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ABSTRACT

We apply the Plane Wave Discontinuous Galerkin (PWDG) method to study
the direct scattering of acoustic waves from impenetrable obstacles. In the first part
of the thesis we consider the full exterior scattering problem with smooth boundaries.
This problem is modeled by the Helmholtz equation in the unbounded domain exterior
to the scatterer. To compute the scattered field, an artificial boundary is introduced to
reduce the infinite domain to a finite computational domain. We then apply Dirichlet-
to-Neumann (DtN) and Neumann-to-Dirichlet (NtD) boundary conditions on a circular
artificial boundary. By using asymptotic properties of Hankel functions, we are able
to prove wavenumber explicit L2-norm error estimates for the DtN-PWDG method
on quasi-uniform meshes. Numerical experiments indicate that the accuracy of the
PWDG method for the scattering problem is improved by the use of DtN and NtD
boundary conditions.

The second part of the thesis concerns acoustic scattering from domains with
corners. In such domains, quasi-uniform meshes are not efficient, so we derive error
indicators to drive the selective refinement of the mesh in an adaptive algorithm. We
prove a posteriori L?>-norm error estimates for the Helmholtz equation with impedance
boundary conditions on the artificial boundary. Numerical results demonstrate the
efficiency of the proposed indicators. This adaptive strategy is compatible with the
DtN and NtD truncation of the infinite domain problem and the combination would

significantly improve the accuracy and reliability of PWDG simulations.

XV



Chapter 1

INTRODUCTION

1.1 Overview

Acoustic, elastic and electromagnetic scattering problems arise in many areas of
physical and engineering interest, in areas as diverse as radar, sonar, building acous-
tics, medical and seismic imaging. The problem of direct scattering is to determine the
scattered field u5°a% from a knowledge of the incident field uiC, the properties of the
scattering obstacle, and the differential equation governing the wave motion. Unless
the geometry of the scatterer is particularly simple, it is often impossible to determine
analytically the solution of a scattering problem, hence numerical schemes are neces-
sary. This thesis is concerned with the numerical analysis of the direct scattering of
acoustic waves.

The numerical simulation of the direct scattering of acoustic waves from ob-
stacles has long been a topic of active research (see e.g. Colton and Kress [17]), and
many numerical algorithms have been proposed. However many challenges still remain,
particularly in the case of medium to high frequency where the solution is highly oscil-
latory, in the sense that the wavelength of the incident field is much less than the size
of the scatterer, i.e. the incident field has a wavelength A\, and wavenumber k = 27/
is such that kL > 1, where L is the size of the obstacle. Standard numerical schemes
such as finite differences and finite elements may become computationally prohibitively
expensive at medium to high frequency. This results from the so-called pollution effect
caused by an accumulation of amplitude and phase errors when the wavenumber is
increased.

Recent work has led to the development of algorithms that are better able to

handle the highly oscillatory nature of the solutions at high frequency. These methods



include the Partition of Unity Method (PUM) of Melenk and Babuska,[6] the Dis-
continuous Enrichment Method (DEM) [5], the Ultra Weak Variational Formulation
(UWVF) of Cessenat and Després [14]. The UWVF has been applied to the Maxwell
equations [46], linear elasticity [53], acoustic fluid-solid interaction [44] and to thin
clamped plate problems [54]. It has even featured in commercial codes [18]. More re-
cently, the Plane Wave Discontinuous Galerkin (PWDG) method has been studied by
Hiptmair et al. [38, 39, 40, 28] as a generalization of the UWVF method. In this case
the problem is cast in the form of a Discontinuous Galerkin method. The advantage
of this approach is that the arsenal of tools developed for the convergence analysis of
DG methods for elliptic problems can be applied to the PWDG method.

Denote by h the mesh width of the PWDG mesh and by p the minimum number
of plane waves per element. In [28], Gittelson, Hiptmair and Perugia consider the h-
version of PWDG, where the number of plane waves per element is kept fixed and
the mesh is refined. Error estimates with respect to mesh width are obtained. It is
shown that for a non-zero forcing term f on the right hand of the Helmholtz equation,
only h? convergence with respect to the L?-norm can be expected, (see Theorem 4.13,
[28]), since plane waves are not expected to approximate general smooth functions to
a high order. The p-version of PWDG has been studied in [39] where convergence
rates with respect to h and p are derived, on quasi-uniform meshes. The authors of
[39] demonstrate that the p version of PWDG is pollution free. In [40], exponential
convergence of the hp version on geometrically graded meshes is proved. In [38], the
PWDG method is applied to an acoustic scattering problem on locally refined meshes.
Error estimates of the PWDG method applied to the Maxwell equations are derived
in [41].

Common to these methods is the presence of special basis functions that are
oscillatory, such as plane waves, Fourier-Bessel functions, or products of low order
polynomials with plane waves. When the basis functions belong in the kernel of the
differential operator, the method is called a Trefftz method, and the PWDG is an

example of a Trefftz DG method. For a general survey of Trefftz methods for the



Helmholtz equation, see [42].

In this thesis, we first generalize the PWDG method for the Helmholtz equation
to the case of scattering in unbounded domains. Our aim is to replace the approximate
impedance boundary condition that has been considered so far with exact non-reflecting
boundary conditions. Then we derive and test some a posteriori error indicators to

drive an adaptive mesh refinement algorithm.

1.2 The Helmholtz Equation

In this section, we will give a brief introduction to the Helmholtz equation. For
a more complete derivation of the Helmholtz equation, see Chapter 2 of the book of
Colton and Kress [17].

Denote by D C R? the bounded domain occupied by an impenetrable scatterer
with boundary T, such that the unbounded domain R?\ D exterior to the scatterer is
connected. The acoustic pressure p generated by sound waves of small amplitude in a

homogeneous medium satisfies the wave equation

Ap = Lo in R\ D for all time (1.1)
P = 2 '
where c is the speed of sound in the medium. Considering, for simplicity, time-harmonic

solutions of the form
p(z,t) = Re{u(z)e™'} (1.2)
where w is the frequency, we obtain the Helmholtz equation or the reduced wave equation
Au+Fku = 0 in R®\D (1.3)

where k = w/c is the wavenumber. In obstacle scattering, the Helmholtz equation (1.3)
needs to be supplemented with boundary conditions on the surface of the scatterer. Let
¢ denote the known incident field due to an acoustic source away from the scatterer.
The incident field is assumed to be a smooth solution of the Helmholtz equation in a

neighborhood of D. The total pressure is

u — e 4+ Seat i R2\ D



where u53 denotes the scattered field. If u = 0 on T',, the boundary condition is
called the Dirichlet or sound soft boundary condition. If the normal derivative of the
total pressure satisfies

ou

— =0 onT,

on

the boundary condition is referred to as the Neumann or sound hard boundary con-
dition . In the general case, if the total pressure on I') is proportional to the normal
derivative, one obtains the Robin boundary condition, or the impedance boundary con-
dition of the form

ou

a—n—l—z’k/\u:o, A>0onl,.

For simplicity of presentation, and to avoid duplication, we are going to consider only

the Dirichlet boundary condition on I', throughout this thesis.

1.3 The Sommerfeld Radiation Condition
The Helmholtz equation, together with a boundary condition on I', are not
sufficient to guarantee uniqueness of the solution of the exterior problem - an addi-

tional condition is needed for the scattered field at infinity. The Sommerfeld radiation

condition
[ duscat
lim r2 ( “ + ikuscat> =0, r:=|x|, uniformly for all & := d (1.4)
r—00 87‘ r

is needed to guarantee uniqueness of the scattering problem and to select outgoing
waves, which are physically meaningful.

Remark: The positive sign in (1.4) was chosen to be consistent with the sign
convention ¢! in the time-harmonic field, to ensure that the scattered field is outgoing.
To determine the direction of propagation, let d = (cos ¢, sin ¢), be a direction vector
where the angle ¢ is measured counterclockwise from the positive z-axis. Consider a

ikz-d T the time

plane wave solution of the Helmholtz equation given by u(x) = e
convention (1.2) this represents a plane wave propagating in the direction —d. This

choice of time convention is not convenient, but it agrees with the choice in the PWDG
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Figure 1.1: The geometry of the exterior boundary value problem (1.5)

literature [38, 28, 39, 40]. If the time convention e ™' was used, the Sommerfeld

radiation condition would take the form

scat
lim 72 (8u — ikuscat> =0,

r—o0 or

and the plane wave solution would propagate in the direction d.

1.4 The Scattering Problem

In this section, we give an outline of the continuous scattering problem. We
consider the scattering of acoustic waves from a sound-soft impenetrable obstacle D C
R2, which we assume to be bounded with connected complement, and which we assume
to have a Lipschitz polygonal or smooth boundary I',. Since we use regularity theory
from [35] and [38], we assume the scatterer D is star-shaped with respect to the origin,
ie. n-x < —v, <0 a.e. onl), for some constant 7, > 0. This is not essential for
the algorithm that can be applied to any piecewise smooth boundary, but the error
estimates may deteriorate in more general cases.

An incident field u"¢ of complex amplitude and wavenumber k = w /c impinges
upon D. The total field, u satisfies the following Dirichlet Helmholtz boundary value
problem in the exterior of D: find the total field v € H' (R*\D) such that



Au+ Kk*u =0, in R*\D
U — uinc + uscat)

u=0 on I (1.5)

scat
lim r% <8ua + ikuscat> =0.

r—00 T

/

Well-posedness of the boundary value problem (1.5) is demonstrated for example in
Chapter 3 of the book of Cakoni and Colton [13].

To apply a domain based discretization, it is necessary to introduce an artificial
domain €2, with boundary I', enclosing D such that dist(I',,I';) > 0, and to intro-
duce suitable boundary conditions on I', that take into account wave propagation in
the infinite exterior of €2,. The boundary value problem (1.5) is then replaced by a
boundary value problem posed in the annulus bounded by I', on the outside and I',
on the inside.

Following [38], it is assumed that the artificial domain €, is star-shaped with
respect to a ball B (0) ={z € R?: |z| < 7,dq} for some 7, > 0 and dg = diam(f?)
is the diameter of the artificial domain. In fact, for most of this thesis I', will be a
circle of radius R centered at the origin.

To date, a crucial step taken in PWDG methods for the Helmholtz equation is

to take the first order absorbing boundary condition

0
£+iku:g, on I,

where ¢ = 0ul/0n + iku!™® (note that this boundary condition is written now for
the total field).

This thesis aims to replace the first order absorbing boundary condition with

DtN or NtD boundary conditions which are exact representations of propagation out-

side I',,.



Figure 1.2: The geometry of the truncated boundary value problem (1.6). The computational
domain €2 is the annular region outside I', and inside I',,.

Using the impedance boundary condition, the truncated Helmholtz problem is

then to find the total field
u € H%D(Q) ={veH'(Q):v=0 onl,}

such that
Au+FKu=f, in Q:=0Q,\D

u=0, on I, (1.6)
0
% +iku=g, on I,.

where g € L*(T,,) and f € L*(Q2). Note that we have introduced a data function f in
the Helmholtz equation in anticipation of error estimation. For the scattering problem,
f=0.

Proceeding as usual to derive a Galerkin weak form of (1.6) we can multiply
by a test function v and integrate by parts to derive the variational formulation. The
problem is to find u € HrlD (92) such that for all v € HFID Q)

/(Vu-%—k%) da:—l—ik/ uv ds = /f@da,wr/ gu ds. (1.7)
Q r, Q T,

Existence, uniqueness and continuous dependence of weak solutions of (1.6) is shown

in [38]

Theorem 1 (see Theorem 2.1 [38]) The problem (1.7) admits a unique solution u €
HFL Q).
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Figure 1.3: The relative L?-norm error of the scattered field vs radius of artificial boundary.
The scattered field is computed using the PWDG method with an impedance boundary
condition on the artificial boundary. Radius of scatterer a = 0.5, wavenumber k = 4w, p =7
plane waves per element, mesh width A = 0.1.

1.5 Boundary Conditions in Acoustic Scattering

In this section, we survey the different artificial boundary conditions that have
been studied in finite element methods for acoustic scattering. These include the
impedance boundary condition (1.8), the Dirichlet-to-Neumann (DtN) map of Feng
[22], the Neumann-to-Dirichlet map (NtD), the Perfectly Matched Layer (PML) of
Berenger [8, 9] and the absorbing boundary conditions of Feng [22], Bayliss-Turkel [7]
and Engquist and Majda [20]. We finish this section with a survey of the higher order
absorbing boundary conditions of Givoli and Neta [30] and Hagstrom and Warburton

[32] which are derived from the Higdon formulation [36, 37].

The Impedance Boundary Condition
The Sommerfeld radiation condition (1.4) implies that

auscat

1
+ ik v = o (—) , as |r| — oo.

NG

So that uSat 4 9uSAt /g decays faster than 1/y/r as r — co. This suggests that

r

provided the truncation boundary is sufficiently far from the scatterer, for the total



field u = w™¢ + 45t the boundary condition

0
a—z +iku=yg, onl, (1.8)
where '
inc .
g= du 4 ikuie
on

may be sufficiently accurate if R is chosen large enough. Because the emphasis has
been to understand plane wave discretization, this boundary condition (1.8) is the
only one that has been considered in PWDG methods so far (see [38, 39, 28, 40]). Its
advantage is that it is particularly simple to analyze and to investigate numerically.
Its main disadvantage is that for scattering problems it may lead to errors due to
spurious reflections from the artificial boundary unless R is large enough as illustrated
in Fig. 1.3. But large R increases the size of the computational domain and hence the
cost of computation. In fact Fig 1.3 illustrates another problem of taking large radius
R. The improvement in relative error slows down as R increases for fixed h and p.
This is likely due to accumulating phase error due to the increased size of the domain.
As R increases p also needs to increase.

In the context of the UWVF, more complicated impedance boundary conditions

of the form

— +iku=Q —%—l—z’k’u +g, |Q<1,QeC
on on

have been studied (see e.g. [14]). They encompass a range of boundary conditions
e.g. they yield (1.8) when @ = 0, Neumann boundary conditions when ) = 1, and
Dirichlet boundary conditions if () = —1. They are convenient for the UWVF but not

usually used in a general PWDG method.

The Perfectly Matched Layer Method

The PML was first studied by Berenger in the context of solving the time-
domain Maxwell equations [8, 9]. The method relies on the introduction of an extra
layer outside the artificial boundary in such a way that the transmitted waves decay

exponentially into the layer, and there is no reflection at the interface. For practical



computations, the layer is truncated at a finite distance from the artificial boundary;,
but the artificial reflections decay exponentially with the size of the layer. In the case
of acoustic waves, see Section 3.3.4 of the book of Ihlenburg [47].

In [45], Huttunen, Kaipio and Monk introduce the PML method for the nu-
merical solution of a 3D Helmholtz problem using the UWVF method. The method
consists of transforming the Helmholtz equation Au + k*>u = 0, into an equation of the
form

V- AVu + Ck*u =0

where A = A(x) is a matrix function of position and { = () is a scalar function ob-
tained by a complex transformation of the spatial coordinates. This general Helmholtz
equation has not been studied yet by Trefftz DG methods.

Remark:
In the following discussions of the DtN, NtD and high order absorbing boundary con-
scat o

ditions, the unknown variable u is the scattered field. We use u rather than u

simplicity of notation.

The Dirichlet-to-Neumann Map
The domain R?\ D exterior to the scatterer can be decomposed into the interior

2 between the artificial boundary I', and the boundary of the scatterer I',, and the

D)
exterior domain R2\Q outside 2. The scattering problem (1.3) is equivalent to the
following problem (see, e.g. Johnson and Nedelec [48]):

\

Au+k*u=0 in Q,
u=g¢g onl',,

u=w onl},

ou  OJw (1.9)

on  On e

Aw + k*w =0 in R*\Q,

lim 72 (a—w + ik’w) = 0.
or J

r—00

10



Here u,w are the scattered fields in the interior and exterior of ) respectively, and

ge H %(I‘R). If w is known on I',, the normal derivative 0,w can be computed by

solving for w in R2\D. The DtN map 7 : H2([,) — H 2(L,) is defined as

R
T U)|FR — anw|rR.

If the truncating boundary I', is a circle, the map 7 can be written explicitly as
a series involving Hankel functions. By using the polar coordinate system, separation
of variables shows that the general solution of the homogeneous Helmholtz equation

Aw + k*w =0 in R?\Q is

w(r,0) = > [o, HY (kr) + 8, HP (kr)] €™ (1.10)

MEZ

where H ’2)(2) are Hankel functions of first and second kind, and of order m € Z. The
Hankel functions are in turn defined by Bessel functions J,,,(z) and Neumann functions
Y (2)

HI? (2) = Jp(2) £V (2).

m

For an introduction to Bessel and Hankel functions in the context of the Helmholtz
equation, see Colton and Kress [17], or Cakoni and Colton [13].
We note the asymptotic relations of the Hankel functions for large argument

(see page 122 of Lebedev [52])

Hy(2) = (3) ) 1 0l
as |z| — oo (1.11)

HP(2) = (3); e (== 5) 1 O(|2]73/?)

Tz
Only the Hankel functions of the second kind are consistent with the Sommerfeld
radiation condition (1.4), so only solutions of the form Hr(,%)(kr)eime represent outgoing
waves. This implies that the coefficients «,, in the series expansion (1.14) vanish. If

w(R,0) € H2 (T

) is given, then we can write w as a Fourier series,

w(R,0) = Zwmeime (1.12)

mEZ

11



where the Fourier coefficients w,, are given by

1 )
w, (R) = F . w(R,0)e”™ ds. (1.13)

Thus, the solution w of the Helmholtz problem for r > R is

(2)
Zw H (kr) —n T gim, (1.14)
Lez (kR)

Taking the normal derivative of w(r,#), which is simply the radial derivative dw/0r

we can write an explicit form of the DtN map T

Tw(R,0) = aw ZkH@) W (R) ™. (1.15)

meZ

Using the DtN map, we may restrict the domain of problem (1.9) to 2 and the equations

for u become
Au+k*u=0, inQ

u=yg, onl, (1.16)
0
0:& =Tu, onT,.

The boundary condition du/0On = Tu is an ezact representation of wave propagation
in the exterior domain. The advantage of this approach is that since the DtN boundary
condition is exact, no spurious reflections occur. However the non-local character of the
DtN operator (due to the integrals in the coefficients «,, ) reduces the sparsity pattern of
the stiffness matrix, and hence may be more expensive than local differential operators
used by standard absorbing boundary conditions.

The DtN operator is more suitable for H'-conforming discretizations of the
Helmholtz equation, since in this case, the discrete space is a subspace of H'(().
In the context of PWDG, and other DG methods, the trace of the discrete space is
only in L*(T,), but the DtN operator is not well-defined on L*(T,), since the integral
fFR Tw,vy, ds
computations, the truncated DtN operator 7, with m = —N,--- /N in the Fourier

is in general unbounded for functions wy, v, € L*(T,). In practical

expansion is used.

12



We point out some properties of the DtN map in the following lemma. These
results can be found, for example, in Lemma 3.3 [56] in the case when the DtN map is

expanded in terms of H,(,P(r). For completeness, we provide a proof.

Lemma 1 Let k > ko > 0. There exists a constant ¢ > 0 depending solely on kg and
R such that the following holds

(i) —Im (Tu,u)FR > 0,
(i1) —Re(’Tu,u)F > o |ull 2 r.)
Proof:

(i) Expanding the inner product in terms of a Fourier series, and by the orthogonality

of the L*(I',) basis {e™’| m € Z}, we have

HO |
(Tu,u)y, = /F (ZZ;W Z(( zme) <2Zu6>
Hy (kR)
= 2tRY  kluy| .

meZ ( )

Expanding the Hankel functions in terms of Bessel and Neumann functions, we

(1.17)

have

V(1) () (1) + Y ()Ynlr) ()Y () = Jn(r)Yia ()
;) (r) H () | |
Note that from the Wronskian relation (see, e.g. [1], 9.1.16)
o (GER ) (n()Yalr) = Ju()Y(r)
H (r) [H (1)
W (Yiu(r), Jon(r)
(

where

13



is the Wronskian. We have,

Y (k
Im (Tu, u)FR = 27 Z |, |* Tm (k’Rﬁ)

mEZ
lu,,|?
= 4y L (1.18)
HY (r)]?

mEZL ’

It is shown in [56] that there exist constants ¢, C' depending only on kg, R such

that for 0 < kg < r, and m € Z,

HY
H? (kR)

Therefore, it follows that

HY
—Re (Tu,u)p = 27 Z lu, |* Re (—kRﬁ)
R ) Hy' (kR)
> c|2m Z lu, > = CHUH(%’FR (1.19)
B meZ " - R ' '

The last equality is a consequence of the Parseval identity. [

The Neumann-to-Dirichlet Map

The NtD map is defined in a similar manner to the DtN map. Suppose O,w is
given on I',. By solving the exterior Neumann problem, we can recover w on I',.

