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ABSTRACT

Within algebra education, students’ conceptions of “variables” (or letters
applied with mathematical purpose, such as x in the expression 2x+3) have been a
frequent topic of inquiry (e.g., Ellis & Ozgiir, 2024; Kieran, 2006; Kiichemann, 1978;
Trigueros & Jacobs, 2008). In this dissertation, I show how an alternative
epistemological perspective on students’ activity--an enactive theory of cognition--can
refocus inquiry on algebraic lettering, a term I introduce to refer to the generating of
letters in the context of their algebra (e.g., writing x or saying y). Across two papers, |
apply case study methodology to 1) examine the key features of three middle school
students’ lettering processes over time (Chapter 2, “Identifying and Characterizing
Algebraic Lettering in Middle-School Student Activity”) and 2) explore how it
developed through students’ classroom interactions (Chapter 3, “The Emergence of
Lettering in Classroom Interactions”).

In my first paper, | investigate: What did three middle-school students learn
with respect to lettering by the conclusion of an instructional unit in their classroom?
I frame this inquiry as a multiple case study of the three students, drawing data from
two task-based interviews conducted at the beginning and end of a unit of instruction
about linear equations they experienced together. I applied qualitative techniques to
construct cross-case data displays to compare and contrast the role of lettering across
students and time points. I found that the students learned to letter in Process-Oriented,

Representationally Connective, and Strategically Connective ways. I discuss

XV



implications for researchers and practitioners in designing tasks that can support future
students’ emergent lettering processes in algebra.

In my second paper, I explore the research question: How did students’
lettering emerge in classroom interactions during an instructional unit about linear
equations? 1 investigated the three students’ activity as a collaborative group through
five video-recorded classroom observations during their linear equations unit.
Drawing from enactivism, I developed a technique called monologic centering
analysis to examine the interdependent lettering trajectories of the students. Related to
the three aforementioned features of lettering, I found that students’ lettering emerged
within their classroom negotiations as they coordinated their lettering to achieve group
goals and draw connections across representations and strategies in their work. I also
found that the students drew upon five central environmental resources within these
interactions—what tasks, the teacher, and groupmates said/wrote with respect to
lettering, as well as lettering applied across representations of the same/different
situations. I discuss how students’ development of algebraic literacy in classrooms can

be supported as a result of these findings.
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Chapter 1

INTRODUCTION



1.1 Introduction

I would like to begin my dissertation with an invitation to you to solve a
puzzle, presented in Figure 1.1. Each shape (circle, moon, star, and heart) has a value
between 1 and 20; the sum of each row/column is shown. What is the value of each
shape? I encourage you to grab a sheet of paper, jot down whatever might be helpful,
and appreciate the experiences of uncertainty, focus, confusion, clarity, frustration, or

resolution that might arise for you.

O 4 43
®@ V¥ | C | (| =

® (C 0|+~
v C | 9| =

48 43 47 46

Figure 1.1: What is the value of each shape?

This style of puzzle (e.g., NRICH, 2025a, 2025b) was a favorite among the
middle school algebra students I used to teach, and it was also a favorite of mine to
watch students solve, particularly as the course progressed. As the year went on, I
noticed students scribbling letters more and more often within their processes to solve
the puzzle. Perhaps lettering, which I define to refer to generating algebraic letters

such as ¢ or m, was part of your approach, as well. For instance, a student might assign



the letter 4 to stand for the value of the heart, recreate the diagram with letters instead
of pictures, write equations like 2¢ + s + h = 48 to model the first column, or leverage
relationships they discover to conclude that m = & + 9 (or that the value of the moon is
9 more than the value of the heart). I grew fascinated by how students’ new ways of
lettering coincided with new strategies and insights about the quantitative relationships
within these puzzles. Indeed, Su (2020) positions mathematics as “an opportunity to
play with beautiful ideas and see the world in a new light” (p. 8), which I watched
unfold as students’ spontaneous lettering practices also emerged. Witnessing students’
evolving strategies over time, I developed a lens for attention to students’ symbolizing
and lettering, as well as a deep curiosity about how classroom interactions around
algebra might have related to these shifts.

Indeed, inquiry related to students’ lettering and how it develops in classrooms
is not only mathematically intriguing but also of great societal importance. In the U.S.,
algebra is a gatekeeper in students’ future academic and college access, particularly
for Black and Latine students (e.g., Loveless, 2013; Spielhagen, 2006). Moses and
Cobb (2001) advanced improving the teaching of algebra as a crucial issue of
supporting every student’s fundamental civil and human rights in schools. Lettering,
then, is a skill that not only supports students’ mathematics but is also foundational to
their future success and our work toward creating an equitable world.

At this stage, however, it is worth acknowledging that the construct of
algebraic lettering has not yet been discussed in the extant literature. A Google
Scholar search of the phrase “algebraic lettering” yields only two results relevant to
mathematics education, both using “algebraic lettering” to qualify a type of

“expression” (Lagrange & Chiappini, 2007; Nicaud & Viudez, 2006). Instead, I



conceive of algebraic lettering as a verb, referring to any generating of letters in an
algebraic context, across representational modalities (e.g., equations, diagrams, tables,
graphs, etc.). Some researchers have analyzed “algebraic symbolizing,” (Brizuela &
Earnest, 2008; Kaput et al., 2008; Matthews et al., 2007; Radford, 2000; Rosnick,
1982) which I take to refer to a process simultaneously more broad and specific than
what lettering entails (i.e., often constructing algebraic expressions or equations to
represent a quantitative relationship, such as 2x+3=y). Others still have examined how
students think about “variables” (Ellis & Ozgiir, 2024; Kieran, 2006; Kiichemann,
1978; Trigueros & Jacobs, 2008) or “literals” (Philipp, 1992), which take algebraic
letters (and one’s conceptions of them) as the object of study. In this work, I introduce
and examine the construct of lettering as a means of shifting our focus toward lettering
as an activity, situated within one’s broader mathematical and algebraic doing.

I arrived to define and investigate the construct of lettering in this dissertation
through a deep theoretical commitment that has also oriented my inquiry. In this work,
I sought to grapple with an enactive theory of cognition (also known as enactivism,;
Maturana & Varela, 1992; Varela et al., 1991) toward new insights and methodologies
in the algebra education space. Enactivism, at a high level, is a theory through which
cognition is cast as embodied inter-action (see York et al., 2025 for more details about
this synthesis), emphasizing that to think or know consists of one’s dynamic,
interdependent, and holistically experienced activity with the environments that
surround us and that we also influence (Maturana & Varela, 1992; Varela et al., 1991).
Across research, enactivism has supported scholars to emphasize themes of ethics
(Aguayo et al., 2023; Simmt & Kieren, 2015; Varela, 1992), relationality and

interconnection (Butnor & MacKenzie, 2022; Dominguez, 2019; Glanfield &



Sterenberg, 2019; Towers & Martin, 2015), and complexity (Davis & Sumara, 2007),
among others. From my own studies of this theory, I perceive its capacity to hold and
reconcile tensions between our conceptualizations of knower and environment, agency
and interdependence, and the individual and the collective in ways that align with my
own core beliefs and values. For this reason, I steeped myself within this discourse,
including reading, dialoguing, and writing about enactivism with scholars around the
world who share a similar commitment (e.g., forming an Enactivist Mathematics
Education Research Group we call EMERGe). In this project, enactivism supported
me to both perceive and articulate lettering as a phenomenon of interest and craft
methods to examine its emergence with theoretical consistency, all while also
reflecting values of interdependence and ethics in how I discussed student learning
across the work.

I note that, as alluded within the description above, I leverage enactivism in
this project as a resource informing the epistemology, theoretical perspective,
methodology, and methods that anchors the work. I conceptualize these terms and
their interrelationships in line with Crotty (1998), who identifies these four elements
as central to the research process. As a theory of cognition (or, alternatively,
knowledge) that also carries distinct implications for our definitions of reality and
relationships with it (e.g., Maheux & Proulx, 2015; Maturana, 1988; Proulx, 2008),
enactivism has informed a foundational epistemology, or my “lens on the world and
angled ways of knowing it [that] focus and filter the perception and interpretation of
it” (Saldana, 2011, p. 22). In addition, as cognition is also the focus of the present
study, enactivism informs my present theoretical perspective, which Crotty (1998)

describes as a philosophical stance that structures the context and logic of a research



project. I apply enactivism to further frame my methodology, or strategy underlying
how I chose and connected methods and findings (Crotty, 1998); enactivism is
particularly useful in supporting researchers to methodologically conceive of
interrelationships between researchers and data, community, and their own cognition
(Lozano, 2015; Reid, 1996). Finally, on many occasions, I employ enactivism to
inform the design of particular methods, which refer to procedures and techniques to
both collect and analyze data (e.g., Towers & Martin, 2015). Thus, I highlight that the
reader may encounter enactivism articulated as epistemology, theory, methodology,
and method; all such uses are intentional and intertwined given the relevance
enactivism held to all parts of the research process.

Within the dissertation that follows, I will present a collection of findings from
a project where I explored a group of three eighth-grade students’ lettering practices
over the course of a unit about linear equations in their algebra class, actively
leveraging an enactivist lens to frame, examine, and interpret findings. Alongside an
enactive theory of cognition, I also braided case study methodology and methods!
(Yin, 2018), as well as qualitative methods (Merriam, 1998), into my structuring of
this project (see Figure 1.2). As a qualitative enactivist case study, I could flexibly
bound and distinguish cases (the three students) from their context to focus upon
lettering inter-actions as a unit of analysis. I note the compatibility of case study
methodology and methods with prior enactivist research in mathematics education
(e.g., Abrahamson et al., 2021; Lozano, 2015; Reid, 2014). Furthermore, I collected
data about the students’ lettering through multiple qualitative sources, including initial
and final task-based interviews and classroom observations, with qualitative analytical

techniques. These data sources and analyses supported my inquiry around the



following two research questions, which anchor each chapter of this two-paper
project:

1.  What did three middle-school students learn with respect to lettering by
the conclusion of an instructional unit in their classroom? (Chapter 2).

2. How did students’ lettering emerge in classroom interactions during an
instructional unit about linear equations? (Chapter 3).

Enactivism Case Study Qualitative
Research Research

Epistemology

Theoretical
Perspective

Methodology

Methods

Figure 1.2: Diagram of the braided resources of enactivism, case study research, and
qualitative research within the design of this dissertation.

In Chapter 2 (“Identifying and Characterizing Algebraic Lettering in Middle-
School Student Activity”), I construct a multiple case comparison of the three
students’ initial and final task-based interviews to identify three features of lettering

the students learned. Here, I apply an enactive theory of cognition to define “lettering’

and “learning” in dialogue with extant literature. The three features of lettering that I



derive from this piece highlight these students’ productive algebraic adaptations,
which provide a starting point for inquiry into this newly-framed phenomenon.

In Chapter 3 (“The Emergence of Lettering in Classroom Interactions”), I
connect the three features from Chapter 2 to the student group’s lettering activity in
the classroom. In particular, I explore how the students’ lettering practices related to
features and actors of their classroom environment, including with one another. I
apply enactivism throughout this paper to inform both a theoretical framework for
research around student cognition in mathematics classrooms as well as concrete
methodological approaches for examining a group of students’ cognition. The findings
from this work support an analysis of how pedagogy and lettering relate, suggesting
considerations for pedagogical design that could support student lettering in the future.

Taken together, these chapters inform a dissertation through which I explored
both how lettering functions and also how it can develop in a present-day mathematics
classroom setting. In Chapter 4 of this dissertation, I synthesize my inquiry across the
two papers to highlight practical and theoretical implications for algebra education,
enactivism, and mathematics education research. I will connect back to prior research
and also imagine forward to new connections, inquiry, and practice that can develop
from this work. Indeed, like the experience with the puzzle? that launched this chapter,
I 'intend for this dissertation to inspire new curiosities around how lettering informs
our mathematics, supporting our collective striving toward algebra literacy for every

student.



ENDNOTES

I' Although researchers have found that many scholars ultimately apply case study as a
method, case study research has often been framed as an organizing methodology
(Hyett et al., 2014). Because of the way in which I applied the case study structure in
this work to both organize the strategy linking data and results, as well as its relevance
in collecting, analyzing, and reporting findings, I refer to case study as both
methodology and method.

2 Wondering about the solution to the initial puzzle? The value of the circle was 16,
the value of the moon was 14, the value of the star was 11, and the value of the heart
was 5.
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IDENTIFYING AND CHARACTERIZING ALGEBRAIC LETTERING IN
MIDDLE-SCHOOL STUDENT ACTIVITY
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ABSTRACT

Symbolizing has been described as both a foundation and a barrier in
supporting all students’ algebra literacy. One crucial component of symbolizing
unique to algebra is lettering, or generating letters in an algebraic context (e.g., writing
“x” or saying “y”). In this paper, I present a multiple case study to explore changes in
three middle school students’ lettering across two time points, contrasting their
activity with the same mathematical task before and after a unit of instruction in their
algebra classroom. Situated in enactivist epistemology, I characterize students’
lettering as a cognitive activity and their learning to letter as inherently adaptive and
productive. I share my findings around three features of lettering the students learned:
1) Process-Oriented, 2) Representationally Connective (across tables, equations, and
graphs), and 3) Strategically Connective. I discuss the implications of these features
for the design of future research around students’ algebra cognition and the design of

tasks that may support students’ literacy in algebra.
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2.1 Introduction

The need to support every student’s mathematical literacy--and particularly
algebra literacy--has been framed as a crucial issue of civil rights and equity within
our modern world (e.g., Algebra Project, Inc., 2024; Fonger, 2024; Moses & Cobb,
2001; OECD, 2017). Definitions of mathematical literacy are varied but often consist
of skills and activities, including meaningfully reading, writing, speaking, and
listening to mathematics (e.g., Thompson & Rubenstein, 2014) and also formulating,
employing and interpreting mathematics across a variety of contexts (e.g., OECD,
2017). One additional feature of algebra literacy is that these skills and activities also
regularly involve fluency with algebraic symbols (often in the form of letters, such as
x in the equation 2x + 3 = 7; e.g., Duval, 2006; Kiichemann, 1978).

Prior research has shown that students’ work with algebraic symbols and
letters is an ongoing barrier in students’ algebra literacy (e.g., Ayala-Altamirano et al.,
2022; Izsak, 2011; Osterholm, 2006; Smith & Thompson, 2008). Osterholm (2006),
for instance, presented learners with two versions of an identical algebraic text--one
incorporating symbols and one using exclusively textual descriptions--and found that
comprehension greatly improved in the text-only environment. On the other hand,
Smith and Thompson (2008) noted that symbols and letters are often overemphasized
in algebra teaching, leading students to experience algebra as “a set of rituals
involving strings of symbols and rules for rewriting them” (p. 96). As such, symbols
and letters can both inhibit access to and limit the potential for students’ robust algebra
literacy.

Despite these challenges, researchers have also argued that symbols and letters
are a foundational part of authentically engaging in the field of algebra (e.g., Moses et

al., 1989; Radford, 2000; Smith & Thompson, 2008). Radford (2014), for instance,
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positioned symbolization of some kind (using either standard or non-standard
notation) as one of three definitional components of algebraic thinking. Kaput (2008)
further advanced that “the heart of algebraic reasoning is comprised of complex
symbolization processes that serve purposeful generalization and reasoning with
generalizations” (italics added, p. 9). Across these definitions of algebraic
thinking/reasoning, I note that symbols and letters are not secondary; rather, we can
conceive of processes of symbolizing as intertwined with algebra literacy in the first
place.

Taken together, this literature suggests an urgent question that we must address
in the field of algebra education: How can we support all students to meaningfully
engage in the symbolizing processes of algebra toward their algebraic literacy? In this
article, I identify a starting point for inquiry: investigating how students adapt their
own activity with respect to symbolizing over time (i.e., investigating what they
learn). Moreover, in this paper, I examine a particular phenomenon of symbolizing
unique to algebra that I introduce as /lettering, or generating of letters (such as x or 7) in
an algebraic context. As such, I will explore the following research question: What did
three middle-school students learn with respect to lettering by the conclusion of an
instructional unit in their classroom? 1 advance that responding to this question can
inform a theoretical foundation for supporting all students’ algebra literacy in future
work.

In the article that follows, I first situate my inquiry around students’ lettering
within key definitions and findings from prior literature. In particular, I define and
connect the constructs of representation, algebraic symbolization, and literals (which I

use synonymously with the terms algebraic letters, literal symbols, or variables to refer
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to letters such as x or £ we may use in mathematics; Philipp, 1992) while also
reviewing findings related to students’ cognition and learning in these areas. Next, I
present enactivism as an epistemology that has potential to offer new insights in this
line of research; I describe its core tenets and leverage it to conceptualize a study of
students’ lettering in lieu of students’ cognition about literals. In my methods, I
describe the structure of a multiple case study (Yin, 2018) I conducted with three
eighth-grade students to examine their learning about lettering as they engaged in the
same algebraic task across two different time points after they had worked in a group
together in their algebra classroom. To respond to my research question, I summarize
key findings about how these students learned to letter productively in their broader
algebraic activity within the task. Finally, I conclude with the implications of this
work in shaping our definitions of algebra literacy as well as how we may support its

development in the design of future algebra instruction.

2.2 Representation, Algebraic Symbolization, and Literals

In the section that follows, I conceptualize algebraic symbolization as one type
of representation in algebra. I take representation, at its most essential, to refer to an
individual’s perception that some construction stands for something else (Goldin,
2020; Stylianou, 2011); thus, a representation is a construal, or an enacted
interpretation about one’s world (Varela et al., 1991). For instance, representation in
algebra may involve the act of graphing a perceived relationship between a number of
nickels and a number of dimes that yields some fixed total amount of money.
Alternatively, representation in algebra could also involve constructing an equation to
relate the change of those two quantities, such as 0.05n + 0.10d = ¢ (i.e., algebraic

symbolization). One way to algebraically symbolize involves constructing algebraic
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literals; in the previous example, the letters 7, d and ¢ are literals within the represented
statement. I display the relationship I conceive between the constructs of
representation, algebraic symbolization, and literals in Figure 2.1 below. I envision
that lettering, which I discuss at greater length in subsequent sections, involves
generating literals across algebraic symbolization and other acts of representation in

algebra.

Representations

~
...may exist as... Lettering
; ; ; involves
Algebraic symbolization - generating
literals across
...one component of which is. .. acts of
Y representation
Literals )

Figure 2.1: A diagram of a relationship between representations, algebraic
symbolization, literals, and lettering.

In the section that follows, I will elaborate the definitions of each of these
constructs within mathematics generally and algebra specifically. I place particular
emphasis on defining representation, as it is the category within which we can make
sense of the constructs of algebraic symbolization and literals. These constructs not
only support a later definition of lettering but also support the contextualization of

lettering within the broader scope of representational activity in algebra.
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2.2.1 Representation in Mathematics

Definitions of representation in mathematics have been presented from a
variety of theoretical orientations in mathematics education, including radical
constructivism (von Glasersfeld, 1995), semiotics (Peirce, 1998), enactivism (Varela
et al., 1991), and theorization specific to representation (Goldin & Kaput, 1996).
Therefore, to synthesize this literature, I will discuss three key features of the
perspective that [ adopt for representation that are consistent across theoretical vantage
points, including the enactivist lens I will later explicitly adopt. Those key features

arc:

1. That representation is an act of cognition, inseparable from individuals’
actions and perceptions.

2. That representation is necessary to mathematical cognition.

3.  That representation is situated in contexts, histories, and experiences.

2.2.1.1 Representation as an Act of Cognizing Individuals

First, I note how, across theories, representations in mathematics cannot exist
independent of a cognizing agent who both acts and perceives. Indeed, many theorists
emphasize this inseparability by employing language that distinguishes between
representations and objective, external productions, referring to these instead as
inscriptions (Goldin, 2020) or artifacts (Panorkou et al., 2023). In theories where the
existence of objective external productions are questioned (e.g., Maturana, 1988;
Varela et al., 1991; von Glasersfeld, 1995), representation is instead a mutually
constitutive process that relates an individual and the world. For instance, Varela et al.,
(1991) argue that “what we say about the world tells us as much about ourselves as it

does about the world” (p. 142). That is, what we as individuals represent (i.e., “say”)
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cyclically determines (and simultaneously embodies) our perceptions, constructing
and bringing forth a world of significance. Across these varied stances on the
existence of external reality, I note the common takeaway that representation cannot

be conceived without a cognizing individual’s actions and perception taking part.

2.2.1.2 Representation as Necessary to Mathematical Cognition

Second, if representation is enacted by cognizing individuals, we may also
extend that representation serves particular cognitive functions within the domain of
mathematical and algebraic activity. According to Duval (2006), “The role of semiotic
representations is not confined to designating objects, to standing for something else,
or to being themselves considered as objects. Their use is determined by the
possibility of mathematical processing that they permit” (p. 108-9). Indeed,
researchers have observed that students’ explicit work with different types of
representations (such as manipulatives, simulations, tables or graphs) can deepen their
quantitative (e.g., Gantt et al., 2022) and covariational (e.g., Panorkou et al., 2023)
reasoning to support algebra.

Stylianou (2011) further examined representations’ role within mathematical
problem solving by categorizing the ways individuals leveraged representations within

their thinking--as either a static product or as a dynamic process:

Note that when one uses a representation as either a means to
understand or record information, then one treats it as a product (often
static) of one’s activity. However, when one uses representation
towards exploration or for evaluation, then the representation becomes
a process (dynamic) within problem solving (italics removed from
original, p. 271).

That is, Stylianou (2011) characterizes that representations can be used as static

products when they document or report information in problem-solving;
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representations can be used as dynamic processes when they are iteratively engaged to
advance a problem-solving goal.

To illustrate product- and process-oriented uses of representations in
mathematical cognition, we may consider the middle school students in Stylianou’s
(2011) study who engaged with a task of how many individuals could sit around a
long table composed of unit squares that could seat one individual on each side. In
some cases, students constructed representations (such as a square tile to stand for an
individual table) to organize the information presented in the task (e.g., “each person
like you said is going to sit on one side, and then four people...will fit, on the square,”
p. 272). In other moments, students used representations (such as diagrams in which
multiple square tiles were pushed together) dynamically, supporting their explorations
of more possibilities for maximum guests and the generalization of these patterns (e.g.,
“But, you know, have to eliminate that [person] because he's going to be squished,” p.
273). Importantly, Stylianou found these same patterns of product- and process-
oriented uses of representations in a group of expert mathematicians’ work with a
calculus task as they engaged with a graph. Moreover, individuals’ static product and
dynamic process representational use were also identified during collaborative
mathematical activity amongst the middle schoolers (as they used representations
statically to present findings and dynamically to negotiate ideas). Stylianou’s (2011)
work, as well as others’ (e.g., Brizuela & Earnest, 2008), suggests the generalizability
and utility of the categories of static and dynamic representation use across

mathematical content, experience, and mode of mathematical activity.

22



2.2.1.3 Representation as Situated

Third, researchers across theoretical orientations argue that representations are
situated within contexts, histories (personal and cultural), and experiences that inform
our work with them. From a radical constructivist perspective, for instance, von
Glasersfeld (1991) applies the term “re-presentation” to refer to a construction of
something on the basis of one’s experience “in the absence of the relevant sensory
material” (Moore et al., 2024, p. 242). That is, acts of authentic “re-presentation” are
governed by reconstructions from one’s lived history and perceptions of phenomena
(von Glasersfeld, 1991). Smith and Thompson (2008) emphasize that one’s
reconstruction of experiential quantities and their relationships in mathematics, in
particular, “provides conceptual content for powerful forms of representation and
manipulation in algebra” (p. 10). Taken together, to re-present consists of drawing
upon an individual’s history of quantitative interactions and perceptions to act and
reconstruct anew, cyclically informing new thought.

From a semiotic perspective!, the form of the representations one constructs is
also drawn from histories and experiences. An individual may construct systems of
representation, or patterned ways of constructing relationships and configurations,
alongside their engagement with symbolizing in cultural and linguistic communities
over time (Duval, 2006; Goldin, 2020; Kaput, 1991). As systems build, they facilitate
one’s mathematical processing (Duval, 2006) and come to highlight particular features
of mathematical concepts (Dreyfus & Eisenberg, 1996). Moreno-Armella et al. (2008)
describe that systems become “transformed into a meta-cognitive mirror...[through
which] we can see our own thought reflected in that ‘system’ and discover something

new about our own thinking” (p. 101). Systems of representation, then, consolidate
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representations, drawing from one’s social experiences, to facilitate the construction of
mathematical ideas.

In the context of mathematics generally and algebra specifically, systems of
representation do not exist in isolation; rather, much of mathematical activity depends
upon transformations of representations within and across representational systems
(e.g., Behr et al., 1983). Duval (2006) applied the term representational register to
refer to a type of system in which a transformation of representations is possible.
Transformations can then be classified as one of two categories: a treatment, or
transformation within the same register, or a conversion, or transformation that
changes register without change to the referenced mathematical object. For instance, if
one were operating with the statement y + 3 = 2x + 5 in the register of algebraic
symbolization, a transformation to y = 2x + 2 by subtracting 3 from each side could be
regarded as a treatment, maintaining the original register. Subsequently transforming y
= 2x + 2 into a graph of the same conceived relationship between x and y would
constitute a conversion, changing the register entirely. Because of the interdependence
of mathematical ideas and our representations of them, Duval (2006) argued that
“mathematical thinking processes depend on a cognitive synergy of registers of
representation” (p. 126). Thus, treatments and conversions within and across
representational registers, situated within one’s experiences and contexts, underpin

mathematical activity.

2.2.2 Algebraic Symbolization and Literals
Algebra is a particular category of mathematics in which representation plays
an essential role. I take the term algebra, at a high level, to refer to a type of

mathematics that involves the construction of quantities (or measurable attributes of
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objects or phenomena) and the description of relationships between quantities (Smith
& Thompson, 2008) with some level of generalization (Kaput, 2008). For example, a
learner may conceive of the distance traveled during a walk between their home and
school, measured in feet, alongside their speed during the trip, measured in feet per
hour. As the learner begins to coordinate the relationship between these quantities as
general phenomena (e.g., as my speed increases, my distance traveled decreases)
beyond a single specific instantiation (e.g., when my speed is 3 feet per hour, I can
travel 3 feet in one hour), they may begin to engage in algebraic reasoning.
Representation is necessary to the process of conceiving and relating
generalized quantities in algebra (Radford, 2000). Indeed, graphs, tables, and
equations can constitute algebraic representational registers (enacted through a
learner’s interpretive actions) when situated in an algebra-relevant context. In the
previous example, a learner may deepen their exploration of the relationship between
quantities through the construction of a table or a graph, for instance. As the learner
notices patterns between the quantities’ change, they may even construct an equation
or name the type of relationship (e.g., linear, quadratic, etc.). Algebraic thinking can
be deeply connected in simultaneous ways to one’s lived experiences and abstraction
through representation, which facilitates new ideas, inventions, and learning.
Algebraic symbolization (e.g., expressions and equations like s = %) is one
type of representational register that a learner may operate in to support their algebraic
activity. I define representations within the register of algebraic symbolization as
written statements that operate with or state an operational relationship between literal
symbols. Literal symbols, a term advanced as an alternative to “variables” by Philipp

(1992), refers to any letter applied in the context of mathematics. The term “literal” (as
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letters) may be contrasted with “numeral” (as numbers; see use of these terms in
Kaput et al., 2008) to emphasize its reference to notation as opposed to a
predetermined interpretation. Indeed, literals may include letters that one perceives to
stand for constants (e.g., ¢ in the expression e*to stand for Euler’s number) or varying
quantities (e.g., x in the same expression). Philipp (1992) generated a list of seven
such mathematical functions for literals within algebraic symbolization: 1) as label, 2)
as constant, 3) as unknown, 4) as generalized number, 5) as varying quantity, 6) as
parameter, and 7) as abstract symbol. Literals, then, constitute a fundamental
representation that can support algebraic thinking in the broader algebraic
symbolization register.

At this stage, I redirect the reader to the diagram I presented at the outset of
this section (Figure 2.1) to reflect the relationship I envision between the constructs of
representation, algebraic symbolization, and literals. I emphasize that although literals
are necessary to one’s representation in the algebraic symbolization register, they are
also not necessarily exclusive to it. For instance, one may generate literals along axes
as they construct a graph of the relationship between two quantities that the letters x
and y represent. One may state literals aloud in conversation with a peer as they
discuss an algebraic problem-solving task. Throughout this dissertation, I take literals
as a component representation within a very wide range of possible representations
one may construct in algebra. This shift enables my later discussion of students’
lettering (how they generated letters in algebraic context) with respect to their

representational activity more broadly throughout this dissertation.

26



2.3 Student Cognition and Learning about Literals

Leveraging the definitions and context above, I will next review the existing
literature that focuses on students’ cognition and learning about literals in the context
of algebraic symbolization and algebra more broadly. Indeed, such review informs the
discussion of lettering that follows. In reviewing this literature, I identify how
investigation of this topic has been focused primarily on students’ meanings for
literals, leaving open several other directions for inquiry. I will discuss additional
work that has pointed toward the social, historical, and cultural context of students’
literal construction before discussing what enactivism may afford in understanding

students’ cognition and learning about literals.

2.3.1 Meanings for Literals

According to Kieran (2006) in a review of research on algebraic thinking
featured in Psychology of Mathematics Education conference proceedings between the
1970s and the mid-2000s, the topic of “variables and unknowns” has been discussed in
the field since at least 1977. Within this strand of research, researchers have
thoroughly explored students’ meanings for literal symbols, often in ways building
toward or from Philipp’s (1992) categories of uses of mathematical letters (e.g.,
Kiichemann, 1978; Trigueros & Jacobs, 2008). Using these categories, researchers
have found that students hold meanings for literals that may de-emphasize their status
as quantities (e.g., Booth, 1988; Klingbeil & Moons, 2024; Kiichemann, 1978;
Rosnick, 1982). For example, Booth (1988) found that some learners regarded the
statement 3a as “3 apples” as opposed to “3 times the number of apples” (p. 27).
Moreover, Rosnick (1982) found that students often fluctuated between label and

quantitative interpretations of literals within the same problem, thus maintaining an

27



inconsistent conception of quantity. Indeed, recent studies have shown that
quantitative interpretations of literals may depend upon an equation’s structure for
some students (i.e., literals may be interpreted more or less quantitatively within an
additive statement versus a proportional statement; Klingbeil & Moons, 2024). The
scope of this body of research over time suggests that interpretations of literal symbols
as labels or objects, as opposed to measurable phenomena, occurs commonly for
learners of algebra.

In addition, more recent research has further placed a focus on how students’
meanings may align (or misalign) with researchers’ or mathematicians’ intentions to
express the concept of “variable,” or a varying quantity (see reviews in Trigueros &
Jacobs, 2008; Warren et al., 2016). Indeed, Kiichemann (1978) reported that only
about 6% of students who were approximately 15 years old compared the expressions
2n and n+2 in ways that expressed meanings for » as a varying quantity, making it the
most challenging item on a test for students’ meanings for letters. Work that followed
in the early 2000s further substantiated and explored how students conceived (or did
not conceive) letters as variables (e.g., Christou & Vosniadou, 2009; Hewitt, 2014;
Jacobs, 2002). For instance, Jacobs (2002) found that high school calculus students
who approached tasks conceptually also discussed the literal symbols they engaged as
varying quantities related to others. In contrast, students who discussed the goal of the
task as calculational (e.g., “solving” or “finding” a solution) tended to discuss literal
symbols consistently as value-dependent. The way a student regarded literal symbols
had later implications for the learners’ work with concepts of limit and derivative,
suggesting that students’ meanings for literals could impact broader mathematical

activity.
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In a review of algebra research between 2018 and 2022, Ellis and Ozgiir
(2024) identified that recent research around literal symbols and symbolizing has
shifted from a focus on what students cannot do to what students can do with respect
to their meanings for literals. For instance, some recent research has shown how
elementary students are capable of symbolizing with literals as unknowns, variables,
and/or generalized numbers (e.g., Ayala-Altamirano & Molina, 2020; Blanton et al.,
2019). By the same token, researchers have demonstrated how middle school students
can build meanings for literals as unknown/varying as they progress through various
grade levels (Sharpe, 2019) and experience particular instructional interventions
(Hackenberg et al., 2021). This body of work has emphasized students’ capacity for

learning to interpret and use literals meaningfully in their activity.

