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ABSTRACT

Combination Antiretroviral Therapy (cART) can suppress plasma HIV below

the limit of detection in normal assays. Recently reported results suggest that viral

replication may continue in some patients, despite undetectable levels in the blood. It is

broadly reported that latently infected cells are the main cause of this persistence under

cART. It has been suggested that the appearance of the circularized episomal HIV

DNA artifact 2-LTR, following treatment intensification with the integrase inhibitor

raltegravir, is a marker of ongoing viral replication. These 2-LTR episomes are assumed

to be formed from the virus DNA copies that could not be integrated in the DNA of the

CD4+ T Cells caused by raltegravir. Other work has suggested that lymphoid organs

may be a site of reduced antiviral penetration and increased viral production. Given the

fact that raltegravir does not affect viral load in peripheral blood, the main hypothesis

of viral persistence through ongoing replication is that the process is happening in

anatomical reservoirs related to poor penetration of reverse transcriptase and protease

inhibitors.

This thesis proposes a mathematical model to investigate whether lymph nodes

can function as sanctuary sites for ongoing viral replication and investigates the pat-

terns of 2-LTR formation expected after raltegravir application, incorporating spatial

dynamics to previous models. It also describes the mechanisms by which this could

be possible, and the conditions needed to generate the transient behavior of both

measured 2-LTR and HIV viremia in the blood after administering raltegravir in pa-

tients on apparently suppressive cART regimens as shown in recent studies. A multi-

compartmental differential equation is described taking into account the dynamics of

infected and uninfected CD4+ T cells, free virus, and cells containing 2-LTR circles.

The sanctuary site is modeled with limited penetration of the antiviral drugs.

xvi



Experimental data and previously published distributions are used to estimate

the reaction and diffusion parameters and HIV and T-cells rates in a Monte-Carlo

simulation of the model to determine what parameter values are consistent with the

observed 2-LTR transient behavior. This thesis analyzes the effect of different subop-

timal penetration of drug in cART, the anatomical reservoir size on cryptic viremia

for hyperplastic follicles inside lymph nodes and its possible effect in the formation of

viral blips and 2-LTR circles in the blood. Using previous 2-LTR circles data, this

thesis presents how these conditions have to be meet in order to have 2-LTR formation

in PBMC. Furthermore, through a Bayesian MCMC analysis this thesis aims to find

how much T cells recirculation time could affect previous estimation of 2-LTR circles

half-life. Based on that, it finally presents that measurable 2-LTR peaks might be cor-

related to total infection in the body, but with different patterns of drug penetration

combinations and reservoir size for each peak.
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Chapter 1

INTRODUCTION

1.1 Human Immunodeficiency Virus

Human Immunodeficiency Virus (HIV) is a roughly spherical retrovirus that

infects CD4+ T cells, causing acquired immunodeficiency syndrome (AIDS). AIDS is

characterized by the breakdown of the adaptive immune system, leading the patient

vulnerable to opportunistic infections. The adaptive immune system is a complex and

self-regulated network of specialized cells with the aim to protect the human body from

foreign agents (antigens). HIV infects and decreases the number of CD4+ T cells, a

crucial set of cells in the adaptive immune system, leading to failure in the immune

response.

CD4+ ’helper’ T cells are a class of T cells that express the surface molecule

CD4. These cells, after they migrate from the thymus, interact with antigen presenting

cells with information of foreign agents. If an antigen is detected, CD4+ T cells are

activated promoting immune response.

HIV has an envelope with high affinity with the CD4 surface molecule in the

helper T cell. Inside the envelope, the virus has two identical RNA strands, enclosed

in a protein capsid. These RNA copies encode the necessary information for the pro-

duction of enzymes, structural and regulatory proteins facilitating the replication of

the virus.

After the virus successfully binds to the cellular membrane, the HIV RNA

strands are released into the cell. When the viral genome enters into the cell, four

general steps occur as presented in figure 1.1: (1) The reverse transcriptase protein

copies from the RNA strands to make a complementary DNA (cDNA). (2) This cDNA
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is translocated into the nucleus of the cell and integrated into the host cell genome. (3)

After that, the virus uses the protein machinery of the cell to produce new viral RNA

transcripts which are transported to the cytoplasm to produce new viral proteins, that

(4), leads to the assembly and production of many new virions. Given that this infec-

tion process takes advantage of the T cell machinery, it degrades the host cell leading

it into a half-life of around 1 day. Thus, the number of CD4+ T cells decays rapidly

producing chronic immunodeficiency, and, if no treatment, death.

1.2 Combined Antiretroviral Therapy

Very early, individual drug treatment inhibiting one of the HIV life-cycle steps,

starts a fight against HIV infection. However, studies found that HIV has a rapid

turnover and high mutation rate, producing a higher diverse population of the virus

than previously thought. This diversity increases significantly the likelihood of resis-

tance to any one-drug antiviral treatment, forcing a multi-drug treatment as the mod-

ern strategy used to control HIV infection. This treatment called combined antiretrovi-

ral therapy (cART) employs a cocktail of three or more drugs designed to interfere with

various different steps in the HIV life cycle [52, 77]. Currently recommended cART

consists of three drug regimen inhibiting reverse transcription and virus production as

depicted in figure (1.1). The regimen includes either two nucleoside/nucleotide ana-

log reverse transcriptase inhibitor (NTRI) and one non-nucleoside/nucleotide analog

reverse transcriptase inhibitor (NNTRI), or two nucleoside/nucleotide analog reverse

transcriptase inhibitor (NTRI) and one protease inhibitor (PI) [77]. This approach

has been successful in the sense that it has transformed HIV infection from a death

sentence to a manageable disease.

Using a multiple drug regimen increases the mutational barrier to escape while

suppressing the overall virus replication rate. Multiple mutations are necessary to

confer resistance to the drugs, making it extremely unlikely for resistant viruses to

be generated by random chance. Despite this great advance in the treatment, cART

cannot eliminate the virus. As figure 1.2 depicts, residual virus is being detected by
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Figure 1.1: HIV-1 replication cycle and cART. Representation of HIV-1 infec-
tion of a T cell in four general steps, and how cART can inhibit them.

ultra-sensitive viral load assays [26], in patients under cART, with even intermittent

episodes of transient viremia (’viral blips’) in some patients. Thus, rapid viral rebound

is experienced in patients when treatment is interrupted. [33].

1.3 Ongoing Replication and 2-LTR Formation

Reactivation of viral reservoirs in latently infected CD4+ T cells is the main

source of HIV-1 persistence in patients under cART [29, 81, 17, 30]. However, the

existence of de novo infection of active T-cells during suppressive therapy has recently

been suggested as another possible source of residual viremia [16, 73, 11, 30]. Such

ongoing replication would occur in anatomical reservoirs, possibly inside the lymph

nodes [45, 67, 30], where there is evidence of poor antiviral penetration and resulting

in viral replication [35, 72, 34].

Potential evidence of ongoing replication in remote compartments is the pres-

ence in peripheral blood of circular episomal HIV DNA artifacts, which are formed

during failed viral infection events [73, 11, 72]. Because these circles contain a unique
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Figure 1.2: HIV-1 persistence. After initiation, cART suppresses plasma viral
load below the limit of detection. However, the virus persists, and viral
blips can be present in some patients. With very few exceptions, after
cART is interrupted, all patients present viral rebound.

region with two adjacent copies of the viral long-terminal repeat (LTR), the boundary

region of the HIV genome, they are known as 2-LTR circles. These 2-LTR circles are

formed when host cell DNA repair enzymes modify linear viral cDNA that has failed

to integrate into the host cell DNA. In the study by Buzon et al., 29% of the appar-

ently fully-suppressed HIV-positive patients on cART were observed to have transient

increases in CD4+ T cells containing HIV 2-LTR following intensification with ralte-

gravir (RAL), the first integrase inhibitor to receive FDA approval. In the study, they

enrolled HIV seropositive patients on suppressive cART for around 1 year. From them

45 were separated to continue cART with raltegravir (see figure 1.3). 2-LTR circles

were detected in 13 of the 45 patients. Given that raltegravir specifically prevents the

integration of linear viral cDNA in targeting cells, and that linear cDNA is a product of
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Figure 1.3: Buzon’s study design. In the study, after 1 year under cART, the
treatment in 45 patients was intensified with RAL and measurements
were made for 48 weeks. In every patient, plasma viral load was below
the limit of detection. However, in 13 of them, a transient behavior of
2-LTR circles in blood was found.

a recent infection event (see figure 1.4), this evidence strongly supports the hypothesis

that the episomal HIV-1 genomes are biomarkers of recent virus replication [11, 72, 71].

In support of this hypothesis, a genotypic study, compared episomal DNA with

proviral DNA in longitudinal samples per million of blood mononuclear cells (PBMC)

from patients under raltegravir intensification of cART. The study showed marked

differences between the viral genetical profiles, suggesting that episomal and proviral

sequences came from different anatomical compartments [10]. A similar study, an-

alyzing the envelope regions from episomes and proviruses in PBMC during cART

interruptions, reports genetic similarities between rebounding virus and the episomes.

However, the rebounding virions were different relative to the proviruses in the exper-

iment, suggesting that the virus may rebound from anatomical reservoirs [72]. This

evidence strongly supports 2-LTR circles as surrogates of recent viral replication in

anatomical compartments.

1.4 Mathematical Model of 2-LTR Formation

Previously, a reduced model was proposed for the formation of 2-LTR in [47]

with excellent fit to the data described in the Buzon study [11]. The model defines
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Figure 1.4: RAL intensification and 2-LTR formation. When raltegravir is
applied in patients under treatment, 2-LTR circles can be only formed if
RAL inhibit the integration of a recent de-novo infection of a T-cell by
the virus.

the dynamics of active infected T cells y and 2-LTR containing cells c in the absence

and presence of raltegravir (RAL). The model considers two sources for active cells,

de novo replication events aRy affected by raltegravir ηIIuII and the activation of

long-lived infected cells ye. On the other hand, the formation of 2-LTR is presented

as proportional to the infection rate aRy but with different rates prior to raltegravir

φkII(1− ηIIuII) and when raltegravir is applied kIIηIIuII. The decay rate of infected

cells and 2-LTR containing cell are represented by a and δ. Thus the equations have

the form,

ẏ = (1− ηIIuII)aRy − ay + ye

ċ = φkII(1− ηIIuII)aRy + kIIηIIuIIaRy − δc.
(1.1)

Here R represents the reproductive ratio under cART. If the replication is happening,

R has values close to one. kII is the probability of integration failure by raltegravir per

million of blood mononuclear cells (PBMC), and φkII refers to the same probability but

when the virus entry is not interrupted by raltegravir. When fitted to the data in Buzon
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et al. [11] of the 13 patients with 2-LTR transient response after RAL intensification,

the infection success ratio R was in the range (0.99, 1) consistent with the hypothesis

of ongoing replication in a reservoir, in this subset of patients. This reduced model

showed also a dramatic qualitative difference in the expected behavior of measured 2-

LTR following raltegravir intensification. If the primary source of new infection events

was the activation of latently infected cells (R < 1), consistent with controlled viremia,

the 2-LTR response to raltegravir intensification should be monotonically increasing, as

the plot in red in figure 1.5. If the primary source of new infection were a stable cycle of

successful infection and lysis of target cells (R ∼ 1), the 2-LTR response to raltegravir

intensification would be a sharp, transient increase, as was seen in [11] (in blue in

figure 1.5). The estimated decay rate δ for the 2-LTR had a median of 0.47 days−1,

in congruency with previous estimations in-vivo [82, 57]. Given the previous results,

if replication rates were homogenous, this would result in measurable plasma viremia;

as this was not seen, the replication resulting in the formation of 2-LTR episomes

must be occurring in a spatially remote sanctuary site [47]. While several studies have

failed to show evidence of ongoing cycles of HIV-1 infection, due to the lack of plasma

viral load changes under the conditions described in Buzon et al. [35, 34, 74], the

absence of significant changes in plasma HIV-1 is not inconsistent with the existence

of ongoing replication in compartments with limited communication with the plasma

[35, 34, 14, 74]. There is evidence that viral replication is compartmentalized, isolated

by potential barriers between plasma and certain tissues and organs [22, 53]. This

compartmentalization could also explain the lack of observed sequence evolution in

HIV [28, 3], as the samples taken from the blood may not reflect replication occurring

in other compartments.

1.5 Lymphoid Tissue as Sanctuary Site

The results of the previous section are only biologically feasible if there exist

sites within the body that allow ongoing viral replication. These sites must have the

spatial dynamics that provide the balance of isolation and connectivity needed to allow
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Figure 1.5: 2-LTR Buzon study data fitting. The 2-LTR circles transient behav-
ior data is only possible to be fitted for the model when the values of R
are equal to 1 (in blue), meaning that ongoing replication is happening.
When R is smaller than 1, the only behavior, obtained by the activation
of latent cells is a monotonic one, (Data taken from [47]).

ongoing viral replication that cannot be seen in the blood, but revealed through the

production of 2-LTR products measurable in the blood (see figure 1.6). These sites

would have to be sufficiently isolated from the blood that reduced concentrations of

the antiviral drugs can be maintained. They would also have to be sufficiently isolated

that neither virus nor infected cells produced in the sites are likely to survive the

time required to diffuse into the blood. They would, however, need to be sufficiently

connected that the cells containing 2-LTR circles created in the site do survive long

enough to be measured in the blood. Furthermore, they need to be connected enough

that the drug raltegravir can penetrate the site in concentrations adequate to cause the

observed reduction in virus production. For the reasons discussed above, lymph nodes,

specifically the follicle region, could potentially satisfy these requirements. Lymph

nodes (LNs) have been suggested as sanctuary sites, compartments where antiretroviral
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Figure 1.6: Drug sanctuary site hypothesis. If 2-LTR circles are present in
the blood, but the plasma viral load is low, if ongoing replication is
happening, a drug sanctuary is a plausible hypothesis. This hypothesis
presents that drug distribution is suboptimal in some tissues allowing
viral replication. However, RAL can penetrate this sanctuary, allowing
2-LTR formation there. Therefore, 2-LTR measurements represents those
in T-cells coming from the sanctuary.

drugs are inefficient or do not have penetration [45, 62, 44]. LNs are small bean shaped

secondary organs that belong to the lymphatic system. Their principal goal is to allow

encounters between T cells and antigen presented cells to activate an immune response

when antigens are present. Follicles and paracortex in the lymph nodes are known

to serve as a preferred location for HIV replication [31]. Studies with patients treated

with cART for more than one year, described long-term persistence of HIV-1 structural
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proteins and glycoproteins in the germinal centers of lymph nodes despite undetectable

plasma HIV-1 replication, suggesting the additional role of lymph nodes as anatomical

reservoirs [67, 78]. Systemic analysis of SIV-infected Rhesus macaques receiving cART

for 1 year also found high levels of vRNA in the lymph nodes [40].

