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ABSTRACT 

Bipedal locomotion is a routine and yet sophisticated task. Studies looking at 

biological systems suggest that bilateral coordination is the key to articulated rhythmic 

motions such as walking. Given its importance in formulating human walking, the 

potential of promoting interlimb coordination to facilitate gait-training for post-stroke 

patients who suffer impaired motor function due to neurological lesions, has NOT been 

fully explored. Current strategy primarily focused developing a more normal swing 

pattern on the affected side, but the results had mixed success so far. The gait-training 

community has yet to close the loop between prescribing the appropriate interventions 

and evaluating corresponding changes on either biomechanical or neurological domain. 

Inspired by a series of reduced-order locomotion models, this thesis aims at 

proposing a model framework, or a “template”, that enables systematic evaluation of 

the effects of gait-training strategies on gait performance outcomes. This template can 

capture dominant features of bipedal locomotion without delving into the fine details of 

human anatomic structure and morphology. Key metrics of human walking gaits 

including the evolution of center of mass, joint patterns, ground reaction force etc. was 

demonstrated. Additionally, the template allows custom control schemes and 

characterization of joint torques for swing motion, driven by interlimb coordination in 

particular. This enables differentiating the performance of coordination strategy against 

the incumbent in gait stability, energetic efficiency, and response to speed modulations.  

Through careful analysis of the model simulations and comparable experimental 

data, this proposed model not only proved its value in unifying the design and evaluation 

of gait-training strategies, also provided insights into the potency of a coordination-

centric approach as a gait-training strategy.    
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Chapter 1 

INTRODUCTION 

 Bilateral Coordination  

Bipedal locomotion is a routine and yet sophisticated task, achieved by a series 

of coordinated body segments performing collaborative and competitive tasks (i.e. 

balance, body support and forward progression) [1]. Studies looking at biological 

systems from an evolution perspective suggest that bilateral coordination is rooted in 

the locomotion of quadrupedal [2]–[4] and bipedal [5]–[7] animals, and is a primary 

building block to formulating articulated rhythmic motions such as walking and cycling 

[8]. Interlimb coordination, which refers to the timing of motor cycles in limbs related 

to the contralateral counterparts [9], has been supported by evidence from both neuro-

physiological [10] and biomechanical domains [11].  

As one of the leading causes for long-term disability in older adults [12], stroke 

affects approximately 795,000 people in the United States each year. Neurological 

impairment caused by stroke can lead to impaired interlimb coordination as a 

consequence of lesions in specific supraspinal neuronal structures, resulting in 

asymmetric lower limb motor impairment [13]–[15].  Due to impaired motor function, 

stroke survivors usually suffer from residual gait deficits [16]–[21] and substantial 

limitations in functional ambulation [22], [23].  

Gait-training that involves repetitive practice of the affected limb has been 

central to enhancing impaired motor functions for post-stroke individuals. The paretic 

side alone is facilitated by external assistance, applied by either therapists or robotic 
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technology, to develop a more normal swing pattern. Short-term learning of a novel 

trajectory in healthy individuals has been shown with robotic training using error 

feedback [24], [25] and recently extended to stroke survivors [26]. However, the 

efficacy of the current strategy that engages the paretic side in following exogenous 

walking templates has had mixed success in restoring gait aesthetics and functional 

ambulation [27]–[30]. 

Given the importance of interlimb coordination to formulating human walking 

gaits, the potential of promoting interlimb coordination to facilitate gait-training can be 

transformational to the existing rehabilitation landscape. Studies exploring the potency 

of interlimb coordination as the objective of gait-training have indicated promising 

results [31]–[33],  and evidence has shown that novel interlimb coordination patterns 

can be trained and retained after split-belt treadmill training [34].  

 Reductive Model 

Despite the enormous collection of work assessing the efficacy of gait-training, 

there is a lack of a basic modelling framework capable of providing guidelines to 

prescribing adequate assistance to the subject and evaluating the corresponding effects 

of prescribed interventions on gait characteristics and performance. As an attempt to 

close this loop, we propose a template model that not only captures the underlying 

dynamics of bipedal walking but also possesses the abilities to delineate the joint effort 

needed by the paretic limb. Existing musculoskeletal models [35], [36], which delve 

into the full details of muscular activation patterns, are able to capture gait kinematics 

and dynamics. However, they fail to capture the nominal cyclicity of human walking, 

which is very crucial for determining adequate assistive strategies in gait-training.  
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Reduced-order bipedal models however have been instrumental to reducing the 

complexity associated with modelling muscular activity, while preserving the central 

ingredients needed to produce a variety of bipedal gaits, in a unified fashion [37]. An 

important example of the reductive bipedal models is the double spring-loaded inverted 

pendulum (D-SLIP) model [38], [39]. The model captures key characteristics of walking 

gait like double stance and is successful in reproducing human-like gait features such 

as ground reaction force (GRF) and oscillatory movements of the center of mass (CoM). 

It provides the foundational analytic framework for studying the critical performance 

metrics (speed, step length, energetics and etc.) of a variety of bipedal gaits [40]. 

Despite of the success of the D-SLIP model in reproducing kinematics and 

kinetics of human walking with such a lean setup, it is clearly limited by its passive 

nature. For example, the D-SLIP model provides no means to characterize the effort 

required to cycle the limbs repeatedly during the swing phase, and hence is silent about 

devising appropriate interventions, which is critical for gait rehabilitation treatments. In 

addition, the post-stroke subjects bear substantial deficiencies in motor functions of the 

affected side, which are not captured by D-SLIP model. The affected limb usually 

suffers from a limited range of motion and weakened muscle activations, resulting in 

limited mechanical capability to perform functions such as push-off [41]. The current 

D-SLIP model is not prepared to account for such inherent mechanical and functional 

asymmetry in hemiparesis.  

Therefore, we propose a template planar model that is a continuum of the early 

work [42]. Our model (Figure 1a) underscores the asymmetric nature of hemiparetic 

subjects by differentiating the affected and unaffected legs mechanically and 

functionally. The point mass ܯ representing the upper body mass pivots about the leg 
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end which is in fixed contact with the ground. The unaffected/unassisted side is 

represented by a SLIP model, which has been shown to be very successful in modeling 

walking gaits of neurologically-intact subjects. Additional impulse is introduced at the 

unassisted limb push-off to simulate the effort to modulate walking speeds. This is 

primarily due to the dominant effect of ankle push-off to gait functions. The 

paretic/assisted side however, unlike the standard D-SLIP model which is symmetric, 

is represented by a two-link system augmented by actuations at the hip and knee joints, 

which enables quantitative characterization of control effort based on different training 

strategies.  

The template model proposed provides the necessary ingredients for prescribing 

an interlimb coordination policy between the two sides, or any other training schemes 

Figure 1: Reduced-order model of human locomotion. a) 4 degrees-of-freedom
model with an asymmetric leg setup: the unassisted/affected side (red) and the two-link
assisted/ affected side (black); model parameters (mass, length) of each segment are
shown. b) two-link assisted leg model with joint torque at assisted hip (𝑢1) and assisted
knee joints (𝑢2) that are coupled with gait variable (𝜃) during assisted-leg swing phase;
Push-off effort by the unassisted-leg side at its liftoff is modeled as an impulse (𝛿𝐹𝑈𝐿)
along the unassisted leg. c) D-SLIP model with unassisted hip torque (𝑢3 ) during
unassisted-leg swing.  

(a) (b) (c) 
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involving coordinated movements, which could have a far-reaching impact on 

developing and evaluating new gait-training paradigms. The coordination pattern will 

be formulated by characterizing the joint motions of the assisted joints (𝑞3, 𝑞4) during 

swing phase according to gait progression of the contralateral side (𝜃) in Figure 1b, 

creating a bilateral kinematic coupling. This setup allows gait-training schemes to target 

at various aspects of gait (e.g. hip, knee, or combination of joints) by modifying the 

parameters pertaining to coordination patterns. This is of immense importance because 

the model provides quantifiable objectives for therapists in order to customize the 

training schemes and continuously challenge post-stroke individuals in gait-training.  

With this modelling framework, we can close the loop between the design of 

interventions and assessment of therapeutic outcome, by adjusting the interlimb 

coordination patterns (training strategies) and evaluating the training outcome all in one 

picture. To validate that interlimb coordination can serve as a viable guideline for gait-

training, we simulated the walking gaits based on interlimb coordination, compared the 

gait performance driven by bilateral policy against standard gait-training strategy in 

simulation, and validated the results with experimental data from healthy subjects 

walking on instrumented treadmill. In summary, the objective of this work is to:  

1) introduce a model template which enables quantitative investigations of 

multiple control strategies and corresponding performance on post-stroke gait-training;  

2) determine whether interlimb coordination is a feasible gait-training strategy 

by showing its capability to producing stable and robust walking gaits; and, 

3) confirm that interlimb coordination is preserved at different speeds and it is a 

viable strategy for gait-training to modulate speed with human experiment validation 
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Chapter 2 

MODEL 

 Reduced-order Biped Model 

A reduced-order model is proposed in this work as the basic framework for the 

locomotion of the healthy and hemiparetic subjects (Figure 1). In contrast to D-SLIP 

model which has a symmetric setup, our model differentiates the unassisted (red) and 

the assisted (black) side with distinct leg models (Figure 1a). This provides finer 

resolution of the limb movement and joint torque profile needed to achieve desirable 

walking gaits. With the access to these richer details, it opens doors to investigating and 

customizing adequate joint efforts, individually or collaboratively for each subject of 

interest. This is instrumental to the design of gait training schemes as this setup now can 

afford the iterative process of searching for the appropriate joint actuations to facilitate 

the movements of the assisted side. 

In order to delineate the joint efforts during different phases of the gait cycle, 

two sets of leg models are defined to capture the different locomotive functions of the 

assisted leg during its swing and stance respectively.  When the assisted leg is in the air, 

it is represented as a two-link model with distinct hip and knee joint actuations (Figure 

1b). On the other hand, during its stance, the assisted side adopts the same SLIP model 

as its unassisted counterpart, and hence the model takes the form of a D-SLIP model 

with leg mass (Figure 1c). 

The sequence of phases in a gait cycle is shown in Figure 2. A gait cycle is 

consisted of alternating continuous phases indicated by arrows and discrete events 

indicated by triangles. Each continuous phase is terminated at an event where certain 
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terminal conditions are satisfied, and the model is ready for the next phase. There is a 

total of 4 continuous phases, each accompanied by its terminal event. For example, the 

model in Figure 2 starts with the assisted-leg swing (AS) phase, where the assisted leg 

takes off from the ground and moves forward with actuations at the hip and knee joints. 

The phase is terminated at an event when the assisted-leg impacts (AI) with ground. 

Each continuous phase and its terminal event, such as AS and AI, constitute a subsection 

of the gait cycle and the corresponding dynamics will be outlined in later sections. The 

model then enters the first double stance (DS) phase where both legs remain fixed 

contact with the ground. The DS phase ends at the unassisted leg liftoff (UL) when the 

unassisted leg is fully extended. This concludes the first step taken by assisted leg. The 

second step follows the same sequence of phases and events: unassisted-leg swing (US), 

unassisted-leg impact (UI), second double stance (DS) and eventually ends at assisted-

leg liftoff (AL) where the cycle begins. 

At the leg impacts (AI and UI), the leg-ground impact is modeled as inelastic 

impact and the detailed assumptions of the impact can be found in [43]. On the other 

hand, at liftoff events, the leg takes off when it is fully extended to its natural length ݈଴. 

