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ABSTRACT impenetrable, sound-soft obstacle embedded in an isotropic
homogeneous medium. The techniques described here are
easily adapted to obstacles with Neumann and impedance
boundaries and to electromagnetic scattering. Extensions to
inhomogeneous media are a topic of current research.

The obstacle is identified by its suppértc R™, m =
2 or 3 and is a bounded domain with connected, piece-
wise smoothof2 and the unit outward normai. We il-
luminate this obstacle with amcident field denoted by

: R™ — C, that satisfies Eq.[1) oR™. Thetotal field
denoted by, is the superposition of thecattered field*
and the incident field?. The governing equation for this

The filtered backprojection algorithm (FBP) is a standard
image reconstruction algorithm used in many imaging modal;
ities. The FBP algorithm is suited for high-frequency imag-
ing applications, that is, applications where the specimen
is much larger than the wavelengths of the incident fields.
However, when data is scarce due to limited view or dosage
considerations, or when super-resolution is required, differ-
ent techniques are needed to adequately resolve the specl;
men. We present a generalization of the filtered backpro-
jection algorithm that extends the capabilities of acoustic
'maging system_s t_o "”.“ted apgrture gnd. wavelength r(?S'setting is the Helmholtz equation with sound-soft (Dirich-
olution. Our principal interest is applications to acoustic . N

. |et) boundary conditions and the Sommerfeld radiation con-
(scalar) scattering, though the methodology we develop can . :

) . dition

be extended to general electromagnetic (vector) settings.

(A+K)v(z)=0, € Q° cRrR™, Q)
1. INTRODUCTION v=20 on 09, (2)
v=1v'+v°, (3)

Many innovative algorithms have appeared in recent years D

for inverse scattering applications with single-, low-frequency r2 (5 — m) v (x) — 0, r=|z] — 00, (4)
applications in mind. Good examples can be found in the

work of Colton and Kirsch([1], Potthast|[2] and Colton and WhereA denotes the LapIamam > 0 is thefrequencyor
Kress [3]. In the present work, we extend the Point Source WavenumbeandQ* := R™\ .

Method of Potthast [2] to a multifrequency framework in At large distances from the obstadig the scattered
order to derive a generalization of the well known filtered field v* is characterized by thiar field patternv> : S —
backprojection (FBP) algorithm for acoustic imaging. The C on the set of direction§ := {z € R™ | [z[ =1} . We
difference between the generalization and conventional FBPdenote the direction of a vectore R™ by & := z/|z|.

is the region of validity: conventional FBP works best at ~ Denote the free-space fundamental solution td Eq.(1) by
high frequencies, while the generalized FBP (GFBP) is not ® : R xR™ — C (see [Eq.(3.60) and Eq.(2.1)] [3]). Then
limited by frequency. This opens the door to super-resolutionv® satisfies Green's formula|[3, Eq.2.5], also known as the

capabilities for systems that currently rely on conventional Integral Theorem of Kirchhoff and Helmholtz, far € Q°
FBP-based image reconstruction. and x > 0. Green’s formula applied to*, together with

Green’s Theorem applied t and ®, yield the following

formalization of Huygens's principlé [3, Thm. 3.12]
ov(z)

o0 Ov(2)

The corresponding far-field pattern is given by

2. SCATTERING MODEL

C

®(x,2)ds(z), €.

V() = - (5)

As a matter of convenience, our discussion is limited to scat-
tering of small-amplitude, time-harmonic waves from an
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part by the Pacific Institute for the Mathematical Sciences at Simon Fraser v () = 0v(2) _jippn ds(z), €S (6)

University. - a0 v (2)




where( is given by [3, Eq.(2.13) and Eq.(3.64)]

g

i 1
- form=2 and [g=-— form=3.
4

NCLTE
(7)

Note that in two dimensiong is a function ofk, unlike the
three dimensional setting. We reserve special notation for
incidentplane waveslenoted by

eil{z-ﬁ7 = Rm’ ﬁ cSs.

ul(z, 7)) = (8)

Heres; € S, indicates thalirection of incidence

3. INVERSE SCATTERING

In inverse scattering, we wish to reconstruct the boundary
of the scatterer)(2, from measurements of the far field on
an array of receptors located dh a subset of all possible
view angles orS. The central idea is to project the far field

We thus define thbackprojector

(A)(en) = [

r

7@775; H)

w0 (g k)9
RO

Here we have allowed for the possibility of polychromatic
scattering by explicitly including the dependence on the fre-
quencyk. Then

(Agv™) (2, k) = v°(z, k)

ds(j). (13)

where, for fixedz € Q° andx, the density; satisfies

/ einm'(*@)g(_g) 2, H)ds(y) ~ q)(:(," 2, K)
T

at points on the unknown boundary of the obstaele, 012.

