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�R�R¸^<VcW¸µ�x�esWZbDWZbUTaWz\UQSep$<b2��^�VcbU^�^�� Q-,"RUTi\/�"el\�$[x�elWcb�eg\UfmVZQ]T�nXeg\S$�¥��_ ¶ H ×.� F � . Lw�§LrÕ � H �<� O<³
`t È ú EÆü ÉiL �zQ]VcQ�|�x4QàncbUT<hlh�WZT<{<Q?WZb�Q;eg\�WcQ]VcqaTih]F~È*E+É-I>WZ^©�¸Qà^<_£Wcb�Q6nXR¸Q]fSegT<h§_ ^�VcYF��3É�E�É-I«_ ^�VzTU$<egq<QS\�R¸^�ncesWZelq�Q¦\�
UY>�¸QSV¨É2� 	 \�Wcb�ewnzncQ]fm^�\���Q-,�TiY6R�hgQ<|Ux«Q¦eu�"QS\�WZes_ ttL Ï T<n�L�Ï�F��3ÉJE+É-I>Ti\��rL �T<nOL MÏ F��3ÉJE+É-Iá|¸WcbUQ[fShl^�n²
�VZQ;eg\VL M F��3ÉJE+É-I$^i_
á õÏ F��3ÉJE�É-Im|¸Wcb�Q[el\SqU\�elWcQShgt4�"e�s¸Q]VcQ]\�WcewT���hgQ[fS^<Y6R�hgQ-,�_!
�\UfmWceg^<\Unx�elWcb n"
�R�R¸^<VcW�eg\4F��3ÉJE+É-Iá�Nyz^ax�WcbUQAncRUT<fSQ]nAL��«VZQ]n"
�hlWceg\S$¦_ VZ^<Y�Wcb�Q$fS^<\UnXWcV�
UfmWceg^<\d^i_kjçQofáWZel^�\T½?TiVZQ��"QS\U^iWcQ��
_ ^<V�¥�¨£�R�çt©L �Ï F��3ÉJE�É-I-Wç_ ^<V]¥I¦Ä��|"bU^ax«Q]q<QSVo|�esWzewn�f-
UnXWc^�YdTiVZtàWZ^6x�VcelWcQ�L � F��3ÉJE�É0I�eg\�R�hgT�fmQ�^i_bL �Ï F��3É�E�É-Im|Ti\/� x4Q?nXb�Tihgh§T=�"b�Q]VcQ�WZ^àWZbUTaWz\U^iWZTiWceg^<\§�

� b�Q���QSq<Q]hl^�R�Y6QS\�WZn�V"
�\6RUT<VZT<hlhgQShçWZb�^�ncQ�^i_²~l,�T<Y[RUhlQ����g�=WH��Q�$<eg\�\�eg\S$¦x�elWcb6WcbUQzTiR�R�VZ^<RUVcewTaWZQShgt?Y6^2��e�qUQ��
_ ^<VZY ^<_]FI�SGg��Iá|"eg\�R�hwT<fmQË^<_]FI�SG�¹=I«x«QË\�^ax+fm^�Y[Q�WZ^6Wcb�Q¦VZQ�<�
�egVcQ]Y6QS\�W� ò � � M� @ ô d d â ò � � M��@ ô BD@:E

ò �b� M� @ ô F��3É-IABK�SEò �:� M� @ ô F�É-ImBD��E

e fffgfffh _ ^<V @VätL Ï F��3ÉJE+É-Iá� FG��G ¼ I
	 \�R�hwT<fmQË^<_l��VZQSQ]\kj n4_!
U\UfáWZel^�\�_ ^<V>WcbUQ¦R�Q]Vceg^��"egf7�¸^=
U\���TiVZt�&ÑqaT<h�
�QËR�VZ^=�UhlQ]Y�|"\U^axºx4Q�
UnXQv��VZQSQ]\kj n�_!
�\UfáWZel^�\i Ï R¸QSVcWceg\�Q]\�W«Wc^;Wcb�Q�ncT<Y[Q$^<V+�"el\�TiVZt��"e�s¸Q]VcQ]\�WcewTihU^�R�Q]VZTiWc^�VA�S
"W4x�esWZbdWcb�QAb�^<Y6^H$<QS\UQS^=
�n�fm^�\��"elWceg^<\Un«TaW5\7Éa|x�b�ewfrb�egn]$�elq�QS\t��t