The Neumann-to-Dirichlet map A4 : H=2(L,) — H2(L,) is defined as:
N 5’nw|FR — w|FR.

If the Neumann data d,w = f € H _%(FR) is given, we can express the NtD map

as a series

1 HP(kR) , ..
N = ZE}L@,—(@R))M@ ‘. (1.20)

meZ

14



The NtD map allows us to write an equivalent form of the boundary value problem

(3.1). We seek the scattered field u such that

Au+ k*u =0, in

u=yg, onl, (1.21)
ou
u = %, on FR’

where g € H %(FR). We shall later reformulate this problem since as written here

it is not well defined for u € H*(Q).

The NtD map is also non-local, hence may lead to a reduced sparsity pattern
in the stiffness matrix of the PWDG method, and an increase in the cost of
computation. However, it has an advantage over the DtN map, at least from
the point of view of analysis, since the NtD map is well-defined for functions in

L*(T,), such as the plane wave space PW(.7,).

The following Lemma is important for the analysis of the NtD-PWDG method.
Lemma 2 Suppose ¢ € L*(T',). Then,
Im/ k>N o5 ds > 0,
FR
with equality if and only if o = 0.

Proof:
Expand ¢ and .4 ¢ as Fourier series on I';,. Then,

HY (kR
/ KN oG ds = QWkIRZ |gpm|2% (1.22)

Tr mEZ Hm (kR)

HP (kR)HY (kR
= 2tkR>  |pml’ ( (2),) <2 ) (1.23)
mez [Hm™ (kR)]
By the definitions of Hankel functions, we have
HD (kR H) (kR) = (Ju(kR)J,, (kR) + Y (kR)Y,, (kR)) (120
1.2

+ i (Jn(kR)Y! (kR) — Yo (kR)J.,(kR))

15



From the Wronskian formula for Bessel functions (see, e.g. [1], 9.1.16)

Tn(kR)Y;,(kR) = Yon(kR) J;,(kR) = ——.

2
[ R epds =Y
r, 2 \H? (kR)|2

meZL

Therefore
If p € L*(T',) =0, then ¢, = 715 fr (R,0)e~™ ds = 0 for every m and so

meZ

High Order Absorbing Boundary Conditions

An attractive option is a local boundary condition that is more accurate than the

impedance boundary condition (1.8). Although they are only approximate, high

order absorbing boundary conditions are local, hence may lead to more sparse

stiffness matrices compared with the DtN or NtD maps. Using large argument

asymptotics of the Hankel functions, Feng Kang [22] considers a sequence of local

boundary conditions of the form

Ohu+Kyu=0, p=0,1,2,---

Kou = ik u, (1.25)
1
Kiu = (zk + ﬁ) (1.26)
1 ' i 0%u
= k+ — — 1.2
L ( b 8kR2) 2kR? 062 (1.27)

The first term in this sequence is simply the impedance boundary condition (1.8).

With only slight modification, the second term in the sequence can easily be added

to a code with the impedance boundary condition. The presence of the term

16



0?u/06* complicates a DG-based method, because symmetrizing by integration
by parts would introduce jump terms on the vertex value of the solution on the

artificial boundary.

Similar sequences of absorbing boundary conditions have been derived by En-
gquist and Majda [20], based on the asymptotics of pseudo-differential operators
and by Bayliss and Turkel [7] using the asymptotics of solutions of the wave equa-
tion. In all cases, one needs to handle boundary conditions with second or higher
order derivatives. A successful implementation of high order absorbing boundary
conditions within the PWDG framework requires a strategy for handling these

high order tangential derivatives efficiently.

More recently, absorbing boundary conditions of arbitrarily high order have been
developed for the wave equation in the time domain. In [36, 37] Higdon studies

the linear wave equation

Ou — *Au =0,

with the Higdon ABC of order J of the form

[H (0; + C;0,)

j=1

u = 0, on T, (1.28)

where now I', is an artificial interface located at + = A and C; are parameters
measuring phase speed in the x direction. The Higdon ABC is exact for waves
propagating in the z direction with phase speed equal to C;,1 < j < J. Due
to the presence of high order derivatives, and of normal derivatives, the Higdon

boundary condition in this original form has obvious numerical disadvantages.

To reduce the order of the derivatives, Givoli and Neta [30] considered an equiv-

alent form of the Higdon ABC

[f[ (aﬁcijat)] w = 0onT, (1.29)

j=1

17



and introduced the auxiliary variables ¢;,1 < 7 < ¢;_; that satisfy the recursive

relations
1 .
(aa: + Uat) bj-1 = ¢ 1<j<J (1.30)
J
$o =u, ¢;=0. (1.31)

The recursive sequence (1.30) involves only first order derivatives and is equivalent
to (1.29). However, this recursive first order formulation still involves the normal

derivatives J, on the boundary, so that the ¢; cannot be discretized on I', alone.

In [30], a new formulation of the ABC (1.30) is derived that involves only tan-

gential derivatives, so that the ¢; are discretized only on the boundary.

In [32], Hagstrom and Warburton introduce a symmetric version of the Givoli-
Neta ABCs (1.30) of order P by considering the following recursive relations of

the auxiliary variables

(a0 + cOx)u = a0y, (1.32)
(a;0i + cOz)¢; = (a;00 — cOp)Pjpr, 1<j<P (1.33)
Gy = 0, (1.34)

where a; = cos 6; for some incidence angle ;. In the frequency domain, the wave
equation is transformed to the Helmholtz equation, and the ABCs (1.32) can be

derived for the Helmholtz equation by making the transformation 1/c 0y ~ ik:

(aoik + 82;) u = aoik¢1, (135)
(Cljik + 8I)¢j = (Cljik — (9m)¢j+1, 1 S j S P (136)
¢y, = O. (1.37)

The ABCs in (1.35)-(1.37) can be reformulated so that the derivatives of the ¢,
are only tangential, and the resulting formulation is symmetric (see e.g. [32]).

The symmetric form has obvious advantages in a finite element formulation of

18



the ABCs [29] in stabilizing the method (coercivity). Extending these boundary
conditions to a discontinuous Galerkin method like PWDG would require a way
of handling the jump terms that arise on the vertices of the artificial boundary
I', after integration by parts (this is in addition to corner conditions that were
dealt with in [32]). This is not an issue for C° Galerkin methods since continu-
ity is assumed across the edges. Given the obvious advantages afforded by the
use of accurate local high order absorbing boundary conditions, combining these

boundary conditions with PWDG is a promising research direction.

1.6 Overview of Results

The basic outline of this thesis is as follows. In Chapter 2, we provide a deriva-
tion the PWDG method, state some basic statements on the well-posedness of the
discrete problem and introduce notation. We summarize basic technical results
that will be used in later chapters including trace estimates, wavenumber explicit
stability estimates for the DtN Helmholtz boundary value problem, the approxi-
mation of solutions of the homogeneous Helmholtz problem by plane waves, and

approximation of piecewise linear functions by plane waves.

In Chapter 3, we consider the PWDG solution of the Helmholtz equation with
a DtN boundary condition du/dn — Tu = 0 on a circular artificial boundary,
where 7T is the DtN map and u is the scattered field. We observe that the DtN
map is not well-defined for functions in the plane wave solution space, which is
globally only in L?(2). In practical computations, the DtN map needs to be
truncated, so we replace the DtN map by a truncated DtN map 7, using 2N + 1
Fourier modes, and replace the original boundary condition by du/0n —T,u = 0.
Provided N is sufficiently large, it is known (see e.g. [43]) that the approximate
scattering problem with this truncated map is well-posed. Introducing numeri-
cal fluxes on the artificial boundary that are consistent with the truncated DtN

boundary condition, we derive the DtN-PWDG scheme and prove basic results
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concerning existence, uniqueness, and consistency. We proceed to prove a quasi-
optimal error estimate with respect to mesh-dependent skeleton-based norms. By
using asymptotic properties of Hankel functions, we state and prove wavenumber
explicit error estimates with respect to the L? norm. First we analyze the consis-
tency error introduced by the truncation of the DtN map, then the discretization
error of the DtN-PWDG method. We give the details of how to implement the
non-local DtN boundary condition numerically, and end the chapter by presenting
numerical results that demonstrate the convergence of the proposed DtN-PWDG
method.

In Chapter 4, we study the numerical approximation of a displacement-based
acoustic wave equation. This is part of joint work with Virginia Selgas (Univer-
sity of Oviedo, Spain) aimed at incorporating generalized impedance boundary
conditions into the PWDG method. The purpose of this problem is to allow us to
use the NtD map within the PWDG framework. The NtD map may be preferable
to the DtN map since it is well defined for functions in L*(T,,). Now the unknown
variable o is a vector satisfying the equation VV - o + k%0 = 0 in , subject to
a divergence boundary condition V - o = tkg on the boundary of the scatterer,
and a Neumann-to-Dirichlet boundary condition V - & 4+ k*.4" (e - m) = 0 on the
artificial boundary, where .4 denotes the NtD map. We prove uniqueness of the
continuous problem, and introduce a vector NtD-PWDG scheme via the intro-
duction of consistent numerical fluxes. Existence, uniqueness and consistency of
the method are shown. A quasi-optimal error estimate with respect to mesh-
dependent norms is derived. Numerical results are presented to demonstrate

convergence of the scheme.

In Chapter 5, we study h-adaptivity of the PWDG method with impedance
boundary conditions on the artificial boundary (IP-PWDG). Parts of this chapter
appeared in a paper co-authored with Peter Monk and Timothy Warburton [49]:
“Residual based Adaptivity and PWDG Methods for the Helmholtz Equation”
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published in STAM Journal on Scientific Computing, 37(3) A1525-A1553. Copy-
right 2015 by the Society for Industrial and Applied Mathematics (SIAM). We
derive two error indicators to drive the refinement of the mesh. The first error
indicator is found to be pessimistic since it tends to overestimate the L? norm
error. Using the approximation of piecewise linear functions by plane waves, we
are able to derive more efficient error indicators. Numerical results are presented
to demonstrate the efficiency of the proposed error indicators. We end the thesis

with conclusions and comments on further work.
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Chapter 2
NOTATIONS AND PRELIMINARIES

2.1 The PWDG Method

We give details about how to derive the PWDG method for finding an ap-
proximate solution of the Helmholtz problem (1.6), with f = 0. The derivation of
the PWDG can be found in [38, 39, 28, 21| but we present it here for the sake of
completeness.

Let .7, denote a finite element partition of © into elements {K}. We shall
assume that all the elements K € .9, are generalized triangles. A generalized triangle
will be a true triangle in the interior of {2 but may have one curvilinear edge if the
triangle is on I',. In numerical experiments in Sections 3.6 and 4.4, we use the exact
curved edges on I',. In the case of scattering from a disk, the edges on I', are circular
arcs. More general elements (e.g. quadrilaterals, pentagons, etc) are possible. We
assume area(K) > 0 for every element. The parameter h represents the diameter of
the largest element in .7, so that h = max h, where h, is the diameter of the smallest
circumscribed circle containing K. Denote by £ the mesh skeleton, i.e. the set of all
edges of the mesh, & the set of interior edges, &, the set of edges on the boundary of
the scatterer I') and &, the set of edges on the artificial boundary I',,.

We give below some terminology for characterizing meshes which we will use in

the next chapters.

1. quasi-uniformity: There exists a constant 7 > 0 such that h, > 7h, for every

K e 9,
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2. shape regularity: Let K € .7, be arbitrary, and let p, > 0 be the radius of the
largest inscribed circle in K. There exists a constant p > 0 such that h,/p, < u
for every K € 7,

3. local quasi-uniformity: Suppose elements K, Ky € .7}, share a common edge

e C OK1 NOK,. There exists a constant ( > 0 independent of h such that

>

C—IS K1 Sg

2

N;N

4. quasi-uniformity close to I',: There exists a constant 7,, > 0 such that for all

h and for all K € .7, sharing an edge with I',, it holds that h/h, < T,.

In Chapter 3 our goal is to investigate the effect of the DtN boundary condition on the
convergence of the PWDG method, so we make the assumption that the mesh is shape
regular and quasi-uniform. In Chapter 5, we assume that the mesh is shape regular,
locally quasi-uniform and quasi-uniform close to I',. The meshes in Chapter 5 allow for
strong adaptive refinement near the scatterer, but also allow for courser meshes close
to the outer boundary.

As is standard in DG methods, we introduce the jumps and averages as follows.
Let KT, K~ € 9, be two elements sharing a common edge e. Suppose n*, n~ are the
outward pointing unit normal vectors on the boundaries 0K+ and 9K~ respectively.
Let v : Q — C be a sufficiently smooth scalar valued piecewise defined function, and
o : Q) — C? a sufficiently smooth vector valued piecewise defined function. Let x be a

point on e. Assuming the limit exists, define

v (x) = lim v(y).
nyK7L

The definitions of v, ot and o~ are similar. The jumps are defined as
[v] :=vtnt+v n™, [o]:=0" - nt+0 -n". (2.1)

Note that the jumps of scalar valued functions are vector valued and the jumps of

vector valued functions are scalar valued. The advantage of this definition of jumps

23



(rather than, say, taking a direct difference without the unit normal vectors) is that
the definition of jump is independent of the ordering of elements (see e.g. [3]). This

follows directly from the fact that n™ = —n".

The averages are defined as

oy == (v +v7), {o}==(c"+07). (2.2)

N =
N —

As a technical tool, we state the “DG magic formula” that relates the sum over triangles

with jumps and averages over edges (i.e. sum over edges).

Lemma 3 (“DG magic formula”, see e.g. Lemma 6.1 of [21]) Letv:Q — C, o : Q —
C? be piecewise smooth on the mesh ;. Then

> [ oonus - é(ﬂaﬂ@+{a}-m) tst [ aemvs

KeT, DU(gOR

2.2 Derivation of the PWDG Scheme

In this section, we provide a standard derivation of the PWDG method for the
numerical approximation of the Helmholtz equation (1.6) with f = 0. Derivations
using a mixed formulation of the Helmholtz equation can be found in [39, 21]. The
derivation in this section is similar to that in [38] which is based on second order
equations. Derivation of more complex versions of the PWDG method later in this
thesis will be based on this derivation.

Supposeu € H %“(Q), s > 0, is the exact solution of the homogeneous Helmholtz
equation. In each element K € 7, the weak formulation is:

/ (Vu- Vv — k*uv) dz — Vu-n,vds = 0, (2.3)
K oK

where v is assumed piecewise smooth, and n, is the outward pointing normal vector
on OK. This smoothness assumption allows us to take traces of v and Vv on 0K.
Integrating equation (2.3) by parts once more leads to

/ u(—Av — k?v) de +/ uVv - n, ds— Vu-n,vds = 0. (2.4)
K

oK oK
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To proceed, we suppose the test function v belongs in the Trefftz space T'(.7},) defined
as follows: Let H*(.7,) be the broken Sobolev space on the mesh

H¥ () ={ve L*Q):v|x € H(K) VK € T} .
Then the Trefftz space T'(Z},) is
(%) = {v € L2(Q) : 35 > 0s.t. v € H3**(F;) and Av + k%0 = 0 in each K € ﬂh} .
Because Av + k?v = 0 in K, equation (2.4) reduces to
/ uVov - n, ds— Vu-n,vds = 0. (2.5)
oK oK

The problem now is to find an approximation of u in a finite dimensional Trefftz sub-
space of T'(},). Define the finite dimensional local solution space V,, (K) of dimension

P, > 1 on each element K € 9:

Va

K

(K) :={w, € H*(K) : Awj, + k*w;, =0 in K}
and the global solution space
Vi(Th) = {v e L*(Q) :v|, €V, (K) ineach K € ,}

where the local dimension p, can change from element to element.
Suppose that in each element K € .7, uy is the unknown approximation of u in
the local solution space V,, (K) and ikoy, := Vuy, is the flux. Then, on K, we write
/ up Vv - n, ds —/ ikop-n,vds = 0, (2.6)

oK oK

for all v € V,_ (K). At this stage, u, and ko, are multi-valued on an edge e C
0K; N 0K, since the trace from K; could differ from that of K5. To find a global
numerical solution in V}(.7,), we need u; and ko, to be single valued on each edge
of the mesh. Thus, we introduce numerical fluxes 1, and &, that are single valued

approximations of uy, and iko ), respectively on each edge.
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In each element of the mesh K € .7, it holds that
/ W, Vo - n, ds— / ikép, -n, vds = 0. (2.7)
oK oK
The PWDG method is then obtained by summing over all elements of the mesh, and
boundary conditions are imposed through numerical fluxes.
Integration by parts allows us to write a “domain based” equation that is equiv-
alent to (2.7)

/ (Vun - V0 — Kuyt) da + /
K

(ﬂh - uh)Vv ‘N, — / zk‘é‘h : TLK@ ds.
oK

oK

(2.8)
The form (2.8) is used to prove coercivity properties of the PWDG method, while the
skeleton-based form (2.7) is used to program the method.

We now specify the numerical fluxes. Denote by V}, the elementwise application

of the gradient operator. Following [38],

wyp = {{uh}} - %[[thh]],

on interior edges & . (2.9)
Zk‘(fh = {{thh}} - onk[[uh]]
On the boundary of the scatterer I',
ah = 07
on Dirichlet edges &, . (2.10)

deh = thh — ozik;uh

On the artificial boundary I',,, assuming an impedance boundary condition
o

ﬁh:uh—,—(thh-n—i-ikuh—g),
ik on artificial boundary edges &,.

ko, = Vyuy, — (1 - 5) (thh + ikupn — gn)
(2.11)

The flux parameters o, 3 and ¢ are positive functions on the edges of the mesh, and
their choice affects the convergence of the method. In Table 2.1, we summarize the
values of the flux parameters that have been considered. Unless otherwise stated, we

now assume «, (3, and § are chosen from one of the rows in Table 2.1.
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’ Q@ 6] ) \ References ‘
UWVF z z 3 [12, 28, 23]
p-version khalfgp khbk;gp khdh;gp <3 39]
hp-version ah% b d<3 [40]
h-version ahﬁe bhi& dh% <3 [38]

Table 2.1: Table of PWDG flux parameters «, 3,d. Here a,b,d are positive universal con-
stants, p is the number of plane waves per element, h is the maximal mesh size, h. the local
mesh size at edge e, given by h. = min{h, hK2}, where K7, Ko are elements sharing the
common edge e.

The fact that the numerical fluxes are single valued on the edges of the mesh
implies that [a,] = 0, [64] =0, and {an} = Up, {1} = 61 on each e € &. Hence,
summing over all elements of the mesh, and using the DG “magic formula” we deduce
from (2.7) the equation

/g (ahm—ik&h-m> ds + /gDUgR

T

(ﬂhvh?} n — Zk‘&h : n@) ds = 0.
(2.12)

Substituting the numerical fluxes into (2.12) leads to the problem of finding
up, € Vi (Z5) that satisfies

Ap(up,vp) = Ly(vy), for all vy, € Vi,(F}) (2.13)
where A (-, ) is the sesquilinear form
An(un, vn) :/éz, (ﬁuh}}m— {Vhunp M) ds \
i
—l—/g (zk: afun] - [on] — %[[thh]]m> ds
- / (Viwup - noy, — ik aupvy) ds (2.14)
) -
gR 8wy, — %thh nVyvy, - n) ds
/ ((1 NupVpvn - — SV uy, - nvh) ds
and ¢ (+) is the conjugate linear functional
lh(vp) = L g (%thh n+(1- 5)vh) ds. (2.15)

R
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Later, to prove coercivity, the numerical fluxes are substituted into (2.8) instead to
yield an equivalent sesquilinear form

Ap(up,vp) = / (Viup - Vi, — Ewpvy) da
Q

+ /{0 (m ofun] -m—guvhuhum> ds

T

- / ({thh} Tonl + [ual - {{thh}}> ds (2.16)

&

+ / (zk (1 = 0)upoy, — ivhuh -nVyuy - n) ds
&

1k
R
- / 0 (uhvhvh -n 4+ Vyuy - ’rw_h) ds.
R J

For error analysis and for proving consistency, it is more convenient to work with yet
another equivalent sesquilinear form. Integrating the first term in (2.16) by parts and

applying the Trefftz property Au + k?u = 0 in each K € .7},

Ap(un, vn) = /O[; ([[thhﬂm — [un] W) ds
—|—/é; (zk‘ afun] m - %[[thh]]m) ds

) _
+ / ik (1 —0)upvy — %thh -nVuy - n) ds » (2.17)
(gaR

— / (5 upViop - m — (1 —0)Vypuy, - nv_h) ds
gR

+/ ik auyvy, ds.
ép

/

In order to prove coercivity of the Trefftz DG scheme, mesh dependent DG and
DG™ norms are introduced in [38, 39, 40, 21]. Then the following norms on 7'(.7,) will

be useful
lollpe = Klle2[oll, +E 182 [Varlll,,
1 1
+ k||a2v||ng + k[[(1 — 5)2v||igR DG norm (2.18)

+ Y62V - nlf,
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and

2
oIl .

