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Abstract

We proposestabilizedinterior penaltydiscontinuousGalerkinmethodsfor the indefinite
time—harmonidviaxwell system.The methodsare basedon a mixed formulation of the
boundaryvalue problemchosento provide control on the divergenceof the electricfield.
We prove optimalerrorestimategor themethodsn the specialcaseof smoothcoeficients
andperfectlyconductingoboundaryusinga duality approach.

Key words: Finite elementsdiscontinuoussalerkinmethodsjnterior penaltymethods,
time-harmonidviaxwell’s equations

1 Introduction

Thenumericalsolutionof thetime-harmonidMlaxwell’s equationgresent& num-
berof challengesFirst, away from boundariesndmaterialinterfacesthe solution
is smoothandoscillatory The needto approximateheoscillationsrequiresa suffi-
ciently fine grid comparedo the wave-lengthof the solution,andresultsin alarge
numberof degreesof freedomif mary wavelengthsarecontainedn thedomainof
interest.This requirementanbeloosenedbut not entirely avoided) by the useof
high ordermethodq1,2], sothatit is desirableto usehigh ordermethodswhere
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the solutionis smooth.A secondproblemis that at the boundaryof the domain
the solutioncanbe singular[3]. Indeed,on a non-cowex polyhedraldomainthe
straightforvardapplicationof continuoudinite elemenimethodscanresultin adis-
cretesolutionthatcorvergesto a vectorfunctionthatis notasolutionof Maxwell’s
equationg4]. While it is possibleto modify the variationalform to correctfor this
failure[5], asimilar problemalsooccursat interfacesbhetweerdifferentmaterials.
This is becauset discontinuitiesin the electric propertiesof the materialsin the
domainof the electromagnetidield, the electricfield is discontinuousThuscon-
tinuouselementsneedto be modified at suchinterfaces.A third problem,which
we will not discusshere,is the numericalsolutionof the sparsandefinite matrix
problemresultingfrom thefinite elementiscretization.

Consideration®f the first two problemsmentionedabore have lead to a wide-
spreadadoptionof edgefinite elementg6,7] for the discretizationof the time-
harmonicMaxwell’s equationsFor anengineeringriew of suchelementsa good
summaryis containedn the books[8,9]. An error analysisof theseelementshas
beengivenin [10-12] andthe profoundconnectionbetweentheseelementsand
differentialformshasbeemotedfor examplein [13—15].Perhapshemainproblem
with suchelementss thatthey becomeathercomplex asthe orderof theelements
is increasedandlik e all conformingmethodshey requirea suitablefinite element
grid which complicatesmplementingadaptve solvers.Neverthelessadaptve hp-
finite elementolvershave beenimplementedandshown considerabl@romise[16].

In this paperwe proposea nen way to discretizethe indefinite time-harmonic
Maxwell systembasedon a discontinuousGalerkin method(denotedDG in the
remainderof the paper).In particular we proposea suitableextensionof the in-
terior penaltymethodsto the Maxwell system.Thesemethodsdatebackat least
to [17-20] and have beenstudiedfor coercve elliptic and convection diffusion
problemsmorerecentlyin [21-23].We mentionthatseveralotherDG methoddor
standardcoercve elliptic problemscanbe foundin the literature(for instancethe
LDG method24,25]orthe DG methodntroducedoy BaumanrandOden[26,27])
andunified analyzesf discontinuousnethodsin the context of elliptic problems
have beenpresentedn [28,29]. For the time-harmonicMaxwell equationsn the
low-frequeng regime, wherethe resultingbilinear forms are coercve, the LDG
methodshave beenrecentlyinvestigatedn [30].

Our goalis to producea flexible solver in which the orderof the schemecanbe
changeckasilybetweendifferentregionsof thegrid. In additionwe hopeto exploit
thefactthat DG gridsdo not needto be alignedin orderto improve the efficiency
of wave propagatiorof the method.Thusin regionswith differentelectromagnetic
propertiegandhencedifferentwave speeds)differentgrid sizescanbeusedto bal-
ancethe propagatioraccurag of the schemen eachsubdomainFinally it maybe
possibleto “tune” parameterin the DG schemeo improve propagatioraccurag
(thisis certainlypossiblein 1D onespacadimension!).



In this paperwe prove basicerror estimatedor our proposedschemesinderthe
assumptiorof smoothlyvaryingmaterialpropertiesThis assumptions neededor

certaina-priori estimatesisedin the analysis.Ultimately we hopeto extendthese
resultsto more generalcoeficients and boundaryconditions,and we detail the
formulationin thesecases.

Perhapshe closestapproachn theliteratureto the DG methodswe proposes the
ultra weakvariationalmethodof Cessenaf31]. While successfuin practice,this
methodis still incompletelyunderstoodn a theoreticallevel. For examplecon-
vergenceis not provedfor the standarderfectlyelectricallyconductingooundary
condition (or neara singularity), or in generalthroughoutthe domainof compu-
tation. However the successfulise of this methodis one motivation for propos-
ing the methodsin this paperwhich are corvergentglobally evenin the presence
of boundarysingularities.Another similar approachis the mortar finite element
methodappliedto the Maxwell equation$32]. To ourknowledge,cornvergencehas
notbeenprovedfor this methodin the caseof wave propagationHoweverthe suc-
cessof thismethodappliedto low frequeng eddycurrentproblems(in which case
the resultingbilinear forms are coercve) suggestdhat mortarmethodsor similar
domaindecompositiormethodscould be usefulfor scatteringoroblems[33]. An-
otherdomaindecompositiorapproachs the FETI methodappliedto the Maxwell
equationd34]. A Lagrangemultiplier basedversionof this methodwasanalyzed
in [35] for the coercve Maxwell problemarisingin time stepping.Again to our
knowledge,convergencehasnot beenprovedfor this methodin the caseof wave
propagationn Maxwell’s equations.

Theoutline of our paperis asfollows. In section2, we startby detailingthe mixed
formulationwe shall useasthe basisof the DG methodsproposechere.We also
summarizesomeregularity and existenceresults.Thenin section3 we propose
the DG methodsthat are the subjectof this paper The main result of the paper
is an optimal a priori error boundthat we presentn section4. Its proof is based
on a duality approachandis containedin section5 and section6. We end our
presentationvith someconcludingremarksin section?.

2 A mixed formulation for the time-harmonic Maxwell equations

In this section,we introducethe time-harmonidMaxwell equationsand presenta
mixed formulationfor the continuougproblemwhich will bethe basisfor the DG
methodsantroducedhere.



2.1 Time-harmonidviaxwell’'s equations

Let © beabounded_ipschitzpolyhedronin R? with connectedoundaryos). The
model problemwe shall consideris to computea time-harmonicelectricfield £
in the cavity Q2 with perfectly conductingboundary Let w denotethe temporal
frequeny of thetime-harmonidield sothatthecorrespondingime dependentield
E atpositionx € Q andtimet is givenby

E(x,t) = R (€(x) exp(—iwt)) .
Then€ : Q — C? satisfiegshe Maxwell system
Vxu'VxE&—-ke€E=J inQ, (1)

wherey, is therelative magnetigpermeabilityande, is therelative electricpermit-
tivity of themediumin thecavity (2. We assumehat ., ande,. arereal,smoothand
uniformly positive functionsof the positionin 2. In additiontherealwave number
k is givenby
k = wy/eopo,

where i is the magneticpermeabilityand e is the electric permittivity of free
space.The sourcefunction J is relatedto the appliedcurrentdensitydriving the
cavity andis assumedo bea givenvectorfunctionin L?(Q)3.

