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PREFACE 

This Memorandum reports some of the detailed back- 

ground research for the eventual mathematical simulation 

of viable chemical systems Because the characteristics 

of a viable system are dec-ernined in a large part by the 

chemical. hchavior of its proteins, a study of such a 

system must finally center on the chemistry ~2 these 

complex molecules. kcc:ordingly, chis report is a first 

attempt to simulate in detail the chemical behavisr 05 

human serum albumin. Our interest lies in building dn 

adequaw model of the important proteins of blood so that 

the biochemistry os' blclod as a total system mighE be 

clarified, With that broader perspective in mind, "Lis 

Memorandum should be of inherest to physiologists as well 

as biochemists. 

This research was supported in part by the Department 

of Health, Education, and Welfare Granf EE-88665 (National 

Enstitilizes of ETealfh). 
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Serurra albumin is an especially reactive mole~ufe, 

binding both positive and negative small ions, organic 

molecules, and even neutral molecules e As such, its 

role in blood biochemistry is important and pervasive. 

This Memorandum examines the role of serum albumin with 

respect to the binding o~ E , 61- and Ca i- $3 . 

The point of view, followin3 much of the literature, 

is that the Linderstrom-Lang &h.eory--wSiich treats the 

molecule as a charged sphere--can explain the anomalous 

behavFsr of serum albumin in acidity regiom remote from 

the isoionila point, 

~ b e n  for 

con~ept can be stretched to fit the laboratory data, the 

consequent deb ye-KGckel parameter bears little relation 

 ut it is shown, firs? for I{+ and 

and Caw, that while the charged sphere 

to the predicted values. 

The fairly exact calculations of simultaneous events 

possible with the computer leaves little room for doubt 

that a much improved theory must be developed, In fact, 

one conclusion is that this theory is only approximate 

and that an adequate explanation probably will have co 

begin with the exact geometry of the molecule and the 



clonsequent intramolecular interactions, This latter 

procedure is almost possible today--with increasing 

knowledge of mofecular scructure--whereas it was not when 

the farmer theory was promulgated, 
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Srcudy of protein reactions in a mathematical model 

can provide infomation about the protein. and can supply 

new chemical hypotheses not as readily obtainable by 

sfandard laboratory procedures. 

an experimeneal study of serum albumin considered as a 

mathematical entity. The principal purposes are to show 

investigative techniques, and to reach cerkain conclusions 

about the protein However ~ several minor obj ecfives 

relate to an interest in semm albumin as a part of a 

Larger physiological system, the blood, and ehe require- 

ments fox modeling that system. 

This Memorandum presents 

Clearly, serum albumin plays an important role in 

blood biochemistry, but its decailed mechanisms gnder 

various conditions are not we11 understood.’ Like pro- 

teins generally, its detailed behavior is exceedingly 

complex. Under varioi-s conditions, serum albumin is 

known to bind reversibly a wide variety of small ions 

of either sign, and even neutral molecules. To cite only 

a few examples from the literature, both organic Kl,2j 

and inorganic [3,4,5,6] anions are bound, as well as 

cations C 7,8j, hydrogen ions ‘,9,lO,ll,I2], and uncharged 
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small molecules [ 13,141. T is characteristic of serum 

albumin--plus its considerable role as a bearer of fixed 

(i.e., impermeable) negative charge-makes it of central 

interest to a model of blood chemistry and worthy of 

individual. examination. To this purpose, a mathematical 

model is useful because it supplies a flexible format 

for ordering greatr detail and for interrelating the 

protein's various reactions. 

This Memorandum considers only indirectly serum 

albumin's molecular structure and intramolecular prop- 

erties--as they may relate to possible uncovering of 

binding sites at extreme acid or alkaline values. In- 

stead, the emphasis of this feasibility study is upon 

the interpretation of binding data using Ehe Linderstrom- 

Lang theory. The y ~ r k  of Tanford and Kirkwood f 15j and 

otherg!, suggests a mure sophisticated interpretation for 

later work. For now, the serum albumin molecule will be 

considered to be a spherical mass of molecular weight 

69,OOQ with all binding sites located on or near the 

surface (at least in the central range of pE). 

for the time being the probable cloud of oriented water 

molecules surrounding each charged site, except as it may 

effect the apparent binding enersy of a site as i.t: is 

We ignore 
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measured. 

1.0 millimolar wa%er solution in which, also, the ionic 

strength is maintained at 0.15 with NaCL; the temperature 

is 2 f C .  

they arise. 

Most of the experiments are performed in a 

Exceptions to these data will be discussed as 
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11, - PROCEDURE 

The mathematical procedure used essentially derives 

from Shapiro and §hapley [lG>], Shapiro [17], and Clasen 

[l8$19]. It is based upon the calculation of a chemical 

equilibrium by the minFnization of "Lie GLSbs' free 

energy function under the conditions of the experiment. 

That is, the concentration of each product species at 

equilibrium is determined from a mixture of chemical. com- 

pclnents so that the total free energy of the system is 

minimized, For these experiments, the temperature and 

pressure are constant and slight volume changes of the 

single phase may be ignored. The method follows (Fiat of 

Gibbs [ 20 2l.j , using Lagrange multipliers. 

is used (rather than either the simultaneous solution of 

mass-action equations E 229 or the kinetic differential. 
equations E 23;) out of consideration for the numerical 

techniques on the computer, and because the kinetic rate 

constants generally are not available. We are thus con- 

cerned only with systems at equilibrium; but for conditions 

where a slow denaturation may occur, e.g., at high pii, time 

delays and a differential trajectorj7 may be sfmulated. 

This procedure 

Reference 16 shows conditions for the exislence of a 

unique solution for khe equilibrium problem; Ref. 17 gives 
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a method--the method of "conceptual compartrnents"--upon 

which we depend heavily, for considerably reducing the 

numerical size (number of equations) to be considered. 

References 18 and 19 discuss the generalized equations 

for computer application, and a method for solution. As 

required, these results will be subsequently elaborated. 

The mathematical procedure has been applied pre- 

viously in analyses of other systems; e.g., preliminary 

analyses of blood in De Ilaven and DeLand [ 243, and DeLand 

f25] Zn practice, a complete list of the pertinent 

reversible chemical reactions is required, along with the 

equilibrium constant for each reaction at the given tem- 

perature and pressure. In addition, the moles of each 

input component are required, as well as the valence 02 

each species for the conservation of mass and charge 

equations. Always, if only implicitly, a condition of 

zero net electrical charge (considering the valence of 

each species) is imposed. 