Sy 1
=lvllpe + & a2 Vi I,
+k||p2 fo)} 12, + kYo 2 Va0 - n|?, DG™ norm. (2.19)
T D
_1 2
+ k|6 2UHO’<5°R

loe = 0, then [v] = 0 and
[Viv] =0in &, v=00nT,,v=Vyv-n=0onT,, hence v € H}(Q) satisfies (1.7)

The DG norm is a norm on the space T(.7},), since if ||v

with homogeneous boundary conditions, so that v = 0 by the well-posedness of (1.7).

We state two important results concerning the sesquilinear form A, on the space

T(Th).

Proposition 1 (see e.g. Prop 3.3 of [39], Prop 4.1 of [38]) Let the numerical fluzes
a, B and 0 be any choice from Table 2.1, and assume u,v € T(9},). Then

| AR (u, )| < 2lull, . [V]lpe
Im Ay (v,v) = ||v||§G

Remark: The first result in Proposition 1 is proved by repeated application
of the Cauchy Schwarz inequality to the form (2.14) of Ay, and the inequality 6 <

(1 —6) < 1. If instead we used the sesquilinear form (2.17), we would get

[An(u, )| < 2lullpe 0] (2.20)

DG+’

We will use this second continuity result (2.20) in the error analysis of the PWDG
method with DtN and NtD boundary conditions. [J

Existence, uniqueness, continuous dependence, and consistency of the Trefftz
and || - |

DG scheme follow from the definitions of the || - NOImS.

HDG DG+

Proposition 2 (see e.g. Proposition 4.2 and 4.3 of [38]) Under the assumption that
a,B and § are chosen as in Table 2.1, there exists a unique solution u, € Vi(Tp)

of (2.13) The discrete solution uy, depends continuously on the data

_1 1
[unllpe < E72[[(1 = 8)2gll, s, -
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Moreover, the Trefftz DG method is consistent, i.e. if u € H%JFS(Q) is the exact solution
of the Helmholtz problem (1.6), then

Ah(u,vh) = éh(vh), for all vy, € Vh(%)

The consistency of the method follows from the consistency of the numerical
fluxes. By consistency of the numerical fluxes we mean that if u is a sufficiently
smooth solution of the Helmholtz equation, then 4, = v and &, = o on each edge of

the mesh.

2.3 Error Estimates

A quasi-optimal error estimate of the form

v —unll,e < 3 inf  |lu—w (2.21)

+
whE€VH(Ih) pe

is stated in Prop 4.3 [38]. It follows easily from the consistency of the Trefftz DG
scheme, continuity and the definition of the DG and DG™ norms.
The continuity result (2.20) leads to an improved constant in the quasi-optimal

error estimate (2.21).

Proposition 3 Let u, € V() be the computed solution, and u € H%+S(Q), s> 0,
the exact solution of (1.6). Then

= sl <2 inf = wnl

Proof: By (2.20), consistency, and since u — uy, € T'(9,)

Ju —wn?,, = Im Ay (u — wp, u — up)
< |Ap(u — up, wp, — up) + Ap(u — up, v — wy)|
(2.22)
= |Ap(u — up, u — wp)|

< 2fu = unlpg [u = whll, g -
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The results so far are true for any Trefftz DG scheme. However, an investigation

of the convergence properties of the term inf,, cv, (7, ||u — wa|| in Proposition 3

DGt
depends on a concrete choice of the space V(7). In this thesis, we mainly focus on
plane wave Trefftz spaces. This gives rise to the Plane Wave DG (PWDG) method.
For a given triangle K, and parameter p,, we define the plane wave space PW (K) as
follows:
Pr
PW(K) = {v € L*(K) :v(x) = Zaj exp(ikzx - d;), a; € (C} (2.23)
j=1

where dj,|d;| = 1, are p, different directions. In particular we choose

om(j — 1
d; = (cosfj,sinb;), 1<j<p, where; = M
Dy
Obviously these directions are uniformly distributed on the unit circle. Then the global

solution space is,
PW(Z,) = {vel*(Q):vlx € PW(K), VK € %} . (2.24)

In the Ph.D. thesis [58], A. Moiola derives detailed estimates for the approx-
imation of solutions of the homogeneous Helmholtz equation by plane waves. These
results are essential for the error analysis of the PWDG method. We summarize some
of the main results of [58].

In order to state approximation results for generalized triangles, we now make
two assumptions. The first concerns the domain Q' C Q (in particular a generalized
triangle) where we will approximate a solution of the Helmholtz equation by plane

waves.

Assumption 1 (see Assumption 3.1.1 of [58])
The bounded open domain Q) C R? satisfies

e the boundary 0XY is Lipschitz
o there exists 0 < p < L such that the ball B,, C ', where h := diam({Y)

e there exists py such that 0 < py < p such that ' is star-shaped with respect to
every point in the ball B, C €Y.
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Obviously under mild restrictions on the boundary and for a sufficiently refined mesh,
a generalized triangle satisfies these assumptions.

The second assumption concerns the distribution of plane wave directions on
the unit circle. We have already stated that we will use uniformly distributed plane
wave directions, but the approximation results hold in more generality. So we make

the following more general assumption on the directions.

Assumption 2 (see Lemma 3.4.3 of [58])

Let {dy = (cosOy,sin0;) }o——,.... 4 be different directions in the plane wave space PW (R?).
There exists 0 < 6 < 1 such that for p = 2q + 1 the minimum spacing condition is
given by

2m
min |0; — 6] > —6.
Jil==q,1q P
J#k
Now assume w is a solution of the homogeneous Helmholtz equation and w €

H™NQ), where 1 < m € Z. Assume also ¢ > 2m + 1. Define the k-weighted norm

]l .. by

[

12
[wll, ., = <Zk2“‘j)|w|fw) , Ywe H'w), k>0. (2.25)

J=0

and for every 0 < j <m+1, let

Az, (m+1—j) —m4+2
g = (1 + (kh>j+6) o (G50 kh pm+1-j [(log(q + 2)) h N 1+ (kh)?

)

q (colqg+1))2
(2.26)

where p is a parameter related to the shape regularity of the elements, such that for
a mesh with shape regularity u, p = (2u)™! and Az is a parameter measuring the
convexity of the elements. For the triangular meshes used in this thesis, A5 = 1. The
constant ¢y measures the distribution of the directions {d,} (Lemma 3.4.3 [58])

4e5p 0 general {d,}
Cop =

4=t p  uniformly spaced {d,}

Now the general approximation result of Moiola is:
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Theorem 2 (approximation by plane waves: Corollary 3.55 [58])
Let uw € H™(QY) be a solution of the homogeneous Helmholtz equation, where ' C R?
1s a domain that satisfies Assumption 1. Suppose the directions {dg}e}q . satisfy

Assumption 2. Then there exists a € CP such that for every 0 < j < m+ 1,

P
lu = ape @) < Ceyllull,,, o (2.27)
=1

where C depends on j,m and the shape of Q.

2.4 Technical Regularity and Approximation Results

We state in this section some common technical results that we will use in the
remaining chapters. In [38], continuous dependence of the solution of the Helmholtz
equation (1.6) with respect to the data is proven in a wavenumber weighted norm that

is equivalent to the standard H' norm

N

lull16.0 = (|UI%Q + k2||u||(2m)

If D is star shaped and g = 0 on I',, then there exists a constant C' > 0 independent
of u, k and f such that the solution u € HllD () of (1.7) satisfies

lullire < Cdal|fll .- (2.28)
Moreover, if u € H%“(Q), 0<s< %, then

Vul,,., < Cdg (1 +dak)]£llo- (2.29)

The constant C' in (2.29) depends only on s but is independent of w, k and f. Fur-
thermore, since u € H2*(Q), the Sobolev embedding H2t(Q) c C°(Q) implies
u € L>(Q2) and the following bound holds (see e.g. [40] after equation (28)):

d2 _
lul. 0, < Capebay (K2 4 dbk2) [ £z, (2.30)

The stability results (2.28) and (2.29) were proved in [38] with an impedance

boundary condition imposed on I',. We are interested in stability results for the adjoint
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problem of the Helmholtz equation with a DtN boundary condition: Find u € H %JFS(Q),

0<s< %, such that

Au+FKu=f in Q,
u=0 on I',
ou

I T*u=0 on I,. (2.31)

Since in Chapter 3 we use the DtN map on I',, we will state stability results for this

case in the following theorem.

Theorem 3 Letu € H2+5(Q),0 < s < 3, be the solution of the adjoint problem (2.31).
Suppose that f € L*(Q). Assuming the scatterer D is star-shaped with respect to
the origin, there exist C’fi)b(k:,R) and C’fi),,(k, s, R) independent of u and f, but whose

dependence on k, s, and R is known such that

[l e < Comr (ks R Fllo (2.32)
[Vl , < C ks, RISl (2.33)

Proof: The solution u of the adjoint problem (2.31) can be extended analyt-
ically by Hankel functions of the first kind to the exterior region R?\Q2. Denote still
by z this analytic extension in the region R2\D. Let € := B,,(0)\D be the annulus
bounded by the circle I',,, on the outside and by I', on the inside, where I’ is a circle
of radius 2R centered at the origin.

Let uw = xu where x € C5°(2), 0 < x < 1, is a smooth cut-off function equal to

one in a neighborhood of  and zero in a neighborhood of T,,,. Then u satisfies

A+ Kku=f in Q
u=0 on I',

Opu+iku =0 on I,,,

where

~ fin Q
A(xu) + kxu. in Q\Q
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By the stability estimate (2.28), there exists some constant C' independent of
k,u and ]?such that

[@ll, 5 < CRISI, 5 (2.34)

The product rule shows that A(xu) = yAu + uAy + 2Vx - Vu. Hence
f=xf+uly+2Vx-Vu

where f is extended by zero to the exterior of 2. Since we can choose

IX| <1, |Vx|<C/R, |Ax|<C/R?

we have that

~ 1 1
170 <€ (14 25+ g ) Ml

By Lemma 3.5 of [15], the solution @ of (2.31) satisfies the stability bound
Blill,, o < (1+2V2ER) £,

Then we have

lull v < llull,, 4

COL kR f e

IN

where Cs(tla)b(k,R) = CR (1 +2\/§k:R) (1 - ﬁ + ﬁ) for some constant C' that is

independent of R and k. To show the stability result (2.33) recall from (2.29) that
val,, o < CR(1+kR)||flq
2 )
Combining with the results above gives
Vul, < CELE s R)|If g
2 )

where

C® (k,s,R) = CR*(1 + kR)C),(k,R). O
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Turning now to tools for analyzing the discrete problem, we will use the following
trace estimate in the error analysis of the PWDG method (see Theorem 1.6.6 of Brenner
and Scott, [11]). There exists a constant C' depending only on the shape regularity

parameter p such that
lolde < C (A Il + helol, ) (2.35)
Moreover, if v € H2+5(9), then (sec Lemma 4.4 of [38])
[Voliox < € (TR, + 2V, ). (2.36)

where the constant C' depends on the shape regularity parameter p, and on s.

In order to apply duality techniques to derive L2-norm error estimates for the
PWDG scheme, we will need to approximate piecewise linear functions by plane waves.
The techniques we use are related to those in [28] in that we use the fact that plane
waves can approximate piecewise linear functions. Suppose z € H3/?*5((Q)), for some
s > 0. Then we can interpolate z by a standard piecewise linear finite element function
denoted zj, since by the Sobolev Embedding Theorem z is continuous. We shall need
to approximate zj; by a function 2, € PW(Z,). That this is possible follows from
the proof of Lemma 3.10 in [28] and is given in Lemma 6.3 in [40]. We give a slightly
modified version (this lemma and the following lemmas 5 and 6 are from Kapita,

Monk, Warburton [49]).

Lemma 4 Suppose that on an element K we are using p, > 4 plane waves denoted
{%K}?I;y Then there are constants {a;} (depending on k) for 0 <i <2 and1 < j <

P such that if yil,, = Z?ﬁl a5l and for all © = (21, 15) € K

L=l = OWaf), V| = ORa))
2~ 1l = ORJe),  V(a; — )| = ORJa), j=1.2,
V| =002, [VVi,| = O(Ka]), j=1.2

as |z| — 0.
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Remark: This lemma is motivated by the following observation. Suppose we

are in one dimension and on the interval [—%, %] Let the basis functions be ¥ (x) =
exp(ikz) and ¢o(x) = exp(—ikx). Then
pl(z) = (@) + ¥a(@) —; Ya(2) = cos(kz) =1 — O(k*2?),
1oy @) —da(x) _sin(kr) s g
ple) = SO SR o),

give a good approximation to linear polynomials for small h. Other estimates follow
accordingly.

Returning to R?, if we select p, = 3 waves per element
Y;(z,y) = exp [ik(x; cosO; + zosinb;)], j=1,2,3.
where 6; = (2/3)(j — 1), then we can compute coefficients «; ; such that

pw = 1+ O0(|z[k?),

Ni)w - ZE]+O(|I'|2]{7),

provided —sinfy + sinf3 — cosfy sinf3 + sinfy cosf3 # 0. But equality only occurs
if 5 = 0 or 6y = 03, so this condition is satisfied. However these estimates are not
sufficient for the lemma, since it does not hold for p, = 3.

If we choose p, = 4 we have

U = exp(ikzy), ¥o(x) = exp(ikxs), V¥3(z) = exp(—ikxy), Y4(z) = exp(—ikxs).

Then Lemma 4 is satisfied because the approximation problem reduces to the one
dimensional case.

When p, = 5 with equally spaced directions a symbolic algebra package (Maple)
again verifies the required asymptotics. Indeed this is the lowest order case considered
in [28], [40] where a general proof is given for p, > 5. O

Now suppose we are on a triangle K and 2§ = 25:1 z(aff )M where A is the

jth barycentric coordinate function and a]K is the jth vertex of the triangle. We can
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assume that the centroid is at the origin by translation. Then, A¥ = af +bfz) + cf xy
and aff = O(1), bf¥ = O(1/hk) and ¢ = O(1/hk). Replacing 1, z; and z by the
above plane wave approximations ,u%w, 7 =0,1,2, and denoting this approximation by

K
Apw,; We have:

Lemma 5 For p, > 4 we have the following estimates for all v € K,

IAE = AE L+ b [V = A )+ hi[VV (A = A5, )] < C(h5k?)
Proof: To estimate )\K )\I{; ; on K we note that
‘)\K pw,]| - |a’JK(]— - Mgw) + ij<'r1 - :u]l)w> + CJK(ZEQ - :u?)w)’

< CO(K*z]* + (1/hg)(K*h3,)) < CK*h3.

The proof of the other estimates proceeds similarly. [J

Using the plane wave approximation to the barycentric coordinate functions el-
ement by element, we can then construct an approximate interpolant z,, , € PW (.%,).
We need to estimate zj; — z7,, ), and V(2 — 2pu,n) on edges in the mesh. This is done

in the next lemma.

Lemma 6 Suppose e is an edge between two elements K1 and K. Then there exists

a constant C independent of e, z, Kj, th, 7 =1,2 and k such that

2
1€2h = 2pwnd T2y < C D B K12l i, )

j=1
2
HVA(z = 2pwn) H T2y < C Y Bk 27, )-
j=1

Proof: Using the trace estimate (2.35)

2
12 = 2w} 172y < Z [—th w120y + i IV (2 = Zpw) 22

Using the estimates for the basis functions in the previous lemma, on each

triangle K,

/ |25 — 2pwon|* ds
K.

J

3 2

Kj
D z(ay )N = A ds < CRS B |27 k-

I
s
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In the same way

| 199G = snas =
K; K;

J

3 2
K; K;
S 2 (@) VO = X9 )| ds < Chi k|21
(=1

So )
1425 = 2pwn} 72 < C D B k|2l oo i
j=1

Using the trace estimate (2.35) again (noting that the basis functions are piece-

wise smooth)

2
1V — 2} o zj—wv o) o

+ hi [IVV (2, — pr,h)”%'z(Kj) :

Using the estimates for the basis functions in the previous lemma and noting

that since zj is linear, VVzj = 0,

/\VV(z,i—zpw,h)FdA = /
K.

J

3 2

Z VYA

=

< O K2

So

2
VA = 2pun) Y T2 < O hic k2l x

J=1

This completes the proof. [J
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Chapter 3

PWDG METHOD FOR THE HELMHOLTZ EQUATION WITH A DTN
BOUNDARY CONDITION

3.1 Introduction
In this chapter we seek to apply the PWDG method to find an approximate

solution of the Helmholtz boundary value problem (3.1) with a DtN map 7 on the
artificial boundary. Recall that we seek the scattered field u € H'(€) such that

Au+E*u=0, inQ

u=g, onl) (3.1)
0
a—z =Tu, onl,,

where g € H %(I‘D). Since the DtN map is expressed as an infinite Fourier series, we
replace it with a truncated map 7, of finite rank that can be expressed as a finite
sum. We recall a result of [43] that the truncated Helmholtz problem has a unique
solution provided N is chosen large enough. In the PWDG method, the DtN boundary
condition is introduced via suitable numerical fluxes on the artificial boundary.

In this chapter we make the following assumptions:

1. The scatterer I, is star-shaped with respect to the origin, i.e. n(x)-n < —v, <0

a.e. on I, for some constant 4, > 0 and u € H2%(Q2) for some s > 0.

2. The mesh is shape regular and quasi-uniform as defined in Section 2.1. The
method can be applied to more general meshes such as quadrilateral elements and
locally refined meshes, but our focus in this chapter is the boundary condition

on I',, so we choose simple quasi-uniform meshes.
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3. In some arguments we will need to extend g to a function on the domain 2. So

we assume that g is the trace of a function G € H? (RZ\E) .

Remark:

The assumption on ¢ is not a restriction for the scattering problem since g = — € ip

this application and w" is analytic in a neighborhood of D.

3.2 Truncated Boundary Value Problem
In practical computations, one needs to truncate the infinite series of the DtN
operator to obtain an approximate mapping written as a finite sum

kHY (kR) |
J.v = vm—ezma, 3.2
N 2 HP(kR) (3.2)

Im|<N

for allv e H %(FR). Consequently, the truncated boundary value problem is to find
w € HY(Q) such that

A + B =0, in Q

w(x) =g, on I, (3.3)

8N
%—TNUN:O on I',

In Theorem 4.5 of [43] it is shown that the truncated exterior Neumann problem
is well-posed for all NV sufficiently large. Following the same arguments, we can prove
the following theorem for the truncated exterior Dirichlet problem (3.3). Because the

proofs are so similar, we do not give details.

Theorem 4 There exists an integer Ny > 0 depending on k such that for any g €
H2(T,) the truncated Dirichlet boundary value problem (3.3) has a unique solution,
w € HY Q) for N > Ny.

