives by the weights and
biases. Consequently, fixzing one potential exploding gradient problem can cause another

gradient to vanish. However, as emphasized earlier, we do not tune 70 by hand but let

the optimization find optimal values.

We also analyze the respective derivatives in the DenseNet architecture with
variable 7. Finding a closed form for dyg;9 is not so easy for this network architecture,

but we can derive a recursive relation in terms of lower-order terms.

Theorem 3.6.4. Consider the DenseNet with T-variable framework

-1
k=0
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Then the derivatives can be recursively written as

de[j] —dg[J] Zy ]I—i—T ]d[ 1](1 )d[]y i:€,...,j+2,
k=j+1

Ay g = By (U0,

Proof. For i = (,...,j + 2 we employ the chain rule of differentiation and use that
dg[j]y[k] =0 for £ < j+ 1 to arrive at

i—1

Ay = dggn | S ¥ + 7 qli-1
k=0

The case i = j + 1 is special since the chain rule does not need to be applied here. It

simply holds
J
Ayl = dyy Z yM 4 7l | = 9,0 (rW e,
because k < 7 + 1. The proof is complete. O

Remark 3.6.5. In Theorem 3.6.4, we can successively insert the expressions for the
lower-order terms in the higher-order terms, so that finally dyny!? depends only on
Qg (TWal) and dywa? for i = j+1,...,¢ — 1. Furthermore, we see that every nest

lower order term enters with a factor (I + 70d,mall), so that one can overcome the

yll
vanishing gradients problem in a DenseNet (both fixed and variable T cases). To discuss
the exploding gradients problem we consider for example the derivative dyyy!t =, where
one summand will be HZL:_JQH (T[ﬂdymam) O (TVal]). In the standard one-dimensional
DenseNet architecture with 71 = 1 for all £, we see that the above product tends to oo
with a growing number of layers L if d jall > 1 for all i. The T-variable architecture

can help deal with this problem; see also Fxample 3.6.8.
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Similarly to the above cases, we can express derivatives of Fractional-DNN ar-

chitecture, with variable 7, in terms of lower-order terms.

Theorem 3.6.6. Consider the Fractional-DNN with T-variable framework

gl _ Zae (g — ) (e g o

Then the derivatives can be recursively written as

i—2
delﬂym = dgu Z (aix — ai,kfl)y[k] + <(1 —aii-2)l+ (7 . 1) - —pdy al” H) demy[i*u;
k=j+1
i=4...,]+2,
de[]y[ﬁ 1 _ =c; 30[](( [J])’Ya[ })
Proof. First of all, we rewrite the forward propagation for / = 1,..., L—1 in Fractional-
DNN
-2
y[z—ll _ Zam(y[kﬂ] . y[k]) +(r [e— 1]) 7_ -1
-2
= aroy” + Y (ark = a0y + (1= ageo)y™ + (706,
k=1

Then for i = ¢,...,j + 2 we use chain rule and dy;y*! = 0 for & < j + 1 to obtain

[\

demym = dem (ai,Oy[O} + (ai,k - ai,k—l)ym + (1 - ai,i—z)y[i_l] + ( = 1])
1

B
Il

i—2

= dyu Z (a; — @i,k—l)y[k] + ((1 — ;i) + (7 = 1})7 ;11 dyii-
k=j+1

ali- 11)

a[z‘—l}) gy,

Finally, for i = j 4 1, we exploit again dyuy¥! = 0 for k < j + 1, and derive

j—1

Ay = dy <aj+1,0y[01 3 (@enn — aap )y 4 (1= a0y + (et m)

k=1

El aem ((T[j])va[ﬂ).

This completes the proof.
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Remark 3.6.7. Again, the lower order term representations can be successively in-
serted into the higher order terms until we arrive at dyyy depending only on Oy ((7171)7al))
and d al! fori=j+41,...,0—1. Here, the next lower order term enters with a fac-
tor ((1— a;;—2)I+ (701 })70;1 dyi-nal =), which allows us to overcome the vanishing
gradient problem in Fractional-DNNs. Furthermore, the multiplication by (r0=1)7 in
this factor can help us to deal with exploding gradients. This is similar to ResNet with

variable T.

Example 3.6.8. To get an idea of how different network architectures influence the
derivatives, the derivative dgoy®® is displayed here for the four different options that
have been considered in this section, i.e., feedforward neural network, ResNet, DenseNet,

and Fractional DNN:

dg[o]y =T ]dy[z]a 2. mdymam . 89[0} (T[O]a[o]),

o yl? = (]1+ 7l ot + 72 el + 2l .dy[l]au]) Dy (719,

| |
/N

dg[o]y 2 + 7' [1] + T[Q]d 2] + 7 1 2]d [2]& dy[l]a[1]> 89[01 (T[O]CL[O}),

gy = {(1 — as0 — aso + azpas 1)l + (1 — as1)(7 [H)’YC;ild mall
+ (1= ago) ()Yt dyal + (rI) (7Y o2 dymal? - dyma™} ¢t dg (1) 7al?).

In conclusion, ResNet, DenseNet and Fractional-DNN have a visible additive
structure in the derivatives, which helps with the vanishing gradients problem. Fur-
thermore, the parameters 7/ can help overcome both vanishing and exploding gradi-

ents.

3.7 Numerical results

In this section, we apply the 7-variable framework to a ResNet and a Fractional
DNN with and without bias ordering (3.2.5). A thorough comparison is carried out in
the context of an ill-posed 3D parametrized Maxwell’s equation with Gauss’s law. This

problem is ill-posed because the standard Nédélec finite element is only curl conforming
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and cannot directly impose the Gauss’s law. In all cases, we apply the smoothed version

of standard ReLU(y) = max{0, y} as the activation function

max{0,y}, if |y| >n
smoothReLU(y) = 104} v

5y? +0.5y +0.25n, if y e [-n,n).

We have found that n = 10~* is a robust choice for the examples under consideration.
Notice, that one can also use other activation functions which can differ from layer to

layer.

3.7.1 Maxwell’s equations

Our findings suggests that the T-variable framework outperforms the standard
approach (with fixed 7) for deeper networks; see Figure 3.1. This is expected, since
the effect of variable 71 will be more prominent when more layers (and consequently
more time-step parameters T[q) are present. On the other hand, for shallow networks,
the 7-variable framework provides comparatively less improvements; see Figure 3.3(c).
Nevertheless, the 7-variable framework applied to ResNet yields error improvements
compared to a standard ResNet for model extrapolation, see Figure 3.4. These results
are also comparable to the approximation obtained with the finite element method
(FEM) using the lowest-order Nédélec space (see Figure 3.3(d)).

Consider the Maxwell-Dirac equations; our goal is to learn u : Q C R? — R3

that satisfies
curl (pflcurlu) =f in{,
diveu) =p in Q, (3.7.1)

uxn=g ondf),

where p and e are positive definite symmetric tensors in L>(Q)3, f € L*(Q)3, p €
L*(Q) and g € H Hf%(din; 02). This problem is particularly difficult at the discrete

level due to its divergence-related constraints and requires rather tailored algorithms to
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deal with it, see for instance [48]. Therefore, an interesting question is to approximate

the map:

(z, f(z), p(x), p(x)) = u(2),

that can lead to a reasonable and noise-robust approximation of the solution u to
(3.7.1), note that we ignore the boundary data g. This approach is similar to a surro-
gate model where its output could be used as an initial guess by an iterative method
like the domain decomposition method or in the reduced basis method [141]|. Never-
theless, those problems are beyond the scope of the present study, and thus will be
studied in future works.

This learning problem is challenging because the solutions to (3.7.1) can have
discontinuities, while most neural networks, except for those with the Heaviside ac-
tivation function, lead to continuous approximations. Also, it is still not clear how
to incorporate the geometry (domain €2) of the problem in a meaningful way. Thus,
we consider an example with a known smooth solution and we compare it with an
approximation obtained by various DNNs and by the lowest order Nédélec space of the
first kind, cf. [116], denoted by Ny(€2). Here, we consider the basis proposed in [72].
In order to do that, let us consider € = 343, and for a smooth ¢ : Q — R ™ we define
p () = p(x)5xs, then curl (p~'curlu) = Vo x curlu + pcurl (curlu) .

Thus, if we consider

u:— R3, (ZL’l,Ig,Ig) —> ]1(T(ZL’1,I2,]I3))€@, (372)

1
e: =R, (r1,29,23) — 5(55%“’35%"_1)7

where € is the cylinder {(x, 25, 23) € R3: 22 + 23 < 1 and z3 € [0,1]}, I, is the
modified Bessel functions of the first kind of order v, r(xy, s, v3) = /22 + 23, and

eo (11,72, 23) = (23 + 23) 72 (~x2, 21, 0), we obtain:

curlu = [y(r)e,, curl(curlu) = —u, divu =0, and

curl (y,_lcurlu) = —rly(r)eg — pu =: f.
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Because wu is divergence free, we consider the reduced map (x, f(x), p(x)) —
u(x), where @ = (1,29, 73), and u(x) = (ui(x), us(x), us(x)). In order to generate
the input/output data for the DNNs, we consider points {z;}Y; C Q randomly chosen
from €2 obtained with Matlab’s function unifrnd along with philox as the random num-
ber algorithm. Here, we set N = 12,000. Then, {(z;, f(x;), ¢(x;)) }, and {u(xz;)}¥,
can be utilized as input/output data. We are now ready to train and compare several

DNNs.

Neural Network size & network reduction

The bigger the network that we use for training, the bigger the computational
time and the memory requirements. We employ the 7-variable framework and start
with a ResNet architecture with five hidden layers with ten nodes each. As target
functional, we implement the mean squared error with no regularization, i.e., A\ =
A2 = 0. Additionally, we consider bias ordering (B.O.) with a fixed Moreau-Yosida
parameter 5 = 10. After 1000 steepest descent steps we observe the following result:
The relative error in the Euclidean norm on the test set is 0.07, and we see 7Y, 718 and
714 are approximately 0. Recalling the ResNet structure with variable 7, (3.5.2), it is
obvious that e.g. from 71!l ~ 0 we can deduce y!? ~ P2ylll. Consequently, we delete
the hidden layers 2,4 and 5, cf. Figure 3.2. The reduced network with 2 hidden layers

achieves the same relative error on the test set, i.e. 0.07.
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Figure 3.2: Left: Optimal weights and biases for ResNet with variable 7 with 5 hidden
layers and 10 nodes each with bias ordering. Right: Reduced ResNet with 2 hidden
layers, i.e., hidden layers 1 and 3 from the larger network. The color of the dots indicates
the bias value, and the color of the lines indicates the magnitude of the weight.
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While the same relative error is obtained with the reduced network, we aim at
achieving even better results, therefore we next consider a larger network size with 6
hidden layers and 50 nodes in each layer (6-50). The proposed variable-T approach
seems to always outperform its constant 7 counterpart, see Figure 3.1. As stated
before, this is expected because the variable-7 framework and also Fractional-DNN
have a bigger impact for deeper architectures with more hidden layers. Let us remark
that the curves in Figure 3.1 are not monotone because we have only plotted the
mean squared error term. In case of the entire J we do observe monotone behavior as
expected. Even though we see in Table 3.2 that 71 > 0 for all £ in this setup, motivated
by the reduction in the previous architecture of 5 hidden layers and 10 nodes per layer
instead of (6-50), we also consider a network with 2 hidden layers with 50 nodes per

layer (2-50), which yields better results; cf. Figure 3.3.