Characteristically, as in the present case, not all 

of the required data are known; and various curve-fitting 

and data-point-fitting techniques have been incorporated 

for determining unknown parameters. For example, the 

essence of the present problem is to determine apparent 



dissociatlon constants to fit empirical data and, if 

possible , to rationalize the relations between "apparent" 

arid "intrinsic" constants for serum albumin. 

By an intrinsic constant we will always mean the 

reaction constant K. given in very dilute solutions for 

simple reactions of the type 
1 

a -  R - 3 - X  -RX 

by mass-action equations of the form 

where the symbol cx indicates concentration of the sub- 

stance X in appropriate units, and Ki is the intrinsic 

dissociation constant for the reaction. 

By the effective dissociation constant €or reaction (1) 

will be meant a modified intrinsic constant resulting from 

a. variety of sources; e.g*, a) the electrostatic charge 

effects arising from the Linderstrom-Lang theory, b) com- 

petition for binding sites by various ligands, c) "salt- 

bridging" between positive and negative sites on the 

protein [9], d) hydration af the molecule, which may 



materially change the characteristics of the molecule c2.62. 

Thus, in place of Eq. (21, at any concentration the ef- 

fective K will be given by 

r z A  \ 
x r = Ke xr 

where the symbol indicates the activity 6273 (effective 

concentration) of the species X. If y is the activity 

coefficient, we may also write 
X 

where c is the concentration and the activity coefficients. 

vary with concentration in such a way that K remains con- 

stant (a function only of temperature and pressure). 

X 

e 

In practice, the activity coefficients are not fre- 

quencly determined since this requires a knowhedge of both 

and 2. More often, either 6: is known quantitatively X 

or 2 is measurable, e.g., by use of an instrument which 

measures the apparent activity of an ion, This impass 

leads E;o the definition of an "apparent'? dissociation con- 

s tant , Ka, given by 
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X where, as in the computer model, tne concentrations c 

are known quantitatively, but Ka is a function of the 

particular experimental conditions, e.p., ionic strength 

or molecular geometry. For serum albmin there has been 

considerable discussion of the apparent reaction constants-- 

particularly, the hydrogen ion titration curve--and we 

continue that discussion here. 

Finally, for a macromolecule R having q sites for 

combination with a ligand X according to one of the q 

reactions of the form 

there are q apparent constants defined by 

where R.X 

arbitrarily chosen sites occupied. K may be assumed not k 
to vary with the pattern of ionizatlon (which k of the q 

sites are occupied), which is equivalent to requiring that 

the q sites be independent, equivalent, and without inter- 

action c281. When this is the case, as a first approximation 

is a representative rnoleeule having exactly k k 



\ may be assumed CQ be a simple function of k 
Ref. 12, p. 493), Le., 

BuC since the total charge on a protein is a function of k, 

and interaction generally may not be discounted, this 

assumption is usually not tenable for a protein (as tirill 

be shown in the next section). 



It snay be assumed that human serum albumin (tlSA) is 

very similar to bovine ( S A )  '191 with which most em- 

pirical experiments have been made, and that its reactions 

are sta.ble and reversible in the p;3 regia, 4.3 to 10.5 192. 

Outside of this region, the molecule is also well-behaved 

in the sense that its reactions and probable changes in 

structure are reversible and reasonably (18 minutes) t h e  

independent. BSA is formally a well-kno-m molecule; we 

take as its descriptors the data of Tanford, et al. ;SI. 

Rational deviations in the extrinsic da.ta--e.g., following 

Tanford [9J, using 69,000 for the molecular weight instead 

of 65,0QO--make only an expected proportionate difference 

in the results (as will be shown in Sec. IV>. But gen- 

eralfy, Ref. 9--henceforth simply '~Tanford"--suppEies the 

"standard daea'' for the mathematical model. Obviously, 

any of the data in this model could be changed, with 

reason, without changing the procedure--? facility that is 

experimentally useful. 

The distinction between components and species will 

not precisely be that or' some previozs work (Scacchdrd [29]); 

Casassa, et al. [3Q]). It is convenient to refer to th.e 



chemical constituents put into the system as components 

and to the products of reactions or the substances present 

at equilibrium in a particular phase as species. The 

components need not be or indivisible, but 

convenient groupings, Given the amounts of the components 

in moles, a compr;ter solution will consist of che moles 

and mole fractions of each species at equilibrium under 

various conditions e Concentration units will conveniently 

be in mole fractions, although other units may be computed 

(e.g., moles per kilogram of solute, moles per liter of 

plasxa, etc.) as required. 
4- With respect to the ligand H , the empirical data for 

serum albumin are shown in Table I (as summarized by Tanford) 

for ionic strength 8.15 and molecular weight: 65,000. For 

molecular weight 69,000 C 311, the number of titratable groups 
is multiplied by 69'/65 even though the result may not be 

integral. 

uncertainty of the data, but are used in these results be- 

cause of their likelihood of occurrence. There are five 

principal classes, therefore, and three minor classes for 

W ionization--a total of 215 sites--in the side chains of 

the polypeptide. The empirical titration curve at ionic 

strength 0.15 is reproduced in Fig. 1. This figure also 

The parenthetical numbers are within the probable 

3- 
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Table I 

SITES PER 65,000 G R M S  BSA 

Group Class 

a- c arboxyl 
p-carboxyl 
Imidazole 
a-Amino 
e -Amino 
Phenolic 
Guanidine 
Sulfhydryl 

Titratable 
Groups Found - 

(1) 
99 
I6 

(1) 
57 
19 
22 

(0) 

Intrinsic 
pK, Observed 

3.75 
4.02 
6.9 
7.75 
9.8 
10.35 
12.4- - 

shows the "intrinsic" titration curve--that curve generated 

by corngutation using exactly the intrinsic pKi and number 

of sites of Table I, It remains to modify the intrinsic 

constants in a rational way to fit the empirical curve. 

