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ABSTRACT

The hypersonic boundary layer transition study is crucial for controlled and

sustainable 
ight. Although crucial, the mechanisms underlying the transition are still

poorly understood, even in a low-noise environment. Understanding of these extreme

environment 
ow phenomena can lead to signi�cant advances in aerospace 
ight tech-

nologies. Di�erent modes of disturbances present in the hypersonic boundary layer

undergo modal growth eventually leading to turbulence.

The objective of this dissertation is to understand the dynamics of modes and

their interactions due to wall temperature and high-enthalpy e�ects on hypersonic

boundary layer transition. This research study utilizes computational 
uid dynamics

(CFD) as well as stability analysis tools such as linear stability theory (LST), linear

parabolized stability equations (PSE), and non-linear parabolized stability equations

(NPSE). This research combines theoretical understanding of �rst and second-mode

instability with practical application to predict and mitigate turbulent transition in

hypersonic boundary layers. The mean 
ow Lagrangian invariants are introduced to

relate it with obliqueness of the �rst-mode instability. The e�ects of stream-wise ther-

mal gradients on the growth of second-mode instability are investigated. The compu-

tational results for the pattern wall temperature study are compared with experiments

conducted in the AFOSR{Notre Dame Large Mach-6 Quiet Tunnel at the University

of Notre Dame and show good consistency. The wall thermal con�gurations proposed

in this study signi�cantly delay the laminar-to-turbulent transition that arises due

to second-mode instabilities. In addition to that, this research presents unique wall

thermal patterns that do not a�ect the growth of second-mode instabilities. The com-

putational results for high-enthalpy studies are compared with other numerical codes.

The sensitivity of high-enthalpy hypersonic boundary layer 
ows to non-linearity is

xix



investigated. A 1D-CNN machine learning model was proposed to predict the critical

N-factor. This data-driven model presented in this dissertation is the one that can

be used as a preliminary assessment to predict the transition rapidly with minimal

computational e�ort.
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Chapter 1

INTRODUCTION

1.1 Background

Supersonics and hypersonics are derived from the root word super- and hyper-

in Latin and Greek, both convey the meaning of \beyond" or \more than". So, these

terms supersonic and hypersonic mean more than sonic, or faster than the speed of

sound. Mach number is the similarity parameter, de�ned as the ratio of the local 
ow

speed to the local sound speed, and this Mach number strongly impacts aerodynamic

phenomena. Hypersonic 
ows are those 
ows that are generally characterized by Mach

numbers greater than 4. It presents unique challenges and complexities compared to

their lower-speed counterparts. Hypersonic 
ows are characterized by their enormous

kinetic energy, which can drastically change into thermal energy when the 
ow comes

into contact with strong bow shocks. Unlike low-speed 
ows and lower Mach number

hypersonic 
ows, where air can be modeled as a calorically perfect gas, in hypersonic

regimes above Mach 8, the non-equilibrium chemistry of air becomes a dominant aspect

of 
ow physics. The changes in the 
uid 
ow's characteristics and the surrounding 
uid

properties make hypersonic aerodynamics a particularly tough frontier to understand.

The challenges posed by these extreme 
ow conditions continue to drive innovation in

materials, propulsion, and aerodynamic design. The interplay between aerodynamics,

thermodynamics, and chemistry at these high speeds creates a complex system that de-

mands sophisticated understanding and speci�c methodologies for research and design

[1] [9] [111].

The ongoing endeavor for increased speed, range and altitude has propelled the

development of modern hypersonic 
ight. Seven decades of hypersonic history show
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pioneering technological progress and achievements in aerospace engineering. These

days, hypersonic technologies are receiving signi�cant attention as geopolitical factors

drive nations back into great-power competition. The era of hypersonic 
ight began in

the mid-20th century. In February 1949, the two-stage bumper rocket, consisting of a

WAC Corporal second stage mounted on a V-2 �rst stage, became the �rst manufac-

tured object to achieve hypersonic 
ight. It reached a remarkable speed of about Mach

6.7, setting the stage for future developments in hypersonics. The X-15 program was a

signi�cant milestone in hypersonic research. It was the �rst manned hypersonic vehicle

capable of operating at speeds above Mach 6 [1][41] [111]. Hypersonic propulsion is an

important area of research, as it shows promise in advanced space exploration capa-

bilities and new dimensions in national defense systems. The development of scramjet

engines was a signi�cant breakthrough.

High-speed powered 
ights and reentry vehicles both involve hypersonic 
ow.

Specialized wind tunnels are required for replicating hypersonic 
ight conditions such

as T5 facility of Caltech, AFOSR quiet tunnel facility of University of Notre Dame,

facility at Purdue university, etc. However, these experimental facilities are extremely

challenging and expensive to operate. As a result, scientists and researchers are in-

creasingly turning to computational studies and simulations to investigate 
ows under

these extreme aerothermal conditions. Numerical simulations are often less expensive

than operating complicated wind tunnel facilities. These numerical simulation studies

are more 
exible and detailed 
ow �eld analysis can be conducted.

The boundary layer transition is one of the active areas of research. Viscous

forces close to the wall cause the boundary layer to form over a body. The boundary

layer is the term given to this region of viscous in
uence. The velocity of the 
uid on

the wall is zero due to friction between the stationary wall and the 
uid. The 
ow

moves at a certain speed far from the wall. The di�erence in velocity between the wall

and the moving 
uid creates a shearing e�ect in the 
uid. The 
uid velocity gradually

increases from zero at the wall, i.e. no slip condition, to the free-stream velocity due to

viscous forces between the 
uid particles. The boundary layer initiates at the leading
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edge of the body and grows in thickness as it progresses downstream along the surface

of the body. It usually starts out in a laminar state, where the majority of the 
ow

is parallel to the wall. The boundary layer will eventually start to transition into the

turbulent regime. Haphazard and chaotic vortical formations are typically noted in

turbulent 
ows. Figure 1.1 shows the boundary layer transition of an incompressible


ow over the 
at plate. Initially, it is laminar and stable 
ow, then as Reynolds num-

ber increases, small disturbances start to grow and form Tollmien{Schlichting (T-S)

Waves. It is the �rst indicator of instability. Then, it undergoes secondary growth

giving rise to spanwise vortices indicating the 
ow to be three-dimensional. Local-

ized turbulent spots appear, which grow and merge to become a fully turbulent 
ow

. The bottom �gure portrays the growth of boundary layer thickness over laminar,

transition and turbulent regions [118]. This fundamental framework of transition, in-

stability growth, breakdown, and turbulent spot formation, is qualitatively similar in

compressible boundary layer. Figure 1.2 displays the real visualization of high speed

transition. A shock wave is seen near the leading edge. The boundary layer is smooth

and attached near the laminar region. The 
ow shows some surface irregularities in

transitional region and dense, rough and �ne structures appear in the turbulent region.

It is essential to understand these boundary layer behaviors in hypersonics study,

since it has a substantial impact on: heat transfer to the surface of the vehicle, skin

friction drag and engine performance. One of the main factors in the design of hy-

personic vehicles is the surface heating of the vehicle. The impact of aerodynamic

heating varies signi�cantly between the laminar and turbulent 
ow regimes. Turbulent

regions experience 4-5 times higher heating rates compared to laminar sections [7].

This di�erence in heating rates plays a vital role in the design of thermal protection

systems (TPS) in high-speed vehicles. Accurate prediction of the transition region can

lead to signi�cant improvements in vehicle performance. The surface heat transfer rate

in the vehicle with the Re-entry F vehicle as described in [36] is illustrated in �gure

1.3. Di�erent design approaches can be implemented to control the adverse e�ects of

boundary layer transition [73]. By optimizing the TPS based on the prediction of the
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Figure 1.1: Boundary layer transition stages in an incompressible 
at plate 
ow [118]

Figure 1.2: Laminar-turbulent transition in a slender cone at Mach 4 [91, 44]

transition location, the payload capacity of a vehicle can be substantially increased.

This is mainly due to the reduced need for heavy thermal protection in laminar 
ow

regions. In fact, the surface of the vehicle with a fully laminar 
ow can potentially

carry nearly twice the payload of one with fully turbulent 
ow [120].

Furthermore, extending the laminar 
ow region o�ers additional bene�ts beyond
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Figure 1.3: Heat transfer rate over the surface of Re-entry F ballistic vehicle [98]

the payload capacity. A larger laminar region results in reduced drag, which in turn

increases the vehicle's 
ight range. Therefore, accurate prediction of the laminar-to-

turbulent transition point is crucial to optimizing both the payload capacity and range

of aerospace vehicles. Delaying the transition is often desired to preserve the laminar

aerodynamic heating loads and improve propulsive e�ciency [92]. But in scenarios such

as the inlet of the scramjet engine, it is crucial to trip the boundary layer to improve

mixing or prevent boundary layer separation [92, 8]. The most e�ective control strategy

involves leveraging 
ow physics, identifying the key mechanisms of instability and the

factors in
uencing them, and targeting the most unstable disturbances early in their

growth for control [92].
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1.2 Transition Pathways

There are many factors that in
uence the transition. The hypersonic transition

Reynolds number is a�ected by the Mach number at the boundary layer edge, wall

temperature, characteristic shape and dimension of the aerodynamic object, rough-

ness of the surface, free-stream turbulence, local pressure gradient, nose tip bluntness,

stagnation temperature, chemical reactions, etc.[58] [62] The transition phenomenon is

complex and can follow multiple routes [82]. It involves the transformation of a lami-

nar boundary layer into a turbulent one. This process is in
uenced by a wide range of

factors and can occur through various pathways, as illustrated in the �gure 1.4.

The onset and development of instabilities within the boundary layer, which

ultimately lead to transition, are governed by several key parameters. These include

the Reynolds number and the Mach number. In addition, the geometry or con�guration

of the body also play crucial role in determining the nature of the transition and

geometry dependent strategies are important to control boundary layer instabilities

[13][16]. There are other external factors that modulate the transition process, such

as shock waves, pressure gradients, and temperature gradients and their interactions

with the boundary layer, a�ecting its transition characteristics. The phenomenon of

mass transfer on the surface of the wall, such as suction or blowing, can also in
uence

the transition [96] [123].