Because the model changes the assisted leg model depending on whether it is in the air 

Figure 2:  Continuous phases and transitional events of the gait cycle for the 
reduced-order biped model 

Double
Stance (DS)

Unassisted-leg
Impact (UI)

Unassisted-leg
Swing (US)

Step 2

Unassisted-leg
Liftoff (UL)

Double
Stance (DS)

Step 1

Assisted-leg
Impact (AI)

Assisted-leg
Swing (AS)

Assisted-leg
Liftoff (AL)

Assisted-leg
Liftoff (AL)
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(Figure 1b) or in stance (Figure 1c), the model uses two sets of generalized coordinates: 

𝑞𝐴𝑆 = (𝑞1, 𝑞2, 𝑞3, 𝑞4, 𝑧1, 𝑧2)𝑇  and 𝑞𝑖 = (𝑞1, 𝑞2, 𝑞3
′ , 𝑞4

′ , 𝑧1, 𝑧2)𝑇 where 𝑖 ∈

{𝐷𝑆, 𝑈𝑆, 𝐷𝑆}. Cartesian coordinates 𝑧1, 𝑧2 are the ground contact point of the stance-

leg, which remains at a fixed location during its stance. When the model switches its 

coordinates, the hip position remains unchanged relative to the leg-ground contact point 

(toe). The two-link model is replaced by a SLIP model that connects the hip joint and 

toe, and vice versa. A coordinate transformation 𝛾: 𝑞′ = 𝛾(𝑞)  can be performed to 

obtain the D-SLIP configuration 𝑞′ from the original coordinate 𝑞. The length and mass 

of the assisted leg are preserved during the transition. This replacement can be 

visualized in Figure 2 as the dashed lines. 

The model is constantly under the influence of active inputs during continuous 

phases and is affected by external impulses at the discrete events throughout the gait 

cycle. 3 joints of the model are actuated and they are only engaged during their 

respective swing phases shown in Figure 2: assisted hip (𝑢1) and knee (𝑢2) during AS 

phase, and unassisted hip (𝑢3) during US phase. No joint actuations are involved during 

DS phases. However, at the discrete events, the model is affected by external 

interactions whether with the ground at impacts or by active push-off effort at liftoffs. 

The effects of these interactions are directed to the model dynamics through impulses. 

For example, in an attempt to simulate the subjects' intention to modulate speed at the 

unassisted-leg liftoff, the effort to increase ankle push-off is abstracted as an impulse 

𝛿𝐹UL along the unassisted leg (shown as a blue arrow in Figure 2). 

A governing dynamics equation can be obtained by the Lagrange method for 

phase 𝑖 ∈ {𝐴𝑆, 𝐷𝑆, 𝑈𝑆,𝐷𝑆}, 
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 𝐷𝑖(𝑞𝑖)𝑞𝚤̈ + 𝐶𝑖(𝑞𝑖, 𝑞𝚤̇)𝑞𝚤̇ + 𝐺𝑖(𝑞𝑖) = 𝐵𝑖𝑢𝑖 + 𝐽𝑖
𝑇 𝜆 + 𝐸𝑖

𝑇 𝛿𝐹𝑖 

Φi(𝑞𝑖) = 0
(1)

 

where 𝐷𝑖 , 𝐶𝑖 , 𝐺𝑖  are the inertia matrix, Coriolis matrix, and gravitational term 

respectively. Joint actuations 𝑢𝑖 are mapped into the coordinate system by 𝐵𝑖. Lagrange 

multiplier 𝜆  that enforces the phase-based holonomic constraints 𝛷𝑖(𝑞𝑖) is a set of 

holonomic constraints affects the dynamics via the Jacobian matrix 𝐽𝑖 = 𝜕𝛷𝑖
𝜕𝑞𝑖

.  External 

impulses 𝛿𝐹𝑖 applied to the model at discrete events such as impacts and liftoffs affects 

the dynamics via the Jacobean matrix 𝐸𝑖. Selecting the state vector 𝑥 to include the 

configuration variables and the corresponding rates, that is 𝑥𝑖 = (𝑞𝑖
𝑇 , 𝑞𝚤̇

𝑇 )𝑇 . 

Considering the assumptions (no impulse), the state-space form of the dynamics (1) can 

be expressed as a differential equation, 

 

 𝑥𝚤̇ =
⎣
⎢⎡

𝑞𝚤̇

𝐷𝑖
−1 (−𝐶𝑖𝑞𝚤̇ − 𝐺𝑖 + (𝜕Φ𝑖

𝜕𝑞𝑖
)

𝑇

λ)
⎦
⎥⎤ + [ 0

𝐷𝑖
−1𝐵𝑖

] 𝑢𝑖 

= 𝑓𝑖(𝑥𝑖) + 𝑔𝑖(𝑥𝑖) 

(2)

 

During each continuous phase, the continuous dynamics (𝑓𝑖, 𝑔𝑖) is a variation of 

equation (2) on a domain 𝒳. The model continues evolving until it reaches the terminal 

events (leg impact or liftoff), which are described by threshold function 𝐻𝑖(𝑥𝑖) = 0. 

This defines a switching surface 𝑆ࣻ on which the model undergoes the discrete change 

of states that includes changes in the velocity of the system due to ground impacts or 

push-off effort, as well as change of coordinates due to model transformation. The end 

result is a reset map 𝛥𝑖→𝑗, 
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 𝑥𝑗
+ = 𝛥𝑖→𝑗(𝑥𝑖

−) (3)

mapping the pre-event states, 𝑥𝑖
−, to the post-event states,  𝑥𝑗

+ for the successive phase 

𝑗. More details on deriving the reset map 𝛥𝑖→𝑗 can be found in the book [43]. In the 

following sections, we will outline the common elements for each phase: the continuous 

dynamics, the switching surface and the reset map and present the dynamics for each 

pair of continuous phase and the terminal event.  

 Assisted-Leg Swing (AS) and Assisted-leg Impact (AI) 

During the assisted-leg swing, the body mass pivots about the fixed unassisted-

leg toe as the assisted leg swings forward. This gives rise to the phase-specific 

constraints Φ𝐴𝑆(𝑞): [𝑧1 − 𝑐1, 𝑧2 − 𝑐2]𝑇 = 0  where 𝑐1  and 𝑐2  are constants. Since the 

unassisted-leg toe (𝑧1, 𝑧2) remains at a fixed position,  𝜆 𝜕Φ𝐴𝑆(𝑞)
𝜕𝑞 = 0 will render λ ≡ 0. 

The dynamics is subject to only control actions by hip and knee actuators. Therefore, 

𝑢𝐴𝑆 = (𝑢1, 𝑢2, 0)𝑇 . Substituting the phase-specific quantities as outlined above in 

equation (1) yielding, 
 
 𝐷𝐴𝑆(𝑞𝐴𝑆)𝑞ÄS + 𝐶𝐴𝑆(𝑞𝐴𝑆, 𝑞ȦS)𝑞ȦS + 𝐺𝐴𝑆(𝑞𝐴𝑆) = 𝐵𝐴𝑆𝑢𝐴𝑆  

𝛷𝐴𝑆(𝑞𝐴𝑆) = 0 (4)

 

The model is written in state-space form by defining 
 

 

𝑥𝐴̇𝑆 = [
𝑞𝐴̇𝑆

𝐷𝐴𝑆
−1 [−𝐶𝐴𝑆(𝑞𝐴𝑆, 𝑞𝐴̇𝑆)𝑞𝐴̇𝑆 − 𝐺𝐴𝑆(𝑞𝐴𝑆)]] + [ 0

𝐷𝐴𝑆
−1 𝐵𝐴𝑆

] 𝑢𝐴𝑆  

= 𝑓𝐴𝑆(𝑥𝐴𝑆) + 𝑔𝐴𝑆(𝑥𝐴𝑆)𝑢𝐴𝑆  
(5)

 

The continues dynamics of the AS phase evolves until the vertical distance from 

the assisted-side foot to the ground becomes zero, captured by, 
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 𝐻𝐴𝐼(𝑞) ≔ 𝑞1𝑐𝑜𝑠(𝑞2) − 𝑙𝑎𝑡ℎ𝑐𝑜𝑠(𝑞2 + 𝑞3) − 𝑙𝑎𝑠ℎ𝑐𝑜𝑠(𝑞2 + 𝑞3 + 𝑞4) (6)

 
which defines the switching surface 𝑆𝐴𝐼 ,  

 
 𝑆𝐴𝐼 ≔ {𝑥|𝐻𝐴𝐼(𝑞) = 0, 𝐻̇𝐴𝐼(𝑞) < 0} (7)

 

The impact dynamics is a continuum of the continuous phase, and hence the 

constraints 𝛷𝐴𝑆(𝑞) of assisted-leg swing (AS) phase are still valid during the assisted-

leg impact event. Now the model dynamics is affected by external impulses 𝛿𝐹𝐴𝐼  due 

to the impact. Therefore, the dynamics can be expressed as,  

 
 

 𝐷𝐴𝑆(𝑞𝐴𝑆)𝑞𝐴̈𝑆 + 𝐶𝐴𝑆(𝑞𝐴𝑆, 𝑞𝐴̇𝑆)𝑞𝐴̇𝑆 + 𝐺𝐴𝑆(𝑞𝐴𝑆) = 𝐵𝐴𝑆𝑢𝐴𝑆 + 𝐸𝑇 𝛿𝐹𝐴𝐼  

𝛷𝐴𝑆(𝑞𝐴𝑆) = 0 (8)

 

We model the impact as an inelastic collision [44], i.e. the leg impacts with the 

ground and does not slip or bounce. Both legs will remain in contact with the ground 

after impact. Thus, the configuration variables 𝑞  are invariant after the impact. 

Following the Impact Hypotheses in [45], both sides of impact dynamics (8) can be 

“integrated” over the “duration” of impact, resulting in,  

 
 𝐷𝐴𝑆(𝑞𝐴𝑆

+ )𝑞𝐴̇𝑆
+ − 𝐷𝐴𝑆(𝑞𝐴𝑆

− )𝑞𝐴̇𝑆
− = 𝐸𝐴𝑆

𝑇 𝐹𝐴𝐼  (9) 
 

where FAI ≔ ∫ δFAI
t+

t−1
 is the resultant impulsive force during the impact, and 𝑞−̇ and 

𝑞+̇ denote the pre- and post-impact velocity. The post-impact states satisfy 

 
 𝐸𝐴𝑆(𝑞𝐴𝑆)𝑞𝐴̇𝑆

+ = 0 (10)
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Combining (9) and (10), we obtain 

 
 [𝐷𝐴𝑆(𝑞𝐴𝑆) −𝐸𝐴𝑆

𝑇 (𝑞𝐴𝑆)
𝐸𝐴𝑆(𝑞𝐴𝑆) 04×4

] [𝑞𝐴̇𝑆
+

𝐹𝐴𝐼
] = [𝐷𝐴𝑆(𝑞𝐴𝑆

− )𝑞𝐴̇𝑆
−

0
] (11)

 

The augmented matrix on the LHS of the above equation is invertible and the 

solution of equation (11)  is unique and this results in, 

 

 𝑞𝐴̇𝑆
+ = 𝛱11(𝑞𝐴𝑆

− )𝐷𝐴𝑆(𝑞𝐴𝑆
− )𝑞𝐴̇𝑆

− =:𝛥𝑞𝑞̇𝐴̇𝑆
−

(12)

where 

 

 𝛱(𝑞𝐴𝑆) = [𝐷𝐴𝑆(𝑞𝐴𝑆) −𝐸𝐴𝑆
𝑇 (𝑞𝐴𝑆)

𝐸𝐴𝑆(𝑞𝐴𝑆) 04×4
]

−1

(13)

 

Π11 is the a 6-by-6 block matrix composed of the first 6 rows and first 6 columns of the 

matrix Π11.  

After the impact, the model switches to a D-SLIP setup. Therefore, a state 

transformation 𝛤  is necessary to obtain the post-impact states that will be ready for the 

next phase. Combining with (12), the assisted-leg impact dynamics shown in (8) can be 

expressed as a mapping from the pre-impact states 𝑥𝐴𝑆
−  to post-impact states 𝑥𝐷𝑆1

+ , 

 
 𝑥𝐷𝑆

+ = ΔAI(𝑥𝐴𝑆
− )        𝑥𝐴𝑆 ∈ 𝑆𝐴𝐼 (14)

Δ𝐴𝐼  is the reset map for assisted-leg impact (AI). 
 