i Ï F~¤"MJE"¤¸Q�IAB nXeg\�bvF�É â ¤ � I"nceg\�bvF�É
��¤��AI¹£nXeg\�b�É}fm^�nXb�É _ ^�V �3É K ¤ M E"¤ Q K Éa| FG��G ��I
x�elWcb�Wcb�Q¦\U^iWZTiWceg^<\t¤ � #úB�Y6T�,AqH¤ M E"¤ Q s T<\��t¤ � #�B�Y[eg\cq=¤ M E"¤ Q s � 	 \�R�hgT�fmQË^i_]FG��G ½�I4x«QË\�^ax $<QmW� � M� @%B ß
	

� 	 i Ï F~¤fE:��I�@bF%��I�÷}ª�M=F%��I _ ^<VzQ]q<Q]Vct @4ärL�Ï�F��3ÉJE+É-Iá� FG�SGg����I

	 \�WcbUegnzf]T<ncQ<|�x4Q7qU\���WZbUTaW�Tdfm^<Y6R�hgQmWZQ;ncQmWz^i_£Q]e�$�QS\�RUT<elVrn>^i_;� � M�=ewn L + �
� â FO 
-QU�¹=É0I Q E²«$ Ò / N õÒ ö M |Ux�elWcb�WcbUQ

QSep$<Q]\"_!
�\UfmWceg^<\Unc«$ Ò |�\�^�VcYdTihgep�SQ��Deg\rL Ï F��3É�E�É-Im|�$<egq<QS\%�çt
«$ Ò F-¥JI]#�B �n É nXeg\  p-¹HÉ F-¥ â É-IfE  %B¾��|�¹�E�G0G0G²� FG�SGg�<�JI

y$^ax¦|²x«QàVcQ�<H
UelVZQ;WZb�Q[elYdT�$�Q]nT» � É � ø& ^i_�WZb�Qdfm^/)^�V���el\UTiWcQ¦_!
U\UfáWZel^�\UnvÉ � ø& �"Q0qU\�Q���eg\�jçQofáWceg^<\º¼T
U\��"QSV
WcbUQ¦egnc^<Y6QmWZVctt» � ^<_]F�½SGå��Im�l´�Q7$<QSW» � É � ø& B õ4Ò ö M �q � â Fu p-QU=¹=É-I Q s ��· Q F�É � ø& E.«$ Ò I Ï «$ Ò _ ^<Vä¬�B¾�=E0G�G0G-E��ÿ� û | �[� ûIâ ��| û B �HE�¹�E�G0G�G²|

FG�SGg��¹HI
Ti\/�DTdncb�^<VcW�fm^<Y6RS
�WZTaWZel^�\�R�Vc^���
�fmQ]n4WZb�Qv;�^H
�VZelQ]V>fS^çQ-�vfmegQS\�WZn>^<_�WZb�Q?fm^*)^<V+�"eg\UTaWZQ$_!
�\�fáWceg^<\�nzT<n

ò É � ø& E²«$ Ò ô Ï B � �n É � nXeg\
 
-
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_ ^<V û BK��|²�HE0G0G�G²|UTi\/�%�!� û�â �<�
y$^ax¦|�^<\�Wcb�QÜ�UT<ncewnd^i_vÝ§Q]Y6Y6T£¹"��¹.Ti\��Dª�Vc^�R�^�nXelWceg^<\D¼"�g��x4Q'fST<\�fm^<\�fmhp
��"Q�WZbUTaWvWZb�Q�fS^/)^�V��"eg\UTiWcQ