Results: 6 layers-50 nodes vs. 2 layers-50 nodes
From now on, ™V (x) will denote the approximation of u obtained with a neural

network at a point @, the specific architecture will be clear from the context. Note

that, ™ (z) = (u™(z), ud™ (z), ud™ (z)) € R3.

6-50 O T A0 T 7R0 T 7B [ 7B T 7B [ 2-50 | 7007 | 01
ResNet 09210951099 095|092 | 0.88 0.84 | 0.87
ResNet + B.O. 0.70 1 0.94 | 1.00 | 0.96 | 0.86 | 0.70 0.28 | 0.51
Fractional-DNN 0.59 1 0.70 | 0.53 | 0.34 | 0.28 | 0.30 0.94 | 0.93
Fractional-DNN + B.O. | 0.67 | 0.80 | 0.78 | 0.68 | 0.44 | 0.04 0.85 ] 0.95

Table 3.2: Optimal learned 7 variables for various DNN architectures with 7-variable
framework with 6 layers and 2 layers. These are the same network architectures that
are considered in Figure 3.3.

We compare the neural network results with an approximation obtained with
the FEM, see Figures 3.3(a), 3.3(b), and 3.3(d). To do that, we consider the unit
cube (0,1)3, denoted by (~2, as a domain. The unit cube is considered, to test how well
the Neural Network performs for unseen data, and to test its extrapolation properties.

Recall that the training data has been generated on 2, which is cylindrical. For the
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Figure 3.3: Comparison between various DNN architectures and FEM. Top row: L2
error between an exact solution and DNN approximation (6 hidden layers with a width
of 50 each) or FEM approximation. B.O. indicates bias ordering. The left and right
panels correspond to fixed and variable 7, respectively. Bottom row: The left panel
shows the mean squared error during training of different DNNs with 2 hidden layers
with a width of 50 nodes each. The right panel displays the L? error between an exact
solution and a DNN approximation for the same DNNs and FEM.

FEM, we consider 10 uniform refinements of the unit cube (0,1)? and denote by h the
mesh size of each one. Then, we compute ||u — u™ |5 and ||u — w5, where || - |5
denotes the L2(Q)3—norm and u, denotes the best approximation of w into Ny(€),
with respect to the H (curl; ©)—norm.

In Figure 3.3(d), we observe that, for the DNN with 2 layers and for large h,
the DNN approach gives a better approximation than the Lowest Order Nédélec space.

NN

We further notice that, as h gets smaller, 4™ needs to be evaluated at more points

in Q \ © and it is not obvious if the DNN approximation will remain stable. However,
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Figure 3.3(a), 3.3(b), and 3.3(d) show that the DNN approximation remains stable.

(a) ResNet (b) ResNet + 7 (¢) Fractional-DNN

Pointwise Error a 0.5

(d) Fractional-DNN + 7

Figure 3.4: Comparison of testing errors between ResNet, ResNet with 7-learning
framework, Fractional-DNN and Fractional-DNN with 7-learning framework (2-50).
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There are several ways to measure how well a neural network performs. For
instance, in the case of 2 layers and 50 nodes, the training error is slightly better with
the ResNet-based architectures, cf. Figure 3.3(c), while a smaller error on unseen data
is achieved with Fractional-DNNs, cf. Figure 3.3(d). Furthermore, when we plot the
error on the square (—1,1)*x {0.5}, we see that Fractional-DNNs, cf. Figure 3.4(c) and
3.4(d), extrapolate better than ResNets, cf. Figure 3.4(a) and 3.4(b). In the ResNet
setting, employing the 7-learning framework (Figure 3.4(b)) yields to slightly better
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results than fixing 7 (Figure 3.4(a)). Additionally, from its definition, we know uz = 0,
cf. (3.7.2). Hence, we present quiver plots of the first two components of w(-, z3) for
any 3, and u™(-,0.5), in Figure 3.5. The two plots seem to coincide. Therefore, we
further present pointwise errors restricted to €2, where the pointwise error is measured
in the (R?) Euclidean norm. For Fractional-DNN with variable 7 (2-50) and no bias
ordering inside €2, we observe that —0.0051 < uéVN(a:) < 0.0077, i.e., the constraint
violation is of the order of approximation error. Meanwhile, ResNet with variable 7
achieves better results in this test case.

Besides improving the training, the approximation could be further improved if
we knew a priori some qualitative properties of the exact solution. Then, they could
be forced into the loss functional, similarly, as it is done with PINNs; cf. [39]. Tt is
important to mention that several other numerical examples were considered to test the
robustness of our 7-variable framework. For instance, we considered problems where
the standard Neural ODEs (cf. [47]) struggle to obtain good approximations, as pointed
out in [59]. We obtained similar results to the ones presented here. For the sake of

brevity, those results have been excluded.

Conclusion

A time-variable learning framework for DNNs has been presented, which can be
used to almost any DNN. However, from a mathematical perspective, DNN architec-
tures which can be related to dynamical systems are of interest, since learning 7 then
corresponds to optimal adaptive time stepping. Consequently, special emphasis has
been put on applying the 7-variable framework to ResNet and Fractional-DNN. The 7-
variable framework is argued to overcome vanishing and exploding gradient challenges.
The numerical results suggest that DNNs with 7-variable framework outperform their
counterparts with fixed 7 for deep architectures and enjoy an improved training error
decay. Moreover, this method has the potential to identify redundant layers so that

the network size can be reduced while maintaining the quality of the prediction.
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Chapter 4

NONLOCAL BOUNDED VARIATIONS WITH APPLICATIONS

4.1 Introduction

Fractional calculus and nonlocal operators have emerged as natural tools for
studying numerous phenomena in science and engineering in recent years. Fractional
operators differ from their classical counterparts in various ways, including the fact
that they need less smoothness and are nonlocal in nature. Such flexibilities have led
to multiple successes of fractional derivative-based models in practical applications.
For instance, magnetotellurics in geophysics [148], viscoelastic models [109], quantum
spin chains and harmonic maps [54, 100, 5], deep neural networks |[12], repulsive curves
[156], etc.

A fundamental concept in inverse problems, such as image denoising, is the use
of regularization. The article [4] introduced the fractional Laplacian as a regularizer
in image denoising as an alternative to well-known approaches such as total-variation
regularization. Subsequently, this model has been successfully used by various authors
in imaging science as it provides a behavior that is closer to total variation based
approaches [85], yet it is simple to implement in practice. The current approach is
motivated by these observations. We also refer to [68] for a different (discrete) nonlocal
regularization in imaging.

Fundamental developments are being made in fractional calculus. In fact, now
there are notions of fractional divergence and gradient. For example, the aforemen-
tioned fractional Laplacian, can be obtained by the composition of fractional divergence
and fractional gradient. This is similar to the classical integer-order setting. Such dis-

coveries are not only fueling further developments in analysis but are also leading to
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new application areas or improving the existing ones. Inspired by image denoising,
the goal of this work is to study the fundamental properties of the space of (nonlocal)
fractional bounded variation. Based on such fractional order spaces, we introduce novel
image denoising models, and we derive Fenchel dual formulations |62, chapter III] for
these. Notice that such formulations are critical in deriving efficient numerical methods
in the classical setting. To motivate the analytical tools developed in this work, the
remainder of this section provides a detailed discussion of new image denoising models.
Total variation minimization is a well-established method for solving image de-
noising problems [3, 127, 128]. Let uy : 2 C R® — R denote a continuous representa-
tion of an image (possibly noisy). Given a regularization parameter § > 0, a standard

image denoising problem amounts to finding u solving
arg min {5|Du|gg-—|—l||u—uN||%2(Q)}, (4.1.1)

uex 2

where the space 2" is chosen in conjunction with the norm |- |4 such that Du is well
defined at least in a distributional sense, and u can be piecewise smooth. One of the

most popular spaces used in practice is the space of functions with bounded variation

(BV), defined by
BV(Q) = {u e L'(Q): Var(u; Q) < oo} .
Namely, a function u in L'(Q,R) is said to have bounded variation if and only if
Var(u; 2) 1= sup {/ u(z) Dive(z)dr : ® € CHQLR™), || 1) < 1} < 00.

If the variation Var(u;€) is finite, one can show that its distributional derivative Du
is a Radon measure and Var(u; Q) = |Du|(Q2), see [14, Ch. 10]. It is well known that
BV(Q) preserves edges better than W11(2) in a noisy images while retaining several of
its properties. For instance, it is a Banach space; it is lower semi-continuous on L'(Q);
Sobolev inequalities; etc.

In this work, we are interested in the fractional version of the problem (4.1.1).

For this, we first need to decide on the notion of fractional BV. We accomplish this by
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replacing the derivative in the preceding definition with a suitable fractional derivative.
Alas, there are many different, yet natural, fractional operators that are considered
extensions of the usual gradient — and each one induces its own BV -space.

We will consider the two most popular notions. Firstly, we will consider the
space BV, which we refer to as Riesz-type. The study of BV“ was initiated by Comi-
Stefani in [52], see Section 4.2. It relies on the notion of what is sometimes referred to
as Riesz gradient D®, which is simply the usual gradient combined with a regularizing
Riesz potential.

The other type of fractional BV we consider will be denoted by bv® and is
referred to as Gagliardo-type; see Section 4.3. We are not aware whether this has been
considered in the literature prior to this work. The notion of a fractional derivative is
what we will refer to as the Gagliardo-type derivative, which is considered in various
aspects of mathematics, e.g., Dirichlet forms [80|, peridynamics [58|, and harmonic
analysis [111|. This Gagliardo-type bv® is naturally related to the most popular notion
of a fractional perimeter defined by Caffarelli-Roquejoffre—Savin [38]. Indeed, we will
show in Theorem 4.3.4 that bv® coincides with the Gagliardo-Sobolev space W*! — a
maybe surprising feature of the case o < 1, since this is false for o = 1: indeed it is
well-known that Wh! £ BV | see [64]. This is one of the main theoretical contributions
of the current study.

We will introduce new types of variational models for image denoising based on
these fractional BV notions. Namely, we study the fractional versions of (4.1.1),

arg min {BVara(u; Q) + z||u — UNHIEP(Q)} : (4.1.2)
ueZ p

A related model was studied by Bartels and one of the authors in [4], but working in
fractional order Hilbert space H*(2) rather than 2" = BV*(Q).

We emphasize that the numerical algorithms for solving problems of type (4.1.1)
make extensive use of the Fenchel dual formulations [17, 42]. However, this requires
dealing with the dual space of BV(Q2), whose full characterization is still unknown

[144]. Instead, one proceeds by finding a predual problem to (4.1.1), i.e., a problem
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whose Fenchel conjugate is (4.1.1); see, for instance, |37, 41, 78|. In this case, one
does not need to deal with BV(Q)* but instead the closure in LP(2) of the range of a
divergence-like operator, which is the conjugate of —D : 2~ C BV(Q) — M(Q,R").
We will derive a pre-dual problem corresponding to (4.1.2) in Section 4.4. Derivation
of pre-dual requires density of smooth functions with compact support. This is highly
non-trivial in general, even in the local case. We establish this result, provided that the
domain €2 is convex. Such results are of interest by themselves, see Propositions 4.4.4

and 4.4.8.