The components (inputs) of the mathematical system 

for the "intrinsic" curve of Fig. 1 are 1.0 mM S A ,  150 

NaC1, and 55.3436 moles H20 (1.0 L at 25OC). 

iricluding protein is therefore approximately 1146.3 cc, 

using the malar volume of protein as given for human 

plasma c 32). 
are the moles and mole-fractions of the species H", OW-, 

N20, Na , C1-, HSA, and the list of all. ionizing classes 

The volume 

The data computed for the curve in Fig. P 

4- 
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Fig. 1--Hydrogen ion titration of BSA at 25O6., 
ionic strength 0.15 



showing the fraction ionized at each pK. Table II, for 

example, is a reproduction of the computer results for 

pH 5.5 and pEI 4.5 using the intrinsic pKis 

In Table 11, the mole numbers of each species may also 

be. interpreted as moles per liter of water since just one 

liter of the solvent is present. The mole-fraction numbers 

for the species ?I+, OH-, H20, Na+, 61-, and KSA sum to one; 

i.e., the moles of ionizing species are not, of course, 

counted in the total moles of solution. The ionizing sites 

are listed in a separate column of the table indicating 

that the ratio ionized and the moles of W released to the 

solution are computed separately. 

3- 

* 

With no Cl- or other small ion binding except 1-1' for 

the first experiments, it will be assumed that 2, the net 

ik 
More precisely, "computed separately" means : We 

assume the sites within each elass to be equivalent and 
independent. Then, as in Eqs. 95) and (61, we may regard 
each class of q sites as equivalent to q monobasic acids-- 
each at the concentration of the protein and each having 
the ionization constant Ka, the average apparent constant 
for that CLdiSs 121. Following Shapiro [ 171 the ioniza- 
tion of each class is then computed in a conceptual sub- 
compartment of the protein solution. The restriction re- 
garding the independence of the sites does not preclude 
the Einderstrom-Eang theory, which deals with molecular, 
macroscopic charge variation. 



Table 11 

Computed distribution a6 species for curve b, Fig. 1 

5.34014t 00 -0. 

MOttS 4.47971E-06 -0. 
M F R A C  E.05057E-08 -0. 

YOLES 2.26509E-09 -0. 
M F R 4 C  4.07056F-11 -0. 

M O L F S  5.534361: C1 -0. 
M F R A C  9.94591E-01 -0. 

M O L F S  1.50000F-Gl -0. 
CFRI1C 2.6956RE-03 -0. 

M O L E  5 1.50000t-01 -0. 
M F R A C  7.69568t-03 -0. 

MOLES 9.9995GE-C4 -0. 
M F K 9 C  La7S71CE-L5 -0. 

HOtES -0. 2.59095E-05 
M F R 4 t  -c* 1.1347qF-04 

P O L E S  -0. 1.03409E-03 
kFRrlC -C. 4,5291 3E-03 

M a L C 5  -0. 4.60490E-03 
M F R K  -0. 2.05190E-02 

MOLES -0. 
UFPhC -0. 

n m E s  -0. 

&LE5 -r. 

MOLES -0. 
MFtkAC -0. 

WFRAC -0. 

MFREIC -C. 

M O L E S  -Q. 
WFRAC -0. 

P M W R  W O L E S  -0. 
MFRdC -0. 

0- MOLES -0. 
RFRAC -0. 

6WRN+ MOL€S -0. 
M F R A C  -0, 

GUkN &at€< -C, 
W F % A C  -0. 

1,004 t5E-01 
4.39800E-01 

1,65329E-02 
7.24 i09E-02 

4.67133E-04 
2.04 596E-03 

1.05 5 7 9E-03 
4.624 LSE-03 

4.2 13 73E-06 
1. a45 54~-05 

6.04 9?9€-0Z 
2-649706-0 I 

2.15192E-06 
9,425025-06 

2.01 998E-02 
8.84 7 14E-01 

2.02502E-01 
E. a6923~-07 

2.34000E-02 
I. 0248 8E- 0 1 

l.h.6071E-09 
7.3736OE-09 

PH 

H 4  

L H- 

H2O 

N A +  

CL- 

PROTN 

ACOOH 

ACOO- 

BCOOH 

MOLES 
W F R A C  

n u  E s 
M F R  b C  

M O L  E S 
M F R b C  

Males 
M f  RAC 

HOLES 
PF R A C  

M O L E S  
M F R A C  

MOLES 
M F R b C  

M O L E S  
M F R b C  

M O L  € s 
HFRAC 

4.45554E 00 

3.50233E-05 
6 2 954 6 E- O? 

2.895896- 10 
5 2 05 38€- 1 2  

5.53316F 01 
9.945896-01 

1~3@000E-O& 
2.4e056E-03 

1.62000F-01 
2.911966-03 

9-99 9 8 9E- 04 
1.79749E-05 

-0. 
-c. 
-C. 
-0. 

-0. 
-c. 

1x00- noLEs -0. 
ClFRbC -0. 

INID+ M O L E S  -0. 
M F R B C  -0. 

IHlD MOLES -0. 
HFRAC -0. 

AHIN+ M O L E S  -C. 
M F R b C  -0. 

AMIN MOLES -0. 
M F R b C  -0. 

EARIN+ MOLES -0. 
W F R A C  -0. 

EA8IN MOLES -0. 
M F R A C  -0. 

PHENO M O L E S  -0. 
M F R b C  -0. 

PHENO- M O L E S  -0. 
W F R A C  -0. 

G U A N +  M O L E S  -0. 
M F R A C  -0. 

CUCN M O L E S  -0. 
ffFRhC -0- 

-0. 

-0. 
-0. 

-0. 
-0. 

-a. 
-0. 

-0. - 0. 
-0. 
-0. 

-0. 
-0. 

