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Abstract

We proposestabilizedinterior penaltydiscontinuousGalerkinmethodsfor the indefinite
time–harmonicMaxwell system.The methodsarebasedon a mixed formulation of the
boundaryvalueproblemchosento provide controlon thedivergenceof theelectricfield.
Weproveoptimalerrorestimatesfor themethodsin thespecialcaseof smoothcoefficients
andperfectlyconductingboundaryusingaduality approach.
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1 Introduction

Thenumericalsolutionof thetime-harmonicMaxwell’sequationspresentsanum-
berof challenges.First,away from boundariesandmaterialinterfaces,thesolution
is smoothandoscillatory. Theneedto approximatetheoscillationsrequiresasuffi-
ciently fine grid comparedto thewave-lengthof thesolution,andresultsin a large
numberof degreesof freedomif many wavelengthsarecontainedin thedomainof
interest.This requirementcanbeloosened(but not entirelyavoided)by theuseof
high ordermethods[1,2], so that it is desirableto usehigh ordermethodswhere
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the solution is smooth.A secondproblemis that at the boundaryof the domain
the solutioncanbe singular[3]. Indeed,on a non-convex polyhedraldomainthe
straightforwardapplicationof continuousfinite elementmethodscanresultin adis-
cretesolutionthatconvergesto avectorfunctionthatis notasolutionof Maxwell’s
equations[4]. While it is possibleto modify thevariationalform to correctfor this
failure[5], a similar problemalsooccursat interfacesbetweendifferentmaterials.
This is becauseat discontinuitiesin the electricpropertiesof the materialsin the
domainof theelectromagneticfield, theelectricfield is discontinuous.Thuscon-
tinuouselementsneedto be modifiedat suchinterfaces.A third problem,which
we will not discusshere,is the numericalsolutionof the sparseindefinitematrix
problemresultingfrom thefinite elementdiscretization.

Considerationsof the first two problemsmentionedabove have lead to a wide-
spreadadoptionof edgefinite elements[6,7] for the discretizationof the time-
harmonicMaxwell’s equations.For anengineeringview of suchelements,a good
summaryis containedin thebooks[8,9]. An erroranalysisof theseelementshas
beengiven in [10–12] and the profoundconnectionbetweentheseelementsand
differentialformshasbeennotedfor examplein [13–15].Perhapsthemainproblem
with suchelementsis thatthey becomerathercomplex astheorderof theelements
is increased,andlikeall conformingmethodsthey requireasuitablefinite element
grid which complicatesimplementingadaptivesolvers.Nevertheless,adaptive �
� -
finite elementsolvershavebeenimplementedandshow considerablepromise[16].

In this paperwe proposea new way to discretizethe indefinite time-harmonic
Maxwell systembasedon a discontinuousGalerkinmethod(denotedDG in the
remainderof the paper).In particular, we proposea suitableextensionof the in-
terior penaltymethodsto the Maxwell system.Thesemethodsdatebackat least
to [17–20] and have beenstudiedfor coercive elliptic and convection diffusion
problemsmorerecentlyin [21–23].WementionthatseveralotherDG methodsfor
standardcoercive elliptic problemscanbefound in the literature(for instancethe
LDG method[24,25]or theDG methodintroducedby BaumannandOden[26,27])
andunifiedanalyzesof discontinuousmethodsin thecontext of elliptic problems
have beenpresentedin [28,29]. For the time-harmonicMaxwell equationsin the
low-frequency regime, wherethe resultingbilinear forms arecoercive, the LDG
methodshavebeenrecentlyinvestigatedin [30].

Our goal is to producea flexible solver in which the orderof the schemecanbe
changedeasilybetweendifferentregionsof thegrid. In additionwehopeto exploit
thefact thatDG gridsdo not needto bealignedin orderto improve theefficiency
of wavepropagationof themethod.Thusin regionswith differentelectromagnetic
properties(andhencedifferentwavespeeds),differentgrid sizescanbeusedto bal-
ancethepropagationaccuracy of theschemein eachsubdomain.Finally it maybe
possibleto “tune” parametersin theDG schemeto improve propagationaccuracy
(this is certainlypossiblein 1D onespacedimension!).
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In this paperwe prove basicerror estimatesfor our proposedschemesunderthe
assumptionof smoothlyvaryingmaterialproperties.Thisassumptionis neededfor
certaina-priori estimatesusedin theanalysis.Ultimately we hopeto extendthese
resultsto more generalcoefficients and boundaryconditions,and we detail the
formulationin thesecases.