2.3.2 Social, Historical, and Cultural Context for Literals

Within the research about students’ cognition and learning about literals, some
work has taken an approach that focuses not upon an individual’s meanings but rather
upon their social, historical, and cultural foundations. This approach is particularly
clear in Radford (2000), which examines how students’ meanings for literals emerge
through how they use them within the social context of a classroom. Unlike the prior
studies which focus upon an individual’s meaning for literals, Radford applies a
semiotic-cultural conception of cognition to frame literals instead as signs that become
meaningful through their use and “belong to cultural symbolic systems which
transcend the individual qua individual” (p. 241). In this way, Radford argues that
students’ learning about literals can be recast as a process of socially-generated
appropriation. Radford (2000) highlights, for instance, how one student, Anik, came to

regard the literal # as an index, referring to a generalized number in the task. By
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examining surrounding linguistic expressions and social interactions, Radford finds
that Anik spoke and wrote expressions with n “like a gesture with the forefinger,” (p.
257) pointing (linguistically) to previous socially-constructed quantities. In this way,
Radford argued that Anik’s learning about #’s meaning was necessarily linked with
the surrounding social/classroom context of his activity.

Indeed, other scholars have similarly explored literal construction with a lens
toward context, prioritizing historical over social foundations. For instance, Sfard and
Linchevski (1994) connected their observations about students’ mathematical activity
to the historical development of literals in mathematics, which depended first upon
written words before applying literals to represent calculational processes and finally
products that could be reified as structures unto themselves. They identify that some
students’ mathematical activity, consequently, could be “pseudostructural” if steps
through the historical/conceptual progression are overstepped, arriving at a view of
algebraic symbolization as a structure prematurely. Thus, they identify meanings for
literals through their alignment with the conceptual growth of the field over time.

Indeed, if we expand our view to consider cognition about literals as a
historical phenomenon, the format of literals (i.e., which letter one applies) may also
be more connected to students’ meanings for literals than has been explicitly studied.
Mazur (2014), for instance, credits Descartes with applications of literals most like the
system we apply in U.S. mathematics curriculum today, such that “beginning letters of
the alphabet were to be reserved for fixed known quantities and latter letters (past p)
were to represent variables or unknowns that could take on a succession of values” (p.
150). Descartes, also advancing the construction of the Cartesian coordinate system,

described the coordinate plane as a relationship between the real number quantities of
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x and y. However, as Trigueros and Jacobs (2008), note, such customs around

symbolization may impact students’ meanings for literals. As such, they recommend:

Encourage students to choose meaningful symbols for variables in a
contextual setting (not always x and y), and take care that they are able
to change the name of the variable when needed to be sure they are not
using the variable only as the replacement of the name of an object, but
as a symbol to operate with. (p. 10)

Matthews et al. (2007) further emphasize that literal and symbolic selection
matters for students, and they identify this as an area for intervention in improving
algebra teaching for Indigenous students in an Australian context. The authors note
that algebraic symbolization and literals are derived from Western practices that, in
many ways, do not reflect Indigenous cultural values and may discourage Indigenous
students’ pursuit of algebra. They piloted a curricular approach to teaching about
symbolization and literals that, instead, forefronted Indigenous students’ own symbol
construction to tell stories about related quantities. Furthermore, a component of the
intervention involved students sharing their symbolic systems with others and
applying one another’s systems to tell stories, emphasizing the ways that symbol
choices reflect culturally established conventions. From there, students could engage
with Westernized literals and symbolization systems (e.g., 2x = §) with new
interpretive insights.

The aforementioned works suggest the possibilities for expanding what we
know about students’ cognition and learning related to literals when we adopt different
theoretical perspectives in our inquiry. However, taking this literature collectively,
open questions still remain with respect to this subject. For instance, although these
studies examine what literals come to mean for students within particular contexts and

within the singular representational register of algebraic symbolization, there is less
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known about how literals relate to their broader algebraic activity (particularly across
representations) within those contexts. What do literals enable students to do that they
could not do before in their situated mathematics? Furthermore, these accounts
suggest an underlying hierarchy to the development of literal meanings as well as an
appropriateness of some meanings over others in doing algebra. What could a lens
focused more on students’ activity as inherently productive and adaptive afford?
Indeed, these ongoing questions suggest that further theorizing about students’
cognition and learning could, in turn, support us to understand different aspects of

what students come to know and do with respect to literals.

2.4 An Enactive Approach to Examining Students’ Cognition and Learning
About Literals

In what follows, I outline several major tenets of an alternative epistemology
and methodology for the study of cognition known as enactivism or an enactive theory
of cognition (Maturana & Varela, 1992; Varela et al., 1991). [ will show how, through
the adoption of an enactive theory of cognition, we can recast students’ learning with
respect to literals from a focus on their meanings toward a focus on their perceptually-
guided actions and how they support activity. As such, I argue for inquiry into
students’ algebraic /ettering, which I define as the act of generating letters in an
algebraic context. By focusing upon students’ mathematical doings in the broader
context of their mathematical activity (e.g., Maheux & Proulx, 2015), we can begin to
answer some of the questions that previous studies of students’ cognition and learning
about literals have left unanswered.

Through an enactive theory of cognition, I conceptualize knowing as action

that, from a history of actions, brings forth a world (Maturana & Varela, 1992; Reid &
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Mgombelo, 2015; Simmt & Kieren, 2015). Within enactivism, one rejects that
individuals mentally represent a singular, objective world (cognitivism; Varela et al.,
1991). One also rejects that individuals construct their own subjective worlds within
their own experiences (radical constructivism; (Davis et al., 1996; Proulx, 2008; von
Glasersfeld, 1995). Instead, through enactivism, I conceptualize individual and world
as co-evolving structures, connected and shaped through their actions together (i.e.,
interactions) in and over time (Davis et al., 1996; Proulx, 2008; Simmt & Kieren,
2015). As such, to know is not static and cannot be reduced to a description of a
cognitive structure one might possess; knowing must be a verb inseparable from
context and history.

To illustrate, I invite the reader to engage with the following riddle: “Rosita is
7 years old. Arlene is 4 years younger than Melanie and 11 years older than Rosita.
How old is Melanie?”” I do sincerely make this request--I encourage you to please
pause, jot down an idea, speak it aloud, and try to come up with a solution! When you
return to this text, I ask you to reflect: What did your experience of cognition in
approaching this riddle feel like? In the section that follows, I will provide further
details about how enactivism explains cognition and relate them to this touch-point

experience.

2.4.1 Defining Cognition Within Enactivism

I will leverage my own reflections upon the experience of solving the riddle to
highlight three central features of cognition from an enactivist perspective. I cannot
presume to know the reader’s exact experience and interpretation with the riddle, but I
aim for these anchoring reflections to resonate with aspects of your own reflection and

simultaneously highlight key enactivist ideas. First, I will present how, via enactivism,
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we may conceptualize cognition as manifest in one’s perceptually-guided action
(Maturana & Varela, 1992; Varela et al., 1991). Second, I highlight the implication of
this definition that cognition is emergent (e.g., Varela et al., 1991), arising from the
interaction between our biological structure and environmental stimuli. Lastly, I note
how cognition “brings forth a world,” (e.g., Simmt & Kieren, 2015) transforming
one’s reality, perception, action, and future cognition as it unfolds.

Reflecting upon my own experience with the riddle, I recognized that 1)
perception was an active process crucially intertwined with cognition. Indeed, for me,
it felt as though the task itself was transforming over time, as my own perception of it
(and cognitive actions with it) changed. Within an enactivist epistemology, the terms
perception, action, and cognition reflect inseparable phenomena that mutually specify
one another across biology (Maturana & Varela, 1992; Varela et al., 1991). Indeed,
such interdependence can be seen in two central aphorisms of the theory. First,
Maturana and Varela (1992) foundationally advance cognition and action as
synonymous: “all doing is knowing, and all knowing is doing” (p. 27). Further,
(Maturana, 1987) reflects the role of perception in active knowing processes through
the title statement of a chapter in Gaia: 4 way of knowing: “Everything said is said by
an observer.” I note that, within this aphorism, to “say” (what one may regard as a
cognitive action) is dependent upon regarding living systems as observers (i.e., as
perceiving beings). Accordingly, Varela et al. (1991) use the term perceptually-guided
action to describe the foundation of cognitive processes.

Conveying equivalence across processes of perception, action, and cognition
means that we can research mathematical knowing in ways that overlap these

phenomena. Proulx (2013), for instance, applied enactivism to examine student
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teachers’ unfolding mental mathematics to solve the equation x? — 4 = 5. One teacher
perceived the prompt as a system of equations (i.e., y = x? — 4 and y = 5), guiding
their cognitive actions with the task and interpreting its solution (i.e., in terms of
coordinates that would satisfy the system). Another teacher perceived the equation as
an opportunity to solve by isolating x, determining a different sequence of cognitive
actions that continued to transform the task (i.e., returning x as a value that would
make a narration of the original equation true). As learners perceived and posed the
problem within the task, “this posed problem in return influenced its solving, which
posed/transformed anew the problem to solve” (Proulx, 2013, p. 324). Similarly, I can
recount twists, turns, and the momentariness of cognition as I made sense of the riddle
in new ways. Indeed, the simultaneity of perception, action, and cognition imply that
we can regard cognition as dynamic and emergent (i.e., knowing) instead of something
accumulated, structural, and static (i.e., knowledge).

Extending the idea of cognition as dynamic, I also notice that my engagement
with the riddle took the form of 2) emergent interaction between my own structure and
an environmental stimulus. We may take the term structure to refer to an ever-
changing biological unity of components and relations; each of us as individuals
constitutes one such structure (i.e., a body, with connected sensorimotor systems)2.
brought forth the unfolding environmental stimulus of the riddle as I cognized with it.
As such, we may emphasize the interdependence of cognition, inextricably linking a
structure and the evolving environment that one’s actions bring forth (Maturana &
Varela, 1992; Varela et al., 1991). Indeed, Lozano (2004) describes the hypothetical
example of one’s cognition and perception related to an algebraic symbol: “The way

the symbol is ‘seen’ by the student is determined by the way he or she is configured in
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a certain moment” (p. 47). We may note that all components of this cognitive process
with respect to an algebraic symbol--the individual’s particular configuration, the
symbol itself, and the cognitive action--are all simultaneously interrelated and fleeting.
That is, cognition, as an action first and foremost, emerges from individuals’ structures
(including their histories and states of being) as they interact with a stimulus within a
particular point in time.

Lastly, the riddle experience further exemplifies how one’s cognition, through
its interdependence with the riddle itself, 3) “brings forth a world” for an individual
(Kieren & Simmt, 2009; Simmt & Kieren, 2015; Varela et al., 1991). We can take this
phrase to suggest the coupling and mutual definition that exists as structures and
stimuli (like the individual and riddle) interact with one another. Indeed, in the case of
the riddle, everything I wrote, said, spoke and did became complicit in further
generating the riddle anew, spurring new possibilities for interaction as cognition
unfolds. In this way, perceptually-guided, emergent cognition “does not represent a
world, it creates one” (Reid & Mgombelo, 2015). By reframing cognition in this way,
we can explain how structures of individuals and their environments, which are
fundamentally linked, shift over time through new experiences that change future

possibilities for (inter)action.

2.4.2 Analyzing Cognition and Learning in Mathematics via Enactivism
Drawing from these three assumptions within an enactivist theory of cognition,
I next explore the implications such a conceptualization has for the study of cognition
and learning in the context of mathematics. In particular, if we define cognition as
emergent, perceptually-guided action that brings forth a world, then we can analyze

students’ mathematical cognition through their activity (Maheux & Proulx, 2015).
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Furthermore, if we analyze students’ mathematical activity, we can explore their
learning in terms of patterned shifts in their activity over time (Coles, 2015; Lozano,
2015). Throughout, I will introduce how the construct of students’ lettering--the focus
of the present inquiry--is compatible with these interpretations of enactivist theory.
Maheux and Proulx (2015) argue that the operationalization of enactivist
theory in mathematics education implies fundamental changes to our research agenda
with respect to students’ mathematical activity; particularly, they advance the need to
examine students’ doing|mathematics with an awareness that we ourselves are
observers of that activity. Doinglmathematics is a term the authors advance with dual
intention: 1) to emphasize that students’ doings constitute mathematics and 2) that
mathematics itself is enacted, including by ourselves as researchers. They explain the

implications of this change in focus as follows:

But following through Maturana and Varela’s (1992) idea about
knowing and doing also suggests a shift in attention from what students
might know--their so-called mental structures, conceptions, and so
forth--toward attending to the active, dynamic, enacted mathematical
activity as knowing itself. (italics in original, p. 212)

From their view, a focus on students doing|mathematics in our research means
analysis of students’ mathematical activity in context, emphasizing how their actions
function adaptively within their interactions with a task or other environmental
resources. Maheux and Proulx (2015) also note that our determinations of such
activity as “mathematical” depends upon our own structure as a researcher and the
world that we bring forth in our analytical processes. They note that if we embrace this
interdependence of our accounts of doing|mathematics as observer-driven and
perceptually-guided itself, “the stakes of analyzing data rest no longer in their truth or

validity, but in what they offer to oneself and another” (p. 214). That is, our accounts
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of doinglmathematics have potential to be useful in our ongoing sense-making of
students’ mathematical activity, as individuals and as a field.

As Maheux and Proulx (2015) suggest, focusing on students’
doing/mathematics presumes the student’s mathematical activity/knowing is inherently
functional for them, and they describe their effort as one to “continually attempt to
appreciate students’ or teachers’ mathematical activity” (p. 213). Indeed, within an
enactive theory of cognition, we may describe action/cognition as not only
perceptually-guided but also as adequate action (e.g., Maturana, 1988), effective
action (e.g., Lozano, 2015; Maturana & Varela, 1992), or “good-enough” action (Zack
& Reid, 2003). On a biological level, Maturana and Varela (1992) define effective
action (synonymous with knowing) as “action that will enable a living being to
continue its existence in a definite environment as it brings forth a world” (p. 30).
Further, what constitutes adequate action is “in the eye of an observer (who can be the
knowing individual himself or herself)” (Maheux & Proulx, 2015, p. 213). Taken
together in the context of researching students’ doing|mathematics, this may be
interpreted to mean that students’ mathematical activity is adaptive, not toward what is
optimal from our external perspective but rather toward what is functional for them
within their contexts and lived histories of doingjmathematics. Not only is
incorporating this perspective explicitly into our research on students’ cognition a
fundamental component of enactivist research but it is also central to producing
scholarship that promotes an anti-deficit orientation (Adiredja, 2019).

However, if cognition is momentary, emergent, and inherently functional, how
then can we describe the phenomenon of /earning? From the previous discussion, I

note that we must discard views of learning that position learning in terms of
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collection, predictability, or optimization from our point of view. Rather, Coles (2015)
and Lozano (2015) describe an enactivist orientation toward learning as changes in
patterns of activity and new distinctions, related to evolving environments, over time.
From an enactivist lens, the sphere of possibilities of knowing actions shifts alongside
an individual’s structure through its ever-evolving history of actions with an
environment that also transforms with it (Kieren & Simmt, 2009; Maturana & Varela,
1992; Varela et al., 1991). Although knowing actions may be deemed adequate in one
moment, “it is impossible to know if what seems sufficient at one point will remain
s0” (Zack & Reid, 2003, p. 44). Our observations of new patterns of activity or
distinctions, then, can support us to identify learning (new possibilities for action) that
have occurred. Coles (2015), for instance, describes an approach for studying

classroom learning with respect to the word “conjecture”:

I was struck by the use of the word ‘conjecture’ by students. My own
history of structural coupling within mathematics classrooms of course
sensitised me to the use of this word—another researcher looking at the
same video may not have noticed it...I then tracked the use of the word
through all the video recordings I had, to see how the use changed. (p.
240)

Above, Coles (2015) describes a process for examining learning that begins by
noticing new distinctions in mathematical activity (and, in his case, language; i.e. “I
was struck by the use of the word ‘conjecture’ by students”). He situates that these
observations of actions are researcher-driven, dependent upon his own history of
interactions and determined by his structure. From there, he describes an inquiry into
patterns and shifts around “conjecture” over time as the focus of study, positioning

this as a phenomenon of learning.
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Furthermore, as the prior discussion of adequate, effective, and “good-enough”
action suggests, within our search for these patterns, our observations of learning also
involve interpreting how these new patterns of actions may fit within the broader
context of interactions. For instance, Lozano (2015) operationalized her study of
algebra learning in terms of interpreting changes in students’ effective behavior in an
algebra classroom. Lozano identifies effective behavior as that which “allows students
to carry on being students (and teachers being teachers) in the particular classroom in
which they are located” (p. 226). That is, in order to interpret experiences of learning,
patterns and new distinctions related to one’s effective behavior must be
contextualized as an interaction with one’s environment.

In the paper that follows, I apply ideas from enactivism to identify and
describe learning around students’ cognition with respect to algebraic lettering, or
generating letters in an algebraic context. In line with Maheux and Proulx (2015), I
identified lettering through my focus on students’ doing|mathematics during task-
based interviews at the beginning and end of a unit of instruction. Further, in lines
with Coles (2015), I operationalize students’ learning as my own researcher
observation of shifts (new distinctions and patterned changes) in students’
doing|mathematics across time. Moreover, | study students’ learning to letter in terms
of shifts that supported their effective interactions with a mathematical environment
(which I conceptualize as how students learn to leverage lettering actions in their
activity). I describe these research processes in greater detail in the methods that

follow.
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2.5 Methods

To answer my research question (What did three middle-school students learn
with respect to lettering by the conclusion of an instructional unit in their
classroom?), I will present my analysis of data collected from task-based interviews
(Maher & Sigley, 2020; Mejia-Ramos & Weber, 2020) with three eighth-grade algebra
students during a larger case study (Yin, 2018). Through this broader case study, I
sought to understand this group of students’ algebraic classroom learning with a focus
on how they experienced opportunities to learn in convergent and divergent ways. A
fundamental component of this case study, then, involved analysis of shifts in the
students’ algebraic activity (i.e., learning) during the classroom experiences under
examination. To investigate this further, I conducted two task-based interviews with
each student at the beginning and end of the unit with a task aligned to their classroom
instruction. From there, I identified lettering, or the generation of letters within an
interaction situated in and relevant to an algebraic context, as a core distinction
between data I collected across the time points and during classroom experiences. In
this report, I analyze my interview data using a multiple case study approach (Yin,
2018), with each student serving as a case, to exemplify the construct of lettering and
to highlight how these students leveraged the practice in their interactions around an
algebraic task.

In what follows, I will first describe my three student participants and the
context of the broader case study from which this work is derived. Next, I will discuss
my positionality and relationship management over the course of the study. I will then
present my methods of data collection, focused primarily upon the task-based

interview protocol and administration. Finally, I will explain my processes of data
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analysis to respond to my research question about what students learned with respect

to lettering as demonstrated by shifts in knowing with an algebraic task.

2.5.1 Participants and Context

My case student participants for this study were three eighth-graders enrolled
in an algebra course in a public school in the Northeastern United States, who I refer
to as Tyrone, Rakti, and Paisley3. I selected these students in collaboration with their
classroom teacher for two reasons. First, I sought to work with students who exhibited
average academic performance in terms of mathematics grades and test scores
compared to their peers in the class to maximize the likelihood of observing change in
students’ mathematical activity over the course of the study. Second, I selected
students who were collectively as representative as possible of the demographic
composition of the classroom in terms of race and gender to construct cases reflective
of (some of) the diversity of classroom experiences.

I gathered demographic information from the students at the outset of the
study, primarily through a survey I conducted to learn more about their identities in
the mathematics classroom (see Appendix A). All three students were 13 years old at
the time of the study and had taken an accelerated mathematics course in the seventh
grade. I note that all three students also had disrupted school experiences the year prior
due to the coronavirus pandemic, which they often discussed during data collection
with me. Tyrone identified as Black and male, Rakti as Indian and female, and Paisley
as white and female. In this report, I consider each student as a case in a multiple case
analytical approach.

Between the beginning-of-unit and end-of-unit interviews I analyze in this

report, Tyrone, Rakti, and Paisley worked together in a small group in their algebra
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class, frequently collaborating with one another and engaging in full-class discussions.
During that time, their teacher taught from the first part of a unit titled “Linear
Equations, Inequalities, and Systems” from the Algebra 1 course of I/lustrative
Mathematics (2019). During an initial project interview, the teacher described her
intended focus of this unit as learning to work with linear relationships across
equations, tables, and graphs. I designed the task-based interviews I conducted to align
with these students’ anticipated instructional experiences, and I provide more details

about this process in a later paragraph.

2.5.2 Positionality and Navigating Relationships

As I have previously discussed, taking an enactivist perspective on my data
collection and analysis involves reflecting upon my own interactions and their
influence in research (e.g., Maheux & Proulx, 2015; Simmt & Kieren, 2015). I extend
this as a reflection upon how I carried awareness of my positionality, including
relationships and identities (cultural, racial, gendered, professional, and otherwise)
within my research (Milner, 2007; Sultana, 2007). First, prior to collecting interview
data with the students, I visited Tyrone, Rakti, and Paisley’s classroom on two
different occasions to observe and build initial relationships with students. I was
invited to conduct my research in the classroom by their teacher, who I had known
professionally prior to the study from my previous experiences working as a
secondary mathematics teacher in the region. Given this pre-existing relationship and
my own background as a classroom teacher, I actively reflected upon ways to
distinguish my research-driven role and purpose with students via field notes. In the
context of the task-based interviews I analyzed for this report, these reflections also

led to clarifying language I presented to students to contextualize and distinguish our
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work together (e.g., “I am not testing you. You are here to help me, and I really
appreciate it”).

As a multiple case study focused upon students’ algebraic activity, I note that
both my data collection and analysis were driven by a commitment to understanding
and honoring that each student’s lived experiences and mathematics would necessarily
differ from my own. Most saliently, I was an adult former mathematics teacher, which
shaped the lens that I took to understanding adolescent mathematics students’ activity.
Through reflection in my writing processes, I sought to acknowledge the power
dynamics inherent in this relationship and challenge evaluatory perceptions of student
activity or those that compared students’ activity to external standards of practice (e.g.,
Adiredja, 2019). Instead, I worked to understand students’ activity in terms of how it
functioned within the context of their own mathematical experiences. Indeed, it is
through this process that [ was able to identify the construct of lettering and
subsequently analyze how students leveraged it productively within their own work.

Furthermore, a crucial component of the work of analyzing students’ algebraic
activity also involved reflection upon and action knowing my case students’ racial and
gender identities and their overlap with my own. I note that, as someone who
identifies as white and female, I share both racial and gender identities with Paisley,
gender identity with Rakti, and neither racial nor gender identity with Tyrone. I also
note that all three students’ identities place them in categories of persons who have
historically experienced and continue to experience marginalization both across
society and in the context of mathematics/STEM education (Bullock, 2017; Gholson
& Martin, 2019; Langer-Osuna, 2011). As such, I reviewed my own writing and

interpretations for unintentional deficit perspectives. For instance, I note that, in an

44



earlier version of this work (which I characterize at greater length in my section about
Data Analysis), I described Tyrone’s actions as “inconsistent.” I then reworked my
analysis, searching for clearer and more productive descriptions of students’ activity
(e.g., transforming my interpretation of “inconsistency” as a reflection of contextual
utility). In this way, I worked to reject deficit framings and construct an anti-deficit

account for each of the three case students (Adiredja, 2019).

2.5.3 Data Collection

The data for this report about how students leveraged lettering in their
interactions comes from two task-based interviews (Maher & Sigley, 2020; Mejia-
Ramos & Weber, 2020) I conducted with each of the three case students at the
beginning and end of the unit of study. I designed the protocol of the task-based
interview to align with the classroom teacher’s stated instructional goal of students’
fluency across equation, table, and graph representations of linear relationships. To
design the task, I started by reviewing supplemental tasks from the curricular materials
(Illustrative Mathematics, 2019), which Teacher K did not intend to use during her
instruction. I selected a task that I perceived with potential to align with her unit goals
(Illustrative Mathematics, 2019, p. 227-228; Lesson 11, Problem 5). Following that, I
adapted the task and supporting prompts, particularly to emphasize the teacher’s goals
and provide entry points to students even as they completed the task prior to aligned
instruction. Finally, I sought feedback from the teacher to ensure the task would
coincide with instructional experiences she anticipated students would have prior to
data collection.

The scenario stated, “Marcus knows that Paloma has a bunch of nickels and

dimes in a box and that the total amount in the box is $1.75.” I then asked students to
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create tables, graphs, and equations related to this scenario while also providing their
interpretation of them. I provided students the option of responding to prompts either
on paper or via a Desmos activity that contained the prompts, and I encouraged them
to share all of their thinking throughout their work. I collected a screen recording,
free-standing video recording, and written materials from each interview. I include the
full interview protocol in Appendix B.

The task-based interview at both the beginning and end of the instructional unit
was designed to be identical in order to gauge how students’ activity with the task had
changed and also provide a context through which students could reflect on their own
learning across the time points. I conducted the first task-based interview with each of
my three focal students either before the beginning of or on the first day of the
instructional unit. At the end of the first interview, I also administered the
demographic survey I described in the “Participants and Context” section (Appendix
A). I conducted the end-of-unit interview within a week after the last day of the
instructional unit for each student. During this interview, I also added prompts for the
students to reflect on their changes in their thinking and activity since our beginning-
of-unit interview (see also Appendix C). I also analyzed this data to support the goals
of this report about how the students leveraged lettering, as described in greater detail

below.

2.5.4 Data Analysis

In this next section, I will describe my processes for analyzing the data I
collected toward responding to my research question. First, [ will discuss my initial
analyses and context, which highlight how I determined a line of inquiry. Second, as a

multiple case study, I describe how I conducted a within-case analysis, analyzing
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lettering for each of the three students. Finally, I present details about how I conducted
cross-case analysis, integrating and comparing the cases to ultimately describe how

these students leveraged lettering in their interactions around an algebraic task.

2.5.4.1 Initial Analyses and Context

Data analysis for this report began alongside data collection. Following each
task-based interview, I authored short field note reflections (Emerson et al., 2011)
about my initial observations around algebraic activity I perceived the students
engaged (Maheux & Proulx, 2015). From these initial reflections, I opted to pursue a
focused analysis of Tyrone’s interactions around “algebraic symbolization,” which I
noticed had differed across beginning-of-unit and end-of-unit interviews. I transcribed
segments of transcript data from the task-based interviews I had conducted with
Tyrone and also integrated data from classroom observations in the larger case study. I
focused my case report on how Tyrone’s symbolization had changed in relation to his
interactions with his classroom environment. In my findings, I described that his
activity shifted toward operating with equations’ structures and also selecting letters
for symbolization in ways that were not consistent across a task (e.g., using a letter x
to represent a quantity and then switching it later for the letter d), and I examined
classroom interactions where this occurred.

When I shared my results with the cooperating classroom teacher at the close
of the school year, the visit propelled my interest in continuing exploration of my
fuller dataset from more angles. The classroom teacher described being intrigued by
Tyrone’s inconsistent letter selection, as, from her teacher perspective, this had not
been a central instructional goal she had explicitly intended to support. I also

maintained curiosity in understanding how symbolization changed for the other
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students in the case study at a greater level of depth than my initial field notes and
detailed report on Tyrone had afforded. Furthermore, I grappled with feedback from a
committee who had reviewed this work, seeking to understand how and if inconsistent
letter selection was indeed a productive change in mathematical activity. With this
impetus, [ sought to revisit data from all three students to see what about this activity
may have been shared and how I could frame changes in ways that fully supported its
productivity for students (i.e., anti-deficit; Adiredja, 2019).

I note that I articulated lettering as a definitional construct to respond to these
challenges because it supported me to articulate moments of interest across the task-
based interviews (analyzed in this report) and the classroom observations, including
moments related to literal selection. The construct was also consistent with an
enactivist epistemological framework, which I sought to weave meaningfully into my
work (see Section 2.4 for more details). I identified the task-based interviews within
my dataset as particularly compelling to explore how students’ lettering had changed
in their interactions with a particular algebraic task and further exemplify the

construct.

2.5.4.2 Within-Case Analysis

To begin my data analysis for this multiple case study of three students, I
focused on analyzing my task-based interview data (including both beginning-of-unit
and end-of-unit) for each case. At a high level, I applied methods that would allow me
to deeply understand the shifts in each student’s lettering. First, I constructed full
transcripts of each conversation, integrating students’ gestures and written or typed
Desmos activity into a single document. This helped me to identify and contextualize

the small nuances from students related to their lettering (e.g., Paisley adding a written
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x and y into a table and then revisiting her equation). I organized the transcripts into
sections bounded by each interview prompt (e.g., “How could we write an equation
for this?”’) to allow me to later identify segments of interest to my inquiry.

I constructed the following guiding questions to support my analysis of each
transcript with respect to my broader research question related to students’ lettering. I
designed the questions to balance attention to what lettering activity looked like to me
and how it connected to other contexts and components of students’ activity:

1.  What algebraic letters did the student use?

2. Where were these letters applied (e.g., in a graph, equation, strictly
speech, etc.)?

3. What did the student describe about lettering?

4.  How was lettering leveraged in interactions the student had with their
own work or the researcher (i.e., how did lettering support particular
interactions with the student’s mathematical environment)?

Each of these reflective questions serves an important purpose in addressing my
research question. To analyze lettering in students’ activity, I first wanted to account
for what, where, and when lettering was applied (addressed through the first two
reflective questions). The third and fourth reflective questions supported me to
consider both what students described about lettering as well as what their activity
indicated about how they leveraged lettering in their interactions. Collectively, the
questions applied to beginning-of-unit and end-of-unit interviews could support me to
determine what learning with respect to lettering had occurred.

With guiding questions established, I reviewed a student’s beginning-of-unit
transcript segment-by-segment and took notes on my responses to each question in a

spreadsheet. I also highlighted and annotated direct statements in the transcript that
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supported my claims. I repeated the process for the selected student’s end-of-unit
transcript, thus comprising the data I would use to construct my student case.

To consolidate the data I had collected for each case with an eye toward my
research question, I generated an analytic memo for each student. First, I copied and
pasted my research question at the top of each memo to anchor my reflection. From
there, I synthesized information from my spreadsheet, as well as highlighted quotes
from the transcripts to provide a response that integrated and contrasted beginning-of-
unit and end-of-unit data. I found diagramming, in addition to written explanations, a
useful mechanism for understanding how lettering connected particular components of
each student’s activity. I was then able to compare diagrams across beginning-of-unit
and end-of-unit interviews to describe learning. Indeed, these diagrams further proved
useful when synthesizing data across cases to draw conclusions. I provide a sample

excerpt from the memo I constructed across Rakti’s interviews in Appendix D.

2.5.4.3 Cross-Case Analysis

Once I had written three analytic memos for each student case, I next worked
to conduct a cross-case analysis (Miles & Huberman, 1994; Yin, 2018) of what the
students had learned with respect to lettering. First, in constructing my memos for
each student, I noticed that, in each student’s end-of-unit interview, there was a
particular transcript segment and/or interaction in which students not only lettered but
also lettered in a way that directly connected to their broader activity with the task. I
highlighted these descriptions, which I will refer to as crucial episodes, within each
analytic memo (see example in Appendix D). From there, I described features of what
these three crucial episodes had in common, leveraging extant research literature about

mathematical representation to inform my observations (e.g., Duval, 2006; Stylianou,

50



2011). I engaged in a similar process of identifying crucial episodes in the beginning-
of-unit interviews, subsequently refining the features I had originally identified,
noticing new features in these new crucial episodes, and organizing those features into
broader analytical categories (see example in Appendix D). I began to construct a
matrix (Miles & Huberman, 1994) to summarize my findings, a later version of which
I present in this report.