L -7366 LE-04 
7.60602C-04 

8.863396-04 
3. @P.tCOE -01 

2.80946E-QZ 
1.2 304 9E-8 1 

?-70054€-0~ 
3 37269E-01 

1.69 38 e€ - 02 
7. 41 88BE-02 

6.120326-65 
2.66059E-04 

1.05940E-03 
4 64024E-03 

5.40722E-Of 
2.36027E-06 

6.04 99 ?E-QZ 
2 64978E-01 

2.75194F-07 
1.20530E-06 

2.02000f-02 
8.64727E-02 

2.58960%- 08 
1.13$20E-67 

2.34000E-02 
I.O248@€ - 0 1 
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molecular charge, and AH-' (countins from the isoionic point) 

are equal. The isoionic point is taken as pH 5.35 when 

the molecule has zero net charge, i.e., 

z 

where 

Re- - x  sNH3-b + x  coo- 4- I M T W  
= -x 

- are the moles of ionized sites 
"j 

= 0 (8) GNH3-t + x  

n the five principal 

classes. The computed titration curve (see Fis. Ib) begins 

at pH 5.35, and proceeds by simultaneous addigion of HCi ajnd 

subtraction of NaOH, maintaining constant ionic strength, 

so that 2 = AH = &la - ma+. 
That the actual isoionic point with the intrinsic pK 

is pH = 5.35 can be seen in Table IZIA, where by addition 
Eq. (8) is satisfied and, for example, for the imidazole 

class 

i 

e (9) 
2.0715 x log3 x 8.019 x 10"') 

(7.3083 x x 55.3436) 
pKi = 6,9 = -loglo 

In Eq. (99 the concentration numbers are taken directly 

from the equilibrium solution in mole-fractions so that 

55.3436 moles/liter of water at 25OC is a conversion factor 

to pKi in moles per liter of H 0. 

each species at equilibrium for any pH. 

Equation (9) holds for 2 
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Computed distribution of species for: 

a> The isoionic point using b) The ~ S Q ~ C X I ~ G  pofnr using 
intrinsic pK reduced v o l m c  of soivent 

( L o  liter 3f sol tion) i 

“?aGj;c.*4e)- C1 P1283ibf-Qr * c  -9, 

@H 5,35324E 00 -0. PH 5.35276E 00 -0, 

N+ MOLES 4.44594E-06 -0. 
MFRAC 7.9898BE-CB -0. 

OH- HOLES 2.28225E-09 -0. 
MFRAC 4.10148E-11 -0. 

N2Q WOLFS 5.53436E 01 -0. 
MFRIC 9.945916-01 -0. 

h&+ UOLES 1.50000E-01 -0. 
MFRAC 2-69568E-03 -0. 

CL- MULES 1.50000E-01 -0. 
MFRIC 2.69568E-03 -0. 

PPQ’IN MOLES 1.00001E-03 -0. 
MfRIC 1 -79714E-05 -0. 

4COQH MOLES -0. 2.57ie9~-05 
MFRIC -0. 1012644E-04 

a c w -  MOLES -0. 1.03428E-03 
MFRIC -0. 4.52996E-03 

0 c a m  MOLES -0. 4.65115E-03 
MfRbC -0. 2.03712E-02 

tlC00- ROLES -0. I oOG449E-01 
CFRAC -0. 4.39948E-0 I 

MCLES -0. 
MFRAC -0. 

M O L E S  -0. 
M F R A C  -0. 

MOLES -0. 
MFRIC -C. 

MOL ES -0 
CIFRBC -0. 

HOLES -0. 
M F R A C  -0. 

HOLES -0.. 
MFRAC -0. 

MOLES -0. 
MFRAC -0. 

PHENO- HOLES -0. 
nFuRc -0. 

1.65294E-02 
7.23958E-02 

4,70583E-04 
2.06 107E-03 

4.24 56 1 E- 06 
1 8595OE-05 

6.04978E-02 
2.64969E-0 I 

2.16827E-06 
9.4966 L E-06 

2 -0 1998E-02 
8 - 84 714E-02 
2 04040E-07 
8.9 3660E-07 

H+ MOLES 3.79968E-06 -0. 
H F R K  ~.99128~-0a -0. 

OH- M O L E S  1.94802E-09 -0. 
M F R b C  4.09696E-11 -0. 

ti20 MOLES 4.72468E Cl -0. 
M F R A C  9.93669E-01 -0. 

N b *  MOLES 1.50000E-01 -0. 
M F R A C  3,15472E-03 -0. 

CL- MOLES 1.50000E-01 -0. 
M F R A C  3.15472E-03 -0. 

PROTN MOLES 9.93995E-04 -0. 
MFRAC 7.10313E-05 -0. 

ACOOH MOLES -0. 2.57233E- 05 
1. t2663E-04 M F R A C  -0. 

ACQO- MOLES -0. 1.0342@E-C3 
MFRIC -0. 4.5 29946- 03 

4,65193E-03 
HFRAC -0, 2.0314hE-Oi 

@COO- M C L F S  -0. 1.00448k-Ci 
HFRAC -0, 4.39944F-01 

BCOOH #OL€S -0. 

[WID+ MOLES -0. 
PFRbC -0. 

lHl0 MOLES -0. 
M F R A C  -0. 

AMIN* MOLES -0. 
M F R A C  -0. 

AMIN M O L E S  -0. 
MFRbC -0. 

€AHIN* MOLES -0. 
MFRbC -0. 

EPHfN MOLFS -0. 
M F R A C  -0. 

PHENO M O L E S  -0. 
HFRbC -0. 

I. 65295E -02 
7.23962E- (, 2 

4.70503t- 04 
2.06C 72E-03 

1.05576f - 03 
4,624016-03 

4.244 8 7E- 06 
I. 859 1 WE-OS 

2.167891“-06 
9.4 949 5E- 06 

2.0199RE-02 
8 84 7 14F-OZ 

PHENO- M O L E S  -0, 2.04005E-0? 
PFRAC -C. 8.93503€-07 

(;U&N+ ROLES -0. 2.34000E-02 G U A N +  UOLES -0, 2.34000f-07 
nFRAC -0. t.02488E-01 t4fRAC -0, 1.024ePE-0 t 

1.6 7 303E-(39 
XfRAC -0, 7. ?Z?fi?E-QB 

C U A W  YOlES -0. 



To test the effect of a more concentrated solution 

on the isoionk point and subsequent points on the curve, 

the moles of water were reduced to 47.2468 = 853.7 ml 25*C, 

which with 146.3 ml of protein makes just one liter of 

solution. 

at the isoionic point for comparison with Table TIIA. 