4.2 Fractional BV in the Riesz sense
To begin, consider the fractional Laplacian and its inverse, the Riesz potential.
Denote by F and F~! the Fourier transform on R”. For o > 0 the fractional Laplacian

of f:R" — R with differential order «, denoted by |D|*f, is given by

|D|*f(2) == F ([EI°F£(©)) (2).
The notation |D|* = (—A)? is common, but we will mostly use the notation |D|* in
this chapter, since it states the order of derivatives more clearly. The definition above
also makes sense when a < 0. In that case, we call the operator Riesz potential. More

precisely, for all a € (0,n) we define

I*f(x) = F([E]7F£(E)) (@)

It is then easy to see that |D|*I*f = I¥|D|*f = f, at least for suitably smooth
functions with decay at infinity, i.e. the fractional Laplacian and Riesz potential are
inverses to each other. The fractional Laplacian |D|* has no gradient structure. It
does not converge to the gradient D when a — 1. Recently, many authors considered
a fractional-order operator with a gradient structure. Although this operator may be
traced as far back as [83], it has received increased interest in various applications since
the works e.g., [52, 131, 132, 135]. It is defined very simply as the usual gradient of
the Riesz potential

D*f := DI'""f. (4.2.1)
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From its Fourier transform representation, it is easy to show that D* — D as a — 1.

The fractional divergence Div,, is defined as
Div, f = divI'*™*f.

Note that Div, is the adjoint of —D*. In fact, the following integration-by-parts

formula holds
/ F-D%dzx = —/ Div, Fgdz  VF € C(R",R"),Yg € C*(R"), (4.2.2)

which follows readily from the definition via the Fourier transform and Plancherel’s
theorem. We comment on the integral definition of the above operators. For any

a € (0,1], we have

@) -,

D|*f(z) =14
[D|*f(z) = e, T

Y

R |95—

D%@ﬂ:@@/ (f(z) = f®) (z —y)

’.’E _ y’nJraJrl

(F(z) = F(y)) - (z—y)
|z — y|rrett

dy, (4.2.3)

n

Div, F(z) = 03,,1/ dy,

n

for some constants c; o, ¢2o and cs o, which can be found in the literature. Having the
notion of a fractional gradient, we naturally obtain the notion of fractional BV spaces.
Our definitions are very similar to [52| and different from other natural approaches as
in [28] or an approach via a different type of nonlocal gradient and divergence as in
[58, 111], which we will discuss later in Section 4.3. When employing the concept of
fractional BV spaces in this work, most of the needed properties will follow the same
basic principles as in conventional BV spaces. We give a derivation of the results that
we were unable to find in the literature, and we provide references otherwise. Some of
these results may already be known to experts.

To distinguish the resulting space from the one discussed in Section 4.3, we use
the notations BV, Div, and Var,. In Section 4.3 we will use bv®, div,, and var,

instead.
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Let o € (0,1] and f € L'(R"), the variation of f is defined as

Var,(f;R") := sup{

Let Q C R". For any f € L'(Q), we define

f Div,®dx : ¢ € CCI(RHQRn)v ||‘I)HL°°(R”) < 1}' (4.24)

Rn

Var,(f; Q) := Vara(xof; R"),
where yqf is the extension of f by zero to R™. The integral

/ f Div, ®dx

is well defined for all f € LY(R") and ® € C!(R™, R"), which is a consequence of the

following result.

Lemma 4.2.1. Let ® € CYHR™;R"), then for any o € (0,1] and any p € [1,00] we
have

Div, ® € LP(R").

Proof. Fix ® € C}(R™R"). For a = 1, we have Div, ® € C.(R") C LP(R") for all
p € [1,00]. For a < 1, we have from (4.2.3) that

in{L, e — g1}
ge T — gyl

Dive ®(2)] S (2[[|zo0 n) + [[ V]| oo rm))

Here 3, implies that the hidden constant depends on « (and any constant may depend
on the dimension n). Since a < 1, the following integral is finite and has the same

value for every z € R", i.e.,

which implies that
IDive ooz Za (1®]lzoomn) + VOl L)) -

It remains to prove that Div, ® € L'(R"). Once this is shown we conclude
Div, ® € LP(R™) for any p € [1, o] by interpolation. Taking R > 1 large enough, such
that supp ® C B(0, R/2), then for x € R™\ B(0, R) we have

. (I)(y)|
Divy (2)] <4 / 2wl
‘ v (x)| B(o,r/2) [T — y["Te Y
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By Fubini’s theorem, we have

, 1
| Diva ® 11z 50,11 < / B(y)| / ) ay
B(0,R/2) R™\ B(0,R) [z — |

1
NPl 2 we) sup / T dx | .
yeR™M\B(0,R/2) \ J{a:|z—y|>R/2} [z — |

Here we hide the constant by using <. Using the fact that

L gr 3, R < oo,
/{x:|z—y2R/2} ’Q? - y’n—l-a

we obtain

| Dive @l L1@n\50,R)) Ja [Pl L1@n).-
On the complement B(0, R), we have Div, ® € L>°(B(0, R)) C L'(B(0, R)). Thus, we
obtain that || Divy ®||11(rn) < 00, which finishes the proof. O

Now we are ready to define the first fractional BV space of this work, i.e., BV%;
see also [52, 51, 50| where this space was considered first. This space inherits most of

its properties from the gradient structure of the Riesz-derivative D?, cf. (4.2.1).

Definition 4.2.2 (Riesz-type fractional BV). For Q C R", we define
BVE(Q) :={f € LY(R"): f=0 on R"\Q, Var,(f;Q) < oo}, (4.2.5)
endowed with the norm

[fllBve = 1fll1@) + Vara(f; ).

In this chapter, we often identify f € L'() with its extension by zero xqof €
L*(R™). Observe that we do not need to assume any regularity of 9 in the above
(and following) definitions and results. The regularity of J) is only relevant for de-
termining if constant functions in © belong to BV*(Q). Namely 1 € L'(Q) belongs
to BVE(Q) (with the usual identification 1 € L*(2) corresponds to xo € L'(R")) if
the a-Cacciopoli-perimeter of 0f) is finite. We refer to [52] for the definition of this

perimeter. Essentially by definition we immediately obtain

84



Proposition 4.2.3. The surface 09) has finite a-Cacciopoli-perimeter, i.e. Per,(0€) <
oo if and only if Var,(1;) < co.

Observe that the Cacciopoli-perimeter above is different from the more com-
monly used fractional perimeter introduced by Caffarelli-Roquejoffre-Savin [38]. The
latter one is related to the fractional version of BV functions defined using the diver-
gence as used in, e.g. [58, 111]. We shall discuss it in Section 4.3.

Next, we note that one can obtain the existence of the distributional derivative
D f (which is a Radon measure) just like for BV, see [64, p.167, Theorem 1, Structure
Theorem| If f € BV(2), then the mapping

CHR™R") > ®+s [ fDiv,®dx
Rn
extends to a linear functional on (C,(R™;R"), || - ||z &n)). By the Riesz representation
theorem [64, Section 1.8, Theorem 1], there exists a Radon measure g on R™ and a
p-measurable function o : R® — R" such that |o| =1 p-a.e. and

f Div, &dx = —/ b - odp.

n

R
Moreover, we have

[(R™)| < Varg(f;62).

The latter follows by the definition of the norm. By slight abuse of notation we will
denote by D®f both the distributional derivative and the measure D f := oLy (where
L denotes the concatenation of function and measure), whichever is applicable.

We now consider the approximation of BV{{(2) functions by smooth functions.
Since f is compactly supported, the convolution f 7. is in C2°(R™). Using the same

argument as in [64, Theorem 5.2|, we obtain the following result.

Proposition 4.2.4. Let Q C R" be open and bounded. For any f € BVG(S2) there
ezxists fr € C2(R") such that

ka: - f”Ll(Rn) +\Vara(f;R”) — Vara(fk;R”)‘ IH_OO) 0.
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Equivalently, (since f vanishes outside of 1),

k—o00

1 fe = fllzren) +|Vara (f; Q) — Varg (fi; R")| == 0.
We also have the following embedding theorem.

Proposition 4.2.5. Let Q C R"™ be open and bounded and n > 2. Then for all
p € [1, =] we have BV(Q2) € LP(R™) and

1 fllzegny < Cln,p, @)l fllByg @)
If n =1, then the same results hold for all p € [1, ﬁ)

Proof. Let fi be the approximation of f as in Proposition 4.2.4. By the main result in
[133], we have for all p € [1 L}

1 fillzr @y < C (1frllzr@ny + 1D filloreny)

since fr € C2°(R™). Observe that by an integration-by-parts formula, since we already

know D*f;, € L'(R™ R"™),
||Dafk||L1(R",R") = Vara(fk; Rn)

Since up to subsequences fj converges to f almost everywhere we conclude from Fatou’s

lemma,
=C (|| fll 1 ®n) + Vara(f; R™)) ,
which concludes the proof. n

Using the duality definition of Var, and the same argument as in |64, Theorem
5.2|, we obtain the lower semicontinuity with respect to the so-called intermediate

convergence; see Definition 10.1.3 and Remark 10.1.3 in [14] for details.
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Proposition 4.2.6 (Lower semicontinuity). Let 2 C R™ be open and bounded. Assume

{fe}2, € BVG(Q), and assume that f € L'(R"™) such that

k—oo
e = fllpr ey —— 0.

Then f € BV () and we have
Var,(f; R") < liin inf Var, (fr; R").
—00

Or, equivalently,

Var,(f;§2) < li£1 inf Var, (fi; §2).

Corollary 4.2.7. Let Q@ C R" be bounded. Then (BV(Q), | - [pve(n)) is a complete

space.

Proof. Let {fi}32, be a Cauchy sequence in BVG(Q2). Since f; is Cauchy in L'(R™),
there exists f € L'(R") with f = 0 in R™ \ ©, such that f;, — f in L'(R"). By
Proposition 4.2.6, we find that f € BV(f2). Using the lower semicontinuity of the

variation still from Proposition 4.2.6, we obtain

lim Var,(f — fx; Q) < lim liminf Var,(f, — fx;2) =0,
k—o0 k—oo f—o0

which completes the proof. O

Using the weak*-convergence of Radon measures, and the arguments of the
standard Rellich-Kondrachov compactness, see |64, Theorem 5.2 & Theorem 5.5, we

have the following result.

Proposition 4.2.8 (Weak compactness). Let Q C R"™ be open and bounded. Assume
{fr}32, C BVE(Q) such that

sup || fxll Bve(a) < oo
k>1
Then there exists f € BV (S2) such that

Var, (f;R") < lilgn inf Var, (fi; R"),
—00
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or equivalently,

Var,(f;Q2) < lign inf Var, (fi; §2),
—00

and there is a subsequence { fi, }32, such that for all p € [1, #) we have
1o = Pl == 0.
Lastly, as in the local case where we know that H'!(Q) is a subspace of BV (2)
(where H™'(Q) is the space of functions f € L!'(Q) such that Df € L'(Q)), the

corresponding result for the fractional situation holds as well.

Lemma 4.2.9. Let f € H*'(R"), i.e., f € L*(R") and D*f € L*(R™;R"). Assume
additionally that f =0 in R™"\ Q. Then f € BVE(Q).