To present my findings and simultaneously support the refinement of my
analysis, I transformed each crucial episode into a vignette (a cross-case analytical
strategy described in Yin, 2018). To construct the vignette, I first began by compiling
transcript quotes and student activity that effectively summarize the crucial episode |
intended to portray. Then, I considered: what contextual details should a reader know
from the interview to make sense of the crucial episode? This supported me to choose
additional transcript data to present both before and after the crucial episode that
would support interpretation of how lettering was leveraged in each student case. |
note that each vignette is organized vertically in chronological fashion, where
moments in time relevant to the overall activity arch are numbered (e.g., V1.1 can
refer to the first time point in Vignette 1). Horizontally, I have organized each vignette
with respect to the equation, graph, and table representations to clarify later findings
related to representational register (Duval, 2006). I include both interviewer prompting
(in italics) and the case student’s activity and discourse (in bold). As time progresses, |
highlight written modifications to each student’s work using the following color-
coding system: pink and green for lettering (with each color, respectively, coordinated
to a particular letter) and orange for any other additions. Although I present and

discuss these vignette representations at greater length in my findings, I note here that
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the construction of these vignettes supported the refinement of my analysis and

ultimate presentation of results.

2.6 Findings
In the findings that follow, I will explore the research question: What did three
middle-school students learn with respect to lettering by the conclusion of an

instructional unit in their classroom? Between the two interviews, I observed shifts in:

1.  how students used their lettering (as static product or as dynamic
process) within their problem-solving activity (i.e., Stylianou, 2011),

2. how students’ lettering related to activity transformations within and
across representational registers (i.e., Duval, 2006),

3. and how students’ lettering was described as connected to context (e.g.,
the situational task or other mathematics classroom experiences and
strategies).

In the results that I present below, I first interpret that the case students learned
to letter as part of dynamic representational activity, implicated in their problem-
solving; this stands in contrast with their lettering at the beginning of the unit that was
more static and product-focused (Feature 1: Process-Oriented Lettering). Second, 1
interpret that students learned to letter as they transformed mathematical relationships
across representational registers, whereas their initial lettering activity was limited to
the representational register of equations (Feature 2: Representationally Connective
lettering) Finally, the students learned to letter in ways that connected to experiences
with strategies they described from their mathematics classroom, as opposed to their
initial lettering that they described as connected to their experiences with the
situational context of the task (Feature 3: Strategically Connective lettering). I note

that I identified these patterns around lettering activity in all three student cases in the
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context of one-on-one interviews, suggesting these features’ potential for theoretical

generalizability. I summarize these findings in Table 2.1 below.

Table 2.1:

algebraic activity.

Summary of what students learned with respect to lettering in their

Initial Interview

Final Interview

Process-Oriented Feature
Representationally
Connective Feature

Strategically Connective
Feature

Lettering is static, applied
as requested

Lettering in equations or
not at all

Lettering drawn from
experiences with
situational context

Lettering is dynamic,
applied/negotiated in
addressing a problem
Consistent lettering in
equations, tables, and
graphs

Lettering includes x, y and
related references to
experiences with
strategies from
mathematics class

To present these findings, I will describe lettering activity from each of the

three student cases that comprise this multiple case study. Importantly, I will select

one illustrative case to foreground in my description of each of the three features of

the lettering activity I observed from the students (Paisley for Feature 1, Rakti for

Feature 2, and Tyrone for Feature 3; see Table 2.1). In each case, I will contrast the

student’s lettering activity at the end of the instructional unit with activity at the

beginning of the unit to show the ways that students’ lettering interactions changed

over time. In addition, for each feature, I will provide a background description of how

each feature was present in the other two cases to corroborate and generalize each

feature.
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2.6.1 Case 1: Paisley and Process-Oriented Lettering

I interpret that all three students learned to letter dynamically supporting their
expressed problem-solving goals when the unit had concluded; that is, the students
learned Process-Oriented lettering (Feature 1; Stylianou, 2011). Indeed, this can be
contrasted with their lettering from the beginning of the unit, where lettering instead
was used statically as a product in and of itself. Paisley’s case serves as illustrative of
this transition: whereas in her first interview, she did not letter due to the lack of “set
numbers” she perceived as limiting her equation-writing, by her second interview,
lettering supported her to reach a problem-solving goal she expressed of “[coming] up
with more possibilities” of numbers of nickels and numbers of dimes to satisfy the

task constraints.

2.6.1.1 Initial Interview: Lettering Statically

During the initial interview, all three case students described or used lettering
statically (Stylianou, 2011), leveraging it to create standalone representational
products (particularly, equations) rather than to facilitate problem-solving activity.
Tyrone and Rakti, for instance, lettered to generate an equation that they did not
operate with beyond its construction. Tyrone, for instance, lettered in his construction
of the equations n = 19 and d = 9 to record one possibility of a number of nickels and
number of dimes he had generated through other means. He described that the
equation was a placeholder and that “we can’t be for sure” that these would reflect the
actual number of nickels and number of dimes in Paloma’s box. Rakti also lettered
only when constructing her equation, d + n = 1.75 during the initial interview. After
creating the equation, she described unresolved uncertainty about how she could

convey the monetary value of nickels and dimes in relation to their amount; she then
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abandoned the representation as the prompts of the task changed. Following
Stylianou’s (2011) conceptualization of static, product-oriented uses of representation,
I observe that the students lettered in their equations as “a means to understand or
record information” (p. 271) during this initial interview. For Tyrone, lettering
supported recording combinations of numbers of nickels and dimes, and for Rakti,
lettering was used to reflect information presented in the original problem.

Paisley did not letter during her initial interview, but the vignette of her
activity highlights how this absence of lettering also coincided with static descriptions
of how representations could be used. First, she described equation-writing (which I,
as the interviewer, noted as a representation that would involve lettering) as equivalent
to writing “a number sentence” rather than serving a problem-solving function.
Furthermore, Paisley constructed a table (another potential site for lettering) as a way
to organize computations rather than to generate new ideas. As such, I extend that
Paisley’s lettering (in these cases, absent or hypothesized) was used to reflect a static

product in the representations she constructed within her initial interview activity.
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Table 2.2:  Vignette A showing Paisley’s lettering toward static product (V.A).

Equation Table

1| “I'd like you to try to find two possibilities for the number of nickels and number
of dimes that could be in Paloma’s box.”

e Combination 1: 17 dimes and 1 nickel

e Combination 2: 7 dimes and 21 nickels

Ox|0Oz 'U‘V'

O/ =70

2 | “Okay, write an equation that
describes the relationship between
the number of dimes and number of
nickels in Paloma’s box.”

“I don’t understand how to write
the equation.”

“So an equation, as I'm going to
think about it, is something that
might involve a letter, an operation,
a number at least, and it could
involve multiples of those things.”
“Is there any way we can come
back to this one?”
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Table 2.2 continued.

Equation Table

3 “The next segment I’'m asking you to
create a table or graph to show the
relationship between number of dimes and
number of nickels in Paloma’s box.”

“Could I make any type of like, chart or
graph?”

“For me, it helps me like, break down
the problem, and like, see how it’s
broken down on a chart.”

4 | “Id love to hear if you have any
ideas about the equation, um, to
represent the relationship between
number of dimes and number of
nickels in Paloma’s box.”

“This question’s so tricky to
me...I never really understand
how to describe the relationship
between numbers using an
equation...Like if I don’t have
one set equation to write.”
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Table 2.2 continued.

Equation Table

5| “Do you understand, like, how to
describe the relationship in a
different way?”

“I can just write out what I think
about it, it’s just hard using actual
number sentences.”

“So if you were to do some kind of
writing out the relationship in this,
in this problem, what do you think
you might say or do?”

“I think that, I would say, well,
it’s hard because there’s not like a
set number of dimes or nickels,
which is another tricky part to
me. Is not having set numbers.”

From Vignette A (Table 2.2), I interpret that Paisley perceived lettering as
relevant only to her writing of equations, not to advancing any other problem-solving
goals that might be embedded within her activity in the task. Indeed, lettering did not
figure into Paisley’s initial activity to generate two combinations of possible numbers
of nickels and dimes (V.A.1). Additionally, when Paisley constructed a table to show
the relationship between the number of nickels and number of dimes, she leveraged
this representation to re-organize information from her previous calculations without
letters or new problem-solving conclusions (V.A.3). Lettering was only mentioned in
the context of writing equations, suggested by me as an interviewer as a necessary

component to constructing the equation I had prompted Paisley to construct (V.A.2).

58



Lettering was not linked to understanding a new part of the relationship or generating
new possibilities for numbers of nickels and dimes, as I will show was salient in her
second interview.

Paisley’s explanations of why she could not write an equation further suggest
static uses for lettering in her perceptions of her own activity. I interpret that Paisley
consistently referred to fixedness as a necessary condition for her own equation-
writing activity and, I extend to conjecture, lettering. I highlight that Paisley applies
the word “set” on three occasions in the dialogue I have included in this vignette,
referring to the need for an equation itself to be fixed (V.A.4) or the quantities
involved in the equation to be fixed (V.A.5). Considering the converse of Paisley’s
communication, we might conjecture that Paisley describes her capacity to write
equations (and letter) only in the case where she can generate an equation that reflects
concrete information about the problem situation itself, serving as a record rather than

a tool.

2.6.1.2 Final Interview: Process-Oriented Lettering

By the final interview, I observed all three students’ lettering as Process-
Oriented (Feature 1) as they solved problems in the task. That is, the students
described a problem-solving goal, and lettering constituted a representational activity
supporting “exploration or...evaluation” (Stylianou, 2011, p. 271) toward that goal.
Rakti, for instance, noted a goal of generating more possibilities to construct her graph
and table; she lettered with x and y in her equation and table, which she verbally
connected to quantities along the horizontal and vertical axes of the graph in reaching
this goal. In Tyrone’s final interview, he lettered when prompted to generate more

possibilities for numbers of nickels and numbers of dimes from an equation
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representation he had already constructed. Because these lettering actions reflected a
shift from the actions I observed in the initial interview, I argue that the students
learned Process-Oriented lettering.

Paisley’s vignette further emphasizes what I conceive Process-Oriented
lettering to look like. In Vignette 2, Paisley established a problem-solving goal to
“come up with more possibilities.” She then lettered with x and y across her graph and

table, and she applied these representations to reach this goal.
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Table 2.3:  Vignette B showing how Paisley letters to “come up with more
possibilities” in end-of-unit interview (V.B).

Equation Graph Table

1 “First part of the problem, I want you to try to find 2 possibilities for the
number of nickels and number of dimes that could be in Paloma’s box.”
e Combination 1: 17 dimes and 1 nickel
e Combination 2: 10 dimes and 15 nickels

2 “What 1'd like you to
try to do here is write
an equation that
describes the
relationship between
the number of dimes
and number of nickels
in Paloma’s box.”
“We don’t know how
many of each there
are, so the x and y
would represent those
variables, and we
know that it has to
add all up to be
$1.75.”
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Table 2.3 continued.

“The equation could help
us put it in a graph and
like, help us find more
combinations.”

“And that’s exactly what
we re going to do next...you
can create either a table or
a graph to show the
relationship between the
number of dimes and
number of nickels in
Paloma’s box.”

“I’m not sure how to
graph this. Could I switch
to doing the ch-, the
table?”
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Table 2.3 continued.

“Okay, so, I wrote
down my past
equations...
[Calculates one new
combination, 0 dimes
and 35 nickels,
dividing on the
calculator]... I just
don’t know how to
come up with more
possibilities.”

5 [Long pause, looking across all representations]
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Table 2.3 continued.

“Okay, so I was trying to,
like, come up with more
possibilities with also using
the graph. [Describes
adding 17 dimes and 1
nickel, 10 dimes and 15
nickels].”

“Okay. So that helped me
find my line of where all
the other possibilities are
going to be.”

T

“

“So where are these
new values coming
from?”

“Okay, so, on the
graph it helped me
realize that every
time I would take
away 1 dime, I
would add 2
nickels.”
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Table 2.3 continued.

10 “There’s one other thing you did that I wanted to ask a question about. Like I
noticed the first thing you wrote was, you had-, you wrote x and y in here...So
you can tell me a little bit about that process and what you were thinking?”

“So when I originally wrote the equation, I labeled the di-, or the nickels
x and the dimes y, so I just put those on the graph so I knew what was
what.”

As Vignette B shows (Table 2.3), Paisley described encountering a motivating
complexity of needing to generate more combinations of numbers of nickels and
dimes that could satisfy the original task conditions. Paisley’s work began by
generating two possible combinations of nickels and dimes via division processes and
reasoning with the situation (V.B.1) and an equation to represent the relationship
between the number of nickels and number of dimes (V.B.2). However, when Paisley
chose to construct a graph to represent the relationships in the task, she described
encountering a challenge (V.B.3, “I’m not sure how to graph this. Could I switch to
doing the ch-, the table?”). Paisley elaborated on this challenge when she constructed
the table and also stopped: “I just don’t know how to come up with more possibilities”
(V.B.4). From Paisley’s commentary, we can conjecture that she perceived this goal
for her activity at this moment.

Paisley silently lettered after expressing this motivating challenge, following a
long pause as she looked across the representations she had already constructed
(V.B.5). In particular, Paisley lettered with an x and y, which I observed parallel the
letter choices in her equation (see V.B.2), first in her table (V.B.6) and then in her
graph (V.B.7). I highlight that the order of x and y did not follow mathematical

convention (where x may come before y in a table or x would be placed along the
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horizontal axis and y along the vertical axis in a graph). Rather, I observe that
Paisley’s lettering choices are again consistent with the choices she made in her
original equation, where the literal x was multiplied by 0.05 (which I take to reflect its
status as the number of nickels) and the literal y was multiplied by 0.10 (which I take
to reflect its status as the number of dimes). Paisley later clarified this intention when I
asked her about her process in adding these letters to her work: “So when I originally
wrote the equation, I labeled the di-, or the nickels x and the dimes y, so I just put
those on the graph...” (V.B.10).

Following her lettering, Paisley continued to generate additional features in her
graph and her table, later reaffirming that her actions were motivated by a goal of
constructing more possibilities for the number of nickels and number of dimes that
could be in Paloma’s box. First, Paisley plotted points in her graph that she described
as representing two of the possibilities she had previously calculated, connecting these
with a line (V.B.8). Importantly, Paisley stated, “So I was trying to, like, come up with
more possibilities with also using the graph,” reiterating that the problem-solving
complexity of generating more combinations motivated her activity leading to this
moment. From there, Paisley worked back-and-forth across her graph and table
representations, adding points to the graph and new entries to the table based upon a
pattern she began to observe that “every time I would take away 1 dime, I would add 2
nickels” (V.B.9). I note that Paisley, during this interaction, expressed that she did feel
that this new activity had satisfied her problem-solving goals: “So that helped me find
my line of where all the other possibilities are going to be.”

As the above activity and Paisley’s final reflections about her interactions

show, Paisley leveraged lettering to support her in resolving the problem-solving
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complexity (of generating more combinations of numbers of nickels and dimes) that
she had sought to resolve. That is, we may argue that lettering functioned dynamically
for Paisley as a process that supported her resolution of a larger motivating
mathematical goal (i.e., Feature 1: Process-Oriented lettering). Indeed, when I asked
Paisley about the lettering I had observed during her work, she reflected that she had
done this to “[know] what was what” (V.B.10). In this way, her description suggests
that lettering supported an organization of her work that promoted her progress toward
her goal and, additionally, drew connections across representational registers, which |

highlight in my description of Representationally Connective lettering below.

2.6.2 Case 2: Rakti and Representationally Connective Lettering

Through my analysis, I perceive that all three students not only learned to letter
in Process-Oriented fashion but also to letter as Representationally Connective across
and within registers (Feature 2). Adopting language from Duval (2006), I conceive of
equations, tables, and graphs as central representational registers across the three
students’ work; students learned to letter in both their treatments (transformations
within a register) and conversions (transformations across registers). In contrast,
during the beginning-of-unit interviews, lettering occurred only in the representational
register of written equations. In this section, I will foreground Rakti’s case to illustrate
this learned feature. I will show how, during Rakti’s beginning-of-unit interview, she
lettered only when asked for an equation, despite constructing an equation and table
that could have been connected representations. During the end-of-unit interview,
Rakti lettered from the outset of her activity to write an equation and, from that

equation, further constructed a connected table and graph.
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2.6.2.1 Initial Interview: Lettering to Write an Equation

Following my interview protocol, I invited students to construct an equation
and a table and/or graph during each interview. However, when lettering occurred
during the initial interview, the students lettered only to write an equation. Recalling
Paisley’s initial interview (Vignette A; Table 2.2), I note that she did not construct an
equation and did not letter in the other representation (a table) she constructed. Tyrone
lettered exclusively in response to the prompt to write an equation, generating n = 19,
d =9 and speaking and writing that n represented a “number of nickels” and d a
“number of dimes.” Tyrone also constructed a table but did not letter within it. |
highlight that neither student lettered in a way that supported their transformation of a
quantitative relationship between number of nickels and number of dimes within or
across representational registers, as was salient during their final interviews.

I present Rakti’s activity in Vignette C to show how her lettering, too, was
exclusive to the representational register of equations. Indeed, even though Rakti
constructed both an equation and table, her activity reflected that she may not have
perceived these as representational registers of the same quantitative relationship.
Accordingly, she did not transform a relationship across registers, and lettering was

also isolated to a single register.
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Table 2.4:  Vignette C showing Rakti’s separate equation and table (V.C).

Equation Table

1 | Okay, so, the first problem I'm going to have you work on is to find 2
possibilities for the number of nickels and number of dimes that could be in
Paloma’s box, okay?

e Combination 1: 10 dimes and 15 nickels

e Combination 2: 17 dimes and 1 nickel
[Generated through verbal reasoning with benchmark quantities within
$1.75 and calculator; no written work produced]

2 | Okay, so, in this next section, I'm going to
ask you to write an equation that
describes the relationship between the
number of dimes and number of nickels in
Paloma’s box.

Well, like, how would you, like, write
an equation if you don’t know how
many are in each box?

I’'m going to say that an equation is some
kind of statement about the relationship
that involves at least a letter, uh, at least
one operation, and at least one number.

3 | So I was thinking, it, since it was
number of dimes, we could use d for
dimes. And n for nickels. So I was
thinking, the number of dimes and
nickels added together would have to
equal 1.75 dollars.

o -‘?’;‘-., 15
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Table 2.4 continued.

Equation Table

4 | So, um, how you can tell that your
equation does describe the relationship
then?

I have a question, though...Is it asking
you to describe the relationship
between the number of dimes and the
number of nickels, or the relationship
between the total amount in the nickels
and dimes?

Uh, it’s asking the relationship between
number of dimes and number of nickels
in this problem.

Okay, so, I don’t know how we could
figure that out without the total, like,
without the number of nickels and
number of dimes.

5 [Next] you can either create a graph
or create a table to show the
relationship between the number of
dimes and number of nickels in
Paloma’s box.

Since it’s the relationship, it’s
probably best to go with the table.

# wevle 80U
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Table 2.4 continued.

Equation

Table

So, since, so far, the number of
nickels, we know that nickels are
worth 5 cents. And we know that
the dimes are worth 10 cents. So,
the number of nickels would po-,
the number of nickels, 1 nickel
would be 2 dimes.

A nideleg| WOIMES

Vil )
So, based on that information, we
could keep going on and figuring

out what the total amount would
be, if we continued the chart.

And since before we said, um, we
said it could be...15 nickels, and
then it would have, it has to be,

um, 10 dimes, we said.
{

A nideg| FOIMES
\ 7

5 \ 10

.
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Table 2.4 continued.

Equation

Table

I want you to try to use it, one of
these tools [either the equation or
the table], to help you identify
another possibility for the number
of nickels and number of dimes that
could be in Paloma’s box.

Since it says another possibility,
we could possibly multiply this by
any number [gestures to 15] and
get like a different possibility.
[Describes multiplying the 15 and
10 combination by 2 and 3 to
generate new entries].

2 wiodleg| FOImES

\ L

5\ 10
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Table 2.4 continued.

Equation Table

9 | And let’s see, um, so could you use your
other representation [equation] to
potentially find another possibility.

If you had 1.75 and you subtracted,
since it’s 10 cents, you could subtract
about like, 70 cents...then you would
have, um, $1.05 left. So then you could
subtract the amount of nickels that you
were thinking, like, were
possible...[Describes that we know 70
cents would be 7 dimes, and we would
then need to find out how many nickels
are in $1.05 to finish identifying a new

possibility].
- 710
—— A
\K;CD» 17 \“-‘(\L\"
VO

O

As shown in Vignette C (Table 2.4), Rakti’s act of lettering was limited to only
the representational register of equations in her initial interview, and she also
expressed uncertainty about the lettering she applied in this instance. Rakti began the
interview by calculating combinations of numbers of nickels and numbers of dimes
that could be in Paloma’s box strictly through verbal reasoning with money (V.C.1).
From there, when asked to write an equation, it was only after I stated that an equation
might include a letter (V.C.2) that Rakti produced d + n = 1.75 as a response (V.C.3).

Rakti, however, expressed doubt when continuing to talk about her equation (V.C.4; “I
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don’t know how we could figure that out without the total, like, without the number of
nickels and number of dimes.”). I highlight that Rakti’s activity at this stage, like
Paisley’s, involved lettering oriented toward the construction of a static product of an
equation.

Indeed, although Rakti only lettered while writing her equation, I perceive that
the absence of lettering in constructing her table further emphasizes the involvement
of lettering in the facilitation of transformations across representational registers. |
note that Rakti constructed the headers of her initial table without lettering, writing the
titles of “# nickles” and “# dimes” at the top of her table (V.C.5). From there, Rakti
placed two entries in her table: the first to reflect a relationship that the value of a dime
is twice the value of a nickel (V.C.6) and the second to reflect a combination of
number of nickels and number of dimes she had previously constructed (V.C.7). When
asked to generate new combinations of numbers of nickels and number of dimes,
Rakti described multiplying her combination of 15 nickels and 10 dimes by constants
of 2 and 3 to create new possibilities (V.C.8). Relevant to the focuses of this piece, I
highlight how Rakti did not connect her activity in the table with any of her activity
involving lettering in her equation through this work. In fact, when she revisited her
equation in response to my request “to potentially find another possibility,” I note how
Rakti’s strategy for finding new combinations of nickels and dimes in the table was
completely replaced with a new approach (V.C.9). Instead of calculating new
combinations through multiplications of a previously identified combination, she
described how she might subtract an amount of money (in dimes) from the $1.75 total
and then divide the outcome by the value of a nickel to identify a number of dimes and

number of nickels involved. Indeed, Rakti not only lettered exclusively in the register
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of her equation but also applied completely distinctive approaches to identify new
combinations in the registers of her equation and table, reflecting the absence of
transformation across representational registers in her activity that coincides with the

absence of lettering to facilitate it.

2.6.2.2 Final Interview: Representationally Connective Lettering

By the final interview, all three students’ lettering reflected a
Representationally Connective feature, implicated in treatments and conversions
within the representational registers of equations, tables, and graphs (Feature 2; Duval,
2006). Drawing evidence from Paisley’s activity in Vignette B (Table 2.3), I highlight
how lettering originating in equation-writing activity was subsequently applied in her
table and graph to facilitate transformations of combinations she established across the
table and graph. Moreover, as I will show in Tyrone’s activity in the next section,
lettering further coincided with transformations across equation and graph
representational registers. I note that the moments in which these students lettered not
only occurred during the construction of particular representations; rather, lettering
emerged during moments that facilitated transformations students made between one
representation and another (e.g., Paisley lettering in each representation before
proceeding with treatments and conversions across them).

Here, I will present Vignette D (Table 2.5) from Rakti’s end-of-unit interview
to show how she learned to letter to transform a quantitative relationship she
conceived across the representational registers of equations, a table, and a graph.
Additionally, reflective of the Process-Oriented feature of lettering described in the
previous case, I will comment on ways lettering was dynamic for Rakti to support her

ongoing generation of possible combinations of numbers of nickels and numbers of
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dimes. Taken together, I will highlight through Rakti’s case how lettering may not
only occur during but also facilitate transformations across representational registers

to achieve problem-solving goals.
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Table 2.5:  Vignette D showing Rakti’s lettering to transform between an equation,
table, and graph (V.D).

Equation Graph Table

1| “So the first thing I'm
wondering is, what do you
notice or observe about the
situation?”

“Uh, it looks like one of
the problems we’ve been
working in
class...Because, um, there
is 2 different variables
and a total at the end. So
it kind of reminds me of
the x and y situation.”
[Describes that “nickels”
can be x and “dimes” can
be y as she writes].

2 | “Got it. And so when you
said x and y there, like,
what exactly is x and what
is yin that?”

“Both of them are
variables of like where the
points should be on the
graph.”
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Table 2.5 continued.

Equation Graph Table

3 | “Alright, and the first thing
I would like you to do is to
find two possibilities for the
number of nickels and
number of dimes that could
be in Paloma’s box,
alright?”

“Um, so this also reminds
of what we were working
in class because in class,
we were trying to fill out
the tables...” [Describes
setting x and y each equal
to 0 in equation and
dividing, with
adjustments for (0, 17.5)
since “we can’t have like
half a dime”].
Combinations:

e 35 nickels, 0 dimes

\ I Y

(25,0)

oA 29) \

e 17 dimes, 1 nickel
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Table 2.5 continued.

Equation

Graph

Table

“Alright, I am asking
you to create a table
or a graph...[to]
show the relationship
between the number
of dimes and number
of nickels in
Paloma’s box.”

“If we were trying
to fi-, figure out like
the x [gestures to x
in the equation] and
the y [gestures to y
in the equation], so
the nickels in this
case would be the x
and this could be
helpful to know
what to write in the
graph for later.”

~ A
N \
— -
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Table 2.5 continued.

Equation Graph Table

5 “So we can use the
equation to figure
out [gestures to
equation] how to get
to 1.75 using the x
and the y variables.
So, we already
found 2 different
combinations.”

K| W

9|

AN

6 | “And then, we could find
more. Because there could
be multiple amounts of
possibilities to get to 1.75,
s0...we could use the
graph to fill in the table,
and so we have to change
this from standard form to
slope-intercept form.”
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Table 2.5 continued.

Equation

Graph

Table

“So right here would be the
starting point, so the y-
intercept would be 17.5.”

’ ~ 0O -

“And then we’re
subtracting by .5 each
time, so, going to keep
going down by .5.”

’ e @ -

“So you could do 2 [traces
along horizontal axis] and
16.5 [traces upward], it
seems like...”

“...s0 2 and 16.5.”
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Table 2.5 continued.

Equation Graph Table
9 “And then here [moves to W
last plotted point] it would .
be 3 and 16...” M)
V]
L Le.D

7") } %

“...So, we could find
other possible
combinations...using
the graph to fill the
table.”

From the outset of Rakti’s activity in the vignette above (Vignette D; Table

2.5), I note that she not only lettered but also consistently referred to how her lettering

could connect to other representational registers (namely, tables and graphs). Indeed,

during this interview, Rakti responded to the opening question about noticings and

wonderings around the task situation with the construction of an equation involving

the letters x (to represent “nickels™) and y (to represent “dimes”; V.D.1). From there,

when I asked Rakti to clarify her use of x and y in the equation, Rakti drew a

connection to these letters as representing “where the points should be on the graph”

(V.D.2). Rakti then described her subsequent activity generating possible

combinations of numbers of nickels and numbers of dimes as inspired by the

construction of tables she experienced in class (V.D.3). Indeed, I highlight that even

though Rakti began the interview by lettering in the representational register of

equations, her reflections on her lettering further suggest her perception of its utility

for and connection to representational registers of tables and graphs, as well.
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Next, as Rakti constructed a table, she explicitly noted how that table would be
connected to the equation and the prior combinations she had identified within that
equation context. Importantly, Rakti narrated the task of constructing a table as to
“figure out like the x and the y,” gesturing to these letters within the equation as she
spoke them (V.D.4). Different from her initial interview activity, Rakti also started her
table with x and y labels as headers. As further evidence of the connection between
these representational registers, Rakti included the first two combinations she had
calculated from the equation as the first entries of the table (V.D.5). In this way, Rakti
built her table as a transformation (conversion) of the quantitative relationship she had
established in her equation.

At this stage in Rakti’s work, she, like Paisley, began to work toward the goal
of finding more possible combinations of nickels and dimes, lettering in this process.
Saliently in Rakti’s activity, this dynamic application of lettering also coincided with
transformations within and across representational registers of equations, graphs and
tables. First, Rakti announced the sequence of the actions that she would undertake:
“We could use the graph to fill in the table, and so we have to change this [equation]
from standard form to slope-intercept form” (V.D.6). From there, she lettered to
rewrite her original equation, transforming the information she perceived from this
organization into points on a graph (V.D.7). I note that, although Rakti did not label
her graph with letters of x and y, the letters of x and y she had applied in her equation
became implicit references for her graphing activity (e.g., identifying a y-intercept).
Rakti then organized x and y combinations from the graph into her table (V.D.8),
explaining that “we could find other possible combinations...using the graph to fill the

table” (V.D.9). In this way, Rakti described not only how she could transform across
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representational registers, linked through her lettering actions, but also how those

transformations were dynamic, supporting a broader problem-solving goal.

2.6.3 Case 3: Tyrone and Strategically Connective Lettering

Lastly, I argue that all three students learned to letter as Strategically
Connective (Feature 3). In particular, during the final interview, all students
referenced experiences with strategies from mathematics class and constructs as
motivating their choices involving x and y while lettering. On the other hand, during
the first interview, all students instead lettered to connect to situational-task context,
referencing experiences with the task itself while describing their lettering-related
decisions and their construction of n and d. Crucially, students’ connections to
experiences with strategies from mathematics class also corresponded with Process-
Oriented and Representationally Connective lettering. Tyrone’s case, in particular,
exemplifies this transition. By the end of the unit, he expanded his letter choices to
include n and d as well as x and y, shifting between these letter selections as he
described drawing on class-related practices to manipulate an equation to and further
construct a graph while identifying additional combinations of number of nickels and
number of dimes. In contrast, at the beginning of the unit, Tyrone chose n and d with
exclusive reference to the task, not to other strategies from mathematics class, which
also corresponded to lettering statically and within a single representational register. I
note that all three students’ mathematics strategy references corresponded to their
lettering as a dynamic activity related to their transformations across representational
registers, suggesting that these contexts for lettering choices may be related to (and

perhaps supportive of) these other features.
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2.6.3.1 Initial Interview: Lettering to Connect to Situational-Task Context

During the initial interviews, all three students lettered to connect to the
situational-task context about nickels and dimes rather than to any broader strategy-
based contexts. For Paisley, although she did not letter in the beginning-of-unit
interview, she expressed the need for “set numbers” within the task itself as necessary
to construct an equation. When she did refer to strategy-based contexts motivating her
perceptions of lettering, she expressed these as unhelpful in navigating what to do
(e.g., “I never really understand how to describe the relationship between numbers
using an equation”). Rakti lettered with d (as “dimes”) and 7 (as “nickels”) during the
beginning-of-unit interview, reflective of the task context. I note that, beyond the data
shared in the vignette, Rakti did describe strategy-based contexts to her thinking about
the table (describing the number of dimes as “proportionate” in motivating her
decision to multiply by constants to generate new combinations). However, these
references did not occur in relation to her lettering. I note that lettering as connected to
task-based contexts, then, corresponded to its appearance in a single representational
register, applied statically without supporting the students to reach problem-solving
goals they identified.