By modeling the interactions between the fluid, well-mixed blood and fluid

lymph and a semi-solid, diffusive lymphoid follicle based sanctuary site, we aim to

determine whether it is feasible that lymphoid follicle sanctuary sites are producing

the pattern of 2-LTR and viral load blood measurements seen experimentally. Many

of the spatial diffusion rates of the cells, viruses, and drugs within the lymphoid follicle

regions have been measured experimentally; others can be adequately estimated using

basic physical principles.

1.6 Goals and Organization

In this dissertation, we propose a model-based study articulating the possible

mechanisms of ongoing replication occurring in lymphoid follicle sanctuary sites and

investigate the patterns of 2-LTR formation expected after raltegravir application and

viral blips. Using the model this dissertation has the goal to answering the following

questions:

1. Could sub-optimal drug penetration in inflamed lymph nodes sustain de-novo
viral replication in patients under cART and produce patterns of transient 2-
LTR circles in PBMC after raltegravir intensification?

2. What would be the reservoir size and drug penetration to sustain de-novo viral
replication inside lymph nodes in patients under cART?

3. How correlated is 2-LTR maximum value in PBMC with total recent de-novo
infection?

4. Is neglecting re-circulation of T-cells overestimating the measured 2-LTR half-life
in-vivo?

5. Could cryptic viremia produce viral blips patterns?

The organization of the dissertation to answer these questions is outlined in

the following way. In chapter 2, we present a mathematical model to examine whether
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lymph nodes can function as sanctuary sites for ongoing viral replication, incorporating

the spatial dynamics neglected in [47]. A spatial differential equation is described tak-

ing into account the dynamics of infected and uninfected CD4+ T cells, free virus, and

cells containing 2-LTR circles. The sanctuary site is modeled with limited penetration

of the antiviral drugs. Based on several assumptions, we simplify the reaction-diffusion

equations describing the dynamics into a set of compartmental diffusively-coupled or-

dinary differential equations.

In chapter 3 we present the reproductive ratio of the virus in each compartment,

prior to raltegravir intensification if the compartment were isolated and its relation with

suboptimal drug penetration. We use this ratio as a measure to determine lower bound

conditions for cryptic viremia under cART before intensification and for 2-LTR tran-

sient results after intensification. We describe the mechanisms by which this could be

possible, and the conditions needed to generate the transient behavior of both measured

2-LTR and low HIV viremia in the blood after administering raltegravir in patients on

apparently suppressive cART regimens as shown in [11]. Monte-Carlo simulation of the

model using previously published distributions of the model parameters is performed

to determine what parameter values are consistent with the observed 2-LTR transient

behavior. In this simulation an unevenly-fixed drug penetration is assumed.

In chapter 4 we develop an analysis of the stability properties of the diffusively

coupled system. Using this analysis we present a way to characterize cryptic viremia

inside lymph nodes. A similar Monte-Carlo simulation of the model of the previous

chapter is performed. In this chapter, however, conditions for cryptic viremia are

expanded including combination size with drug penetration ratios inside the lymph

node. Moreover, the chapter includes a description of different possible 2-LTR decay

rates and quantitative comparison between Buzon et al. data and simulations of 2-LTR

circles in the main compartment. Finally, we present that measurable 2-LTR circles

maximum values are correlated to the total infection in the body but with different

patterns of drug penetration and reservoir size for each peak.
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In chapter 5 we describe, through a Bayesian MCMC analysis, how neglecting

T cells recirculation could affect prior estimation of 2-LTR circles half-life. We ana-

lyze the bias introduced by the model mismatch by identifying the parameters of the

simple model presented above using simulated data generated from the best fits of the

compartmental model the INTEGRAL data. The data from the INTEGRAL study

presented the 2-LTR circles behavior of a set of patients with raltegravir insensification

of cART after a year of treatment. The simulated data follows two sampling schedules,

and it is corrupted by the measurement noise process described in [49]. The identi-

fied parameter values are then correlated to the parameter values used to generate the

simulated data. Finally, we performed a comparison of the median of the posterior

distribution for the 2-LTR decay rate and the median of that rate value to create the

virtual data.

In chapter 6 we present how viral blips could be related to cryptic viremia. We

do a theoretical analysis of the model to find conditions than guarantee that the system

does not present cryptic viremia, and thus, has an initial state of the system. Then

we characterize the occurrence, duration, amplitude and final value of the viral blip in

terms of how the diameter of the lymph nodes changes. We show that these changes in

the diameter affect mainly the connectivity between compartments leading to transient

episodes of viremia in the main compartment representing the blood.

Finally in chapter 7 we present summary conclusions of all the previous chapters

and discuss various directions for future research.

1.7 Impact and Significance

The production of a novel viral mutant is a random event, with a chance of

occurrence that depends on the number of point mutations needed and the intrinsic

mutation rate for HIV. The activation of latent reservoirs will not contribute to the

evolution of resistance, as those cells do not produce any novel mutations during acti-

vation. If HIV-1 de-novo infection is happening in sanctuary sites, viral replication will

certainly contribute to the production of novel viral mutants. Therefore, the detection

12



of this cryptic viremia has high relevance in practice. In this work, we present a solid

foundation theory for the relation of 2-LTR formation and recent infection in sanctuary

sites. The results of this work will contribute for the development of clinically useful

method for detecting and quantifying cryptic viremia using 2-LTR circles and ralte-

gravir intensification following the procedure proposed in [47] . Thus, detecting cryptic

viremia in clinical settings will enable management regimen changes if necessary, and

will also allow for minimally invasive comparative testing of the efficacy of antiviral

drugs in preventing or eliminating cryptic viremia. Moreover, this work also contribute

in the analysis of the bias introduced by the model mismatch by identifying the pa-

rameters of the simple model using simulated data generated from the compartmental

model. This has significant implications for the durability of antiviral therapy, and for

any attempts to functional cures for HIV infection.
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Chapter 2

SPATIAL MODEL OF CRYPTIC VIREMIA AND 2-LTR FORMATION

2.1 Introduction

When viral cDNA fails to integrate into host CD4+T cells, episomal artifacts

including linear unintegrated DNA, 1-LTR circles, and 2-LTR circles form. 2-LTR

formation can only happen following a successful reverse transcription event. Previous

studies have shown no significant viral change in the blood after raltegravir intensi-

fication in patients under cART. If the 2-LTR production is arising from interrupted

rounds of successful infection, this implies that the 2-LTR containing T-cells come from

an anatomical compartment diffusively remote from the blood. The model we propose

assumes that the paracortex/follicle within lymph nodes are anatomical compartments

with reduced drug efficacy, from which T-cells with 2-LTR recirculate after raltegravir

is applied. The main objective is to determine whether this hypothesis is consistent

with the observed dynamics of 2-LTR following raltegravir intensification.

The re-circulation and motility of T-cells has been broadly studied. As depicted

in figure 2.1, re-circulation includes the entry into the lymph node, the motility inside

and the exit from the paracortex of the node. There are two main entries for lympho-

cytes into the lymph nodes, through high endothelial venules (HEV) and the afferent

lymphatic vessels (AL) in the sub-capsular sinus. The HEV route is preferred over the

AL for T -cells so that in the absence of infection, up to ∼ 2 percent of T-cells are

recruited via HEVs from the recirculating pool per day [79]. This preferred way for

T-Cells to enter the lymph nodes is highly selective and efficient. A guided cascade

facilitates the crossing of the lymphocytes through the HEV’s wall. Inside the para-

cortex of the lymph node, the cells follow a random walk in a cord-like arrangement
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Figure 2.1: Recirculation of T cells. T cells enter the LNs from the blood via
high endothelial venules (HEV) and from the interstitial fluid or other
LNS via Afferent lymphatic vessels (AL). After some time inside the
LNs (this time depends if they encounter antigens), they are back to the
recirculation through efferent lymphatic vessels (EL).

of concentric layers of fibroblastic reticular cells (FRCs). Each paracortical cord is

between 10 and 15 µm in length, and the T-cells has been reported to have an average

3D velocity of ∼ 15 µm
min

and a motility coefficient about 50−100µm
2

min
[53, 79, 36, 7]. The

random walk permits the interaction of T-cells with dendritic cells needed to recognize

antigens [79, 36]. In uninflamed lymph nodes, the T cells will explore a particular

lymph node for between 6 and 18 hours [54, 79], though cytokine signals in inflamed

lymph nodes can make this considerably longer [36]. If naive lymphocytes do not en-

counter antigens, they eventually leave the paracortex by the cortical sinus and the

lymph node through efferent lymphatics. The total recirculation time is estimated to

be between 52 and 69 hours on average [65]
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Several different approaches have been used to model lymph nodes [53, 43, 5, 50],

but none with the purpose of explaining ongoing viral replication. Some researchers

have explained HIV dynamics in compartments, but none has accounted for 2-LTR

formation as a marker of low level replication [12, 70]. Here, we present in detail the

assumptions and description of a multi-compartmental model of the viral dynamics in

the blood and the lymph nodes paracortex/follicle sites. The model includes the trans-

port of cells and virus between compartments and extends the single-compartmental

model in [47] to include spatial dynamics of 2-LTR containing cells and how hey are

formed in the blood. Furthermore, we present a description of the parameters and the

assumption made for their values.

2.2 Development of the Spatial Model

The model represents the conditions for the formation of 2-LTR in T-cells due to

HIV dynamics both inside the lymphoid follicles and the blood as well as the motility

of the CD4+ T cells among them. We used the basic model of HIV dynamics with its

associated assumptions [64, 60, 80, 66, 39]. Furthermore, we include the assumptions

that the two sources of 2-LTR formation in T-cells are the intrinsic one unenhanced

by raltegravir and the one caused by the application of raltegravir formulated in [47]

and used in [14]. Several assumptions of the recirculation and motility of the T-

cells and HIV in the initial compartmental model are proposed in [14]. Firstly, the

recirculation of T-cells from the inner sites of the lymph nodes to the lymphatic vessels

and the blood is diffusion-like. Second, the motility of T-cells inside the lymphoid

follicles is also analogous to diffusion, moving in apparently random walk fashion [53].

Third, HIV is only transported in/out the lymphoid follicles inside infected T-cells [55].

Fourth, HIV moves inside the lymphoid follicles by diffusion. Fifth, T-Cells and virions

move rapidly enough such that the Lymphoid Follicle is well-described by concentric

homogenous spherical domains. Finally, we assume the blood and lymphatic vessels

can be jointly described by a single, well-stirred compartment.
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Based on these assumptions, we simplify the reaction-diffusion equations de-

scribing the dynamics into a set of compartmental diffusively-coupled ODEs as in

[9, 8, 27]. The system has the following configuration: one main compartment repre-

senting the blood, the HEVs and the lymphatic vessels and N secondary compartments

representing all the lymph nodes paracortex/follicle sites in human body. TheseN com-

partments have no connections between them but only with the main compartment as

Figure 2.2 depicts. Reaction-diffusion dynamics is assumed to dominate within each

of the N secondary spherical compartments. The method of lines is used to spatially

discretize each of the N spherical compartments, and spherical symmetry is exploited,

allowing the spheres to be subdivided into n− 1 concentric spherical shells where only

the most external one is connected with the blood compartment. The different shells

are denoted by the subscript i. Since all N compartments have the same geometrical

configuration, this result in an ODE model of 4n equations.
…

 

… 

N
i = 1

i = 2

i = n

Figure 2.2: Configuration of compartments. On the left, the main compartment
representing the blood, HEVs and lymphatic vessels. In the middle,
the N secondary spherical compartments representing the lymph nodes
paracortex/follicle sites and, on the right, the formulation of each sphere
as n− 1 concentric homogeneous shells.
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Figure 2.3: Illustration of the model. Description of the HIV life cycle, the
formation of 2-LTR circles in T-cells and the influence of the drug in
each compartment and the variables that represent each element.

As depicted in Figure 2.3, in each compartment CD4+ T target cells xi, are

produced at a rate λ, decay at a rate dxi and are infected at a rate βxivi. The rate is

reduced by the activity of reverse transcriptase inhibitors (RTI) uRTI and integrase in-

hibitors (II) uII with maximum effectiveness of ηRTI and ηII . We hypothesize that the

efficacy of the drug depends on the domain; therefore, we include a spatial dependence

drug penetration distribution θi and ξi for RTI and II respectively. Exogenous sources,

particularly the activation of latent infected T-cells, contribute to create actively in-

fected cells at a rate ye. The infected cells yi die at a rate ayi and produce virions

at a rate γyi. This viral production is interrupted by protease inhibitors uPI with
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maximum efficiency ηPI (the activity of protease inhibitors results in the production

of non-infectious particles, which are neglected in this model). The activity of this

drug is also assumed to vary spatially by a factor ϕi. Free virus exponentially decays

at a rate ωvi. Viral entry leads to the formation of linear unintegrated HIV DNA at

a rate inhibited by the activity of RTI drugs. In the case of no integrase inhibitor

intensification (uII = 0), DNA copies may fail to integrate into the host cell genome

at a small intrinsic rate φkII resulting in the formation of cells with 2-LTR ci. In the

case of intensification with integrase inhibitors (uII = 1), this rate of 2-LTR produc-

tion is increased to kIIηIIuIIξi in this compartment, with a concomitant decrease in

the intrinsic rate to avoid the possibility of counting the same 2-LTR formation event

twice. The 2-LTR containing cells decay at a rate δc.

Communication between the compartments is modeled as diffusion, where Ni
represents the set of the adjacent layers of i, D

(·)
i,j =

D(·)i,j
l

Ai,j

Vi
with Ai,j representing

the surface area between each layer in the sphere, Vi the volume of the layer, and
D(x)i,j

l
=

D(y)i,j

l
=

D(c)i,j

l
and

D(v)i,j

l
the effective diffusivity of target, infected, 2-LTR

containing T-cells and HIV virions between layers.

The first compartment (s = 1) represents the blood and free-flowing lymph,

and connects with all the N spherical sites. As a result, the equations for the first

compartment have a special form, which may be written as:

ẋ1 = λ− dx1 − βx1v1(1− ηRTIuRTIθ1)(1− ηIIuIIξ1)

+ND
(x)
1,2(x2 − x1)

ẏ1 = βx1v1(1− ηRTIuRTIθ1)(1− ηIIuIIξ1)− ay1 + ye

+ND
(y)
1,2(y2 − y1)

v̇1 = γ(1− ηPIuPIϕ1)y1 − ωv1 +ND
(x)
1,2(v2 − v1)

ċ1 = βx1v1(1− ηRTIuRTIθ1)(φkII(1− ηIIuIIξ1) + kIIηIIuIIξ1)

−δc1 +ND
(c)
1,2(c2 − c1).

(2.1)

For the remaining n−1 spherical shell compartments (representing the reaction-

diffusion dynamics within the LF site), the equations may be written as:
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ẋi = λ− dxi − βxivi(1− ηRTIuRTIθi)

×(1− ηIIuIIξi) +
∑

j∈Ni
D

(x)
i,j (xj − xi),

ẏi = βxivi(1− ηRTIuRTIθi)(1− ηIIuIIξi)− ayi
+ye +

∑
j∈Ni

D
(y)
i,j (yj − yi),

v̇i = γ(1− ηPIuPIϕi)yi − ωvi

+
∑

j∈Ni
D

(v)
i,j (vj − vi).