The assumptiorthat 2 hasa perfectly conductingboundarygivesthe following
boundaryconditionon 992:

nx&=0 ono. (2)
Heren denoteghe outward normalunit vectorto 0.

Throughouthepaperwe will assumehatk? is notaninterior Maxwell eigervalue
(seealsoPropositionl below), i.e., for ary € # 0, the pair (A = k2, €) is notan
eigensolutiorof the problemV x 'V x € = Mg, € in Q, n x € = 0 on 9.
Notethatthis assumptiorwould not be necessaryf someregion of 2 (containing
a ball of non-zeroradius)hada nonzeroconductvity which would imply thatthe
imaginarypartof ¢, is positive there.Note alsothatin the specialcaseconsidered
heretherealandimaginarypartsof thesolutiondecoupleandhencewe canassume
that £ is real. If ¢, is comple valuedor if impedanceboundaryconditionsare
imposedtherealandimaginarypartsarecoupled.

2.2 Mixedformulation

Our DG methodis basedon a mixed formulationof the Maxwell boundaryvalue
problem(1)—(2). Suchformulationshave beenusedpreviously for edgeelement



discretization®f Maxwell’s equationgo improve stability [16], andto handleco-
ercive problemsin which meshesarenot alignedat a materialboundary{35]. We
canderive this formulationby usinga Helmholtzdecomposition.

GivenadomainD in R? or R?, we denoteby H*(D)?, d = 1,2, 3, the Sobole
spaceof realor complex scalar or vectorvaluedfunctionswith regularity exponent
s > 0, endavedwith theusualnorm|| - ||;,p andseminorm - |5 p. We write Hg (D)
for thesubspacef H!(D) of functionswith zerotraceandsetZ?(D)? = H°(D)?.
For thecomputationatiomainQ C R3, we let

H(div) ;) = {u e L*(Q)?* | V- (eu) = 0in Q}

H(div% Q) = {u e L*(Q)?* | V-u=0inQ},
equippedvith the L2(2)®-norm.We shallalsoneedto usethe standardspaces

H(curl; Q) = {u € L*(Q)* | V x u € L*(Q)*}
Hy(curl; 2) = {u € H(curl; Q) | n x u=00n0Q},

endavedwith thenorm

2

||u||curl,Q

= [ullge + IV x ullgo-

Furthermoreet L2 (Q)* denotethe spaceof squareintegrable functionson €
equippedwith theinnerproduct

Er — r'd-
(u,v)e, /quvx

We considetthe L? (£2)*-orthogonaHelmholtzdecompositiorf thefunction€ e
Hy(curl; ©2) givenby € = u + Vp, whereu € Hy(curl; ) N H(div? ;€2) and
p € H} (), see[36].

Using this decompositionproblem (1)—(2) can be reformulatedas follows: find
u € H(curl; ) andp € H'(Q2) suchthat

V x u 'V xu—keu—ke,Vp=J inQ 3)
V-(g,u)=0 1inQ 4)

nxu=0 onof (5)

p=0 0onos. (6)

We startby shaving well-posednessf problem(3)—(6).

Proposition 1 Assumehat k2 is nota Maxwell eigervalue Thenproblem(3)—(6)
hasa uniquesolution(u, p) € Hy(curl; Q) N H(divy ;Q) x H} (), with p7 'V x

u € H(curl; Q), andwe havethe stability estimates

lo < E72CalllT

||u||curl,Q S Cstab“J”O,Qa ||p

|0,Q7



with positiveconstants;,, andCyj, Ce independentf k.

Proof Considerthe Helmholtzdecompositiorof J asafunctionin L?(Q)3?, J =
Jo + Vj with J, € H(div’;Q) andj € H}(52). Owing to the orthogonalityof
thisdecompositionproblem(3)—(6) decouplesnto two independensubproblems,
namelyinto the Maxwell problemwith divergencefree data

VX 'Vxu—FEegu=J, inQ
V-(g,u)=0 inQ (7)
nxu=0 onof,

andtheelliptic problem
—k*V - (5,Vp)=F inQ, p=0 onoQ, (8)

with right handside F € H~'(Q2) definedby F(q) = — J, Vj - Vqdx, for all
q € H}(Q). Existenceanduniquenessf solutionsto (7) follow now in a standard
way from Fredholmtheoryandthe coerciity of theform [, 1, 'V x u-V x vdx
on the spaceH,(curl; Q) N H (ding; Q) (see[36, Proposition2.7]). Furthermore,
p, 'V x u € H(curl; Q) and

||u||cur1,Q S Cstab”JO”O,Q S Cstab”J”O,Qa

with a stability constanCs;,;, > 0 dependingn (2, u,, ¢, andonthewave number
k2. For problem(8), existenceanduniquenesllowsfrom standarelliptic theory
andwe have

IPlle < k7?CallFll-1,0 < k7*Cal||Vj

lo,o < k_20e11||«7||0,9,
with C; > 0 only dependingn 2 ande,.. a

In our duality approachin section6 we will alsomake useof the following regu-
larity result.

Proposition 2 For smoothcoeficientsy, ande,., there existsa regularity exponent
o = o(Q) > 1 sud that the solutionu in (3)—(6) satisfiesu € H(2)* and
V x u € H?(Q)3. Furthermoe,

[ullo.o + IV X ullo0 < Cregl| T llo.0

with a positiveconstantC.., dependingn 2, u, ande,.

Proof By decouplingproblem(3)—(6) into (7) and(8), we seethatthe solutionu
of (7) satisfiesV x u € L*(Q)3, V - u € L*(Q)? (herewe usethe assumptiorthat
e, IS smooth,sothate,V - u = V - (g,u) — Vg, - u holdstrue)andn x u = 0
on 02 . From [37, Proposition3.7], it follows thatu € H°*(Q)? for o; > £ and



.0 < C(Q)|[ulcur,0 With anembeddingonstantC(Q) justdependingn .

Thus,from Propositionl, we have ||u||,, .0 < C1[|T ||o,0-

Now setw = u 'V x u. Fromthefirst equationin (7), wehare V x w = J; +

k%*e,u € L*(Q)3. FurthermoreyV - (u,w) = 0 andu, w-n =V x u-n = 0 on 9.

Sincey, is smooth,usingagain[37, Proposition3.7], it followsthatw € H2(Q)3

for o, > 3 and|[|wlls0 < C(Q)IWlleue < C(Q, 1)V x ulff g + [[To +

erTuH%,Q)%. Hence,from the triangle inequality and Propositionl, we conclude
that||w||s,.0 < Co||T |l0,0- Choosings := min{oy, 05} andCie; = max{Ci, Cs}

completeghe proof. O

Remark 3 If the polyhedon 2 is corvex and i, = &, = 1, the parametero in
Proposition2 canbechosenaso = 1, see[37].