Perhapstheclosestapproachin theliteratureto theDG methodsweproposeis the
ultra weakvariationalmethodof Cessenat[31]. While successfulin practice,this
methodis still incompletelyunderstoodon a theoreticallevel. For examplecon-
vergenceis not provedfor thestandardperfectlyelectricallyconductingboundary
condition(or neara singularity),or in generalthroughoutthe domainof compu-
tation. However the successfuluseof this methodis onemotivation for propos-
ing the methodsin this paperwhich areconvergentglobally even in thepresence
of boundarysingularities.Another similar approachis the mortar finite element
methodappliedto theMaxwell equations[32]. To ourknowledge,convergencehas
notbeenprovedfor thismethodin thecaseof wavepropagation.Howeverthesuc-
cessof thismethodappliedto low frequency eddycurrentproblems(in whichcase
the resultingbilinear forms arecoercive) suggeststhatmortarmethodsor similar
domaindecompositionmethodscouldbeusefulfor scatteringproblems[33]. An-
otherdomaindecompositionapproachis theFETI methodappliedto theMaxwell
equations[34]. A Lagrangemultiplier basedversionof this methodwasanalyzed
in [35] for the coercive Maxwell problemarising in time stepping.Again to our
knowledge,convergencehasnot beenprovedfor this methodin thecaseof wave
propagationin Maxwell’sequations.

Theoutlineof our paperis asfollows. In section2, we startby detailingthemixed
formulationwe shall useasthe basisof the DG methodsproposedhere.We also
summarizesomeregularity and existenceresults.Then in section3 we propose
the DG methodsthat are the subjectof this paper. The main result of the paper
is an optimal a priori error boundthat we presentin section4. Its proof is based
on a duality approachand is containedin section5 and section6. We end our
presentationwith someconcludingremarksin section7.

2 A mixed formulation for the time-harmonic Maxwell equations

In this section,we introducethe time-harmonicMaxwell equationsandpresenta
mixedformulationfor thecontinuousproblemwhich will bethebasisfor theDG
methodsintroducedhere.
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2.1 Time-harmonicMaxwell’s equations

Let � bea boundedLipschitzpolyhedronin ��� with connectedboundary��� . The
modelproblemwe shall consideris to computea time-harmonicelectricfield �
in the cavity � with perfectly conductingboundary. Let � denotethe temporal
frequency of thetime-harmonicfield sothatthecorrespondingtimedependentfield�

atposition ����� andtime � is givenby��� ��� �"!�#%$ � � � �&!('*),+ �.-0/ �1�"! !32
Then �546�87 9 � satisfiestheMaxwell system:<;>=@? 
A :<; � -CB,D E A �F#HG in �I� (1)

where
= A is therelativemagneticpermeabilityand

E A is therelativeelectricpermit-
tivity of themediumin thecavity � . Weassumethat

= A and
E A arereal,smooth,and

uniformly positivefunctionsof thepositionin � . In additiontherealwavenumberB
is givenby B #J�LK E�MN=OM �

where
=OM

is the magneticpermeabilityand
E�M

is the electricpermittivity of free
space.Thesourcefunction G is relatedto theappliedcurrentdensitydriving the
cavity andis assumedto beagivenvectorfunctionin P D � �Q! � .
The assumptionthat � hasa perfectly conductingboundarygives the following
boundaryconditionon �R� : S ; �C#HT on �R�I2 (2)

Here S denotestheoutwardnormalunit vectorto �R� .

Throughoutthepaper, wewill assumethat
B D

is notaninteriorMaxwell eigenvalue
(seealsoProposition1 below), i.e., for any �VU#WT , thepair

�YX # B D �N�L! is not an
eigensolutionof the problem

:Z;�= ? 
A :Z; �[# X\E A � in � , S ; �[#]T on �R� .
Notethat this assumptionwould not benecessaryif someregion of � (containing
a ball of non-zeroradius)hada nonzeroconductivity which would imply that the
imaginarypartof

E A is positive there.Notealsothat in thespecialcaseconsidered
heretherealandimaginarypartsof thesolutiondecouple,andhencewecanassume
that � is real. If

E A is complex valuedor if impedanceboundaryconditionsare
imposed,therealandimaginarypartsarecoupled.