Proof. We only need to show Var,(xaf; R") < co. For any ® € C}(R™;R") such that
|®@|| oo mny < 1, we have by Fubini’s theorem
/ Xaf Dive® = — g Df - @ <[|@| poo ey I D" Fll gy SNDfll 11 ey 5

which implies that Var,(xof;R") < co. O

4.3 Fractional BV in the Gagliardo sense

The notion of fractional BV from Section 4.2 (as in [52|) is very similar to the
usual BV, since it is essentially a lifting by the Riesz potential. In this section, we
introduce another natural notion, which is denoted by bv®. This notion recovers the
fractional perimeter as defined by Caffarelli-Roquejoffre-Savin in [38]. We begin by
introducing a different type of fractional divergence, as defined in [111]. We stress that
related notions were known before [58| and are often utilized in the theory of Dirichlet
forms, see [80].

A (nonlocal) vector-field F' on R™ is defined as an L™ x L"-measurable map
F :R" x R" — R, which is additionally antisymmetric, i.e., F'(z,y) = —F(y,z). As
in [111] the set of such vector-fields is denoted by M(A_ ,R"), where od stands for

off-diagonal and (as in the theory of Dirichlet forms) A, stands for a sort of one-form
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(we will not really use this aspect, we recommend the reader to take it as a purely

notational choice).

We say that F' € LP(A\ ,R") if '€ M(A\,,R") and

1
(x,y)|P g
||| zr (A, ) = (/ / ?JJZ d:cdy) < 00
re Jre |7 — Y

for p € [1,00), and

||F||Loo(/\Dan) :=esssup |F(z,y)] < oo
z,yeR™

for p = co. For Q C R", we say F' € L,(A\,, Q) if F' € LP(A\,,R") and F(z,y) = 0 for
L™a.e. x € R"\ Q (and thus for a.e. y € R™\ Q).

The (Gagliardo sense) fractional derivative d,, which has similar properties to
a function’s gradient, takes an £"-measurable function f : R” — R into a vector-field

fla) = 1ly)

O

Let us remark that if one were to consider stability as & — 1, then it would make more

sense to set

However, for the purpose of clarity, we shall not utilize this term.

The scalar product of two vectorfields F' and G is given by:

(F-G)(z) = / Fl.y)Cly) (4.3.1)

|z —y|"

The fractional divergence div,, is then the formal adjoint to —d, with respect to the

L?(R™) scalar product, i.e., for all ¢ € C°(R™), we have

/divaFtpdx =— /F dppdr = — // n;w(y))dyd:p. (4.3.2)
n Rn n n

The multiplication of a scalar function f(z) and a vector field F(z,y) is defined as:

fl@)+ 1)
2

(fE) (. y) = (z,y). (4.3.3)
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Using (4.3.2), we can obtain the integral formula of div,. By antisymmetry F(z,y) =
—F(y, ) and the Fubini’s theorem, we have

F(x,y
/ / (x y - nfa)dydx—Q/ %dygp( )dz,
n n y| n Rnlx |

which enables us to give the integral definition of div,, F' by

(diva F)w) = =2 [ Mgy - [ )= B2l
wr [z =y no eyl

In what follows, by yet another slight abuse of notation we are going to use this

formulation even when F(z,y) # —F(y, z):

(div,, F)(z) = — / n d (7;y1;’£(3’x)dy. (4.3.4)

It was shown in [111| how this fractional divergence naturally appears and leads to
conservation laws and div-curl type results in the theory of fractional harmonic maps.

The Fourier transform can be used to verify that
(—A)*f = —cdive(daf) (4.3.5)

for some constant ¢ = ¢(n, a).
With the fractional divergence div,, we may define the fractional bounded vari-

ation in the Gagliardo sense.

Definition 4.3.1 (Gagliardo-type fractional BV). Let f € L} (R"™). For an open set
Q C R", we define
vary(f; Q) == sup{ fdiva@dr: e CX(QxQ), |P|reomnxrn) < 1} )
R”L

Observe that this is equivalent to

var,(f; Q) = sup{/ fdiva@dr: e Cr(QxQ), |Premxa) < 1} )
Q

We say that f € bv*(Q) if

I f ey = 1 fllr @) + vara(f; Q) < oo
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The notion var,(f; ) is well-defined by the following observations: first, in

order to have consistency, we observe that

Lemma 4.3.2. Let ® € CHR" x R"), then for all « € (0,1) and all p € [1,00], we
have

div, ® € LP(R™).

Observe that we exclude the case o = 1 since div, ® is not well defined for

a = 1. A multiplication with (1 — «) would lead to a stable theory as o — 1.

Proof. Observe that by differentiability of ®,
B2, y) — Dy, )] < [, y) — Dla,a) |+ Bz, 2) = By, 2)] < 20| DD ooy [ — yl.
Then, using a similar argument as in Lemma 4.2.1, we have

: min{l, |z —y[} ,
[(dive @) (2)| < 2 (|| @] oo @nxrn) + | D oo @ xen) ) EpeE——
R |yl (4.3.6)

,-\_<_,Oc (H@”LOO(R"XRT‘) + ||D¢||Loo(RnXRn)) 5

which implies that || div, @[z ®n) < 00. It remains to prove that || div, @11 @n) < 0.
Then the required result can be obtained using interpolation. Since ® is compactly

supported, we may suppose supp ® C B(0, M) x B(0, M) for some M > 0. Thus, we

obtain
: (2, y) — Py,
[diva @] p1(gny = / / ( ) n+(a )dy dx
'< HD(I)HLoo Rn xR™) / / n—i—a 1dyd$ < 00,
B(0,M) J B(0,M)
which finishes the proof. O

We introduce the definition of space W*!(Q), see [111] for details.

Definition 4.3.3. Let  C R™ be an open set. A function f is in W*L(Q) when
feLYQ) and

[flwea(q) = /Q ‘f’ix)_;wﬂy)'dydx < 00. (4.3.8)
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The norm of W*'(Q) is defined as

HfHW@J(Q) = HfHLl(Q) + [f]W“vl(Q)- (4.3.9)

We now state our main theorem of this section, which is in strong contrast to
the Riesz-type fractional BV functions, cf. Lemma 4.2.9. The fractional BV space bv®
is actually equivalent to W' which makes this space more tractable and probably

more attainable for numerical purposes.

Theorem 4.3.4. Let o € (0,1). Let 2 C R™ be any open set. Then bv*(Q) = W*1(Q).

More precisely, for any f € L'(Q)) we have

vary(f; Q) = [flwer(q),

whenever one of the two sides are finite.

Remark 4.3.5. It is well known that Theorem 4.5.4 is false for a = 1: e.g. take any
nonempty open and bounded set 0 with finite perimeter. Then xq € WHHR™) (e.g.
because it is not continuous on almost all lines). However, we have xq € BV (R™). In
that sense, Theorem 4.5.4 may be surprising at first. Let us mention that, although we
are not aware of Theorem 4.5.4 in the literature, intuitively related observations have

been made by people working with fractional perimeters.

Remark 4.3.6. An immediate corollary is that the fractional perimeter as defined by
Caffarelli- Roquejoffre-Savin, [38], Per,(2;R™) = vary(xq;R*). Thus, the space bv®
1s the naturally associated notion for a fractional BV space when working with that

perimeter.

We prove several lemmas before proving Theorem 4.3.4.
Lemma 4.3.7. Suppose f € W*Y(Q), then we have f € bw*(Q) and var,(f;Q) =
[flwea (o)

Proof. Given any ® € C}(2 x Q,R). Without loss of generality, we may suppose
supp® C K x K, while K is a compact subset of €. Then we obtain that also
div,® = 0 outside K.
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We have from Fubini’s theorem (since f € W*!(Q), both sides converge abso-
lutely)

dyd
Fdiv,dda = / / fla) = 1(y) O(a,y) 2 (4.3.10)
R |z — y\ |z =y

Since L>(Q x Q) is the dual of L'(Q x Q), from (4.3.10) we obtain

var, (f; ) = [flweu(),
which completes the proof. n

The lemma above has not yet proven Theorem 4.3.4: if we only know f € bv®(QQ)
we cannot yet apply Lemma 4.3.7. However, Lemma 4.3.7 does give us the direction
vary(f; Q) < [flwe1(q) whenever the right-hand side is finite (because in that case we
can indeed apply Lemma 4.3.7).

Next, we observe the following lower semi-continuity result.

Lemma 4.3.8. Suppose fi € bv*(Q) for all k € N and||fx — fll 1) — 0 as k — oo.
Then we have

vary(f; Q) < lilgn inf var, (fi; 2),
—00
and in particular f € bu*(Q).

Proof. Consider any ® € C; (€2 x Q) with [|®| ) < 1. Since fr — f in L(2), and
div,® is bounded by Lemma 4.3.2, we have || fydiva® — fdiva®]|;1 ) — 0. Thus, we
have

/ fdive®dx = lim [ frdiv,®dz < liminf var,(fy; Q). (4.3.11)
Q k—o0 Q k—o0

Taking the supremum over all admissible ®, we have

var, (f; Q) < liminf var,(f; ), (4.3.12)

k—o0

which completes the proof. O

To prove vary(f;€2) > [flwae1() (Whenever the left-hand side is finite), the last
missing ingredient is the following recovery sequence result. In the following, we say

that a set G is compactly contained in a set €2, in symbols G CC €, if G is bounded
and G C Q.
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Lemma 4.3.9. Let Q C R™ be any open set. Assume f € L'(Q) with var,(f;Q) < co.
Then for any open G CC S) there exists fr € C°(R2), for all k € N, such that

fk — f m Ll(G)

and

lim sup var, (fx; G) < var,(f; Q).

k—00

Proof. Since G CC €, there exist open sets U and V such that G CC U CcC V CC (.
Pick ¢ € C°(V) such that ( =1 on U and ¢ < 1 in all of R™. Take gy > 0 such that
B.(G) :={z € R" : dist (2,G) < e} cC U and B.(V) cC Q for any ¢ € (0,e9). Let
n € C=(B(0,1)), [n =1, be the usual mollifier kernel and set 7. := e "5(-/¢). For
e € (0,g9), we define f. :=n. * (f(¢), then suppf. C Q. Given any ® € C}(G x G) with
||| Lo (r xmny < 1. Using (4.3.4), the Fubini’s theorem and the substitution 2’ = x — 2
and ' = y — z, we obtain

£. diva®dx

Rn

= / ne * (f)div, ®dx
G

_ /G (/B(Oﬁ) n-(2) flz — 2) C(x — z)dz> (_/G@("T;Uyz;‘?fg’x)dy> dx

[ ] et TR gy i

|z

O(2 / — Py /
:—/ / / f(x/)<<x/)ns<z> (x +ZJy +Z) ng?i +Z7x +Z)dzdy/dx/.
<(G) J/ Be(G) Y B(0)

lz" — /|
(4.3.13)

Notice that since n.(—z) = 1.(z), we have

(ne @) (', 9) := /B(O )7]5(2) (@@ + 2,4 +2) =@ + 2,2 +2))dz.  (4.3.14)
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Thus, by (4.3.13) we have

@ / /
fediv,@dr = — / / f(x') (2 (n: * ®) (iig )dy'd;r’
Re (@) J B:(C) 2" — /|

- x’ 1 x / (775*(1)> ('rlay/) 'dx!
= [ 1@ 5@ ) T
- x’ l ) — / (?75*(1)) (‘T,vy,) 'dx'

Lo L s 5 - B Dy

Since B.(G) C U and ( =1 in U, the second term vanishes. Setting

V() = (0 + ) () (),

we see that W, € C°(Q x Q), ¥.(2',y) = =V (v, 2'), and

fo div, ®dx = / f div, U, d2'.
Q

RTL
It is easy to check that

1

SCE) + <) (e @) (2, y/)

2 <|(ne % ®) (&', )] < ||| oo (n sy < 1.