As I will show in Tyrone’s case through Vignette E (Table 2.6), his initial
lettering involved careful definition of the quantities behind the letters he selected of n
and d, reflective of his connections to the task. Importantly, and overlapping with the
other features of lettering I have described, this lettering bound to the task also
corresponded to lettering bound to a single representational register and challenges in
reaching his goals of generating new possible combinations of numbers of nickels and

dimes. Indeed, this boundedness was consistent across all three student cases.
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Table 2.6:  Vignette E showing Tyrone’s lettering selections of # and d in initial
lettering activity (V.E).

Equation Table

1 “Um the first question is, I want you to find 2 possibilities for the number of
nickels and number of dimes that could be in Paloma’s pocket.”

e Combination 1: 15 nickels and 10 dimes

e Combination 2: 10 nickels and 9 dimes>S

™

It

2 | So I'm wondering if you can write
an equation that describes the
relationship between the number of
dimes and the number of nickels in
Paloma’s box.

What does it mean by write an
equation?

So, writing an equation, uh, that
means, you 're trying to put together
some, some letters and numbers and
operations to describe the
relationship that exists between the
number of dimes and number of
nickels.
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Table 2.6 continued.

Equation Table

3 | Okay, so, first says equation, so, I
would do, uh, d= number of
dimes...And then, n= number of
nickels.

[Revisits previous Combination #2].
So it’d say, n=10 and then d =9.

A numMbe- Q- ad.mes
¥ Z numba ¢ £ nithle g

4 | Okay, and where did the n=10 and
d=9 come from? What is that telling
you?

So, the n is telling you that there is
10 nickels and then the d is telling
you that there is 9 dimes.

How can you tell then that your
equations represent the relationship
between the numbers of nickels and
numbers of dimes?

Uh, so, basically, if you add all of
them up it equals $1.75, but you
can’t be for sure because we
haven’t seen like, the, we haven’t
counted like the exact amount of
nickels and dimes.
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Table 2.6 continued.

Equation

Table

1'd like you to either create a table or a
graph to show the relationship between
the number of dimes and the number of
nickels in Paloma’s box.

I’d say try to do a table.

flum Yoert anMiey < Az

So then, we’d start, uh, with the two,
um, oh, what should I say? Like, kind
of guesses of how many are in there.

|
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Table 2.6 continued.

Equation Table

T | Tt=n Then, another possibility is that there
i could have been more dimes than
Ehr= nickels...[Returns to original
organization of 10s and a S in columns
to identify new possibilities and revises
10 nickels and 9 dimes as 19 nickels
and 9 dimes.]

N

fl A oer WA ‘/'}“:.-1\‘“' r 1 0€ Qe

In Vignette E (Table 2.6), Tyrone lettered, selecting the letters » and d relevant
to the task context, to write an equation that reflected one of the possibilities for
number of nickels and number of dimes he had generated earlier in the task. Prior to
lettering, Tyrone had identified combinations by counting and recording nickels and
dimes (V.E.1) and received information from the interviewer that letters would be
involved in equation-writing (V.E.2). From there, Tyrone first defined his selected
letters of n and d as representing “number of nickels” and “number of dimes”
respectively, indicative of how these letters held meaning for him within the provided
task context (V.E.3). Subsequently, Tyrone lettered in constructing two equations--n =
10 and d = 9--which reflected a prior combination he had identified (“So, the n is

telling you that there is 10 nickels and then the d is telling you that there is 9 dimes;”
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V.E.4). Indeed, Tyrone noted the ways in which his lettering was bound tightly to the
task and his own work within it: “you can’t be for sure because we haven’t seen like,
the, we haven’t counted like the exact amount of nickels and dimes.” I note that
Tyrone does not refer to any experiences with strategies from mathematics class
beyond the task itself as he describes his lettering in constructing his equations.

When Tyrone constructed a table, he did not letter across the representations,
which also corresponded to static activity in the table (i.e., as a product instead of
process) and limitations in transforming robustly across these representational
registers. In constructing his table, Tyrone organized columns for a “number of n” and
“number of dimes;” I highlight that » was selected to replace text he had been writing
(“nic”) and, thus, is not indicative of algebraic lettering but rather a shorthand for
“nickels” (V.E.5). From there, Tyrone organized previously generated combinations of
nickels and dimes into the table (V.E.6). However, I note that Tyrone constructed his
table moving back and forth between his prior combinations as opposed to his
equations, suggesting the independence of these representational registers. Finally,
when Tyrone identified a need for more combinations of nickels and dimes to his
table, he revisited his original column tool, encountering challenges in using it to
identify combinations of numbers of nickels and dimes he perceived added to $1.75
(V.E.7). Tyrone’s lettering, informed by the task-based context, also corresponded to
challenges in both translating across representational registers and leveraging the tools

he had constructed (i.e., table and equations) dynamically.

2.6.3.2 Final Interview: Strategically Connective Lettering
By the final interview, all students had learned to letter in Strategically

Connective ways (Feature 3). The students narrated decisions about their lettering by
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relating to experiences with other mathematical constructs, activity, and strategies
from their mathematics classroom. Rakti and Paisley, for instance, referenced strategic
contexts in their Process-Oriented and Representationally Connective lettering.
Indeed, these connections are most readily noticed in comparing the students’ letter
choices themselves across initial and final interviews. Whereas Rakti and Tyrone
lettered with 7 and d in the beginning-of-unit interview®, all three students lettered
with x and y in the end-of-unit interview. This change suggests how the context
surrounding students’ lettering included experiences with strategies from mathematics
class that occurred between the interviews and beyond the task itself. Rakti explicitly
mentioned the relevance of class strategies to her own mathematical activity in the
task on two occasions explicitly featured in Vignette D (i.e., V.D.1 and V.D.3);
Paisley, upon generating her equation, noted that “last time I could not answer that
question,” suggesting the ways other experiences of strategies from mathematics class
had impacted her lettering. From there, as shown in prior vignettes, both Rakti and
Paisley lettered in ways that were both dynamic and linked to transformations across
representational registers with their x and y selections--both students lettering while
coordinating equations, tables, and graphs. Indeed, this stands in contrast with their
beginning-of-unit activity, where lettering choices were made strictly in relation to
their experiences of the task-based context presented.

In Vignette F, I will show how Tyrone observed that “dimes is the x-axis” in
his graph and subsequently traded letters of d and » for x and y as he connected this
representation to his equation to find more possibilities of numbers of nickels and
dimes. Indeed, I note that Tyrone’s reference to the “x-axis,” among other references I

will show from throughout his interview, situate his lettering within contexts that
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extend beyond the strict purview of the task itself and into other experiences with
strategies from mathematics class. This transition was common to all three students
and, importantly, was connected to their Process-Oriented and Representationally

Connective lettering.
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Table 2.7:  Vignette F showing Tyrone’s lettering selections of # and d, then x and y

(V.F).

Equation

Graph

1 | So what are some things that you notice
or observe about the situation?

Kind of similar to what we’ve been
doing in math, so like, $1.75 would be
y...Then, it would be, let’s see, nickels,
s0, .05n. And then plus .10, uh, d.

: - A TR I m
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35 nickels.]

2 | And what 1'd like you to do is try to find two possibilities for the number of
nickels and number of dimes that could be in Paloma’s box, right?

Okay, so, first, uh, what was it, x- and y-intercept. [Calculates with
calculator to generate combinations of 17.5 dimes and 0 nickels, 0 dimes and
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Table 2.7 continued.

Equation

Graph

Okay, so, I'm going to give you a
choice here. You can either construct a
table or a graph. Um, to show the
relationship between the number of
dimes and number of nickels in
Paloma’s box.

I’ll try to graph it. I don’t know how
to do it, though. [Starts and then
scraps two graphs before
constructing the graph pictured
below from plotting x- and y-
intercepts and connecting with a
line.]
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Table 2.7 continued.

Equation

Graph

So, first one that I see, I’m starting
from the top...so this side is nickels
and the bottom is dimes.

So, up here I see 33...and 1.
[Calculates on calculator to confirm
that 33 nickels and 1 dime adds to
$1.75.]
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Table 2.7 continued.

Equation Graph

5| So, um, you already kind of talked
through the graph, um, and another
possibility. [ was wondering if you, as a
last thing, could maybe think about the
uh, the equation as a way to find one
more possibility.

I’m not exactly sure what to do...I
think I could do is...which one’s the
[gestures to horizontal axis on
graph], so dimes is the x-axis, so I’d
do...

So, this would be the, this would the,
uh, what’s it called, the y-intercept
[gestures to 35]. And then [gestures
to -2] this would be the slope.
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Table 2.7 continued.

Equation Graph

6 [Counts down 2 and to the right 1
starting from (0, 35) until reaching
(2, 31). Confirms with a calculator
that this adds to $1.75.] So I think
this strategy works, so it goes, boom,
boom, boom.

From Vignette F (Table 2.7), I note that Tyrone lettered from the outset of his
activity, referencing experiences with strategies from mathematics class to justify his
decisions. For instance, when I asked Tyrone about what he observed in the initial
situation, he immediately responded with lettering to generate an equation “kind of
similar to what we’ve been doing in math” (V.F.1). Tyrone’s descriptions suggest that
he recognized the potential for a standard form structure for the equation reflecting the
relationship between quantities (i.e., one in which “$1.75 would be y”). I note how

lettering here even permeated Tyrone’s speech as a reference, albeit non-normative,
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for connections to strategic contexts such as his experiences with standard form.
Indeed, Tyrone continued these references to broader experiences with strategies from
mathematics class around his lettering in his initial equation when he subsequently
identified x- and y-intercepts as his first combinations (V.F.2).

When I prompted Tyrone to construct a graph, he lettered to support his
dynamic engagement with the graph, utilizing the letters » and d at first, consistent
with the selections he had made in his equation. After constructing his third and final
version of the graph from the x- and y-intercepts he had identified (V.F.3), Tyrone
lettered as he began interpreting the line to identify a new combination of 33 nickels
and 1 dime (V.F.4). Indeed, the appearance of n and d on the graph in this moment
suggests how lettering functioned as Process-Oriented for Tyrone, advancing his goal
of identifying a new possibility.

Upon prompting Tyrone to identify another possibility for a number of nickels
and number of dimes through the equation, he lettered again in a way that explicitly
referenced his contexts of experiences with strategies from mathematics class. After
first expressing uncertainty about how to approach the task (“I’m not exactly sure
what to do”), Tyrone re-observed his graph and noted that “dimes is the x-axis,”
referencing a mathematical construct of x- and y-axes to refer to horizontal and
vertical axes of graphs (V.F.4). From there, I note that Tyrone changed his lettering,
replacing d and n with x and y respectively before applying a procedure to express his
standard form equation in slope-intercept form. Following this, Tyrone interpreted his
new equation in accordance with the x and y letters he had chosen, applying
information about the slope and y-intercept across the equation and graph to identify

new possibilities from the line of the graph he had constructed (V.F.5). In this way, |
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note that Tyrone’s contextual references to his experiences of strategies from
mathematics class for his lettering coincided with Representationally Connective
lettering to achieve a goal of identifying a new possibility for the quantities.

Beyond the vignette featured above, I note that Tyrone also reflected on
experiences with strategies from mathematics class as important in his activity during
the end-of-unit interview. When I asked Tyrone to compare his current and previous
activity on this task, his first observation was that “I don’t have any of the x and stuff.”
I note that there are many ways Tyrone might have described the differences between
his letter choices across the two activities, particularly when n and d still were featured
in his end-of-unit task activity. However, Tyrone’s choice of words here reference x as
being a positive addition to his work; combined with his prior gesture to his slope-

intercept equation, this highlights how this was a salient moment in his own problem-

solving, deeply connected to strategic contexts.

2.7 Discussion and Conclusion

In this article, I presented results from a multiple case study to respond to the
research question: What did three middle-school students learn with respect to
lettering by the conclusion of an instructional unit in their classroom? In my findings,
I highlighted three features of lettering that students learned, or that constituted a shift
in activity from the students’ initial to final interviews. First, I described how the
students learned Process-Oriented lettering (Feature 1); that is, I observed how all
three students, in their final interviews, lettered as part of their problem-solving while
transforming representations into tools that advanced their exploratory goals. Second,
I described how the students learned Representationally Connective lettering (Feature

2), generating literals as they operated within and across representational registers of
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tables, equations, and graphs. Lastly, I described how the students learned
Strategically Connective lettering (Feature 3). I observed, by the final interview, that
the students lettered in ways that they connected to concepts and experiences drawn
from their course as opposed to strictly from the situational context itself. From an
enactivist perspective, | take these features, together, as adaptive for the students’
functioning with the task over time. In what follows, I discuss the implications and
future directions for this work in terms of applications to research and practice

respectively.

2.7.1 Implications and Directions for Research

This work, as a case study, makes a theoretical contribution to the extant
literature about students’ activity with literals in algebra. The case study format
permitted a close focus on features of these particular students’ activity, and the
contrast between initial and final interviews permitted the characterization of learning
over time. I note that the findings of a case study “are generalizable to theoretical
propositions and not to populations or universes” (Yin, 2018, p. 53). That is, in this
work, I do not seek to advance how lettering emerges for all students in any
environment; rather, I seek to characterize the learned features of lettering in this
environment, as it can support the articulation of theory that can be subsequently
interrogated in novel contexts. One direction for future inquiry would be to explore,
extend, and revise these features of lettering with new groups of students, looking for
other adaptive features that may be observed in different contexts and with different
tasks.

The construct of lettering also represents a new contribution to the research

literature about students’ learning with literals and algebraic symbolizing, made
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possible through an explicit enactivist epistemological lens taken within this work. As
such, this article aligns with prior investigation that seeks to distill the utility of an
enactivist lens to research on learning in algebra (e.g., Lozano, 2015; Proulx, 2013). In
this article, my interpretations of enactivist epistemology led me to focus on 1)
students’ mathematical activity (or doinglmathematics, Maheux & Proulx, 2015) as
opposed to students’ meanings or conceptions and 2) take shifts in such activity as
inherently adaptive and productive shifts. I began to characterize lettering from these
commitments. Future inquiry can continue to explore how enactivism can afford new
insights to research into the learning of algebra, as well as how these particular
aforementioned enactivist commitments can support the observation of novel
phenomena in other topics of mathematical learning.

Importantly, the features of lettering described in this article also directly
expand upon prior literature around students’ learning of literals. Whereas the prior
literature in this area has often examined students’ meanings for literals via
experiments or surveys focused upon interpretation of algebraic symbolization (e.g.,
Kiichemann, 1978), the findings around students’ Process-Oriented lettering reflect the
importance of lettering activity to broader motivating problem-solving contexts.
Furthermore, prior literature has tended to conceptualize literals as a mathematical
object within the representational register of algebraic symbolization (e.g., Booth,
1988; Duval, 2006). However, these findings have shown that these students’ lettering
actually extended across representational registers in ways that can explicitly connect
transformations (i.e., Representationally Connective lettering). Lastly, some prior
literature has suggested the relevance of the literals students select to how they make

meaning of them (e.g., Matthews et al., 2007; Trigueros & Jacobs, 2008). This
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article’s finding about students’ lettering as a way to draw explicit connections to
strategies from mathematics class (i.e., Strategically Connective lettering) suggests
continued attention to literal selection as facilitating dynamic, connective
representational activity.

Reframing students’ learning about literals to instead focus on students’
learning to letter marks a shift in thinking about symbolization and representational
processes in algebra with fewer boundaries; as such, continued inquiry into lettering
could reveal new ways that lettering supports an even wider variety of algebraic
activity. In addition, open questions exist around what the field may learn by
combining prior research around meanings for literals with a focus upon lettering. I
note that, as [ have argued in this paper, the two perspectives lack epistemological
compatibility, which could be prohibitive to discussing these topics together.
However, Prediger et al. (2008) have suggested that networking theories within
mathematics education, even when epistemologically distinct, is crucial for advancing
the field and building new knowledge. Future inquiry could explore if research about
symbolizing in algebra, consisting of meanings and lettering activity combined, could
provide a feasible and useful combined lens that would support new directions for

research.

2.7.2 TImplications and Directions for Practice

Indeed, the construct of lettering suggests a fundamental activity underlying
students’ representing in algebra, which is crucial because of its role in students’
algebraic literacy. Therefore, if algebra literacy for all students is a goal of
mathematics education, we can also consider ways to support students’ lettering

within that goal. Importantly, this paper suggests an alternative approach in designing
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pedagogical practice that support students’ algebra literacy. That is, rather than
examine what we, as researchers, presume to constitute “literacy” based on our own
activity or that of experts, we can instead hold students’ adaptive activity--
mathematical through our researcher interpretation--to define goals of algebraic
literacy to strive toward. Thus, future inquiry can explore ways that the three features
of students’ lettering identified in this article not only serve as starting points for
research but also as starting points for practice, particularly in design to support every
student’s algebra literacy.

I conjecture that the features of lettering described here lend themselves
particularly to the design of mathematical tasks that may support students in learning
to letter and build their literacy in algebra. For instance, given that the students learned
Process-Oriented lettering (Feature 1), implicating lettering in their mathematical
problem-solving, tasks supporting students to learn to letter may embed explicit
problem-solving contexts and goals that students may interpret and strive toward that
the designer conjectures lettering could facilitate. The students also learned to letter as
Representationally Connective (Feature 2), which indicates that tasks in which
multiple representational registers play a role in solving a problem could be
advantageous. Lastly, since the students learned to letter as Strategically Connective
(Feature 3), tasks that would promote a base of concepts and experiences that students
could letter in connection with could further support the development of lettering
activity. I highlight the potential of extending exploration toward intentional task
design to support students’ algebra literacy.

However, it is also important to highlight one particularly fundamental open

question from the present inquiry. This study analyzed students’ mathematical activity
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at two time points; what happened for students in between these time points to trigger
and build toward these shifts in activity? Following an enactivist perspective, I take
the stance that studying how students learned to letter in this way involves
examination of students’ mathematical interactions in the classroom (e.g., Coles,
2015; Lozano, 2015). As such, I examine these interactions in detail in the second
article of my dissertation, tracing how these three features manifest themselves across
five focal lessons. As learning is a complex and emergent process, I do not claim to
identify “the” particular moment in which students learned to letter with these
features; rather, I seek to characterize how such learning was negotiated in interactions
over time. Such work will provide further insight for the design of mathematical
experiences that can promote lettering and, ultimately, algebra literacy.

Given the importance of algebra literacy to the advancement of all students’
fundamental civil rights (e.g., Moses & Cobb, 2001), this work contributes to not only
topics of algebra cognition but also toward equitable access to such literacy in
teaching and learning. The features of lettering as Process-Oriented,
Representationally Connective, and Strategically Connective reflect adaptive activity
identified from students’ mathematics, which suggests starting points to advance goals
of algebra literacy. Such approaches are crucial in authentically supporting every

student’s algebra literacy and recognizing the brilliance in their work.
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ENDNOTES

1 It should be noted that “a” semiotic perspective should not be taken to mean “the”
semiotic perspective. For instance, in Peirce’s (1998) triadic model of a sign,
representations are internal mental images one constructs for particular objects, which
differs from how I apply the term in this paragraph. The use of representation here is
consistent with the semiotic perspective the cited authors adopt.

2 Proulx (2008) notes that this biological definition of structure contrasts with how the
term is typically applied in radical constructivist discourses, where structure often
indicates “coherence and viability of the knowledge construction and experiences
lived” (p. 17).

3 I selected pseudonyms for these students using ideas they generated during initial
interviews.

4 For reference, the student body of the school identified as 58% white, 18% African
American, 15% Asian, and 7% Hispanic/Latino, and 2% multi-racial in 2021.

5 I note that 10 nickels, at $0.05 per nickel, and 9 dimes, at $0.10 per dime, would add
to less than $1.75.

6 Recall that Paisley did not letter in the beginning-of-unit interview and only
described lettering processes.
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Appendix A
DEMOGRAPHIC SURVEY

The following demographic survey was administered to each of the three focal
students after the pre-unit interview via Desmos. I include the verbal instructions
provided to students during the interview as well as the prompts presented to students
in the survey itself.

Verbal Instructions: Before we finish our interview today, I would like to learn a
little bit more about who you are. I have a few questions I will ask you to complete in
Desmos. You can skip any question if you do not feel comfortable responding. You
can move through the slides until you reach the last one. Please let me know when
you’re finished.

Survey Prompts:
https://teacher.desmos.com/activitybuilder/custom/6172¢c4c54eb5b009¢c65688b8
(Survey begins on slide 8; title across all slides reads “Tell me more about you, please!
You can skip any question if you do not feel comfortable responding.”)

1. What would you like me to know about you as a math student? (Please
enter no more than 2 sentences!) (open-ended)

2. How old are you? (open-ended)
3. How would you describe your gender identity? (single choice)
i. Male
ii. Female
iii. Non-binary

iv. Prefer to self-describe gender identity <Open box for entry,
reading “Use this box if you selected that you prefer to self-
describe gender identity. Otherwise, please skip this box and
move to the next slide.”>

4. What are your preferred gender pronouns? (single choice)
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1. He/him
11. She/her
iii. They/them

iv. Prefer to self-describe pronouns <Open box for entry, reading
“Use this box if you selected that you prefer to self-describe
pronouns. Otherwise, please skip this box and move to the next
slide.”>

Please select the choice that best applies to describe your ethnicity:
(single choice)

i. Hispanic or Latino

ii. Not of Hispanic or Latino

Please select all categories that describe your race: (multiple choice)

1. American Indian or Alaska Native

ii. Asian

iii. Black or African American

iv. Native Hawaiian or Other Pacific Islander

v. White

In your own words, how would you describe your racial/ethnic
identity? If applicable, please include any details you would like to
share about specific countries of origin or tribal belonging (such as,
“Cuban,” “Japanese American,” “Lebanese,” “Navajo,” etc.). If you
have no other details to share, you may move to the next slide. (open-
ended)

To make sure that data I present from our conversations is anonymous,
I will be giving you a pseudonym in my reports. A pseudonym is a
different first name that I will use in place of your actual first name.
Your pseudonym should reflect the important parts of your identity.
Please provide any suggestions you have for your pseudonym below.
(open-ended)
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Appendix B
PRE- AND POST-UNIT TASK-BASED INTERVIEW PROTOCOL

I am including both the pre- and post-unit task-based interview questions in the same
document, as the task (the Nickel-Dime Scenario) was identical. There is one
additional instruction in the post-unit task-based interview instructions, marked in blue
below.

B.1 Initial Instructions

1. I am asking you to work on a math task today because I am trying to
figure out what students know about this topic and how they think
about it.

2. This is not a test. In other words, I am not grading you. You are here to
help me, and I really appreciate it. Having you work these math
problems in an interview will help me understand how students think
about these kinds of mathematics problems.

3. Tam interested in how you are thinking about the problems even when
you are not sure what the answer is. Try to explain all your thinking, no
matter if the problem is easy or hard. Anything you share with me is
useful for me because I am trying to learn as much as I can about how
students think. Also, write down anything that will help me understand
what you are thinking.

4.  The interview will be no longer than 40 minutes.

5. T'will be recording the interview. However, the recording will only be
used for research purposes. If at any time you feel uncomfortable, just
let me know and I can ask a different question or we can even stop the
interview.

6.  This interview will have the same task we did during our first interview
together. However, I don’t want or expect you to remember the work
you did then. I want you to try to solve the problems as you’re thinking
about it today. After you finish with the task, I will then show you how
you completed the task the first time you tried it. I would like to know
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what you notice is the same and what is different between your two
tries at this problem, and we will also talk about why you think those
changes might have happened. Are you ready to get started?

7. Any other questions before we start?

B.2 Sources & Resources
(Adapted from IM Lesson 11, Practice Problem 5)
Desmos version of activity
(https://teacher.desmos.com/activitybuilder/custom/6172¢4¢54eb5b009c65688b8)

To record the interview; 1) camera focused on student scratch work; 2) Zoom
recording captured, with screenshare of Desmos activity. Recording turned off when
student arrives to “Short Survey” section.

Desmos screen will be set up such that “name” field is filled with unique participant
ID #.

Supplies: Grid paper (x5), calculator (handheld), 2 pens, screen recording via Zoom,
ruler

B.3 Rationale
During my interview with Teacher K, she summarized the main focuses of the unit as
writing and using equations and connecting those equations to graphs in linear
contexts. She described that she had a personal goal for the unit that students would be
able to use resources to translate fluently between situations, equations, tables and
graphs. I designed the following task with inspiration from the Illustrative
Mathematics (2019) curricular materials to reflect these goals while also providing
entry points for student reasoning--Teacher K expects that students have previously
constructed tables, graphs, and connected to equations in proportional relationships in
their prior course. Teacher K says she values students’ problem-solving and plans to
emphasize this along with their representational fluency throughout the unit.

B.4 Interview Problem

B.4.1 Setting up the context: The situation
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Marcus knows that Paloma has a bunch of nickels and dimes in a box and that the
total amount is $1.75. (Nickels are worth $0.05 and dimes are worth $0.10.)

e What do you notice or observe about the situation?
e What do you wonder about this situation?

e Do you have any questions to better understand the
situation? Great!

B.4.2 Two possibilities
Find two possibilities for the number of nickels and number of dimes that could be in
Paloma's pocket.

e Use any strategy to try this problem, but show or talk through all of
your ideas. I will ask you questions as you work.

¢ You may use the sketchpad on Desmos or the paper in front of you
to answer.

e Ifyou get really stuck and cannot reach an answer, please let me
know that you’re ready to move on to the next section of our
task. It’s okay wherever you end up!

e <[ will ask questions here to make sense of their solution strategies,

such as: “How can you know for sure that this possibility works?”
or “What are you picturing when you say that?”’>

B.4.3 Constructing an equation
Write an equation that describes the relationship between the number of dimes and the
number of nickels in Paloma's box.

e Do you have any questions to better understand the task?

e Remember, it is okay to get stuck. Please just talk through what you
are thinking, and let me know when you are ready to move on.

e You may use the sketchpad on Desmos or the paper in front of you
to answer.
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<I will ask questions to make sense of the equation, such as: “How
can you tell that your equation describes this relationship?” or
“Talk me through the parts of your equation. What do they tell you
about the relationship?”>

What can an equation help us to do or understand in this situation?

B.4.4 Constructing a table or graph

Create a graph or a table to show the relationship between the number of dimes and
the number of nickels in Paloma’s box.

Which representation will you try to create? Why?

You may use the Desmos page or the paper in front of you to
answer.

Please talk through what you are thinking as you work, and let me
know when you are ready to move on.

<I will ask questions to make sense of the table or graph, such as:
“How can you tell that your table/graph describes this
relationship?” or “Talk me through the parts of your table/graph.
What do they tell you about the relationship?”>

What can a table/graph help us to do or understand in this situation?

B.4.5 More possibilities

Use your equation, table, and/or graph to identify another possibility for the number
of nickels and number of dimes that could be in Paloma’s box.

Do you have any questions to better understand the task?

Which representation do you want to work with?

Please talk through what you are thinking as you work. If you get
stuck, you can choose the other representation. Let me know when

you are ready to move on.

<I will ask questions to make sense of how they are using the
representation to find a solution, such as: “How can you tell that

119



this is a possibility for the number of nickels and number of
dimes?>

<If the student successfully uses one representation, I will ask:
“Could you use your other representation to find another
possibility? Remember, it is okay to get stuck; please just share
what you think and let me know when you’re ready to move on.”>
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Appendix C

POST-UNIT LEARNING REFLECTION INTERVIEW PROTOCOL

The post-unit learning reflection interview immediately followed the post-unit task-
based interview. Therefore, no additional instructions were provided. Prompts of this
interview are included below.

1.

Were there any experiences you had in your math class this year that
helped you to work through the problem? If so, what?

Now I'm going to show you your work from the first time you tried this
particular task. I’'m going to ask you: What are some of the things you
notice are the same or different? Take a moment to read this to
yourself, and please let me know when you’re ready to talk about what
you see. <Give work on task from Task-Based Interview 1; wait> So,
what are some of the things you notice are the same or different?

What experiences have you had since the first time you solved the
problem that have changed your thinking or kept it the same?

I would like to learn a little bit more about how you think you learn
best in general. What kinds of things do you think most help you to
learn in math class?

Last, I am going to show you your learning reflections from the unit.
Take some time to read them, and reflect on some of the things you
notice about what you wrote. Feel free to notice things about what you
described learning or about how you said you learned. <Lay out
reflections in chronological order in front of student; wait> Okay, what
do you notice about what you learned or how you learned over time
through these learning reflections?

Is there anything else you would like to share about your learning in
math with me? You can take some time to think before you give a
response.

Last time, I asked to suggest a pseudonym you wanted to use for the
study. A pseudonym is a different first name that I will use in place of
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your actual first name. Your pseudonym should reflect the important
parts of your identity. Do you have any new ideas for a pseudonym you
would like me to use for you?
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Appendix D

ANALYTIC MEMO SAMPLE

Below, I have included an excerpt from the analytic memo I constructed for
Rakti across her initial and final task-based interviews. At the top of the memo, I
reproduced the research question and guiding questions for the memo (reproduced
here). I note that the research question changed as I began to articulate lettering as a
construct, so I have included the research question as I reflected upon it in the memo
as well as the final research question that guided this dissertation. Furthermore, I
acknowledge language about “variables” within the memo, which later fell out of use
as my focus sharpened with respect to lettering through this analytical process. In
some memos, I also engaged in reflection upon literature I was reading or ways my
research question was evolving over time (which supported this evolution of my
research question and constructs); I have omitted these reflections from this memo to
keep the focus upon illustrating my analysis of data.

Lastly, as described in my analysis, I identified a crucial episode from my
cross-memo comparison for each final task-based interview. I have marked the
location of Rakti’s crucial episode with the symbol (**). I identified a parallel episode
in each initial interview, as well, to serve as contrast. I have marked the location of

this using brackets ([ ]) in the text.

D.1 Memo Text/Diagrams
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Research Question While Writing the Present Memo: How did variables function for
three students as they engaged in algebraic learning collectively and independently
through their mathematics classroom?

Final Dissertation Research Question: What did three middle-school students learn
with respect to lettering by the conclusion of an instructional unit in their classroom?

1. What algebraic letters did the student use?

2. Where were these letters applied (e.g., in a graph, equation, strictly
speech, etc.)?

3. What did the student describe about lettering?

4.  How was lettering leveraged in interactions the student had with their
own work or the researcher (i.e., how did lettering support particular
interactions with the student’s mathematical environment)?

At the beginning of the unit, Rakti engaged with the prompt about nickels and
dimes only applying variables of n and d when prompted to write an equation. [She
wrote, d+n=1.75, where she described using “d for dimes, n for nickels.” She asked a
question about her equation, whether it should reflect a total number of coins or their
monetary value. When I described that it should reflect a total number of coins, she
was unsure how to reconcile this and left the equation. ]

I asked Rakti during the interview to use her table to generate new possibilities
for the numbers of nickels/dimes that could be in the box. Rakti had built a table
describing that the relationship needed to be “proportionate”. She generated new
possibilities by taking previous possibilities (like 10 dimes and 15 nickels) and
multiplying each of them by the same value (e.g., by 2 to generate 20 and 30). I asked
her if there was a way she could use the equation to generate possibilities, and she

described a very different approach. She gave an example of starting with $0.70 in

124



dimes, taking this away from the $1.75 total, and then dividing the remaining $1.05 by
$0.05 to find a number of nickels to match.

I want to highlight that, for Rakti: 1) variables were applied exclusively in her
equation (also spoken aloud, but only to support it) and 2) Rakti’s behaviors engage
with the table and the equation as if they were completely disconnected from one

another. Visually, maybe it looks something like this:

Equation
S(variables)

Table

Figure D.1: Visual analysis of representational connectivity in Rakti’s initial
interview.