 Double Stance (DS) and Unassisted-leg Liftoff (UL) 

After the assisted-leg impacts with the ground, the model enters the double stance phase 

where the location of the ground contact points (toes) on both sides are fixed with the 
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ground and the distance between the toes (step length) remains constant 𝑑.  The resulting 

holonomic constraints become, 

 

 ΦDS(𝑞𝐷𝑆) ≔
⎣
⎢⎡

𝑧1 + 𝑞1𝑠𝑖𝑛(𝑞2) + 𝑞3
′ 𝑠𝑖𝑛(−𝑞4

′ ) − 𝑑
𝑧2 + 𝑞1𝑐𝑜𝑠(𝑞2) − 𝑞3

′ 𝑠𝑖𝑛(−𝑞4
′ )

𝛷𝐴𝑆 ⎦
⎥⎤ (15)

 

where Φ𝐴𝑆  is the constraints during the AS phase. During the double stance phase, no 

voluntary control effort or external impulse is engaged, and hence 𝑢𝐷𝑆 = 0  and 

𝛿𝐹𝐷𝑆 = 0, which result in dynamic equation for DS phase, 

 
 DDS(𝑞𝐷𝑆)𝑞𝐷̈𝑆 + CDS(𝑞𝐷𝑆, 𝑞𝐷̇𝑆)𝑞𝐷̇𝑆 + GDS(𝑞𝐷𝑆) = λ𝐽𝑇  

Φ𝐷𝑆(𝑞𝐷𝑆) = 0 (16)

 

In order to bring this to the state-space form, we will eliminate λ  by 

differentiating (15) with respect to 𝑡 twice, 

 
 𝐽𝑞̇𝐷̇𝑆 + 𝐽𝑞𝐷̈𝑆 = 0 (17)

 
and solve for Lagrange multiplier 𝜆 in (16) using (17), to get 

 
 𝜆 = (𝐽𝐷−1𝐽𝑇 )−1[−𝐽𝑞̇𝐷̇𝑆 + 𝐽𝐷−1(𝐶𝑞𝐷̇𝑆 + 𝐺)] (18)

Finally, (16) can be written in state-space form as,  

 

 
𝑥𝐷̇𝑆 = 𝑓𝐷𝑆(𝑥𝐷𝑆) 

= [
𝑞𝐷̇𝑆

𝐷−1(𝑞𝐷𝑆)[λ𝐽𝑇 − 𝐶(𝑞𝐷𝑆, 𝑞𝐷̇𝑆)𝑞𝐷̇𝑆 − 𝐺(𝑞𝐷𝑆)]] (19)

 



 14

The double stance phase terminates when the unassisted leg is fully extended to 

its natural length 𝑙0,  which can be described by another threshold function, 

 

 𝐻𝑈𝐿 ≔ 𝑞1 − 𝑙0 (20)
 
which defines the switching surface 𝑆𝑈𝐿, 

 
 𝑆𝑈𝐿 ≔ {𝑥𝐷𝑆|𝐻𝑈𝐿(𝑞𝐷𝑆) = 0, 𝐻̇𝑈𝐿(𝑞𝐷𝑆) > 0} (21)

 

The discrete dynamics during UL is affected by the push-off impulse applied at 

the toe of unassisted side towards the body mass, denoted as 𝛿𝐹𝑈𝐿. This gives rise to 

the dynamics for the unassisted-leg liftoff phase with push-off impulse,  

 
 𝐷𝐷𝑆(𝑞𝐷𝑆)𝑞𝐷̈𝑆 + 𝐶𝐷𝑆(𝑞𝐷𝑆, 𝑞𝐷̇𝑆)𝑞𝐷̇𝑆 + 𝐺𝐷𝑆(𝑞𝐷𝑆) = 𝜆𝐽𝑇 + 𝛿𝐹𝑈𝐿 

𝛷𝐷𝑆(𝑞𝐷𝑆) = 0
(22)

in which the holonomic constraints Φ𝐷𝑆  for double stance are still valid during 

unassisted-leg liftoff. The impulse 𝛿𝐹𝑈𝐿 is not included in system dynamics during the 

nominal walking gait, but only appears when the subject intends to undergo speed 

modulation. Like transition at Assisted-Leg Impact (AI), the effect of dynamics during 

Unassisted-Leg Liftoff (22) can be represented as a mapping between pre- and post-

liftoff states. The derivation procedure can follow (9)-(14) and the details are omitted. 

The final result is, 

 
 𝑥𝑈𝑆

+ = Δ𝑈𝐿(𝑥𝐷𝑆
− ) 𝑥𝐷𝑆 ∈ 𝑆𝑈𝐿 (23)

 

This completes the first step taken by the assisted leg. The second step (from US 

to AL) presents the same sequence of continuous phases and discrete events, except that 
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the unassisted side swings forward and there is no push-off effort at Assisted-leg Liftoff 

(AL).  

 Unassisted-leg Swing (US) and Unassisted-leg Impact (UI) 

During the unassisted-leg swing (US), the model is unilaterally actuated by the 

joint torque at the unassisted hip, giving rise to a joint input 𝑢𝑈𝑆 = (0,0, 𝑢3)𝑇 . Like the 

assisted-leg swing, the model is only constrained at toe on the assisted side which is in 

stance now. This results in Φ𝑈𝑆 ≔ [𝑧1 − 𝑐1, 𝑧2 − 𝑐2]𝑇 = 0. Therefore, the model has a 

continuous dynamics in the similar form of (4), 
 
 𝐷𝑈𝑆(𝑞𝑈𝑆)𝑞𝑈̈𝑆 + 𝐶𝑈𝑆(𝑞𝑈𝑆, 𝑞𝑈̇𝑆)𝑞𝑈̇𝑆 + 𝐺𝑈𝑆(𝑞𝐷𝑆) = 𝐵 𝑢𝑈𝑆 𝑈𝑆 + 𝐽𝑇 𝜆 

ΦUS(𝑞𝑈𝑆) = 0 
(24)

which can be written in state-space expression, 
 
 𝑥𝑈̇𝑆 = 𝑓𝑈𝑆(𝑥𝑈𝑆) + 𝑔𝑈𝑆(𝑥𝑈𝑆)𝑢𝑈𝑆 (25)

 

The switching surface 𝑆𝑈𝐼  for unassisted-leg swing is defined at the event of 

unassisted-leg impact (UI), where the vertical distance between the unassisted-leg toe 

and ground, monitored by the threshold function 𝐻𝑈𝐼 , reduces to zero when the 

unassisted leg is in front of the hip. Thus, the switching surface 𝑆𝑈𝐼  can be defined, 
 
 𝑆𝑈𝐼 ≔ {𝑥 ∈ 𝒳𝑈𝑆, 𝑞3

′ > 0|𝐻𝑈𝐼(𝑞) = 0, 𝐻̇𝑈𝐼 < 0} (26)
 

Similar to (14), the effect of this impact can also be expressed as a reset map between 

post- and pre-impact states, 
 
 𝑥𝐷𝑆

+ = ΔUI(𝑥𝑈𝑆
− )        𝑥𝑈𝑆 ∈ 𝑆𝑈𝐼 (27)
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 Double Stance (DS) and Assisted-leg Liftoff (AL) 

Now the model enters the second double stance (DS) phase. Compared to the 

first, the unassisted and assisted sides swap positions. Similarly, the model is not subject 

to any joint inputs 𝑢𝐷𝑆 = 0 and both toes are subject to the same constraints as DS. 

Hence the dynamics of this DS phase can be expressed as, 

 

 𝑥𝐷̇𝑆 = 𝑓𝐷𝑆(𝑥𝐷𝑆) (28)

 

 The dynamics of double stance follows (19), until the trailing assisted SLIP leg 

reaches its natural length 𝑙0 , which is captured threshold function 𝐻𝐴𝐿 = 𝑞3
′ − 𝑙0 . 

Hence the switching surface 𝑆𝐴𝐿 can be defined by, 
 
 𝑆𝐴𝐿 ≔ {𝑥𝐷𝑆|𝐻𝐴𝐿(𝑞𝐷𝑆) = 0, 𝐻̇𝐴𝐿(𝑞𝐷𝑆) > 0} (29)

 

A mapping 𝛥𝐴𝐿  between the pre-liftoff states and post-liftoff states can be 

obtained as a result of the discrete dynamics for the assisted-leg liftoff. The inverse state 

transformation 𝛤−1 is applied to the post-liftoff states 𝑥𝐷𝑆
+  to re-initiate the model states 

in the original coordinates 𝑞𝐴𝑆  for the coming gait cycle. The reset map takes the pre-

liftoff states to post-liftoff states in the original coordinates 𝑞𝐴𝑆 , 

 
 𝑥𝐴𝑆

+ = ΔAL(𝑥𝐷𝑆
− ) 𝑥𝐷𝑆 ∈ 𝑆𝐴𝐿 (30)

 

 Summary of Model Dynamics 

In summary, the full cycle consisting of 4 continuous phases accompanied with 

4 distinct transitions can be expressed as a set of 4 non-linear subsystem with impulse 

effects as below, 
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Σ1: {

𝑥𝐴̇𝑆 = 𝑓𝐴𝑆(𝑥𝐴𝑆) + 𝑔𝐴𝑆(𝑥𝐴𝑆)𝑢𝐴𝑆

𝑥𝐷𝑆
+ = ΔAI(𝑥𝐴𝑆

− )         𝑥𝐴𝑆 ∈ 𝑆𝐴𝐼
 

 

 Σ2: {
𝑥𝐷̇𝑆 = 𝑓𝐷𝑆(𝑥𝐷𝑆

− )
𝑥𝑈𝑆

+ = Δ𝑈𝐿(𝑥𝐷𝑆
− )                      𝑥𝐷𝑆 ∈ 𝑆𝑈𝐿

 

 

Σ3:{
𝑥𝑈̇𝑆 = 𝑓𝑈𝑆(𝑥𝑈𝑆) + 𝑔𝑈𝑆(𝑥𝑈𝑆)𝑢𝑈𝑆 
𝑥𝐷𝑆

+ = ΔUI(𝑥𝑈𝑆
− )                         𝑥𝑈𝑆 ∈ 𝑆𝑈𝐼

 

 

Σ4: {
𝑥𝐷̇𝑆 = 𝑓𝐷𝑆(𝑥𝐷𝑆

− )
𝑥𝐴𝑆

+ = ΔAL(𝑥𝐷𝑆
− ) 𝑥𝐷𝑆 ∈ 𝑆𝐴𝐿

 

 

(31)

Each of the 4 sub-systems is a system with impulse effects, a dynamical system 

that exhibits both continuous and discrete dynamic behavior. The presence of impacts 

and the varying nature of the contact conditions of the leg ends with the environment 

throughout a walking cycle -- due to leg touchdown and lift-off -- necessarily lead to a 

model that has multiple phases, and hence is hybrid.  

 Periodic Gait Cycle and Poincaré Return Map 

This section develops the methods for determining the existence and stability 

properties of periodic orbits in nonlinear systems with impulse effects in the context of 

human locomotion. These methods analyze the periodic orbits and their properties in a 

systematic way and make the computations of such periodic gaits more practical. Here 

we: 1) define periodic orbits of hybrid systems and their stability properties; and 2) 

introduce the Poincaré method for studying the existence and stability properties of the 

periodic solutions.  
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 Periodic Solutions and Periodic Gait 

An autonomous system with impulse effects consists of three components: an 

autonomous ordinary differential equation, 𝑥(̇𝑡) = 𝑓(𝑥(𝑡)) , defined on some state 

space 𝒳; a hyper surface 𝑆 at which the solutions of the differential equation undergo 

a discrete transition that is modelled as an instantaneous reinitialization of the 

differential equation; and a rule Δ: 𝑆 → 𝒳 that specifies the new initial condition as a 

function of the point at which the solution crosses 𝑆. The surface 𝑆 is called switching 

surface and Δ the reset map [43].  