Table IIfB shows the distribution of species 



IV. RESULTS 

A. LINDERSTROM-LANG EFFECTS 

Introduction of the Linderstron-Lang effects on the 

pKi is an iterative procedure on the computer. 

required to find ct' = &(pH) so that a set of apparent con- 

stants pKa related to the pKi by 

It is 

will yield the empirical tltration curve. In Eq. (lQ), 

x is the fractional dissociation of sites in class j at 

the given pW; the (PK,)~ are modifications of the (pK.) 

owing to the net charge on the spherical molecule of WSA, 

The parameter ~ r ;  and the pK are functions af pH; the 

former also varying with the effective radius af the 

molecule, the dielectric constant of the mileau, the ionic 

j 

I j  

a 

strength, competLtion of other ligands with H 3. , and the 

temperature. In pi-actice, ~r! is simply an empirical param- 

eter. ' 2, the net protein cnarge, varies with AH'; but also 

with minor Ligand binding, e.g., GI-, and in this circum- 

stance, AH+ + Z. 



In computation, there is a choice of iterative pro- 

cedures to find w. Beginning at the isoionic point, one 

may titrate to, say, pH 4.5 using the pKi (obtaining the 

dashed curve of Fig. l), and then at constant pH vary LLI 

until 2 = Z(pH 4.5) lies on the desired curve. 
beginning at the isoionic point, one may increment AH+ 

(adding and subtracting PIC1 and NaOH) to Z(pH 4.5), and 

then vary w until pH = 4.5, 

empirical. curve at the same point must yield the same value 

of w, (One may also invert the procedure, given w, and 

solve for f? at each point, Fig, IC.) 

Tt is assumed that as the charge on the spherical. 

protein molecule changes, all sites are equally effected 

and not just those yet un-ionized. 

are a function of z regardless'of the class of group or 
site position within the class. 

electrostatic interaction factors within each class are 

now under jnvestigation--especially, the surface or in- 

terior location of these sites and possible existence 

of salt-bridges between oppositely charged sites. 

Alternately, 

In either case, ending on the 

That is, a11 pKa values 

Refinements regarding the 

Figure Id (indistinguishable from Fig. La) is a plot 

of the titration curve generated using Eq. (lo), and Fig. 

2b . i _ ~  a plot of the corresponding &(pH). Figure 23, for 
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Fig. 2--The Debye-HUckel empirical parameter, w, as a function of pH: 
a> Derived from the laboratory data, Tanford et al., 

b) Calculated using iosionic point 5.35 and no competitive 
binding (cf. Fig. le), 

c9 Calculated with CI- binding (acidic pH), and with Ga 
binding (alkaline pH) 

tt- 
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convenience, is the plot of w from Tanford, where CI- 

binding was also considered. 

A significant aspect of this computation for w is 

the assumption that w is a continuous function of pM1, 

particularIy for small values of Z. Because at Z = 0, a 
is indeterrninanr (Eq. (lo)), a flrst attempt was made to 

determine u at Z = 0 by a limit process.  ut for values 

near the isoionic point 2 cannot be determined with suf- 
fLcEent accuracy, and an analytic approximation to Z was 
deemed insupportable on the data available. That w = 0 

at 2 = 0 may be argued, however, from rile face that the 
i8oioni.c point is an arbitrary reference point. If, 

instead, the extreme acid end of the curve is taken as a 

reference with the parameter 6 = 96 - 2, then Eq. (10) 
becomes 

I 0.868 xi ; 

and 

point pKa = pK. €or all j, but 

must go to zero at pH 5.35 since at the isoionic 

# 0. 1 

Accordingly, the plot of w in the central range is 

extrapolated through zero with dotted lines forming, at 

the same time, a continuous function of pH. The sensitivity 
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of the value of w with 2 varies with the absolute value 
of Z, being very insensitive when Z is large. 
is a plot of the computed cr: from Eq. (11). 

vein, Fig. IC is trhe inverse computation for 2 using 
Eq. (io): assuming cc) = 0.026 in the central range of pK 
find the corresponding 2. 

Figure 2a 

In a similar 

B. AN EF'FECTIVE TITRATION CURVE 

Because of a requirement for other applications K 252, 
and because of the insight afforded, it was instructive to 

develop an intermediate, heuristic titration curve for HSA. 

This "effective" curve was required to '9fit" the Tanford 

curve for BSA as closely as possible by adjusting the 

available parameters once-and-for-all, i. e., independent 

of pH. 

available to vary the effective fit: 

class of sites, b) the number of sites per class, and c) 

the pKa for individual sites within a class. 

Essentially, there are but three sets of parameters 

a) the pKa for each 

Figure 3b shows the effective titration curve obtained 

using the Tanford data except for adjusting only the pKa 

for each class. 

Imidazole = 7.20, Amino = 8.0, Phenolic = 10.7, and 

Guanidine = 12.W. That is, if the several sites were 

The pKdls required are COOH = 3.80, 
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Fig. 3--Cornputed titration of BSA at 25OC., 
ionic strength 0.15 
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completely independent 

operative, and the effective pK's for each class were 

Lhose given, the titration cuwe would look like Fig. 3b. 

For many applications (e.g, [ 253, this effective curve 

is near enough; i.e., the buffering power of the protein 

In the physiologic pH range is correct, and the net charge 

on the average molecule is always within one or two 81 

units of tlhe correct number. 

electrostatic effects were in- 

+ 

A better effective fit may be obtained from the 

previous fit by adjusting the number of available sites 

per class. As an example, assume there are but 90 COOH 

sites rather than 99. As the titration proceeds toward 

the acid end, nine fewer !I$ units are buffered and the 

slope of the titration curve in Fiq. 3c decreases along 

the dotted line. An implication here is that these nine 

sites are, in vitro, either occupied or masked by corn- 

petitive small ions, or ancillary binding may significantly 

change 2. 
can account for these discrepancies. A similar explanation 

tt The binding of Cl-$ and Ca (to be examined next) 

may apply at the extreme alkaline end. 

A better e€fective fit may then be obtained by con- 

sidering the pKa of individual sites, but this leads 

directly to Linderstrom-Lang theory as above, or a modifica- 

tion thereof [33] which we do not consider here. 
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C. CHLORIDE BINDING 

The principal references on chloride binding used for 

the work in th-jis section are Saroff and Healy c4j and 

Scatchard, et al. [6], where, with CI- concentration of 

0.046 in NaCl and HCl solution, el" bindlng was obtained 

as shown in Fig. 4. + Generally, Cl- is bound by -MI3 groups 

according to the association equation 

+ but evidently not all -NH3 groups are identicel in bindLiiL; 

power since if. they were a single exponential curve would 

result--as snow in Fig. 4b where the calculition is made 

with tne iinderstrom-lang equation (Eq. (9))' BoLh &?is. 