The initial stages of transition often involve the introduction of disturbances

into the boundary layer. These perturbations can originate from various sources in

the freestream 
ow. Most often disturbances are introduced through the receptivity

phenomenon. External disturbances, including free-stream acoustic waves, vorticities,

temperature, surface roughness, and density gradients, can enter the boundary layer

and introduce initial disturbances. The behavior of these boundary layer disturbances

is not uniform. These disturbances exhibit spatial variation. Moreover, as these distur-

bances approach the free-stream region, they tend to decay or disappear, showcasing

their localized nature of the transition process within the boundary layer. The receptiv-

ity phenomenon dictates the way these disturbances interact with the boundary layer
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and the surface of the body [97]. Instabilities are in
uenced by the mean boundary

layer 
ow, and therefore, depend on the 
ow properties. The boundary layer receptivity

process is shown in �gure 1.5.

The transition path can be predicted depending on the amplitude, frequency,

and phase of the initial disturbance (Fig. 1.4). To investigate this multivariate process,

experiments and computations must work closely together. Pathway (a) represents

cases with very small initial disturbances, such as those encountered during sustained


ight. In this process, disturbances undergo modal growth that leads to non-linear

interactions, eventually leading to turbulence [92, 27]. The study of di�erent instabili-

ties in the boundary layer, including the �rst and second modes, cross
ow instability,

and G•ortler vortices, is associated with this pathway. The initial growth of these in-

stabilities is explained by the linear stability theory (LST) of the primary modes. At

�rst, the growth of these disturbances is slow, but with increasing amplitude, nonlinear

interactions occur in the form of secondary instabilities. Pathways (b) and (c) involve

transient (nonmodal) growth, where two non-orthogonal modes interact and grow al-

gebraically, leading to secondary instabilities and ultimately turbulence [97]. Transient

growth theory has been identi�ed as a potential cause of laminar-to-turbulent transition

in various cases, especially when modal ampli�cation is minimal. Paths (d) and (e)

are associated with higher initial amplitudes, commonly seen in internal 
ows, which

can force the transition process without passing through linear regimes [28]. When

forcing disturbances are so strong, they bypass or avoid the modal growth of linear

disturbances. In this bypass process of transition, the location of the transition cannot

be predicted by linear stability theory or transient growth theory because turbulent

spots appear and the boundary layer rapidly becomes completely turbulent. This study

focuses on Pathway (a). This is because unstable �rst and second modes are strongly

linked with that pathway ( a) and they are typically observed in 
ight experiments.

The onset of transition is determined by the initial amplitudes of the insta-

bilities, the ampli�cation rates of these instabilities, and the threshold value for the
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Figure 1.4: Laminar-turbulent boundary layer transition pathways [82][27]

amplitude of the instability waves at which the transition onset occurs. Several in-

stabilities that can arise and initiate transition include Mack �rst-mode instability,

Mack second-mode instability, cross
ow instability (related to 3D boundary layers),

and G•ortler vortices (linked to geometric variations on the surface).

1.3 Disturbance Modes and Receptivity Studies

In supersonic 
ows, turbulent transition is largely dependent on the interaction

between the bow shock around a blunt body and weak linear disturbances in the free

8



Figure 1.5: Receptivity process of hypersonic boundary layer to free stream distur-
bances [122]

stream. Flow behaviour is signi�cantly impacted by the substantial alterations that

these little perturbations go through when they pass through the bow shock. Unique

gradients in entropy and vorticity are generated by the bow shock which give rise to

entropy layer and vorticity layer. Then, these layers undergo a phenomenon known as

swallowing, where the boundary layer that forms along the surface of the blunt body

engulfs both of these layers. These interactions between the various 
ow structures lead

to the intricate dynamics of supersonic 
ows and turbulent transition. Three di�erent

categories of weak disturbances in the 
ow can be distinguished: vorticity, entropy,

and acoustic modes (Fig.1.5)[122].

Due to the interaction between the shock and the free stream disturbance, all

three disturbances are generated behind a shock wave regardless of the type of distur-

bance in the free stream [80]. The growth of the second-mode instability is strongly

in
uenced by the initial amplitude of disturbances introduced through the receptivity

phenomenon.
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1.4 High Enthalpy Flows

High enthalpy 
ows are one of the least explored frontiers in the study of hy-

personic 
ight. Hypersonic vehicles strongly interact with the atmosphere during the

cruising stage. Therefore, these vehicles have to cope with a high enthalpy and disso-

ciated aerodynamic environment. The complexity of 
ow arises from the interplay of

turbulent motions, thermodynamic processes, and chemical reactions induced by high

temperatures [108, 85]. The study of high-enthalpy hypersonic boundary-layer tran-

sition is important for entry/descent vehicles. There are di�erent local 
ow features

behind the bow shock that occur around the re-entry vehicle such as viscous interac-

tion, radiation and ablation, real gas e�ects, turbulence e�ects etc. Therefore, one of

the challenging issues in comparing high enthalpy conditions is the di�erent transport

and chemical models used in the study that led to the di�erence in calculations.

High-enthalpy 
ows present signi�cant challenges in studying the stability of

the boundary layer. The di�culties in reproducing these conditions in ground-based

wind tunnels have led researchers increasingly to rely on computational methods to

analyze 
ow behavior in these regimes. Few experimental investigations are conducted

for 
ight-relevant enthalpies because of physics-related and practical challenges. There

are challenges such as test times of a few milliseconds, test gas luminosity, high con-

struction cost, and soot buildup in high-enthalpy facilities, which impact stability and

transition studies [85] . The substantial heating of the air due to shocks due to high

energy of hypersonic 
ow results in real gas e�ects. Energy is absorbed, stored, and

released back into the 
ow at the molecular level through molecular vibration, chemical

dissociation, ionization, and radiation. Incorporating real gas e�ects is crucial in high-

enthalpy 
ow calculations. This is because these internal modes act as energy sinks.

The energy transfer rate between these modes is also important. Translation and rota-

tional modes, chemical and vibrational modes, can be excited at di�erent rates. These

modes are fully excited at di�erent times. Sometimes, the 
ow speed becomes faster

than the characteristic time it takes for a mode to transfer its energy. This causes a

change in the energy state of each mode. This is termed as non-equilibrium condition.
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Thermochemical non-equilibrium e�ects can signi�cantly in
uence the stability of the

boundary layer in hypersonic 
ow over a blunt body. It is computationally expensive

to simulate real gas e�ects. DNS studies that account for nonequilibrium e�ects are

a more recent development. Studies have shown that chemical non-equilibrium has

a signi�cant destabilizing e�ect on second-mode transition [78, 56]. Linear Stability

Theory (LST) and Parabolized Stability Equations (PSE) have been extended to in-

corporate chemical and thermal non-equilibrium e�ects, providing valuable insights

into hypersonic boundary layer transition. Overall, accurate prediction of boundary

layer transition in high-enthalpy 
ows can only be carried out by incorporating both

chemical and thermal non-equilibrium e�ects. This requires a more comprehensive un-

derstanding of the complex phenomena that occur in hypersonic 
ight regimes [114][81]

[112].

Second-mode instability typically dominates the transition process in high-enthalpy


ow. This mode of instability is also destabilized by non-equilibrium thermochemical

e�ects [109]. Simulating high-enthalpy 
ows presents signi�cant challenges. It is di�-

cult to build complex physical models that assume real gas e�ects. Multiple time and

length scales must be resolved. The coupling between 
uid dynamics, chemistry, and

radiation must be considered for complete analysis.

1.5 Instabilities and Mack Modes

A hallmark of supersonic stability theory, distinguishing it from incompressible

theory, is the presence of multiple discrete instability modes,with one of the additional

modes being the most prominent. For the incompressible case, single-mode instability

governs the transition. The two most signi�cant modes of instability are the Mack �rst

mode and the Mack second mode �rst analyzed by L. M. Mack in his pioneer studies

[76]
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1.5.1 Mack's First Mode

Mack �rst mode is traditionally de�ned as a viscous oblique instability mode

characterized by instability waves driven by the energy associated with the phase shift

between the stream-wise and wall normal disturbance velocity components near the

wall as a consequence of the no-slip condition. It was believed to be analogous to

Tollmien-Schlicting (TS) waves within 2D boundary layers. These modes generally

appear to be most unstable when oblique, indicating that the wave is propagating

at an angle  relative to the freestream, producing streamwise� and spanwise�

wavenumbers. This instability mode is dominant at lower Mach numbers (1-5) in 2D

boundary layers and is triggered by the formation of a generalized in
ection point.

Liang et al. [70] indicated that the traditional de�nition is incomplete and mentioned

that the �rst-mode energy source is driven by the dynamics o� the wall as seen with

the advective energy driven by streamwise velocity and pressure disturbances around

the generalized in
ection point o� the wall, while the TS wave energy source is driven

by the dynamics on the wall.

1.5.2 Mack's Second Mode

For 2D axisymmetric slender sharp nose bodies at Mach numbers greater than or

equal to 4 and low angles of attack, the transition is generally dominated by streamwise

second-mode instability waves, where it surpasses the �rst-mode instability in terms of

ampli�cation rates. This shift in dominant instability mechanisms marks a fundamen-

tal change in the physics governing boundary layer transition at hypersonic speeds.

These second-mode instabilities exhibit high frequencies, often ranging from hundreds

of kilohertz to megahertz. Thus, there are experimental challenges to studying these

instabilities. Second-mode instabilities are resonating thermoacoustic waves trapped in

a thermoacoustic impedance well with a strong density gradient within the boundary

layer [63]. Thermoacoustic Reynolds stress is identi�ed as the energy source for this

mode of instability. The acoustic waves of the second mode require an embedded region

of 
ow to be locally supersonic relative to the phase speed of the disturbance. These
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instabilities continuously re
ect back and forth between the wall and the sonic line

(Fig. 1.6) . It shows that the sonic line behaves as an acoustic waveguide. Based on

linear stability eigenmodes [55], the acoustic impedance(Z) using pressure and velocity

disturbances is de�ned as :

Z = P0=v0 (1.1)

An acoustic impedance well that is developed between the very large (e�ectively in�-

nite) impedance at the wall and the local impedance maximum near the turning point.

This con�guration traps the acoustic energy, and the energy re
ects between the high

impedance boundaries on either side of the well, leading to thermo-acoustic resonance

[63]. The second-mode instability travels at a velocity nearly equal to the edge velocity

of the boundary layer(Ue). They have a wavelength nearly twice the thickness of the

boundary layer (� � 2� ) [93, 65].