 

 Σ:{
𝑥(̇𝑡) = 𝑓(𝑥(𝑡)) 𝑥− ∉ 𝑆
𝑥+(𝑡) = Δ(𝑥−(𝑡)) 𝑥−(𝑡) ∈ 𝑆 (32)

 

Th sub-systems Σ1,Σ2,Σ3, Σ4 in (31) are all systems with impulse effects. The 

solution of the overall system can be defined by concatenating the solutions of each 

individual system in (31) according to the succession of Figure 2. A formal definition 

of solutions to a hybrid system can be found in [43].  

We will be interested in periodic solutions. A solution φ(𝑡): [t0,∞) → 𝒳 of the 

autonomous system with impact effects like (31) is periodic if there exists a finite 𝑇 >

0 such that 𝜑(𝑡 + 𝑇 ) = 𝜑(𝑡) for all 𝑡 ∈ [𝑡0,∞), i.e. if the model is initiated at time 𝑡0, 

its states including joint angles and velocities at any instance, are identical to the states 

at time 𝑇  later. A set 𝒪 ⊂ 𝒳 is a periodic orbit of (31) if 𝒪 = {𝜑(𝑡) | 𝑡 ≥ 𝑡0} for some 

period solution φ(𝑡) . Human walking gaits are nontrivial periodic orbits of the 

dynamical system derived in section 2.1. A periodic orbit 𝒪  is transversal to the 

switching surface 𝑆 if its closure intersects 𝑆 at exactly on point, and at the intersection, 

the periodic orbit is not tangent to 𝑆 (Figure 3). 
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A periodic orbit 𝒪 is stable in the sense of Lyapunov if for every 𝜖 > 0, there 

exists an open neighborhood 𝒱 of 𝒪 such that for every 𝑝 ∈ 𝒱, there exists a solution 

𝜑(𝑡): [0,∞) → 𝒳  satisfying 𝜑(0) = 𝑝 , dist(𝜑(𝑡), 𝒪) < 𝜖   for all 𝑡 ≥ 0 , where 

dist(𝑝1, 𝑝2)  is the usual Euclidean distance between points 𝑝1, 𝑝2 ∈  n and 

dist(p1, 𝒪) ≔ inf𝑝2∈𝒪dist(𝑝1, 𝑝2) . The orbit 𝒪  is attractive if there exists an open 

neighborhood 𝒱 of 𝒪 such that for every 𝑝 ∈ 𝒱, the solution 𝜑(𝑡): [0,∞) → 𝒳 with 

𝜑(0) = 𝑝 satisfies limt→∞dist(φ(𝑡), 𝒪) = 0.  The orbit 𝒪 is asymptotically stable in 

the sense of Lyapunov if it is both stable and attractive. Finally, the orbit 𝒪  is 

exponentially stable if there exists an open neighborhood 𝒱 of 𝒪 and positive constants 

𝑁 and 𝛾  such that for every 𝑝 ∈ 𝒱 , the a solution 𝜑: [0,∞) → 𝒳  with 𝜑(0) = 𝑝 

satisfies dist(φ(t), 𝒪) ≤ 𝑁 esxp(−𝛾𝑡)dist(𝑝, 𝒪).  

Figure 3: Geometric interpretation of a Poincaré return map 𝑃 : 𝑆 → 𝑆 for a system 
with impulse effects. The switching surface 𝑆 is selected to be the Poincaré section. The 
dashed line and solid line stand for the impact phase model and swing phase model, 
respectively. Δ is the impact map. 𝜑(𝑡,Δ(𝑥)) is a solution of the continuous phase. 



 20

 Poincaré Return Map and Fixed Points  

The dynamics of periodic walking gaits can be described by concatenating the 

dynamics of sub-systems in (31).  To study the existence of such gaits, the method of 

Poincaré [46] is used. The Poincaré method examines the states of the model at a defined 

surface transversal to a periodic orbit, and studies the states of the discrete instances at 

two consecutive crossings with the surface. The defined surface is called Poincaré 

surface. There are natural choices for the Poincaré section, such as switching surface 𝑆. 

Without loss of generality, we will use the switching surface 𝑆AL as the example; Note 

through that, the same procedure can be applied to other choices of such surface.  

We will start by defining flow maps for each phase of the walking gait in Figure 

2. The composition of the individual flow maps gives the Poincaré map. 

Given the dynamics of the model, we first define the time-to-impact function for 

the Assisted-leg Swing (AS) phase, 𝑇𝐼,𝐴𝑆:𝒳 → 𝑅 ∩ {∞}, 

 

  𝑇𝐼,𝐴𝑆 ≔ {
inf {𝑡 ≥ 0 𝜑1(𝑡, 𝑥0) ∈ 𝑆𝐴𝐼} if ∃𝑡 s.t. 𝜑1(𝑡, 𝑥0) ∈ 𝑆𝐴𝐼

∞ otherwise
 (33)

 

where φ1 is the solution of the continuous phase AS represented by Σ1. Following the 

derivation in chapter of 4.2 of [43], the AS flow map that maps the entry states in AL 

to exit states for this phase at AI, 𝑃𝐴𝑆: 𝑆𝐴𝐿 → 𝑆𝐴𝐼 ,  

 

 𝑃𝐴𝑆(𝑥𝐷𝑆2) ≔ 𝜑𝐴𝑆 (𝑇𝐼,𝐴𝑆(𝛥𝐴𝐿(𝑥𝐷𝑆2)),𝛥𝐴𝐿(𝑥𝐷𝑆2)) (34)

 

where Δ𝐴𝐿 is the reset map that re-initializes the states coming into AS phase.  
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Following a similar derivation, the flow map for the DS1 phase corresponding 

to Σ2 of Equation (31) 𝑃2: 𝑆𝐴𝐼 → 𝑆𝑈𝐿, 

 

 𝑃2(𝑥𝐴𝑆) ≔ 𝜑𝐷𝑆 (𝑇𝐼,𝐷𝑆1(𝛥𝐴𝐼(𝑥𝐴𝑆)),𝛥𝐴𝐼(𝑥𝐴𝑆)) (35)

 

is well defined and continuous. Similarly, the flow map for US phase 𝑃3: 𝑆𝑈𝐿 → 𝑆𝑈𝐼 ;  

and DS2 phase 𝑃4: 𝑆𝑈𝐼 → 𝑆𝐴𝐿, can be deducted, 

 

 𝑃3(𝑥𝐷𝑆1) ≔ 𝜑𝑈𝑆 (𝑇𝐼,𝑈𝑆(𝛥𝑈𝐿(𝑥𝐷𝑆1)), 𝛥𝑈𝐿(𝑥𝐷𝑆1)) (36)

 

 𝑃4(𝑥𝑈𝑆) ≔ 𝜑𝐷𝑆 (𝑇𝐼,𝐷𝑆2(𝛥𝑈𝐼(𝑥𝑈𝑆)),𝛥𝑈𝐼(𝑥𝑈𝑆)) (37)

 

The Poincaré return map 𝑃 : 𝑆𝐴𝐿 → 𝑆𝐴𝐿  for Equation (31) is defined by 

composing the flow maps for each phase sequentially, 

 

 𝑃 ≔ 𝑃4 ∘ 𝑃3 ∘ 𝑃2 ∘ 𝑃1 (38)

 

The Poincaré return map gives rise to a discrete-time system on the Poincaré 

surface, 𝑆𝐴𝐼  for example, by defining 

 

 𝑥[𝑘 + 1] = 𝑃(𝑥[𝑘]) (39)

 

and nominal periodic walking gaits are captured by the equilibrium points of (39). Such 

points are called fixed points 𝑥∗, 
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 𝑥∗ = 𝑃(𝑥∗) (40)

 

The method of Poincaré reduces the problem of studying the existence and 

stability properties of a periodic solutions to (31) down to studying the existence and 

stability properties of the equilibrium point of (39).  

Based on Theorem 4.1 and Corollary 4.1 in [43], exponential stability of the gait 

cycle can be characterized by evaluating whether eigenvalues of the linearized Poincaré 

map at the fixed point 𝑥∗ have magnitude strictly less than one. 

 Walking Pattern Generation 

Section 2.2 provided the groundwork for defining the periodic orbits, i.e. the 

periodic walking cycle in the proposed model and its properties, as well as the 

Poincaré’s method to evaluate and guarantee the stability of such walking gaits. In this 

section, we propose a systematic framework for constructing such stable walking gaits 

by carefully choosing the appropriate control strategy to actuate the individual joints 

collaboratively. For the purpose of this work, we dedicate our attention to a bilateral 

strategy driven by interlimb coordination, where the movement of the assisted side is 

closely coupled with the unassisted side. Ultimately, the goal is to demonstrate the 

design of a feedback controller that creates asymptotically (or exponentially) stable 

walking gaits. This section has two objectives: 1) to present a class of output functions 

that govern interlimb joint coordination and 2) to introduce a finite parametrization of 

these outputs in a form that will permit the shaping of coordination patterns by 

parameter optimization.   
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 Interlimb Coordination Strategy  

Despite their morphological differences during the swing phase, both the assisted 

and the unassisted leg are not engaged in any active joint actions during the double 

stance as the D-SLIP model. However, during their swing phase, the controlled joints, 

regardless of assisted or unassisted side, are geometrically coupled to gait progression 

of the contralateral side in stance (Figure 4). Such geometric coupling can be embedded 

in a set of outputs, which are later enforced by feedback control. Interlimb coupling can 

be achieved by driving these suitably-selected outputs to zero using input-output 

linearization.  Therefore, the joint motions of the swing leg are orchestrated according 

to their contralateral side, providing interlimb coordination.  

The output function 𝑦𝑖  captures bilateral coordination by taking the difference 

between the controlled joints 𝑞𝑖
𝑐, and the desired joint profile ℎ𝑖

𝑑(𝜃) prescribed by the 

phase variable 𝜃𝑖 , which is a monotonic geometric variable describing the gait 

progression. To spell out the output function,  

 

 𝑦𝑖 ≔ ℎ𝑖(𝑞𝑖, 𝜃𝑖) = 𝑞𝑖
𝑐 − ℎ𝑖

𝑑(𝜃𝑖) (41)

 

where 𝑖 ∈ {𝐴𝑆,𝑈𝑆}  and 𝑞𝑖
𝑐  specifies controlled joints. In the proposed control 

framework, and 𝜃 has to be monotonic during the swing phase. Therefore, it follows, 

 

 𝑞𝑖
𝑐 ≔ 𝐻0𝑞𝑖 (42)

 𝜃𝑖(𝑞𝑖) ≔ 𝑐𝜃𝑞𝑖 (43)

 

note that in (41), ℎ𝑖
𝑑(𝜃) is a function of the configuration variables (not time), and there 

it can eb interpreted as a virtual holonomic constraint. Bilateral coordinated movements 
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are manifested in the formulation of the output function (41), as enforcing the joint 

motions of the swing side to follow joint profile that depends on the phase variable 𝜃 of 

the other side. 

Taking the assisted-leg swing phase (AS) for example, the controlled variables 

𝑞𝑐 are the hip and knee joints of the assisted side, and the phase variable 𝜃 is the angle 

of the unassisted leg, 

 

 𝑞𝑐 = 𝐻0q = [
𝑞3
𝑞4

] (44)

Figure 4: Evolution of the model during continuous phases and transition events
and control schemes for each phase. The model is actuated during the swing phases (AS 
and US) by the joint torques (blue) that are coupled with gait progression variable 𝜃. 
The model evolves along its intrinsic dynamics during the double stance phases. 
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 𝜃(𝑞) = 𝑐θ𝑞 = 𝑞2 (45)

 

where 𝐻0 = [0 0 1 0
0 0 0 1] and 𝑐𝜃 = [0 1 0 0]. 