ċi = βxivi(1− ηRTIuRTIθi)

×(φkII(1− ηIIuIIξi) + kIIηIIuIIξi)− δci
+
∑

j∈Ni
D

(c)
i,j (cj − ci).

(2.2)

2.3 Parameters

To obtain realistic conditions for the 2-LTR dynamics seen in blood assuming

lymph nodes paracortex/follicle acting as sanctuary sites, the parameters for viral

dynamics, 2-LTR formation, drug penetration, and diffusion/geometry values have to

be defined. The parameters include the local reaction rates and the diffusion rates

between compartments.

2.3.1 HIV reaction rates

The proliferation and clearance rates of target CD4+ T-cells λ and d, the death

rate of infected cells a, the density dependent infection and virion production rates β

and γ respectively, and the reservoir contribution rate ye were selected from the values

obtained by parameter identification in [48] generated by a Bayesian Markov-Chain

Monte Carlo technique. This study estimates the parameters from data taken from

HIV patients who had 3 to 5 treatment interruptions cycles each. These data produced

a posterior distribution of parameter values, including drug efficacy, conditioned on the

observed data.
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2.3.2 2-LTR formation rates

The parameters for the 2-LTR formation include KII , φ, and δ. KII and is the

product of a scaling factor which describes the volume that contains 106 PBMC (Pe-

ripheral Blood Mononuclear cells) and non-dimensional factors that relate the fraction

of integration events that fail after raltegravir is applied. From [21, 32] we assume

that a volume in the range [270− 910] µL
106PBMC

is high likely to have interruptions

of integration events by raltegravir (very close to 1). φ is the ratio between intrinsic

and raltegravir enhanced likelihood of cDNA integration failure. δ is the decay rate of

observed 2-LTR in vivo. We base the previous values from the estimation obtained in

[47] using data from [11] and the values estimated from previous studies [21, 57, 68, 82].

2.3.3 Diffusion

To determine the diffusion parameters in the model depend on the diameter of

the spherical compartment and the values for effective diffusivity of the T-cells and the

virus. Studies have shown that hyperplastic lymphoid follicles can be as large as 1mm in

diameter [61]. Thus, we vary the site diameter around this value to determine the effect

site size has on the 2-LTR transient behavior. Effective diffusivity of T-cells between

the main compartment and the paracortex/follicle site
D(x)1,2

l
,
D(y)1,2

l
and

D(c)1,2

l
, we

note that without infection, one mouse lymph node recruits approximately 2% of the

T-cells from recirculating pool per day, and the average diameter of a mouse LN is 1mm

[43, 76]. Diffusion into the lymph node is given by the equation
Dxb,LN

l

Ab,LN

VLN
xb = 0.02xb,

where
Dxb,LN

l
is the effective diffusivity between the blood and one mouse lymph node,

and Ab,LN and VLN the surface area and volume of the mouse lymph node respectively.

Thus,
Dxb,LN

l
must be approximately 1

300
mm
day

, which we use as the estimated value of
D(x)1,2

l
,
D(y)1,2

l
and

D(c)1,2

l
.

The effective diffusion of T-cells between layers within the lymphoid paracor-

tex/follicle is the average value of the experimentally observed motility coefficient of

T-Cells within lymphoid follicles of 0.1mm
2

day
[53, 79, 36, 7] divided by the length of each

layer l = r
n−1 , where r is the radius of the paracortex/follicle site.
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The effective diffusion of the virus approximately is assumed to be zero between

the main compartment and the spherical sites and that the virus is carried into them

only by T-cells. This is because the separating boundary is known to act as a molecular

sieve for particles smaller than an HIV particle [79]. The effective diffusivity between

compartments is assumed to follow the derivation in [46, 56] for a spherical virus.

Assuming the diameter of HIV equal to 120 nm a diffusion coefficient of 0.43mm
2

day
is

calculated and divided by the width of each layer, l = r
n−1 to obtain the effective

diffusivity.

2.3.4 Sanctuary sites and Drug Penetration

The drug penetration distribution in each compartment is not well understood,

and we investigate multiple possibilities. We assume that each drug has a penetration of

100% in the first compartment, and for θi and ϕi we assume a geometric sequence with

ratio 1
2

while for ξi a geometric ratio equal to 1 and has a value of 0.7 for compartment

1 to n.

These equations for drug efficacy are consistent with reduced diffusion of the

drug into the sanctuary site, and assume that the intracellular half-life of the drugs is

shorter than the time spent in the sites by the T Cells. For the nominal parameters

used in this study, the median time spent by a T Cell in the sanctuary site depends on

the site diameter, and ranges between 1.5 days for site diameters of 0.1 mm up to 15

days for site diameters of 1 mm (see appendix A). These times are compatible with the

experimentally determined times discussed previously [54, 79, 36], and also provides a

mechanism for the longer times associated with lymphoid inflammation. These times

are also longer than the half-lives of all of the antiviral drugs [6], though a few drugs,

such as the non-nucleoside reverse transcriptase inhibitors or the nucleotide analogue

tenofovir, have half-lives comparable to the time spent in smaller lymph nodes. Other

mechanisms besides diffusion may also result in reduced concentrations and/or efficacies

of the antiretrovirals in the lymphoid follicles; the model could be modified to account

for alternative mechanisms through modification of the equations ξi, θi and ϕi.
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Chapter 3

BASIC REPRODUCTIVE RATIO AND CRYPTIC VIREMIA

3.1 Introduction

Basic reproductive ratio has been broadly used to characterize the capacity of

the virus to sustain replication. Here we present how this concept can be used in

multi-compartmental modeling to find conditions for cryptic viremia.

If the compartments were isolated, then, prior to integrase inhibitor application,

each compartment has a basic reproductive ratio,

R̂0i =
βλγ

daω
× (1− ηRTIuRTIθi)× (1− ηPIuPIϕi). (3.1)

Here, R̂0i relates each phase of the HIV cycle, drug efficiency and drug penetra-

tion in each compartment with the form of equation (3.1). When the value of R̂0i is

greater than 1, the virus grows exponentially, and when it is smaller than 1 the virus

decays exponentially. Note that the smaller the values of θi or ϕi, the larger the initial

growth rate of the virus in the compartment.

Since we assume 100% penetration in compartment 1, R̂01 < 1 is guaranteed.

Consequently, the region between the third and the nth compartment composes the true

sanctuary site, with drug efficacy sufficiently low to enable persistent virus replication.

The compartment diffusively furthest from the plasma has the smallest drug effective-

ness. This last compartment has an extremely low drug efficacy and R̂0s>2 > 1. The

second compartment composes a transition region, with reduced drug efficacy relative

to the main compartment and in consequence R̂02 ∼ 1.

Since the drug distribution is assumed to decrease with compartment, the i = 2

compartment has the highest drug activity in the sphere and thus the smallest R̂0i .
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Consequently, if there is viral replication in compartment i = 2, this implies the pres-

ence of viral replication in all compartments i > 2. Thus, we can use R̂02 as a measure

to determine lower bound conditions for cryptic viremia under cART before intensifi-

cation and for 2-LTR transient results after intensification.

We show that the observed patterns of 2-LTR and virus dynamics following

raltegravir intensification can be reproduced by our model if the sanctuary sites are

sufficiently large and the drug efficacy within the sites is sufficiently small. We show

that, in the absence of these conditions, fundamentally different patterns of measured

2-LTR and virus in the blood are predicted following raltegravir intensification.

3.2 Monte-Carlo Simulation

Based on the models of equations (2.1) and (2.2), two Monte-Carlo simulations

characterize the conditions under which HIV replication and the 2-LTR transient be-

havior (the initial rise follow by a fall of the episomes) is possible, subject to random

variation of the HIV reaction and diffusion parameters within the prior distributions

described in Tables 3.1 and 3.2.

The first simulation seeks to determine the minimum value of R̂02 for which the

2-LTR transient behavior in blood is observed. In this simulation we randomly gener-

ated 1,000 set of parameters for virus and T-cell rates from the posterior distributions

estimated in [48]. We made the simulations for a fixed volume value of 30 mL, for

all N spherical sites tissue, with each site having diameters of 0.5, 1, 1.5 or 2 mm.

For each set of parameters the simulations were run after 600 days when each variable

have reach its steady state, and thus take those values to obtain the cryptic viremia

conditions results.

Using the results of the first simulation, the second examines the change in

the transient peak value of 2-LTR in the blood as the total tissue volume of the N

compartments and the individual sphere diameter of lymph nodes varies. In this second

simulation, we run a 80,000-trial Monte-Carlo simulation using the priors previously

described with total tissue volume and individual sphere diameter drawn from the
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uniform distributions 30−499 mL and 0.1−2 mm respectively. We applied raltegravir

in the simulation after 600 days, and use the simulated time series to do the analysis.

Table 3.1: HIV Dynamics parameters. Parameters for HIV an T cells rates in
log-scale except for ω, taken from the maximum likelihood ranges in [48].

Parameters Value Units

log10(λ) (1.54, 2.88) log10

(
cells

µL×day

)
log10(d) (−1.35,−0.34) log10

(
1
day

)
log10(β) (−5.78,−5.23) log10

(
mL

copies×day

)
log10(a) (−0.76, 0.42) log10

(
1
day

)
log10(γ) (3.39, 4.00) log10

(
copies×µL

cells×mL×day

)
ω 18.8 1

day

log10(η) (0.60, 0.89) −

Table 3.2: 2-LTR circles parameters. Parameters for 2-LTR formation and decay
rates determined in [47].

Parameters Value Units

kII (270, 910) µL
106PBMC

φ 0.002 −
δ 0.46 1

day

3.3 Reproductive Ratio and Conditions for Cryptic Viremia

R̂02 defines the reproductive ratio of the virus in in the compartment with high-

est drug activity prior to raltegravir intensification if the compartment were isolated

(as the compartments are not isolated, the actual reproductive ratio can be greater or

smaller depending on the behavior of neighboring compartments). Thus, we use R̂02

to determine lower conditions for cryptic viremia.

For the 1,000-trial Monte-Carlo simulation of the model defined by Equations

(2.1) and (2.2), we use parameters drawn from the prior distributions generated by a

Bayesian Markov-Chain Monte Carlo technique in [48], leading to the values for R̂02
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in the range 0.8 to 1.15. The total volume of all N spherical sites tissue is 30 mL,

with each individual site having diameters of either 0.5, 1, 1.5 or 2 mm. Note that, we

are using a fixed tissue volume for the N spherical lymph nodes and for each change

in an individual sphere, consequently the total number of spherical compartments

N is variable. The median observed viral loads in the center of the spherical site

(compartment 10) prior to integrase inhibitor intensification are plotted against R̂02 in

Figure 3.1.

0.8 0.85 0.9 0.95 1 1.05 1.1

10−2

100
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 S
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d

R̂02

Compartment 10

 

 

Diam = 0.5 mm
Diam = 1 mm
Diam = 1.5 mm
Diam = 2 mm

Limit of
Detection

Figure 3.1: Pre-intensification Viral Load in Sanctuary site. Average steady
state of viral load in the most remote compartment versus R̂02 for diam-
eter length of 0.5, 1, 1.5 and 2 mm.

The plot describes the median steady-state viral load in compartment 10 before

intensification and the horizontal line the normal assays limit of detection. In all cases,

the viral load in Compartment 1, which describes the blood and free-flowing lymph,

was well below the limit of detection, demonstrating that the model is consistent with
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cryptic viremia not detectable in the blood. As shown in Figure 3.1, R̂02 must be greater

than 0.85, 0.86, 0.88 and 0.93 for diameter size of 2, 1.5, 1 and 0.5 mm respectively

to have a detectable viral load in the most remote compartment. Above the critical

threshold, the total viral load saturates quickly, and target-cell depletion determines

the steady-state viral load. The conditions for cryptic viremia before intensification

are related to the transient behavior of 2-LTR in blood after adding raltegravir.

3.4 Reproductive Ratio and 2-LTR Formation

To better understand the role of R̂02 in the 2-LTR formation in the blood after

raltegravir intensification we use the results of the 80,000 trials where we simulated the

application of raltegravir after 600 days, allowing all populations to reach steady state.

Then we plot the behavior of 2-LTR in compartment 1 after applying intensification

for different diameters as shown in Figure 3.2.

Note the smaller the size of the compartment, the higher the maximum value of

2-LTR in the main compartment after raltegravir intensification. This relation is be-

cause smaller compartments diffuse more rapidly into the blood. However, as shown in

Figure 3.1, the smaller the site diameter the larger the value of R̂02 is required to allow

viral replication. Figure 3.2 also demonstrates that the smaller the site the greater R̂02

to find detectable 2-LTR peaks in the main compartment. More specifically R̂02 has

to be in the range between 0.96− 1 to get detectable 2-LTR peaks for diameter length

from 0.5 to 2 mm. This condition implies that a significant reduction in drug efficacy

throughout the site is necessary to explain the transient 2-LTR peaks observed in [11].

It is worth pointing out that the shape of the transient peaks predicted by the model,

as shown in Figure 3.2, match the median observed dynamics reported in [11].
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3.5 Infected T-Cell turnover rate, 2-LTR Formation and Sanctuary Site

Size

To understand the relation between the total tissue volume, individual site size,

infected T-Cell turnover rate and predicted 2-LTR peaks in compartment 1, we use the

data from the 80,000-trial Monte-Carlo simulation using the priors previously described

with values of R̂02 drawn from the uniform distribution 0.93 − 1.5 and total tissue

volume and individual sphere diameter drawn from the uniform distributions 30− 499

mL and 0.1− 2 mm respectively. The scatterplot in Figure 3.3 shows the steady state

value of the total infected cells turnover rate before intensification versus the maximum

value of the 2-LTR transient behavior in blood.

There is a positive, approximately linear correlation between the 2-LTR peak

and the T-Cell infection, suggesting that the 2-LTR peak post-intensification is a useful

surrogate measurement of cryptic replication. In Figure 3.3, the plot is divided into

four regions according to the total tissue volume of all N sites and the diameter of each

site. Region I has the largest tissue volume and diameter, region II, large tissue volume

but small diameter, region III small tissue volume and large diameter and region IV

for small volume tissue and diameter. Larger peaks of 2-LTR positively correlate with

greater total tissue volume as well as more infection, and weakly negatively correlate

with site diameter, as long as the diameter is above the threshold necessary to allow

replication. For total sanctuary site volumes above 30 mL, 2-LTR peaks in compart-

ment 1 are larger than the limit of detection in greater than 95% of the cases. In

general, neither cryptic replication nor a 2-LTR peak is present when the site diameter

is less than 0.2 mm. This condition is because virus replication cannot be supported in

sites smaller than 0.2 mm in diameter; the rate of loss of infected cells to compartment

1 via diffusion makes sustained replication impossible. The median viral load in the

center of the sanctuary site is plotted vs. site diameter in Figure 3.4.