The frequency of these second-mode disturbances can be estimated as:

f c �
kue

2�
(1.2)

where k is in the range between 0.7-1.

Five lines characterizing the boundary layer, as described by Knisely & Zhong[57]

are the edge of the boundary layer,� BL , the generalized in
ection line { where
@
@y

�
�

@u0
@y

�
=

0, the critical layer { where the relative Mach numberM r (y) =
u0(y) � cr

a(y)
= 0, the

relative sonic line { where the relative Mach numberM r (y) = � 1 and the local sonic

line { where the local Mach numberM (y) =
u0(y)
a(y)

= 1.

The second mode instability is a�ected by the temperature of the wall. They

can be stabilized by heating the entire wall surface of the vehicle, which results in

a decrease in the local relative Mach number coupled with an increase in viscosity,

thickening of the boundary layer, decrease in frequency, and decrease in growth rate.

There is the formation of coherent structures within the boundary layer with

the growth and eventual breakdown of second mode instabilities. These are often de-

scribed as rope-like structures [86, 17] or hairpin-shaped vortices as shown in �gure1.7.
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Figure 1.6: Phases of oscillation for the acoustic second mode in a hypersonic boundary-
layer 
ow: solid line|pressure disturbance, dashed line|velocity disturbance, and
dotted line| homogenous acoustic impedance [63]

Understanding the evolution of these structures is important to predict the onset of

the transition and develop e�ective transition control mechanisms.

Figure 1.7: Rope-like structure of second-mode wavepackets atM = 7:84, Re = 7:08�
106=m, Po = 2429 kPa and To = 610 K observed at Sandia Hypersonic Wind Tunnel
conditions [17]

The cooling of the whole wall surface leads to stabilization of the �rst-mode
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instability, while heating of the whole wall surface leads to stabilization of the second-

mode instability. This counterintuitive response adds complexity to the thermal man-

agement strategies for hypersonic vehicles.

Second-mode instability measurement has traditionally been done using a hot-

wire anemometry. However, hot-wire anemometers are not designed to withstand harsh

environments, restricting their application to moderate Mach numbers (Mach number

less than 8) and low enthalpy conditions [104]. In the past decade, piezoelectric sen-

sors have been the most widely used method for measuring second-mode instabilities

because they have high resonance frequency and pressure resolution despite problems

with sensor calibration [30]. Signi�cant advances have been made in the application of

various optical techniques to the study of second-mode instabilities. These techniques

o�er the distinct advantages of being completely non-intrusive and capable of resolving

the higher second-mode frequencies (greater than 1 MHz) anticipated in high-enthalpy

environments. Methods such as Focused Laser Di�erential Interferometry (FLDI) and

calibrated Schlieren have demonstrated the capability to quantitatively characterize

second-mode instabilities with high precision [87, 49].

1.6 Instabilities Growth and Mode Dominance

Understanding the start and ampli�cation of the disturbance is critical for pre-

dicting the turbulent transition phenomenon in hypersonic boundary layers. Figure

1.8 shows neutral stability curves for boundary layer disturbances in� - R space in-

cluding unstable regions for the �rst and second modes at di�erent Mach numbers and

Reynolds numbers.� denotes spatial ampli�cation rate while R denotes the Reynolds

number. Panel (a) highlights how the �rst mode with a lower growth rate dominates at

lower frequencies, while the second mode with a higher growth rate becomes prominent

at higher frequencies at Mach 4.5. Panel (b) shows the combined unstable regions of

these two modes at Mach 4.8. The unstable second mode region moves to the low

Reynolds number with an increase in Mach number [76]. Generally, the �rst mode

instability is crucial in supersonic 
ows ( Mach 2{4) and continues to exist at higher
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Mach numbers but with decreasing ampli�cation rates. The second mode becomes

increasingly unstable as the Mach number increases, with peak ampli�cation rate in

the hypersonic regimes.

Figure 1.8: Neutral stability curve showing Mack's �rst and second mode instability
at a. Mach 4.5 b. Mach 4.8 for an insulated wall [76]

1.7 Uniform Wall Heating and Cooling E�ects on Mack Modes

Mack's seminal work on the e�ects of heat transfer on �rst- and second-mode

instabilities in the 2D hypersonic boundary layer concluded the sensitivity of �rst- and

second-mode instabilities with wall temperature [76]. It is well established from the
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literature that uniform wall heating tends to destabilize the �rst mode while stabilizing

the second mode, while uniform wall cooling has the opposite e�ect| stabilizing the

�rst mode and destabilizing the second mode [100, 76, 72]. The level of wall cooling

has typically been measured using the ratio of wall temperature to stagnation tem-

perature. Many experiments have studied the e�ects of wall cooling by maintaining a

�xed model temperature while varying the tunnel conditions, which consequently alter

the stagnation temperature. This approach has repeatability issues as results change

with change in free-stream turbulence levels, which are often not thoroughly character-

ized. Therefore, it is crucial to eliminate the uncertainty associated with free-stream

turbulence when examining wall cooling, and whenever feasible, only the model wall

temperature is changed [98].

Lees and Lin's [66] investigations of 2D disturbances in a parallel two-dimensional

basic 
ow showed that the quantity
�

U0

T

� 0
, usually written as (�U 0)0, plays the same role

as U00in incompressible 
ows. The position where (�U 0)0 = 0 is called the generalized

in
ection point. The existence of a generalized in
ection point is a su�cient condition

for the existence of an unstable subsonic disturbance. The e�ects of wall cooling on

this generalized in
ection point distribution through the 
at plate are illustrated in

the �gure 1.9. A compressible 
ow becomes inviscidly unstable if it has a general-

ized in
ection point at Ys > Y0. Moreover, they stated that a compressible 
ow is

inviscidly unstable if it possesses a generalized in
ection point (GIP) at a locationyc,

where the local velocity satis�esU(yc) > 1 � 1
M a

. In a compressible boundary layer

on an insulated surface, there is only one generalized in
ection point. However, as

the surface temperature decreases, an additional generalized in
ection point emerges

within the boundary layer at y = Ys2 as shown in �gure 1.9. But this new point lies

in the boundary layer region and it does not change inviscid instability. Moreover, the

distance betweenYs and Ys2 reduces as surface cooling increases [37]. In other words,

the lower GIP exists when the velocity is less than 1� 1
M a

and the upper GIP exists

when the velocity is greater than 1� 1
M a

. According to inviscid theory of stability,

the lower GIP does not in
uence the onset of inviscid stability, while the upper GIP is
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Figure 1.9: Wall cooling e�ects on generalized in
ection point distribution through

at plate boundary layer at free stream Mach 4 and freestream temperature 300 K,
Pr=0.72 [37]

responsible for initiating inviscid unstable disturbance.

1.8 Streamwise Thermal Gradient E�ects on Second Mode Instability

Mack also stated that ampli�cation of the second-mode disturbance plays a

dominant role in turbulent transition with Mach 4 or higher. The second mode wave

dynamics is governed by the thermoacoustic Reynolds stress along with the acoustic

impedance well, and this acoustic instability is believed to be resonating within the

acoustic impedance well [63, 70]. Fedorov et al. examined how the change in wall

temperature from cold to hot (positive jump) and hot to cold (negative jump) a�ects

second-mode instabilities in a Mach 6 
ow around a sharp nose cone [29]. The positive
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jump gives rise to compression waves, while the negative jump creates expansion waves,

resulting in the thickening and condensing of the boundary layer, respectively. They

also reported that the growth of disturbances is also directly related to the sign and

location of these wall temperature jumps. In the boundary layer, disturbance deforma-

tion is created by localized heating and cooling strips placed on the wall surface because

it in
uences the prehistory of instability and receptivity. They also showed that, for a

particular location, wall heating and cooling ampli�es and dampens the second-mode

disturbances, respectively. The thermal boundary layer changes with local patterns of

heating or cooling. This thermal pattern expands and contracts the growth of second-

mode disturbances of di�erent frequencies. Therefore, strategic placement of thermal

strip patterns can be used to control second-mode instabilities at this high speed [4, 5].

Batista et al. also concluded that localized heating and cooling combinations can sig-

ni�cantly dampen the second-mode amplitude and mentioned that cooling upstream

and heating downstream of the neutral N1 point could be the e�ective combination for

second-mode control [5].

A study on heat transfer e�ects in high-speed boundary layers was conducted

by Bitter et al. [14] who reported that di�erent unstable modes were observed for high

cooling in 
ows of high Mach number and high Reynolds number. When the walls

are signi�cantly cooled, the second mode becomes unstable even at Mach numbers as

low as 2.5. These modes a�ect the high-speed 
ow stream creating instabilities with a

di�erent and wider range of frequencies. In addition, the cold wall shows a longer region

of instability downstream in comparison to the heated wall cases. The density gradient

within the boundary layer is enhanced with wall cooling. The gradient enhancements

from this phenomenon can have an impact on the evolution of disturbances beyond

the point of non-linear saturation and change the corresponding spatial and temporal

scales. There is a sizable zone of low-density 
uid in the heated case close to the

wall.This region, along with the 
uid's higher viscosity in the same near-wall region,

will aid to considerably decrease in accumulation of disturbance energy which delays

the transition. For the cooling case, the opposite is true [99]. Unnikrishnan et al.
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emphasized the variations in linear instability mechanisms and 
ow properties in a

hypersonic boundary layer at Mach 6 with wall cooling [107]. They show that for

oversu�cient cooling in the walls, the unstable mode changes from a compact form to

an oscillatory eigenfunction, producing supersonic phase speeds in the outer region of

the boundary layer and radiating it into the free stream. When the walls are moderately

cooled, the second mode remains trapped between the wall and the critical layer.

However, at higher levels of cooling, the trapped form of the second mode breaks down,

leading to the release of energy into the free stream. Increasing wall cooling causes an

increase in wall pressure perturbations, which is consistent with the destabilization of

the second mode. Moderate levels of wall cooling can delay the transition, but excessive

cooling can promote an earlier transition due to the destabilization of the second mode

and increased wall pressure perturbations.