When I conducted my post-interview with Rakti, she immediately generated an
equation as something she “noticed” about the situation. She said that it was an “x and
y situation” and wrote 0.05x+0.10y=1.75. She described x and y to me as “variables of
like where the points should be on the graph”. She also defined x as “nickels” and y as
“dimes”.

From just this beginning commentary, Rakti draws a connection between
equations and graphs as related representations; she describes how the variables of x

and y are really supporting her communication between these.
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Equation

“‘Ix and y] are like where the

points should be on a graph.”
v

Graph

Figure D.2: Visual analysis of an early moment of representational connectivity
during Rakti’s final interview.

In every other segment of the interview, Rakti gestured to her equation and
also applied x and y in her speech about the task. She applied the equation,
substituting x or y for 0, to calculate two possibilities of Paloma’s nickels and dimes.
She described the importance of the equation because x and y are needed to "know
what amount of nickels and dimes it would take you to get to the total."

(**)However, in contrast to her earlier interview, Rakti also leveraged x and y
to communicate with her table representation. First, she interpreted the task of
constructing a table as "to figure out like the x and the y", gesturing to the original
equation. She placed the first two combinations, which she had generated explicitly
from her equation earlier, as the first two entries in her table. Then, she proceeded to
transform the original equation into a slope-intercept form equation (“it would equal
17.5 minus .5 equals to y [writes this]. To, oh, x [adds x], equals to y”’) and graph
information to identify two additional possibilities. She does not speak or label the
graph using x or y, but its connection to the equation and table suggests that these

letters remain relevant to this activity.
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‘it would equal 17.5 minus .5 equals “Il construct a table to figure out

to y [writes this]. To, oh, x [adds x], x and y [from the equation].”
equals to y”
Equation2 |«— | Equation1 | = > Table
(Slope-Intercept) (Standard Form)
Graph

Figure D.3: Visual analysis of crucial episode of lettering for Rakti during final
interview.

Rakti closed the interview with reflections about equations, tables, and graphs
related to variables. She described that, in her view, the standard form equation could
be used to generate new combinations, but this was harder than using a table or graph.
She reiterates this point in comparing with her previous work, where she interprets
that she used the equation to identify new combinations, whereas in her current work

she used the table/graph. Rakti mentions variable choices among her observations:

e Comparing her work across interviews: “I think it’s kind of similar
because we still use two variables, but I think I didn’t, I think I
didn’t put like the 0.5x [gestures to original equation from present
session] as like the nickels and I used since dimes and nickels, 1
think I did d and n.”

e Interpreting a learning reflection: “Yeah, this one was the one
where we were doing um, standard form, which was the x and y
[taps to x and y in original equation], both x and y variables...”

Rakti emphasizes two things in these quotes: 1) her choice of letters changed

from pre- to post-interview and 2) this change may have been significant because of
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the way that variable choice related to the concept of standard form. Taken together
with the other information I saw in the post-interview, standard form then connected
with her application of tables and graphs. Therefore, letter selection in and of itself

seems to support Rakti’s communication of components across her work.
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Chapter 3

THE EMERGENCE OF LETTERING IN CLASSROOM INTERACTIONS
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ABSTRACT

To build upon the characterization of features of three middle school students’
lettering from the previous chapter (Chapter 2), I analyze how lettering emerged
within the students’ classroom interactions. I investigated the three students’ activity
as a collaborative group through five video-recorded classroom observations during
their linear equations unit. I develop an agentic and interdependent case account of the
students’ lettering, leveraging theory and prior literature to articulate an enactivist
interactive framework for researching student cognition in classrooms that grounds
this inquiry. I found that the students negotiated their lettering to achieve group goals
(Process-Oriented), coordinate representations in their own and one another’s work
(Representationally Connective), and extend experiences of strategies from
mathematics class (Strategically Connective). I further found five environmental
resources salient within these interactions: what tasks, teachers, and groupmates
said/wrote with respect to lettering, lettering applied across representational registers
of the same situation, and lettering applied across representations for different yet
related situations. I discuss how each student in the group influenced and was
influenced by their interactions with one another, including power dynamics amongst
the students. I conclude with implications for theoretical advancement of mathematics

classroom research and pedagogical design to support students’ lettering development.
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3.1 Introduction

Despite the critical importance of algebra literacy in supporting every student’s
mathematical and societal success (e.g., Algebra Project, Inc., 2024; Fonger, 2024;
Loveless, 2013; Moses & Cobb, 2001; Spielhagen, 2006), researchers have shown that
students’ experiences in algebra classrooms often involve traditional instructional
features (Litke, 2020) that may constrain our collective pursuit of this goal. In order to
improve teaching at scale, Nuthall (2004) argues that researchers must do more to

understand the mechanisms that connect teaching and learning processes:

[STuch research must provide continuous, detailed data on the
experience of individual students, in-depth analyses of the changes that
take place in the students’ knowledge, beliefs, and skills, and ways of
identifying the real-time interactive relationships between these two
different kinds of data. (p. 273, italics added)

In this paper, I aim to explore precisely this interactive space between teaching and
learning (or students and their classroom environments) with respect to lettering in an
algebra classroom. In previous work, I have advanced lettering, or generating letters
(such as x or ) within an algebraic context, as a fundamental component of algebra
literacy (see Chapter 2 or Gantt, under review). However, despite understanding its
features, we do not yet know how lettering emerges! for students in the classroom as
they interact with the teaching (or more broadly, the environment) that surrounds
them. Thus, in this paper, I explore the research question: How did students’ lettering
emerge in classroom interactions during an instructional unit about linear equations?
I intend for this work to contribute to the field’s understanding of what instruction that
supports every student’s algebra literacy could look like.

In what follows, I will first present a theoretical framework that connects how 1

conceive that enactivism--an epistemological perspective through which I define
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cognition in terms of an individual’s interactions (e.g., Maturana & Varela, 1992;
Varela et al., 1991)--can be applied to research students’ classroom learning (Gantt,
2024a). Next, I will summarize compatible extant research on algebra classroom
learning as well as the three features of lettering from the previous article, anchoring
my inquiry in the classroom setting. I present methods and findings from an embedded
single case study (Yin, 2018) of the same three eighth-grade students I described in
Chapter 2, leveraging a strategy I developed called monologic centering analysis
(Gantt, 2024b) to explore the emergence of each student’s lettering across multiple
observations. I conclude with a synthesis of data across the case to describe key
takeaways of how the three features of students’ lettering emerged in classroom
interactions, highlighting the relevance of these findings to the development of

pedagogy that might support students’ lettering processes in future designs.

3.2 Theoretical Framework

As described at the outset of this dissertation, an enactivist epistemological
perspective has guided the theoretical framing, methodological approaches, and
interpretations across this dissertation. In Chapter 2, I described how the construct of
an individual student’s lettering could be derived and studied from an enactivist lens.
As I expand to consider students’ classroom interactions within this chapter, it is
necessary to articulate how enactivist theory can support my research of students’
mathematical learning in the complex, multi-faceted setting of a classroom. This
inquiry has led me to synthesize an interactive framework for research around student
cognition in mathematics classrooms (Gantt, 2024a), theorized iteratively through my
engagement with enactivist literature (e.g., Maturana & Varela, 1992; Varela et al.,

1991), particularly within mathematics education (e.g., Simmt, 1995; Simmt &
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Kieren, 2015; Towers & Martin, 2015), broader research about students’ cognition in
mathematics classrooms (e.g., Dominguez, 2019; Nasir & Hand, 2008), as well as data
within the current case project. I present a figure of the process of articulating this

framework in Figure 3.1.

Exploring and distilling literature.

Y

Articulating theoretical framework.

—— *
| Research about Research about
| enactivism in students' cognition
I math education in math classrocoms
|
|
<
s v
1 .»
= o 2 .
I3 Interpreting within case study context.
|
|
|
|
|
|

Figure 3.1: Process of articulating an interactive framework for researching students’
cognition in mathematics classrooms to guide the present work.

I engage in articulating an interactive framework for researching students’
classroom cognition for two primary reasons. First, enactivism’s origins exist as a
biological theory of cognition rather than as a theory of human (and, particularly,
student) cognition (Proulx, 2008). That is, enactivism explains cognition and
interaction across experiences of all living beings as they bring forth a world, which

has supported scholars to emphasize themes of ethics (Aguayo et al., 2023; Simmt &
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Kieren, 2015; Varela, 1992), relationality and interconnection (Butnor & MacKenzie,
2022; Dominguez, 2019; Glanfield & Sterenberg, 2019; Towers & Martin, 2015), and
complexity (Davis & Sumara, 2007) in research. Although researchers have applied
enactivism to understand phenomena within mathematics education across multiple
particular instances (e.g., Kieren & Simmt, 2009; Lozano, 2017; Proulx, 2013; Troudt
et al., 2024), I sought to develop an orienting tool that would support my own
translation of this very global theory into inquiry that was focused upon the cognitive
phenomenon of students situated in mathematics classrooms. As such, this framework
articulation serves to balance a need I perceived for increased theoretical specificity
(in terms of the context to which it would be applied) as well as generality (to connect
distinct prior literature around this same phenomenon) in a way that would be useful
to my work.

Second, I aimed to organize my thinking as an explicit framework to anchor
both the content and concepts of my research as well as the methodologies and
approaches I would apply in investigating these phenomena. I draw inspiration for my
structure of a theoretical framework from Collins (2019), who articulates
intersectionality as a “paradigm” grounded in a collection of core constructs and
guiding premises that organize ideas across research within that space. Because of the
specified scope of the project of the present articulation within research around
students’ cognition in classrooms, I position this thinking as a “framework” rather than
a more expansive “paradigm” to guide research. However, I follow Collins (2019) in
the commitment that frameworks with construct- and premise-based underpinnings
hold value in how they “describe, interpret, analyze, and in some cases explain both

the knowledge that is being produced as well as the processes that are used to produce

134



it” (p. 52).” By articulating a theoretical framework in the present work with sufficient
generality, I aim to generate transparency and coherence around my own processes in
ways that can also be leveraged by other researchers. I intend for this framework to
contribute to shifting our collective conceptualization of the type of work that can be
produced (as well as how it may be produced) within research around students’
cognition in classrooms.

In what follows, I first outline the core constructs of an interactive framework
for researching students’ cognition in mathematics classrooms, cast from an enactivist
lens: a student, the classroom environment, and cognition. From there, I will also
discuss two guiding premises that I envision underpin the framework, drawing
connections to extant literature about students’ cognition in mathematics classrooms
that further supports and contextualizes enactivist theorizing. To conclude this section,
I will describe the concrete implications of this framework in the remaining structure

of this report (i.e., in methods, findings, and conclusions).

3.2.1 Core Constructs: Student, Environment, and Cognition

Via enactivism, | synthesize that, within a mathematics classroom, a student’s
cognition is embodied inter-action with the classroom environment. In what follows, I
will further define the core constructs of the student, environment, and cognition to
unpack this epistemological claim. These underlying definitions will then support my
extensions to consider studying student cognition in mathematics classroom spaces via
guiding premises.

First, I regard a student as a cognizing agent in the classroom setting; in more
biological/enactivist terms, this is to say that [ regard a student as a self-individuating

bodily structure who brings forth a world (Di Paolo & Thompson, 2014; Maturana &
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Varela, 1992; Varela et al., 1991). According to Di Paolo and Thompson (2014), a
self-individuating body is one that “generates and maintains itself through constant
structural and functional change” (p. 68). That is, as bodies traverse new and
accumulated lived experiences, their structures shift, change, and adapt, enabling new
ways of being (and, equivalently, cognizing). A student’s cognition emerges from that
student in ways that the student’s unique (and ever-plastic) bodily structure determines
in its enacted relationship with the environment (an enactivist principle known as
structural determinism). A student “brings forth a world” in that perception, too, is
determined by biological structure and environmental inter-action, shaped over time
and experience.

As the prior language of “bringing forth a world” suggests, cognition is also an
interdependent phenomenon, manifest in the inter-action of student and classroom
environment. I conceptualize a classroom environment, then, as the holistic set of
features and actors that a cognizing student brings forth in inter-action as constituting
such a space. Importantly, from this definition, I note that a student’s cognition both
depends upon and mutually specifies the classroom environment, as “an observer has
no operational basis to make any statement or claim about objects, entities, or relations
as if they existed independently of what he or she does” (Maturana, 1988, p. 5).
Indeed, as Proulx (2008) argues, this reflects the interobjective discourse underpinning

enactivism:

It is not that intersubjective agreements are arrived at and that these
create a world, nor that I create my own subjective world, nor that there
is a meaning to the physical world lying “out there.” Interobjectivity
asserts that it is within the junction of the physical world and I that the
world of meaning emerges, it is in this continual back-and-forth
influence of knower and known -- in this structural coupling. (p. 23)

136



In this way, via enactivism, we may define the classroom environment in terms of its
relationship with the student’s inter-active experience. As this quote from Proulx
(2008) also shows, that environment, like the student, is plastic, shifting and changing
within its inter-action with the student (an enactivist principle known as structural
coupling). To revisit the definition of a student, I emphasize the student as a cognizing
agent, not only agentically engaging in cognition but also bringing forth and
influencing the very classroom environment that influences them.

Although I have provided the definitions of the core constructs of the student
and the classroom environment in independent terms via enactivism thus far, the
previous discussion may suggest a deep interdependence and mutual specification of
these constructs. Indeed, in line with theorizing I have engaged with others in distilling
enactivist constructs for mathematics education (York et al., 2025), I synthesize
cognition as embodied inter-action, consequently bringing forth the student and
classroom environment and the interdependence that exists between them (Maturana
& Varela, 1992; Varela et al., 1991). First, as embodied, cognition is a biological
phenomenon that our body (a structure guided by our situated perceptions of possible
actions) generates (Abrahamson, 2021; Thompson, 2007; Varela et al., 1991). Second,
as action, cognition is not a collection of mental structures; rather, cognition (or
knowing) consists of one’s dynamic and emergent activity (Maheux & Proulx, 2015;
Maturana & Varela, 1992). Lastly, as the prefix inter- suggests, knowing depends
upon our condition as an embedded “being in the world” (Varela et al., 1991, p. 9).
Taken together, cognition (an action) depends upon and connects our individual

structures (bodies) with the environment around us (i.e., inter-actions).
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In the case of a student’s cognition with a classroom environment, cognition
refers to enacted and connective phenomena, derived from the student’s agentic
cognizing structure, that brings forth meaning from and with the classroom
environment they engage. Indeed, following Maturana and Varela (1992), I regard all
student action with their classroom environment as cognition (i.e., “all doing is
knowing and all knowing is doing,” p. 27). In research on a student’s cognition with a
classroom environment, one may specify, from their observer’s perspective, a
particular type of cognition they wish to examine (e.g., lettering within this report; see
discussion of observing “mathematical” cognition in Maheux & Proulx, 2015).
However, within the broader interactive framework I introduce within this work, it is
crucial to emphasize cognition as any action from the student (a body) in relation with

the classroom environment (i.e., cognition as embodied inter-action).

3.2.2 Guiding Premises of an Interactive Framework

I note that the three core constructs of an enactivist interactive framework I
present for researching student cognition in mathematics classroom research center
upon the conceptualization of a single student, the classroom environment they bring
forth, and their cognition. I also note that the definitions I have presented of these
phenomena have relied upon interpreting enactivist theoretical constructs in this
context. In what follows, I seek to extend this work in two directions: 1) how might
we examine multiple students’ cognition in a classroom environment within this
framework, and 2) how does such an extension overlap with current (and not
necessarily enactivist) research initiatives about student cognition in mathematics
classrooms? I will articulate and leverage guiding premises of the framework to

achieve these goals.
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To begin, the two guiding premises that I perceive as underlying research that
reflects an interactive framework for researching students’ cognition in mathematics

classrooms are:

1.  Classroom environments are actively constructed by each student as
they relate to other actors and features.

2. Students’ cognition is both agentic and interdependent with their
classroom environment.

I share how I organize these premises and constructs visually in Figure 3.2. This visual
shows, at the core, a relationship between the constructs of a student (marked as
“*Student”), their classroom environment (outlined more solidly), and cognition
(labelled where student and classroom environment interact). However, this visual
extends these core constructs into the guiding premises through its further
representation of cognition between multiple student actors and overlapping
environments (marked in dashed outlines) that emerge in any given classroom, whose
cognitive perspective we could choose to adopt and research within our inquiry. I will
elaborate each of these premises and connect back to this visual throughout the

sections that follow.
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Figure 3.2: An enactivist interactive framework for researching student cognition,
illustrating the relationship between students, cognition, and classroom
environment.

3.2.2.1 Guiding Premise 1

As previously defined, I conceptualize a classroom environment as the holistic
set of features and actors that a cognizing student brings forth in inter-action as
constituting such a space. Prior research around student cognition in mathematics
classrooms (enactivist and otherwise) has highlighted teachers (e.g., Litke, 2020;
Webb et al., 2014) and tasks (e.g., Stein & Lane, 1996) as actors/features that inform
this classroom environment for a student. However, I also note the importance of
considering these actors and features holistically in conceptualizing the classroom
environment, as researchers have clarified how features and actors are very much
intertwined. For example, Stein and Lane (1996) studied how the cognitive demand
features of tasks change as teachers set up and implement them in classrooms.
Furthermore, the availability and design of tasks and materials has been shown to
influence teacher talk and learning (e.g., Choppin et al., 2018; Remillard & Bryans,

2004). The construct of a classroom environment under an interactive framework for
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researching student cognition in classrooms necessarily unites features and actors of
classrooms into one category to be considered as holistically as possible.

Importantly, I note that, within an enactivist interactive framework for
researching students’ cognition in classrooms, I consider students themselves as actors
that also constitute the learning environment of other students (see dashed students,
embedded in the classroom environment, in Figure 3.2). Although such an assumption
may seem self-evident, many ways in which researchers in the field have studied
learning in classrooms could encourage an interpretation of the classroom
environment as separate from and acting upon the students who constitute it. For
example, researchers like Elliott and Bartlett (2016) have written about
conceptualizing opportunities to learn in classrooms in terms of “inputs and processes
within a school context necessary for producing student achievement of intended
outcomes” (p. 1). Such research designs make possible an interpretation that students
can be examined as actors distinct from the classroom environment itself. I present my
visual interpretation of this framework, which I refer to as an input-output framework,
to contrast with an interactive framework for research around student cognition in

classrooms, in Figure 3.3.

Classroom Environment

Students — Cogpnition

Figure 3.3:  An input-output framework of the relationship between students, their
classroom environment, and cognition.
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Importantly, many researchers have also affirmed that students, together with
other features and actors, form crucial and interrelated parts of the classroom
environment, supporting this framing within the enactivist interactive framework I
present in this work. For example, Cohen et al. (2003) presented a visualization which
has been subsequently deemed the instructional triangle, describing that “instruction
consists of interactions among teachers and students around content, in environments”
(emphasis added, p. 122) to resist such a cause-and-effect view.2 Many other
researchers have also advocated that including students’ contributions as resources for
learning is essential to understanding how learning occurs in classrooms of
mathematics and beyond (e.g., Dominguez, 2019; Haertel et al., 2008; Nuthall, 2004).
Leveraging our definitions of the initial core constructs of student, classroom
environment, and cognition, we may then interpret this premise as one that permits us
to focus upon a particular student (e.g., “*Student” in Figure 3.2) and fade all other
interconnected features/actors (including the dashed students in Figure 3.2) into the
category of the classroom environment with which that student interacts.

Classroom environments, then, are not one universal space bounded by four
classroom walls for students; rather, they are very much actively constructed by each
individual’s inter-actions with the features and actors that exist within them. In this
way, we might conceive of the classroom environment as simultaneously particular
and unified (see the overlapping yet partially bordered depictions of the classroom
environment in Figure 3.2). For instance, despite sharing the same classroom
assignment, students in the same class may be afforded differential participatory
invitations from their teacher (e.g., Battey, 2013; Reinholz & Shah, 2018) or their

peers (e.g., Gresalfi, 2009; Langer-Osuna, 2011), impacting the features and actors
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with which/whom each student engages. Furthermore, as previously defined and as
other research also shows, students make sense of their relationships and interactions
with features and actors of their environment uniquely, through lenses of their own
cumulative experiences and perceptions (e.g., Gholson & Martin, 2019; Jansen et al.,
2012; Nasir & Hand, 2008; Simmt, 1995).

In particular, I note that race and gender have been shown to be salient for
students in both determining the differential features/actors they encounter and in how
they make sense of those experiences (e.g., Gholson & Martin, 2019; Langer-Osuna,
2011; Reinholz & Shah, 2018). For instance, Langer-Osuna (2011) examined how two
students, despite offering similar contributions to discussion during work in the group,
also received different responses from their peers along gendered lines. Whereas a
female student, Brianna, became positioned in the group as “bossy,” a male student,
Kofi, became positioned as “smart.” Furthermore, the students referred to gender as
playing a role in their classroom experiences during interviews, reflective of how
gender also became a lens for their own interpretations and participation. Thus,
beginning classroom research from the perspective that each student may have a
unique classroom environment that they bring forth in inter-action is crucial for work

within an enactivist interactive framework.

3.2.2.2 Guiding Premise 2

The second guiding premise I articulate for an enactivist interactive framework
for research of student cognition in classrooms is closely linked to the first, but it
distills how students’ cognition may be conceived in relation to the classroom
environment. From the definition of cognition as a core construct I presented

previously, I advance that work within an enactivist interactive framework must frame
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students’ cognition as simultaneously agentic and interdependent. Indeed, classroom
research from the input-output framework in Figure 3.3 has positioned students as
acted upon by classroom environments, attributing cognitive shifts to instructional
interventions or teacher actions as opposed to students themselves (see critiques
presented in Adiredja, 2019; Dominguez, 2019; Towers & Davis, 2002). Adiredja
(2019) notes, however, that when we frame students’ cognition as caused by
interventions instead of their own cognitive agency, we imply “that without (or even
with) intervention, students’ understanding of mathematical ideas would be flawed”
(Adiredja, 2019, p. 413). Adiredja further argues that such framing underlies deficit
perspectives of students’ mathematics, particularly in mathematics education literature
discussing the teaching and learning of students of color. However, as Davis and
Sumara (2007) describe, “like teachers, [students] are participants—and, in fact, play
profound roles in shaping the forms that are popularly seen to shape them” (p. 471). In
other words, students inter-act with their classroom environment agentically (i.e., in
structurally determined ways), participating in active and productive sense-making as
they simultaneously influence the classroom environment itself (via their structural
coupling).

Within an enactivist interactive framework, however, it is not sufficient to
consider only the agency of students’ cognition; rather one must also recognize
cognition as an interdependent and relational phenomenon. For instance, as students
work together in classrooms, one might identify instances where students’ cognition
appears collective, perceived in terms of coherence and coordination among the
interactions of student participants (De Jaegher & Di Paolo, 2007; Towers & Martin,

2015). These moments of interactive give-and-take have been found to be particularly
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crucial in explaining how classrooms and students experience cognitive shifts across
time and activity. For example, Towers and Davis (2002) presented an account of how
students’ problem-solving activity made “clear that each student is complicit in the
unfolding understandings of the other” (p. 326), and the authors chartered how their
cognition was fundamentally negotiated and intertwined. Furthermore, Dominguez
(2019) advanced the construct of reciprocal noticing, which operationalizes how both
students and teachers made mathematical distinctions during their talk that
“mobilize[d], together, mathematical concepts” (p. 76). In this way, Dominguez
rejected narratives of students as acted upon by what a teacher noticed; he argued that
students, too, could engage in noticing together with their teachers and with one
another to profoundly shape their mathematical discussions. These articulations of the
relevance of collective interactions to mathematical cognition highlight the importance
of examining students’ cognition as an interdependent phenomenon in classrooms.
Observably collective characteristics of students’ cognition, however, also ebb
and flow over the course of a lesson (e.g., when students begin to work more
“independently” on tasks at hand; De Jaegher & Di Paolo, 2007; Towers & Martin,
2015). Despite this, researchers such as Graham Nuthall and David Clarke emphasize
that the interdependence of students’ cognition with the classroom environment does
not change, particularly when students are regarded as cognizing agents within our
approach. Nuthall (2007), for instance, demonstrated the relevance of analyzing
private peer commentary and even students’ self-talk across a lesson in making sense
of cognitive shifts students experience. Clarke (1997) further emphasized the
importance of analyzing each student’s set of ongoing interactions in the classroom, as

he sought to “portray the learning process of an individual embedded in a highly
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complex social context” (pg. 100). Across these researchers, they maintain a view of
classrooms as perpetually interactive spaces (not only when students are speaking with
one another, working together in groups, or participating in interactions that we might
describe as collective). These perspectives presume a fundamental agency and
interdependence of each student’s cognitive processes, reflected in this second guiding
premise of an enactivist interactive framework.

Across this section, I have sought to make an enactivist interactive framework
for research about students’ cognition in mathematics classrooms explicit as a
mechanism to inform the present study in tangible ways. Notably, this framework has
had a substantial influence on both components of my methodological approach as
well as my organization and interpretation of findings. Where applicable in what
follows, I will highlight key connections between elements of the study and the
premises of the framework (Premise 1 and Premise 2); further discussion of these

connections will be resumed in the conclusion.

3.3 Literature Review

Within algebra education, some researchers have operated closely to the
constructs and premises of the enactivist interactive framework outlined above as a
mechanism to draw empirical conclusions about student cognition and learning in
algebra (e.g., Lozano, 2015). However, given that algebraic lettering reflects a novel
construct introduced in this dissertation, no prior literature exists that addresses how
lettering emerges in students’ classroom interactions. In what follows, I first review
the findings of extant algebra education literature examining the processes of

emergence of students’ algebra cognition in classroom. Then, I review the features of
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students’ lettering that I identified in Chapter 2 (see also Gantt, under review) that will

anchor inquiry in the present work.

3.3.1 Students’ Algebra Cognition in Classrooms

Prior research about students’ algebra cognition in classrooms has
demonstrated how environmental resources, such as tasks, teacher talk, and student
contributions relate to cognitive phenomena. Lobato et al. (2003) showed this
relationship with respect to student thinking about slope; Lozano (2015) showed this
relationship with respect to a perceived need for procedures in algebra. These two
articles each explore areas of algebra cognition in terms of inter-action in the
classroom. I choose to discuss these articles, in particular, because of their explicit
emphases on drawing connections between classroom environments (consisting of
features and actors) and cognition in algebraic context.

First, Lobato et al. (2003) studied the relationship between students’
application of the concept of slope and focusing phenomena, or observable and
patterned environmental occurrences, around the topic. After noticing that students in
a post-instruction interview tended to apply slope as a difference between quantities
rather than a ratio of change, the authors revisited classroom observation data to
explore “how the instructional environment may have supported the development of
the students’ meanings for [slope],” (Lobato et al., 2003, p. 10). They found
environmental regularities in vague language employed about how much a quantity
“goes up by”, heavy reliance on well-ordered tables, graphing calculator usage, and
looking at differences in an uncoordinated manner that related to the students’ focus

on difference in calculating slope. As such, the authors identified environmental
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resources across tasks, tools, and teacher and student talk they conjectured had
focused students’ meanings for slope as difference.

The findings from Lobato et al. (2003) advance a model for connecting a
specific area of students’ algebra cognition with available environmental resources in
classrooms. In particular, Lobato et al. (2003) demonstrates how student interviews
and classroom observations can be combined with a precise focus for algebraic
cognition (e.g., slope) to yield connections between student thinking and classroom
experiences. Indeed, this example resonates with many current research approaches in
the broader in the algebra education space (e.g., Fonger et al., 2020; Hohensee et al.,
2022; Paoletti et al., 2023), distilling how classroom resources and student thinking
relate in exploring specified cognitive phenomena in algebra (e.g., quantitative or
covariational reasoning).

There is only a small body of extant work to explore students’ algebra
cognition in classrooms from an enactivist perspective (e.g., Coles & Ahn, 2022;
Coles & Brown, 2001; Lozano, 2015). Lozano (2015), like Lobato et al. (2003),
leverages classroom interviews and observation to examine algebra cognition; in
contrast with Lobato et al. (2003), Lozano (2015) addresses algebra cognition at a
broader scale. Lozano (2015) examined groups of algebra students across two schools
over a two-year period, identifying classroom patterns of effective behaviors that
developed across the different settings (e.g., whether students explained and justified
their solutions or stated correct answers). She identified themes of actions existing
along spectrums, such as active/passive behaviors and attentive/inattentive behaviors,
situating their emergence within the context of interactions between teacher, tasks and

students. In structuring her inquiry, Lozano adopted enactivism to recognize these
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effective behaviors as acts of cognition that collectively constituted a classroom
culture when expressed with regularity. Lozano ultimately found that “in classroom
cultures where algebra was used in the process of exploration of structure together
with the elaboration of explanations and justifications, a need for the use of algebraic
symbols and procedures was automatically created” (p. 232). In this way, Lozano
related patterns of effective behavior to how students used algebraic procedures,
finding that the two were interconnected. These findings resonate with those from
other enactivist classroom studies focused on algebra cognition (i.e., Coles & Brown,
2001) that have explored how students’ need to use algebra is built through
interwoven communicative interactions between teachers, students, and tasks in the
culture of the classroom.

Lozano (2015) is an important study to highlight because of its alignment with
an enactivist interactive framework for researching students’ cognition in algebra.
Using enactivism, Lozano’s work particularly emphasizes classroom culture and
effective behavior as phenomena enacted by students in interdependent fashion
(Premise 2). Accordingly, Lozano frames how classroom environments (including
cultures and tasks) are constructed by students in inter-action (Premise 1), highlighting
how this could be uniquely so across multiple classroom contexts. Although less
emphasis is placed upon the experiences of each student across these contexts (instead
synthesizing about cultural practice as a collective), Lozano demonstrates how an
enactivist interactive framework for researching students’ algebra cognition may
operate to yield findings related to students’ use of algebraic procedures that may

differ from non-enactivist work.
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Taken together, the two articles suggest an open space for work that addresses
the processes of emergence of specific algebraic cognitive phenomena in relation to
environmental resources that uses an enactivist interactive framework. Lobato et al.’s
(2003) project models mechanisms for examining conceptions of slope over the course
of a unit of instruction, but does not apply an enactivist frame to do so (wherein one
might not even discuss “conceptions” per differing definitions of cognition, for
example; see Chapter 2 for more details). Lozano (2015), on the other hand, applied
enactivism, but the broad approach taken to the study of algebra cognition also
involved a more diffuse view of environmental resources that may have been
implicated in particular types of cognitive phenomena. As such, I situate the present
work within the space created between these literatures about students’ algebraic
cognition in classrooms, with a specific focus on algebraic lettering from an enactivist
lens. Such a call aligns with Ellis and Ozgiir (2024), who argue, “future research needs
to attend to [the complexity of investigating relationships between instruction,
classroom interaction, and student learning] if we are to improve algebra instruction in

classrooms at scale” (p. 206).

3.3.2 Algebraic Lettering

In this paper, I will examine the phenomenon of students’ algebraic lettering,
referring to how students generate letters (such as x or £) within an algebraic context.
Indeed, as emphasized in Chapter 2, examining lettering (an action connected to
students’ surrounding environments) differs from prior literature that has examined
what students think about algebraic letters (e.g., as unknowns or varying quantities;
e.g., Booth, 1988; Kiichemann, 1978; Philipp, 1992). Instead of examining students’

conceptions of letters, I found that how students lettered on a task during an
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independent interview changed over time to reflect the following features (see

previous chapter or Gantt, under review for more details):

1. Process-Oriented: Students leveraged and negotiated lettering as they
solved problems and reached goals they articulated within their work.

2. Representationally Connective: Students applied lettering in consistent
ways that connected representations across their work (e.g., equations,
tables, and graphs).

3. Strategically Connective: Students began to adopt lettering with x and y
at some stage in their activity, accompanied by their commentary about
how these letters connected to other concepts and strategies they had
experienced from class.