3 Discontinuous Galerkin discretization

In this sectionwe introducestabilizedinterior penaltydiscontinuoussalerkindis-
cretizationdor the Maxwell system(3)—(6).

3.1 Triangulations

Let 7, bearegulartriangulationof thedomains) into tetrahedraWe denoteby Ak
the diameterof the element’ andseth = maxgc7, hx. Thediameterof theface
f is denotedby h . We alsoassumehe triangulationto be shaperegular, thatis,
thereis a positive constant suchthat,for any K € 7,

M <,
PK

wherep is thediameterof the biggestball containedn K (see[38, p. 124]).

Let £ betheunionof all thefacesof 7, and&7 theunionof theinternalfaces We
definethefunctionh in L>(£) by

h=h(x)=h; Ifxe€f
3.2 Traceopermtors

First, we needto definesomenotationconcerningfunctionsin H*(7,) := {v :

vl € HY(K), K € Tp}, for s > 1. The elementwiseracesof suchfunctions



belongto TR(E) := Ike7, L?(0K); they are double-waluedon &7 and single-
valuedon € \ €7. The spaceL?(€) canbeidentifiedwith the functionsin TR(€)
for which thetwo tracevaluescoincide.

Next, we introducecertaintraceoperatorsTo this end,fix w € TR(£)? andy €
TR(E), andlete C &7 beaninterior facesharedby the elementsk; and K». Let
n; bethe normalunit vectorpointing exterior to K; andw; = w|sk,, ¢i = ¢|ax;
(: = 1,2). Thenwe definefor x € e the average, the tangential jump andthe
normaljump of w asfollows:

1
{W}} = §(W1+W2) IIW]]T =1N; XWj+1Ny X Wy IIW]IN =Wi-N;+Wsy-1y.

Similarly, we definefor x € e theaverage andthenormaljump of ¢ by

1
{o} = 5(‘/91 + ©2) [eln = p1ny + @oms,.
Then,onary boundaryfacee C £ \ £z, wesetforx € e

fwp=w [wlr=nxw [eln = ¢m.

Sincewe will notrequireeitherof the quantities{¢}} and[w]y ontheboundary
&\ &z, weleave themundefined.

If w € H(curl; Q2), then,for all e C &, thejumpconditionn; X w; +ny; X wo = 0

holdstruein HO_O%(e)E’, andthusalsoin L?(e)? (for the definition of H&)%(e), see,
e.g.,[39]). Therefore[|w] is equalto zeroon £z. Similarly, for w € H(div; ),
we have that [w] v is well-definedandequalto zeroon £z. Furthermorefor the
exactsolutionu € Hy(curl; Q) N H(div? ; Q), wehave [u]r = 0in L?(e)? for ary

Ep?

boundaryfacee, in additionto [u]; = 0 and[e,u]y = 0 oné&z.

3.3 Stabilizedinterior penaltydiscontinuousGalerkinmethods

We approximate: andp in thediscontinuoudinite elementspaceV,, x @ where

Vi ={velL?)Q)?: vlg € PYK)? VK € Tp}
Qn={qe L*Q): qlx € PYK), VK € T},

for anapproximatiororder/ > 1, with P*(K) denotingthe spaceof polynomials
of degreeatmost/ on K.

We considethefollowing discontinuoussalerkinmethodfind (uy, pr) € Vi xQp



suchthat,for ary (v, q) € Vi, X Qp,

a(up, v)+c(up, v)+d(uy, v)—k*(up, v)., +b(v, pr) = F(v) 9)
b(un,q) —e(pn, q) =0. (20)

Here,

a(u, v) :/Qu,—lvh X U -V X Vdx — /8|[u]]T UV, x v ds
— [Vl 'V x up ds

bv.p) =k* [ pVn- (V) dx — & | o} [erv]v ds

c(u,v) =a /g b lm uy - [v]rds

d(u,v) =K [ nleruly [erv]y ds

+ kB > hi/ Vi - (g,u) Vi - (6,V) dx
KeTy, K

e(p, q) :k27/c_h_1e|[p]]N [g]n ds + « /gh_lm_l[[vhp]];p - [Vra]r ds,

with V,, x, V,- andV,, denotingthe elementwisecurl, divergenceand gradient,
respectrely, andthe functionsm ande aredefinedon £ astherestrictionto £ of
i, ande,, respectrely. The parametersy, 5 and~ in theformse, d, ande are
positive. The purposeof theseformsis to stabilizethemethod.Thefunctional F at
right-handsideof (9) is

F(v) :/Qj-vdx.

Let usdiscusghefollowing pointsaboutthis method:

e Theforma(-,-) + ¢(-,-) correspondso theinterior penaltydiscretizationof the
curl-curl operatoy cf. [28]; it is symmetricandstableprovidedthatthe parameter
« is largeenough(seeLemmal4 belown). The nonsymmetriczariantof theinterior
penaltydiscretizationis obtainedby replacinga by

a(u,v):/g,u;lvh xu-Vy ><vdx+/g|[u]]T-{{u;1Vh x v} ds

(11)

- /5|[V]IT ;' Vi x ul ds.
Thentheforma(-,-) + ¢(-, -) is nonsymmetricput stablefor ary o > 0 (seeRe-
mark15below). In thefollowing we will only presentheanalysisor thesymmet-
ric methodin (9)-(10),but emphasizehatthe errorestimatesoobtainedhold true
verbatimfor its nonsymmetriovzariant.

e The form b(-, -) discretizeshe divergenceconstraintin the mixed formulation
(3)—(6) by meansof DG techniquessimilarto theformsusedin [40] for the Stokes



systemNoticethat,afterintegrationby parts,theform b(-, -) canalsobeexpressed
by

b(V,p) = _kZ/Qng . Vhpdx+ kZ/gllp]]N ) ‘H&"V]} dS, (Vap) € Vh X Qh-

e Theformsd(-,-) ande(-,-) provide stabilization.While d(-, -) is relatedto the
divergenceconstrainttheform e(-, -) providesstability via control of jumpsof the
scalarpotentialp. We foundit necessaryo includetheseformsin orderto be able
to prove optimal error estimateswith our techniquesof analysis.Whetheror not
similar resultscan actually be obtainedwithout thesestabilizationforms remains
anopenquestionandwill beinvestigatechumericallyin aforthcomingwork.

¢ By elementarymanipulationghe third termin the form a(-, -) canbe expressed
by

—/ [Vl - fp ' Vi x ulds = > / veng X [tV x u]ds
£ Kek 79K (12)
— | v}t Vi x u]rds,
&z

forallu, v € V},, whereng is theoutwardnormalunit vectorto 0K . For theexact
solutionu we haveu € Hy(curl; Q) andu 'V x u € H(curl; Q). Thus,[u]r = 0
on& and[u 'V, x u]r = 0 on&z, and,with (12),a(u, v) hasto beunderstoodis

a(u,v):/ Ve xu-Vy x vdx + Z/a v-ng X [putVy, x u]ds,
Q K

KeK

for v € V},, wheretheboundaryintegralsarein factduality pairings.
Let usnow addresshe consisteng of the method.