We also investigated the case where R̂010 is below 1; that is, only inefficient

residual viremia is present in all compartments. Under these conditions, the predicted

2-LTR concentrations in compartment 1 following integrase inhibitor intensification
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always follow a monotonic, rather than a transient increase, as shown in Figure 3.5. The

maximum predicted value of 2-LTR in compartment 1 is below the limit of detections

in normal assays (1.2 2-LTR/106PBMC [47] ) for greater than 95% of the trials when

R̂010 is below 1.
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Figure 3.4: Viral load in sanctuary site centers vs. site diameter. Viral
replication can not be sustained in sanctuary sites with diameters less
than 0.2 mm.
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Chapter 4

CHARACTERIZATION OF CRYPTIC VIREMIA AND 2-LTR
FORMATION

4.1 Introduction

As presented in the previous chapter, R̂0i defines the reproductive ratio of the

virus in compartment i prior to raltegravir intensification if the compartments were

isolated. We presented how R̂02 was used to define conditions for cryptic viremia

and 2-LTR formation. However, as the compartments are not isolated, the actual

reproductive ratio can be greater or smaller depending on the behavior of neighboring

compartments. This leads to different values of R̂02 as the diameter, the parameter

that defines diffusion, changes.

Moreover, in the previous chapter we also presented the description of these

conditions based in a fixed distribution for drug penetration. Given that, the drug

penetration distribution in each compartment is not well understood, possible scenarios

could be missing [59, 25, 75, 20, 18]. Furthermore, we also used a fixed value for 2-

LTR decay rate as estimated in[49]. However, neglecting trafficking T-cell recirculation

could lead to an estimating bias (see next chapter), and a possible broader range for

this value, including values estimated in [82, 57, 47], might explain better this decay.

In this chapter, we present a stability analysis to obtain a way to character-

ize conditions for cryptic viremia taking into account diffusion parameters. Then we

present a Monte-Carlo simulation supplementing to the one presented in the previous

chapter for the effect of different suboptimal penetration of RTI and PI regimens by

varying the drug penetration geometric ratios for each drug. We also include in the

simulations different values for 2-LTR decay rate, and demonstrate how that allows for

the varying 2-LTR patterns in blood very similar to what was for the 13 patients in the
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INTEGRAL study [11]. Based on that, we demonstrate that measurable 2-LTR circles

maximum values are correlated to the total infection in the body, however different

patterns of drug penetration and reservoir size are presented for each peak.

4.2 Stability Analysis

For this part we compacted the equations (2.1) and (2.2) without the equation

for ci, in one set of equations using the parameter ρi, with ρ1 equal to N , and ρ2,...n = 1.

Thus, the system has the form,

ẋi = λ− dxi − βxivi(1− ηRTIuRTIθi)

+ρi
∑

j∈Ni
D

(x)
i,j (xj − xi),

ẏi = βxivi(1− ηRTIuRTIθi)− ayi + ye

+ρi
∑

j∈Ni
D

(y)
i,j (yj − yi),

v̇i = γ(1− ηPIuPIϕi)yi − ωvi

+ρi
∑

j∈Ni
D

(v)
i,j (vj − vi).

(4.1)

To do the stability analysis we rewrite the model in (4.1) defining the vector

ui ∈ R3 and the vector field f(ui,µi) for i = 1, ..., n as:

ui =


xi

yi

vi

 ,

f(ui,µi) =


λ− dxi − βxivi(1− ηRTIuRTIθi)

βxivi(1− ηRTIuRTIθi)− ayi + ye

γ(1− ηPIuPIϕi)yi − ωvi


With µi = [θi, φi] representing the drug penetration. We define also the ad-

jacency matrices D1, D2 and D3 ∈ Rn×n with respective elements [D1]i,j = D
(x)
i,j ,

[D2]i,j = D
(y)
i,j and [D3]i,j = D

(v)
i,j , defining how the compartments are connected for

each state. For each Dk, by definition, the corresponding Laplacian matrix Lk has the

form,
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[Lk]i,j =


∑

j [Dk]i,j i = j

− [Dk]i,j i 6= j

.

Thus, if we have the concatenated vector

u =


u1

u2

...

un

 ,

and the vector field

f(u) =


f(u1,µ1)

f(u2,µ2)
...

f(un,µn)

 ,

we can rewrite the system in equation (4.1) as

u̇ = f(u)− Lu, (4.2)

where L is defined as,

L =
3∑

k=1

CLk ⊗ Ek,

with C = diag (ρ), the Kronecker product operator ⊗, and Ek = eke
T
k ∈ R3×3

with ek being the kth canonical basis vector of R3. When ye is significantly low, a quasi

stationary point of u, when there is no infection, is ū0 = 1n ⊗w0, with w0 =


λ
d

0

0


and 1n the n × 1 vector of ones. Therefore, linearizing the system around this point,
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we have a linear system of the form ˙̃u = Juũ for ũ near to ū0. The matrix Ju has the

form

Ju = Jf − L, (4.3)

where Jf is defined as the direct sum of the Jacobi matrices J(w0,µi) for each f(ui,µi),

Jf =
N⊕
i=1

J(w0,µi) =


J(w0,µ1) 0 · · · 0

0 J(w0,µ2)
. . .

...
...

. . . . . . 0

0 · · · 0 J(w0,µn)

 ,

where assuming that the intensification is not applied, each compartmental Ja-

cobi is,

J(w0,µi) =


−d 0 −βλ(1−ηRTIθi)

d

0 −a βλ(1−ηRTIθi)
d

0 γ(1− ηPIϕi) −ω

 .
Thus, the stationary point ū0 is stable when the real part of the maximum

eigenvalue of Ju, σmax, is negative. Therefore we can obtain, for each set of parameters,

conditions for stability before numerical simulation of the ODE system, even though

we cannot find its analytical solution.

4.3 Monte-Carlo Simulation

From the system in equations (4.1) we run a Monte-Carlo simulation to obtain

conditions for cryptic viremia and HIV-1 2-LTR formation when cART is intensified

with raltegravir. These conditions are characterized by only one variable, σmax, the

maximum eigenvalue of the Jacobi of the linearized system. As in [13], we run 80, 000

simulated patients, and for each one we randomly sample different parameters rep-

resenting its possible characteristics in a single patient. Specifically, each sample is

performed using the following procedure:
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4.3.1 Selection of HIV-1/T-Cells Parameter rates HIV-1/T-Cells

Viral dynamic parameters were selected from the marginal posterior distribu-

tions estimated in [48]. The selection of a single set of parameters was made following

that R0 before the application of cART is greater than one, and that the basic repro-

ductive ratio after the cART in the range [0.52− 0.56], close to the MLE estimation

in [48]. This conditions assure that cART represses viral replication in the blood to

values around 1virion
mL

.

4.3.2 Selection of 2-LTR formation rates

For φ, the ratio between intrinsic and raltegravir enhanced likelihood of cDNA

integration failure, we use the MLE unidimensional value of 0.002. We use values of kII

in the range [270− 910] µL
106PBMC

as before. For δ we selected uniformly from 0.01−0.5

1
day

, consequent with previous studies of in vivo rates from 0.047−0.47 1
day

[82, 57, 47].

4.3.3 Selection of Diffusion related parameters:

We used the same parameter values of the previous chapter. We select the

follicle diameter uniformly from 0.01 to 2 mm. For D̂
(·)
i,j , we use 0.1mm

2

day
and 0.43mm

2

day

for T-cells and the virus respectively divided by the of each layer layers r
n−1 , where r is

the radius of the follicle site. Finally for the effective diffusivity of T-cells between the

main compartment and the follicular site D̂
(x)
1,2 , D̂

(y)
1,2 and D̂

(c)
1,2 we use the value 1

300
mm
day

.

4.3.4 Selection of drug efficacy and penetration:

The drug efficacy for reverse transcriptase inhibitors (ηRTI) and protease in-

hibitors (ηPI) is computed equally from a single parameter η following the relation

(1 − η) = (1 − ηRTI)(1 − ηPI). The parameter η represent the same as in [48] for a

single-compartment model. Therefore we choose this parameter from the parameter

set in [48] and with the same condition of the other HIV-1/T-Cells parameters. Given

that drug penetration is still not completely understood [75, 18, 20], we define drug

penetration of RTI and PI drugs, θi and ϕi respectively, as the drug concentration
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fraction between each compartment i with respect to compartment 1. This fraction is

computed assuming a geometric sequence where θi = ri−11 θ1 and ϕi = ri−12 ϕ1. Hence,

the parameter of drug penetration for RTI and PI are the ratios of the sequences r1

and r2. For both r1 and r2, we choose from a unifrom distribution in 0.1 to 0.9, giv-

ing average drug pentration (θ̄LN = 1
n−1

∑n
i=2 θi and ϕ̄LN = 1

n−1
∑n

i=2 ϕi) from values

around 0.01 to 0.7. For the drug penetration of raltegravir (ξi), we assume one of

the hypothesis suggested in [11, 47, 13] and in the recent work done in [63]that says

that this drug is able to penetrate sanctuary sites more efficiently than the other drugs.

Therefore, for all compartments, from i = 1, ..., N , we do not use a geometric sequence,

but instead we use the same drug penetration fraction in the range 0.6− 0.8.

4.4 Characterization of Cryptic Viremia

For the steady state when there is no infection, we compute numerically the

maximum real eigenvalue of the system σmax, conditioning the cases when the virus

is able to replicate (see previous section). Assuming suboptimal drug penetration of

RTI and PI regimens, that is for (θ1, ϕ1) = (1, 1) and (θ2,...,n, ϕ2,...,n) smaller than 1, we

find cases when there is sustained replication in the remote compartments but with no

replication in the compartment that represents the blood. The Fig. 4.1a depicts the

value of the steady state viral load before raltegravir intensification from the Monte-

Carlo simulation for different values of σmax in the main compartment and the most

remote compartment. Notice the instability behavior when σmax becomes positive,

especially in the most remote compartment. In general, the steady state in the most

remote compartment can reach up to 104 virions
mL

despite the mean steady state viral

load in the measurable compartment being just 1virion
mL

. Notice this behavior is from

simulations for all different ranges of the parameters selected. Specifically Fig. 4.1b

shows the steady state viral load in compartment 1 follows a log-normal distribution

with mean 1.294virions
mL

. This value is consistent with all literature presented before

about the capacity of cART in suppressing viral load in the blood. In our case, however,

it includes high viral load in lymph node compartments. This phenomena is called
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cryptic viremia, and it is characterized by σmax.
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Figure 4.1: Characterization of cryptic viremia. On the left, steady state viral
load in compartment one and the most remote compartment in log-scale
vs. σmax before raltegravir intensification. Notice that viral load in the
most remote compartment goes over the limit of detection for values
σmax greater than zero despite viral load in the first compartment is
below those limits. On the right, a histogram of the steady state viral
load in compartment one before raltegravir intensification. Notice that
the average value is around 1 virion

mL
.

4.5 Suboptimal Drug Penetration and Reservoir Size Conditions for Cryp-

tic Viremia

As σmax > 0 represents cryptic viremia, our interest is clinical-relevant and

possible measurable parameter combinations in which the system crosses this treshold.

First, we study different LN-tissue/blood RTI-PI concentration ratios for combinations

of the remaining parameters (see further methods for details about parameter selection)

so that σmax > 0. Fig. 4.2a shows the relationship between the average RTI and

PI ratios inside the lymph nodes (θ̄LN and ϕ̄LN respectively), with respect to σmax

values. The red part in the figure represents the combinations for σmax greater than
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zero. In general, either RTI or PI, their average penetration must be less than 0.55 to

sustain cryptic viremia. However, for either RTI or PI, if its ratio increases, the other

drug ratio has to decrease almost linearly to sustain replication inside the lymph node

and be considered a sanctuary site for cART. These drug penetration results are not

inconsistent with previous data as reviewed in [20, 75] where their findings indicated

ratios around 0.4 for RTIs and from 0.5 to 0.2 for PIs. Here we find that cryptic viremia

is possible when total drug efficiency in lymph nodes is very low.
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Figure 4.2: Conditions for cryptic viremia. On the left, a heat map for the values
of σmax in relation with the average RTI and PI drug penetration θ̄LN
and ϕ̄LN . There is almost a linear relationship θ̄LN + ϕ̄LN . 0.5 to have
cryptic viremia for any value of the other parameters. On the right, a
contour graph presenting the relative frequency for σmax > 0 for different
values of the diameter of the sanctuary sites (in mm) and total drug
penetration (θ̄LN + ϕ̄LN). In general, very low total drug penetration,
with diameters over 0.2 mm guarantee σmax > 0.

A second relevant parameter is the size of the anatomical reservoir. Mathemat-

ically this size affects the moving rates of T-cells and virions among compartments. In

our model D
(·)
i,j = D̂

(·)
i,j
Ai,j

Vi
where Ai,j represents the surface area between layers i and j
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inside the lymph node, Vi the volume of layer i and D̂
(·)
i,j the permeability of T-cells or

the virus between compartment i and j. Hence the critical parameter for reservoir size

is the diameter of the lymph node follicle. Based on 80000 simulations, we compute the

proportion of cases when σmax was greater than zero with respect to the diameter and

the total drug penetration θ̄LN + ϕ̄LN . Fig. 4.2b shows that regardless the diameter, if

total drug penetration θ̄LN + ϕ̄LN is greater than 0.6, the percentage of cases to have

cryptic viremia is always less than or equal to 10%. On the other hand, only if the

total drug penetration θ̄LN + ϕ̄LN is smaller than 0.1 and the diameter is greater than

0.2 mm it is possible to have cryptic viremia in nearly 100% of the cases. As total

drug penetration increases, the probability to have cryptic viremia decreases, but the

percentages are higher for larger diameters. In general, the likelihood to have viral

replication in lymph nodes follicles with diameters greater than 0.2 mm and with total

drug penetration smaller than 0.5 is around 95%.

Larger follicular diameters have been reported previously in patients under

cART with no detectable blood viral load. For instance, the work done in [61] pre-

sented hyperplastic follicles even up to 1 mm for 3 of 9 patients after six months of

treatment. In fact, a study reported in [1] found for some patients under cART, hy-

perplastic follicles with areas oscillating up to 1.23 mm2 in 12 months and 0.33 mm2

in 36 months. These results correspond approximately to diameters from 0.65 to 1.25

mm, in the range of possible cryptic viremia according to the model. Therefore, we

suggest, if there is sufficiently low drug penetration inside lymph nodes, follicles with

diameters from 0.65 to 1.25 mm could sustain viral replication.

4.6 Raltegravir Intensification and 2-LTR Containing Cells Half-life

Cryptic viremia leads to 2-LTR formation when raltegravir is added to the

regimen. When the system reaches a steady state we model raltegravir intensification

by adding the term (1− ηIIuIIξi) in equation (4.1), and with the state ci representing

2-LTR containing cells in each compartment as in [13]. The equations for the new state,

proposed in [47], present the density dependent formation of 2-LTR circles, its clearance
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rate and how they move between compartments assuming the same configuration for

recirculation inside lymph nodes as before. Thus the system has the form presented in

equation 2.2 in chapter 2.