Thus, we have shown that for any ® € C°(G x G) with || ®||feo@nxrry < 1, and any

€ < gy, there is

fediv,@dx < var,(f; Q).

R"

Taking the supremum over such test-functions ¢ we obtain
sup var,(f:; G) < var,(f; Q).
€€(0,e0)

In particular,

lim sup var, (f.; G) < var,(f; Q).

e—0

By usual mollifier arguments we have f. — (f in L}*(R") as € — 0. Since ( = 1 in G,

we have f. — fin L'(G) as ¢ — 0. O

We now finish the proof of the main theorem.
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Proof of Theorem 4.3.4. Let f € L'(Q). In Lemma 4.3.7, we have proved [f]ya.1(q) >
var,(f; 2), whenever the left-hand side is finite. So we only need to establish [f]ya1(q) <
vary(f; 1), whenever the right-hand side is finite.

Given any G CC €2, we can take a sequence {fx}32, as stated in Lemma 4.3.9.
Since fr € C(2), we have f;, € W*(G), so Lemma 4.3.7 is applicable. Combining
Lemma 4.3.7 and Lemma 4.3.9, we find

lim sup[ felwer (e < limsup var, (fi; G) < varg(f; Q).
k—00 k—00

Since fr — f in L'(G), up to passing to a subsequence, we may assume that fi(x)

converges to f(z) a.e. in G. Using Fatou’s lemma, we obtain

/ |Jc(x)—)‘alyafgv < hmmf/ ‘fk Jily )}d dx. (4.3.15)

‘Qj o y‘n+a koo |$ . y|n+a

Thus, we obtain

flwere) < “,?Li?ﬂfk]wm%@ < var,(f; Q). (4.3.16)

Picking an increasing sequence of open sets {G,,}, such that G,, CC Q and
UGm:Q (4.3.17)
m=1

Applying the above argument to G = G,,, we have [flya1(q,,) < varg(f; Q) for any

m € N. Using Fatou’s lemma again, we have

flwero <l1m1nf/ / n+a |d dx
e JGm I Gm (4.3.18)
< lim inf[f]wa,l(cm) < vara(f; Q),
m—0o0
which concludes the proof. O]

Using Theorem 4.3.4, we can easily obtain the following result.

Proposition 4.3.10 (Weak compactness). Let 2 C R™ be an open and bounded set
with Lipschitz boundary. Assume that {fi}32, C bv*(Q) such that

sup || fillove () < 00.
keN
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Then there ezists f € bv®(2) such that
vary(f; Q) < lilgn inf var, (fx; ),
—00

n

and there is a subsequence { fi, }2,, such that for all p € [1, m)
1 fee = Fllzoey == 0.
Proof. By Theorem 4.3.4, we have

vary (fr, Q) = [fk]Wavl(Q)-

Since € is a Lipschitz domain, it is regular in the sense of [158]. Thus, by the main
result of [158], we can find an extension f, € W!(R") with compact support, fi, = fi

a.e. in €2, such that

[fk]W“’l(lR") N [fk]waﬁl(g)-

From the usual Rellich theorem, we find a subsequence (f,)ien, such that for all p €

1)

see [56, Corollary 7.2]. In particular, in view of Lemma 4.3.8,

e = fllone = 0.

vary(f; Q) < liminf var, (f; Q).

k—

O

Using Theorem 4.3.4, we also readily obtain the Sobolev embedding theorem,
which can be proved using the extension theorem as in Proposition 4.3.10 above and

then [108, Theorem 9].

Proposition 4.3.11. Let Q C R"™ be an open and bounded set with Lipschitz boundary.
Then there ezists a constant C = C(n,«) > 0 such that for any f € bv*(Q),

11l o < € vara(f50)
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We also obtain the following density result, which might be known to experts
(observe that this density is not true for a = 1, c¢f. [64, Theorem 5.3 and remark
after|). Using the identification in Theorem 4.3.4, the extension property in [158] , and
the usual mollifcation in [56, Theorem 2.4.] or [112, Lemma 26|, we have the following

result.

Corollary 4.3.12. Let o € (0,1). Let Q C R"™ be any open and bounded set with
Lipschitz boundary, then €>=() is dense in bv*(Q).

Let us make a last remark about traces. For a classical BV function there is a
trace, |14, Theorem 10.2.1]. However, this will not be true for bv*(Q), since W*!(Q)
does not have a reasonably defined trace. The typical approach is then the notion of a

fat boundary trace, which we do not pursue here.

4.4 Image Denoising and Predual Problem
Let 2 C R™ be a open and bounded set with a Lipschitz continuous boundary,
a € (0,1), p € (1,00), p> = -~ and uy € LP(€2). Based on the two fractional

variations considered in this work, we consider the (primal) problems for some fixed

positive parameters 5 and

. v D . TN

uelﬁf(m {]—)Hu —un |7 + BVara(xou; R )} : (2R)
. Y ) .

e {EHU = nllzeqey + Fvaralus Q)} ' 7e)

Note that the condition of u having bounded fractional variation is imposed implicitly,
and it is also clear that both problems are strictly convex for p > 1. As a result,
we use well-known results from convez analysis, cf. [62], to study the minimizers of
problems (#g) and (). The regularity theory of a related problem to &g was
recently studied in [119, 23].

Convex Analysis and Optimization
As usual in convex optimization, we consider the so-called dual problem, which

usually gives new insights about the structure of the primal problem. In this work, we
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consider a different but related approach coined the predual method. Here we mainly
follow the approach given in [37, 44, 78|. In order to introduce this method, we need
some definitions, cf. [62, Ch. I|. Consider a Banach space V' and its topological dual
V*, with duality paring denoted by (-,-)y~y. Given # : V. — R, its Fenchel conjugate
is given by Z*: V* - R,

ut = FHu) = sup {(u, w)yvey — F ()} (4.4.1)

ueV

We denote by 0.% (u) the subdifferential map of .% at the point u € V, see |62, Definition

[.5.1]. The following characterization holds,

u* € 0% (u) if and only if .Z (u) is finite and ( )
4.4.2
(v =)y + F(u) < F(v), Yo e V.
We now introduce a process known as dualization [62, Chs. III-IV]. Here we will focus

on problems with the form:

inf {F(u) + G(Au)}, (2)

ueV

where Y is a Hausdorff topological space with dual Y*, A € Z(V,Y), with transpose

AN e LY V¥, and F:V - R, G:V — R. We define the dual problem of (2) as
sup —P*(0,v), (27)
vey™

where ®* : V* x Y* — R is the Fenchel conjugate (dual) of ®: V x Y — R, (u,p)

O(u,p) == F(u) + G(p+ Au), see (4.4.1). The next theorem gives conditions for the

so-called Fenchel’s duality; cf. |62, Theorem II1.4.1] and [63, Pg. 130].

Theorem 4.4.1. Assume V and Y are Banach spaces, F' and G are convex and lower
semicontinuous (l.s.c.), and there exists vo € V' such that F(vy) < 0o, G(Avy) < o0,

and G is continuous at Avy. Then, the problems (2) and (2*) are related by:

inf {F(u) + G(Au)} = sup —@*(0,v)

ueV vEY*

= sup {—F*(A*v) — G*(—v)},

veEY*

99



and there exists at least one solution to (2%). Moreover, if U and T are solutions for

(2) and (2 ), respectively, then

AT € OF (u),
(4.4.3)

—7 € 0G(Au).
In general, there are several options for F,G and A in order to write a given
problem as shown in (2). Here we consider one that satisfies the hypothesis of Theorem

4.4.1 in a straightforward manner. We now show existence and characterization for

minimizers of problems (Zg) and ().

Riesz-type

_n_
n—a’

problem (Zy) defined on LP(2) or BV, (Q2), cf. (4.2.5), interchangeably. The next

By Proposition 4.2.5, for p € [1,p™], with p> := we can consider the

lemma shows that the problem (Z?y), related to the Riesz-type of fractional bounded

variation, has a solution and for p > 1 it is unique.
Lemma 4.4.2. For p € (1,p™), the problem (Zr) has a unique solution uw € BV{,(Q2)
Proof. Let p € [1,00), define Zg : (LP(), ]| - ||lzr(0)) — R, given by

Fr(u) = %Hu —un |5 + BVara(xau; R”). (4.4.4)

It is clear that

) Y p
0 it S0 < Ll

Now, let (ug)reny € LP(Q2) be a minimizing sequence associated to the problem (Zg),

then for each £ € N

urllr@) < llux — unllr@) + lunllze@) < 2/|un||ir@), and
Y
Var,(xoui; R") < — |lun||ze (-
( ) pﬂ” Iz
Then, for p € [1,p>), Propositions 4.2.5 and 4.2.8 imply there exist uw € BV{,(Q2) —

LP(R™) and a subsequence {uyg, };en such that

Vary(u; R") < liminf Varg(ug; R™)  and - [Juk, — unll}q) 2 |l — un 75 (0)-

1—00
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Thus, the existence of a solution for (Zg) follows from the fact that @ = xqu, a.e.,
for the uniqueness it is enough to notice that #Zx, cf. (4.4.4), is a strictly convex
functional for p > 1. In fact, if @, and uy were two different solutions to (Zg), then

for A € (0,1),
Iy + (1= \)iy) :%Hml + (1= Na — uallhq + BVaraxa(Aa + (1 — \a2); R)
—gwm —ug) + (1= N) (@ — ua)|,
+ BVary(xa(Au; + (1 — N)un); R™)
Y v _
<T@ = wallfp o) + = (1= N|[@2 = uallfoq
p P
+ 5V&I‘a(XQ(>\E1 + (1 — )\)ﬂg); Rn)
<A Zr(ur) + (1 = X)_Zr(us).

Thus, u; = Uy a.e. and by the definition of Var,, cf. (4.2.4), the proof concludes.
]

Next, we will derive an expression for the predual of (). In order to do
that, we begin with the regularity for the “test functions” in (4.2.4). It is clear that if
qc. This
motivates us to define || P|| xp,.., = {Z/H(I)qu(Rn,Rn) + || Diva ®|7 g for ® € CHR™R"),

u € L'(R") and suppu C €, then [, u Div, ® da does not depend on Div, @

where ¢ 1= 1%. We consider the space Xgiess := XRiesz(€2, ¢, @), given by
- — 1 . ”'HXRicsz
XRiesz . Cc (an Rn) :
We also define an auxiliary problem:

. 1 : ;
inf {5” - DlVa(I)H%q(Q) — /QUN(_ Div, ®) + ]B(@)} ; (2r)

P € XRiesz

where I3 denotes the convex indicator function defined as

]5(@) =

400 :otherwise.
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We will establish that (Zg) is the pre-dual problem to (Zg), i.e., dual of (Zg) will
be (Pg) if Q) is convex.

We begin by noting that (Zg) fits in the abstract framework of (2) if we con-
sider the spaces: Y := (L9(Q), ] - |zs@)), V := (XRiess» || * | Xnies, ) » and the operators:

— 1
G:Y =R, G):= 5||v||%q(g) - / unvdz,
0

F:V =R, F(®):=1I4d), (4.4.5)

AV =Y, AP):=(—Div, ®)|q.