A recent study conducted by Zhao et al. [121] at Mach 6 showed that placing

cooling and heating strips downstream of the synchronization point destabilizes and

stabilizes the 
ow respectively. They also reported that placing cooling and heating

strips upstream of the point of synchronization reverses the nature of stability. They

also highlighted that either heating alone or cooling alone is not a feasible choice

for stabilizing the 
ow �eld because they form many di�erent unstable modes which

consist of di�erent synchronization points and thereby counter-stabilizing e�ects with

one another. Bountin et al. [15] conducted experiments on localized heating and

cooling patterns on a hypersonic boundary layer, that is, at M = 5.95 over di�erent

stagnation temperatures, pressure, and Reynolds numbers. Their experiments on a

sharp cone reported that for distributed change in surface temperature of wall, heating

destabilizes, while cooling stabilizes the boundary layer. The trend is exactly opposite

for uniform temperature distribution as cooling destabilizes while heating stabilizes the

boundary layer. These results similar to the uniform and distributed distribution in

temperature were observed for the cones with bluntness, but the e�ect is enhanced.

They also indicate that the disturbance spectra are a�ected by several factors, including

nose tip bluntness and temperature, as well as 
ow acceleration in the bluntness region.
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The study on a sharp cone under Mach 6 conditions by Sidorenko et al. [100] observed

that the local surface temperature has a signi�cant e�ect on the stability and transition

of the hypersonic boundary layer . Local heating of the surface element accelerates the

transition downstream of the section, while local cooling of the surface element at a

low Reynolds number signi�cantly delays the transition. These observations are totally

opposite for uniform heating and cooling of the surface, which stabilize and destabilize

the second mode, respectively.

1.9 Nose Bluntness E�ects on Hypersonic Boundary layer Transition

There are di�erent parameters that a�ect the breakdown of hypersonic boundary

layer such as Mach number, free stream turbulence, real gas e�ects, angle of attack,

nose bluntness, etc. The bluntness of the nose is a signi�cant parameter that a�ects

the characteristics of the transition and stability [2]. This is due to the formation

of the entropy layer, as shown in �gure 1.10, where it moves downstream from the

nose of the cone. With an increase in nose bluntness, the swallowing point moves

further downstream and the boundary layer is stabilized for the larger portion of the

cone. The entropy layer is formed just behind the bow shock, temperature and other

gradients are large in the entropy layer. Further downstream, these values decrease,

and both entropy and vorticity layers formed are swallowed up by the development of

the boundary layer.

Figure 1.10: Receptivity and transition process over blunt circular cone [20]
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As the radius of the nose increases further, the transition location shifts down-

stream. However, experimental observations indicate that beyond a certain critical

radius of the nose, this trend reverses. This is because entropy layer instability and

roughness-induced disturbances originating at the nose tip are the dominant instability

mechanism, rather than second-mode instability, which is stabilized by nose bluntness.

This is called transition reversal or the blunt body paradox [2, 103, 26, 74].

1.10 High Enthalpy E�ects on Hypersonic Boundary layer Transition

High-enthalpy turbulent boundary layers are one of the least explored frontiers

in hypersonic 
ight study. The complexity of 
ow arises from the interplay of turbulent

motions, thermodynamic processes, and chemical reactions induced by high temper-

atures [108, 85]. The study of high-enthalpy hypersonic boundary-layer transition is

important for entry/descent vehicles. Chang et al.[19] studied wall temperature e�ects

in hypersonic 
ow conditions of high enthalpy and found that the change in wall tem-

perature modulates disturbances in the second mode and observed supersonic modes

under all wall temperature conditions. The literature reported that lowering the tem-

perature from the wall to the edge destabilizes the instability of the second mode [77].

When the wall temperature to boundary edge temperature ratio is lowered for val-

ues similar to high enthalpy conditions, it nearly doubles the maximum second mode

N factor values, as reported by Bitter and Shepherd [14]. Their research also stated

that supersonic unstable modes are present in cooled-wall circumstances, which may

have contributed to the destabilization e�ect of the second-mode instability through-

out a wider frequency range. This might lead to an early transition. Before transition,

it is very crucial to know the growth and interaction process of these second-mode

instabilities within the hypersonic high-enthalpy boundary layer.

Few experimental investigations are conducted for 
ight-relevant enthalpies be-

cause of physics-related and practical challenges. There are challenges such as test

times of a few milliseconds, test-gas luminosity, high construction cost and soot buildup

in high-enthalpy facilities, which impact stability and transition studies [85] . In the
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JAXA HIEST facility, Tanno et al. [105] measured second mode disturbances using Fo-

cused Laser Di�erential Interferometry(FLDI) up to stagnation enthalpy of 11.2 MJ/kg

over 7� half-angle cone and reported that the growth of high frequency disturbances

decreases with increase in stagnation enthalpy for same Reynolds number. The start of

transition along a 7° cone in the G•ottingen (HEG) high enthalpy shock tunnel of DLR

has been linked to N factors between 6 and 7. However, transition was observed only

under the low enthalpy condition with a stagnation enthalpy of 3 MJ/kg [113, 116].

Tanno et al. [106] used PCB measurements to identify second-mode frequencies in the

400{480 kHz range for 
ow with stagnation enthalpy of 4.5 MJ/kg for the 7° cone in

the HIEST facility. Kawata et al. [48] used the focused laser di�erential interferome-

try (FLDI) technique in the JAXA HIEST facility to �nd the second-mode peaks in

the 300-500 kHz range for the 
ow with a stagnation enthalpy of 3.8 MJ/kg and a

Reynolds unit number of 4:3 � 106 m� 1. Li et al. [68] examined changes in wall heat

transfer between low and high enthalpy turbulent boundary layers using direct numer-

ical simulation for hypersonic turbulent boundary layers at a Mach number of 4.5 and

found that 
uctuations in wall heat 
ux are slightly ampli�ed in high-enthalpy 
ows,

attributed to the increased intensity of traveling wave packets. Laurence et al. [65]

conducted low enthalpy(3 MJ/kg) and high enthalpy experiments (12 MJ/kg) at DLR's

HEG facility using high-speed schlieren imaging and found that the wavepacket's char-

acteristics are changed by the enthalpy, with the high-enthalpy condition exhibiting

a more densely concentrated disturbance energy near the wall. The wall's extremely

cooled state under high enthalpy conditions is the cause of this behavior. The com-

parison of di�erent numerical solvers for a high enthalpy wall temperature study was

conducted by Hameed et al.[35] and they showed a di�erence in N-factor amplitudes

as well as frequency shift with di�erent stability codes. The possible reason might be

due to harmonics and non-linearity.

Paquin et al. [85] analyzed the structure and frequency content of disturbances

utilizing the schlieren and FLDI technique in a high enthalpy 
ow of Mach 5 with stag-

nation enthalpy of 9 MJ/kg. Their cross-bicoherence calculations revealed fundamental
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�rst harmonic and fundamental low frequency interactions are the most signi�cant non-

linear interactions. Kimmel et al. [53] conducted bispectral studies and revealed that,

apart from interactions involving the high-frequency second mode and its harmonics,

there was a prominent coherence between the high-frequency mode and unexpected

low-frequency modes. Ide et al. [43] studied the nonlinear resonance of low- and

high- frequency disturbances in the high enthalpy shock tunnel facility at the Japan

Aerospace Exploration Agency and con�rmed the nonlinear phase couplings between

these frequency oscillations. They concluded that with an increase in initial ampli-

tude of low-frequency mode in wave triad satisfying resonance condition just upstream

of experimental transition location,other two high-frequency modes deviate from lin-

ear behavior. As a consequence, low-frequency modes were slightly destabilized while

high-frequency modes were stabilized.

Boundary layer transition studies traditionally assumed a single primary domi-

nant disturbance mode but now recognize that 
ight-relevant geometries and conditions

can involve multiple interacting modes, signi�cantly a�ecting transition physics. The

Nonlinear Parabolized Stability Equation (NPSE) code is an often employed and pow-

erful method for conducting such a numerical analysis. PSE techniques are accurate

enough to complement advanced methods like DNS, or LES, reducing computation

time even in compressible complex 
ows [64]. The NPSE approach is highly attractive

for modeling stability and transition, as it accounts for nonparallel, curvature, and non-

linear e�ects with signi�cantly fewer resources than direct numerical simulation(DNS)

[60][11] [12].

1.11 Machine Learning Approach

Deep learning has become a powerful tool for addressing the complex challenges

associated with 
ow modeling and prediction. These o�er signi�cant advantages in

terms of computational e�ciency and accuracy. Neural networks serve as e�cient

surrogate models for computationally expensive simulations. The complex non-linear

phenomena of hypersonic 
uid 
ow is captured with the help of neural networks. There
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are a few challenges in using neural networks. It requires large training data [21]. It is

also important to ensure that the models generalize well to the physics outside of the

training data.

Physics-informed neural networks (PINNs)is one of the methods for solving

compressible 
ow problems, though signi�cant challenges remain in handling shocks

and high Mach number regimes. It combines physical laws directly into their loss

functions, enabling them to solve 
uid 
ow problems without traditional discretization

methods [69]. However, accuracy decreases with 
ows that involve shocks due to

constraints on governing equations and boundary conditions [117]. For compressible

turbulent 
ows, convolutional neural networks (CNNs) have been used to reconstruct

high-resolution 
ow �elds from coarse data, showing improved e�ciency in shock-

boundary layer interactions [117, 94, 119].

A convolutional neural network consists of an input layer, hidden layers, and an

output layer. In a convolutional neural network, the hidden layers include one or more

layers that perform convolutions. This usually consists of a layer that uses the layer's

input matrix to perform a dot product of the convolution kernel. Recti�ed Linear Unit

(ReLU) is typically used as the activation function for this product. It is typically

the Frobenius inner product. The convolution procedure creates a feature map as the

convolution kernel moves along the input matrix of the layer. Then, the feature map

is considered as the input for the subsequent layer [102, 34, 52].

Numerous approaches, ranging from analytical but possibly complex data �ts

[110] [89] to numerical table lookup techniques based on an earlier database of stabil-

ity results [6] [90], have been made in the past to streamline the implementation of

N-factor methods. These models are developed in terms of a small number of scalar

input parameters and therefore may not capture the 
ow behavior fully. Arti�cial neu-

ral network-based stability predictions [24] [31] allow the consideration of additional

characteristics of the boundary layer pro�le without compromising computational ef-

�ciency and robustness. It is relatively simple to extend neural network techniques to

include higher-dimensional input features.
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Leoni et al. [25] utilize the Deeponet framework to predict the evolution of linear

instability waves in the high-speed boundary layers. This framework approximates

the linearized and parabolized Navier-stokes operator. It is capable of solving the

inverse problem by reconstructing upstream disturbances with the input from wall

measurements downstream.