In order to realize the interlimb coordination patterns described in (41), the 

output function 𝑦 has to be driven to zero by the torque available on the swing leg. The 

control actions required to promote the coordination strategy can be revealed by 

linearizing the input-output relationship along the swing phase dynamics.  

From earlier derivations of (5) and (25), the dynamics of swing phase take a 

general form of: 𝑥̇ = 𝑓(𝑥) + 𝑔(𝑥)𝑢. Through differentiation of output 𝑦, the control 

input 𝑢 will be exposed and a linear relationship between inputs and outputs can be 

established. The first derivative of output along swing dynamics, 

 

 
𝑑𝑦
𝑑𝑡

= 𝜕ℎ
𝜕𝑥

𝑥̇
(46)

 = [𝜕ℎ
𝜕𝑞

  𝜕ℎ
𝜕𝑞 ̇

] [[ 𝑞 ̇
𝐷−1[−𝐶𝑞 ̇− 𝐺]] + [ 0

𝐷−1𝐵]𝑢]
(46a)

 = [𝜕ℎ
𝜕𝑞

 0] [ 𝑞 ̇
𝐷−1[−𝐶𝑞 ̇− 𝐺]] + [𝜕ℎ

𝜕𝑞
0] [ 0

𝐷−1𝐵] 𝑢 
(46b)

 
= 𝐿𝑓ℎ(𝑞, 𝑞)̇

(46c)

where 𝐿𝑓ℎ(𝑞, 𝑞)̇ denotes the Lie derivative of ℎ along the vector field 𝑓 . Since input 𝑢 

does not appear (46), differentiating the output once again computes the accelerations,  
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𝑑2𝑦
𝑑𝑡2 = [ 𝜕

𝜕𝑞
(𝜕ℎ

𝜕𝑞
𝑞)̇ 𝜕ℎ

𝜕𝑞
] [[ 𝑞 ̇

𝐷−1[−𝐶𝑞 ̇− 𝐺]] + [ 0
𝐷−1𝐵] 𝑢] 

= [ 𝜕
𝜕𝑞

(𝜕ℎ
𝜕𝑞

𝑞)̇ 𝜕ℎ
𝜕𝑞

] [ 𝑞 ̇
𝐷−1[−𝐶𝑞 ̇− 𝐺]] + 𝜕ℎ

𝜕𝑞
𝐷−1𝐵𝑢 

= 𝐿𝑓
2ℎ(𝑞, 𝑞)̇ + 𝐿𝑔𝐿𝑓ℎ(𝑞)𝑢

(47)

in which the matrix 𝐿𝑔𝐿𝑓ℎ(𝑞) is called the decoupling matrix, and it depends only on 

the configuration variables. The invertibility of this matrix at a given point ensures that 

𝑢 can influence the output function (47) and thus it ensures the existence and uniqueness 

of the desired control action. By driving 𝑦 ̈ = 0 and assuming the decoupling matrix is 

invertible, the desired control effort 𝑢∗ can be solved, 

 

 𝑢∗ = −(𝐿𝑔𝐿𝑓ℎ(𝑞))
−1

𝐿𝑓
2(𝑞, 𝑞)̇ (48)

 

Despite the required torque to achieve coordinated joint movements and walking 

gaits, it is critical to ensure such gaits are attractive in the presence of external 

disturbances.  In other words, the orbits must be asymptotically (or exponentially) 

stable. This can be achieved by deploying a feedback control that imposes the 

coordination patterns (41). As in, 

 

 𝑢(𝑥) = (𝐿𝑔𝐿𝑓ℎ(𝑥))
−1

(𝑣 − 𝐿𝑓
2ℎ(𝑥)), (49)

resulting in, 

 

 
𝑑2𝑦
𝑑𝑡2

= 𝑣 (50)
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where 𝑣 is chosen to according to the following PD control law 

 

 𝑣 = − 1
ϵ
𝐾𝐷𝑦̇ − 1

ϵ2 𝐾𝑃 𝑦 (51)

 

where ϵ > 0 is a tuning parameter. Based on Theorem 5.5 detailed in section 5.5.2 in 

[43], the orbit 𝒪 is exponentially stable periodic orbit to (31) in closed loop with (49).  

The same process can be replicated on the unassisted-leg swing (US) phase, 

where the unassisted hip joint is actuated, and the phase progression of the gait can be 

parametrized against the angle the assisted leg, which is now a SLIP model. 

 Desired Coordination Patterns 

The desired joint profile ℎ𝑑(𝜃) can be described by polynomial functions of 𝜃, 

chosen to be the contralateral hip angle. Specifically, one-dimensional Bézier 

polynomials [45] of degree 𝑀  are used to parameterize ℎ𝑑(𝜃),  

 

 𝑏𝑖(𝑠) ≔ ∑ 𝛼𝑘
𝑀!

𝑘! (𝑀 − 𝑘)!
𝑠𝑘(1 − 𝑠)𝑀−𝑘

𝑀

𝑘=0
(52)

 

The Bézier polynomials of (52) have some useful features over others, 

a) The image of the Bézier polynomial is contained in the convex hull of the 𝑀 + 1 

coefficients 

b) 𝑏(0) = 𝛼0 and 𝑏(1) = 𝛼𝑀  

c) (𝜕𝑏𝑖(𝑠)/𝜕𝑠) |𝑠=0 = 𝑀(𝛼1 − 𝛼0) and (𝜕𝑏𝑖(𝑠)/𝜕𝑠) |𝑠=1 = 𝑀(𝛼𝑀 − 𝛼𝑀−1) 

The first feature implied the polynomial does not fluctuate over small parameter 

variations, which is useful for numerical calculations. The next two features directly 
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relate coefficients α0  and α1  (α𝑀−1 , αM) to the starting (ending) configuration and 

velocity, which will significantly simplify the search for the desired coordination 

pattern. 

A given gait phase variable 𝜃(𝑞) does not in general take values in the unit 

interval over a phase of single support. For appropriate construction of Bézier 

polynomials, the 𝜃(𝑞) will be normalized to fit the interval [0, 1] as follows 

 

 𝑠(𝑞) ≔ 𝜃(𝑞) − 𝜃𝑠
𝜃𝑓 − 𝜃𝑠 (53)

 

where 𝜃𝑠  and 𝜃𝑓  are the values of 𝜃 at the starting and final states of single support 

phase.  

Hence, the desired joint profile ℎ𝑑 parameterized by Bézier polynomials of the 

form (52) and (53) and it can be represented by ℎ𝑑 ∘ 𝜃(𝑞), 

 

 
ℎ𝑑 ∘ 𝜃(𝑞) ≔

⎣
⎢⎢
⎡

𝑏1 ∘ 𝑠(𝑞)
𝑏2 ∘ 𝑠(𝑞)

⋮
𝑏𝑁−1 ∘ 𝑠(𝑞)⎦

⎥⎥
⎤

(54)

 

We group the parameters α𝑘
𝑖  into an (𝑁 − 1) × (𝑀 + 1) matrix, α, and denote 

the columns of α  by α𝑘 ≔ (α𝑘
1; … ; α𝑘

𝑁−1) . It is worthwhile to mention that the 

coordination patterns are determined by the polynomial coefficients 𝛼. As it is shown 

in the next section, they hold the key to constructing appropriate walking gaits of 

interests. Moreover, the optimization process provides tractable means to the design and 

customization of gait-training strategies to achieve the best therapeutic outcomes for 

individuals. 
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 Gait Parameters Optimization 

The previous two sections have specified a set of outputs for which the existence 

of the solutions to hybrid systems can be guaranteed in a straightforward manner. This 

section presents a general scheme for choosing the free parameters in Bézier 

polynomials to design a coordination strategy corresponding to α  and the resulting 

walking gaits corresponding to a fixed point 𝑥∗. The main objective is to formulate the 

coordination strategy design problem as a parameter optimization problem. The 

optimization process will result in a feedback control law so that the corresponding 

closed-loop system which possesses an exponentially stable walking cycle.  Along this 

solution a cost function will have been minimized while satisfying other kinematic and 

kinetic constraints. 

The parameter selection problem will be cast as a constrained nonlinear 

optimization problem. The goal will be to choose the output function parameters α, such 

that hybrid model (31), the coordination strategy specified by (41) with 𝑞𝑖
𝑑, 𝑞𝑖

𝑐 and 𝜃𝑖 as 

in (41), (42), (43) , and state variable feedbacks given in (51), possesses an exponentially 

stable periodic orbit while minimizing a given cost function and satisfying a set of 

physically and mathematically motivated constraints along the periodic orbit.  

The cost function chosen to be the energy expenditure by joints per distance 

traveled, 

  

 𝐽(𝛼𝑗) ≔ 1
𝛴𝑗𝑝𝑠𝑤𝑓,𝑗

ℎ (𝑞𝑗
−)

∫ ∑ (𝑢𝛼𝑗
∗ (𝑡))

2

𝑗
𝑑𝑡

𝑇𝐼

0
 (55)
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Where 𝑗 ∈ {𝐴𝑆, 𝑈𝑆}, 𝑇𝐼  is the cycle duration, 𝑝𝑠𝑤𝑓,𝑗
ℎ (𝑞𝑗

−) corresponds to step length 

of each phase. 

The optimization is subject to nonlinear constraints to ensure the feasibility of 

the walking gaits. Nonlinear inequality constraints (NIC) and nonlinear equality 

constraints (NEC) are chosen to ensure the following criteria are met:  

NIC1) Minimal normal ground reaction force experience by stance leg,  

NIC2) The vertical component of the post-impact trailing leg force is positive 

NIC3) Anterior-posterior ground reaction forces are within the friction cone 

NEC1) The existence of the fixed point  

NEC2) The stability of the fixed point  

NEC3) The average walking speed  

The parameter optimization problem may be solved with any numerical 

optimization tools available. For this work, the optimization problem was solved with 

Matlab’s (MathWorks, Natick, MA) fmincon solver with sequential quadratic 

program (sqp) algorithm. 
  

 Simulation Experiments 

 Set-point Control 

Current gait-retraining strategies primarily focus on recovery of motor functions 

by engaging the paretic side in goal-oriented functional tasks such as these which 

practice intralimb coordination. The assistance particularly, by robotic gait-trainers, is 

administered based on how close the subject can follow certain time-position 

trajectories. In contrast to the bilateral strategy discussed previously, where the joint 
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motions on the paretic side are prescribed by the gait progress of the unassisted side, the 

patients are trained with playbacks of pre-fixed trajectories recorded from healthy 

subjects. One example of the training schemes uses the footpath recorded from of 

healthy subjects as the templates that the subjects are commanded to keep track of [24]. 

This approach is widely adopted by robotic gait-training platforms that target at gait 

rehabilitation for post-stroke subjects [47], [48].  