3.3 The PWDG Scheme
To derive a PWDG scheme to discretize (3.3), we follow the steps in Section 2.2.

The only point of departure is the imposition of boundary conditions in the numerical
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fluxes. We now define the PWDG fluxes. The definition of the fluxes on interior edges
and edges on the scatterer are taken to be those of standard PWDG methods in [38]
and [40] as given in (2.9) and (2.10). But the fluxes on the artificial boundary I'p are

new. For edges on the artificial boundary &,, we propose

0
. 0
ikey, = Tuin— =T (Vi — Towin), (3.5)

where § > 0 is a positive flux coefficient defined on &,, and 7};* is the L*(T,)-adjoint of
T, defined as

/T*v@ds:/ vT w ds.
r, V r. N

R R

Substituting these fluxes into equation (2.8), and summing over all elements K € 7,
we obtain the following PWDG scheme: Find «} € PW(.%,) such that for all v, €
PW ()

A (uy,vn) = Zh(vp) (3.6)
where the analogue of (2.16) is
(o) = [ (Vi Vi~ Rim) de— [ ] Vb ds
_ /Tu_ ds— / BIV i TV o] ds

—/{g[{{vhzﬁz}}-mdswfc/%aﬂuﬂ-mds

1
ik s

0 (th’}vl ‘n — TNu%) (thh ‘n — ’Tth) ds

—H'k/ au) vy, ds — / (U%thh -+ V- n%) ds, (3.7)
& &

°D °b
and the right hand side is unchanged
L(vp) = —/ gVipu, - nods —i—ik/ aguy, ds. (3.8)
& &

°D D
The symmetric sesquilinear form (3.7) allows us to prove coercivity of the DtN-PWDG

scheme. However to program the method, we can make the algorithm more efficient

42



by exploiting the Trefftz property of PW (T,) to write the sesquilinear form on the
skeleton of the mesh. This avoids the need to integrate over elements in the mesh.
Integrating by parts (2.8) and using the Trefftz property Avy, +k%*v;, = 0, the elemental
equation (2.8) reduces to

/8K WYV - n ds — /aK tkey - nv, ds = 0. (3.9)

Then substituting the numerical fluxes and summing over all elements of the mesh, we

get
A o) = [ Aol ds— [ q9u)-Talds— [ Tujonds
& & én

- 1 .
+/ Uy Vipup - nods — ,—/ BIVR [V hvn] ds
& ik &

R
+ik /
4
1
ik s

afuy] 'mds—/ Vyuy, - nﬁds%—z‘k:/ au) vy, ds
s, y;

D

) (th% ‘n — TNUJ,VL) (thh ‘n — ’7];11;1) ds (3.10)

Our DtN-PWDG MATLAB code is based on the sesquilinear form (3.10).
For error estimates, it is useful to derive an equivalent form of (3.7). Applying

a DG magic formula to (3.7) we get

o, () = / [V, T ds = | 01 Tk ds— [ ¥ omds

T gD

—i/é}ﬁ[[vhwlﬂ][[vhvh]] d5+ik/g afuy] - Ton] ds

T

—i—ik/ ) oy, ds—l—/ (Vi - n = T ) vy ds
éaD gR
1

ik e

) (thf,vl n — 7};#);) (thh ‘n — 71;vh) ds. (3.11)
Proposition 4 The DtN-PWDG method is consistent.

Proof: If w¥ is the exact solution of the truncated boundary value problem (3.3), then

under the assumptions on the geometry of the scatterer, wv € H %“(Q), thus on any
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interior edge e, [u¥] = 0 and [V,u¥] =0 on &, Vpud - n = T,w¥ on &, and w¥ = g
on &,. Therefore from (3.11), for any v € PW(.%,)
A (W, v) = —/ thv-nds+ik/ agu ds
&, &
= Z(v). O (3.12)
Proposition 5 Provided N > Ny, the mesh-dependent functional
[0lpey = 4/Ime (v,0) (3.13)

defines a norm on T(9},). Moreover, setting

_1 _ _1
lol? o= Mol +RIBT= Lo 1 + 5 o= { Ve I3,
e a2V nfld .+ Kl E3 (3.14)
we have
o, (v,w) < 2ol Nl (3.15)

Proof: Taking the imaginary part of (3.7), we have

Imf (v,0) = Kk BEIVa0ll s + kllaz[ol[5,, + Kllazvl s, — Im / T ds
‘”ﬂR
6T m = T,

= |l (3.16)

DG,N "

From Lemma 1, we recall that taking only partial sums,
4|v,,|?
i [ Tewds= 3 gl
& " Ty [ HS (kR)P2

If Im </ (v,v) = 0, then v € H2%5(Q) satisfies the Helmholtz equation Av + k20 = 0
in Q, with v =0o0nI},, and Vvo-n —7 v =0onTI,. By Theorem 4, this problem has

only the trivial solution v = 0 provided N > N, is large enough.
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To prove (3.15), we apply the Cauchy Schwarz inequality repeatedly to (3.11).

Remark: The assumption that 0 < § < % required to prove continuity of the
sesquilinear form for the IP-PWDG in Table (2.1) is no longer necessary. It is sufficient
that 6 > 0 in the DtN-PWDG scheme. This is because of our new choice of boundary
fluxes. O

Proposition 6 Provided N > Ny, the discrete problem (3.6) has a unique solution
i € PW(Z).

Proof: Assume <7 (u),v) = 0 for all v € PW(.7},). Then in particular o7, (v}, u}) =0
and so Im .7, (u},u) ) = 0. Then [Ju} ||, v = 0 which implies u) = 0 since || - is a

norm on PW(.7,). O

o,

3.4 Error Estimates
3.4.1 A quasi-optimal error estimate

We state an error estimate in the || norm.

! HDG,N

Proposition 7 Assume N > Ny. Let ¥ be the unique solution of the truncated
boundary value problem (3.3), and u) € PW(9J},) the unique solution of the discrete
problem (3.6). Then

(3.17)

[ = uyllpey < 2 inf )HUN_whH

T w,ePW(, DG*,N

Proof: Let w¥ € PW(.9,) be arbitrary. By Proposition 4, (3.13) and (3.15) we

have

[ =il = Tmaf (' — ), v — )
< (W =g w =)
= | (0 =, wy, — ) + A (W =y, — )|
= | (0¥ =, w" = wy)]

< 2“uN - U%HDG,NHUN - whHDc;Jr,N' [

45



To prove L%()-norm error estimates, we recall the dual problem to the bound-

ary value problem (2.31). We define z € H*(Q) to satisfy

Az +k*z2=—f in Q, (3.18)
z=0 on I',, (3.19)
0z .

8_n_TZ_0 on I',. (3.20)

where f € L%*(Q). We assume that supp(f) C B,(0)\D, where B,(0) is a disk of
radius @ < R centered at the origin, such that D C B,(0). Then in R?\B,(0), the
solution z of the adjoint problem (3.18)-(3.20) is associated with incoming waves and

the Sommerfeld radiation condition

lim 7’% <% — z'k:z) =0.

r—oo or

Hence, outside of B,(0), z can be written in terms of Hy (kr), the Hankel functions
of the first kind.
Prior to discussing error estimates, we point out some properties of Hankel

functions

3.4.2 Some properties of Hankel functions
It is shown in ([16], pg. 263, 6.53) that for m > 1, and kr in compact subsets
of (0, 00)

2"m)!
HWY (k = O|—+—
D (k) T
where the bound is independent of kr and m. Therefore the ratio,

- o{()) o2

has exponential rate of convergence with respect to m. From these asymptotic relations

HZ (kR)
H? (ka)

and the identities
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Figure 3.1: Top: v (kR) := |5 1O (kR)

and ¢, (kR) := L 4+ L versus kR for m = 5,50 to

Y (2)
demonstrate inequality (3.29). Bottom: (%) , and ‘% versus v for k = 5,10, 20, 40,
. . HP? (kR)
and ¢ = 0.5, R = 1. This demonstrates the exponential convergence of the factor HU(T(k)
v a

as N — oo, see (3.21).
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it follows that there exists a constant C' depending only on p but independent of m

such that for any m € Z\{0},

1, (p) Lm0 | L) -
(2) - 2\1 2) = lm g® = (3.22)
Hy'(p) (L+m?)z | Hu'(p) | |™ Hw(p)
When m = 0,
() @ - ’
Hy™ (p) Hy” (p)

For sufficiently large m, and small p, it holds that (see Lemma 3.12 [60])

2
1 HY 1
— = (p) c=, (3.24)
m Hy'(p) p

as m — oo and p — 0. For wavenumber explicit bounds, we make use of the fact that

|H® (p)| is decreasing in p > 0, for fixed v > 0. It is shown in [15] that

2 1
p‘H£2)(P)‘2 > - forp>0,v > 3 (3.25)
We define
/ 4
Ap) = [HP ()P (0> =)+ 2l HP ()P =L, p>0. (3.26)
Using (3.25) and the asymptotics
2) 2 -3
[H7(p)l =y — +0(p72)
5 as p — 00 (3.27)
1 ()] = [ 2 + o)
[H7 )=, +00™2)
it holds that (see e.g. [15], 2.7)
1
A,(p) <0, forp>0, v> 3 (3.28)
Now inequality (3.28) with values p = kR and v = m € N implies
1 |HY (kR 1 EHS kR)| 11
(o] 1 lmen| 11
(14+m?)2 | B2 (kR) m | HP(kR)| ~ m kR
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Figure 3.2: Geometric setting for the boundary value problem (3.18)-(3.20).

Note that when m > N > 1

1 H? (kR kR
kR —% < =41 (3.30)
m Hy (kR) N

It will prove convenient to set

kR
= — + 1.

A numerical rule of thumb for DtN finite element methods (see e.g. [33] and
[34]), is to choose N > kR in order to reach the optimal order of accuracy. Thus we
can let 1 < ¢ < 2. The solution u of (3.1) in the exterior of the disk B,(0) can be
expanded in Fourier series as

_ i () o
u(r,0) = Zum(a)%e . (3.31)

meZ
The Fourier coefficients of u at r = R and at r = a are related by the identity
HY (kR)

unlB) =

Um(a). (3.32)

3.4.3 Error estimates in the L? norm

Let €} = u — u} be the error of the DtN-PWDG method, where u is the exact
solution, and u} the computed solution. Let u¥ be the solution of the truncated
boundary value problem (3.3). Then, by the triangle inequality

Ju—uyllz@) < llu— w20 + (0¥ — 2. (3.33)

The term ||u—u¥||12(q) is the truncation error introduced by truncating the DtN map,

while the term [|u¥ — ) || 2(q) is the discretization error of the DtN-PWDG method.
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3.4.4 Estimation of [ju — uV||2q)
In this section, we will prove exponential convergence of the truncation error
[x, (v — )| L2y With respect to the truncation order N of the DtN map. Here y, is

the characteristic function of the annulus B,(0)\D for some a such that
diam(D) < a < R.

We can only establish exponential convergence of the truncation error with respect to
N when a < R, but only algebraic convergence when a = R.

Error estimates for the truncation error of the Helmholtz problem with DtN
boundary conditions were proved by D. Koyama (see [50] and [51]). The dependence
of the constants on the wavenumber k, however, has not been shown. We will use
results from Section 3.4.2 to give an upper bound on the wavenumber dependence.

The main result of this section is the following

Theorem 5 Assume N > Ny and that the exact solution u of problem (3.1) belongs to
H35(Q), s > 0, and that the truncation error u—u¥ € HY(Q) where u¥ is the solution
of the truncated Helmholtz problem (3.3). Let x, denote the characteristic function of

B,(0). There exists a constant C' depending on the domain, such that for p = 0,1 we

have .
L |HP(ER)
Xa(u — )]0 < CN27°% | A\ Z (u; 5,0
H ( )HMQ ijrz)(ka) N( )
where
3
Byi5,0) = | 32 1m0+ (a)

|m|>N

Proof: Set e¥ = u —w¥. By our assumption g is the trace of G' € Hlf (RZ\E).
Using a cut-off function x we define ug = xG with the property that uyp = g on I', and
up = 0 in a neighborhood of I';,. Define the space

H%D(Q):{UEHl(Q):v:O on I }. (3.34)
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Let w = u — ug. The weak formulation of (3.1) is to find w € H%D (€2) such that
for all v € H%D(Q)

w - VU — R°wu) ax — WU a8 = — Uy * VU — 2uoﬂ x. .
/ (Vw - Vv — K*wv) d / Two d / (Vuo - VU — k*ugv) dz.  (3.35)
Q Ty, Q

Let w™ = u¥ — ug. The weak formulation of the truncated Helmholtz problem (3.3) is
to find w¥ € Hp (Q) such that for all v € Hy ()

/ (Vu - VU — K*u') do — / T, wNT ds = —/ (Vug - VU — k*ugv) dz. (3.36)
Q Ty Q

Define the following sesquilinear forms, where w,v € H%D (Q)

Aw,v) = / (Vw - Vo — k*wd) de, (3.37)
Q
HY
S(w,v) = — [ Twods= 27 Z kR#wm@m, (3.38)
Ir meZ Hp, (kR>
HY (kR
S, (w,v) = —/ T, wv ds = =27 Z kR#mem, (3.39)
Ty mien Hm (kR)
HY (kR
R, (w,v) = —/ (Tw—T,w)v ds = =27 Z kR#wm@m, (3.40)
T, men Hm (kR)
and the conjugate-linear functional £ where v € H%D (Q)
L(v) = —/ (Vuo - VU — k*uod) de. (3.41)
Q

Then the solution w € H%D (Q) of the weak problem (3.35) satisfies,
A(w,v) + S(w,v) = L(v) forallv e H%D(Q), (3.42)
and the solution w» € H%D (Q) of the truncated weak problem (3.37) satisfies
A, v) + 8, (w¥,v) = L(v) forallv € Hy, (Q). (3.43)
From the definitions of (3.38)-(3.40), we see that

S(w,v) = S, (w,v)+ R, (w,v) (3.44)
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and from (3.42) and (3.43) it follows that
A(e¥,v) + S, (eV,v) + Ry (u,v) = 0. (3.45)
The solution z of the adjoint problem (3.18)-(3.20) with f = y,e¥ € L*(Q) satisfies
A(w, z) + S(w, z) = /Qxawe_N dx for all w € H%D (Q). (3.46)
Setting w = eV in (3.46)

.72 = Ale¥,2) +8(e",2)
= A, 2) + Sy (e, 2) + Ry (€, 2). (3.47)

By (3.45), we have
e iz = RyleV,2) = Ry(u,2). (3.48)

Recall the stability results (2.32)-(2.33). These show that the solution z of the
adjoint problem (3.18)-(3.20) satisfies

Izl < O (K, R) X0 [l0s (3.49)

1,k,Q

2
Ve, ., < COlks R)lxae - (3.50)
It follows that in the wavenumber weighted H st norm,

1 2
12l o = (1B + B 20202 )
the solution z of the adjoint problem satisfies the stability estimate

< CEL(k, 5, R)lIXa€ b (3.51)

el e <
Now we estimate terms on the right hand side of (3.48), recalling that £ := "7—]5 +1

1 HY
|RN(6N,Z)| S 2k R Z |m|_%_5 _ﬁ

Sl _
C N2 R ev|lyr R [2lhssr,

m2 e (R)||m|***| 2]

IN

< CO) N2l lurallzlls om0 (3.52)
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In addition,

1 HY (kR)

< o7k ) L A
Ry (u,2)] < 27kR Z [m| m 1D (kR)

[t (R)[[m] 22

Im|>N
2)(kR)
< O N 1725¢ N(Q) %’N(u;s,a)R_leHHsva
v (ka)
o |HP(ER
< C(Q>N ! 286 ]_I]Z(fg)(ka ‘%N<u;s7a)HZH%+S,k,Q7
(3.53)
where
1
2
Bo(uis,a) = | D [mP g (a)]?
|m|>N
Then, by the stability estimate (3.51) we have,
H® (kR
o gy < Cillwellam | Nl ga+ N2 | 2 B g s o)
Hy” (ka)
(3.54)
where
kR
QZCW%W*QﬁW@m (3.55)
Dividing by ||x,e"||r2() we obtain
\ H®?(kR)
eV || 2 < Cp [N727%leY + NI X R (u;s,a)l .
e ll2 @) 1 [ 1% [l1.k.0 1O (ha) v (U3 s, a)
(3.56)

where C is defined in (3.55). We now show that the term N_%_8||€N||17k79 is bounded
above by the last term on the right hand side of (3.56).

By the definition of the sesquilinear form A(-,-), the following identity holds

lelire = A, e) +2k|eV][72(q). (3.57)
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Now, by (3.45) with v = eV, and taking the real part
A(e¥,eV) +ReS, (eV,¢¥) = —Re[R,(u,ev)].

We now argue that

ReS, (e¥,eV) > 0.

Using (3.39), we have

HY (kR
ReS, (¢¥,¢¥) = -2 > Re m% lex |2 > 0, (3.58)
v HP(kR)
by Lemma 1. Thus,
A(e¥,e¥) < —Re[R,(u,e¥)]. (3.59)
The right hand side is estimated as,
|1 HY (kR s
ReRy(ue) < 2nkR Y ot | L Byt e |
o Hy'(kR)
H®(ER)
-1 s N .
< C(Q)SN 2 HeNule H]\(72)(k‘a,) %NOL,S,G). (360)
Then,
1, H?(ER)
A(e¥,e¥) < CEN27°([eV |10 PEST(Im) Ty (u; s, a).

By the inequality,
2

abﬁz—:ag—l—z_ valid for all a,b,e > 0
€

we have
HOER) |
AV, ev) < sHeNH%kQ + 03(5)]\7’1’25 % %’ff (u;s,a) (3.61)
T Hy” (ka)
where
3¢
03(6) = 4—g
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Squaring the inequality (3.56) on both sides and combining with (3.61) and (3.57)

2
H® (kR)
lefire < (e+Ca NT®)lev[l g + Csle) N7172 | —Eor—| Z3(u;s,a)
Hy” (ka)
(3.62)
where
Cy = 2k*C?, and Cs(e) = Cy + Cs(¢)
We can choose ¢ = % and N large enough such that for all N > Ny
2125 _ L
045 N < 5
2 | os [HP(KR) i 2
[ev][i e < Co N° 77 —1\22) K (u;s,a)
o Hy” (ka)
(3.63)

with
o= (1) (Lo v B

This proves the result in the case p = 1. Then, taking square roots and multiplying

both sides of (3.63) by N~27¢, we get

, 1 H® (kR)
N7z27%eV1po < CF N2 |2 212 (u;8,0a). 3.64
le¥ly 6 1O (ha) v (u;s,a) (3.64)
Now substituting (3.64) into (3.56),
HO (kR
u—uN)|| 2 SC’N_%_ - Z.(u;s,a
HXa( )HL Q) H]\(,Q)(k’a) N( )

where C' = 01(06% +1). 0

3.4.5 Estimation of ||u¥ — ) ||12(q)
In this section, we study apriori error estimates for the discretization error

|y — u || 12y of the DtIN-PWDG scheme. We make the assumption that the mesh
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is shape-regular and quasi-uniform, as defined in Section 2.1. Since the mesh is quasi-
uniform, we assume the numerical fluxes «, 8, § are positive universal constants on the
mesh.

We will use a duality argument to prove the error estimate. We consider the

truncated adjoint problem.

—AZN —E?2N = in Q, (3.65)
2N =0 onl,, (3.66)
oN .