Given the concerns of possible overestimation of the 2-LTR half-life in previous

studies, the relevant parameter for analysis is the 2-LTR containing cells decay rate

δ. For that reason we study the 2-LTR behavior in compartment 1 (c1) for different

values of δ. For each sample, we first compute what is the likelihood to fit the data

for each patient presented in Buzon et. al. [11]. Based on the work in [49, 47], the

likelihood model has the form,

L(c1|mik) =

 fLN (mik, c1(ti,k), σ
2(c1(ti,k))), mik > 1.2

FLN (mik, c1(ti,k), σ
2(c1(ti,k))), mik = 1.2

, (4.4)

Table 4.1: Best fits Monte-Carlo simulation and 2-LTR decay rate esti-
mation. Parameter values for best fit to INTEGRAL study data from
Monte-Carlo simulation for the first 5 columns (*Patient 10 was discarded
for the computation of the median).

Patient Diameter θ̄LN ϕ̄LN σ δ
(mm)

1. 0.8689 0.3665 0.1716 0.0373 0.0973
2. 1.0870 0.0503 0.1135 0.2850 0.4817
3. 1.3178 0.1640 0.1640 0.1582 0.1875
4. 1.0066 0.4628 0.0525 0.0533 0.0426
5. 0.1250 0.0960 0.0225 0.2437 0.2974
6. 0.1547 0.0234 0.0213 0.3788 0.4342
7. 1.3774 0.1848 0.0368 0.2677 0.0553
8. 1.6716 0.0671 0.1009 0.2470 0.0485
9. 1.0728 0.0842 0.4334 0.0128 0.0318
10. 0.9831 0.0555 0.3616 -0.1517 0.0280
11. 1.9138 0.0470 0.6096 0.0982 0.0291
12. 1.9138 0.0470 0.6096 0.0982 0.0291
13. 1.9700 0.0824 0.5129 0.0605 0.0436

Median* 1.2024 0.0833 0.1387 0.1282 0.0519
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Figure 4.3: Best fits from MC simulation. Best fits from the 80, 000 samples in
the Monte-Carlo simulation for the 2-LTR circles per million data after
raltegravir intensification from the study in [11]. For all the patient set
of data σmax is greater than zero (except for patient 10) directing cryptic
viremia as the cause of the transient behaviors.

Fig. 4.3 presents the maximum likelihood estimation (MLE) of c1 generated

from the data for each of the simulated patients. The relevant parameters for the MLE
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for each patient if presented in Table 4.1. Fig. 4.3 shows a very good fit of the data to

the model. The fits are comparable to the ones done before in [47]. However, they have

contrasted diferences in the value of 2-LTR per 106 PBMC clearence rate δ. In this

case the median of δ is 0.0519 days−1, almost an order of magnitude smaller than our

previous estimation of 0.46 days−1, but more in agreement with previous experimental

estimation for 2-LTR half-life. Notice in table 4.1 for all the cases when simulation

leads to 2-LTR transient behavior (all except patient 10) the value of σmax is always

greater than zero corresponding to sustained viral replication inside the LNs. Relative

to the results in the previous section, we compute the average corresponding areas for

the best data fits with 0.92 mm2, in agreement with the mentioned ranges in [1]. Thus,

we have demonstrated that HIV ongoing replication in hyperplastic follicles with poor

penetration of cART, is a possible scenario to produce 2-LTR circles patterns in PBMC

after raltegravir intensification as in the studies in [11] and [38].

4.7 2-LTR Formation and Pre-intensification de-novo Infection Rate

Given that σmax implies criptic viral replication under cART and could lead

to 2-LTR circles in PBMC, the transient response of 2-LTR circles after raltegravir

intensification is related to recent infected cells turnover rate before raltegravir inten-

sification. As Fig. 4.4a presents, the maximum value of 2-LTR circles has a positive

correlation coefficient of 0.8025 on a logarithmic scale with respect to the total infection

turnover rate when σmax > 0. Specifically, for peaks over the limit of quantification (1.2

2-LTR circles per 106 PBMC [47]), the total infection goes from 105 to 108 infected cells

per day. However, each 2-LTR circles peak value is correlated to a range of a steady

state infected cells per day prior to intensification. In this range, the distribution of

the follicular site diameter, the distribution total LN tissue, and the distribution of

RTI/PI penetration in the sites change. Fig. 4.4b-d present those distributions for

2-LTR per 106 PBMC with values around 1.2, 10 and 70. In average, the diameter

of the follicular site is negatively correlated respect to the maximum value of 2-LTR

circles. The minimum value was about 0.2 mm for a peak up to 100 2-LTR circles per
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106 PBMC. Conversely, the total LN tissue volume is positively correlated with 2-LTR

circles peak. When it has a lower number, around the limit of quantification, the total

tissue volume is at least 30 mL to have detectable 2-LTR circles in PBMC. RTIs and

PIs average penetration in the LN sites have similar distributions. As the maximum

amount of 2-LTR circles per 106 PBMC decreases the drug penetration distribution

get broader although with very close medians, around 0.1. Therefore, it is less likely

to have higher drug penetration when the 2-LTR circles peak increases.
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Chapter 5

COMPUTATION OF 2-LTR HALF-LIFE BIAS

5.1 Introduction

2-LTR circles in-vivo are only reliable markers if they have a short half-life.

Experiments in-vivo shows that 2-LTR circles are labile with short half-life from few

days up to one month [73, 82, 57, 47]. Plausible reasons for in-vivo short-half life are

based on physiological factors as host T-cells half-lives, cell division or cell migration.

Previously, short half-life of 2-LTR circles from Buzon study was estimated, consistent

with previous estimates in-vivo [47]. This study leads to the conclusion that the 2-LTR

transient behaviors are most likely due to HIV-1 cryptic replication in sanctuary sites

where RAL penetrates.

Furthermore, in the previous chapter we presented that 2-LTR transient behav-

ior in the blood can have decay rates with an average of 0.05 days−1 when the spatial

dynamics of sanctuary sites hypothesis is considered. This result suggests that previ-

ous estimations of 2-LTR half-life, as done in [47], fitting INTEGRAL study data to a

single-compartment model, can incur into a bias due to neglection of spatial dynamics.

Thus, there is concern that, by neglecting T-cells recirculation, 2-LTR circles half-life

might be underestimated.

In this chapter, therefore, we analyze the bias introduced by the model mis-

match by identifying the parameters of a simple model using simulated data generated

from the compartmental model. The simulated data is corrupted by the measurement

noise process described in [49]. The identified parameter values are then correlated to

the parameter values used to generate the simulated data. We present the design for
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the creation of virtual clinical trials and a description of the model used, the compar-

ison of the maximum likelihood estimate from the simulated data and the posterior

distributions.

5.2 Selection of Virtual Patients using INTEGRAL Study Data

To select the virtual patients we take the results of the Monte Carlo simulation

from the previous chapter. Then, for each set of parameters of the simulation, we

compute the likelihood of a measured 2-LTR concentration of a patient i at time k

given the modelled 2-LTR concentration c1 after raltegravir intensification using the

same model of uncertainty proposed in [49, 47]. The model is constructed under an

analysis of PCR technique to amplify the samples performed in [11]. This procedure

adds a lognormal uncertainty in the 2-LTR samples that increase as the expected

number decreases, and it contraints the samples to a limit of quantification equivalent

to 1.2 2-LTR/106 PBMC (for more details see [49, 47]). Thus, the model has the form,

L(c1|mik) =

 fLN (mik, c1(ti,k), σ
2(c1(ti,k))), mik > 1.2

FLN (mik, c1(ti,k), σ
2(c1(ti,k))), mik = 1.2

, (5.1)

where fLN (·) and FLN (·) denote the PDF and CDF of the lognormal distribu-

tion, and the variance σ(c) has the form

σ(c) = 10−0.21−[0.24×log10(c)]. (5.2)

With this model, we use the 13 patients 2-LTR transient behavior data after

raltegravir intensification of the INTEGRAL study presented in [11]. Using this data,

we compute the maximum likelihood to have each patient data mi given the c1 for the

time after raltegravir intensification of each result from the Monte Carlo simulation.

Thus, the result is a set of 13 time-series of c1 simulations.
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5.3 Creation of Virtual Data

For the 13 best fits of the simulations c1 to each patient data, using the model in

(5.7), we create two different 2-LTR circles per 106 PBMC sampling schedules related

to the ones made in [11] and [38].

We assume that the measurements are sampled from the virus in the first com-

partment of the model in equation 2.1. The original study data were HIV-1 RNA

PCR measurements; we assume the uncertainty related to that technique that has a

log-normal distribution as described above. Finally, we assume that each measurement

is independent from patient to patient, and from time to time. This yield to the model

of 2-LTR measurements, as proposed in [47]:

mi(ti,k) = max{c1(ti,k − t0,p) + ei,k, 1.2}

ei,k ∼ LN (0, σ2(c1))
. (5.3)

In this model mi(ti,k) represents the simulated measurement of 2-LTR per 106

PBMC for patient i at time tik after time of raltegravir intensification t0. The noise

ei,k is assumed log-normally distributed with zero-mean sample variance, where σ(c)

is defined as in equation (5.2) [49].

Using this model of uncertainty and for each virtual patient c1 the two sampling

schedules are as follows. The first one is exactly the same made in Buzon et al. [11]

where the sampling was done in weeks 0, 2, 4, 12 and 24 after raltegravir intensification.

This schedule was chosen to compare the bias produced in the procedure made in [47].

In the second schedule the samples are in weeks number 0, 0.5, 1, 1.5, 2, 5, 8, 12 and 24

after raltegravir intensification. This sampling includes measurements as scheduled in

[38] and following a feasible schedule for real patients to avoid blood drawn: sampling

no more frequently than twice weekly, and with fewer than 10 total samples over a

20-week period. As presented in equation (5.3), to include the limit of quantification

for 2-LTR, each sample was virtually left censored to 1.2 [49]. We hypothesize that

this second schedule decrease the bias as having more information in the first weeks

were the transient part of the 2-LTR behavior happens.
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5.4 Model to Fit

Using the simulated data, we want to estimate the parameters of the following

model,

ẏ = (1− ηIIuII)aRy − ay + ye

ċ = φkII(1− ηIIuII)aRy + kIIηIIuIIaRy − δc.
(5.4)

As presented in [47] this model is the simplest way to describe the same dynamics of the

spatial model. Assuming that the system has reached an steady state before raltegravir

intensification, the behavior of 2-LTR containing cells after raltegravir intensification

has the form,

c(t) = c(∞) + (c(0)− c(∞)) e−δt

+c(∞) δηIIR
(1−R)(a(1−(1−ηIIuII)R)−δ)(e

−δt − ea(1−(1−ηIIuII)R)t).
(5.5)

with

c(0) = kIIyeφR
δ(1−R)

, and

c(∞) = kIIyeR(φ+ηII−φηII)
δ(1−(1−ηIIuII)R)

.
(5.6)

The parameters of the model are described in previous chapters, and the model

with its respective observability analysis is presented in [47]. The implementation of

the Bayesian estimation is described below, and the posterior distributions estimated

by the MCMC technique is reported.

5.5 MCMC Methodology

We implemented the same MCMC methodology as in [47] to estimate the 2-LTR

decay rate of the single-compartment model of equation (5.6), using a Metropolist-

Hasting algorithm. Given the simulated data generated for each virtual patient i =

1, 2, ..., 13, and measurements taken at times tik for k = 1, ..., ni, we use a hierarchical

mixed-nonlinear effects Bayesian approach to estimate the parameters, with fixed and

inter-patient variation. To define the model let pi denote the set of parameter values
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for patient i in model (5.4). Also, let c(ti,k,pi) be the solution of c(t) in (5.6) for the

ith patient at time tik using parameters pi. Further we assume measurements with

log-normal distribution as

mik(tik) ∼ LN (c(ti,k,pi), σ
2(cik)),

with σ(·) defined in equation (5.2). Then, taking into account the limits of quantifica-

tion of HIV-1 PCR measurements, we use a likelihood function for a measured virion

concentration mik given the set of parameters of patient i, pi, using the Tobit of cen-

sored measurements approach as presented in [47]. Thus, the first stage of the model

has the form

L(pi|mik) =

 fLN (mik, c(ti,k,pi), σ
2(cik)), m > 1.2

FLN (mik, c(ti,k,pi), σ
2(cik)), m = 1.2

, (5.7)

where fLN (·) and FLN (·) denote the PDF and CDF of the lognormal distribution.

As in [47] we reparametrized a parameter A = kIIye
δ

. Moreover, we assume for

the parameters δ and φ fixed effects and for R, ηII and A random effects with inter-

patient variation. For the prior distribution of the parameters, we use similar prior

distributions, with a previous simulated annealing optimization procedure as in [47].

The prior distributions are,



δ ∼ U (0, 1)

φ ∼ LN (0.002, 1)

R ∼ U (0, 1)

ηII ∼ U (0, 1)

A ∼ LN (µi, 2.5)


, (5.8)

where U and LN represent the uniform and log-normal distribution and µi repre-

sents the mean value obtained for each patient by a prior simulated-annealing-based

optimization.
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Thus, with the definition of the likelihood and the priors from equations (5.7)

and (5.8), we compute the posterior distribution with MCMC using Metropolis Hasting

algorithm to update in each iteration the vector pi until the Markov chain converges.

Finally, we compute the bias by subtracting the median of the posterior distribution

of δ̂ for all patients and the median of δ to generate the virtual data c1.

5.6 Results

From here we will use δ̂ to describe the estimated value of the decay rate and

φ̂ for the estimated value of φ by the MCMC method. For both sampling schedules

described in the previous section, the estimated 2-LTR decay rate δ̂ has a significant

bias with respect to the median value used to simulate the virtual data. However, the

virtual sampling using Buzon schedule [11] leads to a higher bias than the more frequent

schedule proposed. As presented in table 5.1, the median value of δ̂ were 0.25 day−1

and 0.17 day−1, for the Buzon-based and more frequent schedule respectively. Figure

5.1 and 5.2 present the log-likelihood of the MCMC estimates for the last 106 iterations

for each virtual patient and for the total likelihood of all of them. As presented in the

figures, these behaviors correspond to a converged chain. The fitting to the virtual

data for the maximum likelihood estimates for each patient is presented in figures 5.7

and 5.8.

Table 5.1: Results for δ̂ and φ̂. Median estimate and standard deviation of the
posterior distributions of δ̂ and φ̂ for the Buzon-based and more frequent
schedule.

δ̂ (days−1) φ̂
Median Std. Median Std.

Buzon-based Sampling Schedule 0.25 0.49 0.0057 0.35
More Frequent Sampling Schedule 0.17 0.24 0.01 0.3

In figure 5.3 and 5.4 the posterior distribution of the shared parameter δ̂ is

presented for Buzon and the more frequent schedule respectively. Both of them are

approximately log-normal distributions. For the Buzon-based schedule, the posterior
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Figure 5.1: Log-likelihood of estimates using Buzon-based schedule. This
figure presents the log-likelihood of the MCMC estimates for each virtual
patient and all set of patients for the last 106 iterations of the algorithm.
Notice that this corresponds to a converged Markov chain

distribution of δ̂ has a median of 0.25 days−1 and a standard deviation of 0.49 days−1.