This current control strategy can be mathematically formulated using inverse 

kinematics to map the footpath to the hip and knee joints. We will implement this control 

strategy in the proposed model framework and compare its performance with the 

interlimb coordination strategy. Similar to the interlimb coordination strategy, the 

alternative strategy can be formulated in the form of output functions (41), and the 

necessary joint control 𝑢alt can be enforced by driving the output function to zero, 

 

 𝑦′(𝑡) ≔ ℎ′(𝑞, 𝑡) = 𝑞𝑐 − 𝑞𝑑
′ (𝑡) (56)

 

where 𝑞𝑑
′ (𝑡) is the time evolution of the configuration variables 𝑞. Following similar 

steps from (46)-(48), the joint torque profile required to maintain the prescribed 

trajectory can be obtained, 

 

 𝑢𝑎𝑙𝑡
∗ (𝑡) = (𝐿𝑓𝐿𝑔ℎ′(𝑞, 𝑡))

−1
(−𝐿𝑓

2ℎ′(𝑞, 𝑡) + 𝑞𝑑̈
′ (𝑡)) (57)

 

However, in a practical gait-training session, following a prescribed trajectory 

can be problematic because a lag in time during trajectory tracking can lead to 

extraordinary torques that endanger the safety of subject [49]. Instead, the desired joint 
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position 𝑞𝑑
′ (𝑡) , velocity 𝑞𝑑̇

′ (𝑡)  and acceleration 𝑞𝑑̈
′ (𝑡)  during the swing phase of the 

simulated gait obtained by parameter optimization in Section 2.3.3, are discretized into 

point series respectively 𝑄𝑑[𝑛] = (𝑞𝑑1, 𝑞𝑑2,… , 𝑞𝑑𝑁) , 𝑉𝑑[𝑛] = (𝑞𝑑̇1, 𝑞𝑑̇2,… , 𝑞𝑑̇𝑁)  and 

𝐴𝑑[𝑛] = (𝑞𝑑̈1, 𝑞𝑑̈2, … , 𝑞𝑑̈𝑁). The discretized points can be stacked to form 𝑆𝑑ሾ݊ሿ 

 

 𝑆𝑑[𝑛] = [
𝑄𝑑
𝑉𝑑
𝐴𝑑

] = [𝑆𝑑[1], 𝑆𝑑[2],… , 𝑆𝑑[N]] (58)

 

where 𝑆𝑑[𝑛] is the i-th column vector of the discretized desired joint position, velocity 

and acceleration, and it is called the set-point.  

At each iteration in the simulation, the objective of the controller is to bring the 

actual joint position to the geometrically closest set-point along the pre-specified 

trajectory where the Euclidean distance |𝑞𝑐(𝑡) − 𝑞𝑑[𝑛]| is the smallest. This set-point is 

denoted by 𝑆𝑑
∗ (Figure 5), i.e. 

 

 𝑆𝑑
∗[𝑛] = argminqd∈Sd,i∈N|𝑞𝑐(𝑡) − 𝑞𝑑[𝑖]| (59)

 

consequently, the joint angle, velocity and acceleration of the set-point are denoted 𝑃𝑑
∗, 

𝑉𝑑
∗, and 𝐴𝑑

∗ . 

The output functions for set-point controller can be obtained by substituting the 

current set-point points into,  

 

 𝑦𝑠 ≔ ℎ𝑠(𝑞) = 𝑞𝑐 − 𝑄𝑑
∗ [𝑛] (60)
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The nominal control law for set-point controller can be approximated by 

replacing the desired time evolution of joint motion in (57) with the set-point determined 

by (59), 

 

 𝑢𝑠
∗ = (𝐿𝑓𝐿𝑔ℎ𝑠(𝑥))

−1
(𝐴𝑑

∗ − 𝐿𝑓
2ℎ𝑠(𝑥)) (61)

where 𝐴𝑑
∗  is the acceleration of the desired set-point along the discretized path. Again, 

to ensure the nominal gaits are attractive, the PD control 𝑣 in (51) is deployed with the 

exact same gains to ensure the converging behavior. Therefore, the control action 

applied by set-point control is, 

 

 𝑢𝑠 = (𝐿𝑓𝐿𝑔ℎ𝑠(𝑥))
−1

(𝑣 + 𝐴𝑑
∗ − 𝐿𝑓

2ℎ𝑠(𝑥)) (62)

 Gait Stabilization 

The capability of control strategies in restoring gait stability is the pillar to the 

design of gait-training paradigm. It is vital to investigate the performance of the control 

strategies in the cases where the subjects of interest develop abnormal gaits that deviate 

from desired joint patterns. Therefore, such scenarios are simulated in the model by 

starting the simulation at the instance of assisted-leg liftoff (AL), with hip and knee 

Figure 5: Schematics of the control objectives for the set-
point controller and coordination controller 
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angles on the assisted side slightly off the mark. We chose to introduce deviations at 

this instance because the control strategies would immediately respond to these 

disturbances and also has a longer time to respond to them before the assisted-leg 

touches the ground. Then we will evaluate whether the nominal gait can be recovered 

under the influence of control strategies with admissible control efforts. If the model 

can survive such gait deviation over 50 steps without failing, with the peak joint torque 

less than 100Nm, then the disturbance is claimed to be tolerable by the controller. 

The joint angles on the assisted side will be disturbed by an increment of 5%, 

and the range of tolerable deviations can be obtained by recognizing the last largest 

deviation the model run on without failing. Simulations will be run on the full range of 

tolerable deviations in both cases of bilateral coordination and set-point control until the 

model fails the survival condition. The tolerable range of motion and the control efforts 

along both hip and knee joints will be compared.  

 Speed Modulation 

Once control strategies demonstrate sufficient ability to stabilize walking gaits, 

we want to see whether they will respond to systematic gait changes, such as speed 

modulation.  

The nominal walking gaits obtained from the parameter optimization will be 

simulated with interlimb coordination and set-point control strategies respectively. 

Speed modulation will be achieved by introducing additional repetitive impulse at 

unassisted-leg liftoff (UL) transition. The impulses are applied at the toe of the 

unassisted leg, directed along the leg pointing towards the hip. A variation of intensities 

of the impulses (normalized by body weight) are introduced in the simulation, all of 

which the model is ensured to survive the impulses and stabilize itself.  
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The forward speeds and step frequency over the AS and US phases are 

calculated for comparison.  The evolutions of the hip speeds, step frequency and step 

length over time as well as their steady-state behaviors, will be evaluated across control 

strategies and impulse magnitudes. 
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Chapter 3 

HUMAN EXPERIMENT 

 Research Design 

Subjects are instructed to walk on a custom-built split-belt treadmill 

instrumented with two 6-component force platform (Bertec, Columbus, OH). The 

treadmill belt speeds are tied, and it can be set to two different modes: normal and user-

driven. At normal mode, the treadmill is run at a fixed speed. At the user-driven mode, 

the belt speeds can adapt to the push-off forces (anterior GRF) applied to only one side, 

which is helpful for isolating the effect of the subject pushing off on one side.  A diagram 

of treadmill control is shown in Figure 6.  

The subjects will first be asked to identify their push-off side (left or right), 

which the treadmill control will be sensitive to. Demographic data including height, 

weight and age of the subjects will be recorded. Subjects will complete five trials: self-

selected speed (Baseline) under normal mode, Pushoff-Adaptive (PA) speed under the 

user-driven mode and three fast speeds under normal mode: 20% faster (20Fast), 40% 

faster (40Fast), and 60% faster (60Fast) than baseline speed. During the Baseline trial, 

the magnitude of Anterior GRF (AGRF) are being recorded frame-by-frame. Upon the 

PA trial, 20 largest data points of AGRF will be averaged and the value will be displayed 

as visual reference in the next trial. During PA trial, given the visual reference, the 

subjects are encouraged to push harder against the treadmill than their Baseline trial on 

their push-off side to accelerate the walking speeds.  

 Participant 

1 healthy subject (age 28 yrs., self-selected speed 1.0 m/s) is analyzed in this 

study.  
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 Gait Evaluation 

Kinematic and kinetic data are captured using an 8-camera (100Hz sampling 

rate) motion capture system (Motion Analysis Corp., Santa Rosa, CA, USA) as 

participants complete all trials a split-belt treadmill (Bertec, Columbus, OH) 

instrumented with 2 independent 6 degree of freedom force plate capturing at 2000Hz. 

Two rounds of these trials will be conducted to ensure repeatability. The self-selected 

walking speed is defined by slowly accelerating the treadmill until it reaches a speed 

that the participant claims that they are walking at their normal pace. Kinematic and 

kinetic data are filtered using a bi-directional Butterworth low-pass filter at 6 and 30 

Hz, respectively.  

Figure 6: Control diagram of push-off adaptive treadmill control 
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 Data Analysis  

Kinematic and kinetic parameters in the sagittal plane including hip, knee angles 

and GRF are processed and averaged over the period of data collection for each trial. 

These results are used to compare with simulation results to validate the model.  

The 2D acute angle formed between the line extension connecting the center of 

pressure (CoP) and the hip on the stance side and a vertical line are calculated, in order 

to monitor gait progression variable 𝜃. The sign conventions follow the right-hand rule 

of the lab coordinates. The evolution of hip and knee joints of the non-dominant side at 

all speeds are matched with the progression of the contralateral side indicated by 𝜃. Data 

processing is completed in Visual 3D (C-Motion Inc. Bethesda, MD). 

We quantify push-off effort from subjects by calculating the area under the 

AGRF curve during the propulsive phase (Figure 7a). In order to make the 

measurements of push-off in experiment comparable to the one in simulations, Effective 

Push-off Impulse (𝐼EPO) is defined. It is the projection of the integral of AGRF over the 

period of propulsion phase onto the trailing limb angle at terminal configuration 𝜃𝑓  

(Figure 7b).  

 

 𝐼EPO = (∫ AGRF
Prop Phase

) 𝑠𝑖𝑛(𝜃𝑓) (63)

  

The relationship between the walking speeds and effective push-off impulse are 

analyzed by using Pearson correlation coefficients to determine whether the impulse-

speed relationship from the simulation can be validated by human subject data. 
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Figure 7: a) An illustration of the integral of anterior-posterior component of 
ground reaction force (GRF) profile during the propulsive duration 𝑇𝑝. b) an illustration 
of 𝐼EPO  as the projection of propulsive impulse along the unassisted-leg as the 
measurement of push-off impulse.  

(a) (b) 
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Chapter 4 

RESULTS 

 Periodic Walking Gaits and Properties  

A number of fixed points has been computed for different initial guesses and 

different coordination pattern coefficients using the model parameters in Table 1 and 

the optimization procedure discussed above. The model parameters listed refer to the 

work [38] and they are compliant to human anthropometric data in [50]. Figure 8(a)-(d) 

show an example of such fixed point by showing the evolution of the Cartesian variables 

of the hip joint during one gait cycle. As the hip joint is coincided with the body mass, 

it is demonstrated that the oscillation of the body mass reaches the peaks during both 

swing phases and re-bounces during the double stances (Figure 8a). The velocities of 

the body mass in both horizontal and vertical directions are damped due to the inelastic 

impact of the assisted leg with the ground, which results in a discontinuous drop in speed 

as shown in Figure 8(b) and Figure 8(d). The average hip forward speed over one cycle 

is 0.865 m/s. 

 

Table 1: Model and Subject Parameters 

Parameter  Model Subject Units 
Body Mass (𝑀) 64 56.2 kg 
Assisted Thigh/Shank Mass (𝑚𝑎𝑡ℎ/𝑚𝑎𝑠ℎ)  4 8.26/3.84 kg 
Assisted Thigh/Shank Length (𝑙𝑎𝑡ℎ/𝑙𝑎𝑠ℎ) 0.5/0.5 0.476/0.432 m 
Assisted Thigh/Shank Inertia (𝐽𝑎𝑡ℎ/𝐽𝑎𝑠ℎ) 0.083/0.083 0.143/0.061 kg m2 
Unassisted/SLIP Leg Mass (𝑚𝑆𝐿𝐼𝑃 ) 8 12.1 kg m2

Unassisted/SLIP Leg Inertia (𝐽𝑆𝐿𝐼𝑃 ) 0.667 0.77 kg m2 
SLIP Leg Stiffness (𝑘) 20 20.5 kN/m
SLIP Natural Length (𝑙0) 1.0 1.04 m 
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Figure 8: Evolution of the hip vertical displacement (a), hip vertical velocity (b),
hip forward displacement (c) and hip forward velocity (d) during one gait cycle. The
vertical lines correspond to the events; from left to right: assisted-leg liftoff, assisted-
leg impact, unassisted-leg liftoff and unassisted-leg impact. The torque profile for 
unassisted side joint (e) and assisted side joints (f) during the normalized swing phase
of the corresponding side. In (f), the blue and green line correspond to the hip and knee 
torques, respectively. 
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In addition, the joint torque profiles on both unassisted and assisted sides during 

their respective swing phase are demonstrated in Figure 8(e) and (f). Joints on both sides 

achieve the peak extension torques slightly before the leg impact. The values of the joint 

torques agree with observations of joint torques in human [51]. 