To compute the dual problem of (2g), we compute the Fenchel conjugate of F, G, and
A, given in (4.4.5).

Proposition 4.4.3. Let Q@ C R™ be open, bounded, conver. Let Y := (L1(Q), | - [lo0) »
V= (Xhiess: | * || Xpiess)» and operators F,G and A be defined as in (4.4.5), then

— 1
G:Y" >R, U|—>]—9Hu+uNHI£p(Q),
F*:V*>S R, U sup (V" D)y v,

oV
1]l Loo (rn)<B

F*oA*:Y* =R, wuwr BVaryxou; R").

Proposition 4.4.3, while in principle looking very similar to the arguments in
[78, Section 2|, contains a serious nuance. Observe that |78] does not consider test-
functions with the natural restriction ||®||z®ny < 3, but rather component-wise con-
trol |®'| < 3,4 =1,...,n (leading to a nonstandard BV-space) — which is critical in
their argument to compute the predual.

Instead, we show here that such unnatural restrictions are unnecessary for
bounded, open, convex sets 2. The main property we use is the controllable distance
of rescaled sets; cf. Lemma B.0.1 and Lemma B.0.2. The main novelty is contained in
the next proposition. Notice that such a result is even critical to prove the result in

[78, 79], where o = 1, for the natural BV -space.
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Proposition 4.4.4. If Q) is convex, then for all ® € Xpgies.,

where
.
0 2 if there exists Wy € C°(R™;R™), ¥y — O in Xpies,
jﬁ(q)) = such that supy, || V| Lo mny) < B,
+00 : otherwise.

Proof. We first observe that

I5(®) = 0 = I;(®) = 0. (4.4.6)

Indeed, if I5(®) = 0 then there exists a sequence W), € C°(R"; R™) with W || Lo (mry <
B, such that ¥}, — ® in Xgjes,. In particular, we have ||V, — ®||Lq@n) k2% 0. Then
there exists a subsequence, still denoted by W, such that ¥;, converges a.e. to ®, which
implies that |®(z)] < § a.e. in R", ie. [|®| Lo@mn) < 8. By the definition of Ig, we
have I3(®) = 0, which proves (4.4.6).

From (4.4.6) we conclude I3(®) > I3(®). It remains to prove I5(®) < I(®). I

the right-hand side is +o00 then there is nothing to show. Thus, we only need to show
I3(®)=0 = I3(®)=0. (4.4.7)

Suppose that ® € Xgjes, and I3(®) = 0. In order to establish (4.4.7), we need to show
Ve>030 € CRRLRY), [Oimn <8, [0 - Bllxg, <c (445

We proceed in several steps.

Step 1: We first show that

Ve > 0 301 € XRiesz, supp©O1 CC R, [O1]|pcmny < 8, 01 — | xps, < €
(4.4.9)
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For m € N, we choose a smooth cut-off function 0 < (,,, < 1, such that (,, = 1 when

2| < m; ¢ =0 when |z| > 2m; and [V(,| X £. For sufficiently large m, we set
@1 = Cmq)

It is clear that ||©1]|reom@n) < [[Gn®]|Loomn) < || P]|Loemny < . Thus, we only need to
show

192G — Pl oy +||Diva(<I>§m) — DivachLq(Q) — 0.

Since|P(,| <|®| and (,,, — 1 almost everywhere on R", using the Lebesgue dominated
convergence theorem, we have [|®(, — @|| 4gny — 0. Since m is sufficiently large, we

may assume without loss of generality that (,,(x) = 1 when dist(z,Q) < 1. Since

k—o0

¢ € XRiess, there exists a sequence &5 € C°(R"), such that || Py — || xp,..,, — 0 and

/ (I)k : DOCQO = - / Diva(q)k’) 2 \V/SD € C((:)O(Q)
n Q
By the definition of Xgjes,-convergence, we can take the limits of both sides, which
implies

/ . Dy — —/Diva(é[)) o Vo e CF(Q).

n Q
Now we claim that Div,((,®) € LI(Q2). Indeed, let p € C°(£2), then
[ 26Dt = [ 0:DGue)+ [ @ (D) = DG
:/ <1>-D%+/ P - ((nD(¢) — D*(Cnyp)) -

In the last step we used that (,,o = ¢ by the definition of (,,, and the support of ¢.
Using e.g. the Coifman-McIntosh-Meyer commutator estimate (e.g., see [101, Theorem

6.1] or [86, Theorem 3.2.1]), we have

16 D% () = D* (o)l o @ny 3 [Gon]rip 117 Pl ot )

where '~ denotes the Riesz potential and ¢’ = q%l. Since ¢ has compact support in

the bounded set €2, we have by Sobolev-Poincaré inequality

||Il_aS0||Lq’(Rn) e llellLe )
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which follows from the usual blow-up argument used for the classical Poincaré inequal-

ity. That is, we have shown that for any ¢ € C°(),

/n Div, (9C,, — ) ga‘

/ (®Cn — @) - D%| < C(Q, Q| P]| Lo |1l Lo gy [Sm]Lip -

Observe that [Culrip 3 %, so we have shown by duality that

m—ro0

I Dive (PG — @) [|a@) I — @]l zaen) = 0,

1
m
which establishes (4.4.9).

Step 2: By translation we may assume €2 is convex and 0 € 2. For p > 1, we set

Q,=pQ={pr: =ze€Q} (4.4.10)

Then, from Lemma B.0.1 and Lemma B.0.2, we have 2 CC 2, for p > 1.

In this step, we show that

Ve > 0 303 € XRiess; p > 1,supp O, CC R", Div, O, € LI(Q,),
(4.4.11)
||@2||L°°(R”) < 57 ||@2 - q)“XRiesz <é&.

By the results in Step 1, we only need to show (4.4.11) with ® replaced by ©;. We let

¥ := O, for convenience. For p > 1,

Up(z) == V(z/p).
Then we have
[Vl o @y = 9] oo (rm) < B-
Moreover, in view of Lemma B.0.4, we have

—17t

1%, — ¥l ony = 0.
It remains to show Div, ¥, € L?(€,) and

+
| Div, ¥, — Divy ¥l o) 2= 0.
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We first observe that

/ U, - D% dx = p"‘a/ U-D*(p(p-))de.
Thus, from ¢(-) € C*(Q,) we have ¢ (p -) € C(£2). Then we conclude
Div, ¥, (x) = p~*(Diva ¥)(x/p) for a.e. x € €,.
In particular Div, ¥, € L(€2,). We now have
| Div,, ¥, — Div,, \I’HLq(Q)
< | Dive W, — p~* Divy V| Lao) + [|p~" Diva W — Dive V| La(q)
= p " |(Diva W)(-/p) = (Diva ©) ()|l o) + (1 = p~)[| Diva | Loy
p—17t
— 0,

where we have used Lemma B.0.4 for the first term and Div, ¥ € L4(Q2) for the second
term. This implies that (4.4.11) is satisfied, by considering ¥, for p > 1 close enough
to 1.

Step 3: Conclusion Given € > 0, we take ¥ := ©, and pick p > 1 such that

(4.4.11) is satisfied for § instead of . Since 2 is convex, by Lemma B.0.1 and

Lemma B.0.2, there exists D > 0 such that dist (Q,09,) > D. We let 6y = =
and choose ¢ € (0,0q). Let n € C*(B(0,1)) be the usual symmetric mollifier kernel,

and set
Us i =mnsx W.
Since supp ¥ CC R”, we have U5 € C°(R") and
[ W5l Loony < (| V][ poe@ny < B
We also have by usual mollification
50

||\I/5 — \I/HLq(Rn) —= 0.

Lastly, for ¢ € C°(€2) we have by Fubini’s theorem

[ ws-Do= [ v D).
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Observe that ¢ € C2°(€2) implies that s € C°(B(,9)) C C=(Q,). Thus, we have
/" Us - D% = /n Div, ¥(p*x1ns5) Yo e CX(Q).
Since Div, ¥ € L9(Q,), we conclude that
Div, W5 = (Divy ) 75 in Q.

Then, since Div, ¥ € L%(f2,) we have that (Div, ¥) %7, converges to Div, ¥ in L(Q)

as 0 — 0, i.e.

§—0t

H DiVa ‘115 — DiVa ‘IfHLq(Q) — 0.

Thus, we conclude that
5—07T

||‘115 - \IJHXRiesz — 0

Now by choosing 6 > 0 sufficiently small, we have

£
2
Letting © := W, we have shown (4.4.8), which implies (4.4.7). Therefore, we have

€
1Ws — Pl xnie, < Vs — Vlxpiee, + 1Y — Pl xpie, < 5 + - ==¢.

proved I5(®) < I3(®), which completes the proof. O

With the help of Proposition 4.4.4, we can now continue with the optimizing

problem.

Proof of Proposition 4.4.3. For G* the procedure is standard, cf. [62, Ch. |, and
follows from (4.4.1),

G*:Y* =R,
1
G*(u) = sup {/ vudr — G(v)} = —|lu+unls-
veLi(Q) LJa p

As for F*, we follow [78, Section 2|, with the crucial adaptation of using Proposi-

tion 4.4.4 in the last step

F*:V* - R,
F(U%) = sup { (0", @)y — F(®)} = sup { (T, 8}y x — [5(D)}
oV oV
= sup {(W*,CI)>X*7X — fﬁ(q))} = sup (U, D)y« y.
bV BEVNC(R™)
[|®] oo rn)<B
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The condition in the last line that we can assume ® € C°(R") is the crucial point
of Proposition 4.4.4, and the only place where convexity of €2 appears. Finally, by

definition we have A* : Y* — V*. Therefore,

F*(A*u) = sup  (A*u, P)ysy = sup  (u, AD)y+y
PEVNCX (R™) BEVNCO (R™)
|®]| oo (rn) <P |®]| oo (rn) <P

=p  sup / xou(— Div, ®)dz = fVary(xqu; R"),
dco>(R"R") JRn
1@l Loe ) <1

which concludes the proof. O]

From Theorem 4.4.1, we have the following result.

Corollary 4.4.5. If Q is convex, the problems (Zr) and (2r) are related by

1
min {—H — Diva @[T —/uN(— Div, @)dm+[5(@)}
q Q

‘I)GXRiesz
s T p .on
==, Din {p lu = unl[zs(@) + BVara(xou; R )} -

It is important to mention that the (predual) problem (Z2pz) has at least one

solution. Moreover, we have the following results for the optimality conditions, cf.

(4.4.3),

Lemma 4.4.6. Let U be the unique solution for (Pr) and let ® be any solution for
(2r). Then we have

AT € OF(B) & <A*a, v — 6> <0 Y € Xpiess, (4.4.12)

q

o _19—2
T e IGAT) & T = — ‘Diva 3" Diva® — un. (4.4.13)

Proof. 1t is clear that (4.4.12) follows from (4.4.2). On the other hand, if G is Gdteaux
differentiable at u € Y, then 0G(u) = {G'(u)}, cf. |62, Prop. 1.5.3]. In turn, the
following property about the duality map, it is also well known:
| - H%q(g) S LA(Q) — LP(Q)
u = {glul?u},

which proves (4.4.13) and finishes the proof. ]
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Gagliardo-Type
Next, we focus on the Gagliardo case. We refer to [119] where they studied a
related problem. As in the case of Riesz, we begin by establishing the existence and

uniqueness of solution to ().