Although neural networks have shown remarkable success, challenges such as

physical consistency, generalization, and computational e�ciency must be overcome to

be widely accepted. The integration of domain knowledge through physics-informed

architectures, combined with hybrid numerical machine learning approaches, could be

a useful tool in the future for 
uid 
ow simulations.

1.12 Research Questions and Thesis Organization

The laminar-to-turbulent transition in hypersonic boundary layers is crucial to

predicting and controlling heat transfer, skin friction, and other boundary layer prop-

erties. For hypersonic vehicles operating for long periods of time, uncertainties in

predicting this transition can have detrimental e�ects. Understanding thermal e�ects

in hypersonic boundary layer 
ows is critical for designing thermal protection systems,

appropriate selection of materials with good thermal characteristics, 
ow stability, con-

trol, safety, reliability, and overall aerodynamic performance of the hypersonic vehicle.

In order to advance the understanding of hypersonic boundary-layer stability and tran-

sition, this work seeks to address the following research questions:

ˆ Why is the most unstable �rst-mode instability oblique?

ˆ How does the patterned wall temperature distribution in
uence the growth of

second-mode instability?

ˆ How do computational stability results compare with experimental observations

for wall temperature patterns that are experimentally feasible?

ˆ To what extent do computational stability predictions agree with experimental

observations for hypersonic, high-enthalpy boundary-layer 
ows around blunted

cones? What might be the reason for the mismatch between computational and

experimental �ndings?
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ˆ Can we implement deep learning models to predict the critical N-factor

using CFD basic state data?

This dissertation is organized into eight chapters. Chapter 1 demonstrates back-

ground and literature review. Chapter 2 presents the methodology, including the nu-

merical approach, theoretical framework, and computational tools used in this thesis.

Chapters 3 through 7 try to address the research questions outlined above in order.

Finally, Chapter 8 provides a summary and discusses the scope for future research.
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Chapter 2

METHODOLOGY

2.1 Grid Generation and Basic States

The investigation of the stability of the hypersonic 
ow begins with the cre-

ation of high-�delity basic states. At �rst, geometries are designed with the help of

Solidworks software. The computational grid was generated using Pointwise meshing

software. Initially, the connectors are placed along the length of the cone with a clus-

tering bias near the tip of the nose. This clustering strategy improves computational

accuracy in the nose region, where a weak oblique shock forms. These one-dimensional

connector points are then extruded perpendicular to the cone surface, creating a two-

dimensional computational grid. Special attention was paid to improving the resolution

near the boundary layer, as this signi�cantly impacts the convergence of the CFD solu-

tion. The convergence of the CFD solution is highly a�ected by the 
ow conditions and

grid resolution. It is also important to ensure that the grid is large enough to capture

the entire shock region. The shock height was estimated using� -� -Mach diagrams and

the cone length. The extrusion height of the 2D grid towards the rear end of the cone

is around 1.3 times that of the estimated shock height. Since the solver employs �nite-

volume cells, a 1-degree rotation in the azimuthal direction is enough for axisymmetric


ow over the cone. The x-y view of the computational grid of the cone generated using

pointwise software is shown in the �gure 2.1 and the zoomed version around the center

of the cone is shown in �gure 2.2. US3D software is the �nite-volume CFD solver to

solve the compressible Navier-Stokes equations. Then these mesh and 
ow conditions

are speci�ed inside the US3D CFD solver. In this study the 
ow conditions of the

Air Force O�ce of Scienti�c Research (AFOSR) Notre Dame Mach 6 Quiet Tunnel,
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the Japan Aerospace Exploration Agency (JAXA) high enthalpy tunnel and the Cal-

tech T5 facilities are used. Fortran scripts have been adapted to account for varying

temperature and temperature gradient conditions. Di�erent interpolation techniques

are utilized to obtain an accurate mapping of the variation of wall temperature along

the surface of the cone. In the high angle of attack case, the 2D grid is rotated by

180 degrees along the center line of the cone. In such cases, an input 
ow condition is

provided along with direction cosines to incorporate e�ects of angle of attack. After ob-

taining a steady, laminar 
ow domain solution from the US3D solver, Tecplot software

is used for the study of data extraction and 
ow visualization. Then in-house-developed

MATLAB and Fortran codes and scripts are used for stability analysis.

Figure 2.1: XY view of comutational mesh of straight cone in
Pointwise

Figure 2.2: Zoomed XY view around the center of straight cone
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2.2 Equations
ˆ Conservation of Mass:

@�
@t

+ ~r � (�~u ) = 0 (2.1)
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ˆ Navier-Stokes:
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where P is the thermodynamic pressure,eij = 1
2
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tensor and we have assumed a Newtonian 
uid.

ˆ Energy Equation:
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Now assume

{ ideal gas (P = �RT , R = cp � cv, de= cvdT, dh = cpdT)

{ Fourier's Heat Conduction Law (~q= � k~r T)

{ Stokes Fluid (� = � 2
3 � ) or generic (� = visc� )

�c v
DT
Dt

= ( ~r � k~r )T � P( ~r � ~u) + � + _Q

or the preferred form:

�c p
DT
Dt

= ( ~r � k~r )T +
DP
Dt

+ � + _Q (2.4)
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2.3 Nondimensionalization

The following scalings will be used to nondimensionalize the system:

û = u
Ue

v̂ = v
Ue

ŵ = w
Ue

x̂ = x
L ŷ = y

L ẑ = z
L

T̂ = T
Te

�̂ = �
� e

�̂ = �
� e

�̂ = �
� e

ĉp = cp

cpe
ĉv = cv

cve

t̂ = t Ue
L p̂ = p

� eU2
e

which give the following parameters:

Pr = �c pe
� R = cpe � cve 
 = cpe

cve
M 2 = U2

e

RT e

� =
q

� ex
Ue

Re =
Ue�
� e

=

r
Uex
� e

=
p

ReL

The subscript `e' indicated a quantity evaluated at the `edge' of the boundary

layer. The `edge' refers to the location where the perturbations have died out and

the 
ow quantities are base state. Note we have employed an advective time scale,

all velocities are scaled byUe (the free stream velocity), all lengths are scaled byL

(because perturbation wiggles can be the same in all directions), and pressure uses an

inviscid scaling (� eU2
e ).

2.4 Stability Analysis

The JoKHeR Parabolized Stability Equations (PSE) package, developed by

Kuehl et al. [59][60] is used for the analysis. This code package employs a quasi-3D,

compressible, ideal gas, primitive variable formulation, which advances disturbances

along a prede�ned path assuming perpendicular uniformity. It includes Linear Sta-

bility Theory (LST), Linear Parabolized Stability Equations (LPSE), and Nonlinear
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Parabolized Stability Equations (NPSE) codes. These codes have been rigorously vali-

dated against both experimental and numerical data [23] [42][92][71]. A distinguishing

feature of JoKHeR is its nonlinear wave packet formulation for NPSE, enabling the

modeling of �nite bandwidth disturbances [59] [61]. This feature allows it to account

for spectral broadening and the generation of low-frequency content, which are crucial

for accurately predicting nonlinear energy exchanges [59] [51] [101] [3]

2.4.1 Linear Stability Analysis

Linear Stability Theory(LST) solves the disturbance equations by substituting

Equation (1) into the Navier-Stokes equations while taking into account a base 
ow

condition that is linear, steady, and parallel that is found separately by CFD simulation.

The disturbance is assumed of the form given by Equation (2) and is substituted in the

disturbance equations. Consequently, the generalized eigenvalue problem arises, where

the stream-wise wave number (� ), span-wise wave number (� ), and frequency (! ) are

the corresponding values. The related eigenvectors show the shape of the disturbance

in the wall's normal direction, and the resulting eigenvalues are utilized to compute

instability.

� (x; y; z; t) = �� (y)
| {z}

basic state

+ � 0(x; y; z; t)
| {z }

disturbance

(2.5)

� 0 = �̂ (y)ei ( �x + �z � !t ) (2.6)

2.4.2 Two-dimensional Incompressible Flow

Although the 
ow studied in this research is highly compressible, two-dimensional

incompressible 
ow is assumed to understand the process. To understand the derivation

process of LST matrices, this example considers only the two-dimensional incompress-

ible Navier-Stokes equations.
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2.4.2.1 Equations of Motion
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2.4.2.2 Parallel Flow

Apply parallel 
ow assumption: �u = �u(y), �v(y) = 0

@u0

@x
+

@v0

@y
= 0

@u0

@t
+ �u

@u0

@x
+ v0@�u

@y
= �

@p0

@x
+

1
Re

r 2u0

@v0

@t
+ �u

@v0

@x
= �

@p0

@y
+

1
Re

r 2v0

Assume disturbance form:� 0 = �̂ (y)ei ( �x � !t ) and D = @
@y

i� û + Dv̂ = 0 (2.10)
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�
� i! + i� �u +

� 2

Re
�

1
Re

D 2

�
û +

@�u
@y

v̂ + i� p̂ = 0 (2.11)

�
� i! + i� �u +

� 2

Re
�

1
Re

D 2

�
v̂ + Dp̂ = 0 (2.12)

written in matrix form:

�
� 2L2 + �L 1 + L0

�
� = 0 (2.13)

where

� =

0

B
B
B
@

û

v̂

p̂

1

C
C
C
A

, L2 =

0

B
B
B
@

0 0 0
1

Re 0 0

0 1
Re 0

1

C
C
C
A

, L1 =

0

B
B
B
@

i 0 0

i �u 0 i

0 i �u 0

1

C
C
C
A

,

L0 =

0

B
B
B
@

0 D 0

� i! � 1
ReD 2 @�u

@y 0

0 � i! � 1
ReD 2 D

1

C
C
C
A

To eliminate the nonlinear dependence on� , we introduce two additional variables:

�u , �v and obtain the generalized eigenvalue problem.