I TSN =0 onT,. (3.67)

where p € L?(2)
Existence and uniqueness of z¥ is summarized in Theorem 4 if N > Ny is

sufficiently large. In the exterior domain R?\(, the solution z can be extended by

HY (kr) | 1 .
N(r,0) = N ST et where 2V = —— 2 (r,0)e "™ ds(3.68
( ) ImIZSN Hﬁ&)(ka) IR r, ( ) ( )

for all r > R.
In order to derive wavenumber dependent error estimates, we need stability
results for the truncated adjoint problem analogous to (2.32) and (2.33) for the full

DtN adjoint problem. We make use of the following lemma:

Lemma 7 Let 2~ be the solution of the truncated adjoint problem (3.65)-(3.67). As-
sume the scatterer D satisfies the assumptions in Section 3.1. There exists Cﬁi)b(k, s, R)

depending only on s, k and R in a known way, but independent of z, 2N and f such that
Ppen < COk, 5 R flhs (3.69)

Remark: Note in particular Cgil(k, s, R) is independent of N.
Proof: Suppose z is the solution of the full DtN adjoint problem (2.31). Then

by the triangle inequality

|ZN|%+S,Q < |Z — 2 |%+S,Q - |Z|%+SQ
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Consider the boundary value problem:
Aw + k*w = f in Q,
w=0 on I',
Opw +ikw = g, on I,
for some f € L*(Q2) and g, € H*(T,), 0 < s < % Then for w = z — 2V, we have f =0
in ) and
o= T2 = T 4 k(s — 2) = (T = T)z + (T, + k) (= — ).
By Theorem 2.3 [38], with f = 0, and by the continuous embedding L*(T,,) € H*(T,,),

0<S§%,Wehave

Y
S’FR

—_ ~N
2 =2, o < Cllgn
for some C' independent of k, R, z and zV. It remains to estimate || gRHS,FR. We have,

I9ellsr, < Ji+ T

where J; and .J5 are defined below. Setting

HY (kR)
B (kR) = —o
Hy (kR)
we have
3
Jioo= 2w [ KPR Y (14 [m)*) | @ (kR) [ 2]
|m|>N
s (KR .
< CN™ (W+1> Rzl
< CHR+D |,
and
2
Jo o= 2m [ KPR Y (L4 |m|*) | @ (kR) + i [z — 20,
Im|<N
< ON ™ (1+2kR) Rz — 2|1 p,
< CONZ%(1+42kR) ||z — 2" |1ra
1
< ON*(142kR)C¢2]54,0
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where we have used the result of Theorem 5 with g = 1, and the fact that N=2° < 1
for all N > 1 and s > 0, and the constant Cg from (3.63). Then we have

||gR||57FR, < C(k’ R)

E

where C'(k, R) is independent of N, but the dependence on k and R is known. This
shows
|Z — 2N |%+s,ﬂ < O(k:, R)

2Ly, o
%+S,Q

Therefore,

3
2y < Clbks. RSl

by the result (2.33). O
Choosing ¢ = €} := u¥ —u) in (3.68), we have by the adjoint consistency of the
DtN-PWDG scheme that

A (w,2V) = /w?hdm. (3.70)
Q

where w € T'(:7,) is any piecewise solution of the Helmholtz equation. Choosing w = €}

in (3.70), the consistency of the DtN-PWDG method in Proposition 4 implies that

€5 lio) = (e 2Y)

— (e, — ) (3.71)

for any arbitrary z, € PW(7,). To approximate the right hand side of (3.71) we
follow the idea introduced in Lemma 6: Let z; be the conforming piecewise linear
finite element interpolant of z € H2(Q). Then we can find a z, € PW(Z,) that can

approximate z;. Adding and subtracting z;, we have

leylZ@ = (e, 2% —25) + A (e), 2 — 2)
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In particular,

(e}, 2 — o) = / (Ve [ — 2 ds - / [e]- TV — )3 ds

1 . S
= / BIVieITVa G — ol ds+ ik | ale}] - Tov = =] ds

4

p

—/ Vp(N —z5)-nds +ik’/ ae) (N — z5) ds
éaD
1

== | 0(Vaey - n = Tey) (Vi(a¥ — 25) - m = T (v — 25)) ds

1k &,
[ (Viein-Te = ds (3.72)
As 2N — zp isRcontinuous, it follows that
m/ﬁ ofe] - == ds = o. (3.73)
4

Consider terms involving 2~ — 2§, in the sesquilinear form (3.72):

I = / [Vaeh Iz — 25 ds
4
L R\ [ e G
e€s;
I, = zk:/ ae) - n(N — z5) ds
éaD
< Do Erllarell, k2llat (= — )l
ecéy,
L= || (Vi n-Te) =2 ds
gR

IN

0,e *

> k3|02 (Vad) - — Toe)) h, k21072 (2 — 25)

eEs,

For any edge e € &, assume that e C 0K; N 0K5. Under the assumption that the

numerical fluxes are constant, we have by the trace inequality (2.35) that

1872 = 25)

2

1 1

e < O | 12 = Zllo, + B VR = 2,
e=1 \ h,

IN

2
C Z h}éﬂzN |%+S’K[. (3.74)
=1
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The other terms involving «, § are estimated in exactly the same way. Therefore,

Lt Dty < CRE|Elley o hid*12¥,, (3.75)

Ke,

where C' depends on the shape regularity parameter o and the flux parameters «,

and 9.

Ji

J>

J3

J4

Now consider terms involving V(2 — z5) - n in (3.72).

<

[g (€] - TV (e — 2} ds

E o (VA — )3 s
eEé;
1 -
L / IV TIVa(e — 2] ds
Zk (g}
> k2|82 Vel |, 2182 V(2 = 2) L
eeé”
/ eYVp(n —2z5) - n ds
Z k2l|a26N||o 2||a_§Vh(ZN _Z}C'L)HO,e’
666"
1
55 | STt n = T TG - T ) ds
T
A0 (Vael = Ty e, k205 (Ta(2 = 26) - — T2 = 2) s,

We start by approximating J;. By the trace inequality (2.36), we have on an edge
e C (9K1 N (9K2,

la™2 VAl = 25)} ..

IN

= 2i) b x, T i, [V

h>’%+S’K£

c Z
Z
¢ Z hSKZ|ZN |%+S,Ké’
/=1

IN
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The same argument holds for J; and J3. The term J; that involves the DtN map can

be estimated via the triangle inequality

K202 (Va(2¥ —25) - n — Ty (25 — 25)) o

R

_1,.1 c 1,1 c
< k72|02 V(2 = 2)llor, +E2102 T (2 — 20) o, - (3.76)

The first term in (3.76) is estimated as before. Now we estimate the term with the
DtN map. For m € Z, define m, as follows
m if m| # 0
m, = (3.77)
1 ifm=0.
Let
T ={K € 7, : length (0K NI'g) > 0}

be the set of all elements with an edge on I',. Then the term in J; with the DtN map

is estimated as

’ 2
HY (kR)
HY(kR)

1 . 1 ]{?2R2
15T (2 = 2y, = 2708 | > mP—,

0
Im|<N 0

(2 = 23)m|”

N
C0) (L +ER)[2Y = zllor,

IN

R
N C
< CO) Rz +ER) D 112 = 2o
eES,
Nh
< C(n,0) - (1+kR) > Bl Iy, (3.78)
KeJR

Hence, summarizing we have the estimate

S+t I+ Js < Co-k_%HeNhHDG,N Z hi{|ZN |%+S,K
Ketyh

(3.79)

where

Nh
0 = H(l+kR)+ 1. (3.80)
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Note that when N = 0kR for some 6 > 1, then 0 = 0 kh(1 + kR). Combining
(3.75), (3.79) and (3.50), we arrive at

A (N, N —2) < C [/f—%ffa - k:%h”ﬂ 125, olerlloe

< COMk,s, R | () Ho + (kR)E | [} o e = 1], (3:81)

where we have used the quasi-uniformity of the mesh and the stability estimate (3.69).
To estimate the term o7, (€}, z, — z;,), we use results from Lemma 6. By similar argu-
ments used in the estimation of o7 (€}, 2¥ — z};), and using (2.30) to bound [|2V|| (0,

we have

(e}, 2 — 2) < C (kR + (kR)30 | 1} o 12" 1z c0)

21.2

Chsz(1+R1k; )
area({2)z

< 0(4)(]{’ R, Q)h2 [(kh)% + (k’h)_50] ||U - UJZ||L2(Q)H6N}L”DG,N

1 _1
(k)% + (kh) 5o | llu = a2 1% o

Define 7 as follows
o= {00 BRI+ C (ks B) P [(kh)E + (k) Ho] . (3.82)
Combining (3.81) and (3.82), we have proved the following theorem:

Theorem 6 Let w~ € H%“(Q), 0<s< % be the solution of the truncated boundary
value problem (3.3) and u) be the solution of the discrete problem (3.6). Then there
exists a constant C' depending only on €2, the flux parameters o, 5 and 6 and the shape

reqularity parameter (1, but independent of k,u¥, uy, N, and h such that

e -
o = sy < CTRET nf = (3.83)
Proof:
By (3.81) and (3.82) we have
v =2, = (e — 25) + e 2~ )
(3.84)
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The result follows from the error estimate in the | - norm from Proposition 7,

o

and the definition of 7. O

We need to estimate the term  inf  [|u¥ — w,|| that appears in The-

w, EPW(T) DGt,N
orem 6. In the next Lemma, we state best approximation error estimates in the
| |l,o+ v norm. Recall €91, defined in (2.26). The error bounds for [lu — [}, ,
and ||V (u — §)l|, , on the skeleton of the mesh can be found in Lemma 4.4.1 of [58].
We state them here for completeness. For convenience of notation, define
N*(1 +kR)?

V=

Lemma 8 Assume that the directions {dy} satisfy Assumption 2. Given u € T(F},) N
H™NQ), m>1, q>2m+1, there exists ¢ € PW () such that we have the following

estimates
lu—¢2, < Ceo(eoh™ +ea1) [ul?,,,, (3.85)
IVi(u =92 < Cei(eh™ + ) [lul?,,, (3.86)
i [ Tl g < Cheent™ el (3.87)
IT (=9l < Ck e (eoh™ +er) llull’,, .,  (3.88)
lu—€l2,, v < Cleolcoh™ +en) (k™' + k)
+Ee(eh e ul?, . (3:89)

where C' is independent of h, N, k,p,&,{ds} and u.

Proof:

We have by the trace estimate and Theorem 2

=12, < C (hlhu— €12, + llu— €l clu— € )

2
m+1,k,Q’

C (i fu— €2, + = €l — €L )
Cey (g1 + &2) |Jul?

m+1,k,Q°

IA

Ceo (g0 + 1) |||

IV (u =R,

IA

IN
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Now to prove the error estimate for terms with the DtN map, recall Lemma 1

'Im T, vv ds

T'r

)2

and

2
ERIHP (KR > =, |m|>1.
m
We have,

\Im/FRTN(u—oW ds

’um - 5m‘2
= 4 _—
2 \HP (kR)|2

Im|<N

< 2 Z Tk R|Up, — &Em|?
|m|<N
< Chlu—¢l2,
< Ck Z lu — €118 o
KeTR
Recalling m, defined in (3.77)
: S | L GR :
[Te(w =l = 27kR Y mi|——F——=| [um — &ml
*Tr Loy e B (kR)
N*(1+ EkR)?
< c%uu—su?
N? 1+kR
< O——0— Z ||U_f||oaK
KegR

To prove the last error estimate, note that

lu — |12

DGT,N

< O (kllu—&l5es + 5 IValu = &)llos

—l—‘lm (u—&)(u—¢§) ds

T'r

R T (u = 5, -

The first term in the square brackets of (2.26) decays algebraically for large ¢
while the second term decays faster than exponentially. Therefore for large ¢, recalling

the definition of ¢ in (3.80), we have the following order estimates:
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Corollary 1 Giwenu € T(Z,)NH™(Q), m > 1, ¢ > 2m+1, large enough such that
the algebraic term in (2.26) dominates the exponentially decaying term, there exists

¢ € PW(%,) such that we have the following estimate

1ol A, (m—2
lu—€ll,,., < Cok™2h™ =z 57|y (3.90)

m+1,k,Q

where

q

Tela ¥ (3.91)

q=

Proof: The result follows easily from Lemma 8, and the identity o = 'y%h +1. 0

Using Corollary 1, we have the following main theorem of this section:

Theorem 7 Let vV be the solution of the truncated boundary value problem (3.3) and
uy be the computed solution, m > 1, ¢ > 2m + 1, large enough such that the algebraic
term in (2.26) dominates the exponentially decaying term. There ezists a constant C
that depends on k and h only as an increasing function of their product kh, but is

independent of p, w¥, uy and N such that

_ _1
e = [l < Crok 2R m T | L (3.92)

Proof:
The result follows from Corollary 1 and Theorem 7. [J
Remark: The dependence of C' in Theorem 7 on kh is determined from the

definition of ¢; in (2.26):
Ckh) = C (1+ (khyrm043) i)

As h — 0, for fixed k and p, C(kh) — C for some constant C independent of h. If
k,N,q, R are fixed in the error estimate (3.92), and s = %, then

[ — ]| < Coh™ |||

m—+1,k,Q

where Cj is independent of h. The loss of a factor of 1/2 is because of the presence of

(kh)~2 in the definition of 7 in equation 3.82. [
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3.5 Numerical Implementation of the DtN Boundary Condition

Let Nj, = dim(PW,(.%},)) be the total number of degrees of freedom associated
with the PWDG space PW(.7,). Obviously N, = > i, pe. The algebraic linear
system associated with the DtN-PWDG scheme is

AU = F (3.93)

where A € CMn*Nr is the matrix associated with the sesquilinear form 7, (-,-) (3.10),
and F' € CMr is the vector associated with the linear functional %, (-), and U € CMr,
the vector of unknown coefficients of the plane waves in PW (.9,). More precisely, the

discrete solution can be written in terms of plane waves

uy =) uEes (3.94)

KeZ, (=1
where the coefficients uf € C, and the basis functions £ are propagating plane waves
exp(ikz - df) ifxe K
0 elsewhere

and the directions are given by

2ml 2ml
d; = (cosl,sin i) .
Py Py

Rewriting (3.94) in vector form

Np,

_ heh

uy = E ui &y
j=1

then

h
uNh

The global stiffness matrix associated with the sesquilinear form <7 (v}, v,) is

+ A

DtN

A=A +A +A

Dir R,loc
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A

where A, , is the contribution from interior edges &, A, is the contribution from

t 17
edges on the Dirichlet boundary &;,. Terms in o7 (u),v),) defined on &, but with no
DtN map contribute A,, . These three matrices are computed by looping edgewise
through the mesh, and their computation is standard for PWDG methods.

However the term A

L,y 1s computed globally since the DtN map involves an

integral on the entire boundary I',, and we give details of the calculation now.

To compute the stiffness matrix A

.y, We introduce the space W, of trigono-

metric polynomials

W,

N

= span {eme —N<n< N}

The projection operator P, : L*(T,) — W, on the artificial boundary T, onto the

R

2N + 1 dimensional space of trigonometric polynomials is defined as

/F (Pyp—p)nds = 0, (3.95)

R
where ¢ € L?(T,), and n € W,,. In practice, integrals on T, are computed elementwise
by Gauss-Legendre quadrature using 20 points per edge.

Let w be the projection of the computed solution, ) :

N
= E :wenw
—

is a basis function of W,,. Then

e 27TRZ /ﬁhneds— Z ZJJ

where 7, = ¢

where the components of the projection matrix M € CEN+)*Nn are defined as

/ &7 ds.

1
W=—MU,
21 R

With these coefficients, we can write
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where U is the vector of the unknown coefficients of u} previously defined, and

_N
W =
wN
Let vy, = £. Then
PNUh 7) f = ﬁMe]

where e; is a Nj, x 1 vector with one on the j* h coordinate, and zero otherwise. Then

choosing v, = f;?, the DtN term is computed as

/fvuf,jﬁds = /(TPNUI;’L)(PNU}Z) ds
Iy r

R

1
= 5 (MTMU), (3.96)

j=1,--- N, and M* is the conjugate transpose of M, and T is the (2N +1) x (2N +1)

diagonal matrix

Cy O 0
T 0y 0
0 0 Gy
@’
with diagonal entries (,, = kw.
Hy’ (kR)

To compute terms on I', involving normal derivatives, observe that

h
Vi omo= > ul(ikd; - n)g). (3.97)
Let
N
=Py (Vi -n)= Y 2
m=—N
We have

2rRz, = /PN Zu? (tkd; - n)E? | 7, ds
FR
Np

= u/ (ikd; n&néds (3.98)

1

.
Il
Re
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Then

where

and M, is the (2N + 1) x Nj, projection-differentiation matrix with entries

(M), = / (ikd; - n)EhT ds.

R

Choosing v, = §jh, we have

-% S(Vn - m — Tou)) (VA - — T.€0) ds
FR
- 1 -
= —— [ 8V ) Vel ) ds+ — | ST (Ve ) ds
zk‘ FR J Zk’ J
1 1
t= | (Vg n)(TLE) ds — — 5(%)(7;5;) ds
Zl{; FR Zkf FR

= [1+[2+13+I4.

(3.99)

The first term [; is computed locally on each edge, in the standard way. The second

term Iy is computed as follows

1
- N h .
I, = e S (TPy) (Vhé; n) ds

J

= M *TM
2mikR [ U]

The third term is computed as

- e ()

a 27rzk:R (TM)"M, Ul

To compute the forth term,

I, = —l/ O(TPyul ) (TPEY) ds
ik Iy

6 *
=~ T (AU,
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It follows that the contribution to the global stiffness matrix from terms involving the

DtN map on I', is the N;, x Nj;, matrix

1
Apin = —=—=M*TM +

T ST [M}TM + (TM)*M,, — (TM)*(TM)] .

(3.103)

3.6 Numerical Experiments

In this section, we numerically investigate convergence of the DtN-PWDG scheme.
We consider the scattering of acoustic waves by a sound-soft obstacle, as modeled by
the boundary value problem (3.1). In our numerical experiments, we consider both the

impedance boundary condition for the scattered field

0

a_Z +iku=0, onT, (3.104)
and the DtN boundary condition,

0

% — Tou=0, onT,, (3.105)

In all numerical experiments, the Dirichlet boundary condition is imposed on the scat-

terer

w=—u" on T, (3.106)

where ul¢ = eikz-d ig 5 plane wave incident field propagating in the direction d relative

to a negative orientation of the zy axis, due to our choice of the time convention in the
definition of the time-harmonic field. The computational domain is the annular region
between I', and IT',.

For scattering from a disk, the scatterer D is a circle of radius a = 0.5, while
the artificial boundary on which the DtN map is imposed is a circle of radius R = 1,
centered at the origin. All computations are done in MATLAB, on relatively uniform
meshes generated in GMSH [24]. The code used in our numerical experiments is based
on the 2D Finite Element toolbox LEHRFEM [59]. The outer edges on r = a, r = R

are parametrized in polar coordinates, and high order Gauss-Legendre quadrature (20
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points per edge) is used to compute all integrals defined on edges on I', and T',.
Curved edges are used in order to eliminate errors that arise from using an approximate
polygonal domain.

The exact solution of the scattering problem (3.1), in the case of a circular

scatterer, is given in polar coordinates by (see Section 6.4 of Colton [16])

. Jo(k’a)

u(r,0) = HéQ) (ka)

2 Im(ka)
HP (kr) + 2 i H2) (kr) cosm# | . (3.107
k) #2370 H D (3.107)

For numerical experiments, we take N = 100 to truncate the exact solution. This value

of N is sufficient for the wavenumbers considered.

Experiment 1: Scattering from a disk

Our main example is a detailed investigation of the problem of scattering of a
plane wave from a disk. We choose the DtN or impedance boundary I',, to be concentric
(this improves the accuracy of the impedance boundary condition). In Fig 3.3, we
compare density plots of the approximate solution by both methods using the same
discrete PWDG space. Comparison of the shadow region of the impedance boundary
condition solution in Fig 3.3 (top left) with that of the exact solution demonstrates the
effect of spurious reflections from the artificial boundary. The DtN-PWDG solution in
the top right panel of Fig 3.3 shows greater fidelity with the exact solution. There is
little difference between the shadow regions of the DtN solution and the exact solution.
It is interesting to note that from the plots of the real parts of the solution in the bottom
row of Fig 3.3, there is little obvious difference between the solutions. However our
upcoming and more detailed analysis shows significant improvements from the DtN
boundary condition.

Our first detailed study investigates the error due to truncation for the DtN-
PWDG. We fix a grid and PWDG space and vary N for several wavenumbers k. Results
are shown in Fig 3.4.

Results from the top panel of Fig 3.4 suggest that for all values of k£ considered

there exists an Ny such that no further improvement in accuracy is possible for N >
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Figure 3.3: Scattering from a sound-soft disk: a = 0.5, R = 1, p = 15 plane waves per
element, k = 7w, N = 20 Hankel functions. Top left: absolute value of the solution computed
using impedance boundary conditions. Top right: absolute value of the solution using DtN
boundary conditions. Middle left: the mesh. Middle right: absolute value of the exact
solution. Bottom left: real part computed using the impedance boundary conditions. Bottom
right: real part computed using the DtN boundary conditions.
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Figure 3.4: Scattering from a disk: Top: semi-log plot of the relative L?-norm error vs
maximum order N number of the Hankel functions in the DtN expansion, for k = 4, 8, 16, 32,
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No, for a fixed number of plane waves p and a fixed mesh width h. Taking N >
Ny does not improve the accuracy of the solution. The error is then due to the
PWDG solution. There are three phases in the plots: (i) a pre-convergence phase,
where increasing N has little effect on convergence (ii) convergence phase where rapid
exponential convergence of the relative error with respect to IV is observed. (iii) post-
convergence phase when N > Ny and optimal convergence has been reached. The
middle plot suggests that Ny, > 1.2 kR is sufficient to reach the optimal order of
accuracy, which agrees with the rough numerical rule of thumb Ny, > kR. In the
bottom plot, we note that the exponential rate of convergence in the convergence
phase is independent of i, however the final Ny, and error depend on h.

Next, we fix N = 30 (sufficiently large on the basis of the previous numerical
results that the error due to the truncation of the DtN map is negligible) and examine
h-convergence for the DtN-PWDG and standard PWDG with an impedance boundary
condition. Results are shown in Fig 3.5.