2.2 Mixedformulation

Our DG methodis basedon a mixedformulationof theMaxwell boundaryvalue
problem(1)–(2). Suchformulationshave beenusedpreviously for edgeelement
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discretizationsof Maxwell’s equationsto improvestability [16], andto handleco-
ercive problemsin which meshesarenot alignedat a materialboundary[35]. We
canderive this formulationby usingaHelmholtzdecomposition.

Given a domain ^ in � D
or � � , we denoteby _>` � ^a!.b , cd#fe
�hg,�ji , the Sobolev

spaceof realor complex scalar- or vector-valuedfunctionswith regularityexponentkmlJn , endowedwith theusualnorm oqpro `.s t andseminormu pru `vs t . Wewrite _ 
M � ^a!
for thesubspaceof _ 
 � ^a! of functionswith zerotraceandset P D � ^w!xby#H_ M � ^a!xb .
For thecomputationaldomain �%z5� � , we let

_ �|{~}�� M����� �Q!1#�������P D�� �Q! � u : p �|E A ��!1# n in ���
_ ��{~}�� M � �Q!1# � ����P D � �Q! � u : pr��# n in � � �

equippedwith the P D � �Q! � -norm.Weshallalsoneedto usethestandardspaces

_ �|���~�"� � �Q!�#�������P D�� �Q! � u :<; ����P D�� �Q! � �_ M������(� � � �Q!�#�������_ �|���~�"� � �Q!�u S ; ��#�T on �����y�
endowedwith thenorm

o*�Lo D	|�N��� s   #¡o*�Lo DM s  £¢ o :<; �Qo DM s   2
Furthermore,let P D� � � �Q!x� denotethe spaceof squareintegrable functionson �
equippedwith theinnerproduct� �1� ¤�! � � #�¥  

E A �¦p§¤¨c���2
Weconsiderthe P D� � � �Q!.� -orthogonalHelmholtzdecompositionof thefunction �5�_ Mr�����~� � � �Q! given by �]#f� ¢ : � , where �V��_ M������(� � � �Q!y©d_ �|{~}�� M����� �Q! and�¦�>_ 
M � �Q! , see[36].

Using this decomposition,problem(1)–(2) can be reformulatedas follows: find����_ �|���~�"� � �Q! and�ª��_ 
 � �Q! suchthat:«;¦=&? 
A :<; � -CB,D E A � -¬B,DNE A : �a#�G in � (3): p �­E A �@!�# n in � (4)S ; ��#%T on ��� (5)�a# n on ���I2 (6)

Westartby showing well-posednessof problem(3)–(6).

Proposition 1 Assumethat
B D

is not a Maxwelleigenvalue. Thenproblem(3)–(6)
hasa uniquesolution

� ���®�R!Q��_ Mr�|���~�"� � �Q!¯©¦_ �|{~}�� M�®� � �Q! ; _ 
M � �Q! , with
= ? 
A :<;

����_ �|���~�"� � �Q! , andwehavethestabilityestimates

o*�Qo 	|�N��� s  ª°J±y²�³ � � o�G´o M s   � ov�µo 
 s  ¶° BR?·D ±y¸ �¹� o�G´o M s   �
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with positiveconstants±y²�³ � � and ±y¸ �¹� , ±y¸ �¹� independentof
B
.

Proof ConsidertheHelmholtzdecompositionof G asa function in P D � �Q!x� , G #º3M ¢ :m»
with

º3M �¼_ ��{(}�� M � �Q! and
» �[_ 
M � �Q! . Owing to the orthogonalityof

thisdecomposition,problem(3)–(6)decouplesinto two independentsubproblems,
namelyinto theMaxwell problemwith divergencefreedata:<;>=&? 
A :<; � -CB,D E A ��# º3M

in �: p �­E A �@!1# n in � (7)S ; ��#HT on ���I�
andtheelliptic problem-IB·D*: p �|E A : ��!1#�½ in �¾� �a# n on �R�¾� (8)

with right handside ½ ��_ ? 
 � �Q! definedby ½ ��¿ !a# -�À   :Á» p :Â¿ cÃ� , for all¿ �Ä_ 
M � �Q! . Existenceanduniquenessof solutionsto (7) follow now in a standard
way from Fredholmtheoryandthecoercivity of theform