The distribution of δ̂ for the more frequent schedule has a median of 0.17 days−1 with
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Figure 5.2: Log-likelihood of estimates using more frequent schedule. This
figure presents the log-likelihood of the MCMC estimates for each virtual
patient using the proposed schedule and all set of patients for the last 106

iterations of the algorithm. Notice that this correspond to a converged
Markov chain
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Figure 5.3: Posterior distributions of δ̂, Buzon schedule. Distribution of δ̂
obtained from the MCMC simulation using Buzon-based schedule vir-
tual data from the multi-compartmental model. The distribution has a
median of 0.25 days−1 and standard deviation of 0.49 days−1.

a standard deviation of 0.24 days−1. The significant difference between the uniform

priors and the posterior distributions for δ̂ implies that the priors assumed were non-

informative. Notice also the smaller bias and the smaller standard deviation of δ̂ using

the more frequent schedule, implying that even this sample schedule still has a small

size, a few more samples give a more exact and precise estimation.

Figure 5.5 and 5.6 present the posterior distributions of φ̂ for both schedules.

The prior has a log-normal distribution with mean of 0.002, the same value used in
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Figure 5.4: Posterior distributions of δ̂, More frequent schedule. Distribution
of δ̂ obtained from the MCMC simulation using more frequent schedule
virtual data from the multi-compartmental model. The distribution has
a median of 0.17 days−1 and standard deviation of 0.24 days−1.

simulations to create the virtual data. The posterior distributions of φ̂ are also approx-

imately log-normal. The posterior distribution of φ̂ following the Buzon schedule has

a median value of 0.0057 with a standard deviation of 0.35. Meanwhile, the posterior

distribution of the more frequent schedule have a median value of 0.01 with a standard

deviation of 0.3.

This analysis presents the bias estimation of 2-LTR in PBMC decay rate δ for

two specific and realistic scenarios of limited 2-LTR data in PBMC after raltegravir

intensification in patients under cART. These two scenarios were virtually created

following for the first a sampling schedule as presented in Buzon et al. [11], and a

second assuming a more frequent, but feasible and realistic scenario. The estimation
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Figure 5.5: Posterior distributions of φ̂, Buzon schedule. Distribution of φ̂
obtained from the MCMC simulation using Buzon-based schedule vir-
tual data from the multi-compartmental model. The distribution has a
median of 0.0057 days−1 and standard deviation of 0.35 days−1.

processes used follows the same procedure presented in [47] to estimate δ using real

data. As we present here this specific procedure can incur a bias for parameters δ and

φ due to neglecting explicit spatial dynamics in the single-compartment model used for

fitting. However, this bias, can be decreased if more frequent sample schedule is used

as proposed.

As we have presented in previous chapters, HIV ongoing replication in hyper-

plastic follicles with poor penetration of cART, is a possible scenario to produce 2-LTR

circles patterns in PBMC after raltegravir intensification as in the studies in [11] and
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Figure 5.6: Posterior distributions of φ̂, more frequent schedule. Distribution
of φ̂ obtained from the MCMC simulation using more frequent schedule
virtual data from the multi-compartmental model. The distribution has
a median of 0.01 days−1 and standard deviation of 0.3 days−1.

[38]. Previously it was presented that in-vivo 2-LTR circles bearing cells half-life has

been estimated between 8 and 25 days [82, 57]. In previous work we estimated the

2-LTR in PBMC decay rate to be around 0.47 days−1. However, as we hypothesized,

neglecting T-cells recirculation yield to underestimation of this value resulting in a

bias up to 0.2 days−1, but this bias can be decreased if more early data points are

added. These results have important implications for designing future clinical trials

and the estimation of parameters as the 2-LTR decay rate, to be used for possible

measurements of cryptic viremia. The bias has to be considered in both the design of

58



024 12 24
−2

0

2 Patient1

024 12 24
−1

0

1 Patient2

024 12 24
−2

0

2 Patient3

024 12 24
0

1

2 Patient4

2L
TR

 c
irc

le
s 

pe
r 1

06  P
BM

C

024 12 24
−5

0

5 Patient5

024 12 24
−2

0

2 Patient6

024 12 24
−2

0

2 Patient7

024 12 24
−2

0

2 Patient8

024 12 24
−1

0

1 Patient9

024 12 24
−2

0

2

weeks

Patient11

024 12 24
0

1

2

weeks

Patient12

0 2 4 12 24
−1

0

1

weeks

Patient13

 

 

Virtual Data (Buzon et al. schedule)

MLE simulation c

Limit of detection

Figure 5.7: MLE fitting, Buzon-based schedule. This figure presents the max-
imum likelihood estimation of the Buzon-based schedule of virtual data
for the 13 patients.

the sampling schedule and in estimating the parameters, since in this specific case, ne-

glecting explicitly the physiological process in the single-compartment model produces

error.
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Chapter 6

CRYPTIC VIREMIA AND VIRAL BLIPS

6.1 Introduction

Intermittent episodes of transient viremia (viral blips) over the limit of detection

occur in a significant set of HIV-patients under cART with suppressed plasma viral

load (pVL) [23, 58].

The exact nature of blips is still controversial. Some literature describes occa-

sional activation of long-lived cells or occasional activation of the immune system (due

to vaccines or opportunistic infections) as possible causes [23, 24, 51, 42, 69, 70]. On

the other side, studies present random fluctuations of pVL around mean HIV levels

below limits of detection or errors and variability in assay (since percent error increases

as viral levels decreases) [19, 58].

Generally, it is accepted that if the amplitude of the viral blip is greater than

200 copies
mL

, it is associated with biological causes and virological rebound. Also if blips

amplitudes are just over 50 copies
mL

, but smaller than 200 copies
mL

, random variations of

viral load, with means very close, but below the limit of detection may be also the

cause. In this case, the blip is not associated with virological failure [37, 15]. In most

situations this phenomena is more related to viral persistence than assays errors [37].

Elimination of HIV-1 persistence is the current focus of research for viral eradi-

cation. Activation of long-lived cells, especially latent CD4+ T cells, is believed to be

the principal cause of persistence. However, recent studies of 2-LTR formation after

raltegravir (RAL) intensification and lower drug concentrations in lymphatic tissues

present ongoing replication in anatomical reservoirs as a potential contributor. Previ-

ously, we have shown that 2-LTR formation in the blood after (RAL) intensification
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can be produced due to replication in lymph nodes with suboptimal drug penetration.

For low concentrations, there is a critical size before cryptic viremia exists inside the

site. We, therefore, hypothesize that when the diameter of the lymph node follicle in-

crease, there is a transition in the patient from viral replication suppression by cART

to cryptic viremia. In this case, a viral blips occurs. We hypothesize also that this

blip may not cross the limit of detection, and could possibly be the random variation

about the mean, resulting in a blip over the limit of detection.

In this chapter we hypothesize that intermittent viremia episodes are due to

changes in the diameter of lymph node follicles with poor penetration of drugs. We

use a multi-compartmental model presented in previous chapters. We do a theoreti-

cal analysis of the model to find conditions that guarantee that the system does not

result in cryptic viremia, and this then gives an initial state of the system. Next, we

characterize the occurrence, duration, amplitude and final value of the viral blip as

a function of the diameter of the lymph node follicles. We show that changes in the

diameter affect mainly the connectivity between compartments resulting in transient

episodes of viremia into the main compartment which is the blood.

6.2 Theoretical Conditions for Virus Suppression

To do the analysis we rewrite the model in (4.1) defining the vector ui ∈ R3 and

the vector field f(ui,µi) for i = 1, ..., n as:

ui =


xi

yi

vi

 ,

f(ui,µi) =


λ− dxi − βxivi(1− ηRTIuRTIθi)

βxivi(1− ηRTIuRTIθi)− ayi + ye

γ(1− ηPIuPIϕi)yi − ωvi

 ,
with µi = [θi, φi] representing the drug penetration. We define also the adja-

cency matrices D1, D2 and D3 ∈ Rn×n with elements [D1]i,j = D
(x)
i,j , [D2]i,j = D

(y)
i,j
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and [D3]i,j = D
(v)
i,j respectively, defining how the compartments are connected for each

state. For each Dk, by definition, the corresponding Laplacian matrix Lk is given by,

[Lk]i,j =


∑

j [Dk]i,j i = j

− [Dk]i,j i 6= j

.

Thus, define the concatenated vector

u =


u1

u2

...

un

 ,

and the vector field

f(u) =


f(u1,µ1)

f(u2,µ2)
...

f(un,µn)

 ,
we can rewrite the system in equation (4.1) as

u̇ = f(u)− Lu, (6.1)

where L is defined as,

L =
3∑

k=1

CLk ⊗ Ek. (6.2)

Here, C = diag (ρ), the Kronecker product operator ⊗, and Ek = eke
T
k ∈ R3×3 with ek

being the kth canonical basis vector. When ye is significantly small, a quasi stationary

point of u, when there is no infection, is ū0 = 1n ⊗w0, with w0 =


λ
d

0

0

 and 1n the

n× 1 vector of ones.
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To understand the conditions for which the virus is suppressed in all compart-

ments, we need to understand when each compartment ui goes to w0 as time goes to

infinity. We use the following definitions and procedure as presented in [4, 2]. Defining

w = 1
n

∑n
i=1 ui, let

ū = 1n ⊗w,

ũ = u− ū,

ũi = ui −w.

Notice that for any matrix T of 3 rows, ũT(1n ⊗T) = 0. Then, we have that

˙̃u = f(u)− Lu− ˙̄u

= f(u)− Lũ− Lū− ˙̄u

= f(u)− Lũ−
∑3

k=1 (CLk ⊗ Ek)(1n ⊗w)− ˙̄u

= f(u)− Lũ−
∑3

k=1 (CLk1n ⊗ Ekw)− ˙̄u

= f(u)− Lũ− ˙̄u

The last line of above is true because the vector 1n is an eigenvector of the matrix Lk

associated with the eigenvalue zero. Notice also that if

f(ū) =


f(w,µ1)

T

f(w,µ2)
T

...

f(w,µn)T

 ,

then, we have the system in the form,

˙̃u = f(u)− Lũ− f(ū). (6.3)

From here, we based the derivation of viral suppression conditions as an specific case

of the recent works done in [4, 2], but, with two main differences: first, the Laplacian
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operator L in equation (6.2) for our problem is not symmetric because it includes

the diagonal matrix C; and second, the vector field f(u) include parameters (µi)

that could have different values for each compartment. However, the derivation is

for the particular case when all the states in every compartment ”synchronize” to the

stationary point ū.

We use the Lyapunov function V = 1
2
ũT (In ⊗P) ũ, where P is a positive real

symmetric matrix in R3×3. This leads to

V̇ = ũT (In ⊗P) (f(u)− f(ū))− ũTL (In ⊗P) ũ. (6.4)

Taking the second term of the right in (6.4), expanding L and using the Kronecker

product property (A⊗B) (C⊗D) = (AC⊗BD) yields,

ũTL (In ⊗P) ũ =
3∑

k=1

ũT (C⊗ I3) (Lk ⊗ EkP) ũ. (6.5)

Given that Lk is symmetric, it follows that (Lk ⊗ EkP) + (Lk ⊗ EkP)T = Lk ⊗

(PEk + EkP), and for a positive real symmetric matrix P, there exist a positive def-

inite matrix Qk ∈ R3×3 such that 1
2

(PEk + EkP) = QT
k Qk. Hence, equation (6.5)

becomes

ũTL (In ⊗P) ũ =
∑3

k=1 ũT (C⊗ I3)
(
In ⊗QT

k

)
(Lk ⊗ I3) (In ⊗Qk) ũ

=
∑3

k=1 ũT
(
In ⊗QT

k

)
(CLk ⊗ I3) (In ⊗Qk) ũ

(6.6)

Moreover, given that:

1. All eigenvalues of CLk are greater or equal to zero because the matrix Lk is
positive-semidefinite and C is diagonal.

2. The matrix CLk has a eigenvector v = 1n associatted with the eigenvalue λ
(k)
1 =

0. Thus the eigenvalues of CLk can be arranged in ascending order

0 = λ
(k)
1 ≤ λ

(k)
2 ≤ ... ≤ λ(k)n
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3. By the Couran-Fisher minimax theorem [41], for any z ⊥v we have that zTCLkz ≥
λ
(k)
2 zTz. In the same way for any z ⊥ (v ⊗ I3) we have that zT (CLk ⊗ I3) z ≥
λ
(k)
2 zTz .

4. It follows that for z = (In ⊗Qk) ũ we have that

zT (v ⊗ I3) = ũT
(
In ⊗QT

k

)
(1n ⊗ I3)

= ũT
(
1n ⊗QT

k

)
= 0.

Therefore, (In ⊗Qk) ũ⊥ (v ⊗ I3).

From (6.6),

ũT
(
In ⊗QT

k

)
(CLk ⊗ I3) (In ⊗Qk) ũ ≥ λ

(k)
2 ũT

(
In ⊗QT

k

)
(In ⊗Qk) ũ

= λ
(k)
2 ũT

(
In ⊗QT

k Qk

)
ũ

= λ
(k)
2 ũT (In ⊗PEk) ũ

Therefore, the equation (6.4) takes the form

V̇ ≤ ũT (In ⊗P) (f(u)− f(ū))−
∑3

k=1 λ
(k)
2 ũT (In ⊗PEk) ũ

=
∑n

i=1

{
ũT
i P (f(ui,µi)− f(w,µi))− ũT

i P
(∑3

k=1 λ
(k)
2 Ek

)
ũi

} .

By the mean value theorem, and assuming that w→ w0 as t→∞,

f(ui,µi)− f(w0,µi) = J(w0,µi)ũi + g(ũi,µi),

where J(w0,µi) =


−d 0 −βλ(1−ηRTIθ)

d

0 −a βλ(1−ηRTIθi)
d

0 γ(1− ηPIϕi) −ω

, and where g(ũi,µi) satisfies

‖g(ũi,µi)‖2
‖ũi‖2

→ 0 as ‖ũi‖2 → 0. Hence, rearranging terms, for t large,

V̇ ≤
n∑
i=1

{
ũT
i

[
P

(
J(w0,µi)−

3∑
k=1

λ
(k)
2 Ek

)]
ũi + ũT

i Pg(ũi,µi)

}
(6.7)
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Let define g(ũ) =
[
g(ũ1,µ1)

T, g(ũ2,µ2)
T, ..., g(ũn,µn)T

]T
. Define the matrix A as the

direct sum of the matrices Ai = J(w0,µi)−
∑3

k=1 λ
(k)
2 Ek for each f(ui,µi),

A =
n⊕
i=1

{Ai} =


A1 0 · · · 0

0 A2
. . .

...
...

. . . . . . 0

0 · · · 0 An

 ,

Therefore, the inequality in (6.7) can be compacted in the form,

V̇ ≤ ũT(In ⊗P)Aũ + ũT(In ⊗P)g (ũ) .