The advantages and challenges of this idea are imme-
diately clear. On one hand, the backprojector maps the far
field measurements> to any point z on the exterior of
the scatterer, for all frequencies, regardless of the boundary

measurements back to the surface of the scatterer, hence theondition. We can then use this information to fiiidd On

namebackprojection There are two key ingredients to ac-
complish this. The first is the familiar Green’s formula.

the other hand, the best densitys one that gives the best
approximation tab(-, z) on 9<2, the unknown boundary.

The second ingredient is the superposition of plane waves

known as the Herglotz wave function.
By Green’s formula we have

ov® 0
v = [ oG - Gt s,
9)
for 2 € Q. In the far field, that is, agr| — oo, this

becomes

aefini-y .

T(y)v (y)} ds(y).
(10)

TheHerglotz wave function with densigyis defined by

ov®
ov

(@)= [ {emvile) -

hy(o) = [ e Cglgyasta)
r

forx € R™, T" C S. Since the related Herglotz wave op-
erator is injective with dense range| [2], by appropriately
choosing the density, we can construct a function of the
form Eq.[I1) that approximates any square integrable func-
tion arbitrarily closely on curves. The idea for construct-
ing a backprojector, then, is to uég(z) to approximate
®(z, z) on 0. By Green's Formula and Ef](9)-(11), for

z€R™\ Q,
vi(z) = /09 {@(w,z) 8;; (z) — %vs(w)} ds(x),
R~ x@x fahg(x)vsx s(x
~ [ A ) - G fasta),
= [ 2 asa (12)
r

3.1. The Point Source Method

To circumvent the problem of approximating the fundamen-
tal solution on the unknown boundary of the scatterer, we
construct density; by translations and rotations of ap-
proximating domair2,. The point source method of Pot-
thast[[2] is based on the following observation.

THEOREM 3.1 (POTTHAST, 1996) Lety C R™ be a
bounded domain (thdomain of approximationwith con-
nectedC? boundary such thaf? c Q,. Consider scat-
tering from an incident plane wave (-, ), ) with direc-
tion of incidencej and (almost any) frequenay > 0. Let
u®(z,7, k) denote the corresponding scattered field at an
arbitrary pointz € Q°, and let ,®(+, z, k) denote the fun-
damental solution at frequenay due to a point source at
z. The backprojectord, reconstructsu®(z, 9, ) arbitrar-
ily closely using any density for which the Herglotz wave
functionh, (-, z, ) defined by Ed.(11) approximates:, z, )
sufficiently accurately of,.

We briefly sketch a method for constructing the density
g. In this short space it is not possible to fully detail the
numerical realization of the point source method. Interested
readers are referred to [4] and references therein.

PROPOSITION3.2 LetQ)y, € R™ \ {0} with connected?
boundary. Consider

2 2

min H‘P(,O,m) - hg(',o, ﬁ)‘ LQ(OS;’;)O[OHQ(.7O7 H)‘ L2(S)
2

aoll(1 = & r)g(-, 0, H 14

+aol| (1= 2w 0.m) [, (14)



over g(-,0,x) € L?(S). This problem has a unique solution To gain some insight into the nature of this transform,

9+(-,0,K). recall the commonly employed physical optics approxima-
Moreover, the optimal solution to the problem tion (also known as the weak scattering or Born approxima-
) ) tion in inhomogeneous media scattering),
mInH(I)(.’ = H) - hg('7 % H)’ L2(3(90+z Hg i KZ)‘ L2(S) (Z na ) (Z 7]7 ) where Ui(Z,’IA], ’{) = e,
+aOH(1 —X_r)g(-, 2 H)‘ ? (15)  Using this approximation in EG.(18) and Eq19) yields
L2(8)
1
over g(-,z, k) € L%(S) is given by wlz) ~ _2(27r)m/2
9:(&,2,K) = e %0 (,0,5), #€S. (16) / / ﬂyzn’ eI Z gg (1) |k Ldis (20)
KR

According to this theorem, one strategy for constructing a gng
densityg. is to solve the optimization problem Hq.{14) at
each frequency for the optimal density at the origi, 0, x).