 Model Validation 

The evolution of hip and knee joints on the assisted side from the simulated gait 

over one cycle are demonstrated in Figure 9a respectively. The gait cycle starts from 

assisted-leg impact (AI) and ends with assisted-leg swing (AS) just before the impact. 

The evolution of gait cycle is normalized to be [0,100%]. The joint kinematics are 

displayed side-by-side with their counterparts from the baseline trial (1.0 m/s) of the 

human experiments (dashed line).   

Our reductive model captures salient kinematic features of human walking. The 

range of motion for hip and knee joints shown in the model simulation are within the 

physically feasible range of human subjects and are comparable to the range shown in 

experimental data. The simulated gait shows late extensions on both hip and knee joints 

and late knee flexion compared to the joint evolutions from the experiment. Moreover, 

the simulated gait has a stance/swing duration ratio very close to the average 60%/40% 

split, which shows the model’s ability to replicate human-like walking gaits.   

In addition, the evolution of simulated ground reaction forces from both assisted 

and unassisted sides are displayed with the GRF profile from the experiments (Figure 

9b). In the experimental data, the dominant side in stance is labelled as the “Unassisted 

Leg” (red) and the non-dominant side in stance as “Assisted Leg” (black). The simulated 

ground reaction forces (solid line) resembles to experimental data (dashed line). The 

anterior-posterior component (GRFAP) of both sides from the simulated model follows 
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closely the profile of the experimental data. The vertical GRF profile in the model has 

shown the common double-hump shape on both sides, and it peaks at the same time 

during one gait cycle. Additional key gait kinematics from experiments are included in 

Table 2.  

 Potency of Interlimb Coordination for Gait-training in Simulations 

 Scenario I: Gait Stabilization 

The model driven by (i) interlimb coordination strategy and (ii) set-point 

controller is each simulated at the fixed point found by parameter optimization and the 

performances of the model to withstand the gait deviations under the influence of 

different control policies are recorded in Figure 10a respectively. The coordination 

strategy shows a significant capability to recover from greater deviations from initial 

joint angles compared to its counterpart controller. The model driven by the 

coordination strategy sustains a range of gait deviations [-100%, +50%] of its initial hip 

Figure 9: a) Joint kinematics of assisted-leg hip (blue) and knee (green) angle. The 
simulated joint angles (solid) and experimental joint outputs (dashed) are shown. The 
gait cycle starts at assisted leg impact and ends at assisted-leg swing just before impact, 
and the gait cycle is normalized. b) The mean and standard deviation of the GRF profile 
from human experiment (dashed) baseline trial (1m/s) and GRF from simulated gait 
(solid). GRF of unassisted-leg (red) and assisted leg (black) are normalized by body 
weight. 

(a) (b) 
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angle in simulation, and it recovered from deviations of up to 34 deg away from its 

initial knee angle. In contrast, the range of tolerable gait deviations along the hip angle 

is significantly limited to [-10%, 35%] when actuated by set-point controller, while it 

can handle up to 42 deg of knee angle deviations. The coordination strategy outperforms 

the set-point controller in restoring deviations at the hip and falls slightly behind on the 

tolerable range of motion at the knee joint.  

The magnitude of peak joint torques to recover the nominal gait from the 

tolerable range of motion is color-coded in Figure 10b (top panel: interlimb 

coordination; bottom panel: set-point control). The set-point control, in general, requires 

more effort to recover the nominal gait for the same amount of gait deviations. In 

contrast, the effort by interlimb coordination strategy is comparatively smaller and it 

has a much smoother torque profile over the tolerable range of motion across both hip 

and knee angles.  

 Scenario II: Speed Modulation 

The responses of the simulated walking gaits with respect to the effort to 

modulate walking speed via increasing push-off impulse depend on the control 

Table 2: Kinematic Parameters from Simulation and Experimental Results 

Measurement  Model Subject Units 
Speed 0.865 1.0 m/s 
Ave Step Length 0.5 0.56±0.02 m 

Ave Cadence 101.5 105.3±2.5 Steps/min 
Stance/Swing Ratio 63%/37% 61%/39% - 
Peak Hip Angle 32.7 38.35 deg 
Peak Knee Angle 62.2 65.8 deg 
Speed 0.865 1.0 m/s 
Ave Step Length 0.5 0.56±0.02 m 
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strategies. Driven by a bilateral strategy, the model is more sensitive to the push-off 

effort on the unassisted side. In Figure 11a, push-off impulses of the same magnitude 

are introduced to the model at the unassisted-leg liftoff (UL) after the fifth step, which 

results in an immediate surge in speed of the unassisted side in both controller cases. 

On the other hand, the assisted sides demonstrated different responses to the effort of 

the unassisted side to modulate speed. The assisted side of the coordination-driven 

model increases its speed accordingly, while the model driven by set-point control is 

reluctant to do the same.  

The differences in ability to modulate speed lie in the different coping 

mechanism to changes in cadence as the result of the control strategies. The model 

driven by either controller is propelled by push-off impulse at unassisted-leg liftoff. The 

unassisted side gains speed as a result of the increasing cadence (Figure 11b). The 

assisted side whose cadence is coupled with the unassisted side due to interlimb 

Figure 10: a) An example of the range of tolerable gait deviations under the influence
of Set-point controller (orange crosses) and of coordination controller (blue dots). The
nominal joint angles are indicated by the black circle. b) Peak joint torque profile (color
bar in Nm) needed to restore nominal gaits in cases of the coordination controller (top)
and set-point controller (bottom). The torque signature spans across tolerable range of 
gait deviations of knee (x axis) and hip (y axis) of the assisted side. 
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coordination, is forced to catch up with the unassisted side by design. On the contrary, 

the model driven by set-point controller is unresponsive to changes in cadence, and 

hence the overall speed of the assisted side remains unchanged. Therefore, the model 

driven by the coordination strategy overall reaches a faster steady-state speed compared 

to the set-point control. 

The model performance of speed modulation with respect to the push-off 

impulse under the influence of the coordination strategy scales up with the increasing 

magnitude of impulse. Stronger push-off effort leads larger overall gait speed (Figure 

12). In contrast, the set-point controller shows a sluggish response given the same 

intensity of push-off impulses. The changes in speed administered by set-point 

controller are marginal compared to its coordination-driven counterpart. The increase 

in speed due to bilateral coupling is three times that of the set-point controller, and this 

Figure 11: a) An example of evolutions of hip forward velocities over the assisted-
leg swing (black) and unassisted-leg swing (red). The model driven by set-point 
controller (dots) and coordination controller (line) adapts to push-off impulse. b) The
cadence of the unassisted sides (red) and assisted sides (black) driven by coordination
controller (line) and set-point controller (dots) in response to push-off impulse.  

(b) (a) 
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substantial difference in response to speed modulation due to control strategies is 

present across all tolerable magnitudes of impulse. 

For a closer look at the benefits of interlimb coordination in speed modulation, 

we plot the average step length and average step frequency, the two driving factors for 

modulating walking speed, over the period of 50 steps after the introduction of push-off 

impulses. The model driven by interlimb coordination, gains a faster cadence on the 

unassisted side as the direct results of the impulses. Its assisted side, whose cadence is 
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Figure 12: Hip forward velocity of the model in response to push-off impulse 
applied at the unassisted side liftoff (UL). The terminal speed of model driven by
Coordination Strategy (blue) and Set-point Control (orange)  

Figure 13: a) Average step frequency over 50 steps due to varying intensities of 
push-offs under different control strategies. b) Final step lengths in relation to the
magnitude of push-off impulse under influence of different controllers.  
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coupled with the unassisted side due to interlimb coordination, is forced to catch up with 

the unassisted side by design. The overall effects of the bilateral coupling result in an 

increase in step frequency (Figure 13a) and shows no change in step length (Figure 13b). 

Conversely, the set-point controller, which operates by following local point of 

reference, is insensitive to changes in global gait progression. Therefore, when the 

unassisted side modulates speed it must rely on change in step length to achieve speed 

modulation.  

 Experimental Validation 

The power of the model driven by interlimb coordination to replicate the key 

characteristics of the human gaits not only lies in capturing nominal walking, but the 

coordination strategy is evident in walking gaits at a range of speeds. The evolution of 

the hip joint on the assisted side at numerous speeds against unassisted side single 

stance, normalized by the gait progression of angle 𝜃, agree with the model in the 

mid/late stance (40-100%), shown in Figure 14. Despite of differences in joint 

kinematics and kinetics due to increased walking speeds, the differences in geometric 

coupling between the assisted side and unassisted side remain insignificant. 

The underlying mechanism to achieve speed modulation using bilateral 

coordination are also observed from gait evaluation of treadmill walking. The changes 

of walking speeds due to push-off impulses from the simulated results and experimental 

data are shown in Figure 15. The changes in hip forward speed in simulation (Figure 

15a) are strongly correlated to the magnitudes of the push-off impulse, with R-square 

values exceeding 0.98 for both control schemes. Likewise, in the experiment (Figure 

15b), the changes of walking speed have a significant correlation with the effective 

push-off impulse derived from AGRF impulses over the propulsive phase. 
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Figure 15: a) Changes in hip forward velocity due to push-off impulses (normalized 
by body weight) driven by interlimb coordination (blue) and set-point control (orange). 
b) Changes in walking speeds in response to changes in effective push-off impulses
(normalized by body weight) over propulsive phase 
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Figure 14: The geometric coupling between the assisted hip joint angles and gait 
progression of unassisted side indicated by are shown. Assisted hip angles of walking 
at numerous speeds are plotted against during the unassisted single stance 
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Chapter 5 

DISCUSSION 

 Novelty of Model 

In spite of its reductive nature, this model has the minimal setup to account for 

the structural and functional differences between the unassisted side and the assisted 

side. The D-SLIP model abstracts both legs as massless springs, and it has been 

successful in describing the general characteristics exhibited in bipedal locomotion such 

as gait cycles, oscillation of CoM and conservation of energy [52]. Though it is 

sufficient in realizing passive bipedal walking gaits, it has inherent deficiencies in 

delineating the joint torques that are required to repeat gait cycles due to its lack of 

actuating components in the model. The model we proposed in this work represents the 

assisted side as a segmented leg model with active joint actuators during the swing 

phase.  As a result, it enables us to quantify and articulate the amount of effort needed 

by the assisted and unassisted sides to move the limbs forward.  Also, by segmenting 

the limb during swing phase, the model is allowed to achieve a multi-joint profile 

resembling the natural human walking (Figure 9a) that D-SLIP was not able to. 

However, our model still preserves the properties of energy conservation existed in D-

SLIP model during stance phase due to leg compliance [52]. As it can be seen in Figure 

9b, the simulated GRF profile follows a common M-shape as the GRF profile from 

experiments.  

In addition, the intention to modulate walking speed is characterized by 

abstracting the additional push-off effort as an instantaneous impulse along the leg 

direction. It is assumed that the unassisted side would initiate the push-off effort as the 

motor function of the unassisted side plays a dominant role in stroke survivors. The 
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range of push-off impulse intensity in Figure 15 simulated in the model agrees with 

current studies that look at quantifying the push-off effort [53]. 

 Significance of Interlimb Coordination  

Parametrizing the interlimb coordination in a phase-dependent manner is 

embedded in the formulation of bipedal locomotion [54]–[56]. Such phase-dependent 

coordination was proven to be an intrinsic and robust approach to control limb segments 

to compensate for a variety of walking gaits and external disturbances [57]–[59]. A 

reliable phase variable candidate must process specific characteristics, including being 

monotonic and unactuated. Monotonicity over time helps determine precisely where 

controlled joints should be at along one gait cycle. Under-actuation makes it very 

flexible to couple or decouple the evolution of the controlled joints with the uncontrolled 

degrees of freedom. The notion of creating phase-dependent joint motions has succeed 

in the control of biped robots [43], [60]–[62] and the control of prosthetic devices [63], 

[64].  