(�M 2 + M 1)  = 0 (2.14)

where =

0

B
B
B
B
B
B
B
B
B
@

û

v̂

p̂

� û

� v̂

1

C
C
C
C
C
C
C
C
C
A

, M 2 =

0

B
B
B
B
B
B
B
B
B
@

i 0 0 0 0

i �u 0 i 1
Re 0

0 i �u 0 0 1
Re

1 0 0 0 0

0 1 0 0 0

1

C
C
C
C
C
C
C
C
C
A

,

M 1 =

0

B
B
B
B
B
B
B
B
B
@

0 D 0 0 0

� i! � D 2

Re
@�u
@y 0 0 0

0 � i! � D 2

Re D 0 0

0 0 0 � 1 0

0 0 0 0 � 1

1

C
C
C
C
C
C
C
C
C
A

,
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This equation is solved using second order �nite di�erencing. Boundary conditions on

velocity are u(0) = u(1 ) = v(0) = v(1 ) = 0. The boundary condition for pressure,

p, follows from Eqn. 2.12:Dp̂ = 1
ReD 2v̂. Note F = !

Re .

2.5 Linear Parabolized Stability Analysis

Originally identi�ed by Herbert and Bertolotti (1987) [39], during a critical re-

view of Gaster (1974) [32] early nonparallel work, the parabolized stability equations

have been developed as an e�cient and powerful tool for studying the stability of

advection-dominated laminar 
ows. Excellent introductions to the PSE method and

summary of its early development were provided by Herbert [38][40]. During the early

stages of both linear and nonlinear development of this technique, much was estab-

lished related to basic marching procedures, curvature, normalization conditions, and

numerical stability of the method itself [10, 18, 45, 67, 33].

In the streamwise direction, a slow variable �x = x
Re is introduced. Here, Re=

Reynolds number corresponding to edge of the boundary layer The form of disturbances

is assumed as:

F [� 0] = ~� (�x; y)
| {z }

shape

�( x; t )
| {z }

wave

(2.15)

The wave part of the disturbance ful�lls the following:

@�
@x

= i� (�x)� ; (2.16)

@�
@t

= � i! � ; (2.17)

The disturbance of the following form is assumed in PSE:

� 0 =
Z 1

�1

~� (�x; y; ! )
| {z }

shape

A(�x; ! )e� i!t

| {z }
wave

d! (2.18)

where,

A(�x; w) = ei
R

a(�x;w ) dx

These shape and wave functions are represented as fourier transform of the disturbance.

From the expansion of streamwise derivatives as shown in the Eq. (2.20), it is found
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that by truncating the second order spatial derivatives makes the disturbance equations

nearly parabolic. Therefore, an e�ective solution marching in streamwise direction can

be obtained and integrating the unstable ampli�cation rate gives usN -factor.

@�0

@x
=

Z 1

�1

 
1

Re
@~�
@�x

+ i� ~�

!

Ae� i!t d!; (2.19)

@2� 0

@x2
=

Z 1

�1

 
1

Re2

@2 ~�
@�x2

+
2i�
Re

@~�
@�x

+
i ~�
Re

@�
@�x

� � 2 ~�

!

Ae� i!t d!: (2.20)

The N -factor is de�ned as

N = ln
�

A
A0

�
� �

Z x

x0

� i dx (2.21)

where,A and A0 are the disturbance amplitudes at a local streamwise location

and at the N1 neutral point, respectively.

Using a wave packet formulation instead of the conventional discrete mode for-

mulation, JoKHeR enhances the representation of energy transfer among modes in

a nonlinear calculation. JoKHeR package implements Quasi-3D formulation and the

discrete representation of the disturbance is given as:

� 0 =
X

k

~� (�x; y)kA(�x)kW(! )ke� i! k t (2.22)

It is assumed that each mode's frequency content takes the form

W0 =
1

� 0

p
2�

e
� ( ! � ! 0 ) 2

2� 2
0 (2.23)

Whereas, the standard, discrete mode NPSE formulation usesW0 = � (! � ! 0). The

bandwidth of harmonics satis�es� i =
p

i + 1� 0, and non-linear interactions are com-

puted using harmonic balancing [62].

2.6 Normalization Condition/Iteration

The success of PSE is largely dependent on the proper normalization of the

shape function. A key assumption is that the shape function varies slowly in the
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streamwise direction. In a parallel 
ow boundary layer, this variation is zero, while in

a slowly developing Blasius-type boundary layer, shape function is assumed to remain

small. Normalization is applied to enforce this condition.

Since the shape function is complex, it has both magnitude and phase. Proper

normalization ensures that variations in both components are controlled. Let's assume

the shape function

� (�x; y) = � r (�x; y) + i� i (�x; y)

k� k2 = � � � = � 2
r + � 2

i

phase= arctan
�

� i

� r

�
:

The typical normalization has the form

Z 1

0

@
@x

( ) dy = 0:

Normalization of the shape function magnitude is accomplished by setting = k� k2,

while normalization of phase is accomplished by setting = arctan � i
� r

.

Z 1

0

@
@x

�
k� k2

�
dy =

Z 1

0

@
@x

�
� 2

r + � 2
i

�
dy =

Z 1

0

1
2

�
� r

@
@x

(� r ) + � i
@

@x
(� i )

�
dy

Z 1

0

@
@x

�
arctan

�
� i

� r

��
dy =

Z 1

0

2

6
4

1

1 +
�

� i
� r

� 2

 
� r

@�i
@x � � i

@�r
@x

� 2
r

!
3

7
5 dy

=
R1

0

h
1

� 2
r + � 2

i

�
� r

@�i
@x � � i

@�r
@x

� i
dy

So we are really concerned with normalizing the terms� r
@�r
@x + � i

@�i
@x, � r

@�i
@x � � i

@�r
@x.

We understand the suitability of the \standard" normalization

Z 1

0
� � @�

@x
dy =

Z 1

0
(� r � i� i )

�
@�r
@x

+ i
@�i
@x

�
dy

=
Z 1

0

��
� r

@�r
@x

+ � i
@�i
@x

�
+ i

�
� r

@�i
@x

� � i
@�r
@x

��
dy
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by noticing that the real part of this normalization takes care of the shape function

magnitude, while the imaginary part takes care of the phase.

The question becomes what quantity should be normalized? Attempting to

normalize each variable (u,v,w,T,� ) does not work, as the alpha re�nement process

needs a single quantity to minimize.

It seems that the most appropriate normalization will apply this condition to

each term of interest. We use:

Z 1

0

�
� �

1
@�1
@x

+ � �
2
@�2
@x

+ � �
3
@�3
@x

+ :::
�

dy

ˆ Based on� i , � i � 1,... guess � � r and � � i

ˆ Solve system with� k+1 = � k + � � r

ˆ Apply normalization condition to get sensitivity of error to � � r . ( @errr
@�r

, @erri
@�r

)

ˆ Solve system with� k
i +1 = � i

ˆ Apply normalization condition to get sensitivity of error to � � i . ( @errr
@�i

, @erri
@�i

)

ˆ apply:
�

� � r

� � i

�
=

� @errr
@�r

@errr
@�i

@erri
@�r

@erri
@�i

� � 1 �
� err r

� err i

�

ˆ repeat until error meets tolerance

ˆ step forward in streamwise direction

ˆ repeat

2.7 Nonlinear Parabolized Stability Analysis

As the disturbance amplitude increases within the boundary layer, methods

based on LST and LPSE cannot capture multi-mode interactions. The limitation of

these linear analysis is that they are restricted to individual mode dynamics. However,

the Nonlinear Parabolized Stability Equations (NPSE) overcome this restriction by

solving all modes simultaneously, allowing their interactions to be modeled and coupled

through various nonlinear forcing terms.
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First of all, small amplitude initial disturbance undergoes linear growth and non-

linear e�ects take over once its amplitude starts increasing or when it starts interacting

with di�erent modes resulting in 
ow transition and subsequent spectral broadening.

These e�ects are generally called nonlinear saturation which involves the loss of energy

from the primary modes into the harmonics and mean 
ow distortion. As the primary

mode instability ampli�es, it transfers energy to its harmonics and alters the mean


ow, it is called non-linear detuning and the term that modi�es the mean 
ow is

called mean 
ow distortion (MFD). MFD can in
uence the disturbance of the primary

mode by modifying the way energy is transferred from the basic state to the primary

mode, potentially causing either an increase (positive feedback) or a decrease (negative

feedback) in its growth [50] [59] [88].

The disturbance equation is obtained by decomposing the 
ow into a basic state

plus a disturbance and assuming base state is a solution to the original equations of

motion.

For 2D (or quasi-3D in which the spanwise direction is uniform)

� (x; y; z; t) = �� (�x; y)
| {z }
basestate

+ � 0(x; y; z; t)
| {z }

disturbance

The total 2D disturbance is considered periodic in both time and the spanwise direction,

so a double discrete Fourier transform is applied in the temporal and spanwise domains.

2D disturbance quantity is decomposed as

� 0 =
NX

� N

KX

� K

2

4 ~� (�x; y)
| {z }

shape

A(�x)ei (k� 0z� n! 0 t )

| {z }
wave

3

5 ; (2.24)

where �x = x
ReL

and A(�x) = ei
R

� (�x)dx with complex streamwise wave number� (�x).

In the system, the primary mode is modeled along with its harmonic modes,

which are integer multiples of its own properties. For convenience, modes are repre-

sented by (n, k), wheren and k indicate the mode's frequency and spanwise wavenum-

ber. Similarly, n and k times those of the fundamental (primary) mode represent

harmonic modes. Each mode is de�ned as the product of its shape function and wave
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(phase) function and must satisfy the normalization condition. Mean 
ow distortion

is a mode with neither frequency nor a complex conjugate, making it non-oscillatory,

and it is represented as (0,0). Physically, this mode results from nonlinear interactions

between disturbances and the base 
ow and acts as an energy bu�er and provides

feedback to primary mode disturbance.

This leads to the following derivatives.

@�0

@t
=

NX

� N

KX

� K

[� i! 0n� 0]

@�0

@z
=

NX

� N

KX

� K

[ik� 0� 0]

@�0

@x
=

NX

� N

KX

� K

" 
1

ReL

@~�
@�x

+ i� nk ~�

!