+ 4 and 6 suggest that the -NH 3 
to explain curve 4a. We show here that this is generally 

true, and coapute the Linderstrom-Lang constant with Cl- 

binding. 

groups may be subdivided 

The components for this model are altered to 0.046 

moles of HaC1, which remains constant, and 0.104 moles &a 

Lactate so that the ionic strength is still 0.150 or 0.301 

osmoles with .the protein. 

isoionic point are no longer identical 

The isoelectric point and the 

With approximately 
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Fig. 4--ClM binding from salt-acid mixtures with C1- 
conc. = 0.046: 

a) Scatchard, et al., 

b) All NH: groups equivalent, 

d) 
e) 

f) 
g) 12 sites with = 4-w 

c) Saturation of four NH i- sites with k = 2500, 3 
Binding of 84 sites with k = 1, 
12 sites with variable w, 
Sum of all three subgroups, 



7.0 moles of CL- bound per mole of protein in the vicinity 

of pH 5.35, the total positive charges per molecule are 

reduced by the same amount, and the solution must be 

titrated into the acid range to find the point of zero 

charge, The isoelectric point, taking account of Eq. (ts), 

is pH 5.15. As the titration proceeds, the Cl- bound 

varies (with pH) so that an iterative procedure is required. 

At: pEi 5.15, 8.51 moles of @I- are bound per mole of HSA. 

For this computation ct' = 0.026. 

On the other hand, the isoionic point moves to the 

alkaline side. For this point, the computation begins at 

pH 5.35 using the pKi and no C1- binding. 

bound to the appropriate sites, to be described, but 

electrostatic effects are ignored. The pH moves from 

5.352 to 5.355 owing to the enhanced binding of H 

due to the reduced -NH concentrdtion. Then, with C1- bind- 

ing, and using the electrostatic effects, Eq. (91, but 

wlth RO added increment of H 

5.45, the new isoionic point. Of course, to call this the 

'9isoionic'' point is rather a contradiction oE terms, but 

the meaning is clear: 

solution at pH 5.35, NaCl is added and the pII moves to 

5.45 because of a shift in the effective pK's. 

First, C1- is 

i- in turn 
b- 
3 

f or OH-, the pM moves to 

beginning with a true isoionic 

* 

-Er 
This definition follows Ref. 1.2, p. 604. 



Tables IUA and B illustrate these two computations 
4- 
3 with all -NH groups equivalent, The binding constant re- 

quired to produce 7.0 groups bound at p'r3i 5.35 is k = 2.735, 

using the pKi for H binding, This compares reasonably 

well with -the data of Saroff E41 where, to fit the cuwe 

in Fig. 14a by hand calculation, he found it necessary to 

assign k = 1 ta 84 groups, k = 50 to 12 groups, and k = 2500 

to 4 groups. But with k = 2.735 for all (approximately) 100 

groupss the binding curve, even using Eq. (9) results in 

the single exponential curve of Fig. 4b--in particular, 

the binding at pH 3.0 has considerable error. 

a calculation was made using the Saroff E43 subdivision of 

f the -NH groups. 3 
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Accordingly, 

Figure 4a probably is composed of three subgroups of 

Cl- binding sites which can be extracted as follows. 

considering Eq, (12) and Table IV, it is apparent that. 

the C1- binding curve is generated by varying the associa- 

tion constant k. 

the -NH+ form ae the isoionic point so that no new sites 3 
become available for binding on the acid side. 

the assigned subgroups of sites are saturated with Cl-, 

practically n~ more Cl- can be bound regardless of how 

large k becomes. 

First, 

Practically all of the -NH2 groups are in 

Next, b7hen 

Now, the four groups with k = 2500 are 



Table IV 
+ 

(91, LC) = 0.026 
Isoelectric and isoionic points with ~ 1 -  bindin;, ala XL‘M~ groups 

equivalent, k = 2.735, and ushg Eq, 

$44 Mol ES 7.06227E-06 -0. 
HFI4C 1.26928F-07 -0. 

OM- M U L f S  1.43663E-09 -0. 
M F R A C  2.58202E-ll -0. 

HPO M O L F S  5.53436t 01 -0. 
rCF4Alt 9.946?3€-01 -0. 

&d+ M O L E S  1.50000E-01 -0. 
MFRAC 2.69590E-03 -0. 

LhClfC H O L E S  1-04000t-01 -0. 
MFRAC 1.86916E-03 -0. 

CL- MOLFS 4.13841t-GZ -0. 
M F R h C  7.43784f-04 -C. 

PROTF( NOCtS 1.00OOlF-03 -0. 
H F R A C  1.79729E-05 -0. 

ACfIClH MOLLS -0. 5.06 7 I4F- 05 
HFRAC -r. 2.2 19316-04 

ACOO- P’OLfrS -0. 1.00933E-03 
N F R A C  -0. 4.42068€-03 

BCOCH HOLES -0. 8.98508€-C 3 
M f R A C  -0. 3.93530E-02 

BCOU- M U L F S  -0. 9.61149F-02 
HFAAC -0. 4.20966E-01 

IHI5+ MULES -0. 1.67820f--C? 
F F R A C  -0. 7.35023t-a2 

fWlF MO1 FS -0. 
kFRdC -0. 

ANIN, MOLES -0. 
HfRdC -(’. 

AMfN W O L F S  -0, 
HFRAC -0. 

2.17968C-04 
9.546bZE-U4 

1.05806E-03 
4,6341 OE-03 

I - 94 114E-06 
8.50186F-Oh 

€AMIN* M O L E S  -0. 6.04990E-02 
M F R A C  -0. 2.64975E-01 

E A M l N  MOLES -0. 9.8921 7F-C 7 
HFRAC -G- 4.3325qt-06 

PHEkC MccEr -0. 2.0199JF-07 
MFRhC -0. 8.847196-07 

PhENCI- UOLES -0. 1-01 065E-0 7 
HFRAC -0. 4,4?648t-07 

krahi+ POLES -0. 2.34000E-02 
W F R A C  -0. 1.02488F-01 

GU A N  M O L E S  -0, 7-63 397C- t 0 
WFR&C -0. 3. ?4354€-07 

----__-------------^----”-------------~ 

BilMJ+tt rflCES -0. -0.4.61588-03 
NFRAC -0. -c.2.021 -02 

W 3 +  W h C S  -Q. -C. 1.01739-01 
MEUdC -6, -Q.1.00P -00 

n* HOLES 3.JC906F-06 -0. 
MFR4C 6. 30672E-08 -0. 