Proposition 4 ThediscontinuousGalerkin methodin (9)—(10)is consistentj.e.,
the exactsolution(u, p) of problem(3)—(6) satisfieq9)—(10),for all testfunctions
(VaQ) € Vh X Qh-

Proof We have u € Hy(curl;Q), i, 'V x u € H(curl;2) andu € H(div_ ;Q).
Thus,[u]r = 0 oné&, aswell as[e,u]y = 0 and[u, 'V, X ulr = 0 on &7,
Moreover, p € H;(Q2) andVp € Hy(curl; ) andthus[p]xy = 0 and[Vp]r = 0
on&. Thesecondequation(10)is thentrivially satisfiedfor all ¢ € Q. From(12),

thefirst equation(9) reducedo

/u;1qu-thvdx+Z/ vng X [u7 'V, x uds
Q oK

KeK

—kQ/Q&:,ﬂu-vdx—i—kZ/QpVh-(srv)clx—kZ/‘E {{p}[[erv]]Nds:/QJ-vdx,

10



for v € V. Integration by partsover eachelementk, taking into accountthe
boundaryconditionfor u andp, yields

/Q(VXHIIVXU_kQSTu—kzeer)'VdX=/QJ-vdx,

whichis satisfiedfor all v € V. O

Remark 5 Notethat the regularity of the solutionstatedin Proposition2 as con-
sequencef the smoothnesassumptioron the coeficientsis neededeitherin the
definitionof the method nor in the proof of Proposition4. Asa matterof fact, the
methodis definedand consistentor piecavise smoothcoeficientsy, ande,. In

this case the functionsm and e haveto be adjustedby taking the corresponding
averges,i.e., bytakingm = {u, } ande = {¢,} oné&.

Remark 6 The analysisdevelopedin the following sectionsmales use of con-
forming projection operators, and therefore only covers the caseof mesheghat
do not containhangingnodes.On the other hand,the DG methodis well-defined
for genemal non-matting grids. In this case the interior facesare undeistoodas
the (non-empty)nteriors of the intersectionsbetweertwo adjacentelementsand
thefunctionh hasto beredefinedn & as

h = h(x) s(hx +hie) ifx €e=0KNOK'
= X) =
hk  ifx€ec dK No.

4 Themain result

In this section,we presentanddiscussour main result— an optimal a priori error
estimatefor the DG methodin (9)—(10). The proof of this boundis developedin
section5 andsection6; it is basedn a suitableduality agumentthatheavily relies
on the regularity resultof Proposition2, andthereforethe assumptiorof smooth
coeficientsy, ande, is essentialMoreover, in orderto simplify the presentation,
we restrictourselhesto the caseu, = ¢, = 1. The extensionto generalsmooth
coeficientsis straightforvard.

Definethespaces
V(h) := Vi + (Ho(curl; Q) N H(div’; ) Q(h) := Qu + HL(),
andthebrokennorm|| (u, p) ||, givenby

I (a,p) Ik = K*llall o + £ Vaplloq + | (0 p) [1,

11



wherethe seminorm| (u, p) |, is givenby

1

_ 1
[(wp) i =Ve xullg o+ o b2 [ulrllge + &5 12 [u] v [[G e,

1 _1
+EB > WiV -ullg « + Ky [h7 2 [plv 5+ Ih 2 [Vaplzrlige-
KeTy

It is easyto seethat|| (-, -) ||» is actuallyanormin V (k) x Q(h).
Our mainresultestablishegrrorestimatesn thenorm|| (u, p) ||

Theorem 7 Assumehat the exactsolution (u, p) of the continuousproblem(3)—
(6) satisfies

1
ue H(Q)* VxueH®Q)?® peHQ) s> 7 (13

and let (up, py) be the discrete solution obtainedby the DG method(9)—(10).
Then, there exists positive constantsa, and 5y, with oy = «g(k,£) and g, =
Bo(k, £, Cen), sudh thatfor o > oy and g > 3, we havetheerror bound

I (= wn,p = pa) o < CR™™ 3 (Jlull o0 + |V x u

|s.0+ ||P||s+1,9),
providedthat h < hq for somehy = ho(k, ¢, k, Creg, @, 3,7, 8, 5).

Remark 8 Theoem7 guaranteesoptimala priori error boundsprovidedthat the
stabilizationparametes o and 3 are large enough.Restrictionsof this type are
typically encounteed in interior penaltymethodg(seg e.g., [28,41]). It is worth
notingthat o,y and 3, are independenof the wavenumberk?.

Remark 9 Note that the smoothnessssumptionar € H*(Q2)? andV x u €
H*(Q)? follow fromProposition2, wheeasthe assumption € H*+!(Q) doesnot
seemnto holdtrue for geneml sourcetermsJ in L?(2)3. Thislack of smoothnest
thepotentialp for geneal right handsideswill bethemajor difficultyin our duality
argumentin section6 belowandis the reasorwhywe introducedhe stabilization
formsd(-,-) ande(, -). We also point out that for divergencefreesourcetermsJ
(oftenencounteedin practice)wehavep = 0 andtheassumptiorp € H*™1(Q) is
trivially satisfied.

Proceedinglongthelinesof [42], we canconcludegrom theapriori errorestimates
in Theorem? existenceanduniquenessf discretesolutions.

Corollary 10 For @ > ag and 3 > f,, the DG method(3)—(4) admitsa unique
solution,providedthath < h;.

Proof We needonly establishthatif J = 0, the only solutionis u, = 0 and
pr, = 0. Butif J = 0, thenu = 0, p = 0 andthe estimateof Theorem7 implies

12



Il (up, o) lln < 0for h < hy. Since|| (+,-) ||» isanormon 'V, x @, we conclude
thatu, = 0 andp;,, = 0. |

The proof of Theorem? is developedin section5 andsection6. First, we rewrite
the DG methodin a non-conformingrashion,usinglifting operatorssimilar to the
onesintroducedn [28], andprove aninf-supcondition.Then,we derive anabstract
errorestimatewvhich canbeviewedasa variantof Strangs lemma.This is donein
sectionb. Finally, in section6, we make explicit theerrorestimategor theprincipal
part of the problemandthenfor the L?-norm of the error by a duality approach
wherewe needg to belarge enough.

5 Abstract error estimates

In this section,we prove an abstracterror estimatefor our DG method.The key
ingredientto obtainthis estimatds aninf-sup conditionwhich we prove in Propo-
sition 17, following an argumentoften usedin the analysisof stabilizedfinite ele-
mentsin Stokesflow (see.e.g.,thesuney article[43] andthereferencesherein).

5.1 Aglobalbilinear form

For the purposeof our analysiswe replacethe integralsover interelemenbound-
ariesby volumeintegralsgivenin termsof thelifting operatorsC : L*(£)? — V,,
andM : L?(&E7) — Qy definedby

/Q,C(v)-de:/gv-{{w}}ds Vw € 'V,
/QM(v)qu:/gzv{{q}}ds Vg € Q.