Ank ei (k� 0z� n! 0 t )

#

@2� 0

@x2
=

NX

� N

KX

� K

" 
1

Re2
L

@2 ~�
@�x2

+
2i� nk

ReL

@~�
@�x

+
i ~�

ReL

@�nk

@�x

� (� nk )2 ~�
�

Ank ei (k� 0z� n! 0 t )
i

The second derivative term is the elliptic term of the order of
�

1
Re

� 2
, much smaller than

the other terms in the equation. Therefore, neglecting that term leads to parabolized

equations of motion which can be marched.

The requirement that physical disturbances be real leads to the following rela-

tionships.

� nk �
= � � � n� k

~� nk �
= ~� � n� k

~unk �
= ~u� n� k

~vnk �
= ~v� n� k

~wnk �
= ~w� n� k

~Tnk �
= ~T � n� k

Ank �
= A � n� k
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These relationships follow directly from the assumed disturbance form except for�

which follows from the x-derivatives.

2.8 Convolutional Neural Network Framework

This section describes the development and implementation of the 1D-CNN

model for predicting the critical N -factor. The objective is to establish a data-driven

relationship between local boundary-layer features and the corresponding critical inte-

gral ampli�cation factor ( N -factor). A one-dimensional Convolutional Neural Network

(1D-CNN) model was developed using the TensorFlow{Keras libraries in Python. The

model was designed to learn the nonlinear relationship between the input 
ow features

and the corresponding criticalN -factor along the streamwise direction. The steps in-

volve data preparation, generation of the sliding window patch, scaling or normalization

of data, formulating the CNN model, training, and validation.

2.8.1 Dataset Preparation

The data for training were extracted from CFD solution for each wall thermal

con�guration. Each con�guration corresponds toNpts = 501 streamwise locations. The

input features are: streamwise distance (xb), wall temperature (Tw), maximum density

gradient (max(d� b)), boundary-layer thickness based on maximum density gradient(� ),

local streamwise Reynolds number evaluated at delta (Re). The output feature is the

critical N -factor at the same streamwise locations.

2.8.2 Patching

The patching is the strategy that is implemented to increase the number of

training samples and capture local 
ow characteristics. In this strategy, each pro�le

was divided into overlapping patches of lengthLp = 64 using a stride of 32. This

process assists to learn from local 
ow features as well as conserving global continuity.

Number of generated patches per con�guration is

Npatches =
Npts � Lp

S
+ 1; (2.25)
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whereS is the stride length.

Each patch thus forms an input tensor of shape (Lp; 5) and an output tensor of

shape (Lp; 1).

2.8.3 Features Normalization

The input and output features are scaled to ensure balanced contribution of the

features using normalization technique:

x0
i =

x i � � x

� x
; y0

i =
yi � � y

� y
; (2.26)

where � x and � x are the mean and standard deviation of the training data for each

feature.

2.8.4 Model Architecture

The architecture of this 1D-CNN model was developed to capture streamwise

variations. This CNN network comprises four convolutional layers with progressively

increasing depth of the �lter to obtain hierarchical spatial features. The Recti�ed

Linear Unit (ReLU) activation function was used as it is simple and provide good

performance while preserving non-linear relationship for 
ow problems. The �nal linear

layer provides continous output corresponding to the predicted criticalN -factor at each

streamwise location.

Table 2.1: 1D-CNN model architecture

Layer Kernel Size Filters Activation
Input { { {
Conv1D-1 5 64 ReLU
Conv1D-2 5 64 ReLU
Conv1D-3 3 128 ReLU
Conv1D-4 1 1 Linear
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2.8.5 Model Training

The training patch data sets were divided into training (90%) and validation

(10%) subsets. The model was compiled using theAdamoptimizer with a mean-squared-

error (MSE) loss function, minimizing:

L MSE =
1
N

NX

i =1

(yi � ŷi )
2 : (2.27)

The model was trained for a maximum of 200 epochs.

2.8.6 Model Saving

The training model, normalization scalers, training history and patch parame-

ters are saved for future testing and reproducibility.
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Chapter 3

OBLIQUENESS AND INVARIANTS

The following chapter is adapted from [70].

The question remains of why the most unstable �rst modes are oblique? This

is indeed an interesting question as the boundary layer is purely 2D. Even more so, it

appears that �rst mode instability is linked the generalized in
ection point and phase

shifting at the critical layer. In
ectional instability is generally associated with vorticity

production. In this case, as the boundary layer is 2D, such vorticity production would

induce vorticity along the \z" or spanwise axis, which would not result in an oblique

disturbance mode. However, it will now be shown that certain \mean 
ow Lagrangian

invariants" can be derived which provide a coupling between spanwise vorticity (! z)

and streamwise vorticity (! x ).

The derivation follows closely to classic treatments such as Mack or Reshotko

or Lees and Lin, etc., [76, 95, 66] but with a slightly di�erent interpretation. We begin

with linearization of the disturbance equations associated with 3.1-3.3 and impose the

2D and parallel 
ow approximations.

It has proven useful, when interested in the fundamental dynamics of �rst- and

second-mode instability [63] [70], to consider the inviscid Navier-Stokes equations:

D�
Dt

= � � r � ~u (3.1)

�
D~u
Dt

= �r p (3.2)

�
DT
Dt

� (
 � 1)M 2 DP
Dt

= 0: (3.3)
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@

@x
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P0+ �� �Pyv0

�
= 0

(3.8)

From those linearized equations, equations for the vorticity evolution are obtained:
�

��
@
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+ �� �U
@

@x

�
! x + �� �Uy

@
@x
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v0+
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@
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P0 = 0;

(3.11)

where

! x =
@
@y

w0 �
@
@z

v0 (3.12)

! y =
@
@z

u0 �
@

@x
w0 (3.13)

! z =
@

@x
v0 �

@
@y

u:0 (3.14)

(3.15)

At this point the de�nition of \mean 
ow Lagrangian invariant" can be made as those

quantities � that satisfy
�
�� @

@t+ �� �U @
@x

�
� = 0. Notice that from the linearized energy

equation (eqn. 3.8), it is immediately recognized that

v0 = �
�

��
@
@t

+ �� �U
@

@x

� "
T0 � (
 � 1)M 2

�� P0

�� �Ty � (
 � 1)M 2 �Py

#

; (3.16)
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which can be coupled with eqn. 3.10 to identify a �rst invariant

� 1 = ! y � �� �Uy

"
T0 � (
 � 1)M 2

�� P0

�� �Ty � (
 � 1)M 2 �Py

#

z

= C1 (3.17)

Of course, in the boundary layer approximation,�Py = 0 and this expression can be

manipulated further, but for our present purposes, it is more interesting to consider

the expressions for! x and ! z.

Using the linearized continuity and energy equations (eqns. 3.4 and 3.8 respec-

tively), the spanwise and streamwise vorticity equations (eqns. 3.11 and 3.9 respec-

tively) can be manipulated into the forms:

�
��

@
@t

+ �� �U
@

@x

� �
! z +

�Uy

��
� 0 �

�� y

��
u0 �

( �� �Uy)y � �Uy �� y

�� y
�T
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 � 1)M 2

��
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��

+�� �Uy
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w0 = 0 (3.18)
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� �
! x +

�� y

��
w0

�
+ �� �Uy

@
@x

w0 = 0 (3.19)

At this point, it is straightforward to eliminate the w0 terms between these expression

which results in the following invariant

�
! z +

�Uy

��
� 0 �

�� y

��
u0 �

( �� �Uy)y � �Uy �� y

�� y
�T

�
T0 �

(
 � 1)M 2

��
P0

��

x

�
�
! x +

�� y

��
w0

�

z

= C2

(3.20)

or

� 2 = ! z
x � ! x

z +
�Uy

��
� 0

x �
�� y

��
(u0

x + w0
z) �

( �� �Uy)y � �Uy �� y

�� y
�T

�
T0

x �
(
 � 1)M 2

��
P0

x

�
= C2

(3.21)

It is found that streamwise variation in spanwise vorticity (which is expected

to be generated due to the generalized in
ection point) are coupled to spanwise gradi-

ents in streamwise vorticity. This coupling provides a mean for obliquely propagating

disturbances in a purely 2D boundary layer.
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At this point, only an inviscid disturbance and 2D parallel basic 
ow state has

been assumed, so quantities �1 and � 2 are valid for generic wall normal pro�les and

can be evaluated at any given distance from the wall.

For instance, consider the limit of pro�les with only weak wall normal gradients.

In this limit, evaluated at the generalized in
ection point, ( �� �Uy)y = 0, we �nd that

! z
x � ! x

z = C2.

It is interesting to follow this line of reasoning a bit further. That is:

ˆ Under the assumption that! z
x � ! x

z = C2 holds for more general pro�les.

ˆ That the 
ow quantities are evaluated at the generalized in
ection point (�� �Uy)y =
0.

It is found that the leading order balance of equation 3.21 becomes

0 =
�Uy

��
� 0

x �
�� y

��
(u0

x + w0
z) (3.22)

Further assuming disturbances are of the form� 0 = �̂ (y)ei ( �x + �z � !t ) , yields an estimate

for the propagation wave angle,

� = arctan
�

�
�

�
= acrtan

" � �Uy �̂ � �� yû
�

( �� yŵ)

#

: (3.23)

The wave angle prediction was tested at Mach numbers between 2 and 6, and found

to give accurate results (Table 3.1). As expected, for higher Mach numbers, where

viscous e�ects are negligible, the wave angle prediction performs better than at lower

Mach numbers, where viscous e�ects are present.