The top graph suggests that the rate convergence of the relative error with re-
spect to h is independent of k since all curves are roughly parallel. For all k& considered,
the rate of convergence for p = 7 is roughly the rate of 3.5 which exceeds the rate of
about 3.0 predicted in Theorem 7. The actual relative error however, depends on k, as
expected from consideration of dispersion: higher values of k result in more dispersion
error which is unavoidable even in the PWDG method [27]. The bottom plot is for
PWDG with an impedance boundary condition. It suggests limited convergence of the
relative error computed using impedance boundary conditions. However, the accuracy
of the solution increases with the wavenumber, in a way contrasting with the results of
the top graph for DtN-PWDG. This suggests that the errors due to the approximate
boundary condition exceed those due to numerical dispersion in this example.

Our next example examines h convergence for different choices of p. We only
consider the DtN-PWDG because of the adverse error characteristics the impedance
PWDG shown in Fig 3.5. Results for the h and p study are shown in Fig 3.6.

The results in Fig 3.6 top panel show the increased rate of convergence of the
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Figure 3.5: Scattering from a disk: log-log plot of the relative L?-norm error vs 1/h. Top:
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DtN BC h p version k=8, N=15
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PWDG when p is increased. This is clarified in the lower panel. As expected from
Theorem 7, increasing the number of directions of the plane waves per element results
in a progressively higher order scheme.

Our final numerical study for scattering from a disk examines p convergence of
the DtN-PWDG and impedance PWDG. Results are shown in Fig 3.7 where we fix N
and the mesh size h.

From Fig 3.7, as in the case of h-convergence, the impedance boundary condition
shows limited convergence up to a relative error of about 10%, again suggesting that the
error due to the boundary condition dominates the error due to the PWDG method
in this example. The relative L? error for the DtN boundary condition converges
exponentially fast with respect to p, the number of plane wave directions per element.
However convergence stops due to numerical instability caused by ill-conditioning at a
relative error of 1074%. From these experiments we note that the critical number of

plane waves needed before numerical instability sets in depends on the wavenumber.

Experiment 2: Scattering from a resonant cavity

In our next experiment in Fig 3.8 we show results for a resonant L-shaped cavity.
This domain does not satisfy the geometric constraint that the scatterer is star-shaped
with respect to the origin. The domain can be included in our theory except we can
no longer state k-dependent continuity and error estimates. The solution will still be
in H2+5(Q) for some s > 0. We consider scattering of a plane wave ¢*%¢ from a
non-convex domain with an L-shaped cavity in the interior, where the direction of
propagation of the plane wave is d = —\%(1 1). The top left and right panels of
Fig 3.8 show the absolute value of the scattered field computed using IP-PWDG and
DtN-PWDG respectively. The IP-PWDG results show reflections on the right hand
side of the domain 2 reminiscent of the poor results in the shadow region for scattering
from the disk. These reflections are not visible in the shadow region of the DtN-PWDG

solution.
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Impedance BC p-version, h=1/10
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Figure 3.8: Scattering from a domain with an L-shaped cavity, p = 15 plane waves per
element, k = 157w. Top left: absolute value of the scattered field, IP-PWDG. Top right:
absolute value of the scattered field, DtN-PWDG. Middle left: real part of the scattered
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Experiment 3: Scattering from a disconnected domain
In the final set of experiments, we consider scattering of a plane wave inci-
dent field from a disconnected domain. The top left solution in Fig 3.9 computed
using [IP-PWDG shows the effect of spurious reflections compared with the smoother
shadow region in the DtN-PWDG solution reminiscent of the results in Experiment 1
for scattering from a disk. The real parts of the scattered field are identical to the eye.
This experiment demonstrates the importance of an improved treatment of the

absorbing boundary condition for disconnected scatterers.
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Chapter 4

PWDG METHOD FOR THE DISPLACEMENT-BASED ACOUSTIC
EQUATION WITH AN NTD BOUNDARY CONDITION

In this chapter, we will apply the PWDG method to the homogeneous displacement-
based acoustic equation with an NtD map .4 on the artificial boundary (see Sec-
tion 1.5). The use of the displacement variable for the Helmholtz equation in the
context of a plane wave method was considered by Gabard in [23]. The use of the dis-
placement vector as the primary variable is often necessary in studies of fluid-structure
interaction (see e.g. [61]). To date, no error estimates have been proved for this method
with or without the NtD boundary condition.

The displacement based problem can be derived formally from the pressure
based problem (1.21) as follows. Recalling that iko = Vu we immediately obtain from
the Helmholtz equation that

ikV - o + k*u = 0.

Taking the gradient of this equation and using the definition of o yields
VV .o+ ko =0.

Noting that
ikV -0 = Au= —ku

allows us to write the Dirichlet boundary condition as
V.o =1ikg on I',.
Using the definition of o in the NtD boundary condition gives

V-o+k*’V(o-n)=0on I,
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In summary, the problem is to find o € H(div; ) such that
VV .o +k’c =0, in Q
V.o =ikg, on I', (4.1)
V-o+k*’#(o-n)=0, on I,.

where g € L*(T

D

) and .4 is the Neumann-to-Dirichlet map .#* = T ~! defined in
Section 1.5. In Section 4.1, we derive a weak form of the displacement-based acoustic
equation, and prove that it is well posed. In Section 4.2 we construct a PWDG method
for finding an approximate solution o, of (4.1). We prove continuity, coercivity and
consistency of the proposed NtD-PWDG scheme. A quasi-optimal error estimate is
proved at the end of Section 4.3. In Section 4.4, we observe that, by using a similar
approach to the numerical implementation of the DtN map, we can easily compute
the stiffness matrix associated with the NtD-PWDG scheme. Numerical results are

presented to demonstrate convergence of the NtD-PWDG scheme.

4.1 A Displacement Based Neumann-to-Dirichlet Trefftz DG Formulation
Now we write down a weak form of (1.21) in terms of the auxiliary unknown
o= iVu. Multiplying iVu — o = 0 by a vector test function 7 and integrating by

parts

1 —— 1
—/(,—uV-r—l—a-T) de+ — [ wT-mnds=0. (4.2)
o \ik th Joa

Hence using the boundary conditions, we have that

1 —— 1
—/(—UV'T+0"T> de + — gT-nds—l—/ N (o-n)T-nds=0.
Q T,

ik ik Jr,
(4.3)
On the other hand, multiplying the equation
ikV - o+ k*u = Au+ kK*u =0
by a scalar test function z leads to
/Q (V.o —iku)zdzx = 0. (4.4)
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Choosing z = 1V - 7 in (4.4) and adding this to (4.3) leads to the problem of finding
o € H(div;Q) such that for all 7 € H(div;):

/(V-GV-T—I@’?U-F) d:1:+/€2/ JV(a-n)T-nds:ik;/ gT - m ds.
Q Ty r,

(4.5)
Lemma 9 Problem (4.5) is well-posed for any k > 0.

Proof
Step 1: Fxistence of a solution and stability

We start by recalling that problem (1.21) is well-posed (see, e.g. Lemma 5.24
of [13]). By construction its unique solution u € H'(Q) is such that iko = Vu €
H(div; Q) solves problem (4.5) and depends continuously on the data g € H %(FR).
Step 2: Uniqueness of solution

Let o € H(div; Q) be any solution of the homogeneous counterpart of equation

(4.5)
/(V'O’W—kQU'?) dw+k2/ N (o-n)T-nds=0. (4.6)

for all 7 € H(div; Q). Since € is connected, by the Helmholtz Decomposition Theorem

(see e.g. Girault and Raviart [26] Theorem 2.7, Chapter 1), we can write o as
oc=Vuv+1
in Q for some v € H'(Q) and v € Hy(div’; Q) where
Hy(div’; Q) :={¢ € H{div;Q): V-£=0in Q, and £&-n =0 on [, UT,}.
Then the homogeneous problem (4.6) can be written as
/Q(Avﬁ—l{:Q(Vv—kv,b) - T) dm+k32/FRJV (g—Z)WdSZO,
(4.7)
for any 7 € H(div; Q). In particular, taking 7 € C§°(2), we deduce that

V (Av+ k) + k¢ =0, in Q.
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Notice that taking the divergence and using that V-1 = 0in 2 and ¢ - n = 0 on

I') UT, the equation
V (Av+ k*v) = —k*p € Ho(div’;Q), in €.
leads to

A (Av+k*) =0, in Q and %(Av—l—kzv) =0on IUL,.

By the uniqueness of the interior Neumann problem for the Laplace operator
(up to a constant), we have that Av+k%*v = C in Q for some constant C' € R. We also
have 1p = —V (Av + k*v) = —VC =0, in Q. Hence o = Vw, for w = v—k*C € H'(Q)

such that
Aw+Ew=0 in Q.
Since Av = Aw, g_:i = g—;’;, Vv = Vw and ¥ = 0, we write equation (4.7) as
/ (AwV -1 — k*Vuw - T) dm+k32/ N (g%) T-nds=0, Vr € H(div; Q).
Q r,

(4.8)

Integrating (4.8) by parts

/(Aw+k2w)V~7dax—/ wmds—i—lf/ W(a—w)ﬁds = 0,
Q I, U, Iy on

holds for all 7 € H(div; ). Since Aw + k*w = 0, we deduce that
w=0 on I'

and

on
By the uniqueness of the forward problem (1.21), we have w = 0 in {2, so that

w:ﬂ(aw> on I',.

oc=Vw=0 0O
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4.2 A Vector PWDG Formulation

In this section, we propose a vector PWDG scheme for finding an approximate
solution of (4.1). The derivation of the scheme is equivalent to that in [39] of discretizing
first order systems, but instead of making u the primary variable, we choose o as the

primary variable. In each element K € .7,, we define the plane wave space

Prc
PW(K) := {£ c L*(K) : £:Zajdjexp(ik;:c~dj) co,€C, |djl =1, 1< SpK}.

j=1

Note that PW(K) is a Trefftz space since any & € PW (K) satisfies
VV - €+ k6=0, forall K € %,

The global solution space is then defined as follows

PW(%,) = {€ € L*(Q): ¢, e PW(K), VK € F,}.

Introducing the variable o — iVu = 0, we can write (1.21) as a system of

equations in v and o

1 )
o— —Vu=0, in Q
ik
1
u——V-0=0, in Q
ik X (4.10)
V-a—%g:(), on I',
V-o+k*’#(o-n)=0, on I,.

Vs

In each K € 7, multiply the top equation in (4.10) by a smooth test function
T € H(div; K) and the second from top equation by v € H'(K) and integrate by parts

1 - 1
/a-?dw+,—/uV~7da}—,— uT-nds=0, V1€ H(div; K)
K ik Jk

W Jok
ik/u@dw+/a-%dm—/ o-nvds=0, Yve H(K).
K K oK
(4.11)
Now we replace o, T by o, 7, € PW(K), and u,v by up,v, € PW(K). On the

boundary of K, replace u, o by the numerical fluxes u — 4, and o — ;. Multiplying
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the top equation of (4.11) by —k?, we can replace (4.11) by a corresponding system

defined on the plane wave spaces

—/kQO'h-T_hd.’B—l-ik/uhV'Thda)—/ ikupTh, - mds =0, VY1, € PW(K)
K K

oK

ikz/uhmdw—i—/ah-v_vhdw—/ o -nv, ds =0, Yo, € PW(K).
K K oK

(4.12)
Integrating by parts again the first term in the second equation of (4.12),
zk;/ upUn dr = —/ ah~Vvhd:1:+/ o - nv, ds
K K oK
= / V.- o,u, de +/ (6, — o) - nyy, ds. (4.13)
K oK

Computing the divergence of £ € PW(K),

P
£ = Zajdj exp(ikz - d;)

j=1
gives
Pr
V-&=ik» ajexp(ikz - d;).
j=1
Hence

div PW(K) C PW(K).
Now we can take vy, = V - 7, and by the Trefftz property of PW(K), we also have
Vo, =VV -1, = —k*1),.

With this choice of v, we can replace the term ¢k / upV - T, dx in the first equation
K
of (4.12) by the resultant expression from (4.13) to get the equation

/ (V'O’hv-T_h—k20'h~T_h) dw+/
K

(a'h—dh)~HV'Thd8—ik/ ﬁh‘rh-nds
0K

oK
= 0.
(4.14)

Since, VV - 71, + k*1, = 0 in each K € 7, we can integrate (4.14) by parts

once more to get an equivalent formulation posed on the boundary of K

/ &h-nV-Thds—ik;/ ﬂhTh~'I’Ld8:0. (415)
oK oK
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We now specify the numerical fluxes. On the interior edges of the mesh &,

on={on} — LIV el

(4.16)
ZklALh = {{V : O'h}} — zkﬁ[[ah]]
On the scatterer edges &,
A (0% .
on,=0,——(V-o,—ikg)n,
ik (4.17)
ikuy, = ikg.
On the artificial boundary edges &,
é'h:a'h—,—(V-O'h—l—k:QJV(a'n-n)) n,
ik (4.18)

ikty, = —k* AN (o), -n) — %/&/V* (V-on+ kAN (o n)).

Here, as in the case of the DtN map, the L*(T

) adjoint of the NtD operator
denoted .A4* is defined by

/W*v@ds:/ v w ds.
r, r

R
for all v,w € L*T,). The flux parameters o, and § are positive functions on the
mesh skeleton.

Adding over all elements of the mesh, and using the DG magic formula from
Lemma 3 leads to the vector PWDG formulation: find o, € PW(.7,) such that for all
T € PW(%,)
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where

d(o‘h,Th) I:/(Vh'ﬂhvh"l‘h—k20'h'7'_h) dx
Q

+ik/<%5ﬂ0h]]md3—/é;{{vh'0h}}mds

- 1 -
—/[[ah]]{vh-Th}}ds—,—/ Oévh'O'hvh'ThdS
5 ik Je,
1

ik Je,

1 -
—|—/ kQJV(O'h'TOTh"ndS—%/Oé[[vh'O'h]]'[[vh'Th]]dS
r G

R

5(Vh-0'h+k2</l/(ah-n))(Vh-7h+k2</1/(rh-n)) ds

and
£(Th) = —/ agVy - Ty ds + zk/ 9T - M ds.
&, &,
(4.19)
Consider the Trefftz space
T(F) = {5 ELXQ): 35> 0s.t. Vy -0 € Hi*(F}), o - n € LX(0K),
and VV-£€+k*€ =0, ineach K € Z,}
On T(.7,), define the semi-norm
2 1 2 1.2 2 )
11156 == KIIB=1ENNIG. + A [l [Va - €]ll5
+ k—lHaévh . €||07<§b + Im/ BN (€-n)(&-n)ds (4.20)
FR
+ET0F (Va- €+ KA (€ n) |3

That
Im/ RN (E-n)E n)ds > 0
FR

is a consequence of Lemma 2.

Lemma 10 The semi-norm || - is a norm on T(.9},).

(e

Proof:
Suppose ||€||,, = 0 for some & € T(.7},). Then [€] = 0and [V,-£] =0on &, V,-€ =0
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oné&,,and V- €+ k> A (€-n)=00nT,. So & € H(div;) satisfies VV - € + k?¢ = 0
nQ,V-£€=0onl,, V-&+k*> 4 (£ -n) =0onT,. By the uniqueness from Lemma 9,
it follows that & = 0 in Q. [J

Proposition 8 Let & € T(.9,). Then,

€115, = Im (£, §)

Proof:
From the definition of the sesquilinear form & (4.19)

A (&,€) = |Vi-Ell72) — FIIE€IT20
+ikIBEIENR . + ik R [V - €]

) L (4.21)
—2Re /gl[[.ﬁ]]{vhf}}ds —i—/FRk N (€E-n)€-nds
+ik 62 (Va- &+ KA (€-n)) |2
where we used the identity
(Vi - €YD+ [EM{Vr-€F = 2Re Vi €} [E]- (4.22)

The result follows from taking the imaginary part of (4.21). O
We now prove uniqueness of the vector NtD-PWDG scheme.

Proposition 9 There exists a unique o, € PW(Z,) such that for all T, € PW(9},),
we have

.Q{(O'h,’Th> Igh(‘l'h).

Proof:

Since the discrete problem is linear and the dimension of the trial and test spaces are
the same, it suffices to prove uniqueness. Suppose there exists a o), € PW/(.,)such
that & (o, 7)) = 0 for all 7, € PW(Z},). Then Im &/ (0},05) = 0. Hence o, = 0

since || - is a norm on the space PW(.%,). O

(e
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Proposition 10 The vector NtD-PWDG method is consistent, i.e. if o € H(div;Q)
is a solution of (4.5) such that V-o € H2t5(Q2), s > 0, and o - n € L2(0K) for every
K € 9, then

A (o, 1) =Ly(Th), ¥V 7 € PW(F).

Remark:

Since o = iVu and u € H %JFS(Q) gives the regularity needed for o - n. Also since
u = —k%Au = iv - o we know V - o has the required smoothness.

Proof:

Integrating (4.19) by parts, V;,Vj, -0 + k*c = 0, [o] = 0 and [V -] = 0 on &,

V-o+kAN(o-n)=0onT, and V-0 =ikg on I, gives

A (o, 1) = —/ agVy - Th d8+ik/ gT - ds
&, &,
[
To prove continuity of the sesquilinear form &(-,-), we introduce the || - [|__,
norm on the space T(.%,)
_1 1y ol
€12 . = 1€l +Ella™2 {&-n} 5, +E7 1572 {Va- €} 54 (4.24)

_1 _1
+kla7z€ nllf +k[|072€ - nff o

Proposition 11 Let &, 7 € T(9,). Then

’..Q((f,TN < 2||€||DG||THDG+'

Proof:
Integrating (4.19) by parts and using the Trefftz property VV - € + k*¢ = 0 in each
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K € .9}, we obtain an equivalent bilinear form,

A7) ::/g[[vh.g]]mdwfg V) £ 7 ds

+z’k/{@ﬁ[[§]]m ds—/g[[ﬁ]]{{vh-T}} ds

i [ avieTiTas— o [ alva €V as (1.25)
—% 6 (Vi - &€+ kN (E-n)) (Vy-T+EAN(T-n))ds
FR
+/ (V- &€+ AN (€ -n)T nds
Ty )

The result follows from the weighted Cauchy-Schwarz inequality applied repeat-
edly to (4.25). O

4.3 A Quasi-Optimal Error Estimate

We prove a quasi-optimal error estimate with respect to the mesh-dependent

DG and DG norms.

Theorem 8 Let o be a sufficiently smooth solution of (4.5), and o, € PW (%) the

discrete solution. Then

= <2 inf - .
lo=onloe <2, i o= &ullcs

Proof:

By the definition of the DG-norm, consistency and continuity of the vector NtD-PWDG

scheme, as in the proof of Proposition 4. []

4.4 Numerical Experiments
We next investigate the convergence of the proposed NtD-PWDG method. The
matrix problem of the NtD-PWDG method is a simple modification of the DtN-PWDG

method, since the contribution from the interior edges & and scatterer edges &, are

T D

exactly the same as in the DtN-PWDG method. The only difference comes from the
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use of the NtD map rather than the DtN map on the artificial boundary. The numerical
computation of the NtD map is similar to that described for the DtN map in Section 3.5.
We truncate the Fourier series defining the operator .4 to obtain .4y with 2N + 1
terms as for the DtN map and compute with the truncated version. We note that

truncation is not needed to define the NtD-PWDG but is needed for computation.

Experiment 1: Scattering from a disk

We start with plane wave scattering from a disk of a = 0.5 as in Experiment 1
Section 3.6. In Fig. 4.1, we investigate the convergence of the relative L? norm error of
the NtD-PWDG method with respect to mesh width A, and for a fixed NtD truncation
parameter N = 30. This value of N is sufficient to ensure that the error due to the
NtD boundary condition is negligible, and the main source of error is the PWDG
method. In the top panel, we investigate h-convergence for different wavenumbers
k = {4,8,16,32} when p = 7 plane waves per element, on relatively uniform meshes.
The rate of convergence with respect to h using p = 7 plane waves per element of about
3.5 is the same for all wavenumbers considered. This rate of convergence is the same
as in Fig 3.5 when DtN boundary conditions are used.

In the middle panel of Fig 4.1, we investigate h-convergence of the relative L?-
norm error for a fixed £ = 8 and different values of p = {3,5,7,9,11}. The bottom
panel of Fig 4.1 clarifies the rates of h-convergence for different p from the middle
panel.