OH- HOLES 7-89135E-OY -0. 
MFRAC 5.19652E-11 -0. 

H2U MOLFS 5.53436F 01 -0. 
M F R A C  9.94h73E-01 -0. 

N A +  MOLES 1.50000E-01 -&. 
M F R A C  2.69590E-03 -C. 

L A C T I C  MOLES 1.04COOF-01 -0. 
MFRAC 1.86916E-03 -0. 

CL- M O L E S  4.13951E-02 -0. 
M f R A C  7.439RlE-04 -0. 

PRUTN M O L E S  9.9998RE-04 -0. 
M F S A C  t.79725E-05 -0. 

n c o m  M U L F S  -0. 
M F H A C  -0. 

ACOO- M O L F S  -0. 
M F R A C  -0. 

BCOOH MOLES -0. 
MFRhC -0. 

2,5813Zt-CS 
1.13057E-04 

1.03419E-G3 
4.529556-03 

4.66785F-01 
2.0444 3€-02 

 con- YCLES -0. l.OC432€-01 
M F R A C  -0. 4.39875i-Qf 

IWIO+ MOLES -0. 
Y F R A C  -0. 

1.656r~f-02 
7.2561 3E-02 

I M I O  MOLES -0. 4.328042-04 
M F R A C  -0. 1 -89 56 OE- 0 7 

1.056LOt-03 
M F R A C  -0, 4.h2554E-03 

A M I N  MOLES -0. 3. A9716t-Oh 
1.70bPRE-05 

E4MIN* MOLES -13. 6.049ROF-02 
MFRAC -0. 2.64970E-CI 

EAHIN YOLt’i -0. l.YA966€-0h 
M C H b C  -0. P.71433E-Qh 

FHENO MOLES -0. 2.0 1998C-02 
M F R A C  -0. A. 84 I14E-OL 

PYEhrCl- MOLES -0. 7.03276f -C7 

AMIN* hUlES -0- 

Y F P A C  -0. 

M F R A C  -0. R.QO~ICE-L r 
G U A N +  M O L F E  -0. 2.34000E-OL‘ 

HFRAC -0. 1.02 48 8 F - 0 1 
GUAN XOL€S -0. ! .5 3 548F-09 

w u a c  -0. 6.72512C-09 
---1_---_--_-1-_-3-____r___l___________ 

NfI3*CL MOLLS -0. -r. 4. bo488-03 
P’FPAC -0, -c*2,016 -02 

- Nh3* YllCES -0. -c. 1.01 521-01 
-t. i.000 -00 YI9AC -0, 



essentially saturated with CE- at pH 5, so that, on the 

acid side, where k increases with the charge on the protein, 

these sites merely supply a bias of +4 to 

of CZ- bound. 

are bound (less than 2) at pH 5 and k increases so slowly 

with charge (Eq. (9)) that they affect the C1- binding 

curve only near pH 2. 

pH 3,O using the Linderstrom-Lang theory and H4 binding. 

The binding curves for these two subgroups are shown in 

Figs, 4-c and d. 

-, the number e1 
F’urther, for the 84 groups with k = 31, so few 

In particular, only 6 are bound at 

It follows from the above and from Fig. &a, where 

approximately 7 total Cl- are bound at pH 5 znd 20 bound 

at ppf 3, that a third subgroup of 10 to 12 -NH: sites are 

required wherein, on the average, 2 sites are binding C1- 

at pN 5 and practically all are saturated at pH 3. 

sum of all three subgroups will then be a reasonably close 

fit to the empirical C1- binding data. 

The 

However, as Saroff points out [ ll;, an additional 

hypothesis of mo1eeula.r structure or function is required. 

3y the Linderstrom-Lang theory alone, the binding constant 

k for any such subgroup of 12 sites does not increase fast 

enough with decreasing p2. A fit, however, can be obtained 

(Fig. 4f) by m1tiplyin2; the Debye EIuckel parameter, L% 
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€or the 12 sites only, by a factor inversely proportional 

to pH--the 12 binding sites thus becoming much more 

effective as the pH decreases. Figure 4e shows such a 

saturation curve for these 12 sites, and Fig. 4f for the 

sum of ell three subgroups. To rule out the possibility 

that the 12 sites are more effective over the entire range, 

cr: for these sites was ‘multiplied by a constant factor, 

4.0, over the pll range (the result is plotted in Fig. 4g). 

Various hypotheses can account for the variable 

affinity of these groups €or C1-. 

proposes competitive H+ binding which is now under investiga- 

tion on the computer. Also, Tanford [ 261 proposes a re- 

versible expansion of the protein molecule below pN 4, 

which could simply make more binding sites available. With 

only the C1- binding curve as evidence, it was not deemed 

defensible to speculate either way. 

For example, Saroff ell] 

D. CALCIUM BINDING 

On the alkaline side, posieive ions may be expected 

to bind to serum albumin; in particular, as the protein 

bec:omes less positive Ca* binds along an approximately 

exponentially increasing curve. Of the several studies 

of Ca* binding, the data of Saroff and Lewis [34] gives 



-33- 

a clear empirical binding curve and is confirmed for the 

most part by Loken et aL. t353, who also show the variation 

of apparent pK with pH, and the variation of percent free 

Ca* with pH and total Ca concentration. McLean and 

Hastings [36] is the classic study in the field, relating 

Ca* binding to human physiology. 

-4i- 

On the basis of data in which the only variable is 

dilution, McLean and Hastings rule out the expected dis- 

sociation binding equation, viz*, 

in fawor of 

Eta" 3 eprot= =j = K ,  Kca Prot] 

which suggests that particular pairs of sites acting as 

a unit are responsible 

E331 presents evidence 

-pt for binding the Ca ion. Saroff 

that the binding pair are probably 

not both COO- groups or not both HH2 groups, but probably 

a COOn and an NH propitiously arranged geometrically and 

acting in concert, as in chelation or salt-bridzind. 
2 



The difficulty in theoretical structure again lies 

in the fact that the binding curve is not purely exponen- 

tial; in particular, the points near pH 7 to pH 8 appear 

to be significantly out of line on a log-log plot. However, 

on the alkaline side, not only is the charge on the molecule 

changing, changing K, but also more EJH groups are becoming 2 
available €or binding Caw, as they apparently do 6343. 