I note that, although I identified each of the three aforementioned features
within individual interview contexts with the three students in Chapter 2,
understanding how these features emerge within a classroom context could add nuance
to each feature. For instance, lettering’s Process-Oriented function may not be limited
to a student’s goal for their independent work on a problem-solving task; rather, as
even Stylianou (2011) identified, representational activity (such as lettering) may
serve processes related to goals that students articulate for their work as a co-acting
group. Furthermore, although lettering was Representationally Connective across
representational registers within a single student’s work in the interview context,
classroom settings may involve representations even within the same register that
students seek to connect and reconcile (such as three distinct equations generated by
three distinct group members). The emergence of lettering as Strategically Connective
may involve more than shifts to lettering with x and y in relation to distant classroom
experiences of strategies; rather, such activity may be adopted to connect with a
current classroom strategy or approach under discussion. As I extend and explore the

emergence of these three features of lettering within the three students’ classroom
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interactions, these broader interpretations of each feature can support identification of
not only when they manifest but also how they became patterns of activity connected

to their classroom experiences.

3.4 Methods

In this paper, I present an embedded single case study (Yin, 2018) of a group
of three middle school algebra students’ lettering over five classroom observations
during a unit of instruction about linear equations. I respond to the research question:
How did students’ lettering emerge in classroom interactions during an instructional
unit about linear equations? In what follows, I first summarize the classroom context
for the case study and project overall. Then, I will describe the participants and case
study structure. Next, I reflect upon my positionality and navigation of relationships
during the study. I then discuss the processes of data collection and some general
characteristics of the five focal classroom observations. Finally, I discuss my data
analysis, involving a technique I call monologic centering analysis, to examine
students’ embedded activity within the broader group case (Gantt, 2024b).
Throughout, I draw connections to how my study design reflects my theoretical
framework for this work within an enactivist interactive framework for researching

students’ cognition in a mathematics classroom.

3.4.1 Project Context

To begin my case study, I selected an eighth-grade mathematics classroom at a
public school in the Mid-Atlantic region of the United States. I chose to focus upon
eighth-grade mathematics to draw upon my prior experience teaching this grade level

and my ongoing research experiences in the area of middle school algebra learning
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(e.g., Paoletti et al., 2022, 2023). I had established a prior professional relationship
with the classroom teacher (who I hereafter refer to as Teacher K). I decided to work
with her because I knew that she 1) valued and integrated discussion-based practices
into her instructional activities, important for research of interactions, and 2) was
willing to transparently share lesson planning materials and reflections with me
throughout the project.

Teacher K taught the same course multiple times a day, and we selected the
section for me to observe that logistically worked best for both of us. As the
mathematics program had been detracked across the school that year, the course I
observed was titled “Algebra 17 (a high-school level course) and designed for all
eighth-graders in the building. The sudden transition to detracking in eighth grade,
however, also meant that the class contained students who had previously taken three
different levels of mathematics the year prior. I note that this impacted the content and
pace of instruction for Teacher K in the course, which we negotiated as I sought to
bound my case to a particular instructional unit.

Within the selected classroom, I distributed assent and consent forms to all
students, approximately half of whom gave and received permission to participate.
From this group, I collaborated with the teacher to identify three students as potential
candidates of focus for the case study, arranging for these three students to participate
in the same collaborative group in the classroom during the project. I selected and
arranged this group of students with the classroom teacher to ensure that group
composition reflected 1) broader classroom demographics with respect to race and
gender and 2) comparable mathematical performance across the three students with

respect to grades and assessments. From the first condition, | aimed to construct a case
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that was representative of multiple kinds of experiences within the classroom as a
whole, recognizing the role that power and diverse collaboration might play in
learning within a classroom setting (e.g., Esmonde et al., 2009; Langer-Osuna, 2011).
For reference, the student body of the school identified as 58% white, 18% African
American, 15% Asian, and 7% Hispanic/Latino, and 2% multi-racial in the year I
conducted the study. With respect to the second condition, I aimed to mitigate
dynamics of mathematical status that might emerge and maximize student

collaboration as they interacted with one another during instruction.

3.4.2 Participants and Case Structure

I structure this report as an embedded single case study through which I
organize a group of three students as the case and regard each student as an embedded
subunit of analysis. Indeed, according to Yin (2018), “subunits can often add
significant opportunities for extensive analysis, enhancing the insights into the single-
case” (p. 54). In this study, by considering each individual student’s set of classroom
interactions, I intend to reflect Premise 1 of the interactive framework I have outlined,
recognizing that the classroom environment will be uniquely brought forth for each
individual. Furthermore, by synthesizing my findings within the group through a
single-case design, I aim to reflect Premise 2 through a portrayal of cognition as both
agentic and interdependently constructed in this setting.

I selected Rakti, Paisley, and Tyrone (student-inspired pseudonyms) as the
three-student group that formed my focal case for this work, situated in an eighth-
grade algebra classroom in the Northeastern United States. All three students were 13
years old at the time of the study and had taken an accelerated mathematics course in

the seventh grade. Tyrone identified as Black and male, Rakti of Indian descent and
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female, and Paisley as white (with recently discovered American Indian ancestry) and
female. I refer the reader to Chapter 2 for additional demographic details and more
information about how this data was collected.

The case of the student group was situated within a broader classroom context
with multiple actors, including students’ peers outside of the student group and the
teacher. The teacher, who I call Teacher K, is white (of Irish/English descent) and
female. She had 13 years of teaching experience at the time of the study. Furthermore,
I was also an actor in the group’s classroom context as I observed their interactions,
monitored recording equipment, took notes, and supported the teacher with some
logistics (e.g., passing out papers, communicating student needs, etc.).

I note that I share many identity characteristics with Teacher K (i.e., adult
white woman and former teacher) and also had a pre-existing professional relationship
with her that supported my access to her classroom for this project. As such, |
perceived the importance of distinguishing my role and relationship with students as
distinct from Teacher K’s. Prior to the study, I conducted six initial classroom visits
(60 minutes each), during which I spoke to students as they worked in groups and
clarified my status as not a teacher but an observer curious about their activity (e.g.,
“Hello, ’'m Allison, and I’d love to hear more about what you’re working on; I
haven’t seen this activity before!”). During these visits, I also presented information to
the whole class about the project, emphasizing my role as a non-evaluative observer
during my presentations. For my final visit, I piloted recording equipment and
supported students to develop comfortability with these tools prior to their appearance
in the classroom. I refer the reader to Chapter 2 for additional reflections about my

positionality and relationship navigation relevant to the project.
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3.4.3 Data Collection and Classroom Context

For this report, I draw upon the video- and audio-recordings of five class
observations during a unit of instruction about linear equations. I recorded each
observation from two perspectives: 1) a camera focused on the student group and 2) a
camera focused on the board at the front of the classroom. Both the student group and
the teacher received microphones to enable my analysis of the group’s activity situated
within the classroom context that the teacher facilitated. In addition, I collected and
scanned all written work from the focal students during each observation.

Each classroom observation lasted approximately 45 minutes and took place
approximately one week apart during a five-week unit that Teacher K facilitated
around linear equations. In Table 3.1, I provide a summary of the central mathematical
topics that Teacher K emphasized during each lesson as well as an approximation of
the amount of time during that lesson intended to prompt students’ direct collaborative
conversations (including “turn and talk” and group work structures around the
mathematical topic), which were most central to analysis. Teacher K designed tasks
and facilitated instruction through her use of the first part of a curricular unit titled
“Linear Equations, Inequalities, and Systems” from the high school Algebra 1 course
of lllustrative Mathematics (2019). Notably, this was also the first year the school
district had adopted this curriculum for its middle and high school courses. Teacher K
had taught Algebra 1 from the Core-Plus Mathematics Project (2021) curriculum in
years past. Teacher K also had experience drawing upon Mathematics in Context
(Encyclopedia Britannica, 2010) to teach eighth grade mathematics previously. In
adjusting to the new curriculum and Algebra 1 content, Teacher K selected tasks and
designed all lesson plans collaboratively with all other eighth-grade mathematics

teachers in her building, using the /l/lustrative curricular materials as a starting point. |
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note that many of the tasks that Teacher K designed and facilitated were also inspired
from other materials (including her past experience with Core Plus and Mathematics

in Context) and collaborations beyond the Illustrative Mathematics curriculum itself.

Table 3.1:  Overview of observed lesson topics and group work distribution.

Observation | Central Mathematical Topic Time (minutes) intended to
prompt direct student
collaboration

1 Writing algebraic expressions 26

2 Comparing linear relationships via | 21

tables and equations

3* Analyzing graphs of linear 14
relationships

4 Converting linear equations in 19
slope-intercept form to graphs and
vice versa

5 Constructing linear equations, 22

tables, and graphs in standard form

* Note: Paisley was absent during Observation 3.

3.4.4 Data Analysis

In what follows, I describe three key analytical phases in addressing my
research question around the emergence of the features of lettering over time within
students’ activity. First, I characterize initial analyses, including field notes and co-
inquiry around data with Teacher K. Next, I detail the process of identifying and

transcribing lettering episodes from the five classroom observations for further

157



analysis. Lastly, I describe the method I developed to analyze the data, which I refer to
as monologic centering analysis (Gantt, 2024b). In particular, I will detail how
monologic centering analysis supported me in responding to my research question and
further aligning with the embedded single-case structure and enactivist epistemology

that guided the inquiry.

3.4.4.1 Initial Analyses

Analysis for this report was both ongoing and retrospective. In the moment of
data collection and recording, I also took field notes to record my initial reflections
around students’ interactions and cognition related to algebra. Within 24 hours of each
observation, I typed these field notes, organizing and separating my observations and
initial reflections upon those observations. These in-the-moment reflections inspired
an initial curiosity about Tyrone’s interactions related to literals across the lessons.
I conducted an enactivist analysis of Tyrone’s knowing related to variables for a
qualifying study project in 2022. Through this project, I coded Tyrone’s activity
across lessons, observing ways in which his selection of literal symbols and use of
equations shifted over time. At the conclusion of the academic year (when Teacher K
was no longer the teacher of record of the three students), I shared these preliminary
findings with Teacher K. Teacher K’s informal reflections on the data I collected
involved 1) a curiosity about students’ focus on literal symbol selection within their
group work, which had not constituted an intended instructional focus in her view and
2) a discomfort with the way in which students had interacted with one another in their
group work (e.g., opposing one another’s lettering). This informal conversation,
combined with my own reflections and evolving theoretical foundations for the work,

supported me to 1) articulate my focus upon students’ lettering activity in the
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classroom and 2) emphasize the development of methods to examine students’
differential interactions within this analysis.

Following my conversation with Teacher K, I developed Paper 1 of this
dissertation prior to this report (Chapter 2). In Paper 1, I examined data collected from
pre- and post-unit task-based interviews, supporting my findings around the students’
learned features of lettering during the unit of study. This inquiry supported me to
examine how these features connected to the students’ classroom interactions in the

present work.

3.4.4.2 Identifying and Transcribing Lettering Episodes

To begin my analysis, I aimed to identify observational episodes during which
students lettered in the classroom, to which I would then apply additional analytic
techniques. As such, I first constructed event maps of each classroom observation
(Anderson, 2009; Castanheira et al., 2000), a shortened sample of which can be
viewed in Table 3.2 for the latter portion of Observation 3. Within these event maps, I
categorized, first, a particular task/activity/topic Teacher K had tasked the students to
address (see “Anchor” heading in Table 3.2) and, second, the type of instructional
structure she requested students to engage (e.g., a “turn and talk” or a whole-class
discussion; see “Broad: What Happens” heading in Table 3.2). Within each of these
events (row entries in Table 3.2), I closely reviewed the recorded audio and video
footage of the teacher and the student group, synthesizing what the focal students and
the teacher did/discussed in a couple of sentences (see “Description” heading in Table
3.2). As I constructed the event maps, I highlighted events during which the focal
students lettered, or generated algebraic letters in either their written activity or speech

(see blue rows 2B, 2C, and 4B in Table 3.2). I also noted episodes during which I
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observed Teacher K lettering to support my later contextualization of these events (see

yellow row 4A in Table 3.2).

Table 3.2: A shortened event map of the latter portion of Observation 3, where blue
highlights events of student lettering and yellow teacher lettering.
Broad: what
# |Time Anchor happens Description
Launching students to work on first side of
Analyzing  |Getting worksheet; T & R* chat about high school
2A(17:40:00 |graphs, Q1 |ready choices
Teacher K visits group; students answer pt.
Analyzing a-c; lettering in d (~23 min.); very briefly,
2B|21:00:00|graphs, Q1 |Group work [though!
Students volunteer equations; T & R
finalize their equations on paper; Teacher K
models turning graph into table to build
Analyzing |Full-class [equation; Teacher K also previews activity
2C|24:45:00 |graphs, Q1 [discussion |on the back side
Discussing how to identify the unit rate
Analyzing from equation in the graph; Teacher K also
3A129:10:00|graphs, Q2 |Group work |visits
Analyzing Teacher K discusses the task the group was
graphs, Full-class  [supposed to work on (T & R hadn't started
4A(32:40:00|Q3/Q4 discussion |yet)
[new Analyzing Identify equation for the line (end of Q3); T
vid] graphs, & R negotiate letters here; start selecting an
4B |1:40:00 [Q3/Q4 Group work |equation for Q4
Analyzing Students review coordinate points for Q4; R
graphs, Full-class |also volunteers equation selection at end of
4C|6:00 Q3/Q4 discussion |Q4

* Note: Abbreviations of T & R stand for Tyrone and Rakti, respectively. Paisley was
absent during the observation under consideration.
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From discrete classroom events, I sought to consolidate observational episodes
during which students lettered as my units of analysis. I identified episodes as a single
event (or series of consecutive events, if this occurred) during which students lettered
with respect to a particular task/activity/topic. For instance, as shown in Table 3.2,
students lettered during two consecutive events as they addressed “Analyzing graphs,
Q1” (see rows 2B and 2C). As such, I consolidated these events to constitute
Observation 3.1, and the event described in row 4B became Observation 3.2.

Applying this procedure across the five observations in my dataset, I identified
11 total episodes of students’ lettering for analysis. I provide an overview of the

distribution of these episodes in Table 3.3.

Table 3.3:  Distribution of lettering episodes across observations.

Observation | Number of Lettering Episodes
1 1 (Obsl)

2 2 (Obs2.1, Obs2.2)

3 2 (Obs3.1, Obs3.2)

4 2 (Obs4.1, Obs4.2)

5 3 (Obs5.1, Obs5.2, Obs5.3)

After identifying an observational episode, I then sought to prepare data relevant to the
episode for analysis. First, this involved transcription of all written, spoken, and
gestural data from the focal students within the episode as well as written and spoken

data from the teacher directed to either the case group or full class. To transcribe with
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this level of detail, I viewed each observational episode at least five times: first
focused on transcribing the case group’s dialogue, then three additional times focused
on integrating each focal student’s written and gestural actions (supported by
references to scanned student work), and finally focused on transcribing Teacher K’s

speech, writing and gestures from the full-class camera view.

3.4.4.3 Monologic Centering Analysis

Monologic centering analysis is an enactivist-inspired analytical strategy [
developed to examine a series of relevant observational episodes at the level of both
the student group’s collective mathematical interactions as well as embedded students’
interactions in integrated fashion (Gantt, 2024b). This strategy extends Towers and
Martin’s (2015) proposal of analyzing student group transcripts as monologues (in a
single paragraph with speakers removed) in order to “convey the interweaving,
coactional nature of the speech (and therefore the cognition)” (p. 252) central to
enactivism. In particular, my variation of monologic centering analysis builds upon
Towers and Martin’s approach in two central ways: 1) I introduce mechanisms for
synthesizing students’ interactions across multiple observational episodes and, 2)
within that process, I seek to distill not only the group’s collective interactions but also
each individual student’s interactive experience within that group (i.e., centering). As
a result of the nature of inquiry for this report focused upon student’s lettering, I also
extend Towers and Martin’s strategy to consider ways of tracking written
representational products within monologically-formatted analysis.

Further, I elaborated monologic centering analysis to reflect the two guiding
premises of an enactivist interactive framework for research students’ cognition in

classrooms. Following Premise 1, my analysis reflects attention to each student’s
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interactions as I theoretically frame that students bring forth their own classroom
environment. Furthermore, following Premise 2, my analysis also focuses upon
building connections across the group’s interactions to particularly reflect cognition’s
interdependence. In what follows, I present my process for conducting monologic
centering analysis, focusing upon how data was organized, analyzed as a series of
monologues to synthesize the group’s interactions, and analyzed as centered

monologues to synthesize individuals’ experiences.

3.4.4.3.1 Formatting in Preparation for Monologic Centering Analysis

I present an example of Observation 5.3 organized as a monologue for
monologic centering analysis in Appendix E. The reader may note the following key
differences between a traditional transcript and data formatted for monologic centering
analysis. First, in keeping with the theatrical notion of the data as a monologue, I
include summary details at the start of each monologue about the central actors, the
context and instruction that preceded the lettering that will follow in the monologue,
as well as a copy of the written and/or displayed prompt that students addressed.
Second, I note that I dissected the observational episode into relevant “scenes,” which
supported me to develop a more nuanced yet still high-level view of students’
mathematical interactions during the episode. I operationalized a scene as a unit during
which I could characterize the student group’s collective action toward a particular
goal (e.g., “writing this equation,” or “discussing this prompt”). When such activity
changed, I described a new scene. For instance, [ broke Observation 5.3 into the

following scenes; scenes that involved students’ lettering are marked with a (*):

1. The students discuss how the task is on the back of the paper and begin
to read.
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2. (*) The students independently draft their equations.

3. The students complete other portions of the task, finding combinations
and creating the graph, independently.

4. (*) The students revise and finalize their graphs to answer the questions
they run into.

5. The students listen as the teacher reviews the equation
700=17.5r+12.5n and models how to solve the equation to find a new
combination for the table (concluding m=28 when r is replaced with
20).

As seen in Observation 5.3, not all scenes involved students’ lettering. Therefore, to
respond to my research question (How did students’ lettering emerge in classroom
interactions during an instructional unit about linear equations?), I only preserved full
transcriptions of data in scenes where I identified that students’ lettering occurred
(e.g., scenes 2 and 4 above). The descriptions of other scenes, like the summary details
at the outset of the episode, were preserved strictly as shortened descriptions (e.g.,
what is written for scenes 1, 3, and 5) for contextual purposes in later analysis.

As a next step to prepare my data for monologic centering analysis, I needed to
organize lettering scenes as monologues, which would enable me to focus upon the
students’ collective interactions and mathematics. Following Towers and Martin
(2015), I removed speaker names from my original transcriptions of speech and
gestures and formatted students’ actions into one paragraph. However, unlike Towers
and Martin, I also needed to develop a mechanism to track students’ written actions
and, particularly, their lettering within those written actions. I found that verbal
descriptions of such written actions did not allow me to effectively track lettering,
changes, and how it related to a particular written product already upon a surface in an
effective way (e.g., “wrote m at the end of 700 = 17.5r + 12.5”). As such, I opted to

construct recreations of students’ written actions in columns alongside the monologue,
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utilizing each column to track a particular student’s representational product and its
changes over time. Additionally, I highlighted students’ lettering in colors, applying a
unique color to track the use of a particular letter across the episode (e.g., pink for s or
orange for ). I include an example of scene 2 from Observation 5.3 in Table 3.4 to

illustrate this process, and direct the reader to Appendix E for additional examples:

Table 3.4:  Monologically formatted data from Observation 5.2, Scene 2.

2. The students independently draft their equations.

700=17.5

——
A 17.5 [writes (1)] (1)

I was like, what 700 = 17.5/r
paper? r. [writes
B (2)] @

Uh, 7.5 calories per 700 = 12.8d+ 17,5/
minute by running . d

C [writes (3)] (3)

Plus 12.5... [writes 700=175r 1125

D (4)] (4)

and 2-point, 12.5,
17.5 calories per
minute by running.
12.5 calories by
minute, per minute.
m. Okay. [writes

E (5] (5)

700=17.51+12.5/m

By swimming, okay.
My equation. [pulls
out calculator] So,
700 equals 17.5

F [writes (6)] (6)

700=17.5
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Oh. Oops, I forgot
and put s. Whatever.
[takes out
calculator] 12.5...
[fill in table] per
minute running,

which is r. Plus 12.5 | 700=1735}+ 12.5!
s for swimming.

G [writes (7)] M

Guess that makes
sense. Write an
equation that
represents the

situation above... 700=1751+ 125
[reads paper; erases v
H asin(8)] (8)
[fills in table] Oh, m | 700 =175+ 125}
[writes as in (9)]. Y
I  Okay. (©)

Finally, after creating each monologue, I organized a final presentation of the
data that would support me to better perceive and focus upon each individual student’s
interactions within the group’s co-action (i.e., centering). Towers and Martin (2015)
suggested that color-coding monologically-formatted data could support this goal
(e.g., marking Tyrone’s utterances in red, Rakti’s in blue, and Paisley’s in green);
however, I found that color-coding all data at once did not allow me to place the
attention I intended to each student. Further, I had applied colors to support my
tracking of the use of particular letters rather than student speakers. Instead,
interpreting via enactivism that cognition is an interaction between the individual and
their environment (Maturana & Varela, 1992; Varela et al., 1991), I opted to prepare a

centered version of each monologue for each student, bolding their contributions and
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greying the environment around them. I present an example of scene 2 monologically
centered for Tyrone in Table 3.5, and direct the reader to Appendix F to view the

entirety of Observation 5.3 for Tyrone:

Table 3.5: Monologically-centered data for Tyrone from Observation 5.2, Scene 2.

700 = 12.+ 17.5[r
N y J

[writes (3)] (3)
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Oh. Oops, I forgot
and puts.
Whatever. [takes
out calculator]

[fills in table]

3.4.4.3.2 Analyzing Data via Monologic Centering Analysis

To summarize from the previous sections, at this stage, | had organized 11
episodes of students’ lettering, each of which I formatted as a monologue (with no
centering) and as a centered monologue for each speaker (one for Tyrone, one for
Rakti, and one for Paisley). Now, using this data, I sought to conduct monologic
centering analysis, which would involve two crucial rounds: 1) analyzing data
formatted as a monologue with respect to my research question, omitting
consideration of particular students’ experiences within that analysis at first to focus
on collective interactions and 2) analyzing data formatted as centered monologues to
add nuance to each student’s development of lettering in interactions over time. As an

embedded case study, my goal was for these two broad components of my analytical
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strategy to support my characterization of lettering’s emergence in both generalized
and particular ways by the conclusion of the study.

I relied upon analytic memos with focused questions as a primary technique
for analysis within this structure, reading and writing the data repeatedly to support
trustworthy and nuanced interpretations (Augustine, 2014). According to Augustine
(2014), reading and writing to analyze involves “a machining or putting together of
participants’...experiences with theoretical concepts” (p. 749) rather than a
categorization of discrete components. In my first round of analysis, I read through
each of the 11 monologues from my dataset, pausing to author an analytic memo at the
conclusion of each read. In particular, I reflected upon the following sub-questions
aligned with my prior findings about the features of lettering to anchor my analysis of
lettering’s emergence within students’ interactions:

1.  With respect to the Process-Oriented feature:

1. What problems did the group articulate that they were trying to
solve in this episode? What goals did they express working
toward in their activity?

ii. How did lettering relate (or not) to these problems/goals?
2. With respect to the Representationally Connective feature:

1. What representational products did the student group construct
during this episode?

ii. How was lettering involved in the construction of each
representational product and its transformations over the
episode?

3. With respect to Strategically Connective feature:

1. What letters did students choose when they lettered?
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ii. What rationale did the students provide/how did they negotiate
their lettering choices?

Responding to these questions with respect to collective interactions, without
particular contributions attached to students’ names, supported my initial focus on the
students’ lettering as opposed to each actor’s role. I could reflect about how,
collectively, lettering was initiated and transformed over each episode.

During round 2 of my analysis, I re-read all episodes from my data through the
version centered for each student (first Rakti, then Tyrone, and finally Paisley). |
wrote an additional brief memo after each episode, drawing inspiration from the
original monologue-based memo I had generated. In particular, I responded to the

following additional questions:

1. What shifts in lettering activity occurred for this individual student
during the experience of collective mathematical activity?

2. How did the actions in the focal student’s environment relate to these
shifts?

3. How did this focal student’s contributions influence the trajectory of
collective mathematical activity related to lettering?

4.  Revisit the entire memo and add: How are the observations in 1-3
connected to Features 1-3?

To illustrate, during Observation 5.3, I had originally noted the ways that
students’ lettering choices of » and m, adopted by the majority of the group at first and
all of the group by the conclusion of the observation, reflected the letters described in
the original task (see monologue in Appendix E). Upon analyzing the centered version
of the same episode for Tyrone, I was able to describe how he was actually the only
student who had lettered differently from the task and shifted his lettering via
negotiation with groupmates and his own construction of a graph (see centered

monologue in Appendix F).
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I began the process of synthesizing my responses to my research question
(How did students’ lettering emerge in classroom interactions during an instructional
unit about linear equations?) through additional memo writing and manuscript
preparation itself. I began by summarizing the analytic memos I generated for each
student with respect to each of the three features. I further noted a salient episode and
feature for each student that anchored my inquiry and reflected a key observation
across the data. This writing later developed into the Findings section of the present
manuscript. Finally, I aimed to synthesize across the students to present a case analysis
with the students as embedded analytical units; I continued to write about
commonalities and divergences in the emergence of the three features of students’

lettering in the Discussion section.

3.5 Findings

Across the five classroom observations during the linear equations unit, |
observed the same three features of lettering within students’ final task-based
interviews (Chapter 2 and Gantt, under review) as emergent in the group of students’
classroom interactions. However, expressions of those features expanded to reflect
students’ lettering in the more multifaceted setting of the classroom, involving
additional actors and features over time. Whereas Process-Oriented lettering within the
interview operated toward goals articulated for independent work, I identified the
emergence of Process-Oriented lettering in the classroom within the students’
negotiation of lettering to support goals of consistency and understanding with peers
and other classroom resources. In the task-based interview, I observed
Representationally Connective lettering that crossed students’ equations, tables, and

graphs; within the classroom, this often manifest as connections within students’ own

171



representations or across representations others had generated. Lastly, within both

interview and classroom settings, I observed students shift to applying x and y within

their activity, and, in the classroom, such lettering enabled students to align their

activity with new strategies that became available to them. I present Table 3.6 to

summarize my observations about the emergence of each feature alongside my

findings from the task-based interview analysis.

Table 3.6: Summary of the emergence of each feature of lettering in students’
classroom interactions.
Feature How this feature emerged in How this feature emerged in

task-based interviews (Chapter
2; Gantt, under review)

classroom interactions

Process-Oriented

Students leveraged and
negotiated lettering as they
solved problems and reached
goals they articulated within
their independent work.

Students negotiated and
reconciled lettering choices
to reach goals of
understanding and
consistency with peers and
other resources.

stage in their activity,
accompanied by their
commentary about how these
letters connected to other
concepts and strategies they
had experienced from class.

Representationally | Students applied lettering in Students lettered in drawing
Connective consistent ways that connected | connections across their own
representations across their representations or with
work (e.g., equations, tables, representations others had
and graphs). generated.
Strategically Students began to adopt Students transitioned to
Connective lettering with x and y at some | applying x and y more

frequently as they worked
together in ways that aligned
with resources and new
strategies that became
available.
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In responding to my research question about #ow lettering emerged, I also note
that these features became salient within collections of interactions during which
students reconciled and aligned their work across multiple environmental resources.
Such environmental resources included:

1.  What a task said about lettering.
2. What the teacher said/wrote with respect to lettering.
3. What a groupmate said/wrote with respect to lettering.

4.  The lettering applied across representational registers of the same
situation.

5. The lettering applied across representations for different yet related
situations.

In what follows, I first exemplify how each feature manifested in interaction
with the five environmental resources. To achieve this, I recount an observational
episode from the centered perspective of each of the three students (Paisley, Tyrone,
and Rakti). Next, I synthesize findings across the case and expand upon additional
evidence from each of the students, showing the interconnectedness of the three
features and of students’ learning with their classroom environments (including with
one another). Lastly, I analyze what we can learn from consideration of each student
as an embedded unit of analysis to provide nuance to broader case conclusions,
particularly related to how interdependence and power dynamics among students

related to lettering’s emergence.

3.5.1 Process-Oriented Lettering in Classroom Interactions
First, I found evidence of the Process-Oriented feature of students’ lettering in

the ways the student group negotiated and reconciled lettering choices to reach goals
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of understanding and consistency with peers and other resources. To exemplify this, I
center an account of this feature within Paisley’s lettering activity. Paisley lettered
amidst tasks for which she expressed a goal of not only answering the presented
problem but also reaching shared understanding and solutions that matched her own
with her groupmates’. For instance, Paisley frequently narrated equations she had
constructed aloud to the group, explaining her own lettering to others (Obs1, Obs2.1,
Obs2.2, Obs4.1, Obs4.2, Obs5.2). Furthermore, Paisley also regularly asked questions
to figure out how others had lettered (Obs1, Obs2.1, Obs2.2, Obs5.2). When
groupmates or the teacher shared their own solutions, she often adjusted her equations
in accordance (Obs2.1, Obs2.2, Obs5.1, Obs5.2). In this way, Paisley’s contributions
during lettering episodes coalesced around lettering as a dynamic negotiation. I
highlight this feature of lettering in a centered account of Paisley’s lettering during
Observation 2. [ note how environmental resources such as what a task said about
lettering (Environmental Feature 1), what a groupmate said/wrote with respect to
lettering (Environmental Feature 3), and lettering applied across different yet related
situations (Environmental Feature 5) played a role in this process.

During this lesson (Obs2.1 & Obs2.2), Teacher K distributed a worksheet titled
“T-Shirt Pitch Presentation” (Figure 3.4) and told the students, “You’re going to create
a presentation for your boss.” She introduced two different companies (Mighty T and
No-Shrink), their different pricing structures, and the task at hand of creating an
equation and table to record information about the cost of purchasing a certain number
of t-shirts to determine which company offered a better deal. Information for an
additional company’s pricing structure (The Big T) was detailed on the back of the

worksheet (Figure 3.5). She provided each student group with a large whiteboard to
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record their work, which Paisley, Tyrone, and Rakti placed flat in between them as

they sat in their seats.

T-Shirt Pitch Presentation

You are pitching T-Shirt companies to your boss who is planning on selecting
one company from the information you have provided. Each company gave
you their T-shirt pricing in a different format, so your job is to organize it.

Mighty T: No-Shrink
Charges $49 to create the screen Charges $4.50 per T-shirt with no
print and $1 per T-shirt other fees.

In your presentation, include:
e Table for each company- Show the cost up to at least 15 T-Shirts

® An equation for each company, identifving each part of the equation
using proper vocabulary.

e Which company should your boss select? How should they decide?

After the meeting:
® Your boss says you have a budget of $120 to spend, if that is the case,

pitch the company you would select with the work to support.

o If the shirts are being ordered for a group of 12 people, which company

would you recommend and why?

Figure 3.4: Front side of the “T-Shirt Pitch Presentation” worksheet from
Observation 2.
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The Big T

You want to compare the other T-shirt companies to The Big-T company. Use the table to fin¢
the following information:

Number of shirts 1 3 5 ‘ 8 10
’ Cost (in §) 36.50 | 41.50 46.50 l 54 59

|

1. Write an equation with C as the cost and n as the number of shirts sold.

Figure 3.5: Back side (relevant content only) of the “T-Shirt Pitch Presentation”
worksheet from Observation 2.

First, Paisley constructed her table relating the quantities of number of t-shirts
sold and total cost of the t-shirts for the Mighty T company before the dialogue turned

toward the equation they had been tasked to create (Obs2.1):

Teacher K: Okay, so this might help us write our equation. If we’re
saying that it’s increasing by 1, per what?