The phase-dependent interlimb coordination is shown to be present in a healthy 

subject by extracting the coordination pattern between joint angles of the assisted side 

and the phase variable 𝜃  during the assisted-leg swing (Figure 14). The solid line 

indicating the phase coupling in simulation showed a similar shape and matched with 

the trend of its experimental counterparts at mid/late stance. The discrepancy between 

the simulated and experimental coordination pattern at early stance is due to the fact 

that the model has to overcome excessive pre-swing over-extension, which is due to the 

model limitations that will be explained later in Section 5.4. Moreover, the phase 

dependency across a variety of walking speeds from slow to fast shared similar trends, 

despite distinct kinematic and kinetic characteristics displayed at different speeds. The 
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phase-driven movement patterns at the joint level was recently surveyed as an attempt 

to search candidate phase variables for an unifying control scheme for prosthetics, and 

the same results on the bilateral coordination patterns throughout the speed spectrum 

were reported in [55].   

The phase-dependency between the two sides during swing phase evidently can 

be exploited to train the subjects with new interlimb coordination patterns to improve 

gait functions. Reisman et al. [65] suggested that interlimb coordination patterns of  

healthy adult subjects can be re-shaped and retained after short bouts of gait training on 

split-belt treadmill. Not only healthy subjects, but also subjects with chronic stroke 

showed significant improvements in bilateral phase-coupling and gait functions after 

body-weight supported treadmill training (BWSTT) [66].  

 Implications of Interlimb Coordination to Gait-training 

As it was shown previously, a coordination-based gait-training schemes have 

the potential to improve the overall walking ability post-stroke by promoting a more 

efficient and versatile strategy. This work has shown that a bipedal walking model 

driven by a bilateral coordination strategy can systematically replicate human walking 

gaits with crucial features such as joint torques, joint motion profile and ground reaction 

forces. In comparison to incumbent control strategies adopted by multiple robotic gait-

training platforms like [24], [47], [48], which was simulated as the set-point control in 

the model, the coordination-centric gait-training strategy is a more robust strategy for 

subjects because it can accommodate for a much larger degrees of gait deviations 

(Figure 10a).  

Additionally, the bilateral coordination strategy enjoyed substantial advantages 

in energetic efficiency in recovering from gait deviations. As it is shown in Figure 10b, 



 53

the coordination strategy utilized a smaller torque to overcome the same amount of gait 

deviation compared to the set-point control. This suggests that the coordination-based 

strategy is better suited for gait-training schemes where specific bilateral coordination 

patterns are an integral part of the desired walking, as the embedded phase coupling 

automatically drives the subjects to the walking patterns with significantly improved 

gait energetics compared to set-point controller. The torques needed in nominal walking 

are slightly higher than human physiological torque during self-selected walking 

reported in [51]. The difference can be explained by the control actions that kick in 

when deviations are present, and these values agree with the magnitudes reported in 

earlier work [67], [68]. 

Furthermore, the proposed interlimb coordination strategy demonstrated 

significant advantages in gait adaptations and compensations to external stimuli 

compared to the alternative set-point control method. Its versatility is fully demonstrated 

in the case of speed modulation initiated by subjects’ unassisted side. Unlike set-point 

controllers relying on local path tracking, the coordination strategy orchestrated the joint 

motions of the assisted side according to the progression of the gait dictated by the 

unassisted side. It is, by construction, positioned to monitor changes demanded by the 

unassisted side and it will respond to it according to the intrinsic coordination pattern. 

When the subject’s unassisted side starts to push off harder, it causes an increase in 

speed of the unassisted side in either controller case (Figure 11a). The differences in 

ability to modulate speed lie in the different coping mechanism to changes in phase 

progression as the result of the control strategies (Figure 11b). The unassisted side gains 

speed as a result of the increasing cadence or faster phase progression. The assisted side 

actuated by phase coupling is bound to catch up with the unassisted side by increasing 
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its cadence. On the contrary, the model driven by the set-point controller is unresponsive 

to changes in cadence, and hence the overall speed of the assisted side remains 

unchanged. Therefore, the model driven by the coordination strategy overall reaches a 

faster steady-state speed compared to the set-point control. 

Governed by the coordination pattern described in section 2.3.2, the subject is 

adept to take advantage of one single pattern to effectively modulate to a variety of 

walking speeds by voluntarily modifying the cadence of the unassisted side. The 

effectiveness of bilateral coordination is even more outstanding as the magnitude of the 

impulses increases. The overall effects of the bilateral coupling result in an increase in 

step frequency (Figure 12a) and show no change in step length (Figure 12b). 

Conversely, the set-point controller, which operates by following a local point of 

reference, is insensitive to changes in global gait progression. Therefore, when the 

unassisted side modulates the speed, the assisted side must rely on changes in step length 

to achieve speed modulation. This has important implications for gait-rehabilitation, as 

both strategies for speed  modulations (step length vs step frequency) have been 

observed in the stroke population during rehabilitation [14], [34], [69].  

 Limitations  

One of the primary limitations of this work, as mentioned in Chapter 1, is that 

this model does not discriminate the effort by the subject from the effort by robotic gait-

trainers, functional electrical stimulation, or other means to intervene; but it rather 

considers the combined effort to achieve the desired walking gaits. The results from the 

simulation cannot be directly applied to gait-training in the clinical setting, as this model 

does not capture how the subject interacts with the external assistance and the subject’s 

own compensatory dynamics. This work is not trying to claim that each subject is going 
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to respond to certain training strategies in a certain way, rather it aims at offering a 

framework that allows for prescribing the collaborative effort of the combined system 

as a whole, as well as visualize the effects of the designated control actions on the gait 

performance in a simulated setting.  

Similar to other reductive models mentioned in [38], [43], the model is 

inherently limited to fully replicate all aspects of human locomotion due to its existing 

infrastructure. The simulated walking gaits exhibited a late hip and knee extension, 

which is due to the lack of an ankle-foot segment in the model. Without modelling the 

ankle-foot plantarflexion which is essential to swing initiation, forward progression 

[70], energy reduction [71] and necessary for gait aesthetics, the hip and knee joints 

have to compensate by over-extending during the late stance as it can be seen in Figure 

9a. As a result, both hip and knee joints reach the peak flexion angles at a later time 

because they have to overcome the excessive joint extensions. 

In addition, the push-off effort by the unassisted side is abstracted by an 

instantaneous impulse along the leg at the instance of lift-off. This does not truly 

represent the propulsion efforts produced by ankle-foot plantar-flexors. A continuous 

input of push-off force over the period of propulsion would be a closer characterization 

of the push-off effort. Furthermore, studies have indicated that the trailing limb angle at 

the end of push-off phase is a major contributing factor to the effectiveness of push-off 

[72], which our model and experimental data do not particularly take into consideration.  

The foundation of the geometric coupling is the parametrization of joint pattern 

with respect to a monotonic phase variable 𝜃. This limits certain motions such as back-

stepping which will result in an evolution of θ in the backward direction. Moreover, the 

geometric coupling as a result of interlimb coordination isolates the effect of changes in 
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cadence or step frequency on speed modulation. Yet, studies have shown that both 

changes in cadence and step length contribute to modulating the speed in able-bodied 

subjects [73], [74]. However there are studies that point out that stroke subjects tend to 

prefer walking with a higher cadence rather than longer step length [75]. The current 

control strategy is limited by its ability to accommodate speed changes due to changes 

in the step length, which leaves the door open for future work to encourage modified 

control strategies that allow for variability of step length.  
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Chapter 6 

CONCLUSIONS AND FUTURE WORK 

 Conclusions 

A variety of reductive models have been introduced to study bipedal locomotion. 

Such models offer unifying descriptions of macroscopic-level locomotion behavior 

without delving into the intricacy of neuro-muscular inner workings. This thesis focused 

on a model for bipedal walking, with the objective to better understand the effects of 

coordination-centric control strategy on the gait performance in a simulated setting and 

explore the potency of this strategy as a feasible gait-training strategy for subjects with 

pathological gait.     

Motivated by the D-SLIP model, we proposed a sagittal-plane model that 

differentiates the assisted leg - represented by a two-link segmented leg augmented by 

joint actuations during swing phase - from the unassisted side modelled by a SLIP. Our 

model was shown to be capable of realizing critical characteristics of bipedal walking 

gaits. The simulated walking gaits were validated with experimental data of a healthy 

human walking on the treadmill, and they showed close resemblance to their 

experimental counterparts. Moreover, the model provides direct access to manipulate 

individual joints and it provides the basic infrastructure for quantifying the joint torque 

individually or collaboratively to accomplish desired walking gaits.  

Inspired by the underlying mechanism of bipedal locomotion, a bilateral control 

strategy that is based on interlimb geometric coupling, was used to prescribe the joint 

motions in this model template. Alongside with the existing alternative strategy (set-

point controller) that is widely adopted in robotic gait-training schemes, the bilateral 

strategy was evaluated in simulated experiments to demonstrate its performance in 



 58

disturbance rejection. The bilateral strategy outperformed the alternative strategy in gait 

energetic costs and robustness.  

Another aspect that was examined in this work was the response of the proposed 

interlimb coordination strategy with respect to push-off to modulate the model’s 

walking speeds. In comparison with the alternative strategy that emphasizes local path 

tracking, it is shown that the geometric coupling embedded in interlimb coordination is 

much more effective in adapting the walking speeds. Furthermore, similar coordination 

patterns are observed in the treadmill walking experiments from normal to fast speeds 

conducted on healthy subjects, and this shows that this bilateral strategy is partially 

responsible for the speed modulation in the clinical setting.  

 Future Work 

 Model Framework 

This work has so far primarily focused on characterizing the nominal walking 

gaits and the model has demonstrated its success with gait experiments of the healthy 

subject. It is yet to be investigated whether the proposed model framework can realize 

the pathological gaits.  

The varying degrees of impairments in post-stroke individuals pose a 

fundamental challenge to characterizing the asymmetric gaits using a unified model like 

the one proposed in this work. It still remains an open research question that what 

common characteristics and features among the pathological cases would better be 

realized from such model. One of the benefits of having such a reduced-order model 

framework is that it allows us to compartmentalize different aspects of the pathological 

cases and investigate the effects of interventions by evaluating the corresponding 
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performance. The current framework sets the stage for discerning the characteristics of 

joint motions simply by different phases during the gait cycle. One way to evaluate the 

performance of the model in pathological gaits is to compare the joint torques from 

simulation during the swing phase with the experimental data, by feeding the joint 

profile of subjects recorded from gait evaluation experiment outlined in Section 3.3 into 

the model as the initial guess for the parameter optimization scheme described in 

Section 2.3.3, where the profile matching will be taken into account by the objective 

function. This way, the periodic walking gaits (fixed points) concerning the pathological 

cases can be first established, and then therapists can modify different aspects of the 

motion such as the coordination pattern, push-off impulses and etc. to evaluate their 

effects on the subjects.   

The other aspect of the model framework that is still open to further studies is to 

close the loop on control schemes for the assisted-leg during its stance phase. The stance 

phase is critical for locomotive tasks such as body support, swing-initiation and 

energetic costs. In addition, it has been demonstrated in D-SLIP models that the leg 

compliance is the key to achieving natural walking kinematics and comparable energetic 

characteristics. There are studies in robotics and prosthetics utilizing the impedance 

control regime [76], [77] via virtual constraints to regulate the stance phase.  

 Experimental Validation 

The natural next step is to implement the bilateral coordination strategy 

developed in Chapter 2.3.1 on a robotic gait-training platform (Figure 16) to evaluate 

its effectiveness in the clinical setting. It would be beneficial to formulate a training 

scheme centered around the bilateral strategy in contrast to control groups using the 

existing gait-training paradigm. 
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Figure 16: Active-leg Exoskeleton (ALEX) robotic platform for post-stroke gait-
training 
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