In the top panel of Fig 4.2, we investigate convergence of the relative L?-norm
error of the NtD-PWDG method with respect to the truncation order N of the NtD
map, on a fixed grid with o = 1/15, using p = 11 plane waves per element, for
k = {4,8,16,32}. The results suggest that there exist some Ny depending on h and
k for which taking N > Ny does not improve the accuracy of the solution.

In the middle panel of Fig 4.2, we investigate the convergence of the NtD-
PWDG method with respect to truncation order of the NtD map for fixed p = 11 and

k = 8, but varying h. For each h, the rate of exponential convergence of the error with
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respect to IV is the same. However the final error, when N > Ny, depends on h. This
is expected since the error due to the truncation of the NtD becomes negligible when
N > Ny, and the total error is then dominated by the PWDG method.

In the bottom panel of Fig 4.2, we investigate the convergence of the NtD-
PWDG method with respect to p, the number of plane waves per element. Here, we
fix the mesh A = 0.1 and N = 30. This value of N is sufficient to ensure that the
error due to the truncation of the NtD map is negligible compared with the error of
the PWDG method. The rates of convergence are taken for different wavenumbers
k = {4,8,16,32}. Initially, exponential convergence of the error with respect to the
number of plane waves is observed. However, eventually the convergence stops and
the error oscillates between 1075 % and 1072 % suggesting instability caused by the
ill-conditioning of the matrix system.

Overall, the NtD-PWDG behaves very similarly to the DtIN-PWDG which is
hardly surprising since away from the outer boundary I',, the discrete equations for

the degrees of freedom are the same. The only difference is the use of NtD versus DtN.

Experiment 2: Scattering from a resonant cavity and a disconnected domain

Fig 4.3 shows the scattered and total fields of scattering from a disconnected
domain consisting of a disk and a triangle and from a resonant L-shaped cavity as
in Experiments 2 and 3 of Section 3.6. The frequency is k = 227w, p = 15 waves
per element. The exact solutions for these problems are not available to access the

accuracy of the solutions, however the solutions are indistinguishable to the eye from

those computed with DtN-PWDG.
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NtD BC h-version, p=7
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Figure 4.1: Top: log-log plot of the relative L?-norm error vs 1/h, p = 7 plane waves per
element, k = {4,8,16,32}, N = 30. Middle: log-log plot of the relative L2-norm error vs
1/h, k =8, p=1{3,57,9,11}, N = 30. Bottom: rates of convergence vs number of plane
waves per element. The blue boxes are the rates of h-convergence.
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97



Chapter 5

RESIDUAL-BASED ADAPTIVITY FOR THE HELMHOLTZ
EQUATION

5.1 Introduction
In this chapter, we shall investigate the use of an adaptive Plane Wave Discon-
tinuous Galerkin method for approximating the solution of the homogeneous Helmholtz
equation (1.6) with a simple absorbing boundary condition: find the total field v €
H'(Q) such that
Au+ku=0, in Q:=Q\D
u=0, on I, (5.1)

g—z +iku=g, on I},.
The goal is to provide computable a posteriori estimates of the error in a given solu-
tion that will help guide mesh refinement to improve solution accuracy. The method
described here is compatible with the DtN and NtD truncation of the infinite domain
problem, and the combination would significantly improve the accuracy and reliability
of PWDG simulations.

We are interested in deriving a posteriori error indicators based on residuals
to drive the PWDG method adaptively to a solution. Ideally, this study would in-
clude adaptivity in the number and direction of the basis functions per element (like
p-adaptivity for polynomial methods) and also mesh refinement or h-adaptivity. Tech-
niques for choosing the directions of plane waves in the basis adaptively are investigated
in [4], [10] and [2]. Related work, using ray tracing in the context of a conforming fi-

nite element method, can be found in [25]. We do not examine directional adaptivity

here. Instead, we shall concentrate on the more classical h-adaptivity, where we fix the
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number of basis functions per element and only refine the mesh. The mesh refinement

algorithm is an iteration originated by Dorfler [19] in the following form:

SOLVE — ESTIMATE — MARK — REFINE

Starting with an initial triangulation .7, we describe aspects of the algorithm
SOLVE: Given a mesh 7, and discrete space PW(.%,) find the discrete solution
up, € PW(%,).

ESTIMATE: Given a mesh and discrete solution u;, € PW(.9},), compute error esti-
mators {1, } ke -

MARK: Given a mesh .7, and error estimators {1, } ke, select elements M C .7, for
refinement.

REFINE: Given a mesh and a set of marked elements M C .7, refine at least all of
the elements in M.

The algorithm then returns to the SOLVE phase for further refinement.

We start from the observation that the estimates in [38] can easily be modified
to give a residual based a posteriori error estimator for the L? norm. This is done in
Section 5.2. We then test these estimates on a model problem with a smooth solution.
We find that the estimator is reliable but not efficient. It progressively overestimates
the global L? norm error as the mesh is refined. Despite this, in the case of a smooth
solution, the refinement path produces an optimal order approximation. A drawback of
this type of adaptivity (i.e., reducing the mesh size for a constant number of directions
per element) is that the conditioning of the linear system for the solution becomes very
poor. Preliminary results in Section 5.4.4 suggest that using a Bessel function basis
helps in this regard.

It is clear from these numerical results that the a posteriori theory is not optimal
with respect to the mesh width. We therefore revisit the derivation of the residual
indicator. In particular, we note that from Lemma 3.10 in [28], on a refined mesh,

sufficiently many plane wave basis functions can approximate piecewise linear finite
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element functions. This allows us to improve powers of the mesh size appearing in the
a posteriori indicators. The theory behind this observation was already presented in
Section 2.3. We then test the new indicators in Section 5.4. The resulting residual

estimators are seen to be an improvement over those in Section 5.2.

Assumptions on the domain
Throughout this chapter, except for numerical results, we assume the domain €2
is the annular region between I',, and I',) where I', is a strictly star-shaped polygon in
the sense that -m < —v, < 0a.e. onI', for some positive constant y,. We assume that
D

I', is a star shaped polygon with respect to a ball B, (0) ={z e R?: |z| < v,da}

for some 7, > 0 and dg = diam(£2).

5.2 A Posteriori Error Estimates I

In this section we shall prove an a posteriori error estimate using residuals in the
global L? norm. This is the theoretical basis for the ESTIMATE step in the adaptive
cycle of our code.

In this section, we choose the numerical fluxes as in [38] where the design of
appropriate fluxes for locally refined meshes is made

h h h 1
ae—ah—e, Be—bh—e, 5e—max(dh—e,§>.

We assume that the mesh is shape regular, locally quasi-uniform and quasi-uniform
close to I',, in the sense defined in Section 2.1. We shall need the solution of the

following adjoint problem of finding z € H'(€2) such that

~Az —k*2 = (u—uyp)in Q, (5.2)

0z .
I ikz = 0onIg, (5.3)
z = 0onlp. (5.4)

Under the geometric assumptions stated at the end of Section 5.1, Theorem 3.2 of [3§]

shows that a unique solution exists for the above problem and z € H*/?*5((Q)) for some
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1/2 > s > 0 (determined by the reentrant angles of the boundary). In addition, recall
the stability estimates (2.28), (2.29) and (2.30) with f = u — up:

VIV + #2220, < Clallu— unll 2o, (5.5)
|VZ|H1/2+5(Q) S C(l + ko‘)dsl{z_SHu — uh||L2(Q), (56)

2

d
2 Q -2 47,2 2
LA | LAY SR R

The following theorem provides an estimate of the global L? error in terms of

computable quantities (and an overall scaling constant). It does not use any special
properties of the PWDG solution, and is applicable, for example, also to the least

squares solution.

Theorem 9 Let u, € PW(9},) then there exists a constant C' depending only on
1, S, Yr and the flux parameters o, 3,6, but independent of h,p, k,u,u, such that

lu = unll2@ < CCV2da [1+ (dak)'(dg h)* (kR)2] 1, (un) (5.8)
where s is the reqularity exponent in (5.6) and the residual error indicator is given by

Moo (un)* = (kh)™! (/f_1||51/2[[vhuh]]||iz(gj) + kot [un]lIZz e, (5.9)
+E7Y6Y2(g — Vuy, - n— ikuh)H%z(gR) + kHOél/2uhH%2(@@D)) .

Remark: Clearly the overall constant multiplying 7, (up) in Theorem 9 blows
up as k increases at fixed h. The coarse initial mesh needs to be fine enough to provide
some approximation to the true field before the adaptive algorithm starts.

Proof: The proof of this theorem follows closely the the proof of [38, Lemma
4.4] (also [39, Lemma 3.7]), so we only give sufficient detail to observe the changes. Let
w = u — uy, using the adjoint problem (5.2) and integrating by parts on each element
K, the using the fact that w is a piecewise solution of the Helmholtz equation, together

with the boundary conditions on z, we get

ow 0z
2 - ow_ 0%
/Q|w| dA = Z/(ﬁnz w@n) ds

KeTngk
= /([[Vhw]]z — [w] - Vi2) ds + / (Vhw - n + ikw) Z ds — /thE- n ds.
51 g_A g’D
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The only difference with the results in [38] is to retain the boundary condition for
w so that it generates a residual in the final estimate. Indeed the Cauchy-Schwarz

inequality, together with the equation and transmission or boundary conditions for u

then gives
lu—unllie < e (un)(kh)'/?G(2)"/? (5.10)
where
G(z) = Y (KBl + K a7 2Vz - mlfag )
eclr
+ Z k||5_1/22||%2(e) + Z E a2,z - 172
ec€ g ecép

Proceeding to estimate (kh)'/2G(z) as in [38, Lemma 4.4] gives the theorem. O

We now test the error indicators derived above to drive h-adaptivity (we keep

the number of directions per element fixed and equal on all elements). We choose

2 = (on) (K BTV hun] o) + KllaFnd o

+E7Y6Y (g — Vg - m — Z"“«Lh)||%2(a}er) + k”al/QuhH%?(aKnFD)>

as the local error indicator. Our first test uses a smooth solution on an L-shaped
domain. In this case uniform refinement is likely to be optimal, and we expect the
adaptive method to result in an approximately uniform mesh. All computations are
done in MATLAB and we shall discuss the details of the algorithm later in Section 5.4.

We consider an L-shaped domain = (—1,1)*\([0,1] x [~1,0]). We choose

Dirichlet boundary conditions such that the exact solution of (1.6) is given by
u(x) = Je(kr)sin(£0) (5.11)

where x = r(cos#,sinf), for & = 2 (later we will also choose £ = 2/3 corresponding
to a singular solution) and k = 12. Here J¢ denotes the Bessel function of the first
kind and order £. The solution is shown in Fig. 5.1. Note that although we have not

implemented the impedance boundary condition, the theory in this section can also
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Figure 5.1: The computed solution after 12 iterations when & = 2 and k& = 12 using p, =7
plane waves per element. This is indistinguishable graphically from the exact solution.

be proved with just the Dirichlet boundary condition provided k? is not an interior
Dirichlet eigenvalue for the domain. In the Dirichlet case the dependence of the overall
coefficient on k cannot be estimated. But the overall constant is not used in the
marking strategy by which triangles are chosen for refinement.

The initial mesh and the refined mesh after 12 adaptive steps are shown in
Fig. 5.2. We see that the adaptive scheme has correctly chosen to refine almost uni-
formly in the domain since there is no singularity at the reentrant corner.

In Figure 5.3 we show detailed error results starting from the mesh in Fig. 5.2
using the indicator in Theorem 9 with p. = 5 plane waves per element. The code
uses the Dorfler marking strategy with a bulk parameter § = 0.3 (see the discussion
in Section 5.4). In these figures we show the relative error in the L? norm and the
indicator 7,,,. We scale the indicator so that the indicator and actual relative error are
equal at the first step. For reliability we then want the estimated error to lie above the
true error, and for efficiency we want the gap between the two curves to be small. Of
course until the mesh is refined sufficiently neither efficiency nor reliability may not be
observed. In the right panel of each figure we show the ratio of the exact relative error

to the error indicator and term this the “efficiency ratio”. The efficiency decreases
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(a) Initial (b) After 12 iterations

Figure 5.2: The left panel shows the initial mesh and the right panel shows the adaptively
computed mesh after 12 iterations when ¢ = 2 and k = 12 using p, = 7 plane waves per

element.
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Figure 5.3: Adaptive refinement using p, = 5 waves per element and the indicator from
Theorem 9. Left panel: relative L? norm and indicator. Right panel: efficiency in the L2
norm. Although the indicator is reliable, it tends to overestimate the error so is not efficient.

markedly as the algorithm progresses.
Results for p, = 7 waves per element are shown in Fig. 5.4. Again mesh refine-
ment does improve the solution error, but the efficiency of the indicator deteriorates

rapidly as the mesh is refined.

5.3 A Posteriori Error Estimates 11
The results at the end of Section 5.2 show that the basic error indicator in The-
orem 9, while reliable, is not efficient. We therefore need to re-examine h-convergence

theory to determine if a different weighting for the residual can be derived.
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Figure 5.4: Adaptive refinement using p, = 7 waves per element and the indicator from
Theorem 9. Left panel: relative L? norm behavior. Right panel: efficiency in the L? The
behavior of the indicator is similar to that for p, = 5 in Fig. 5.3.

In Section 5.2 we used special weights a and  designed to allow the estimation of
G(z) in terms of inverse powers of the global mesh size. Because of the upcoming results
in this section, we no longer need inverse powers of the global mesh size in the estimate,
and we now make the choice that the parameters «, [ and § are positive constants
independent of the mesh size, and that § < 1. Note that the choice « = § =6 = 1/2
gives the classical UWVF [12]. We want an a posteriori error estimate for ||u—us|| 120
and will again use the solution z of the adjoint problem (5.2)-(5.4). By the adjoint
consistency of the PWDG method (or direct calculation) we see that z is sufficiently

smooth to satisfy

Ap(w, 2) = / w(u —uy) dA,
Q
for all sufficiently smooth piecewise solutions w of the Helmholtz equation (w €
H3/?+3(K) for some s > 0 on each element suffices).
Now for any z,,, € PW(Z,), by the Galerkin orthogonality of the PWDG

scheme,
/(u —up)(u—up) dA = Ap(u —up, 2) = Ap(u — un, 2 — Zpuwp)- (5.12)
Q

We first add and subtract the continuous finite element piecewise linear interpolant on

the mesh denoted zj. This is not in the plane wave subspace V}, so no terms simplify:

Ap(u—up, 2 — Zpwn) = Ap(u —up, 2 — 25) + An(u — up, 25 — Zpw ) (5.13)
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We can now analyze the two terms on the right hand side above. Using (2.17), the

first term can be written

Ap(u—up, 2 — 2)

= /g[[Vh(u —up)] - {{z — zﬁ}} ds — /g [(w—up)] - {{Vh(z — zg)}} ds
—5 | VM= WG = s+ ik [ altu—w)]- (=] ds

é;

+L (1—6) {W ik — uh)} (= 20) ds

"R

1 g 5[3(u—uh)

T o + ik(u — uh)] Vi(z —zf) - nds

—l—/@p (u—up)(ika(z — z5) — Vi(z — 2§) - m) ds.

D
Note that z = z; =0 on &, and [z — 2z;] = 0 on &. In addition v = 0 on &, and u
and its normal derivative are continuous across interior edges. Finally u also satisfies
the Dirichlet and impedance boundary conditions. So the above expression simplifies

as follows:

Ap(u—up,z — z5) = — /(p [Viun] - {7 =2} ds

I ASR R IR WA AT
+4R(1 — ) {g— % —ikuh} (z = 2;) ds

1 8uh . —
7 A 1) {g ~on zkuh} Vi(z —2) - nds

+/ upVip(z — 25) - nds. (5.14)
&

D

Terms involving z — 2z (non-differentiated) can be estimated via the standard trace
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estimate. First

Vo] =Y ds+ [ 1 =0) lg— Lt ikuy| =) ds
‘ /(5; /é"R [ on }

< YR PIBIVaunl k187 £z = i} oo

e€s;
S— auh . —S c
+ Y RV 0) [g B zkuhl 2 k211 = )2 (2 — 28)| L2(e)-
eEé"R

Using the usual trace inequality (2.35), let e be an edge in the mesh shared by the
elements K; and K5 then

2
_ . 1 . 1/2 c
1872z = 2} 2y < CY [WHZ — zpll2(xy) + hK/j V(2 = z) L2k
j=1 LK;

2
< C Z h};;5|z|H3/2+s(Kj)7

j=1
where we have also used standard error estimates for the piece-wise linear interpolant.
The same estimate holds for the jump in z — z;. Using the Cauchy-Schwarz

inequality we arrive at

‘_ /,5, (Vo] - {72} ds + / (1-4) {g—%—ikuh} (== ) ds

éaR
< [E 18 R Wl

S— S auh . —5
b1 = 0 g = B k] s | R ey

Now we must perform the same estimate for terms in (5.14) involving derivatives
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C
of z — zj.

- 1 -
: [un] {Vi(z=25) )} ds — T /5; BIVrun][Vi(z — 25)] ds

_i g— ai—zk:uh Vi(z —z5) - nd5+/ unVu(z = zp) - nds

Zk’ gR 8"’ C’@D
< D R0 P Tun] 2k o (VA = )} i

e€s;

+ D kB IV hunl |z BB IV (2 = )] e
e€s;

ou 0(z — z¢

+ 3 k25 {9 “Tn “wh} 2o k216" 2%””“’

€€y,

+ > kTP Pun| o BP0 PV (2 — 2) - m|ge

eeé’b

We proceed as for the previous estimates. On an edge e between K; and K, we have,

using the trace estimate (2.36):

la~ V2 Vh(z — 25)} l2e) < (]Z 1/2 IV (2 = 2)||L2 () + P, [V (2 = 2) | 12s (i)

Kj

Since zj, is piecewise linear |V (z —z})| 17245 (k,) = [V2|g1/2+s(,)- Using usual estimates

for the interpolant:

2
||Oz_1/2 {Vi(z — 2} ||L2(e) < OZ h;(j|Z|H3/2+S(Kj).

J=1

Other average and jump terms can be estimated in the same way. We arrive at
N 1 N
‘/ [un] {Vn(z = 25) }} ds+ %/ BIVrun][Vi(z — z5)] ds
i i

) ou - -
i p {9 - 8_75 - Zkuh} Vi(z —z5) - nds +/g upVi(z — 25) - nds

‘D

< C [k871/2||061/2hzﬂuh]]||L2(5;) + ksf3/2||51/2hz[[vhuh]]HLQ(é;)

— s 8“’ S— S s
e300 g = S ik gy + 60 Pl | 2l

We have thus proved the following lemmas:
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Lemma 11 For h small enough, under the conditions on the mesh stated in Section

5.2, there exists a constant C such that

An(u =,z = 2)| < C [k Y2)8Y2RE [V hun] | 2
ou
+h5TY2)|(1 = ) 2plt {g — 8_7: - Zkuh} HL2
+ k2R ]l o) + RV 8Y th[[VhUh]] lz2s,)
_'_ksf3/2||61/2h2 {g _ ai — Zkuh:| HL2(8
on

+ks—1/2 ||h2041/2Uh “LQ(éED)} ]{;1/2—3 |Z|H3/2+S(Q)'

Here C' is independent of the mesh, the solution, and k.

It remains to estimate Aj(u — up, 2, — 2Zpw,n). Let 25,5 be defined element by

element according to Lemma 6 and
Ap(u — up, 25 — Zpw.n) / [Viun] - {75 = zpwn )} ds
/ ] {Vu (5= )} ds
i L AT G s i | alnlIGE= 2]

oup, -

+/g (1-19) lg 5 " zkuh} (25 — Zpw,n) ds

R

) oup, -
[g Y zk‘uh} V(2 — 2zpwn) - ds

ik

—/ up(ika(z — 2pwn) — V(2 — Zpwn) - 1) ds.
&

D

As before, considering an edge e between elements K; and K5 and using the fact that

109



[ is constant:

/{{Zﬁ - pr,h}} [Va(u—up)] ds

< 182022 [V hunlll 218 2he 2 {25 — zpwn ) |l 22e)

2
ClBY 2RIV nunlllzace) | D e k21 e

<
j=1
< CRIBYVRYP[Vaun] |2 Zh 1207 ;)
1/27,3/2 V1,4
< IIﬁ heP[Vhun] 7z + 5 kZhK 201700 ;) | -

for any constant 9, > 0.