Rakti: Per every 1 t-, every 1 t-shirt.

Teacher K: One per shirt. So how do I write 1 per shirt?

Paisley: 1s.
I note that Paisley suggested lettering with s in this instance, the first student in the
group to assign this letter to this quantity and letter aloud. Directly following this
contribution, the teacher validated Paisley’s choice: “Sure! I like it.” Rakti lettered
with s on the whiteboard in front of her, as well. Paisley subsequently wrote the full
equation as $=17s5+49 and described the pattern of calculation she had applied to
generate values in her table to justify it. I highlight Paisley’s additional lettering with §

for the quantity of the total cost in her statement about this relationship.
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Before leaving the group, Teacher K said, “Alright, so, make sure everyone
understands how you wrote that equation, and then you guys need to start working on
No Shrink so you can compare.” As described in the previous section, Paisley’s next
interactions involved encouraging the group toward a common equation and common
lettering choices within that equation, and her lettering functioned to facilitate these
goals (Process-Oriented). After explaining her rationale for the equation she had
written to the group, Paisley asked, “Do you understand?”” Tyrone presented the
equation 49+ /ts=3, to which Paisley immediately responded negatively due to her
interpretation of the ¢ as a plus sign. After Tyrone clarified his lettering as s, Paisley
provided the format for the equation to follow:

Paisley: Oh, that’s why. You only use the one letter.

Tyrone: [sighs, replaces “ts” with “s™].

Paisley: Equals money sign.

Paisley, in this interaction, lettered with s and § to support the goal of
constructing a common equation among her group. That is, lettering did not manifest
statically for Paisley, written once and disconnected from the rest of her activity and
goals. Rather, her lettering here began to become dynamic, emerging in moments that
supported the resolution of a problem-solving goal and consensus among her group
(Process-Oriented). Furthermore, these moments reflect Paisley’s interactions with
what groupmates wrote with respect to lettering as a point for dialogue.
(Environmental Resource 3).

This pattern in Paisley’s lettering as dynamically negotiated to build common
equations with groupmates continued as she constructed equations for the remaining

two companies, No-Shrink and The Big T. When working with the No-Shrink
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company (also Obs2.1), Paisley constructed a table while Tyrone and Rakti each wrote
equations (4.50n=C and 4.50t=C, respectively). Before writing her own equation and
lettering in this context, Paisley asked, “Oh, what did you guys write for the
equation?” Paisley subsequently wrote $= on her paper, carrying over her application
of 8 to refer to total cost from the last prompt. As Rakti read her equation aloud, I note
how the students negotiated lettering choices and strived toward agreement across

them together (although for Paisley and her groupmates, in competing ways):
Rakti: I said...
Tyrone: Four dot fifty
Rakti: ...four fifty t, t equals
Tyrone: equals
Rakti: equals c.
Tyrone: Why’d you say t, ¢?
Paisley: Equals c?
Rakti: Mhm.
Rakti & Tyrone: The cost. [Rakti also underlines ¢ in equation]
Paisley: Oh.

Rakti: Cost. [underlines c]. T-shirt [underlines ¢]. Per t-shirt [underlines
4.50].

Tyrone: Why would you put t?

Paisley: So I didn’t think to use the...
Rakti: ‘cause it’s t-shirt! [erases equation]
Tyrone: I put n because it’s Non-Shrink.

Rakti: ‘Cause it’s number of t-shirts...
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Tyrone: Non-Shrink
Rakti: ...not Non-Shrink

Paisley: I’'m just going to use s. [writes $=s54.50]

Within this dialogue, I note how Paisley’s central contributions involved 1)
lettering with s for the number of t-shirts by the end of the dialogue and 2) questioning
her peer’s lettering with ¢ for total cost at the beginning of the dialogue. In both cases,
Paisley’s lettering (and questions about lettering) progressed dynamically toward the
construction of an equation that was negotiated with her group members and the
context surrounding the task (i.e., Process-Oriented). Paisley’s lettering with s
emerged amidst the tensions related to the letter choice for the number of t-shirts sold
by No-Shrink (n and ¢ respectively; “I’m just going to use s”). The selection of s
carried forward her lettering choice from her equation for Mighty T (or lettering
applied across representations for different yet related situations; Environmental
Resource 5).

Paisley’s questions about C further led to change in her lettering in her
equation following this dialogue, as she replaced § with C while affirming, “We all
have basically the same thing.” Paisley even rewrote her Mighty T equation as
(C=49+1Is by the end of the group work session, further solidifying the letter C as
representative of the total cost across the two equations. This dynamic replacement of
C for $ as the students reconciled their equations is a further example of how lettering
became purposeful to solve problems the group encountered in their work together.

Finally, when the group went to address the Big T prompt, Paisley
immediately wrote the equation C=34+2.50s for her equation (involving lettering with

C and s consistently with her prior equations). However, when Paisley explained this
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equation to the group, Tyrone immediately questioned, “You meant 2.50n?” Paisley
defended her selection of s as “shirts,” and Rakti further validated that “s is still, can
be the variable.” Tyrone, in turn, asked if they had read the paper, which stated,
“Write an equation with C as the cost and » as the number of shirts sold (emphasis
added).” Paisley ultimately replaced her selection of s with n, which all groupmates
also adopted in their own equations, as well. I note that what the task said about
lettering played a role in Paisley’s negotiation of lettering to reach her goal of
consistency with groupmates (Environmental Resource 1).

Taken collectively, Paisley’s writing of these three equations across
Observation 2 reflect lettering as dynamic and process-oriented rather than as static
and product-oriented. Lettering in these cases was not isolated to a particular equation
and tucked aside. Rather, the students collectively (and Paisley specifically) brought
their lettering to one another, negotiating it to match their interpretations and their
consensus across their work. This process involved Paisley’s lettering choices as
changing over time, as well (see Table 3.7). Indeed, lettering changed in accordance

with the articulation of the goals of reaching agreement with the task and one another.

Table 3.7:  Paisley’s lettering transitions across Observation 2

After writing Mighty | After writing No- After writing Big
T equation Shrink equation T equation
Number of t- s s n
shirts sold
Total cost $ C C
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3.5.2 Representationally Connective Lettering in Classroom Interactions
Second, in classroom interactions, lettering became Representationally
Connective in how it supported students’ connections within their own representations
(e.g., equations, tables, and graphs) or across representations others had generated. To

illustrate this, I center the emergence of the Representationally Connective feature in
Tyrone’s activity. Tyrone, like Paisley, pursued collective alignment across all
groupmates’ equation representations regularly in dialogue with others (e.g., “Okay,
so what’d you say?” [Obs1]; see also Obs2.1, Obs2.2, Obs3.1,0bs3.2, Obs5.2), thus
supporting transformations of quantitative relationships within the same
representational register. However, Tyrone was also the only student I observed across
the sessions to letter across all representational registers (equations, tables, and graphs)
at different points in the observations. During Observation 2, for instance, all three
students lettered in constructing their tables for the Mighty T company. Tyrone was
not only the first to do so but also the only student in the group to letter with choices
consistent with the Mighty T equation he drafted (i.e., with #s and § in the table for the
equation 49+17ts=§). I further highlight how Tyrone lettered to transform
representations through a centered account of an episode at the end of Observation 5.3.
I will note how these interactions occurred with environmental resources of what a
task said about lettering (Environmental Resource 1), what a peer said about lettering
(Environmental Resource 3), and the lettering Tyrone applied across representational
registers of the same situation (Environmental Resource 4).

During this lesson, the students had completed two tasks involving the
construction of equations, tables, and graphs from real-world situations. Across those
tasks, the equations the students generated had been in standard form (4Ax+By=C), and

the students constructed straight line graphs from two points (horizontal and vertical
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intercepts). Teacher K asked the students to work on another task on the back of a
worksheet they had in front of them, which I will call the “Running/Swimming Task”
(Figure 3.6). The task asked students to construct an equation, table, and graph for the
relationship between two quantities--time spent running (which the task prompted to
represent with 7) and time spent swimming (which the task prompted to represent with
m). She asked the students, who had been collaborating for much of the lesson so far,
to “try to write the equation on your own this time. See how that goes.” All three
students generated equations on their paper, speaking aloud but not directly to each
other. Paisley and Rakti had written identical equations of 700=17.5r+12.5m, while
Tyrone had written 700=12.5s+17.5r. I note Tyrone’s lettering with s instead of m in
representing the time spent swimming. While generating the equation, Tyrone
acknowledged this incongruence, reading the paper again with wide eyes and stating,

“Oh, oops. I forgot and put s. Whatever.”
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2) Mr. Shinton reports that you can burn 17.5 calories per minute by running and 12.5 calories per minute by
swimming. You set a goal to burn 700 calories a day.

a) Write an equation that represents the situation above. Use r to represent time running, and m to represent
time swimming.

b) Find at least 5 combinations of time spent running and time spent swimming to burn 700 calories from these
two activities.

r 0 T
m 0 T

TS——— | o

Figure 3.6: The “Running/Swimming Task” from Observation 5.3.

Tyrone completed the table, pre-labeled with » and m, using a calculator
(Figure 3.7) before beginning to graph (and letter in the process). First, Tyrone wrote
the following labels on his axes: “minutes by running” along the horizontal axis and
“minutes by swimming” along the vertical axis (Figure 3.8a). Tyrone sat for some
time, looking across his paper, before lettering with m along the horizontal axis
(Figure 3.8b). Tyrone asked, “Wait, r is running?” before quickly writing an m along
the vertical axis and transforming the letter on the horizontal axis into an » (Figure
3.8¢). Following these actions, Tyrone then said, “I think I messed up the entire thing.

[tosses pencil; picks up calculator]...Wait, did I mess it up? 40 here. [hovers over top
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of paper] Oh no, I didn’t.” From Tyrone’s utterance, I conjecture that his lettering
across Figure 3.8a-c involved the transformation of information from his table to his
graph (Representationally Connective). I note that the first entry in Tyrone’s table
involved a 40 in the » row and a 0 in the m row (Figure 3.7). Tyrone’s lettering (and
changes in lettering during the process) therefore related to organizing » and m such
that he could plot the necessary coordinates on a graph. This was particularly
necessary as the graph had fixed horizontal and vertical scales (i.e., the maximum
value on the horizontal axis is 45 in coordinate plane shown in Figure 3.6). Thus, an
interaction with both what the task said about lettering (Environmental Resource 1)
and the lettering Tyrone applied across representational registers of the same situation

(Environmental Resource 4) related to the Representational Connective feature in this

t 0 o 10 WY’ \ o
e | Se |0 28 T5 8 %

Figure 3.7: Tyrone’s table at the time of constructing a graph.

instance.
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»

minutes by swimming

minutes by running m

(a) (b) (c)

Figure 3.8: Recreations of Tyrone’s lettering in the graph in “The
Running/Swimming Task”.

The relevance of lettering to transform representations in Tyrone’s work was
further emphasized as he engaged with Rakti around the task. Following Tyrone’s
utterance, Rakti tapped on Tyrone’s equation of 700=12.5s+17.5r and said, “This is
m.” Tyrone responded, “Yeah, I know, I, I, messed up on that one by accident, but
[draws a slash through s] it’s cool.” I note how Rakti highlighted Tyrone’s lettering in
the equation as related to his current work in his graph (i.e., as Representationally
Connective). Tyrone, in turn, acknowledged the inconsistency across these
representations before returning to his graph: “So m goes here [gesturing to vertical
axis in Figure 3.8c].” Tyrone ultimately plotted (40,0) and (0,56) before connecting
the two points with a line. In this way, Tyrone’s lettering connected directly to his

transformation across his table and graph, with acknowledgment of his equation’s
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lettering, as well. His acknowledgment, here, was prompted by what a peer said with
respect to lettering (Environmental Resource 3).

Together, Observation 5.3 demonstrates Tyrone’s lettering toward a
Representationally Connective feature. In this instance, Tyrone negotiated lettered
toward consistency across registers, particularly shifting his lettering in his graph in
ways that coincided with his table. Furthermore, prompting from a peer led Tyrone to
also revisit and coordinate his equation with these representations. In this way,
Tyrone’s lettering functioned much like the Representationally Connective feature
observed in the task-based interview setting, further revealing how lettering in such
representations, even developed independently, is embedded within interactions with

distinct environmental resources in the classroom.

3.5.3 Strategically Connective Lettering in Classroom Interactions

Lastly, Rakti incorporated all three features of lettering into her activity across
the five lessons; in particular, I highlight how she lettered to connect to experiences
with strategies from mathematics class (Strategically Connective). In Observation 2
(described in detail via Paisley’s account), I note that Rakti lettered in many ways that
reflected accumulated presumptions about lettering. For instance, Rakti noted that the
expression “1s” could be reduced to “just s.” She further was the first student to
question the group’s application of § to represent the total cost. As she examined the
equation 4.50t=3 she had written, she asked, “Does that need to have a variable?” and
replaced § with C. Utterances later, when Tyrone also asked aloud from his equation
4.50n=39, “Should I say cost,” Rakti reached across and wrote C as Tyrone erased 8. I
note Rakti’s language of “variable” suggests the relevance of prior experiences of

strategies from mathematics class to her lettering decisions; furthermore, the carrying
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over of these experiences into other students’ equations suggests her confidence in
their relevance to the group’s lettering together.

As with Paisley and Tyrone, another transition in Rakti’s work indicative of
lettering connected to experiences with strategies from mathematics class was her
increased application of lettering with x and y. Rakti exclusively lettered with x and y
in Observation 4, and she was also the first student in Observation 5.1 to letter with
“y="for a standard form equation before revising her work. For Rakti, I also observed
the clearest transition from applying other lettering choices to applying x and y during
Observation 3 (Obs3.1 & Obs3.2). I recount Rakti’s lettering during this observation,
with a focus on its connection to prior experiences with strategies from mathematics
class (i.e., as Strategically Connective) below. Furthermore, I will highlight how the
environmental resource of what the teacher said/wrote with respect to lettering
(Environmental Resource 2) was implicated within these interactions.

During Observation 3, Teacher K distributed a worksheet to students and told
them, “you guys are going to be finding the rate of change and start number, and
answering some questions related to graphs.” She asked the students to work with
their tablemates to do this. Paisley was absent during this observation, so Rakti and
Tyrone worked together. The first task on the worksheet was one I will call “Priya’s
Savings” (Figure 3.9). Teacher K sat with Rakti and Tyrone as they responded to the
prompts A-C and then began to write their equation (prompt D). Tyrone drafted a first
equation of S=80+20w, which Rakti questioned: “How would it be 20?”” Tyrone stated
that he “messed up,” and together the two found a new strategy to calculate the slope
of the line. Teacher K left the group to facilitate a full-class discussion as the students

finalized their equation.
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Analyzing Graphs

& 400
The graph shows how much money Priya 3 ?m
has in her savings account weeks after she § ?20
started saving on a regular basis. % ;ig
A.How much money does Priya have in the £
account after 10 weeks? g
w160 1
- £ 120
B. How long did it take her to save $2007? g 80
C. How much money did Priya have in her - T ; - ol
savings account when she started to save O'1234567891011121314

regularly? weeks of saving

D. Write an equation to represent the dollar
amount in her savings account and the
number of weeks of saving. Be sure to
specify what each variable represents.

Figure 3.9: “Priya’s Savings” Task from Observation 3.1 (adapted by Teacher K
from Illustrative Mathematics, 2019, p. 228-229).

While Teacher K asked the class about the equation they had found, Tyrone
calculated the slope as 24 and whispered this to Rakti. Rakti wrote the expression
80+24w, paused, and then said quietly, “I’m just going to do d,” adding d=80+24w to
the statement. However, Teacher K had also written the equation y=80+24x on the
board, lettering with x and y from other students’ contributions of the “start number”
and “unit rate.” Rakti, upon finalizing her equation, then replaced w with x and finally
d with y to write y=80+24x on her paper, as well. In this way, I note the relevance of
what the teacher wrote with respect to lettering to Rakti’s interaction (Environmental
Resource 2).

The students next lettered as they worked on a new task on the back of the
worksheet, which I will call “The Distance-Time Graph Task™ (see Figure 3.10). The

students first completed the part of the task eliciting the selection of ordered pairs that
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represented a solution, which Teacher K had also reviewed in a full-class discussion.
She lettered numerous times on the board: writing that ordered pairs have the format
(x, y), gesturing to the horizontal axis and asking, “this is your x, right,” and
interpreting (1,0) as if 1 in x and 0 in y would be on the line. Furthermore, as the class
discussed whether or not (5,11) would be an ordered pair on the line, Teacher K
constructed a table, lettering with x and y, to justify the students’ positive response
(see Figure 3.11). Teacher K asked the students to then work with their groups, “What

do you think the equation is, now that we’ve talked about it?”

Select all of the ordered pairs that represent a

2
solution to the line that is graphed. ;71
Y
a. (1,0 :c; ;
b. (0.1) 8 /
c. (3,7) 8
d. (5.2
e. (49
f. (511)
4 ’ 4
r
0 4 8 12
Time (sec.)

Figure 3.10: “The Distance-Time Task” from Observation 3.2.
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X 0 1 2 3 4

vy |1 |3 |5 |7 |9

N
+2

Figure 3.11: Recreation of Teacher K’s table written on the board during Observation
3.2.

I note that Rakti carried forth the prior experience of mathematically strategic
lettering with x and y into her lettering to identify an equation for this graph
(Strategically Connective), which she wrote as y=7+2x. This differed from Tyrone,
who generated the equation D=1+ 1t, lettering with D and ¢, instead. These differences
in lettering persisted even as they began to discuss their equations, during which
Tyrone described his equation as “1 plus 1t” while Rakti stated, “1 plus 2x. Or is it 2y?
No clue...2x, 2x, 2x.”  note how Rakti expressed continuing to navigate these
lettering choices of x and y, adopted over time and in relation to cumulative
experiences with the mathematical strategy. The letters of x and y, as demonstrated by
Teacher K, may have provided a strategy of automatic axis reference. While Rakti and
Tyrone did negotiate the slope of the line shown in the graph, they did not negotiate
their lettering in this instance.

Collectively, Rakti’s lettering across this observation demonstrates an
important transition toward Strategically Connective lettering via the regular
incorporation of x and y as letter choices in her activity. Rakti’s adoption of these x
and y reflects lettering as Strategically Connective in that it facilitated her activity’s

alignment with new strategies Teacher K presented, such as the consistent
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organization of points and aligned orientation of axes. I highlight the salience of
Rakti’s interaction with what the teacher said/did with respect to lettering as an
environmental resource related to this shift, despite her peer’s lettering otherwise.
Teacher K introduced x and y as mechanisms to connect with new strategies, and this

observation presents a moment during which Rakti took this up.

3.5.4 Case Synthesis

Through the previous three accounts (centering Paisley, Tyrone, and Rakti
respectively), I exemplified the emergence of each of the three features of lettering as
well as the relevance of particular environmental features to lettering within those
episodes. However, to respond to my research question to demonstrate this emergence
over time and across all three students in the case as a whole, I expand and synthesize
my findings in what follows. First, I will focus upon the features of lettering,
describing how each feature emerged for each student over time. Then, I will describe
the interconnectedness of students’ interactions and the five environmental resources
across the case and toward the three features. As such, in this section, I present a case
synthesis to describe the process of emergence of lettering in all of students’

intertwined classroom interactions.

3.5.4.1 Each Feature Across Each Student

Although the illustrations in the previous section focused on one feature of
lettering for each of the three students, I argue that each feature of lettering emerged
across each of the three students’ activity over time. In what follows, I provide a more
condensed description of the emergence of the Process-Oriented, Representationally

Connective, and Strategically Connective features across the two students not
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previously highlighted for that feature. Importantly, I emphasize what we may
synthesize about how each feature emerged in students’ classroom interactions from

looking across all students in the case.

3.5.4.1.1 A Case Synthesis of Process-Oriented Lettering

As a focus on Paisley supported us to see, Process-Oriented lettering
developed as a dynamic negotiation and reconciliation of lettering, particularly to
reach goals of understanding and consistency in students’ interactions. For Paisley in
Observation 2, I described how she changed her lettering over time as she engaged
with her groupmates, multiple equations for multiple scenarios, and information
provided within the task at hand. As we further consider Rakti and Tyrone, I present
that Process-Oriented lettering, however, is not just neutrally negotiated with peers;
rather, the negotiation of lettering can involve other resources, like the task itself, and
manifest differentially across student interactions.

For Rakti, Process-Oriented lettering emerged as she more frequently looked
for consensus with lettering presented in class, mentioned by the teacher, or described
within a task rather than as a search for consensus among the group’s equations
observed in Paisley’s interactions. Indeed, there were several instances across the
observations during which Rakti’s interactions with those aforementioned resources
corresponded to a change in her equations and lettering accordingly (Obs2.2, Obs3.1,
Obs5.3). For instance, during Observation 5.3 (highlighted for the Representationally
Connective feature above), Rakti, like Tyrone, had also initially lettered with s instead
of m, but she changed her equation when she re-read the prompt’s instruction to apply

m (“Oh, m,” she said aloud). In this way, lettering functioned dynamically for Rakti,
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negotiated to solve problems relating to the construction of solutions that matched
those promoted primarily by authoritative sources in the classroom.

Tyrone, on the other hand, often negotiated lettering to reconcile the demands
of a task alongside the work of his peers across the five observations (Obs1, Obs2.1,
Obs2.2, Obs5.2, Obs5.3). Tyrone had prompted his groupmates about why their
lettering choices would be true, challenging them to justify their responses (Obs2.1,
Obs2.2). I invite the reader to recall Tyrone’s questioning of “Why would you put t?”
in Observation 2, for instance. However, more frequently than instances where Tyrone
requested justification of others’ lettering choices, there were also several instances
where his groupmates asked questions about his own selection of letters (Obs2.1,
Obs2.2, Obs5.2, Obs5.3). For example, just before the students completed the
“Running/Swimming Task” (Obs5.3, see Representationally Connective feature

section), they constructed equations for the “Sticker Sheet/Cardstock Task”:
Stickers cost $1.50 a sheet and the cardstock costs $3.50.

a) Write an equation that represents this situation. Use n to represent
the number of sticker sheets, p to represent the number of cardstock
packs, and c to represent the cost of these supplies.

Tyrone was the first student to generate an equation of C=1.50n+3.50p, which he

shared with his group:
Tyrone: Okay, I got it. [pushes paper toward others].
Rakti: Oh my gosh, I haven’t even read it right.
Tyrone: Hm?
Rakti: I haven't even read it yet, too!

Paisley: You didn't even write it right!
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Tyrone: What do you mean I didn't write it right?
Paisley: It's n= [writes this]

Tyrone: No, it's ¢!

Paisley: No.

Tyrone: Because it's the cost of the supplies.

Paisley: [reading paper] n represents the number of sticker sheets-- oh,
right.

Tyrone: [gestures with open arms]
Rakti: [laughs] I can’t, oh gosh.
Paisley: [laughs, erases] I didn’t read.
Rakti: Okay, Tyrone, shush, shush.

Paisley: Let, let me do what I want to do, okay? Leave me alone.

As this dialogue exemplifies, the context for Tyrone’s lettering within the group
involved frequent justification of lettering choices, which, in turn, became complicit in
lettering to reach resolution and a goal (lettering as Process-Oriented). I note,
however, that Tyrone was the only student from and for whom such justificatory
requests were made. Rakti and Paisley did not make these requests of one another

across the five observations.

3.5.4.1.2 A Case Synthesis of Representationally Connective Lettering

By focusing upon Tyrone’s Representationally Connective lettering in
Observation 5.3, I highlighted how lettering could develop to connect representational
registers in the classroom for students, such as tables, equations, and graphs.

Additional instances of Representationally Connective lettering from Paisley and
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Rakti highlight that such connections across registers can also be implicit, even when
lettering only explicitly occurs in equations. Furthermore, their data also shows how
Representationally Connective lettering can support connections not only across
different representational registers but also within the same register across students’
work. Importantly, lettering functioned as Representationally Connective across the
group’s case when it became a cross-representational resource situated in its context,
despite source or register.

Paisley and Rakti, for instance, primarily lettered in equations but did so in a
way that connected clearly to other representational registers in the final two
observations of this study (Representationally Connective). For instance, during
Observation 4, Paisley and Rakti constructed and lettered in multiple equations to
reflect relationships they observed in graphs. Across these instances, both Paisley and
Rakti lettered with x and y, consistent with lettering Teacher K modeled for the class
in transforming a graphed relationship into a table (Obs4.2). Rakti and Paisley also
lettered in equations in ways that drew connections with creating or interpreting a
graph (Obs4.1, Obs4.2, Obs5.1, Obs5.3).

In addition to instances of lettering across representational registers, I note that
Representationally Connective lettering also emerged in how students lettered to
connect their representations with other representations. For example, although not
across registers, Paisley’s activity in Observation 2 (showcased in the Process-
Oriented section) involved lettering in ways that carried across equations of different
relationships (Representationally Connective). In particular, Paisley applied $ and s
across equations for both Mighty T and No-Shrink, later updating both equations with

C instead of § when she made this change in her lettering choices. Furthermore, we
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might consider how Rakti modified her equation in Observation 4.1 to match the
teacher’s equation as an instance of Representationally Connective lettering, as well.
In this way, both students’ activity shows how Representationally Connective lettering

can connect two equations together (despite being in the same register).

3.5.4.1.3 A Case Synthesis of Strategically Connective Lettering

As shown for Rakti, Strategically Connective lettering reflected shifts in
lettering choices toward connections with experiences of new strategies from their
algebra classroom. I presented evidence from Observation 3 to show a moment when
Rakti adopted x and y within her interactions as she listened to Teacher K describe her
own process for completing a task they reviewed. Indeed, data from Paisley and
Tyrone further corroborates shifts toward x and y during their interactions in ways that
aligned with resources and new strategies that became available to them.

First, I will note that adopting x and y in the students’ lettering did not occur at
the same time for the student group. Paisley, for example, was absent for Observation
3. She referred to her absences from class as disrupting the continuity of these
experiences with strategies from mathematics class (e.g., “I forget how to make
equations...I haven’t done school in over a week” [Obs4.1]). Despite this, her efforts
toward knowing and figuring out the answers to tasks as a group introduced her to new
strategies which became reference points, such as lettering with x and y. This
transition occurred in real-time in Observation 4 as the students were prompted to
construct an equation from the graph in Figure 3.12: “So it’s going up by, so it would
be [trails off] 10 minus 1w...--or, #n. 10 minus one-tenth...So, we all know it’s 10
minus something. 10 minus 10x, right?” (Obs4.1). I note how Paisley began to adopt x

to represent the quantity in question at the end of this utterance after initially applying
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other letters such as w and n. Paisley continued to apply lettering with x and y for the

remainder of Observation 4 and briefly in Observation 5.

Warm up: Write the Equation of each graph.
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Figure 3.12: Class slide containing graph (left) that Paisley eventually verbally lettered
with x to describe in Observation 4.1 (CK-12 Foundation, 2025).

Tyrone incorporated x and y into his work often in relation to replicating a
particular linear equation format (e.g., y=mx+b or Ax+By=C) as a strategy to
approach equation-writing tasks. For instance, at the start of Observation 5, Tyrone
followed his groupmates in beginning an equation with “y=" before reflecting the task
situation or lettering choices (Obs5.1). The final equation that Teacher K presented to
the class (and that Rakti and Paisley wrote on their own papers) was 60=6s+4w;
Tyrone, however, wrote 60=6x+4y, suggesting prior strategic experiences with these
letters. As such, Tyrone’s lettering also demonstrated connections to experiences with

strategies from mathematics class within his work.
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3.5.4.2 A Case Synthesis of Environmental Features
Across the three illustrative observational episodes for each feature, I further
highlighted five environmental resources with which student interacted in their

lettering:

1. What a task said about lettering (e.g., Paisley switching from lettering
with s to lettering with n upon reading “Write an equation with...n as
the number of shirts sold” during Obs2.2)

2. What the teacher said/wrote with respect to lettering (e.g., Rakti
adopting y=80+24x instead of d=80+24w after this had been written
by her on the board during Obs3.1).

3. What a groupmate said/wrote with respect to lettering (e.g., Tyrone
adopting s instead of s after this was presented by Rakti and Paisley
during Obs2.1).

4.  The lettering applied across representational registers of the same
situation (e.g., Tyrone reconciling the lettering he applied of m, r, and s
as he converted a table he had constructed into a graph during Obs5.3).

5. The lettering applied across representations for different yet related
situations (e.g., Paisley applying consistent lettering across the
equations for the three companies [s and C| during Obs2.1 and Obs2.2).

To explore how lettering emerged within the students’ classroom interactions,
however, it is not enough to note that these resources were involved in students’
processes. Rather, in what follows, I elaborate further upon the pedagogical
characteristics that contributed to the emergence of the three features within the
students’ lettering in explicit ways. Furthermore, I comment upon how these
environmental resources were intertwined in viewing the emergence of the student
group’s lettering as a collective of individual students.

Across the observational episodes, written task statements (Environmental
Resource 1) varied in what they said about lettering or prompted students to do,

which, in turn, related to how students interacted with that task and how it influenced
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the lettering that followed. Of the 11 tasks3, 4 provided lettering choices to students
whereas 6 gave no such instruction. When lettering choices were provided, lettering
was often negotiated in the group setting with alignment with task instructions as a
reference (e.g., Obs2.2). When lettering choices were not provided, these choices were
more often negotiated with representations peers had created (e.g., Obs2.1) or
representations the teacher provided (e.g., Obs3.1) if negotiated at all. Thus, the design
of tasks structured particular classroom interactions that emerged for this group of
students through which their lettering developed.

Further, I note that all tasks except for one (Obs1) prompted either for the
construction of multiple connected representations or the transformation from one
representation to another (Environmental Resources 4 and 5). While this characteristic
of the tasks most explicitly functioned to support students to letter in ways that
connected representations (i.e., lettering as Representationally Connective), it also
elicited the multiple representations that were needed to negotiate lettering
dynamically (i.e., lettering as Process-Oriented) and, with time, to incorporate
accumulated experiences of strategies from mathematics class (i.e., lettering as
Strategically Connective).

Although evidence of the extent to which the students perceived and
consequently interacted with the teacher’s facilitation of full-class discussions is less
direct, it is worth noting the ways in which Teacher K lettered and modeled the three
features of lettering that the students reflected themselves (Environmental Resource
2). For example, before students wrote the equation for the task in Observation 3.2
(“The Distance-Time Task,” Figure 3.10), Teacher K discussed how students might

decide if the listed coordinate pairs would fall along the line in the pictured graph. As
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described in the focal account of Rakti’s lettering, Teacher K lettered in her verbal
descriptions of the coordinates related to the graph and in a written table she
constructed to verify one of the coordinates (see Figure 3.11). Teacher K’s discussion
reflects dynamic lettering as she worked toward the goal of responding to the question
about the coordinates (Process-Oriented), leveraged lettering in graph and table
representations to do so (Representationally Connective), and emphasized how the
choice of x and y could support connections across and within these representational
registers (Strategically Connective). Rakti subsequently lettered with x and y in the
equation she constructed following this discussion (Tyrone selected D and ¢ instead).
As this account shows, Teacher K’s authentic, emergent lettering became an
environmental resource for the students that could reflect the three features of lettering
that they themselves developed, among many other environmental resources.

Lastly, the most explicit instructional moment during which the three features
of lettering emerged for the students was during their communication together as a
group, as they justified and negotiated their letter choices (e.g., Obs2.1; Environmental
Resource 3). Across the observation, students were prompted to reach consensus with
partners or groups, from which followed interactions through which these stated goals
were repeated and leveraged to motivate lettering negotiation. The relevance of this
setting suggests the important role that student collaboration and group work played in
the design of pedagogy that supported lettering to develop in these ways.