À   = ? 
A :V; �ªp :Å; ¤£c��
on the space_ Mr�|���~�"� � �Q!�©Æ_ ��{(}�� M� ��� �Q! (see[36, Proposition2.7]). Furthermore,= ? 
A :<; ����_ �����(� � � �Q! and

o*�Qo 	|�N��� s  ª°J±y²�³ � � o º3M o M s  ª°J±y²�³ � � o�GHo M s   �
with astabilityconstant±y²�³ � �¨Ç n dependingon � ,

= A , E A andonthewavenumberB D
. For problem(8),existenceanduniquenessfollowsfrom standardelliptic theory,

andwehave

ov�µo 
 s  ¶° BR?·D ±y¸ �¹� o*½ao ? 
 s  ª° BR?·D ±y¸ �¹� o :m» o M s  ª° BÈ?·D ±y¸ �¹� o�GHo M s   �
with ±y¸ �¹� Ç n only dependingon � and

E A . É
In our duality approachin section6 we will alsomake useof the following regu-
larity result.

Proposition 2 For smoothcoefficients
= A and

E A , thereexistsa regularity exponentÊ # Ê � �Q! Ç 
D such that the solution � in (3)–(6) satisfies�Z�«_¦Ë � �Q! � and:<; ����_¦Ë � �Q! � . Furthermore,

o*�Lo Ë*s   ¢ o :<; �Lo Ë*s  ¦°J± � ¸|Ì o�G´o M s   �
with a positiveconstant± � ¸|Ì dependingon

B D
,
= A and

E A .
Proof By decouplingproblem(3)–(6) into (7) and(8), we seethat thesolution �
of (7) satisfies

:<; �¬��P D � �Q!x� , : p�����P D � �Q!x� (herewe usetheassumptionthatE A is smooth,so that
E A : pÃ�%# : p �|E A ��! -5:�E A p6� holdstrue) and S ; ��#<T

on �R� . From[37, Proposition3.7], it follows that �´�J_¦Ë�Í � �Q! � for Ê 
 Ç 
D and
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o*�Qo Ë�Ívs  �°H± � �Q!ro*�Lo 	|�N��� s   with anembeddingconstant± � �Q! just dependingon � .
Thus,from Proposition1, wehave o*�Lo Ë�Ívs  ¶°�± 
 o�G´o M s   .
Now set ÎÏ# = ? 
A :Ð; � . Fromthefirst equationin (7), we have

:Ð; ÎZ# º3M ¢B D E A ���>P D � �Q! � . Furthermore,
: p ��= A ÎÑ!1# n and

= A Î�p S # :�; �Òp S # n on �R� .
Since

= A is smooth,usingagain[37, Proposition3.7], it follows that Î]��_ ËhÓ � �Q!x�
for Ê D Ç 
D and ojÎ�o Ë Ó s  ¡° ± � �Q!�ojÎ�o 	|�N��� s  W° ± � �I� = A ! � o :Ô; �Qo DM s  ¦¢ o ºÕM ¢B D E A �Lo DM s   ! ÍÓ . Hence,from the triangleinequalityandProposition1, we conclude
that ojÎ�o Ë Ó s  �°´± D o�G´o M s   . ChoosingÊ 4Ö#´× }�Ø � Ê 
 � Ê D � and ± � ¸�Ì #´×ÚÙ�)�� ± 
 � ± D �
completestheproof. É
Remark 3 If the polyhedron � is convex and

= A # E A #Ûe , the parameter Ê in
Proposition2 canbechosenas Ê #�e , see[37].

3 Discontinuous Galerkin discretization

In thissection,we introducestabilizedinteriorpenaltydiscontinuousGalerkindis-
cretizationsfor theMaxwell system(3)–(6).

3.1 Triangulations

Let Ü,Ý bearegulartriangulationof thedomain� into tetrahedra.Wedenoteby �ÈÞ
thediameterof theelementß andset �¶#´×àÙr)~Þâá�ãjä¯�ÈÞ . Thediameterof thefaceå

is denotedby �Èæ . We alsoassumethe triangulationto be shaperegular, that is,
thereis a positiveconstantç suchthat,for any ßf�>Ü(Ý ,

�ÈÞè Þ ° çq�
whereè Þ is thediameterof thebiggestball containedin ß (see[38, p. 124]).