Furthermore, if the matrix A is Hurwitz,

(In ⊗P)A + AT(In ⊗P) = −B,

for symmetric positive definite matrix B. Further, for any γ > 0 there exist r > 0 such

that ‖g (ũ)‖2 < γ ‖ũ‖2 for all ‖ũ‖2 < r. Therefore,

V̇ ≤ − [λmin {B} − 2γ ‖In ⊗P‖2] ‖ũ‖
2
2 , ∀ ‖ũ‖2 < r.

Thus, for a value γ < λmin{B}
2‖In⊗P‖2

, then V̇ < 0. So, the principal condition of

stability for ū is the spectrum of the matrix A. Given that A is a block diagonal

matrix, in order for it to be Hurwitz, the real part of the maximum eigenvalue of each

block Ai has to be smaller than zero.

The characteristic polynomial for the matrix Ai has the form

π (σ) =
(
−a− λ(2)2 − σ

)(
−ω − λ(3)2 − σ

)
−
(
βλγ

d

)
fi = 0,

with fi = (1−ηRTIuRTIθi)(1−ηPIuPIϕi). It is not difficult to show that to have σ < 0

the following relation has to be fulfilled,
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fi

βλγ
daω(

1 +
λ
(2)
2

a

)(
1 +

λ
(3)
2

ω

) < 1.

Notice that the condition for block matrices in A differs only by the factor fi. Thus,

this condition only depends on the block matrix Ai with the maximum value of fmax,

which is equivalent to the compartment i with the minimum drug penetration (θi, ϕi).

Notice also that when the virus is not directly diffused from the main compartment

to the others λ
(3)
2 ≈ 0. Therefore we define a condition of viral suppression in every

compartment with the form,

R = fmax
R0(

1 +
λ
(2)
2

a

) , (6.8)

with R0 = βλγ
daω

. Thus, R has to be smaller than 1 to guarantee that all com-

partments synchronize to the quasi stationary state w0.

We use the resulting data from the Monte-Carlo simulation in chapter 4 for the

patients with low values of latently infected reactivation rate. From these individuals,

we computeR from equation (6.8) and use the viral load steady state in the most remote

and measurable compartment. Figure 6.1 shows this relation. As is depicted, when R

is smaller than 1, the compartments synchronize to 10−5 virions
mL

. As R increases over 1,

the most remote compartment begin to sustain viral replication. Since R depends on

λ
(2)
2 , this instability depends on the diameter of the site. Based on this, we hypothesize

that a viral blip is the consequence of crossing this threshold because of an increase

of the diameter size. For all the simulations in the following sections, the system is

parameterized with an initial diameter size so that R is smaller than 1 initially.

6.3 Model of Diameter Increase

A relevant parameter for the behavior of the system is the size of the anatomical

reservoir. Mathematically this size affects the rate at which T-cells and virions move
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Figure 6.1: Steady state viral load in measurable compartment and remote
compartment versus R.Notice for both figures the steady state syn-
chronizes at 10−5 virions/mL for R < 1. However when R > 1, the two
figures present the scenario where cryptic viremia is present.

among compartments. In our model D
(·)
i,j = D̂

(·)
i,j
Ai,j

Vi
where Ai,j represents the surface

area between layers i and j inside the lymph node, Vi the volume of layer i and D̂
(·)
i,j the

permeability of T-cells and virus movement between compartment i and j. Hence, the

critical parameter for reservoir size is the diameter δ of the lymph node follicle. This

diameter affects the value of the connectivity coefficient λ
(2)
2 leading to different values

of R. Therefore, we are interested in how this diameter might change. A sigmoid model

is used to describe the behavior of the diameter with time. The model of diameter rise

has the form,

δ(t) =
δmax − δmin

1 + e−ξ(t−t0.5)
+ δmin, (6.9)
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with minimum and maximum diameter δmin and δmax respectively. The rate of

diameter rise ξ and the time at which the diameter reach the midpoint is t0.5. Notice

that, as δ(t) changes, we will have different values for R. These changes will lead to

different viral load behaviors in the main compartment. Thus, depending on δmin,

δmax, and ξ we can obtain different behaviors of the viral load and then characterize

the viral blip, always maintaining R < 1 for δ(0).

6.4 Characterization of Viral Blips

We start the characterization of the viral blip for fixed values of R0, a and fmax,

and analyzing how the sanctuary site diameter influences the formation of viral blips.

To understand how the increasing of the diameter could set the characteristics of a

viral blip, we first establish a value for t0.5 at which the system has reached steady

state. In this case we set t0.5 = 400 days. Then, we tune the parameter between ξ in

a reasonable range. We hypothesize that, during a relative fast diameter increase, a

transient blip occurs, and cryptic viremia is established. We, therefore, use values of ξ

from 0.03 to 0.05 days−1 to give an enough time for viral blips to increase and last for

a reasonable duration.

Figure 6.2 presents the results for the viral load in compartment one, the most

remote compartment and R as the the diameter increase for the different rates, assum-

ing t0.5 = 400 days, and δmin and δmax equal to 0.04 and 1.5 mm respectively. Notice

that the value of δmin, according to the previous section, guarantees the absence of

cryptic viremia with R < 1. We also assume for that the compartmental system has

the fixed parameters shown in table 6.1 (see chapter 4 for more details). Notice that the

low values of drug distribution ratios r1 and r2, implying very low drug penetrations

in the sites, and are in agreement with the range to have cryptic viremia described in

previous chapters. However, because the small initial diameter, cryptic viremia does

not emerge. As expected, for smaller rates of the diameter changes, we have transient

episodes of viremia in compartment one with higher and longer amplitude and duration

(in red in figure 6.2). We can get viral blips from 55 virions
mL

(in blue in the figure) to
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Figure 6.2: Viral blip behavior changing ξ. The figure presents how the behavior
of the virus in compartment 1 and 10, together with the behavior of R
changes as the diameter changes for different values of ξ. Notice that
for a minimum ξ the amplitude of the viral blip in compartment one is
higher. Notice also that for all values of ξ, the change of the diameter
leads the system from a suppressed state to a cryptic virema state.

90 virions
mL

(in red in the figure) with duration over the limit of detection between 10 to

30 days, in agreement with the data found in the literature [23].

Figure 6.3 shows that by changing only ξ we can generate viral blips with
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Table 6.1: Model Parameters. Parameters for HIV an T cells rates, drug penetra-
tion and diffusivity (See chapter 4 for a detailed description).

Parameters Value Units

λ 598.57 cells
µL×day

d 0.21 1
day

β 6.8× 10−6 mL
copies×day

a 1.5 1
day

γ 2.1× 103 copies×µL
cells×mL×day

ω 18.8 1
day

η 0.61 −
V1 30 mL

D̂
(x,y,c)
1,2

1
300

mm2

day

D̂
(v)
1,2 0 mm2

day

D̂
(x,y,c)
i,j i, j > 1 0.1 mm2

day

D̂
(v)
i,j i, j > 1 0.43 mm2

day

r1 = r2 0.01 −

duration between 20 and 30 days of duration for rates of ξ between approximately 0.031

to 0.039 days−1. The behavior of the amplitude and the duration of the blip clearly

decrease as ξ increases. For a fixed R0 and fmax the faster the diameter increases, the

lower the amplitude of the viral blip and shorter its duration over the limit of detection.

Depending on R0, the ranges for amplitude and duration may vary.

Using ξ = 0.031days−1, assuring that we have a viral blip with amplitude of

approximately 85 copies
mL

and duration of 30 days, we use the same values for the other

parameters as in table 6.1 to see the variability of the blip as the final diameter changes.

Thus, we disrupt the diameter rise when δ(t) reaches different values and sustain that

diameter value over the range of the simulation in order to understand how the max-

imum diameter affects the behavior of the viral blip. Specifically we stop increasing

the diameter at values 0.05, 0.2, 0.4, 0.8 and 1.2mm. As shown in figure 6.4, for small

maximum diameters, if that do no result in R > 1, the virus remains suppressed in

all compartments (red line). As the diameter gets larger, the viral load increases in a
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Figure 6.3: Viral blip amplitude and duration vs. ξ. In blue, the amplitude
of the viral blip decreases as ξ increases, with a maximum value of 90
virions/mL. In green, a similiar behavior for the viral blip duration in
ranges with similar conditions to previous studies.

monotonic way with higher peaks (yellow line). After a certain point, the maximum di-

ameters no longer change the viral blip amplitude, and the viral load steady-state value

in the blood decreases as the maximum diameter increases (green, blue and magenta

lines).

To understand why there are different steady state levels of the viral load in

compartment one (from here, referred to as v̄1), we analyze the behavior of the target

cells in compartment 1, 2 and 10 for the different values of the maximum diameter. As

figure 6.5 shows, in compartment 1, for the smaller diameter corresponding to a initial

R < 1 (this is for δmax = 0.1 and yellow line in the figure) a significant number of cells
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Figure 6.4: Viral blip behavior for different final diameters. For a fixed R0

value, viral load in compartment 1 and 10, diameter and R in time be-
haviors for different final values of the diameter. Notice that the final
diameter leads to different steady states of viral load in compartment 1.

are infected. This number of infected cells is comparable to the cell count for larger

maximum diameters, where a smaller quantity of cells is infected. In contrast, the

opposite happens in the most external and most interior compartment (compartments

2 and 10 respectively): Inside the sphere the target cells are infected more for larger

maximum diameters.
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Figure 6.5: T cells concentration vs. final diameter. T cells concentration
behaviors in compartment 1, 2, and 10 representing their concentration in
the blood, the most external and interanl compartment in the sanctuary
site. Opposite behaviors are presented in compartment 1 with respect to
the others as the final diameter changes.

An explanation for these two contrasted behaviors is that the ability of T cells to

move between the main and secondary compartments is different for different diameter

sizes. Given that we assume the virus cannot move from the main compartment, the

capacity of the virus to have supported replication in the first compartment depends
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on how well infected cells are able to move there and thus spread new viruses. For

smaller maximum diameters, T cells are better connected between compartments, can

move faster to the first compartment and sustain there a steady state viral load over

the limit of detection. As the maximum diameter increases, infected cells become more

isolated from the main compartment, therefore fewer viruses are generated from this

source and the transient viral blip results.
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Figure 6.6: Final R and v̄1 vs λ
(2)
2 . In blue, the final value of R decreases as the

connectivity coefficient λ
(2)
2 increases. High values of λ

(2)
2 imply small

diameter that lead the system to R < 1 and suppressed virus. In green
the steady state viral load in compartment 1, v̄1. v̄1 only has values
below the limit of detection for very high and very low λ

(2)
2 , meaning

that viral blips occur in moderately connected compartments.

In our model, this cell connectivity among compartments is characterized by

the parameter λ
(2)
2 . Figure 6.6 presents in blue the final values of R, and in green the

steady state viral load in compartment 1 as λ
(2)
2 changes. As shown in equation (6.8),
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the values of R decreases as λ
(2)
2 increases. On the other hand, the steady state viral

load in the main compartment increases as λ
(2)
2 increases in the beginning. However,

at some point, as λ
(2)
2 continue growing the steady state viral load start to decrease.

Therefore, for very high and very low connectivity, the viral load is not sustained in the

main compartment. Nevertheless, for very high values of λ
(2)
2 the value of R is smaller

than one, so that the remote compartment cannot sustain viral replication either. This

is because high values of λ
(2)
2 result in small diameters of the compartment as seen in

figure 6.7. An important question is, what would the minimum final diameter size be in

order to have steady state viral load in compartment one below the limit of detection.

As figure 6.6 and 6.7 show, for this particular R0 case, the final diameter size should
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Figure 6.7: λ
(2)
2 vs final diameter. The connectivity of T cells in the system, λ

(2)
2 ,

has a negative exponential relation with the final diameter. This concurs
with the fact that recirculation of T cells happens in sites with smaller
diameters.
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need to be greater than 0.4 mm. So, this maximum diameters become larger than this,

an viral blip occur. However, the question remains as to how this result might change

as the value of R0 and fmax change.

6.5 Effect of the Basic Reproductive Ratio in the Viral Blip

In this section, we present a generalization of the previous results for different

values of R0. Because fmax represents the proportion of the infection that is unaffected

by the drug in the more distant compartment, fmax is very close to 1. The only

other parameter relevant in the behavior of viral blips is R0. To understand how the

values of R0 could modify the results of the previous section we perform the following

simulations. We select randomly the T-cell/HIV parameter rates from the posterior

distributions estimated in [48], such that for a fixed δmin = 0.04 mm the value of R

remains smaller than one. For a specific set of T-cell/HIV parameters the value R0 is

computed. For each R0 we compute two sets of simulations.

The first set is to describe how R0 affects the boundaries of ξ to obtain viral

blips with realistic amplitudes and duration over the limit of detection. Therefore, we

tune the value of ξ from 0.015 to 0.05 days−1 with a fixed δmax = 1.25mm and simulate

the model for each value of ξ, maintaining the remained parameters fixed as in the

previous section and table 6.1. From this first set of simulations, we obtain values of

the viral blip amplitude and duration over 50 virions
mL

in the first compartment in terms

of ξ for each R0.

Next, for each specific R0, we compute the value of ξ needed for a viral blip of

duration smaller than 30 days over the limit of detection with the maximum amplitude.

Using this value of ξ, the second set of simulations aims to find how R0 affects the

final value of the diameter to have realistic viral blips with steady state below the

limit of detection. Thus, in the second set of simulations, we stop the increase of the

diameter when it reaches values from 0.05mm to 1.25mm, and maintaining the rest of

the parameters as in the first set. From this set of simulations we obtain the steady

state viral load in compartment one.
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Figure 6.8: Generalization of viral blip duration and amplitude, vs. ξ for
different R0. The decreasing pattern of viral blip amplitude and dura-
tion does not change for different values of R0. However, their minimum
and maximum values are not correlated with R0.

The results for the first set of simulations are presented in Figure 6.8 and 6.9.

Figure 6.8a presents different behavior of viral blip duration over the limit of detection

vs. ξ for different values of R0. Notice that the viral blip duration vs. ξ behavior is

not correlated with the value of R0. On the other hand, as presented in figure 6.9, the
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range for the minimum value of the diameter rise rate ξmin to have at most at most a

maximum viral blip duration of 30 days [23], is from 0.0156 days−1 to 0.0294 days−1

with a median of 0.0225 days−1.

Figure 6.8b shows the behavior of the viral blip maximum amplitude vs. ξ for

the different values of R0. As for the viral blip duration, their amplitude behavior

with respect to ξ is also not correlated with R0. Moreover, to have an amplitude over

the limit of detection (or viral blip duration greater than zero), the maximum value

of the diameter rise rate ξmax has a median of 0.0319 days−1 and ranges from 0.0212

days−1 to 0.0419 days−1 as shown in figure 6.9. Notice that the value of R0 does not
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Figure 6.9: Ranges of ξ for several R0. ξmin and ξmax represent the values of ξ for
viral blips with a maximum duration of 30 days and minimum amplitude
of 50 copies/mL for different values of R0 respectively. The median value
for ξmin is 0.0225 days−1 and for ξmax, 0.0319 days−1.

change the pattern of the viral blip duration or amplitude presented in the previous
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sections, but it set the range in which a realistic viral blip might occur following the

characterization done in [23].
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Figure 6.10: Viral blip steady state in comp. 1 v̄1 vs λ
(2)
2 for different values

of R0. For every R0 the pattern of v̄1 was the similar, with low values
for λ

(2)
2 low values. In blue, however, are the behaviors of v̄1 with all

their values below the limit of detection for R0 around 1.4, regardless
the value of λ

(2)
2 . In red, v̄1 has values over the limit of detection for

some values of λ
(2)
2 . These behaviors correspond for R0 around 2.1.