The obliqueness of the �rst mode instability appears to be related to an inviscid

coupling between vorticity components. This is shown using a similar approach to

that used in classical works, but with a slightly di�erent interpretation: we introduce

so called \mean 
ow Lagrangian invariants". These invariants describe how streamwise

variation in spanwise vorticity is coupled to spanwise gradients in streamwise vorticity,

and appear to predict the �rst mode wave angles reasonably well. In all cases con-

sidered, the critical layer and generalized in
ection point are in close proximity. Our
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Mach 6 Mach 5 Mach 4 Mach 3 Mach 2
� p : 0:773 � a : 0:785 � p : 0:692 � a : 0:863 � p : 0:777 � a : 0:783 � p : 0:834 � a : 0:778 � p : 0:543 � a : 1:07

Table 3.1: Predicted, � p, and Actual, � a, �rst mode wave propagation angles.

understanding of the in
ectional instability is that it serves to generate vorticity (which

the invariants are then used to illustrate a coupling between streamwise and spanwise

vorticity). However, there is also phase shift associated with the critical layer [79].
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Chapter 4

EFFECTS OF WALL TEMPERATURE PATTERNS ON THE
GROWTH OF SECOND-MODE INSTABILITY

This chapter addresses the central question: How does the distribution of wall

temperature in
uence the growth of second-mode instability and, ultimately, the sta-

bility of a hypersonic boundary layer? This chapter �rst shows the e�ects of di�erent

thermal patterns of various wavelengths and then outlines the mathematical formu-

lation of di�erent instabilities and key driving mechanisms behind them. Then, the

linear increment and decrement patterns are presented which are compared with the-

oretical �ndings. Thermal con�gurations particularly heating and cooling patterns,

directly control the local boundary layer properties, thereby modulating the frequency

and ampli�cation of second-mode instability. As the boundary layer thickens down-

stream, the frequency of second-mode instability decreases. This means that along the

streamwise direction, the instability adapts to the evolving boundary layer pro�le. To

examine the e�ects of thermal patterns on the ampli�cation rate of the second mode,

we performed a CFD basic state analysis of di�erent thermal con�gurations.

4.1 Basic State Calculations

For this study a straight conical sharp nose geometry with a nose tip radius

of 0.1 mm, 7� half angle and 40 cm long is considered. The run conditions for this

study are listed below in Table 4.1. Note that the wall temperature is di�erent for each

condition.
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M 1 � 1 (kg/m 3) T1 (K) U1 (m/s) Re1 (m-1)

5.7 5:20� 10� 2 58.015 870.262 1:184� 107

Table 4.1: Basic state freestream 
ow conditions

The Mach contour plot of the 
ow �eld for one thermal con�guration from

the CFD analysis is shown in �gure 4.1. Then, the stability analysis for di�erent

wall temperature con�gurations was performed using the in-house developed JoKHeR

code. LPSE investigations of di�erent wall temperature patterns are compared to the

isothermal 300 K wall temperature case. These are analyzed at a Mach 5.7, stagnation

pressure of 1000 kPa, corresponding to the highestRe cases seen under the AFOSR-

Notre Dame Large Mach 6 Quiet Tunnel conditions and most often exhibit signs of

transition. At this condition, the transition is driven by second-mode instability in

the frequency range of 300-315 kHz. Therefore, the thermal patterns considered were

designed to only target this frequency range. For this target frequency range, we get N1

and N2 from the isothermal baseline case. The di�erence between these two locations

as the target region or the length where, N1 is the �rst neutral point location from

which the unstable region begins, and N2 is the second neutral point location from

which the unstable region ends. Di�erent sinusoidal wall temperature con�gurations

are positioned between two neutral points and are described in terms of decreasing

wavelength�

� =
L
n

; n = 1; 2; 3; : : :

whereL is the length between two neutral points andn represents the mode number of

the con�guration. The con�gurations are arranged in such a way that the wavelength�

decreases asn increases, representing progressively �ner heating and cooling patterns.

In addition, a `top-hat' pattern and a linear increase and linear decrease ramp pattern

were also considered. The wall temperature plots for these three con�gurations are
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shown in �gure 4.2. Note that linear increase and linear decrease are approximated

linear wall temperature patterns in the target streamwise location.

Figure 4.1: Mach contour plot for wall temperature pattern with wavelength equal to
L/5

4.2 Results and Analysis for Wall Temperature Patterns with Di�erent

Wavelengths

Figures 4.3, 4.4, 4.5, 4.6, 4.7 compare the e�ect of di�erent wall temperature

pro�les on the development of the thermal boundary layer in a 
ow over a cone surface.

Each �gure contains two subplots: the top subplot consists of the wall temperature

con�guration, and the bottom subplot consists of the thickness of the boundary layer

based on the maximum density gradient� � , as well as the di�erence � � � .

� � � = � � � � �; iso
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Figure 4.2: Wall temperature plots for di�erent thermal con�gurations

The green line in both plots represents the baseline case with a constant isothermal

wall temperature of 300 K. The wavelength of the thermal con�guration is varied

in decreasing order from 1 L to 0.2 L, whereL is the length between two neutral

points. An increase in wall temperature leads to a thicker boundary layer. This

is due to the steeper temperature gradient, which causes the 
uid to take a longer

distance to adjust to the free-stream temperature. In essence, a hotter wall creates a

larger temperature di�erence near the surface of the wall, requiring a thicker region for

the temperature to gradually equilibrate. The di�erence � � � , is calculated using the

modulated (thermal con�guration) and isothermal case and applying moving average

�ltering. From observations, it is observed that the di�erence � � � oscillates more

frequently and has a smaller amplitude for a small wavelength con�guration(0.2 L).

The di�erence � � � is approximately (0:45{0:55) � 10� 4 m for a wavelength of 1L.

However, this di�erence � � � decreases to less than 0:2 � 10� 4 m for 0.2 L. In other

words, the di�erence values keep on decreasing with decrease in wavelength as shown
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in �gures 4.3, 4.4, 4.5, 4.6, 4.7.

Figure 4.3: a. Wall temperature(Tw) vs streamwise distance(x) b. Boundary layer
thickness plot for wall temperature pattern with wavelength equal to length between
two neutral points(L)

Linear Parabolized Stability Equations(LPSE) uses theeN method which al-

lows one to correlate the transition with the integrated growth of linear instabilities.

The frequency ranges from 285 kHz to 400 kHz are studied with special focus in the

frequency range between 300-325 kHz while modulating thermal con�guration. The

e�ect of linear increase and linear decrease, as well as a steeper top-hat condition, are

considered �rst. The linear increase case is the condition when the slope of the wall

temperature curve is positive and the increase is nearly linear in the target region of

0.1725 m to 0.325 m. There are two cases of linear increase with a maximum tempera-

ture amplitude of 50 K and 30 K as shown in �gures 4.8 and 4.10. The linear decrease

case is the condition when the slope of the wall temperature curve is negative and the

decrease is nearly linear in the target region as shown in �gure 4.9. Similarly, top hat

pattern is the condition where the temperature is kept constant at 50 K or 30 K (Fig.

4.11 and 4.12).
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Figure 4.4: a. Wall temperature(Tw) vs streamwise distance(x) b. Boundary layer
thickness plot for wall temperature pattern with wavelength equal to L/2

Figure 4.5: a. Wall temperature(Tw) vs streamwise distance(x) b. Boundary layer
thickness plot for wall temperature pattern with wavelength equal to L/3

From �gures 4.8 and 4.9, it is clear that the peak N-factor values of the linear

increase case (when the slope of the temperature curve is positive) for frequency ranges
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Figure 4.6: a. Wall temperature(Tw) vs streamwise distance(x) b. Boundary layer
thickness plot for wall temperature pattern with wavelength equal to L/4

Figure 4.7: a. Wall temperature(Tw) vs streamwise distance(x) b. Boundary layer
thickness plot for wall temperature pattern with wavelength equal to L/5

between 285 kHz to 350 kHz is decreased compared to the base isothermal case. Con-

versely, the peak N-factor values increases when the slope of the temperature curve
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is negative in linear decrease case as shown in �gure 4.9. This is due to the localized

heating and cooling e�ect before and after the neutral point. Heating after the �rst

neutral point N1 and cooling just before the �rst neutral point dampens the growth

of second-mode disturbances. The maximum magnitude of control of amplitude of

disturbance also reduces from nearly 34% to 20% with a decrease in absolute change in

temperature magnitude from 50 K to 30 K, respectively, as illustrated from �gures 4.8

and 4.10. It is interesting to note, from �gures 4.11 and 4.12, that the steep increase

with the plateau (top-hat) provides less N-factor control than the ramping patterns.

This suggests that thermal gradients may have a stronger e�ect on the transition than

uniform wall temperature patterns. From �gure 4.11, frequencies in the range 315

kHz to 400 kHz exhibit signi�cant control. In fact, the lower frequency (285 kHz) is

highly destabilized and there is less control in this tophat con�guration. The trend

is similar for the tophat con�guration with 30 K temperature amplitude as the 285

kHz frequency mode showing no more control of second mode instabilities while higher

frequency modes(325 kHz-400 kHz) show control as shown in �gure 4.12. To further

understand the e�ects of change in the wavelength of heating and cooling con�guration

as mentioned earlier in basic state calculations, di�erent con�gurations with decreasing

wavelength are tested. The in
uence of thermal gradients on the transition is shown to

drop steeply with decreasing wavelength. Figure 4.13 exhibits di�erences in N-factor

values compared with baseline isothermal 
ow as shown by the frequency range 300-375

kHz. The target frequencies in the range 300-325 kHz are destabilized compared to

the baseline isothermal 300 K case. But in the thermal con�gurations with a decrease

in the wavelength or �ner heating and cooling patterns as shown in �gures 4.14, 4.15,

4.16, and 4.17 , there is negligible control of the second mode instability as shown by

the frequency modes in the target region. The bottom subplot in the �gures 4.13, 4.14,

4.15, 4.16 and 4.17 is the di�erence in the growth rate between the modulated case

and the isothermal case,

� � i = � i; mod � � i; iso

� � i are plotted for frequencies ranging from 285 kHz to 400 kHz. This di�erence in the
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growth rate for each frequency for particular thermal con�guration with the baseline

isothermal case signi�es the stabilizing and destabilizing nature of the growth of linear

instability waves. From these bottom sub-plot �gures in each small wavelength cases,

the overall integral of � � i or sum is nulli�ed with each other.

Figure 4.8: N -factors diagram for wall temperature con�guration (50K linear increase)
as shown byTw at p0 = 1000 kPa compared to constantTw = 300 K
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Figure 4.9: N -factors diagram for wall temperature con�guration (50K linear decrease)
as shown byTw at p0 = 1000 kPa compared to constantTw = 300 K

Figure 4.10:N -factors diagram for wall temperature con�guration (30K linear increase)
as shown byTw at p0 = 1000 kPa compared to constantTw = 300 K

58



Figure 4.11: N -factors diagram for wall temperature con�guration (50K plateau in-
crease) as shown byTw at p0 = 1000 kPa compared to constantTw = 300 K

Figure 4.12: N -factors diagram for wall temperature con�guration (30K plateau in-
crease) as shown byTw at p0 = 1000 kPa compared to constantTw = 300 K
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