Let é betheunionof all thefacesof Ü(Ý , and éÃê theunionof the internal faces.We
definethefunction ë in P�ì � é�! by

ëÚ#5ë � �&!1#´�Èæ if ��� å 2
3.2 Traceoperators

First, we needto definesomenotationconcerningfunctionsin _ ` � Ü(Ý�!Ñ4í#Û�rîÐ4îqu¹Þ]�¼_¦` � ß�!*�0ß �ïÜ(Ý�� , for k Ç 
D . The elementwisetracesof suchfunctions
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belongto ðQñ � éµ!�4í# ò0Þâá§ãNä�P D � �Rß�! ; they are double-valuedon éÃê and single-
valuedon é>ó0éÃê . ThespaceP D � éµ! canbe identifiedwith the functionsin ðQñ � éµ!
for which thetwo tracevaluescoincide.

Next, we introducecertaintraceoperators.To this end,fix ÎÔ�CðQñ � é�! � and ô%�ðQñ � é�! , andlet õÚzïé�ê beaninterior facesharedby theelementsß 
 and ß D . LetS¯ö bethenormalunit vectorpointingexterior to ß ö and Î ö #¼ÎÄu ÷*ÞOø , ô ö #ùô\u ÷*ÞOø
(
/ # e��hg ). Then we definefor �«�Wõ the average, the tangential jump and the

normal jump of Î asfollows:

� ��Îª� ��# eg � Î 
 ¢ Î D ! ú ú Îàû ûýü¶# S 
 ; Î 
 ¢ S D ; Î D ú ú¹ÎÚû ûÿþ¬#JÎ 
 p S 
 ¢ Î D p S D 2
Similarly, wedefinefor ���>õ theaverageandthenormal jump of ô by

� � ô�� �¾# eg � ô 
 ¢ ô D ! ú ú�ô&û û�þC#Hô 
 S 
 ¢ ô D S D 2
Then,onany boundaryface õÁz8é¶ó éÃê , wesetfor �Ä��õ

� ��Îª� ��#5Î ú ú Îàû ûýüª# S ; Î ú ú ô&û û�þC#´ô S 2
Sincewe will not requireeitherof thequantities� � ô1� � and ú ú Îàû û�þ on theboundaryé¶ó éÃê , we leave themundefined.

If Î]��_ �|���~�"� � �Q! , then,for all õmz8é�ê , thejumpcondition S 
 ; Î 
 ¢ S D ; Î D #HT
holdstrue in _ ? ÍÓMvM � õr! � , andthusalsoin P D � õr! � (for thedefinitionof _ ? ÍÓMvM � õr! , see,
e.g.,[39]). Therefore,ú ú Îàû ûýü is equalto zeroon éÃê . Similarly, for ÎÔ�C_ ��{(}�� � �Q! ,
we have that ú ú Îàû û�þ is well-definedandequalto zeroon éÃê . Furthermore,for the
exactsolution �Ä��_ M������(� � � �Q!~©�_ ��{~}�� M�®��� �Q! , wehave ú ú �qû û�üª#�T in P D � õr!x� for any
boundaryface õ , in additionto ú ú �qû û�ü¦#%T and ú ú E A �qû û�þF# n on é�ê .

3.3 Stabilizedinterior penaltydiscontinuousGalerkinmethods

Weapproximate� and� in thediscontinuousfinite elementspace
� Ý ;�� Ý where� Ý�#���¤��>P D � �Q! � 4�¤Qu¹Þ5����� � ß�! � �	�3ß ��Ü(Ý��� Ý¾#�� ¿ ��P D�� �Q! 4 ¿ u Þ8��� � � ß�!h�	�3ßf��Ü,Ý��6�

for anapproximationorder 
 l e , with � � � ß�! denotingthespaceof polynomials
of degreeat most 
 on ß .