We alsoneedthelifting operatot\V : L2(€7) — V, definedby
/N de—/ v[wlyds  Vw € V.
Considertheformsayg (-, -) andbyg (-, ) givenby

aye(u, v) ::/ Vi Xxu-Vy, xvdx
/ (Lulr) - (Va x v) + L(V]r) - (Vi x )] dx
g (v, p) ::kQ/QpVh-vdx— kZ/QM(ﬂv]]N)pdx.

13



Again, by integrationby parts,we have

blift(vvp) = _k2 ‘/Qv ) Vhde+ k2/ﬂ‘c’([[p]]N) : de7 V(Vap) € Vh X Qh-

For discretetestandtrial functions,the forms ayg (-, -) andbyg (-, -) coincidewith
a(-,-) andb(-, -). However, thisis nolongertruefor continuoudunctions,dueto the
discretenatureof the lifting operatorsNeverthelessye carry out our analysisin
termsof theformsayg (-, -) andby (-, -) sincethey have morefavorablecontinuity
andcoercvity propertiesandtake into accountheinconsisteng of theformsby a
variantof Strangslemma.

Introducingtheglobalform By, (u, p; v, ¢) definedby

Bi(u,p;v,q) :==ain(u, v) + c(u, v) + d(u,v) — k*(u, v)
+ bugs (v, p) — bigs(u, q) + e(p, q),

we canrewrite the DG method(9)—(10)in the following compactform:
Find (uh,ph) €V, X Qh suchthat

Bh(up, pr; v, q) = F(v), (14)

forall (v,q) € Vi, x Q.
5.2 Stability of thelifting operators
Thefollowing standardnverseinequalitieqsee g.g.,[38]) will beusefulin therest

of the paper

Lemma 11 For polynomials: € P*(K), wehave

1
lo,ox < Cinvhg? (|70, 71,6 < CiwhEH 70,165

7

with a constantC},, > 0 only dependingon the shaperegularity constantx and
the polynomialdegreer.

We startby establishingstability estimatedor thelifting operators.

Proposition 12 Let£ and M bethelifting operators definedabove We havethat,
for all v e V(h) andfor all ¢ € Q(h),

_1
0,0 < Crre|[h™2[q]n|oe
oo < Clire|[h™*[v] v|

LV lloe < Cinln 2 [VIrloe  [1£([alw)]
IM([VIN o0 < Crinlh ™ [VInllog: IV ([VIn)

with a constantCy;; only dependingon x and/.

0,Ez

14



Proof We prove the first estimate.Givenv = w, + w € V/(h), obsere that
[vlr = [wr]r on&. By thedefinition of the operatorL andthe Cauchy-Scharz
inequality we have

Jo £([Vlr) -z dx _ Jelvlr - {=} ds

I£([v]7)llo,0 = sup = sup
zEVy, ||Z |0,Q zEV, ||Z| 0,22
< aup I8¢ Trlloclint bl

Then, by using the definitionsof {{-} andh, andthe first inverseinequality in
Lemmall, we obtain

1
IRz {z}l5e < C > hxllzllson <C 3 llzlis x = Cllzlls o-

KeTy, KeTy,

This provesthefirst estimateThe otherestimatesreobtainedsimilarly. a

5.3 Continuity

We canstatethe following continuity properties.

Proposition 13 Thele existsa positiveconstantC only dependingn x and/ sud
that, for all (u, p), (v,q) € V(h) x Q(h),

|air (w, v)[ < Cf (0, 0) [ll (v, 0) [l le(u, v)| < CJ (w, 0) [|al] (v, 0) [|
[bige (, p)| < O (w,0) lal (0,p) [ [d(u,v)| < C| (w,0) [ln]l (v, 0) ||
le(p; @)| < C1(0,p) [|all (0, g) [|n-

Consequentlyfor all (u,p), (v,q) € V(h) x Q(h),

Bi(u,p; v, q) < Ceont | (w, ) [ln]l (v, ) lIn;

for a continuityconstantC,,,; > 0 only dependingpn x and/.

Proof Usingthefirst estimatan Propositionl2, we have

|aise (w0, V)| <[V X ulloa [V X vijog + [|Va X v]joq [ £([ulr)lloq
+ Ve x ufloa [[£([vIr)llo.o < Cll (w,0) [a]l (v, 0) [|-

Then,owing to the secondestimaten Propositionl2,

[biiee(w, p)| < &V ap = L([PIw)llo0 ullop < Cll (w, 0) [Iafl (0, p) |1

Theestimatedor c(-, -), d(-, -) ande(-, -) arestraightforvard. O

15



5.4 Inf-supcondition

We show the stability of the form B, in thefollowing two stepswe startby prov-
ing, in Lemmal4, a Gardinginequalityfor theform B;, in termsof the seminorm
| () |» andthen,in Lemmal6, a stability estimatefor By, (u, p; —V;p, —p); by
combiningtheseresults we obtaintheinf-sup conditionin Propositionl7.

Lemma 14 Theee existsa positiveconstantC' independentf » and £ sud that,
for all (u,p) in Vi, x Q4,

By(u,p;u,p) > C| (u,p) 5 — K*[lullg o

providedthat o > Cg;,, whee Cyy, is the constantin the estimatesof Proposi-
tion 12.

Proof First,we prove thefollowing coercvity property:for all u € Vy,
ain (1, 1) + c(u, 1) > C(|[Va x ull§ o + [l = [u] | ). (15)

Using the arithmeticgeometricmeaninequality [ab| < Za* + 2b%, andthe first
boundin Propositionl2, we have,for ary 6 > 0,

axte(u, u) + c(u, u)

= Vs xullfo =2 [ Vaxu- £([ulr) dx + ol fulr| e
4] o
> (1= 2 )IVa xulg - 5 1£(ul)

§ Ci !
> (1= 2 )1V x ullo+ a1 - =5 )~ fulr

1
o0 +alh 2 [u]r(l,

2
0,

Owingto theassumptionv > C%,, wecantake C%;, < § < o andobtain(15).Now,
sinceBy, (u, p; u, p) := aig (1, u)+c(u, u)+d(u, u) —k*|ul|§ o +e(p, p), theresult
immediatelyfollows from the coercvity property(15) andfrom the definition of
theseminorm| (-, -) . O

Remark 15 If wereplacethe form ayg by its nonsymmetricvariant derivedfrom
(11), Lemmal4 holdstrue for any « > 0. For the symmetriomethodin (9)—(10),
we will assumethroughoutthe text that « satisfiesae > C3;, (the constanta in
Theoem?7 is actually Cz,).

Lemma 16 Let(u,p) € V; x Q. Thenthere exist positiveconstant<;, C, and
C5 independendf h andk sud that

I (Vap, p) [In < Cil| (w, p) [|n
Bi(u,p; =Vup, =p) = Cok?||Vipllg o — Csl (u,p) [; — C3k?||ul[§ o-
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Proof Let usfirs;[ prove the continuity property From Lemma1l1l, the following
boundshold: |h2[Viplnllos, < ClViplloa and ||Apllox < Chy'||Vp
Then,from thedefinitionof || (-, -) ||, we obtain

oz

_1 1
I (Vap,p) Iz =2 K% Vapllo.o + 2 072 [Vaplrlloe + &8 02 [Vap]y
_1
+ kB Y hillApllox + &y I 2 [plwllo

0,62

KeTy
_1 _1
<CK(Vapllo o +20|b 2 [Viplrllos + &y Ih 2 [plvlloe
<Cill (u,p) I3,

forarny u € V,, with C; = C1(Ciny, 8).