In addition, at the isoelectric point approximately 5 

percent of the carboxyl groups are still in the COOH form 

so that these sites, if they are effective, also become 

available. Clearly, therefore, Eq. (14) need not yield 

an exponential binding curve. 

En Eq. (24) the meaning or' the symbol [Pr=] is in 

question so that the definition of K is not clear. Were 

we use the following: consider, as an example, only the 

binding to the carboxyl groups, of which there are agproxi- 

mately 105 at molecular weight 69,000. The groups are 

paired arbitrarily, and then considered to have the same 

concentration ,as though they were free in solution; i.e., 

with protein concentration at 1.0 mM, the carboxyl pairs 

have concentration [Pr=] = 52.5 mM. 
As a first approximation to Ca* binding, the McLean 

and Hastings model, in which pairs of carboxyl groups bind 
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* a Ca 

added to the mathematical model along with 61- and H 

binding. 

and a corresponding 20 m of Ea+ deducted (approximately 

ion, was used. The equation for Ca* binding was 

4- 

Ca* was added as a component, 10 mm being added 

the amount used by Saroff [ 111) 

binding was adjusted by varying K at a calibration point, 

here pH 5.35. At pH 7.35 and 25*C, K should have a value 

2.18 by Ref, 34 and 2.22 by Xef. 35. Then, with the 

The overall level of 

Linderstrom-Lang equation corrected for the valence of 

calcium, the system was titrated from pH 5.35 to pH 10 to 

deternine the shape of the binding curve. 

value of K varies with charge over this range, as well as 

with the binding sites available. 

The apparent 

Figure 5a is a reproduction of the Saroff and Lewis 

[ 3 4 ]  binding data with an approximate curve drawn through 

the points. Figure 5b is the computed binding curve ob- 

tained as described above (i.e. , binding only to the 

paired carboxyl sites); it is a surprisingly good fit to 

the empirical data in the lower range of pH. 

increases along an approximately exponential curve to pH 

7.5, after which the rate of increased binding with pH is 

lower, as though the binding characteristics had changed. 

In fact, all of the carboxyl sites are finally in the COOL 

fom. 

The binding 
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Fig. 5--Calcium binding to serum albumin: 
a) Saroff and Lewis 6353 ( * points), 
b) Computed curve binding to carboxyl 

groups only (solid line) 



In view of this rather good fit to the empirical 

data up to pH 9, the salt-bridging experiment-s were de- 

ferred. Evidently, however, in the vicinity of pH IO SQTW 

effects other than Eqs. (9) and (14) are responsible for 

the increased binding, and in this region the probability 

of occurrence of NH -COO- pairs 2s increasing. 

two such pairs, the binding of Caw at pH 10 could be in- 

creased to match the empirical data, However, because the 

binding to COO- sites alone fits the non-analytic curve to 

pH 8.5, it may be assumed that such paired sites begin to 

appear in the alkaline range above pN 8. 

BY supposing 2 

The binding of Ca* to paired carboxyl sites alone 

gives rise to an equation of the form (14) for which K is 

a. function of pH. With the definition of [Pr=; d s  above, 

and with CCaPr] equal to the concentration of the conceptual 

group Ca(COO-)2 at pH 7.35, we have 

[C;*:[Pr=1 - - 0.008572 x 0.05155 = 0.3094 
Ca Pr] 0.001428 

so that at pH 7.35, pK = 0.51. Since, in this calculation, 

one liter of solvent is used (25OC), the concentrations 

are approximately molal. If the solvent is reduced to give 

one liter of solution, the molar concentration of total 



6a is 10.0, and the pK at 7,35 shifts to 0.505, not much 

change. On the other hand, if [CaPr] is taken to be the 

concentration of the protein molecule, the pK at 7.35 is 

2.217, while Ref, 36 gives 2.2. Also, the pK increases 

witn pH (as Ref. 35 shows). 
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v. DLSCUSSIQN 

ti- With any of the above procedures, binding Cl- or Ca , 
+ the empirical H titration curve is, of course, exactly 

fitted by the calculation, since, wFth the Linderstrom- 

La.ng modification of the pK, all of the variation occurs 

in the Debye-Huckel parameter w. 

w versus pH with C1- and Ca* binding. 

Figure 2c is a plot of 

Again, the calcu- 

lation fer  ti near the isoionic point is imprecise, but 

this inaccuracy is not directly pertinent since it is 

supposed that the molecule is stable in this range, and 

greater precision is possible if required. 

The more interesting aspect is the stability of w 

in the extreme ranges, The calculated w bears little 

resemblance tu that found experimentally (i.e., without 

the computer); but, in fact, under the conditions de- 

scribed for t-he computer experiment below pM eC*5 and 

above pH 7.0, the calculated w is highly accurate. Further, 

it is difficult to see how the developing experiments in 

salt-bridging and chelation can change w by mere than a 

few percent. More likely, because of the insensitivity 

of w, it is the wrong choice of parameter on which to base 

speculation on molecular configuration. More sensitive 



tests of molecule geometry may be based on attempts t~ 

fit eznpiricdl data directly, e.g., considering hypothetical 

lndfvidual site reactions as in the work of Saroff [11.,34]. 

The motivation for this experimental model was to 

obtain an “effective” titration curve (Fig. Ed) for use 

in a larger system, but the methods are quite general and 

nay prove useful elsewhere. It is possible, for example, 

to apply the techniques of calculation to other chemical 

systems and thus expose far study ‘che details of complex 

reactions. 

Various experiments have suggested themselves during 

this study: the variation of the “intrinsic” pK with 

ionic strength; a more precise analysis of the system near 

the isoelectric point; the implications of a nan-spherical 

molecule; a molecule penetratable by water molecules; and 

the general subject of salt-bridging. Further work from 

a purely theoretical view, however, might more appro- 

priately be directed toward the question of whether &he 

Linderstrom-Lang theory is still adequate. 

and Kirkwood t 1.53 suggest, it is probably now possible to 
compute the titration curve €or a protein directly from 

the geometrical coordinates of the sites within the 

molecule. This larger problem is now under consideration, 

As Tanford 
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