Now adding over all edges in &

‘/g {{z,c1 — zpw,h}} NVr(u —up)] ds

1 0
< C |:2_191||51/2h2/2[[vhuh]]H%%é}) —i—éarea(Q)kA‘HzH%m(Q)

Similarly, using again Lemma 6,

/[[uh]] {Vh — Zpwh }} ds

< |\a1/2h1/2[[uh]]||m a2 h g2 {{Vh(ZZ—zpw,h)}|!L2<e>

U
o 20 [ + k4ZhK = ”M]

<C

Proceeding as above we can estimate each of the terms in the expansion of A, and

prove the following estimate.
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Lemma 12 Under the assumptions on the mesh in Section 5.2 there is a constant C

independent of h, k, u and uy, such that

1

a7 18 H I ] + K2l [ s,

Aal =35 = )] < €

Ouy, .
HIL = 0722 g = 52 k] 2,
+ ot 2he P Tun] 72 + k2118 2he 2 [V nun] |22
— Ouy, .
+k 2||51/2hi/2 [g — % — kuh:| ||%2((§>R):|
Uy 4 2
+ Ek area(Q) ||z || 7o) ¢ -

Since s < 1/2 and using the estimates for ||z|| ya/2+s(q) from Section 5.2 we obtain:

Theorem 10 Under the assumptions on the mesh in Section 5.2, for any sufficiently

fine mesh there is a constant C' independent of h, dq, u and uy, such that
lu = unllr2) < Cnlun)

where

nu)? = {K 7N dok) 2 (1 + dak)?) |18 [V hunl [

ou )
#1 =905 g = 52 — k]

20 [un]ll72( ) + kB2 RV hun] 726

_ s auh . s
+k 2 H51/2h6 |:g — % — l{?Uh:| ||%2(5R) + ||heoé1/QU,hH%2(gD):|
(hdo)(1-+ i) 1921200 ) + R0 L] 2

ou ,
HIL =02 [g = 52 — ik [,

+ (a2 R [unll 7205y + K28 2R [V hun] |72

_ ouy, .
+k 2||61/2h;/2 |:g _ % — zkuh] ||iQ(£’R):| } .

Remark: The right hand side is now a new a posteriori error indicator for PWDG.

Note there is no longer an overall factor of h~'/? compared to the estimate in Theorem
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9. On a refined mesh at fixed k£ dropping the higher order terms in mesh size, a

reasonable choice of indicator is 1 defined by

M(up)® = k" Hdok)' " (1 + dok)? [Hal/zhi[[uh]]niag) + k_2||51/2h§[[vhuh]]||%2(4)
_ s 8uh . s
+k 2 H(Slﬂhe [g - % - kUh:| "%2(&%) + Hheozlﬂuhﬂiz(%)
In practice we shall find the choice s = 0 gives a reliable but pessimistic indicator. [
Proof: Using (5.6) and Lemma 11, for any ¥ > 0, there are constants Cy and
(5 such that

CleS—l

0
ou ,
= 0 [ = S — bl

A=,z = )] < 1820 [V neun] s,

+Ha1/2hz[[uh]] ”LQ(é;) -+ k*1||51/2hz[[vhuh]] ”LQ(é;)

_ s Qup, .
+k 1 Hél/ghe |:g - 8_7: - Zkuhl ”LQ((goR)

1/2 2
+||hZOK uhHLz(éaD)]

+Coi(dok) (1 + dok)?||lu — uhH%g(Q).
Using (5.7) and Lemma 12, for any ¢; > 0, there are constant C3 and C} such that

C
|An(u = un, 25, = 2pwp)| < ﬁ_f [||51/2hg/2ﬂvh“h]]||i2(é;) + k2|’041/2h2/2ﬂuh]]||%2(£[)

ou _
HIL = 0287 [g = 52 — ik g,

+ Ha1/2h(1a/2[[uh]]”i2(é;) + k72‘|61/2hi/2[[vhuh]]“%2(4)

Qup
a—n - Zl{?uh:| ”%2(<§>R):|

+Cy1 (kda)* (1 + dok™)|u — unl|72(o)-

o

Choosing 9(Cy(dok)'=2*(1+dgk)?) = 1/4 and ¥ such that Cyy (kdg)?(1+d4k?) = 1/4
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and using (5.12) and (5.13) we obtain that, for an overall constant C,

lu = wnlZa) < C LR (dak)' (1 + dok)?) | 1820 [V hunl |32 s,

s ou ,
HIL =905 g = T2 — k]

o 20 [un]ll72( ) + k2182 RV wun] [ 72s )

- s du : s
+k 2 Hdl/Qhe |:g — 8_7’: — ’LkUh:| ”%Q(gR) + ||he()é1/2UhH%2(gD)‘|

+(kdqa)?(1 + dok") |:|‘B1/2h2/2[[vhuh]]||2L2(é;) + Ko 2R un] [ 72s
ou

hoo
HIL= 0247 [g = 52 — b g
+ |\041/2hi/2[[uh]]ui2(g[) + k’2Hﬁl/2hi/2[[thh]]H%Q@)
_ ouy, .
+k 2”(51/2]12/2 |:g _ 8_n — zl{;uh] Hi2((gR):| } .

This completes the proof. [J

5.4 Numerical Results
We now test the new residual estimators derived in the previous section using
the UWVF choice of parameters a = § = § = 1/2. In the following numerical tests we

iteratively apply the classical refinement sequence

SOLVE — ESTIMATE — MARK — REFINE

In the ESTIMATE phase of the following experiments we rank the effective contribu-
tions to the righthand side of the a posteriori bound given in Theorem 10 from the

element K using a proxy for the residual formula

1
e = o' hlunlllZaor) + 18RIV hun]lFon
1 (9uh .
+ﬁ||61/2h2 |:g — a—n — ZkUh:| H%Q(('?K) + ||C¥1/2hZUh||%2(aK).

Following Dérfler [19] the elements responsible for the top 6 fraction of n := )" ;- i are
marked for refinement in the MARK phase. In the REFINE phase we use a recursive
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longest edge bisection [57] to produce a new mesh with guaranteed lower bounds for
the smallest element angles. The recursive longest edge bisection algorithm is chosen
because it propagates the refinement beyond the elements marked in the MARK phase

to achieve this goal.

5.4.1 Smooth solutions on an L-shaped domain

We start with several results for the regular Bessel function solution considered
in Section 5.2 and defined by equation (5.11) so that k¥ = 12. Since we are on the
L-shaped domain we choose s = 1/6. The results shown in Fig 5.5 can be compared
to the results in Figs. 5.3 and 5.4. Although the efficiency shown in the right hand
column for each choice of p, still deteriorates for the L? norm as the mesh is refined,
the rate of rise is less compared to the previous indicator. In addition the efficiency of

the indicator improves for larger p, .

5.4.2 A singular solution
We now consider a physically relevant solution with an appropriate singularity

at the reentrant corner. We choose the exact solution of (5.1) given by
u(x) = Je(kr) sin(€0)

for ¢ = 2/3 and k = 12. In this case, near r = 0, u ~ Cr?/3sin(260/3) so u € H>/3~¢(Q)
for any € > 0 and we again take s = 1/6 in the estimators. The boundary conditions
(only Dirichlet in our numerical experiments) are determined from this exact solution.

The computed solution and the corresponding final mesh after 12 refinement
steps is shown in Fig. 5.6 (starting from the mesh in Fig. 5.2). Clearly the algorithm
has refined the mesh near the reentrant corner as expected.

Results for p, = 3 and p, = 4 are shown in Fig. 5.7. In this case we start with
a mesh obtained by two steps of uniform refinement of the mesh in Fig. 5.2. This is
because for low p, the original initial mesh is too coarse to produce any approximation

of the solution. If we start with the mesh in Fig. 5.2 the algorithm does correctly refine
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Figure 5.5: Results for the smooth Bessel function solution on the L-shaped domain using
s = 1/6. The top row is for p, = 5, the middle for p, = 7 and the bottom for p, = 9.
The left column shows the indicator (normalized to the actual error at the start) and relative
L? error as a function of the number of degrees of freedom. The right column measures the
efficiency of the indicator and shows the ratio of the true error in the L?norm to the residual.
Ideally this curve should be flat (at least for a well resolved solution).
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(a) Computed Solution (b) Refined Mesh

Figure 5.6: The numerical solution and final mesh after 12 iterations when & = 2/3 (singular
solution) and k = 12 using p, = 7 plane waves per element. At the resolution of the graphics,
the exact and computed solution are indistinguishable.

uniformly but many adaptive steps are needed before accuracy starts to improve. The
results show that our indicator works even when p, = 3 even though piecewise linear
polynomials cannot be well approximated in the sense of Lemma 4. Note that the fact
that the curve for n falls below the actual error in Fig. 5.7 does not indicate that we
have lost reliability. We have scaled the 1 so that the error on the coarsest mesh and
scaled n agree (see the discussion for Fig. 5.3). A reliable indicator would follow the
error curve but because of our arbitrary scaling could be above or below the actual
error.

Results for p, = 5,7,9 are shown in Fig. 5.8 starting with the mesh in Fig. 5.2
and using s = 1/6 in our estimator. Convergence is slower than for the smooth solution,
but the efficiency of the indicators is improved although it does deteriorate as the mesh
is refined. In Fig. 5.8, we also show an estimate of the condition number of the ma-
trix corresponding to the PWDG discretization computed using MATLAB’s condest
function. This example, with strong local refinement near the reentrant corner, shows
particularly poor conditioning.

Clearly, since we are keeping the number of directions fixed per element, the
condition blows up sharply as we refine the mesh. Ultimately this will cause the

discrete problem to be too ill-conditioned to solve. Note, however, that we are not
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Figure 5.7: Results for the singular solution (Bessel function with £ = 2/3) using p, = 3 (top
row) and p, = 4 (bottom row) starting from two levels of refinement of the initial grid in
Fig. 5.2. This figure has the same columns as Fig. 5.5. As expected there is little difference
between the convergence rate for the two methods (the a priori error estimates are the same
order for p, = 3 and p, = 4), but the residual estimator behaves better in the case when
P = 4 in that the efficiency curve flattens out.
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Figure 5.8: Results for the singular solution (Bessel function with £ = 2/3) using p, = 5
(top row), p, = 7 (middle row) and p, =9 (bottom row). We start from the initial grid in
Fig. 5.2. This figure has the same layout as in Fig. 5.5 except that the third column shows
the estimated condition number of the system matrix as a function of the number of Degrees
of Freedom.

interested in the coefficients of the plane waves in the solution, but the solution values
themselves. These are obtained by summing the local plane wave contributions, and
this may help explain why the results remain more stable than might be expected from
the vast condition numbers encountered. However an error analysis to support this

suggestion is currently lacking.
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5.4.3 Internal reflection

For the Helmholtz equation, besides standard elliptic corner singularities men-
tioned above, adaptivity may also help deal with boundary layers that can arise at
interfaces between regions with different refractive indices. We now consider adaptiv-
ity for the transmission and reflection of a plane wave across a fluid-fluid interface on
a square domain ) := (—1,1)? with two different refractive indices. The interface is

located at y = 0. The problem now is to find u € H'(Q) such that
Au+ k*e,u =0 in (5.15)
subject to appropriate boundary conditions where

(.9) n? if y<0,
67" :U7 y =
n3 if y>0.

We choose n; = 2 and ny = 1. Then it is easy to show that for any angle 0 < 0; < 7/2
and d = (cos(6;),sin(6;)) the following is a solution of (5.15)
T exp(i(Kyz + Kay)) if y >0,

u(z,y) =
exp(ikni(dix + doy)) + Rexp(ikny(dix — day)) if y <O.

where K, = knyd; and Ky = ky/n3 — n?d? and

= —(K2 — k}nldg)/(KQ + k”flldQ),

T = 1+R.

If n3 —nd? < 0 (i.e. if nyg > ny and d; is large enough) then K, is imaginary (we
choose a positive imaginary part) and the solution for y > 0 decays exponentially into
the upper half plane (physically this is said to be total internal reflection since the
wave above the interface is vanishingly low amplitude far from the interface). If d; is
small enough (i.e. close to normal incidence) the wave is refracted at the interface and
a traveling wave is seen above and below the interface. Thus there is a critical angle

0; = 0..;; such that for 6; > 0.,;; the wave is refracted, and for #; < 6.,.; we have internal
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reflection. This is shown in Fig. 5.9. The case of internal reflection is challenging for a
plane wave based method since evanescent (or exponentially decaying) waves are not in
the basis. We therefore investigate if our residual estimators can appropriately refine

the mesh in this case (this not a problem covered by our theory).

SRRRRRARAINMN - - - - -
nooaagnn ———
T LTI ———
AAAARARARAARN S - -

(a) einc - 2907 91' < ecrit (b) einc = 690a 91 > ecrit

Figure 5.9: Numerical solutions after 12 iterations when k£ = 11 and n; = 2,np =1, p. =7
plane waves per element. When 0; < 0..;; the wave decays exponentially into the upper half
of the plane as shown for 6; = 29° (left panel). When 6; = 69° the wave is transmitted into
the upper half of the square (right panel).

In particular we use Dirichlet boundary conditions derived from the exact solu-
tion (assuming k? is not an interior eigenvalue for the domain) and choose the wavenum-
ber k£ = 11. In view of the fact that the domain is convex with a smooth interface we
choose s = 1/2 in the estimator.

Representative meshes produced by our algorithm are shown in Fig. 5.10. Start-
ing with the initial mesh in panel a), we generate the mesh in panel b) when 60; = 69°.
The algorithm correctly refines the lower half square more, and there is an abrupt
transition to the less refined upper half. In panel c¢) we show the mesh when 6 = 29°.
In this case the algorithm correctly does not refine well above the interface, but at the
interface y = 0 some refinement occurs even for y > 0 in order to resolve the expo-
nentially decaying solutions there. We shall only consider the case 6; = 29° (internal
reflection) from now on.

Detailed error plots when p, = 5,7,9 are shown in Figure 5.11. The results

are broadly similar to our previous results. The error is decreased by the refinement
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(a) Initial Mesh (b) Oine = 69°

(¢) Oine = 29°
Figure 5.10: Initial mesh and the meshes after 12 adaptive iterations for transmission (0; =
69°) and internal reflection (6; = 29°). Here p, = 7.
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strategy, but efficiency generally deteriorates as the mesh is refined. Again the error
indicator for the higher order method, p, =9, is best.

For our final results we return to the L-shaped domain and p, = 9. We have
seen that the efficiency of the indicator deteriorates as the mesh is refined when we
take s = 1/6 in the residual indicators. We have also seen that the maximum choice
of sis s = 1/2 and we now test the indicator for s = 1/2 for the smooth and singular
Bessel function solutions. Results are shown in Fig. 5.12. The efficiency in the L? norm

is improved but still deteriorates as the mesh is refined.

5.4.4 Bessel function basis

In [55] it is shown computationally that, provided the basis is scaled appropri-
ately, a Bessel function basis results in a lower condition number for the UWVF on a
uniform mesh compared to the same number of equally spaced plane waves. Since we
are using constant weights in this section, we hope that the scaling used in [55] will also

provide enhanced conditioning here. In particular, as in [55], we use the representation

B O S 1 et 01 exn(im
whe= 3 T G )

K\ MK

m S me—py ar€ expansion coefficients. The

where cg is the centroid of triangle K and {u
local mesh size hg is chosen here for convenience to be the average distance of the
centroid from the three vertices of K. Results are shown in Fig. 5.13 which should be
compared to Fig. 5.8 (in both cases s = 1/6). On the one hand, the error and efficiency
plots in the left and center column of Fig. 5.13 are very similar to graphs in the left and
center columns of Fig. 5.8. This is unsurprising given the close relationship between
plane wave and Bessel function bases (see for example [28]). On the other hand the

scaled Bessel basis gives significantly better conditioning than the plane wave based

scheme.
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Figure 5.11: Results for total internal reflection when p, = 5 (top row), p, = 7 (middle
row) and p, =9 (bottom row). Here we choose s = 1/2. This figure has the same layout as

Fig. 5.5.
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Figure 5.12: Results for p, = 9 and s = 1/2 on the L-shape domain. Top: smooth solution.
Bottom: singular solution. The columns of thus figure have the same layout as Fig. 5.5.
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the initial grid in Fig. 5.2. This figure has the same layout as Fig. 5.8.
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Chapter 6
CONCLUSIONS AND FUTURE WORK

The problem of direct scattering of acoustic waves from impenetrable obsta-
cles is modeled by the Helmholtz equation in the unbounded domain exterior to the
scatterer. To apply a domain based discretization of the exterior scattering prob-
lem, an artificial boundary enclosing the scatterer is usually introduced, and relevant
boundary conditions are imposed on the artificial boundary. In previous work on the
PWDG method for acoustic scattering, only the approximate impedance boundary
condition has been considered. This boundary condition however, can lead to errors
due to spurious reflections from the artificial boundary. In this thesis, we apply the
Dirichlet-to-Neumann (DtN) boundary condition to reduce error due to reflection from
the artificial boundary.

The first part of the thesis concerns the error analysis of the proposed DtN-
PWDG method. On a circular artificial boundary, the DtN map can be written ex-
plicitly as a series of Hankel functions. We note that the full DtN map is not well
defined on the plane wave solution space of the PWDG method, so we consider the
truncated DtN map, using 2N + 1 Hankel functions in the expansion. Basic properties
of consistency, coercivity and continuity are shown using mesh dependent norms that
are defined on the edges of the mesh. These basic properties depend on the general
Trefftz property of the PWDG solution space, so they apply to any general Trefftz
space such as Fourier-Bessel functions.

The analysis of the error of the DtN-PWDG method with respect to the L?
norm is considered in two parts. The first part concerns the analysis of the truncation
error due to taking only 2/N 4 1 terms in the series expansion of the DtN map, and

the discretization error due to the PWDG method. Using asymptotic properties of
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Hankel functions, the dependence of the error estimates on the wavenumber can be
determined.

To test the convergence of the proposed DtN-PWDG method, we study the
scattering of a plane wave incident field from a circular scatterer. In this case, the
exact solution is known for comparison with the numerical scheme. Numerical results
suggest significant improvement in the convergence of the PWDG method by the use
of DtN boundary conditions compared with impedance boundary conditions. However
due to the non-local character of the DtN map, the resulting stiffness matrices are
denser than those from local differential operators. A worthwhile future project is to
investigate high order local absorbing boundary conditions that are more accurate than
the impedance boundary condition.

As an alternative to the DtN map, we also analyzed the NtD map for the
scattering problem. The NtD map has the advantage over the DtN map since it
is well defined for functions that are in L?(T},), so that the full NtD map may be
considered in the error analysis of the NtD-PWDG method. To apply the NtD map,
we consider a displacement-based acoustic equation which is equivalent to the original
scalar Helmholtz problem, but uses a displacement vector as the primary variable.
The weak form of the displacement-based acoustic equation suggests that the NtD
map rather than the DtN map is a more natural choice for this problem. Existence
and continuous dependence of the vector problem follow easily from the scalar case.
We use the Helmholtz Decomposition Theorem to prove uniqueness of a solution to the
displacement-based acoustic equation. In analogy to the DtN-PWDG, we introduced
numerical fluxes to impose the NtD boundary conditions on the artificial boundary and
showed that the resulting scheme is consistent, coercive and continuous. We derived
an error estimate for the displacement-based acoustic equation with respect to mesh
dependent norms on the edges of the mesh. However wavenumber explicit analysis of
the error in the L? norm requires new stability estimates for the continuous problem.

The analysis and numerical testing of the DtN and NtD schemes was done

on quasi-uniform meshes. However, quasi-uniform meshes may not be efficient for
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problems on domains with corners, where locally refined meshes are more efficient.
In the final chapter of this thesis, we derived two new a posteriori error indicators
for the PWDG method with impedance boundary conditions to drive the selective
refinement of the mesh. One is based on existing theory and the second is based on
the observation that plane wave basis functions can approximate piecewise linear finite
elements on a fine mesh. Using the usual Dorfler marking strategy the estimators drive
mesh adaptivity that gives convergence for a smooth solution as well as coping with
singularities and evanescent modes. The indicators give apparently reliable estimates
for the L? norm but even for the improved indicators the efficiency tends to deteriorate
as the mesh is refined. The condition number of the matrix for the PWDG rises rapidly
as the mesh size decreases. Limited testing suggests that using a Bessel function basis
gives significantly better conditioning behavior.

A worthwhile future project is to consider adaptivity in both the number of

Hankel functions in the DtN/NtD expansion and mesh size.
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