1 [ einz(’g—i—ﬁ)(p(z) dz ~ _uoo(:gvﬁa ’f).
The solution to this problem can be written in closed form o

2(2m)m/2 B2

as the solution to the normal equations. The optimal density . . . (21) .
. o . ..~ Note that Eq[(20) is a Fourier transform in polar coordi-

at arbitrary points: is then obtained by E{.(16), which is S (—7r) ) X

just a phase shift of. (-, 0, ) nates. Thus,—TQ” andy are a (weighted) Fourier

Using this density, the backprojection operator given by transform pair on the physical doman.
Eq.[I3) corresponding to these translated domains can be The variablej in Eq.[20) is arbitrary, thus we can change

written in terms of the generating density(-, 0) as variables on the inner integral to obtain an equivalent inte-
N gral
(Ag. ™) (2, 5) = oo J/lé<;;n;r’ﬂ>e—u«f+ﬁ»st<@>
0O/ A 9«(—Y,U, R —ikz-(—9) o S .
u N, K)——————e¢ Y ds(y), (17 . . .
/F (@7, %) 8 (9), A7) By a standard reciprocity relation,

for z € R™. The pointsz satisfying the hypotheses of u® (=1, &, k) = u>(=Z,1n, k). (22)
Theorenj 3J1 depend on the geometry of the approximating

domainQy and that of the scatterer. This, together with another change of variablés={ —7)

yields the filtered backprojection operator that is recurrent

in computed tomography applications:
4. PHYSICAL OPTICS AND FILTERED

BACKPROJECTION o(z) ~ ;
2(27T)77L/2
In this section, we derive conventional filtered backprojec- e~iv(=9)=z _—
tion as an approximation of the multifrequency extension // (g, 1,k TG ds(9) [k|™ dk. (23)
of Eq.(I7). In[5] it was shown that the solutignto the ) o
integral equation Comparing the inner integral of EQ.(23) with Eq)13), it is
apparent that Eq.(23) is a superposition of backprojection
1 R iRz operators4, over all frequencies. Indeed, we can write the
— u(z,n,k)e"™*p(z) dz g =
2(2m)m/2 e ’ above expression more compactly as
_ u (739’ 777 H) ~ N _
s W o)~ [ (gu)(eion) lo™ (24
is given by where
1 Ty . . e~z (N—9) ds(a
o(z) = _WA X (Agu™)(z,1, k) := /SU (@, 7, H)W s(9)
~ u’(z,7,k (25)
(/ m— 3/ 2 7], 71!&1/2 ( y;"% )d (77) dlﬂ))lg) ( 77 )
Bk for the density, ofilter
whereu(z, 7, k) = u'(z,1, k) + u®(z,9, k). Itis apparent . . Pemin= (1) 26
from Eq.[I8) and EJ-(19) that andu> are a transform 9.9, 2, 5,1) = 2(27) /2 B2 (26)

pair.
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Fig. 1. Full aperture, ' = S sampled afl28 points) re-
constructions for three different regimes: l.a.ibincident
field, and 16 wavenumbers evenly spaced on the interval
[0,6]; Il.a.-b. 4 incident fields evenly spaced on the inter-
val [0, 27], and4 wavenumbers evenly spaced on the in-
terval [0, 6]; Ill.a.-b. 16 incident fields evenly spaced on
the interval[0, 27|, and1 wavenumberx = 2. The opti-
mized density Ed.(36) was used in reconstruction (a) and
the physical optics approximation density Eq](26) was used
in reconstruction (b)

This filter is dependent on the incident directiprNote
that the apertur in this derivation is the entire sphefe
This is an artifact of the use of the eigenfunction expansion
theorem that was used to derive EQ](19) ($ée [5]), but the
theory is not limited to this setting.

5. NUMERICAL RESULTS

Reconstructions using generalized filtered backprojection ar
accomplished in the following series of steps.

ALGORITHM 5.1 (GENERALIZED FBP):

Step 1: (Generating density. (7,0, x)): Set up the gen-
erating approximation domaif, and, at each fre-
quencyky, solve the minimization problem Eq.{14) or

Eq.(15) for the generating densigy(—3;, 0, xx,) cor-
responding to the far field measuremen®s(g;, 7, )
(I,k e N).

Step 2: (Backprojection) At pointg; € G (i € N), the
computational grid, calculate the approximation to
the scattered field:% (2;,1;, ki) for each direction
nj, (j € N) and each frequenay;,, (k € N).

Step 3: (Integration) Add the modulus squared of all ap-
proximated total fields, that is, for each compute
f(z;) defined by

flz) =)

J 2

Z ‘U'S*(Ziv ﬁ]) K/k) + ’I,Li(Zi, ﬁj) K/k)
j=1
(27)

For our simulations we use a kite-shaped sound-soft ob-
stacle used in 3, Section 3.5] and incident waves with wave-
length on the order of magnitude of the obstacle. Recon-
structions with the point source method are shown with den-
sities g, calculated via the optimization problem EgJ(16).
In each, the regularization parameter= 10~% and the
penalty parametet = co. These reconstructions are com-
pared to reconstructions using using the physical optics den-
sity g (see Eq[(26)) in Step 2. of Algorithim 5.1, rather than
g«. In each of the experiments, the same number of data
points is used, that is, the number of far field measurements
times the number of incident fields times the number of fre-
quencies used is always equabltls.
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