Although all five aforementioned environmental resources served as a point of
interaction for the group of students as a whole, some students relied upon certain
environmental resources more explicitly than others in their lettering development. As

I noted across each student, Paisley and Tyrone often sought to reconcile their
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lettering with their groupmates (e.g., Obs2.1 or Obs5.2), whereas Rakti often sought to
reconcile her lettering with the teacher or task (e.g., Obs3.1 or Obs5.3). In further
contrast, during 5 observations, Tyrone lettered in ways that differed from the teacher
or the task (Obs2.1, Obs3.1, Obs3.2, Obs5.1, Obs5.3); Paisley, despite prioritizing
group negotiation, aligned or adjusted her lettering in alignment with teacher- or task-
presented lettering on all observed occasions. Tyrone, on the other hand, also most
explicitly reflected consideration of the consistency of his lettering applied across
representational registers of the same situation (e.g., selecting the same letters of s
and § in his equation and table in Obs2.1; aligning » and m in the table and graph in
Obs5.3). This resource for negotiation was not salient in my observations of either
Rakti or Paisley. As such, it is crucial to note that the environmental resources above
were not engaged in the same ways by all students. Rather, the collection of these
environmental resources triggered interrelated interactions for each student that led
them to develop their lettering practice in similar ways.

Relatedly, it is important to note the interdependence of the aforementioned
environmental resources in supporting interactions through which the three features of
students’ lettering emerged. For instance, in revisiting Paisley’s account of
Observation 2, one might consider how Rakti’s selection of s to represent the number
of t-shirts sold, endorsed by Teacher K when she visited the group, reinforced
Paisley’s adoption of s later on (and promotion of s to Tyrone). Tyrone’s attention to
and interaction with the environmental resource of the task’s application of # for this
same quantity prompted a group discussion where again the group sought to align their
lettering practice. As such, although each student interacted with these environmental

resources differently, their interactions were also bound together, explaining in part
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how such similar features of lettering activity could emerge across the three students

despite their different experiences.

3.5.5 A Commentary on Power Dynamics from Embedded Analysis

Finally, through an analytical focus on each student and their interdependence
in constructing the case, I also found that students’ interactions together, although
mutually influencing and interconnected, were not always neutral and equal. Rather,
sites of group negotiation and activity toward the features of lettering were also sites
through which participation was differential and, I argue, power-laden. This was
particularly salient in contrasting Tyrone’s lettering interactions with those of Paisley
and Rakti.

As previously mentioned, Tyrone’s groupmates opposed his selection of letters
on five occasions during the observational episodes (twice in Obs2.1, Obs2.2, Obs5.2,
Obs5.3). Importantly, during the majority of these occasions, the questions asked of
Tyrone, coupled with surrounding comments, suggested the incorrectness of his
lettering. For instance, as Tyrone introduced his equation for the Mighty T company in
Observation 2.1, one peer asked, “Do you understand?” as another responded, “Now
that’s the real question,” laughing. When Tyrone first shared his equation during
Observation 5.2, a peer told him, “You didn’t even write it right!” Across 2 of the 5
occasions, I note that Tyrone had lettered with task-provided choices, which led his
peers to negotiate their own lettering, despite their initial label of his work as “wrong.”
In addition to these occasions, I observed another moment during which a groupmate
reached across the board to letter in an equation that Tyrone had written (Obs2.1). I
note that the collection of these observations about Tyrone’s lettering reflect dynamic

negotiation to reach a goal of alignment across activity (i.e., as Process-Oriented) and
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multiple representations (i.e., as Representationally Connective). However, they also
reflect moments during which Tyrone’s agency over that lettering was challenged,
reflecting unequal participatory experiences within the group.

Indeed, further evidence shows that these types of actions were not part of
Rakti’s and Paisley’s lettering trajectory. For instance, although Tyrone did ask
questions about Rakti and Paisley’s lettering on three occasions (twice in Obs2.1,
Obs2.2), the students did not ask these questions between themselves. Furthermore,
unlike Tyrone, both Rakti and Paisley each had a moment during which the lettering
that they had suggested was not specified by the task or teacher and subsequently
adopted by the group (s, originally suggested by Paisley, and C, originally suggested
by Rakti in Obs2.1). In this way, despite reaching the “same” learned outcome, I note
that the participatory structure through which this emerged warrants continued

attention to the differential experiences students have within these processes.

3.6 Discussion & Implications

In this report, I presented an embedded single case study of three middle
school students to examine the research question: How did students’ lettering emerge
in classroom interactions during an instructional unit about linear equations?
Through my findings, I characterized the emergence of students’ Process-Oriented,
Representationally Connective, and Strategically Connective lettering over time.
Process-Oriented lettering involved students negotiating and reconciling lettering
choices to reach goals of understanding and consistency with peers and other
resources in the classroom. Representationally Connective lettering involved students
lettering in drawing connections across their own representations or with

representations others had generated. Lastly, Strategically Connective lettering
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involved students transitioning to apply x and y more frequently as they worked
together in ways that aligned with resources and new strategies that became available.
Observing and operationalizing these three features in classroom interactions extends
how the features had been described in an independent task-based interview setting
(see Chapter 2; Gantt, under review). The relevance of these three features to describe
how lettering emerged for the students in the classroom suggests the features’ function
as both process and product: that is, they can describe what students learned with
respect to lettering as well as convey a mechanism by which those very features were
learned.

I note that a unifying process behind the emergence of all three features was in
the students’ striving for reconciliation and alignment of lettering, explaining how
lettering changed over time. Indeed, such negotiation often gave purpose and goal
orientation to students’ lettering, promoting its dynamicness (i.e., as Process-
Oriented). Furthermore, lettering became an action that could connect representations
(one’s own or with another’s and within the same register or across registers; as
Representationally Connective). Lastly, lettering shifted more toward mathematical
conventions and connections with related strategies and concepts through these
connecting actions (i.e., as Strategically Connective).

In describing how the features of lettering emerged through classroom

interactions, I also described the central role of five environmental resources:

1. What a task said about lettering (e.g., Paisley switching from lettering
with s to lettering with » upon reading “Write an equation with...n as
the number of shirts sold” during Obs2.2).

2. What the teacher said/wrote with respect to lettering (e.g., Rakti

adopting y=80+24x instead of d=80+24w after this had been written
by her on the board during Obs3.1).
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3. What a groupmate said/wrote with respect to lettering (e.g., Tyrone
adopting s instead of #s after this was presented by Rakti and Paisley
during Obs2.1).

4.  The lettering applied across representational registers of the same
situation (e.g., Tyrone reconciling the lettering he applied of m, », and s
as he converted a table he had constructed into a graph during Obs5.3).

5. The lettering applied across representations for different yet related
situations (e.g., Paisley applying consistent lettering across the
equations for the three companies [s and C] during Obs2.1 and Obs2.2).

Through my findings, I described pedagogical characteristics within each of these five
resources that related to the emergence of the three features, including whether or not
a task stipulated which letters to use, the extent to which a task prompted particular
kinds of representational activity, teacher authentic modeling of lettering and problem-
solving, and group work structures in the classroom. I also demonstrated how students
within the same group interacted with these resources in different ways and with
different frequencies; despite this, a view of their interconnected interactions explain
how lettering emerged. This work builds upon previous research about students’
algebra cognition in classrooms that has characterized environmental resources for
specific cognition from a classroom-level perspective (e.g., Lobato et al., 2003;
Lozano, 2015). I have shown how environmental resources can emerge at the student-
group level, with embedded consideration of each student participant, which can then
be connected backward to pedagogical properties and designs. Indeed, such findings
respond directly to Ellis and Ozgiir (2024), who argue, “future research needs to attend
to [the complexity of investigating relationships between instruction, classroom
interaction, and student learning] if we are to improve algebra instruction in

classrooms at scale” (p. 206). These findings show one approach toward this goal.
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Importantly, although the case summary view of the data presents an overview
of the ways in which the three features of lettering emerged in the students’ classroom
interactions, this also occurred differently for each student. In particular, I noted in my
findings how Tyrone’s interactions around lettering reflected negotiation and a goal of
lettering alignment while simultaneously reflecting a power dynamic through which
his lettering was more frequently challenged and labeled as incorrect. Although prior
literature has described issues of power as relevant to student cognition in
mathematics classrooms (e.g., Langer-Osuna, 2011), prior work on students’ algebra
cognition in classrooms has not addressed these issues in an explicit way. I argue that
acknowledging differences across individual student experiences is crucial to not only
interpreting the present dataset but also in extending these findings forward into future
pedagogical designs that can support lettering for every student.

Indeed, the findings from this report suggest further implications for both
research and practice. In what follows, I will first describe the implications of this
study with respect to the theory (and particularly an enactivist interactive framework)
that has framed this piece. Next, I will describe how this study can inform tangible
features of pedagogical design that supports every student’s lettering. I discuss open

lines for research that can be extended as a result of this work.

3.6.1 Theoretical Implications

Theoretically, this study was situated within an enactivist interactive
framework for research of students’ cognition of mathematics classrooms. I applied
both enactivist theory (Maturana & Varela, 1992; Varela et al., 1991) and research
about student cognition in mathematics classrooms (e.g., Dominguez, 2019; Nasir &

Hand, 2008) to articulate two guiding premises within this framework, built from
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definitions of three core constructs of a student, a classroom environment, and
cognition:

1.  Classroom environments are actively constructed by each student as
they relate to other actors and features.

2. Students’ cognition is both agentic and interdependent with their
classroom environment.

These two guiding premises informed my decision-making throughout the study. As
such, this report provided an empirical example of how this framework might function
and what it can support us to investigate with respect to this phenomenon of students’
algebraic lettering.

First, this study demonstrates one possibility of what a methodological
approach in line with an enactivist interactive framework might look like. In
particular, I applied an embedded single-case structure (Yin, 2018), identifying a
student group as the central case and each student as an embedded unit of analysis.
This underlying structure of inquiry supported me to reflect each student’s set of
interactions and experiences (Premise 1) while also reflecting cognition’s collective
and co-enacted emergence (Premise 2). Furthermore, the analytical technique of
monologic centering analysis within this approach emphasized each of the premises to
generate findings. After viewing the data as a monologue to focus upon the
interwoven cognition of the group, I centered each student, bolding their speech (the
student’s cognition) and greying out all other resources (the classroom environment). |
conducted my analysis (dependent upon analytic memoing) with each student in
centered focus (reflecting Premise 1) before weaving those memos back together to
understand the interdependence of the students’ agentic cognition as a group

(reflecting Premise 2). I intend for these techniques to contribute to dialogue about
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applying enactivism as a methodology in mathematics education research (e.g.,
Helliwell & Ebbelind, 2024; Maheux & Proulx, 2015; Simmt & Kieren, 2015). I
advance that these strategies reflect one of many potential ways that the premises of an
enactivist interactive framework for mathematics classroom research of student
cognition can be applied.

I note that these guiding principles of an enactivist interactive framework
influenced not only the design of the study but also the nature of the empirical findings
themselves, as frameworks can shape both how we research and what research can
produce. In this report, I characterized how lettering emerged, identifying how
students interacted with particular classroom resources (part of each student’s
environment) in ways that aligned with each of the three features (Premise 1). As
such, these findings also rejected input-output frameworks for research in mathematics
classrooms, wherein environments and instruction might be framed as acting upon
students. Instead, reversing this order, my findings centered students as interdependent
cognitive agents within their groups, demonstrating how they leveraged resources in
their work with one another toward lettering-specific behaviors (Premise 2). [
emphasize how findings, reported in this way, contribute to research about equitable
approaches to examining student cognition in mathematics classrooms (Esmonde et
al., 2009; Gholson & Martin, 2019; Langer-Osuna, 2011; Nasir & Hand, 2008), as the
unique environments and experiences of students are centered within how we frame
our results.

Lastly, through the articulation and application of an enactivist interactive
framework for mathematics classroom research of student cognition, this study

presents one way to build a bridge between enactivist theoretical constructs toward
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empirical research. Indeed, many enactivist theoretical constructs, derived from
biology and applicable to the phenomenon of cognition across all living organisms,
require extension and interpretation when applied to issues of mathematics education
(e.g., Kieren et al., 1995; Proulx, 2013). In defining core constructs to inform guiding
premises underpinning the work, this report shows one mechanism to translate theory
into a practical research tool. Furthermore, beyond enactivism, this report also shows
one way to study the phenomenon of mathematics classroom cognition with an

explicit epistemological foundation.

3.6.2 Practical Implications

Beyond the theoretical implications of this paper, the findings also suggest
practical applications, particularly informing how pedagogical design might support
the emergence of Process-Oriented, Representationally Connective, and Strategically
Connective features of lettering. Indeed, extending and formalizing the observations
from this report (synthesized in the Discussion), I suggest the importance of the

following kinds of classroom resources to students’ lettering interactions:

1. Tasks with perceived potential for problem-solving and the use of
multiple representations.

2. Tasks with a mix of prescribed letters to apply and open choice for
students to select the letters they wish.

3. A teacher’s authentic modeling of the features of lettering, which might
be adopted and incorporated by students in their own activity.

4.  Group work that enables students to negotiate lettering and
representational constructions.

In addition to these suggestions, I also draw attention to the ways that the

students constructed dynamics of power and status within their lettering activity. I
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conjecture that the establishment of discussion norms, supporting students to share and
listen to ideas about lettering processes beyond right/wrong and toward diverse (yet
consistent) solutions, could further support students’ development of lettering in the
classroom. Future research can explore the nature and content specificity of norms that

could underpin lettering’s emergence in an equitable way.

3.6.3 Limitations and Future Research

As an embedded single case study, this work focused upon describing the
emergence of the three features of lettering across a group of three eighth-grade
algebra students during a unit of instruction about linear equations. As a case study,
this report presents findings around how such lettering processes might unfold (Yin,
2018); however, the small, bounded size of the case study also suggests areas for
further inquiry. For instance, future research might address questions such as: How did
features of lettering emerge in different or similar ways across other groups within the
classroom? It is possible that research structured as a multiple case study could
uncover not only additional features of lettering practice that develop but also different
sets of interactions and student experiences that relate to lettering’s emergence.
Expanding research along this line at scale within a classroom could further serve a
broader empirical and theoretical goal, exemplifying a reversal to input-output studies
of the relationships between teaching and learning (beginning with an environment
and ending with student cognition), in favor of positioning students’ cognition at the
center of such research. Indeed, such a model for research could inform not only study
of the emergence of students’ lettering activity but also a multitude of other

mathematical and cognitive practices in classroom spaces.
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Future research could further extend this work beyond a single classroom and
toward examination of research-informed pedagogical design to support students’
lettering. For instance, one might consider the open question: How might lettering
emerge differently within classrooms organized in different ways, composed of
different students with unique background experiences and strengths? The practical
implications of this work provide concrete suggestions about pedagogical design that
could support lettering’s emergence, and future research could implement and explore
these strategies across classroom spaces to better understand how resources/design
relates to the emergent phenomenon of cognition with respect to lettering.

Lastly, I highlight that the findings related to the intertwined issues of status
and power with students’ emergent lettering practice also warrant new inquiry. One
limitation of this study was that, although demographic information was collected
from students, the study design lacked explicit mechanisms to inquire more deeply
about the relationship between racialized and gendered identities and this
phenomenon. I encourage future research designs to center students from groups who
have been historically marginalized from opportunities in mathematics to better
understand how inequitable group dynamics may relate to the emergence of lettering’s
features. Moreover, study designs that demonstrate how such dynamics can be
challenged and mitigated would contribute greatly toward pushing the study of

lettering in the direction of positive change.

3.7 Conclusion
In conclusion, this second paper of my dissertation provides an account that
moves beyond identifying the features of lettering toward exploring how those

features emerged over time within students’ classroom interactions. These findings
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suggest that students interacted with the interrelated milieu of the classroom
environment (uniquely brought forth by each student) in ways that emphasized
lettering as negotiable to reach problem-solving goals (Process-Oriented), as
supportive of work across representations available in the classroom
(Representationally Connective), and as related to broader sets of experiences with
strategies from mathematics class they were building (Strategically Connective). By
regarding each student as an embedded unit of analysis, we can acknowledge the
simultaneous interconnectedness and uniqueness of these interactions and particularly
the way that interdependence, status, and power can come into play. Researchers and
practitioners can apply these findings to motivate holistic consideration of what

pedagogical design that supports every student’s lettering might look like.
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ENDNOTES

I'T acknowledge critiques of application of the word “emergence” in qualitative
research (e.g., Qualitative Researcher Dr Kriukow, 2022), as it often is employed to
suggest discovery of a phenomenon within a pre-given world and without active
participation of a researcher. However, [ apply the terms “emerge” and “emergence”
throughout this paper in line with Davis and Francis (2025), who describe these words
within emergent complexity discourse as reference to “the manifestation of greater
organizational and/or behavioral complexity as a whole transcends its parts — that is,
when a phenomenon displays properties that its parts do not have” (p. 2). I lean into
emergence to describe how a cognitive phenomenon (i.e., lettering) arises from inter-
action that unites an individual and their environment, wherein cognition, despite its
agentic origin, cannot be separated from the complex inter-action itself. This choice is
in line with other enactivist researchers in mathematics education (e.g., Kieren &
Simmt, 2009).

2 Although this visualization ultimately reflects some similarities with Cohen et al.
(2003)’s instructional triangle, I emphasize differences in 1) the depiction of multiple
and overlapping classroom environments for individual students and 2) the
theorization of cognition’s location within the diagram. Whereas the instructional
triangle describes a way to view and study classrooms as spaces composed of
complexity, an enactivist interactive framework theorizes differently that such
research must begin from the lenses of students themselves.

3 T have omitted a determination about whether letters were provided in the task from
Observation 4.1 (which would constitute the eleventh task, matching the total number
of observation episodes). Students were asked to construct an equation from a graph,
and the visual display was cropped such that a label of x is visible on the horizontal
axis but no letter is visible on the vertical axis (see Figure 3.12).
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Appendix E
SAMPLE TRANSCRIPT: MONOLOGUE

I present a sample of Observation 5.3 in monologic format below. Bolded scene
descriptions reflect scenes during which students lettered, and transcripts are
elaborated within those scenes.

E.1 Episode Context

Teacher K asks students to flip their worksheets over to look at a last task (Figure
E.1):

2) Mr. Shinton reports that you can burn 17.5 calories per minute by running and 12.5 calories per minute by
swimming. You set a goal to burn 700 calories a day.

a) Write an equation that represents the situation above. Use r to represent time running, and m to represent
time swimming.

b) Find at least 5 combinations of time spent running and time spent swimming to burn 700 calories from these
two activities.

r 0 j
m 0 T

ey

& T 5 T —T—

N i)

Figure E.1: Scanned worksheet containing task during episode 5.3.
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She first asks students about the first combinations they should find after their
equation, to which the students respond with “0.” She then prompts, “Alright, try to
write the equation on your own this time. See how that goes.”

E.2 Scenel
The students discuss how the task is on the back of the paper and begin to read.

E.3 Scene 2
The students independently draft their equations.

Table E.1:  Observation 5.3, Scene 2, formatted as a monologue.

700=17.5

A 17.5 [writes (1)] (1)

I was like, what paper? r. [writes 700 =17.51

B (2)] 2)

Uh, 7.5 calories per minute by Jos 128g+ 175 y

C running [writes (3)] (3)

700=17.5r+125

D Plus 12.5... [writes (4)] @

and 2-point, 12.5, 17.5 calories

per minute by running. 12.5

calories by minute, per minute. m.
E Okay. [writes (5)] (5)

700=17.5r+12.5/m

By swimming, okay. My
equation. [pulls out calculator]
F So, 700 equals 17.5 [writes (6)] )

700 =17.5
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Table E.1 continued.

Oh. Oops, I forgot and wrote s.

Whatever. [takes out calculator]

12.5... [fill in table] per minute

running, which is r. Plus 12.5 s
G for swimming. [writes (7)]

Guess that makes sense. Write

an equation that represents the

situation above... [reads paper;
H erases as in (8)]

[fills in table] Oh, m [writes as
I in (9)]. Okay.

700 = 17.5|r}+ 12.5!

(7)

700=175r+125

</
(@)

700=17.5r+125m

<
(®)

E.4 Scene3
The students complete other portions of the task, finding combinations and creating

the graph, independently.

E.5 Scene 4
The students revise and finalize their graphs to answer the questions they run

into.

Table E.2:

[starts with (1)] [starts with | «

700=17.5r+12.5m

Observation 5.3, Scene 4, formatted as a monologue.

700=175r+125m
J

v ., %—J

700=125s+17.5r
« J

A (2)] [starts with (3)]

[labels axes of graph]

[writes (4) on horizontal

axis, currently labeled with

“minutes by running”;

hovers above vertical axis,

currently labeled “minutes
B by swimming”]

1) (2) (3)
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Table E.2 continued.

E

Wait, r is running? Mhm.
[writes and replaces as in

)]

I think I messed up the entire
thing. [tosses pencil; picks
up calculator] Oh my gosh.
[finishes connecting
intercepts on graph] There's
my line! Wait, did I mess it
up? 40 here. [hovers over top
of paper] Oh no, I

didn't. [taps (2)] This is m.
Yeah, I know, I, I, messed
up on that one by accident,
but [writes as in (6)]

it's cool. Okay. 0... There's
my line. That is not helpful
at all. So, m goes here
[gestures to vertical axis in
(5)] and we go to 40 [moves
to (40,0) on graph] and then
we... How? How can we
actually figure this out?
[counting; plots intercepts on
graph] Okay, uh, okay.
[writes (7); plots (0,56)]

E.6 Scene5

700 = 12.5& 175T

(€)

The students listen as the teacher reviews the equation 700=17.5r+12.5n and models
how to solve the equation to find a new combination for the table (concluding m=28
when r is replaced with 20).
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Appendix F
SAMPLE TRANSCRIPT: MONOLOGICALLY CENTERED

I present a sample of Observation 5.3 in monologically-centered format for Tyrone
below. Contextual/environmental text and figures are presented in grey. Tyrone’s
spoken contributions are bolded, and Tyrone’s written contributions are preserved in
their original color.

F.1 Episode Context

Figure F.1: Scanned worksheet containing task during episode 5.3, in greyscale to
reflect its status within Tyrone’s environment.
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F.2 Scenel

F.3 Scene 2

Table F.1:  Observation 5.3, Scene 2, monologically-centered for Tyrone.

700 = 12.8g+ 17.5[r
%,_/
[writes (3)] 3)
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Oh. Oops, I forgot and wrote s.
Whatever.

[fills in table]

F.4 Scene3

F.5 Scene4

Table F.2:  Observation 5.3, Scene 4, monologically-centered for Tyrone.

. 700=125s+17.5
[starts with ot

@] @

[writes (4) on horizontal
axis, currently labeled with

“minutes by running”; ‘
hovers above vertical axis, - -
currently labeled “minutes Nl
by swimming”] (4)
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Table E.2 continued.

Wait, r is running? :
[writes and replaces as in —
3] (5)

Wait, did I mess it
up? 40 here. [hovers over
top of paper] Oh no, I

didn't.

Yeah, I know, I, I, messed 002 12554 175
up on that one by accident, é '
but [writes as in (6)] (6)

it's cool.

So, m goes here
[gestures to vertical axis in
(5)] and we go to 40 [moves
to (40,0) on graph] and
then we... T

[writes (7); plots (0,56)] M

F.6 Scene5
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Chapter 4

CONCLUSION
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4.1 Conclusion

You may recall that I launched my dissertation (Chapter 1, “Introduction’)
with an invitation to work on a mathematical puzzle, which I intended as a resource to
generate a tone of curiosity with respect to algebra at the outset of the research I would
present. In the two articles that followed (Chapters 2 and 3), I have sought to sustain
such curiosity with respect to a group of three students’ lettering, which I introduce to
refer to generating letters (such as x or 7) in algebraic context, and its changes over
time and in relation to classroom interactions. Through intentional epistemological,
theoretical, and methodological considerations driven by an enactive theory of
cognition (Maturana & Varela, 1992; Varela et al., 1991), the collection of these
articles advances not only the study of lettering and algebra literacy but also how
enactivism can be meaningfully leveraged in empirical research.

In Chapter 2 (“Identifying and Characterizing Algebraic Lettering in Middle-
School Student Activity”), I explored the research question: What did three middle-
school students learn with respect to lettering by the conclusion of an instructional
unit in their classroom? 1 examined the students’ activity during initial and end-of-unit
task-based interviews, and I identified three features of lettering that had changed over
time. I found, first, that the students engaged in Process-Oriented lettering, wherein
lettering was dynamic, applied and negotiated in addressing a particular problem or
goal. Second, I identified a Representationally Connective feature of lettering, where
students lettered toward consistency across equations, tables, and graphs. Lastly, I
described a Strategically Connective feature of lettering, which involved increased
application of the letters x and y accompanied by related references to experiences

with strategies from mathematics class.
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In Chapter 3, (“The Emergence of Lettering in Classroom Interactions”), |
addressed the research question: How did students’ lettering emerge in classroom
interactions during an instructional unit about linear equations? Utilizing an
embedded single case structure, I explored the student group’s lettering across five
classroom observations, regarding each student and their interactions as an embedded
unit of analysis. Through my findings, I connected how I observed the three features
of lettering from Chapter 2 as emergent in classroom interactions, as well. For
instance, I found that lettering emerged as Process-Oriented in that the students
negotiated and reconciled lettering choices to reach goals of understanding and
consistency with peers and other resources. Lettering emerged as Representationally
Connective when students lettered in drawing connections across their own
representations or with representations others had generated, both across and within
representational registers of equations, tables, and graphs. Lastly, I described my
observations of the Strategically Connective feature of lettering in how students
transitioned to applying x and y more frequently in these classroom observations,
particularly as they worked together in ways that aligned with resources and new
strategies that became available.

Within Chapter 3, I further connected lettering’s emergence to the students’
interactions with particular types of environmental resources to explain how such
emergence occurred. Namely, I identified what tasks, the teacher, and groupmates
said/wrote with respect to lettering as common resources; lettering applied across
representational registers of the same situation or lettering applied across
representations for different yet related situations were also implicated within these

interactions. Through my findings, I highlighted how each student interacted
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differently with these resources, demonstrating ways that lettering’s emergence was
interdependent as one student’s interactions also influenced another’s. Lastly, |
showed that such interactions were not only different but also differential, with
interactions reflecting the salience of power dynamics that shaped each student’s
unique experience with lettering features.

These findings, taken together, dialogue with extant literature related to the
learning and teaching of algebra. Prior literature on learning algebra has examined
how students conceive what algebraic letters represent (e.g., as unknowns or varying
quantities; Kieran, 2006; Kiichemann, 1978; Philipp, 1992; Trigueros & Jacobs, 2008)
or how students learn to symbolize in generating algebraic expressions or equations
(e.g., Brizuela & Earnest, 2008; Radford, 2000; Rosnick, 1982). Lettering, then,
reflects a new construct of interest with which one can consider processes embedded
within and related to these extant phenomena, extending the scope of prior literature
related to algebraic representation as a whole. The three features of lettering advanced
in this dissertation give form and definition to what lettering entails and how it might
operate productively as students solve problems, engage in thinking across multiple
representations, and connect their processes to broader strategies from mathematics
class.

The articulation of the three features of lettering as both a learned activity and
teaching process within classroom interactions further contributes to extant literature
around the teaching of algebra. In line with prior work, these findings highlight
students’ interactions around algebra content as a mechanism for connecting learning
and teaching processes (e.g., Lobato et al., 2003; Lozano, 2015). Through this work, I

identified five specific environmental resources and described their role in the
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emergence of lettering features, which contributes to the need for literature that
examines how algebra teaching can support algebra learning (Ellis & Ozgiir, 2024).
By acknowledging the uniqueness and interconnectedness of each student’s
experience, this work also extends findings in the direction of incorporating
consideration of issues of equity and power into our understanding of the emergence
of algebraic phenomena.

Indeed, I note that although the construct of algebraic literacy has been
targeted as a key goal in supporting equitable outcomes for every student (e.g.,
Algebra Project, Inc., 2024; Fonger, 2024; Moses & Cobb, 2001), the field is still
developing aligned definitions of what algebraic literacy entails. This dissertation
offers one way we might continue to develop and sustain definitions, examining
students’ cognition as inherently productive and adaptive to then reciprocally inform
what algebra literacy might mean. The features of lettering reflected in both task-based
interviews and classroom observations reflect a specific way in which students
authentically read and wrote with algebra. In this way, I argue that lettering could be
positioned as a specific component of algebra literacy, and research could add further
specificity to our definitions and goals through similar approaches.

The enactivist epistemology, theory, methodology, and method (see Figure 1.2
in Chapter 1) in this dissertation also speak to research beyond the discipline of
algebra education into broader studies of mathematics education applying an enactivist
lens. Across both chapters, I presented robust theoretical frameworks that leveraged
enactivism to define cognition and learning in algebra (Chapter 2) and articulate an
enactivist interactive framework for researching students’ algebra cognition in

classrooms (Chapter 3). These contributions build upon theoretical developments
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other scholars have presented to translate enactivism into empirical work in
mathematics education (e.g., Helliwell & Ebbelind, 2024; Kieren & Simmt, 2009;
Lozano, 2015; Maheux & Proulx, 2015; Troudt et al., 2024), and they afford novelty
in their specificity with respect to content and context. Furthermore, in Chapter 3, I
interpreted enactivism to inform a concrete analytical strategy I call monologic
centering analysis (Gantt, 2024), directly building upon prior enactivist endeavors to
examine collective mathematical interactions in classrooms (Towers & Martin, 2015).
Through this method, I analyzed each student’s lettering interactions to inform
understanding of group activity across multiple observations, yielding insights into
cognitive interdependence and power. Taken together, this dissertation offers insight
for enactivist scholars about how empirical insights might be drawn from these
epistemological commitments in theory- and methods-explicit ways. They also
suggest affordances of enactivism as a lens for future scholars in mathematics
education to explore within their own inquiry.

The central contributions of this dissertation with respect to lettering and
applications of enactivism in studies of algebra cognition thus represent new ideas
upon which future research projects can build, informing my own future research
agenda. My next studies could explore lettering across other student populations and
settings and with increased classroom observation frequency, expanding upon and
interrogating the features identified within this dissertation. There is also potential for
me to merge the construct of lettering with studies of symbolizing or other
components of algebra literacy to think more expansively about the relationship
between lettering and other relevant skills. In addition, my future research can also

generalize the enactivist-driven strategies of inquiry toward studies of other pre-
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existing phenomena of algebraic cognition or to articulate new ones. In particular, I
could apply the strategies for examining the emergence of students’ algebra cognition
in classrooms to further address these phenomena in algebra learning alongside
experiences of power and marginalization.

Most directly, this project opens space for me to explore pedagogy and
practice--particularly, how could we support every student’s lettering (and, ultimately,
algebra literacy) in classrooms? Chapter 2 suggests considerations for the design of
tasks that might support the development of the three features (i.e., those that invite
problem-solving, representational connections, and building upon strategies to
emerge). Chapter 3 further concretizes the design of environmental resources that
might support lettering interactions (e.g., teacher modelling of authentic lettering or
group work where the negotiation of lettering is framed as an explicit goal) and
indicates the importance of further consideration of those that strive toward promoting
equity within those interactions (e.g., through the establishment of group norms in
reaching such consensuses). The findings of this work suggest several avenues for
practitioners to take up in designing for students’ mathematical thinking; they further
open possibilities for my own research to explore, as well.

Given the foundational role that algebra literacy plays in advancing equity
across society, sustained inquiry into and practical application to support lettering is
crucial. As this dissertation has shown, our pursuits toward this goal can also be
grounded in our curiosity about student cognition and deep respect toward honoring
the creative, brilliant mathematics they construct in community with others. Through
inquiry that reveals and articulates its commitments to theory that aligns with human

values, we can investigate the roles that interdependence and agency play in how we
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learn and teach algebra. I perceive such imagination as a necessary condition for
research we pursue that reconciles mathematics’ role in our visions of a more just

world.
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