In orderto prove the boundfor By (u, p; —Vp, —p), We estimateseparatelythe
bilinear forms that are involved. We considerfirst a;g(u, —V;p). From Proposi-
tion 12:

i, ~Vip) = [ L(Vplr) - Vi x udx
Ciin

> _ lift
- 2

1 1
b2 [Vaplrlice = 51V x ullge:
For c(-, -) ande(-, -) we have

o(u, ~Vip) = ~a [ v~ [uls - [Vipls ds
Q. _1 o, _1
>~ SIS fulelle — G In3[Varls

e(p, —p) = —k*~|n 3 [pln|

0.6

1
oe — ol 2 [Viplr

0.6+

Let us considemow by (-, -). We have againfrom Proposition12 with arithmetic
geometricneaninequalities

b (~Vp,p) =KVl — K [ L(0ply) - Vipds

k2 k2 §12ift ||h7%

> Vil - [Pl 2

and

—bye(u, —p) = — kQ/Qu - Vyppdx + kz/QL(ﬂp]]N) ‘uds

9 K2 Cly . 1
> — Skl o L

2 k? 2
0,0 — E”Vhp”o,n -
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Ford(-,-), we have

d(u, Vip) = — kQﬁ/Q./\/'(h[u]]N) Vipdx — k28 Y % /Kv uApdx
KeTy

1 k?
> — 4k Cg|In2 [u] wff c — 16//Vap o0

—4k°C?*B* ) hy||V-u

KeTy

2 k? 2
|0,K - 1_6||Vhp |O,Qa

wherewe usedthe estimatesn Proposition12, the inverseestimate||Ap|jo x <
Chz'||Vpllo,x andarithmeticgeometricmeaninequalitieswith suitableweights.
Finally, we notethat

k*(u, Vip) > —4k*||lu

2 k2 2
|0,Q - E”Vhpno,n-

Adding togetherall the contritutionsfrom the bilinear forms we obtainthe result
(with our choiceof theweights,C; = ). 0

We arenow readyto prove the following inf-sup condition.

Proposition 17 Thee are positiveconstant<’;, C, and C3 independenbf A and
k sudhthat, for any (v, ¢) € V;, x Qp, theris (w, s) € V;, x @ sud that

I (w, s)lln < Cill (v:9) lln

(16)
Bu(v,q;w,5) > Cal| (v, @) [} + K Vaallg0) — Csk*[IvI[G -

Proof Set(w,s) = 6(v,q) — (Vag, q), combineLemmal4 andLemmal6 and
choose) large enough. O

5.5 Avariantof Strang’slemma

We prove thefollowing abstracerrorestimatenvolving theresidual

Rh(u,p;V,Q) = Bh(u,p;V,Q) - f(V),

which takesinto accountheinconsisteng of theformulation(14).

Theorem 18 Thee is a constantC' independentf - and k£ sud that the error
(u — up, p — pp) satisfies

u-—u,p— <C< inf u—v,p—
lw=wp=p)ln<c( it J@=v,p=a)ls

‘Rh(uvp; w, S)|

+ sup +k||u—uh||0,g>.

0,0 £w,s)eVix@y Il (W) [[a

18



Proof Fix (v, ¢) € V;, x Q. We splittheerror (u — uy, p — py) into

(11 - uhap_ph) = (11 —V,p— Q) + (V — Up, q _ph) = ("Pua(pp) + (£ua£p)

We bound(§,,, &), which we mayassumeo be nonzeroBy Propositionl7, there
exists a nonzerotestfunction (w, s) € V,, x Q, satisfying(16) with (v,q) =
(&, &p)- We obtain

I (€., &) 17 = E2N1€lIG 0 + K1 Va&llea + | (€4 &) I
< C|Bu(&,, & w, s)| + CE1€,]5 0
< C By, op; W, s)| + C|Ry(u, p; w, s)| + C k*[|€, |5 0

B L Re(u, p;w, s)|?
< 057 (. ) I} + 00 BB B )

Il (w, 5) [I5
+ 0l (w, ) [l5 + CE*1€.]l5.0

— — R u,p;w,s 2
< C6 | (purion) I} + o BT, 5)

Il (w. 5) [l
+C0ll (€., &) Iz + CK*]I€,

|§,Qa

for ary § > 0, wherewe usedthe definition of the residualR;,, the continuity
of B, arithmeticgeometricmeaninequalitiesand || (w, s) ||, < C || (¢,,&) |lx-
Hence the parameteb canbe chosersuchthat

|Rh(uap; w, S)‘

Il (w, 5) [I%

Sincek? (€, 3 < K2l — will3q + K21, [ 0 we have

2
I (€0, &) Iz < Cll (@u, 9) I + € +C K5 0-

I €& I < Ol eu o I
|Rh(uap; w, S) |2

+ sup

4 Bfu — w2 )
©00£ws)evixan I (W, 8) 7 09

The assertiomow follows by applyingthe triangleinequalityandtaking the infi-
mumoverall (v,q) € Vj, X Qp. a

Remark 19 The result of Theoem 18 holds true also in the cases = 0. The
positivityof 3 andthestability inducedby the correspondingormswill beinvoked
in the duality argumentof the next section.

6 Error estimates

In this section,we make explicit the abstracerrorestimaten Theoreml8.
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6.1 Approximationproperties

First, we review the approximatiorresultsfor the L2-projection,for standardH*-
conformingandfor curl-conformingNédeléc operators.

Lemma20 Letw € HY(K),t > 0. LetII bethe L*-projectionfrom H!(K') onto
P K). Thenfor m integer, 0 < m < t, wehave

[ — Taw| e < CRE™ I o)

tK-
Moreover, if ¢ > £,

in {¢+1,t}—1
lw — Twlox < Ch 72 )], k.

TheconstantC only depend®nx, ¢ andt.

Proof For naturalnumberg, thefirst estimatefollows from the classicaBramble-
Hilbert theory(see.e.g.,[38]); for t = 0, it is aconsequencef the stability of the
L?-projection.For non-integert, it canbe obtainedby interpolation.The second
estimatefollows from the tracetheoremfrom L?(0K) to H'(K), from the first
estimateandscalingarguments. a

We also needa standardH !-conforming approximant,see[38], and a Clément
operatoyasconstructedn [44].

Lemma 21 The standad nodal H!-conforminginterpolant Il : [H™™(Q) N
H; (Q)] = [Qn N H(Q)] satisfies

|w — 1w < C RPELELm ) g m=0,1,
fort > % TheconstantC only depend®n «, ¢ andt.

This lemmais provedin [38] for integert, andcanbe provedfor non-integert by
usingtheargumentsn [45].