For the second set of simulations, figure 6.10 shows the plot of the steady state

viral load in compartment one vs the connectivity coefficient λ
(2)
2 for different values of

R0. Notice that the behavior of this steady state value for different R0 is the same as in

the previous section. Also, for 50% of the R0 values (or virtual patients), regardless of

the maximum diameter, the connectivity is never sufficient to allow a viral load steady

state over the limit of detection in compartment one. As presented in figure 6.11, the
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distribution for R0 is different from the values of R0 where the viral blip steady state

can reach a value over the limit of detection in some values of λ
(2)
2 . In the first set, the

steady state viral load is always below the limit of detection, and the median value of

R0 is 1.45. For the second set, R0 has a median of 2.1.

1.2

1.4

1.6

1.8

2

2.2

2.4

R
0

v̄1 < 50 (copies/mL) v̄ 1> 50 (copies/mL)

Figure 6.11: Distribution of R0 with respect to v̄1. The behavior of R0 for
v̄1 < 50copies/mL has a median of 1.45 with a range from 1.15 to 1.82.
Contrasted to them, the distribution of R0 for v̄1 > 50 copies/mL has
a median of 2.1 with values from 1.32 to 2.5.

For the R0 set with median 2.1, the minimum final diameter to have a steady

state viral load in compartment one below the limit of detection depends on the value

of ξ and is not correlated with R0. As shown in figure 6.12, as ξ increases the minimum

final diameter also increases, having values from 0.065mm to 0.775mm.
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Figure 6.12: Minimum final diameter vs λ
(2)
2 for R0 cases with v̄1 > 50.

The minimum final diameter required to have v̄1 < 50 is positively
correlated to λ

(2)
2 . Their average diameter was 0.7mm, having values

from 0.065mm to 0.775mm.

Thus, we have described, that according to this compartmental model, a di-

ameter increase that leads to cryptic viremia in a lymphoid-base drug sanctuary, is a

plausible theoretical explanation for the formation of viral blips. Viral blips, as pre-

sented in the literature, might occur in patients when the diameter of LN follicles with

low drug penetration increases with rates ξ between 0.0225 and 0.0319 days−1, and

when the patient has a median of R0 = 2.1, the diameter has to reach values greater

than 0.7mm.
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Chapter 7

CONCLUSIONS

The dynamics of HIV disruption of the adaptive immune system by infecting T

helper cells is a complex process. Nevertheless it has been successfully articulated by

simplified mathematical models, leading to the improvement of anti-retroviral therapy.

Currently, viral persistence is the main challenge to attain a functional cure. The reacti-

vation of latently infected cells is the main barrier to eradicating the virus. However, the

formation of 2-LTR circles in PBMC after raltegravir intensification in some patients

under cART, and the detection of low drug concentration in lymph nodes, strongly

suggest that ongoing replication in lymphoid tissues be another obstacle for a cure.

This dissertation presents a mathematical analysis of HIV-infection-spatial-dynamics

in patients under cART and contributes to the understanding of viral persistence, and

shows how ongoing replication in lymph nodes can be a factor. In addition, it gives

insights as to how to improve clinical trials that can result in advance of future HIV

treatment.

We have shown that a spatial, compartmental model of lymphoid follicles as

sanctuary sites supporting ongoing viral replication is capable of reproducing the tran-

sient behavior of plasma HIV 2-LTR observed after application of raltegravir in patients

undergoing cART therapy. Using Monte-Carlo methods, we explored the behavior of

these sites across the feasible range of parameter values as determined from prior exper-

imental data. The results demonstrated that the behavior of the compartments, and

the dependence of the observed 2-LTR dynamics on the presence of locally uncontrolled

cryptic viremia was robust to the uncertainty in the model parameters.
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7.1 Conditions for Cryptic Viremia

We have shown that a necessary condition for the formation of a transient 2-

LTR peak is a sufficiently low drug efficacy in the sanctuary site, such that the local

reproductive ratio in the site is larger than 1. For the most restrictive scenario, with

compartment diameters of 0.5 mm, the drug efficacy at the interface between the site

and the blood/lymphatic sinus compartment R̂02 has to be greater than 0.93 to allow

any significant level of HIV replication in the site.

The average combined-drug concentration lymph-node/blood ratio to sustain

cryptic viremia should be less than 0.55. However, for either RTI or PI, if its ratio

increases, the other drug ratio has to decrease almost linearly to sustain replication

inside the lymph node and be considered a sanctuary site for cART. These drug pen-

etration results are not inconsistent with previous data as reviewed in [20, 75] where

their findings indicated ratios around 0.4 for RTIs and from 0.5 to 0.2 for PIs or smaller,

and also as recently presented in [30]. Thus, we find that cryptic viremia is possible

when total drug efficiency in lymph nodes is very low. On the other hand, if total

drug penetration θ̄LN + ϕ̄LN is greater than 0.6, the percentage of cases to have cryptic

viremia is always less than or equal to 10%.

A second necessary condition is that the individual lymphoid follicles are suffi-

ciently large to support virus replication. For site diameters below 0.2 mm, fewer than

5% of the Monte-Carlo trials resulted in any significant virus replication in the site.

If the total combined-drug penetration is smaller than 0.1 and the diameter is greater

than 0.2 mm it is possible to have cryptic viremia in nearly 100% of the cases. As

total drug penetration increases, the probability to have cryptic viremia decreases, but

the percentages are higher for larger diameters. In general, the likelihood to have viral

replication in lymph nodes follicles with diameters greater than 0.2 mm and with total

drug penetration smaller than 0.5 is around 95%.

Larger follicular diameters have been reported previously in patients under

cART with no detectable blood viral load. For instance, the work in [61] showed

hyperplastic follicles even up to 1 mm for 3 of 9 patients after six months of treatment.
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In fact, a study reported in [1] found for some patients under cART, hyperplastic fol-

licles oscillating up to 1.23 mm2 in 12 months and 0.33 mm2 in 36 months. These

results corresponds approximately to diameters from 0.65 to 1.25 mm, in the range of

possible cryptic viremia according to the model. Therefore, we suggest, if sufficiently

low drug penetration inside lymph nodes is present; follicles with these diameters are

able to sustain viral replication.

7.2 Conditions for a Transient 2-LTR Formation and Cryptic Viremia

If the sites are sufficiently large, and have sufficiently low antiviral activity

to allow efficient replication of HIV within the site, than the addition of raltegravir

resulted in the transient production of 2-LTR circles within the site. Detectable 2-

LTR peaks in the blood require that the total volume of sanctuary site tissue also

be large enough that the diffusion of these 2-LTR from the sites into the blood occur

at a rate large enough to bring the observed peak in the blood above the limit of

detection, approximately 1.2 2-LTR circles per 106 PBMC. If the total infected cell

turnover in the sites was greater than 106 infected cells per day, then, the observed

peak in plasma 2-LTR would be above the limit of detection over 95% of the time.

For infected cell turnover rates in the sanctuary sites as high as 2× 108 infected cells

per day, there was no measurable contribution of virus to compartment 1, neither was

there any measurable change in the predicted plasma viral load following integrase

inhibitor intensification, despite orders-of-magnitude reductions in the total infected

cell turnover rates following intensification. Moreover, as the maximum amount of

2-LTR circles per 106 PBMC increases, the drug penetration distribution gets tighter

with median around 0.1, implying that there is less drug penetration when a 2-LTR

circles peak increases. This is consistent with the efficient viremia in the sanctuary

sites being cryptic, undetectable from standard plasma viral load assays.

We have further shown that when the antiviral activity within the sites is suffi-

ciently high, such that R0 < 1 everywhere, it is impossible to produce a transient 2-LTR

curve following raltegravir intensification. Under these conditions, the only possible
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2-LTR dynamics following raltegravir intensification must lead to a monotonic increase

of 2-LTR in compartment 1. For the range of parameters considered in our Monte-

Carlo study, this monotonic increase never resulted in a 2-LTR concentration above

the limit of detection of 1.2 2-LTR per 106 PBMC.

In the INTEGRAL study [11], 13 out of 45 patients exhibited measurable 2-LTR

peaks in their blood following raltegravir intensification. These 2-LTR dynamics fol-

lowed a characteristic pattern with a dramatic peak at week 2, decaying below baseline

by week 24. Our model is able to reproduce these dynamics if and only if reduced drug

activity in anatomically isolated sanctuary sites enables high levels of efficient cryptic

HIV replication. The median observed 2-LTR peak at week 2 from the 13 patients was

5.8 2-LTR per 106 PBMC. If the assumptions of our spatial model are correct, this

would correspond to a pre-intensification cryptic replication rate of between 2 × 106

and 2× 107 infected cells per day. The highest measured peak among the 13 patients

was 72.8 2-LTR per 106 PBMC; this would correspond to a pre-intensification cryptic

replication rate of between 3× 107 and 3× 108 infected cells per day.

7.3 2-LTR Decay Rate Bias

Based on Monte-Carlo simulations, we showed those for which the 2-LTR be-

haviors in compartment one got the best fit to the INTEGRAL data. From these,

we showed that 2-LTR transient behavior in the blood can have decay rates with

an average of 0.05 days−1 when the spatial dynamics of sanctuary sites hypothesis is

considered. This value has almost an order of magnitude smaller than our previous

estimation of 0.46 days−1, but more in agreement with previous experimental estima-

tion for 2-LTR half-life between 8 and 25 days [82, 57]. This suggest that previous

estimations of 2-LTR half-life, as done in [47], fitting INTEGRAL study data to a

single-compartment model, can result in a bias because it did not consider spatial dy-

namics. Thus, there is concern that by neglecting T-cells recirculation 2-LTR circles

half-life might be underestimated.
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We presented a MCMC-Bayesian analysis to compute the bias by estimation

of 2-LTR in PBMC decay rate δ for two specific realistic scenarios of limited 2-LTR

data in PBMC after raltegravir intensification in patients under cART. These two

scenarios were virtually created following a first sampling schedule as presented in

Buzon et al. [11], and a second assuming a more frequent, but feasible and realistic

scenario. The estimation processes used follows the same procedure presented in [47]

to estimate δ using real data. As we hypothesized, neglecting T-cells recirculation

yield to underestimation of this value having a bias up to 0.2 days−1, but can be

decreased if more early points are added. These results have important implications

for designing future clinical trials and the estimation of parameters as the 2-LTR decay

rate, to be used for possible measurements of cryptic viremia. The bias computed by

this method is influenced by the way the sampling schedule is designed and in how

the parameter estimation is done. Neglecting explicitly physiological process in the

single-compartment model leads to less accurate results because of a larger bias.

7.4 Conditions for Viral Blips and Cryptic Viremia

For low drug concentrations there is a critical size in order for cryptic viremia to

exist in sanctuary sites. We have shown as the diameter of site increases, a viral blips

occurs. We presented that there can be blips that do not cross the limit of detection,

but could affect the mean of the viral load with possible variability over the limit of

detection.

Therefore, we developed theoretical conditions of viremia suppression below the

limit of detection in all compartments, that depend on the size of the site by using a

s-shape model for diameter increase in time. The behavior of the amplitude and the

duration of the viral blip behaves inversely to how fast the diameter increase in time.

The faster the diameter increases the lower the amplitude of the viral blip and shorter

its duration over the limit of detection. Thus, to have realistic viral blips as in the

literature [23], with duration less 30 days and with amplitudes relative close to the

limit of detection, the diameter rise should have rates between 0.02 and 0.03 days−1.
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Also, the final diameter of the site affects different steady states of the virus

load after the blip. When the steady state viral load after the blip always is below

the limit of detection, the median value of R0 is 1.45, and this situation correspond to

the 50% of the simulations run. However for the other cases, when R0 increases with

median R0 = 2.1, the steady state of the viral load after the blip might have values

over the limit of detection for some final maximum diameters. We presented that

the capacity of T cells to move between the main and secondary compartments (the

sanctuary) can be characterized and is different for different final diameters. Given

that we assume the virus cannot move from the main compartment, the capacity of

the virus to have sustained replication in the first compartment depends also on how

infected cells can move to that compartment and spread new viruses. For smaller

maximum diameters, T cells are better connected between compartments, can move

faster to the first compartment and sustain there a steady state viral load over the

limit of detection. As the maximum diameter increases, infected cells start to be more

isolated from the main compartment, therefore smaller amount of the virus is spread

from this source and the transient viral blip is formed. In this cases, the maximum final

diameters should be greater than 0.7mm to have relative lost of connection between

compartments and have a realistic viral blip.

7.5 Future Work

High viral replication rates will certainly result in the production of novel viral

mutants which may result in accelerated treatment failure. The contribution of the

cryptic viremia to the development of resistance-based treatment failure will depend

on many factors. The degree of residual activity of the antivirals in the sanctuary

site will affect how strongly the resistance mutations are selected within the site, and

the diffusion rates between the site and the blood will determine whether intermediate

mutations are likely to be observed in blood-based assays before a full escape mutant

is generated. Future work will focus on developing a predictive model for the evolution

of resistance in the presence of cryptic viremia.
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Appendix A

COMPUTATION OF TIME SPENT OF A T CELL IN THE
SANCTUARY SITE

We use the following model to represent the probability of transitions between

compartments i and j inside the sanctuary site in this way,

Pi,j =
Ai,j∑
k(Ai,k)

, (A.1)

where Ai,j represents the surface area between the spherical layers i and j.

Then to compute the time of a T-cell inside the sanctuary we make a stochastic

simulation initiating the T-cell in compartment 2. Then, we simulate each transition

between compartments using equation A.1 until the T-cell enters to compartment 1.

For each transition we normalize each time step by the diffusion rate 1

D
(y)
i,j

. We repeated

the simulation 10, 000 times for diameters from 0.01mm to 1.25mm. The results of the

time of T cell spent in sanctuary site for each site size is presented in figure A.1. The

average time spent of a T cell according to this model would be 0.7446, 1.4900, 7.4806,

and 15.0391 days when the sanctuary site diameter is 0.05, 0.1, 0.5 and 1 mm.
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Figure A.1: Median time of T cell spent in sanctuary site vs Sanctuary site
size (diameter). In red the median time for each diameter value. In
blue, a scatter plot of the possible values of the T cell time in the site
for each diameter value.
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Appendix B

DISCLAIMER

This study uses data from a previously published study in the Journal of the

Royal Society of Interface [47]. Given that the paper has Open Access rights, the use of

figures and the 2-LTR patient-measurements, completely contained within the paper,

is permitted according to the creative commons license 1.

1 http://royalsocietypublishing.org/open-access-faqs
http://creativecommons.org/licenses/by/2.5/
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