Lemma 4.4.7. Forp € (1,p™), the problem (Z) has a unique solution @ € bv,(2) N
LP(Q).

Proof. The proof is similar to the Riesz case in Lemma 4.4.2 after using Proposition

4.3.10. [l

Now, we characterize the minimizers of () using the predual strategy as
discussed in the Riesz case. Note that u does not need to be extended by zero outside
Q. As aresult, our approach is largely motivated by [37, Section 2]. We now study the
predual problem associated to (Z). In a similar way as in the Riesz case, we consider

the spaces

XGagliardo = {(I) LS C(}(Q X Q)a (I)(l‘,y) = _(D(y7x>}||.HXGag1iard0’ (4414)

where

12l xcustte = {12 Eap, 0 + [ diva @l

which is well defined because of Lemma 4.3.2; note that we may equivalently assume

¢ =01in (R" x R")\ (2 x Q) and set

120 Xuptnso = /12 Eap,, gy + 1 diva 2l gy

As in the Riesz case, we will use the indicator function Iz for some 8 > 0. For

® € Xqagliardo, We define

0 P Lo (rnxrmy < B,
Ig(q)) =

+o00 : otherwise.
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As in the Riesz case, our main novelty is that we are able to pass from I3 to a

new I 3 which has better approximation properties.

Proposition 4.4.8. If Q) is convex then for all ® € X qogiiardo,

where
(
0 2 if there ezists Uy, € C2°(02 x ),
fﬁ<(1)) = \I/k — ® in XGagliardo such that Sup; H\IkaLoo(RnXRn) S ﬁ,
+o00 @ otherwise.

\

Proof. We may assume without loss of generality that (2 is convex and 0 € ). First,
we establish that I5(®) < I3(®) for all ® € Xgagiiardo - The case I3(®) = oo is trivial.
Suppose that I5(®) = 0, then there exist W), € C(Q x Q) with Uy (z,y) = —V.(y, z)
and supy, || P Lo @nxrr)y < B, such that ¥, — @ in Xqagliardo- From the Lq(/\Od R™)-

convergence of W, we can find a subsequence, still denoted by Wy, such that

o » 0 for £L*™-a.e. (1,y) € R?",
[z —yla™

which in particular implies
Wy (x,y) — P(z,y)] 2200 for £2-ae. (z,y) € R*".

Thus, we have

|®(z,y)| < B for L2ae. (z,y) € R,

which implies that I3(®) = 0 and proves that Iz(P) < I 3(®) for all & € Xqagliardo-
Now we to prove the opposite direction, i.e. I3(®) > fﬁ(fb) for all ® € Xqagliardo-

If I5(®) = oo there is nothing to show, so we actually need to show
Assuming that ® € Xgagiiardo satisfies ||®||poomnxrn)y < B, we prove that

Ve > 030 e CSO(Q X Q), ||9||L°°(R”><R") < B, ”@ — ¢)||XGagliardo < e&. (4415)
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Step 1: In contrast to the Riesz case, we scale the functions inwards for the
Gagliardo case, which ensures that the mollification produces a function still in C2°(€2).

Using again the notation
Q,=pQ={pr: ze€}

in (4.4.10) with p < 1. Since € is convex and 0 € €2, we have that Q, CC § for any

p < 1. We prove that

VE > O El@l € XGagliardm Elp < 1, supp 61 C QPXQp, ”@1HLOO(R’VL><]RR) S 5, HGl_q)HXGagliardo < €.

(4.4.16)
For p < 1, we define
Ly
b, (r,y) = (—,—) .
o >
Then we have supp ®, C Q, x Q, and || P,|| oo ®n xrn) = || P Lo @nxrny < 5. So in order
to establish (4.4.16) we need to show
||(I)P - ¢||XGagliardo io) 0 (4417)

We first observe that
(I)P(xa ) —% q)(x/ﬂy/p)

n = p n -
|z =yl z/p—y/ple
So we have
-3 O(z/p,y/p) Ox/py/p)  Plx,y)
19) — @f[ap, ,rn) <|p @ — ||| —— = + T~ T
_|pr ] || 2y || 2@ ley/e) - 2ly)
|x - y| 1 LQ(R"XR") |x/p - y/p’ 1 |x - y| 1 LQ(R"XR")
o 2n q)(fE/p’y/p) q)<$ay>
=lp7 e =1 pa [|®]rap,, ) + T~ m
p—1 O,
where for the first term we use that ||®||Lap ,re) = [|®||La(p,, ) < 00, for the second

term we use Lemma B.0.4 in R™ x R™. Moreover, a direct computation from (4.3.4)
yields
divy @,(2) = p~“(div, ®)(z/p) a.e. z € R"™
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So again with Lemma B.0.4 we have
Idiva @, — diva | zan) <[p™ = 1] [|(diva ®)(-/p)[lza(rn) + [(diva ®)(-/p) — diva P[] 1o(rn)
=97 — 1] P [[(dive @) [ zagar + [(dives @)(-/p) — dlive ] zagary

p—1

—0

where we used crucially that by the support of ® in €2 x 2 we have
| dive @[ Lomny = || diva || pagq) < o0.

This establishes (4.4.17) and thus (4.4.16) is proven.
Step 2: Let ©; and p € (0,1) be from Step 1. Set &y := ;0= where D :=
dist (2,,09Q) > 0. Let n € C*(B(0,1)) be the usual symmetric mollifier, i.e. n > 0
and ['n = 1. For 6 € (0,8), we define ns(z) := n(x/§)/6". Using the notation from
(4.3.14), we define
Vs(z,y) = (1 % O1) (z,9).
Then ¥s € C2°(B(€2, %9, 6)) C C(Q2x Q) and || Vs Lo @nxrr) < [O1] o0 @nxrny < 5.

Notice that
(75 * ©1) (z,9)

[ —y|"/"
where 2(z', /) 1= ©1(«/,¢/) /|’ — i/ |"/?. By the definition of ©; € LI(A,,R™), we have
= € LYR™ x R™). Thus, we have

= (ns * E) (z,y) (4.4.18)

1
15 — Ol pugp1, gy 2 0. (4.4.19)

For any = € R", by letting ¢ = y — z, we obtain

(divaWs) (z) = (diva (15 % ©1)) (z) = — / n (115 % ©1) (:T;Cyi; fﬁi 01 (y:2) ),
= — z T—2,Y—2)— —2z,x—2z))dz L
= [ ([ @1t sy 2 -0ty ) )
_ - o @1(x—z,y’)—@1(y’,x—z)d /> dz
/n%()( /n |(x—z)—y’|n+a Y
N /n ns(2)(diva©1)(z — 2)dz = (ns * (dive©1)) (2).
(4.4.20)
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Thus, we have
Hdmdmg—«ﬁva@lmﬂmn):Hng*(dwd@l)—«ﬁva@lum@@)—»0 (4.4.21)

as d — 07. Using (4.4.19) and (4.4.21), for a sufficiently small ¢, the function © := W
satisfies the requirements in (4.4.15), which completes the proof. m

Now we continue with the optimizing problem. We set V' = (X Gagliardos || * || Xcagiiar do) ,

Y = (L%Q), [ - lza) and the operators

_ 1
G:Y >R, G):= 5“1}”%,1(9) - /Qqudx,
F:V >R, F(®):=Id), (4.4.22)
AV =Y, AD):=—div, d.

Similarly as in Lemma 4.4.3, we have

Corollary 4.4.9. Let Q be open, bounded, and convez set, V = (XGaglmdo, I - ||XGagliardo> :
Y = (L9Q), ] - |la)), and let F, G and A defined as in (4.4.22), then for allu € LP($)
G*(—u) = l||u —un||7rq), and
b
F*(AN*u) = pvary(u; Q).

This motivates us to consider the problem

1
inf {5” — diva [|7q) — / un(—divy @) dx + Ig(@)} : (2¢)
0

(I)EXGagliardo
We have the following result (see, Corollary 4.4.5 for the Riesz case).

Corollary 4.4.10. If Q is an open, bounded, and convex set, the problems (Pg) and
(2¢) are related by

1
min {5” — diva @[T, —/uN(—diva D) dx+[5(<l>)}
Q

‘PGXGagllardo

— i Mar — o lIP :
- ueHlel’?Q) {p lw = un |70y + Brary(u; Q)} :
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Finally, we have the following optimality conditions as consequences of Theo-

rem 4.4.1.

Corollary 4.4.11. Let u be the unique solution to (Pq) and let ® be any solution to
(2¢), then

AT € 9F (D) <A*a, v 6> <0 YU € XGugiordo, and (4.4.23)

q—2

~
7 € 0G(AD) & —u = — div, ® — uy. (4.4.24)

div, ®
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Appendix A
DERIVATIVES OF THE LAGRANGIAN L

We provide detailed calculations of derivatives needed in Section 3.5.2. To this

end we recall

L-1

L(y,0,¢) = Pl oyl + Zae 1 (PyP T — Pyl
E:l

— (T[é’fl})vc;la(w[fflly[éfll + 5[871])7 s ]>
_ <ym — -, ¢[L1>

A.0.1 Derivative with respect to y!¥

Here, we calculate the variation of £ with respect to y! for £ =1,..., L:
L-1
aylé L(y,0,9) = [Z]J k_ly[k 1] qb >
k=1
L—-1 [k-2
o (X <z - i )
k=1 \j=0
L-1
+ Oy <(T[k_l])A’c;_llJ(W[k_”y[k_” + b[’f—ll)’ ¢[k]>
k=1

— 0, <ym ey e ¢[L}> .

From e.g. [12, Section 4.2.] we have most components of this expression already given.

The main difference lies in the factors ay_;, since the contained 7091, ... 71 are
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variable now. We only calculate the remaining unknown term, i.e. the second line in

the above equation. First we rewrite the double sum in the following way:

L-1 k-2
<Za k Yl — }’}“ym),¢[k]>

k=1 7=0
-2 (k-1

_ Z ak,j(ﬂ“ly[j], qb[k—i—l] Z ak,] k+1 [j+1] ¢k+1]>
k=0 \ j=0
-2 (k-1 k

— a,w.(p]kJrly[J]7 gb[k+1]> _ Z ak,j_1<Pf+1yU], ¢[k+1]>
k=0 \ j=0 i=1

Now we take the derivative with respect to y!) and can apply the sum rule of differen-

tiation:
L—2 k—1 L—2
kg Oy (g, (PE)T ) = 373 a4 0y, (P T o)
k=0 j=0 k=0 j=1
L—2 L—2
_ Z ak7g<P£k+1)T¢[k+1] N Z ak,z—l(ng+1)T¢[k+1]
k=0,6<k—1 k=0,0<k
L—2 L-2
_ Z ak,Z(ng+1 [k:+1] Za“ o Pk+1 ¢[k+1}
k=0+1 k=¢

For ¢ = L and ¢ = L — 1 this derivative vanishes. For £ =1,..., L — 2 we can slightly

rewrite to get

L-2 [—9
Z ak,g(p£k+1)T¢[k+1} _ ak’f_l(sz—i-l)Tgb[k—&-l]
k=(+1 ot
L-1
- Z (k-1 — akq,eq)(Pf)TGb[k] - az,zfl(Pﬁl)T(?[zﬂ].
k=0+2