For the Clémentoperatorlc : Hg(Q) — [Qn N Hy ()], we recallthe following
result(seee.qg.,[44, pp.109-111]).

Lemma 22 Thele existsa constantC only dependingn x and/ sud that

> (Ilw = Tenw|? g + hilllw = Tew|[f  + hi llw = Tewl[} 5xc) < Cllw]} o
KeT

Finally, we establishithe next lemmafor curl-conformingNédelec operators.
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Lemma 23 LetIl.,; bethe curl-conformingNédelec operator (either of the first
type [6] or of the secondtype [7]) into Vj, N Hy(curl; ©2). Then,there exists a
constanC' = C(k, ¢, t) suc that,for anyw € Hy(curl; Q)NH Q)3 withV xw €
HY(Q)%,t > 1,

Q)- (17)

||W - ]'_‘[CUI‘IWH(;HI-I’Q <C hmin{ﬁ,t}(

Moreover, if w alsobelongsto H (div’; Q),

1 .
b2 [w — Mowwlnllog, < C ™™ (lwlli + |V x Wlli0)

1
( S RV - w_ncuﬂw)”g,,()Z < ¢ pminita) (
KeTy,

9).

Proof The first partis provedin [45, Section5]. For the secondpart, denoteby
ITy, the L?-projectionontoV,. By usingthetriangleinequality theapproximation
resultsn Lemma20, thefirstinverseestimateén Lemmall,the L*-stabilityof ITy,
andthefirst partof thislemma,we obtain

1
|hz[w — cher]IN“g,SI

<C Z hK(”W - HVh (W - chrlw)”g,aK)

KeTy,
<O Y mEH S w4 C Y [Ty, (w— Tew)[
Ker, KeTy

<C
< Ch2 min{4,t} <

o Cllw — chrlw”%,ﬂ
2
) ) °

To prove thelastestimatewe integrateby partsandobtain

> hgllV - (W — Mewnrw)|[5

KeTy,
== Y R / VYV - (W = Hopqw) - (W — Tow)dx
KeTy,
+ Z h2/ (W — eynw) (W — I gyqw) - ngds =: 11 + Ts.
KETy

Let usfirst considerthe volumetermT;. UsingthefactthatV - w = 0, Cauchy-
Schwarzinequalitiesthesecondnverseestimatdan Lemmall andthefirst partof
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thislemma,we get

1
— ( z h ”vv chrlw||0K)2||W—H
KeTy

<C( Y BV - Tamwl3 1) ? [[w =TT

KeTy,

1

=C( X WiV (W = TeunW) I} ) *[IW — Teunwllo
KeTy,

1
< Chmln{lt}( Z h ”V (W_chrlw) 2, )2<||W||t’Q+ ||V XW“t,Q).

KET,

Similarly, we canboundtheterm7; by

1

Ty < (X WV MewnwllFox)* (X Arcllw = Mewnwl[3 o)

KeTy, KeTy

o=

1

< (X PRIV - Meww|i )’

KET,

=

(Y hxcllw = Ty, wiZ o + 1Ty, (W = Teunw)[[2 o)

KeTy
3 3 )

< Chmm{ﬁ t}( Z h ||V (W _ chrlw)
KeTy,
wherewe usedthefirst inverseestimatein Lemmal1 for the term containingthe
. . 1
sumand proceededhsin the estimateof ||h? [w — IT.,qaw]x|o,e, fOr the second
term. This completeghe proof of thelastestimate. a

6.2 Errorin theprincipal part

We have thefollowing estimateof theresidualin Theoreml8.

Lemma24 Let(u,p) betheexactsolutionandassumehatV x u € H*(Q)* and
p € H*H(Q), for s > 1. Then/forall (v,q) € V(h) x Q(h),

R (w,p:v, q) :/JM'T AV x u—Ty, (V x u)} ds

+ k2/a [vly {p — g,p} ds,

whee Ily, andIlg, denotethe L2-projectionsonto V,, and @y, respectively
Moreover, there existsC independentf A sud that

1
[Ri(w, 5 v, )| < CHmE | (v, 0) [ (IV x ull g+ Ipl2410) *
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Proof By straightforvard calculationsinvolving integration by parts and taking
into accountthe definition of thelifting operatorsC and M, we have that,for ary

(v,p) € V(h) x Q(h),
Rp(u,p;v,q) :/g{{v xu} - [v]rds — /QV x u- L([v]r)dx
+8 [ o} s = K [ pM([vI) .

Since

/Qv xu- L([v]r) dx = /anh(v x u) - L([v]r) dx

(18)
| pM(IVIv) dx = [ T, p M(IV]) dx,

we obtainthe desiredexpressiorfor R, (u, p; v, q).

For the estimate®f theresidual let uswrite Ry, (u, p; v, q) =: T + 15, where

T, = LMT AV xu—Ty, (V x v)} ds

Ty =K [ [Vly {p— Tlg,p} ds.

By the Cauchy-Schwarz inequality the definition of the norm || (-, -) ||, andthe
secondestimateof Lemma20, we obtainthefollowing bound:

l

7 <C | %, 0) I (X AxllV x u = Ty, (V x )l )
KeTy,

<CLE0) I (X BV xcull )

KeTh
Similarly,
l
GOl ( X kil - ol ox )
KeTy
1
2min{¢,s 2
<l ( X m bl )
KeTy,
Theestimateor R, thenfollows. O

We arenow readyto prove thefollowing errorestimate.

Corollary 25 Underthe assumption®f Theoem?7, there existsa constantC' in-
dependentf themeshsizé sud that

Il (w=un, p=pa) I < C ™™ ([[ulls,0 |V xulls 0+ [plls1.0)+Chllu—u]lo0.
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Proof Considerthe abstractestimateof Theorem18 and boundthe infimum by
|| (w — Meynu, p — M g1p) |5, Wwherell.,, is the curl-conformingNédelec operator
andIl: the standardd ' -conforminginterpolantfrom Lemma21. Takinginto ac-
countthe approximationpropertiesn Lemma21 andLemma?23 andthe estimate
of theresidualin Lemma24, we obtaintheresult. a

6.3 Errorin the L?-norm

In orderto completeour erroranalysiswe needto estimateheterm ||ju—uy||o.o-

This is donein the next propositionby a duality approachThe main difficulty in

this agumentis thatwe cannot assumeary smoothnesfor the scalarpotentialof

thedualsolution.To overcomehesedifficultieswe will have to make thestabiliza-
tion constant large enough.

Proposition 26 Leto > ; be the regularity exponentfrom Proposition2. Fur-
thermoe, we assumehat the exact solutionsatisfiesthe smoothnesassumptions
in (13)with s > . Thenwehave

kl[u — upllo,e <C1 A™™OU | (w = up, p — pa) In + CtR™ ™ pl|s 10
_1
+ Co 872 (u = un, p — pn) I,

with Ci = Cl(lﬁ, K’ k‘, B, Crega g, S) and02 = CQ(K,, f’ Cell)-
Consequentlthere exists 8y = 5y (k, £, Cen) sud thatfor g > G,

1 min
klu=wnlog < 5 I (w=un,p—pn) s+ Ch I 1pllssr0,

providedthat h < h, for a constanthy = hg(k, £, k, Creg, v, 5,7, 0, 5).