_GTiY6eghlt + ò » � É � ø& ô �& ö M /�õ�]ö ø � M egn�x«Q]hlhUfS^<\���esWZel^�\�Q��[eg\ULW�Ï F��3ÉJE+É-I³es_�¥�¨£�Ë^<V£x4QShghUfS^<\��"elWceg^<\UQ��[el\�L���F��3ÉJE+É-Iel_]¥�¦ �³FGT<\��²|³T�$�T<el\k|§WcbUQvfm^<VZVZQ]ncR�^�\��"eg\S$�nXQ�<H
UQS\UfSQ[^<_>fS^<\���esWZel^�\�\2
�Y���Q]VZn;fm^<eg\UfSep�"QonËx�esWZb0WcbUTiW;^i_4WcbUQ
^<VZep$<eg\UTih¸_GTiY6eghltDel\�L�Ï�F��3ÉJE+É-I²Im�

	 \Ò;³ep$=
�VZQ]n��o�JÇS¹�� x«QV��egncR�hwT2tÂ$<VrTiRUbUn6^i_ËWcbUQ�_!
�\UfmWceg^<\UntÉ � ø& |]» � É � ø& |zTi\/�1Ë Ï� ø » � É � ø& F x�elWcb®Ë Ï� ø�"Q]\�^iWZel\S$;Wcb�Q7L�Ï�F~È*E�É-I�&Ñ^�VXWZb�^<RUVc^='uQ]fáWZ^<V£^�\�WZ^ p ø� Iá|�_ ^�V«qaTiVZeg^=
Un«nXQ]hlQofáWcQ��dqaTihp
�Q]n«^i_Q¥�|��.| û |çTi\��@¬£� � b�QSVZQ
TiVZQ�Wux4^³q�$H
�VcQond_ ^�VDQoT<frb�frb�^�egfSQ ^i_¦WZb�Q�hwTaWcWcQ]V RUT<VZT<Y[QSWcQ]VZn]|>Wcb�QVqUVrnuW�fm^<Y6RUT<Vceg\S$.WZb�QV$�VZT<R�bUn ^i_�É � ø&
Ti\/��» � É � ø& |�WZb�QàncQ]fS^<\���fS^<Y6RUTiVZeg\S$[Wcb�Qv$�VZT<R�bUn�^<_ » � É � ø& Ti\���elWZn$RS
�VZR�^�VXWZQ���TiRUR�Vc^J,"egYdTaWceg^<\<Ë Ï� ø » � É � ø& �
�zQ]VcQàx«Q[fST<\ YdTi{<Qàfm^<Y6Y6QS\�Wrn$^�\�Wcb�Q6T�$�VcQ]QSY6QS\�Wz^<_�Wcb�Q�$<VrTiR�b�nzeg\ WcbUQ;hwTaWXWZQSV¨q�$=
UVcQonAT<\���WcbUQàn"
�R�R¸^<VcW
R�VZ^<R¸QSVcWcegQ]n£^<_}Wcb�Q�» � É � ø& Ti\��[WZb�Q�Ë Ï� ø » � É � ø& Wcb�TaW4T<VcQ>Q]\�WZelVZQShgt6Ti\UT<hl^H$<^=
�nkWZ^¦WcbUQz^=�UncQSVZqaTaWZel^�\UnNel\6WZb�Q�qUVrnXW
Q-,�T<Y[RUhlQ��³y$^ax¦|<b�^ax4QSq�QSVo|aWcb�Q$egnc^<Y6QmWZVcewf>egY6T=$<Qon » � É � ø& T<VcQ�\�^<W�TaW«T<hlh�Y>
"W�
UTihUWcVrTi\UnchwTaWcQonS|�T?fmegVZf0
�YdnuWrTi\UfSQ
YdTi{çeg\S$AY6^�VcQ4Q-,"R¸QS\Uncelq�Q�WZb�Q�fm^�Y[R�
"WZTiWceg^<\[^i_�WZb�Q�fm^çQ-�vfmegQS\�WrnN\�QSQ��"Q��;_ ^<V£fm^�\UnXWcV�
UfáWZel^�\;^i_UWcb�Q>R�VZ^�'uQofáWceg^<\�nË Ï� ø » � É � ø& � 	 \ � ���§x«Q��"QoncfSVcep�¸Q�bU^ax�WcbUQ�hwTaWcWcQ]V�\�
UY>�¸QSVrn�fSTi\t�¸Q�$<QS\UQSVrTaWcQ��veg\�Tà_GT<elVZhlt Q-�vfmegQS\�WzYdTi\�\UQSVo�

¹=¹
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pmh4151a.dat : s = -1/2, kcf = 1; N = 40, n = 15w

;³ep$U�/¹��l��VrTiRUbUn>^i_Z?É � ø& F��"^iWcWcQ��/I�Ti\�� E» � ?É � ø& _ ^<V�¥OBM�¦�VU�¹�| û B¾�<|�� B ± ��|�T<\��@¬4B)��¼"�

-1.0

0.0

1.0

2.0

3.0

4.0

0.0x 1.0x 2.0x 3.0x 4.0x 5.0x 6.0x 7.0x

pmh4151b.dat : s = -1/2, kcf = 1; N = 40, n =15y

;�ep$U�S½U�m��VZT<R�bUn>^<_ E» � ?É � ø& F~��^iWXWZQ���IzTi\�� EË�Ï� ø E» � ?É � ø& _ ^<V�¥OBÎ�¦�²U=¹"| û B¾��|S� B ± �U|�Ti\��G¬�B¾�J¼"�
¹�½
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0.0z 1.0z 2.0z 3.0z 4.0z 5.0z 6.0z 7.0z

pmh4153a.dat : s = -1/2, k = 3 ; N = 40, n =15

;³ep$U� ± �l��VrTiRUbUn>^i_Z?É � ø& F��"^iWcWcQ��/I�Ti\�� E» � ?É � ø& _ ^<V�¥OBM�¦�VU�¹�| û BÒ½�|�� B ± ��|�T<\��@¬4B)��¼"�
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0.0z 1.0z 2.0z 3.0z 4.0z 5.0z 6.0z 7.0z

pmh4153b.dat : s = -1/2, k = 3 ; N = 40, n =15

;�ep$U��¼��m��VZT<R�bUn>^<_ E» � ?É � ø& F~��^iWXWZQ���IzTi\�� EË�Ï� ø E» � ?É � ø& _ ^<V�¥OBÎ�¦�²U=¹"| û BÒ½U|S� B ± �U|�Ti\��G¬�B¾�J¼"�
¹ ±
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pmh4393b.dat : s = -1/2, k = 3 ; N = 40, n = 39

;³ep$U�U�U�l��VrTiRUbUn>^i_Z?É � ø& F��"^iWcWcQ��/I�Ti\�� E» � ?É � ø& _ ^<V�¥OBM�¦�VU�¹�| û BÒ½�|�� B ± ��|�T<\��@¬4BK½<���

0.0| 1.0| 2.0| 3.0| 4.0| 5.0| 6.0| 7.0|

pmh4393b.dat : s = -1/2, k = 3 ; N = 40, n = 39}
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;�ep$U���"�m��VZT<R�bUn>^<_ E» � ?É � ø& F~��^iWXWZQ���IzTi\�� EË�Ï� ø E» � ?É � ø& _ ^<V�¥OBÎ�¦�²U=¹"| û BÒ½U|S� B ± �U|�Ti\��G¬�BÒ½����
¹=¼
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pmh4403b.dat : s = -1/2, k = 3 ; N = 40, n = 40�

;³ep$U� ¼ �l��VrTiRUbUn>^i_Z?É � ø& F��"^iWcWcQ��/I�Ti\�� E» � ?É � ø& _ ^<V�¥OBM�¦�VU�¹�| û BÒ½�|�� B ± ��|�T<\��@¬4B ± ���
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0.0{ 1.0{ 2.0{ 3.0{ 4.0{ 5.0{ 6.0{ 7.0{

pmh4403b.dat : s = -1/2, k = 3 ; N = 40, n = 40

;�ep$U���U�m��VZT<R�bUn>^<_ E» � ?É � ø& F~��^iWXWZQ���IzTi\�� EË�Ï� ø E» � ?É � ø& _ ^<V�¥OBÎ�¦�²U=¹"| û BÒ½U|S� B ± �U|�Ti\��G¬�B ± ���
¹i�
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0.0� 1.0� 2.0� 3.0� 4.0� 5.0� 6.0� 7.0�

pph4251b.dat : s = 1/2, k = 1; N = 40, n = 25�

;�ep$U�²�����A��VrTiR�bUn>^<_Z?É � ø& F~��^iWXWZQ���I>T<\�� E» � ?É � ø& _ ^<V�¥¨B)�²U=¹"| û B¾��|S� B ± ��|"Ti\��G¬4BÒ¹H¼"�
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0.0� 1.0� 2.0� 3.0� 4.0� 5.0� 6.0� 7.0�

pph4251b.dat : s = 1/2, k = 1; N = 40, n = 25

;³e�$��§�<���l��VrTiRUbUn>^i_ E» � ?É � ø& F~�"^<WXWcQ���I�T<\�� EËvÏ� ø E» � ?É � ø& _ ^�V�¥¨B¾�²U�¹�| û B)�<|S� B ± �U|�Ti\��t¬�B ¹=¼��
¹��
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0.2

0.4

0.6

pph4153b.dat : s = 1/2, k = 3 ; N = 40, n = 15�

;�ep$U�²�J¹"�A��VrTiR�bUn>^<_Z?É � ø& F~��^iWXWZQ���I>T<\�� E» � ?É � ø& _ ^<V�¥¨B)�²U=¹"| û BÒ½U|S� B ± ��|"Ti\��G¬4B �J¼"�

0.0� 1.0� 2.0� 3.0� 4.0� 5.0� 6.0� 7.0�

pph4153b.dat : s = 1/2, k = 3 ; N = 40, n = 15�
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;³e�$��§��½U�l��VrTiRUbUn>^i_ E» � ?É � ø& F~�"^<WXWcQ���I�T<\�� EËvÏ� ø E» � ?É � ø& _ ^�V�¥¨B¾�²U�¹�| û BK½�|S� B ± �U|�Ti\��t¬�B)��¼��
¹ ¼
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pp14253b.dat : s = 1, k = 3 ; N = 40, n = 25
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;³e�$��§� ± �l��VrTiRUbUn4^i_Z?É � ø& F��"^iWcWcQ��/I>Ti\�� E» � ?É � ø& _ ^<V�¥OB¾��| û BD½�|/�»B ± �U|�Ti\��t¬�B ¹=¼��
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0.0� 1.0� 2.0� 3.0� 4.0� 5.0� 6.0� 7.0�

pp14253b.dat : s = 1, k = 3 ; N = 40, n = 25

;³ep$U�²��¼��A��VZT<R�bUn>^i_ E» � ?É � ø& F~��^iWXWZQ���I>T<\�� EË�Ï� ø E» � ?É � ø& _ ^<V�¥¨B)�<| û BK½�|S� B ± ��|�T<\��@¬4B ¹=¼"�
¹i�
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zmh4161b.dat : s = -1/2, k = 1 ; N = 40, n = 16

;³e�$��§�]�U�A��VZT<R�bUn>^i_lÉ � ø& F��"^iWcWcQ���I�Ti\/�t» � É � ø& _ ^�V�¥¨B �¦�²U�¹�| û B¾�<|S� B ± ��|�T<\��t¬�B)�]�U�

-2.0

-1.0

0.0

1.0

2.0

3.0
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-1.5 -1.0 -0.5� 0.0� 0.5� 1.0� 1.5�

zmh4161b.dat : s = -1/2, k = 1 ; N = 40, n = 16�

;³ep$U�§�a�ç�A��VrTiR�bUn4^<_�» � É � ø& F��"^iWcWcQ��/I>Ti\��<Ë Ï� ø » � É � ø& _ ^<V�¥OBM�¦�VU�¹"| û B ��|�� B ± ��|�Ti\/�@¬4B¾�o���
½=�
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zmh4013a.dat : s = -1/2, k = 3 ; N = 40,  n = 1  

;³ep$U�§� ¼ �A��VZT<R�bUn4^i_AÉ � ø& F~�"^<WXWcQ���I>Ti\/�G» � É � ø& _ ^�V�¥¨B �¦�²U=¹"| û BK½�|S� B ± �U|çT<\��G¬�B¾�<�
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zmh4013b.dat : s = -1/2, k = 3 ; N = 40, n = 1�
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;�ep$U�²�o���A��VrTiR�bUn>^<_�» � É � ø& F��"^iWcWcQ���I>Ti\��<Ë Ï� ø » � É � ø& _ ^<V�¥OBM�¦�VU�¹�| û BÒ½�|S� B ± ��|�T<\��@¬4B)�<�
½��
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zmh4253b.dat : s = -1/2, k = 3 ; N = 40, n = 25�

;³e�$��/¹��U�A��VZT<R�bUn>^i_lÉ � ø& F��"^iWcWcQ���I�Ti\/�t» � É � ø& _ ^�V�¥¨B �¦�²U�¹�| û BÒ½�|S� B ± ��|�T<\��t¬�B ¹=¼��
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   coordinate functions
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precn001.dat : op S, H 
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new coordinate functions

unmodifiedã
  coordinate functions

10:1 ellipse

precn401.dat : op S , H
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Pre-Conditioning: Isometry to  H -1/2  & Projection in  H 0

unmodifiedó
  coordinate functions

new coordinate functions

ÂÄÃÏÅpÇ7Ô1È7Ç¯ô8ÃÆõYÎ1Ð©ÑpÒ�ÓÕÔpÖ ×pØ7Ù�ÓBÔ7Ç
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ndtfz431.dat : 10:1 ellipse, κù a = 3.0 ; θ
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�

-20.0

-15.0

-10.0

-5.0

0.0

5.0

10.0

no
rm

 d
er

iv
 to

t f
ld

 : 
re

al
 &

 im
ag

 (
do

tte
d)

 

ÂÄÃÆÅ
Ç7Ô+ï
Ç=Ú)×7ÐÏÚ,ÎèÌÆÌÏÃÏépê:Î1Ð©ÑpÒ�ÓÕÔpÖ ×pØpûsÓ���� ï
ü7ý ÓsÈ3ÿ3×7Ø7Ù�ÓÕÔpÇ

-4.0� -3.0 -2.0� -1.0 0.0� 1.0� 2.0� 3.0� 4.0�
θ

-20.0

-15.0

-10.0

-5.0

0.0

5.0

10.0

15.0

no
rm

 d
er

iv
 to

t f
ld

 : 
re

al
 &

 im
ag

 (
do

tte
d)

 

	

ndtfz436.dat : 10:1 ellipse, κ
 a = 3.0 ; θ
�

 = π� /2 ;  N = 250
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ndtfz530.dat : kite, κa = 3.0 ; θ
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ndtfz535.dat : kite, κa = 3.0 ; θ
ú

 = π� /4 ; N = 250, kcf = 3
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ndtfz536.dat : kite, κ
 a = 3.0 ; θ
�

 = π� /2 ; N = 250, kcf = 3
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ndtfz51t.dat : kite, κa = 10.0 ; α�  = 1.0, N = 240, kcf = 1
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