Now, the derivative can be assembled.
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A.0.2 Derivative with respect to 7!
Care must be observed as a;, ; contains 7V ... 7% The derivative of L(y, 0, ¢)

with respect to 79 for £ = 0,..., L — 2 therefore consists of the following terms:

k=1

0r L(y, 0, ¢) = 010 (0) — Z <Z 1,5 (Pfyyl - P}“ym),aﬁ[’“]>

~

-1

+ 0, <(T[k—ll)%;jlg(w[k—l}y[k—ll + plEy, ¢[k]>

1

=
Il

We make an index shift from k£ — 1 to k, use the sum rule of differentiation and the

(k]

fact that only 7V! ... 7 are contained in a; ; to obtain

j+1

= — 87_[5] (ak,j) <Pk+1 [7+1] Pk—i—l ¢[k+1]>

Using the above equality, we arrive at

L—2 min{k—1,¢}

O L(y,0,0) = 0o (0) =% D Dualawy) (PRI = P, ol
k=¢ 7=0

i <7(T[a)w—lc;ilg(wmym + by, ¢[€+1]> '
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For implementations we may want to understand the double summation in more detail.
In fact, it can be split up into 3 terms in the following way:

—2 min{k—1,¢}

_ Z Z o(ag; <Pfj11y[j+1] _ kaHy[j]’ ¢[k+1}>

-1
- Z 010 (ae) <Pj€illy[j+” — Pf“y[j], ¢[€+1]>
j=0

L-2 (-1

= D D dunlary) <Pfﬁy“+ 10— Pf+1y[j]7¢[k+ﬂ>
k=(+1 j=0

— Z 010 (ake < k++11y[£+1] Pfk+1y[é]7¢[k+1]>'
k=0+1

Now for each of the above terms we can easily compute the contained derivative using
basic differentiation rules. Employing the product rule for j =0,...,¢ —1,ie. j </,

we get

layy 1\ 77 1\ 7
Or0(a;) = (1_7)(7[3'}) ((Ef:ﬂ'“) - (Zf:j+17—[]) )

T[Z] y—1 ¢ i 1—y ¢ i 1—y
7( T[)j] ((Zizj TH) - (Zi:j-H TH) ) :

Forj=0,....0—1land k=¢+1,...,L—2,ie. j</{<k,wehave

Pl k i - k i -
Br1a(ary) = (1= )5 ((ZM T“) — (Zz’:j-',-l TH> ) .

And finally, using the product rule again for k=¢+41,...,L — 2, i.e. £ < k, we see

Ry k i 1=y k i 1=y IRy k a7
O, (ae) = T <<Zi—€+l TH) - (Z¢:ﬂ”> ) +(1 -7 <Z¢:g TH)
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Appendix B
SCALING IN LP-NORMS AND STAR-SHAPED DOMAINS

In this appendix we state and prove for the convenience of the reader some facts
about star-shaped domains that are most likely well-known to experts.
Denote the n — 1-dimensional unit sphere by S"™! := {z € R" : |z| = 1}. For

x e St L

Lemma B.0.1. Assume X\ : S"™! — (0,00) is continuous and consider

Q:{xeR"\{O}:|:g|<A(i)}u{0}.

|
For p >0 set
Q,={pr: z€Q}

then we have for any p1 < po
dist (Q,,,R™\ Q,,) > 0.

Proof. We first observe

00 = {xeR"\{O}:]x\ —A<i>}. (B.0.1)

||
Indeed z € 0€). Since 0 € ) and €2 is open by continuity of A\, we have z # 0.
Then there exists 0 # xp € Q, 0 # yx € R™\Q such that limy, |z, —Z| = limy, |y, —z| = 0.

We have
2] < A (&> Lyl > A (ﬂ> Vk.
|z Y|

Since xg, yr, T # 0 these expressions are continuous and passing to the limit as k — oo,
T x
|z] < A (T) .zl > A (T) V.
|z |z
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This implies |Z| = A(2) and thus we have established

8Qg{xeR"\{0}:|x|:)\(|i—|)}.

Now assume z € R™ \ {0} with |Z| = A (ﬁ) Then for p > 0 we have

|| = pA (“—?) :
||

Thus, if © > 1 we have pz ¢ Q and if © < 1 we have pux € ). In particular,

1 1
xk::(l—E)EEQ, yk::(l—{—E)EQQ,

and limy_,oo 2 = limy ooy = 7, S0 T € QN R™ \ © = 0. This implies

892{956R”\{0}:|x|_)\(|z—|)}.

So (B.0.1) is established.

Next we observe

Qp:{mER”\{O}:|x|<p)\(£)}u{0}.

]

In particular if p; < p, we have that
n X T
O 1 (R 0,) = (ool < (1) and ol 2 por ()1 =0

Since Q,, and (R™\ ©,,) are disjoint, and €2, is bounded we conclude that

dist (€, R™\ Q,,) =dist (99,,,09,,)
. X X ) Yy
= inf —A—) — pa— A= ‘
oS0 P M) T P M )

= inf [paA(z) — payA(y)] -

r,yeSn—1

Since A(+) is continuous and S"~! is compact, this infimum is attained at some 7,y €
Sn—l
dist (Qann \ Qm) = ‘plf/\<j) - pQﬂ)\(ﬂ)l
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We claim that |p1ZA(Z) — p2gA(7)| > 0. Indeed if this was not the case we would have
PLEA(T) = p2yA(Y)

Since the scalar factors p1, p2, \(Z), A(y) are all positive — and |Z| = |j| = 1 this implies
that £ = y. Whence we would find

PA(T) = p2A(T),

and thus — since A\(z) € (0,00), p1 = pa — a contradiction to p; < py. Thus we have
established
dist (©2,,,R™\ Q,,) > 0.

]

In Lemma B.0.2, the continuity of A is not guaranteed for generic star-shaped
domain — even if their boundaries are Lipschitz. We provide two examples in Figure
B.1. The first example is the union of an open disk and an open sector. The second is
an open unit disk with a slit, i.e. the ray {(c+1/2,¢+1/2) : ¢ > 0} is excluded from
the disk.

However, the assumptions of the set {2 in Lemma B.0.1 are satisfied if () is star-
shaped w.r.t to an open neighborhood of the origin — this can be obtained by a careful

inspection of the proof below. We will focus on convexity here.

Figure B.1: Examples of star-shaped sets with discontinuous A. Both sets are star-
shaped with respect to the origin, and the first has even Lipschitz continuous boundary
— however the conclusions of Lemma B.0.1 are not true.

133



Lemma B.0.2. Let Q) be an open, bounded, convex set with 0 € €, then there exists

continuous X : S"™1 — (0,00) such that

]

Q= {xeR"\{O} || <A(i>}u{0}. (B.0.2)
In particular the results of Lemma B.0.1 are true.

Proof. For x € S* !, we define
AMz) :==sup{r>0:rz € Q}. (B.0.3)

Since € is open and 0 € 2 there exists a ball B(0,a) C 2, and thus A\(z) > r for all
z € S"!. Since  is bounded there must be some b > 0 such that A(z) < b for all
re S

We first establish (B.0.2). If z € Q then |x|ﬁ € ) and since 0 € 2 we have
that 7 € Q for all r € [0, ||]. Since Q is open, there actually must be some 6 > 0
such that ri € Q for all 7 € [0, [2] + 6]. Thus A(z/|z]) = [z] + 0 > [z].

On the other hand if z € R™\ {0} and |z| < A(z/|z|), then by definition of A(-)
there must be some r > |z| such that rz/|z| € Q. Since 0 € 2 and Q is convex we
conclude that x = |z|z/|z| € 2. Thus (B.0.2) is established.

It remains to prove the continuity of A on S*~!. Given any z € S* !, we let
{x}52, € S™ ! be a sequence such that z; LasNg )

Recall that the open ball B(0,a) C 2. We denote the open cone from A(Z)Z to
B(0,a) as

A={0\Nz)z+ (1 —0)z:2 € B(0,a), 8 €[0,1)}. (B.0.4)

Clearly, A is an open set. Also, whenever § € [0,1) we have that O\(Z)z € 2, by
convexity of {2 and definition of A(-). Since z is taken from an open ball B(0,a) C 2
we conclude that 6z + (1 — 6)z € Q. That is we have A C Q.

Similarly, we define the open sets A by

Ap = {0\ (zp)xr + (1 —0)z: 2z € B(0,a), 6 €[0,1)} C Q (B.0.5)
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Now we assume that there exists € > 0 and a sequence z, € S"~! converging to
z € S"! such that A\(z;) < A(Z) —e. Then x;\(x),) C A when k is sufficiently large,

see Figure B.2. Thus we have lower semicontinuity of A:

A(@) < liminf A(z).

Sn—lsz—z

On the other hand, if there exists ¢ > 0 and a sequence x;, € S*"! converging
to € S"~! such that A(z;) > A(Z) + . Then we have that ZA\(7) € Ay for all large k,
see Figure B.2. Thus we have established upper semicontinuity of A
A(T) > limsup A(zx).
Sn—loz—z
Therefore, we have proved the continuity of .

]

Remark B.0.3. We leave the technical details to the reader, but observe that the lower
semicontinuity of X\ holds under the assumption that §2 is open and star-shaped. It is the
upper semiconintuity of X that requires the center of Q containing an open neighborhood

of the origin B(0,a) (which in particular is a consequence of convexity and openness).

Lemma B.0.4. Let Q) CR™ be an open domain star-shaped with respect to the origin.
Fiz p € [1,00), let f € LP(Q) and set for p > 1

fp = f(/p)

Then

—17t
1/ = fllzriy = 0.

Proof. Let ¢ > 0. Since p € [1,00) we have C°(Q) is dense in LP(Q), and thus there
exists g € CY(R™) with

If = gllzr@) < e
Set for some p € (1,2),

90 = 9(-/p)-
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Figure B.2: Assuming that the ball B(0,a) in the proof is actually equal to B(0,1)
(which can always be obtained by scaling) the above figure explains the proof of
Lemma B.0.2.

Left: if A(zx) < A(Z) — ¢ and =z is sufficiently close to Z then A(zy)z must belong to
the cone A. Right: if A(xp) > A(Z) + ¢ and x, is sufficiently close to Z then Z must
belong to Ay (using that the cone Ay has a minimal aperture that does not change and
is determined by B(0,a) as k changes)

Since (2 is star-shaped with respect to the origin,

n p<Z n n
1fo = golloiey = P7IIf = gllirray < 2711f = gllirio) < 27e.

Then we have for any p > 1,

1fo = Fllzoy < 1fo — gollzr + I1f = gllzo@y + 19 — gpllzoe) < 20 e+ 119 — gplle(e)-
(B.0.6)
Take R > 0 such that
suppg C B(0, R/4).

Since g has compact support we can find such an R. Then ¢ is uniformly continuous

on B(0, R) and thus there exists some py € (1,2) such that

9(z) — g(x/p)] < ——— Va € B(0, R),Vp € 1, po).
B0, R)|»

On the other hand if x ¢ B(0, R) then

g(z) =g(z/p) =0 Vpell,2].

Thus we have
€

———— Vp e[l p
|B(0, R)|?

19 = gpllLee@®ny <
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and thus

1
19— gpllzr ) = 19 — 9pllzrBi0,R) < |B(0, R)|7 ||g — gpllLe@n) < €.

Combining this with (B.0.6), we have shown

1fp = Fllzoy < (27 + 1),

which holds for any p € [1, pg). We can conclude.
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