Proof Theproofis givenin severalstepsWe startby introducinga suitableadjoint
problemwith right-handside ¥?(u — uy,), denotingby (z, 1) its solution,andwe
expressk®||u — u||g o asthesumof B,(u — up,p — pr; z — Meunz, ¥ — )
plus residualterms,with I1.,, the curl-conformingNéceléc operatorinto V;, N
Hy(curl; Q) andIl¢, theClémentbperatointo Q,NH; () (stepl). Then,estimates
of the residualg(step2) andof the bilinear formsin the definition of B, give the
result(steps3 and4).

Step 1: A dual problem. Let (z, 1) bethesolutionof the dualproblem

VxVxz—kz+kEVYy=k(u-u,) inQ

Vz=0 in Q
nxz=0 on o2 (19)
Y =20 on of).
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By Propositionl andProposition2, we have

o + IV X 2[00 < Cregh?|[u — uloo
1Y|l10 < Ceallu — uplon

[z

(20)

for aregularityexponents = o(Q2) > % We mayalsoassuméhato < 1. Themain
problemin thefollowing agumentss thatwe cannotassume) to besmoothethan
belongingto H; ().

Thesolution(z, 1) of problem(19) satisfies

Bh(Z, _wa v, Q) - Rh(Z, —1/1, v, Q) = kQ(u — Uy, V)

forall (v,q) € H(T)® x H(Ty), s > % Taking (v,q) = (u — uy, —(p — pr)),
observing(13), we obtain

By.(2z, —; u—up, —(p = pn)) — Ra(2, —¥; 0 — up, — (0 — pa)) = k*[lu— us g o-
SinceBy(u — up, p — ph; za, Yn) = Ru(0, p; za, Yn) = —Ra(0, p; 2 — 24, Y — Pn),
for all (z, ) € Vi, x Qp, andusingthe skew-symmetrypropertieof B, we can
write
K |lu—usllg o = Bu(u—un,p—ph;z2— 24, — ¥n) + R + Ro + R3 + Ry, (21)

with residualterms

R = —/gﬂu—uh]]T-{{V x z — Ty, (V x z)} ds,

Ry =k [ [u—wily {4~ lg, 0} ds,

Ry = —/gﬂz—zh]]T-{V x u— Ty, (V x u)} ds,

Ry = —k? /Ez [z —zp]n{p — Hg,p} ds.

We definez;, = Il...z, sothat Ry = 0, andvy, = I, with IT.,, the curl-
conformingNéckElécoperatorfrom Lemma23 andlIl¢, the standardClémentoper
atorwhich satisfythe approximatiorpropertyof Lemmaz22.

Step 2: Theresiduals. We estimateheresidualexpressionsi;, R, and R, in (21)
(recallthat R; = 0). Let usstartwith R;. The Cauchy-Scharzinequalityandthe
approximatiorpropertiesn Lemma20yield

Ry < Cff (u—us,0) [n( D hxlV x 2= Ty, (V x 2)| o)
KEeT,
< Ch7| (u—up, 0) [allV x 2z][¢0.
Thus,from (20),

Ry < Ch7k?|| (u =y, 0) lnllu = wsllo-
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Thecrucialtermis R,. Againfrom the Cauchy-Schwarzinequality usingthe sec-
ondestimateof Lemma20 andthe stability estimate420) for the dualsolution,we
obtain

Ry < C(K*B8|h2[u — wilwllog,)” (B8 2 hilllv — T, ¥l o)

KET;,

< CEkB 7| (u—up,0) |la]l¥]re
< CkB72| (u—up,0)|s)lu—ul

0,025

with C' = C(k, ¢, Cen). Finally, for R, we have

1
Ry < C| (z — Thenz, 0) [ (K287 Y i llp — g,pll3 o)

KeTy
< O™k || (2 — Tz, 0) [[allpllss1,0

Step 3: Theterm || (z — Icynz, 0) ||n. We claim that
| (2 = Teunz, 0) [l < C A7k [[u = usljo0, (22)
with C' = C(k, £, k, Creg, B,0).

To see(22), we first note that, sincethe Nédeléc projectionis curl-conforming,
1
|h~2 ]z — Ileunz]rllo,c = 0. Furthermorepy (17) and(20),

IV x (z — chrlz)”g’g + k?||z — chﬂzH%,Q < Oh* (||z lo,0 + ||V X z||(,7Q)2
< Ch¥Elu—uyff g

Fromthe secondandthird estimate®f Lemma23 and(20), we have

1
kB %[z — Meunz]nlg.e, < CR*K[|u— w50

K28 Y hllV - (2 = Memz) |5 < C 7k [[u — uplff o
KeT

Theproof of estimatg(22) now follows from the definitionof || (z — II.ynz, 0) ||
Step 4: The assertion. We are now able to completethe proof Proposition26.
Define§, = z — Ilyuz and§, = 1 — Ilge. From (21), taking into account
that,dueto the conformity of the projectorsII,,, andIlc, ¢c(u — u, €,) = 0 and
e(p — pn, &) = 0, we have that

k2||11 - uh”g,Q :alift(u — Up, Ez) + d(u — Up, 62) - kQ(u — Up, Sz)

+ bige (&, 0 — Pr) — buge(w — up, &) + Ry + Ro + Rs.

Fromthe continuity propertiesof Propositionl 3, we obtain

K llu = unlgo <C I (w = un, p = pn) lall (€2, 0) I

(23)
+ |bigg(w — up, &y)| + Ry + Ry + Rs,
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wherewe isolatedtheterm by (u — uy, &) thatneedgo betreatedseparatelyBy
the Cauchy-Schwarzinequalitywe have

|blift(u - uh,&p)‘Q
2

2
= ]{12/9 &/, Vh . (u - uh) dx‘ + k2/Q /\/l(|[u - uh]]N) §¢dx
<2 (K8 S WllVa- (a = w)l s + K81 M (b — w0
KeTy,
(P87 X Bl k),
KeTy,

with ¢ = C(k). Now, using the approximationproperty of Lemma22 of the
Clementoperatorthethird estimatein Propositionl2,the secondestimaten (20)
andthedefinitionof || (u — uy) ||», we get

|bige (w0 — ap, &p)|?
<C?RE7 (KB Y KllVa (=) + 6]¢ o - uly

KeTy,
< C?E*B7| (u — up, 0) Il — up 5 o

Be: Il

whereC' = C(k, ¢, Cqn). Insertingthis, (22) and the estimatedor the residuals
obtainedn Step2in (23) completeghe proof. O

The proof of Theorem? follows now from Corollary 25 andProposition26.

7 Conclusions

In thispaperwe have carriedoutanerroranalysidor stabilizednterior penaltydis-
continuousGalerkinmethoddor the discretizatiorof theindefinitetime-harmonic
Maxwell equationsWe have derivederrorestimateshatareoptimal, providedthat
the stabilizationparametersrelarge enoughandthe meshsizes smallenough A
numericalstudyof the proposednethodss the subjectof ongoingwork.
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