WeconsiderthefollowingdiscontinuousGalerkinmethod:find
� �&ÝÃ�®�~Ý�!y� � Ý ;�� Ý
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suchthat,for any
� ¤�� ¿ !y� � Ý ;�� Ý ,� � �&ÝÃ� ¤�! ¢�
 � �¯ÝÃ� ¤�! ¢ c � �¯ÝÃ� ¤�! -¾B,Dr� �&ÝÃ�"¤µ! � � ¢ � � ¤â�Y�ÈÝr!�#�� � ¤�! (9)� � �&ÝÃ� ¿ ! - õ � �ÈÝÃ� ¿ ! # n 2 (10)

Here,� � �1� ¤�!�#Æ¥  
=&? 
A : Ý ; �¦p : Ý ; ¤£cÃ� - ¥��Èú ú �qû û�üwp�� � =&? 
A : Ý ; ¤1� ��c k- ¥�� ú ú ¤¯û û�üwp
� � =&? 
A : Ý ; ��� ��c k� � ¤��®�R!�# B,D ¥   � : ÝQp �|E A ¤�!~c�� -¬B,D ¥ ��� � �j�O� � ú ú E A ¤¯û ûÿþàc k


 � �1� ¤�!�#��¬¥��@ë ? 
�� ? 
 ú ú �¯û ûýüÑp·ú ú ¤&û ûýüIc k
c � ���"¤µ!�# B,D�� ¥�� � ëÁú ú E A �qû ûÿþ�ú ú E A ¤¯û ûÿþàc k

¢ B,D����Þâá�ã ä � D Þ ¥ Þ : Ý0p �­E A �@! : Ý\p �|E A ¤�!~c��
õ � �q� ¿ !�# B D�� ¥ ��ë ? 
�� ú ú �(û ûÿþdp·ú ú ¿ û û�þac k ¢ � ¥ ��ë ? 
 � ? 
 ú ú : Ýj�~û ûýüwp·ú ú : Ý ¿ û û�üIc k �

with
: Ý ; ,

: ÝÃp and
: Ý denotingthe elementwisecurl, divergenceandgradient,

respectively, andthe functions
�

and
�

aredefinedon é asthe restrictionto é of= A and
E A , respectively. The parameters� ,

�
and

�
in the forms 
 , c , and õ are

positive.Thepurposeof theseformsis to stabilizethemethod.Thefunctional � at
right-handsideof (9) is � � ¤�!�#H¥   Gfp�¤Òc���2
Let usdiscussthefollowing pointsaboutthis method: Theform � � p��§p ! ¢!
 � p��§pí! correspondsto the interior penaltydiscretizationof the
curl-curl operator, cf. [28]; it is symmetricandstableprovidedthat theparameter� is largeenough(seeLemma14below). Thenonsymmetricvariantof theinterior
penaltydiscretizationis obtainedby replacing� by� � �1� ¤�!�# ¥  

= ? 
A : Ý ; �¦p : Ý ; ¤¨c�� ¢ ¥ � ú ú �¯û ûýüÑp�� � = ? 
A : Ý ; ¤1� �µc k- ¥ � ú ú ¤¯û û�üwp�� � =&? 
A : Ý ; ��� ��c k 2 (11)

Thenthe form � � p��§p ! ¢"
 � p��§p ! is nonsymmetric,but stablefor any � Ç n (seeRe-
mark15below). In thefollowing wewill only presenttheanalysisfor thesymmet-
ric methodin (9)-(10),but emphasizethattheerrorestimatessoobtainedhold true
verbatimfor its nonsymmetricvariant. The form

� � p���p ! discretizesthe divergenceconstraintin the mixed formulation
(3)–(6)by meansof DG techniques,similar to theformsusedin [40] for theStokes
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system.Noticethat,afterintegrationby parts,theform
� � p���p ! canalsobeexpressed

by� � ¤��®��!�# -�B,D ¥  
E A ¤¦p : ÝN��c�� ¢ B·D ¥��~ú ú �(û ûÿþdp
� � E A ¤1� �µc k � � ¤��®��!y� � Ý ;#� ÝÃ2

 The forms c � p��§p ! and õ � p���p ! provide stabilization.While c � p���p ! is relatedto the
divergenceconstraint,theform õ � p���p ! providesstability via controlof jumpsof the
scalarpotential� . We foundit necessaryto includetheseformsin orderto beable
to prove optimal error estimateswith our techniquesof analysis.Whetheror not
similar resultscanactuallybe obtainedwithout thesestabilizationforms remains
anopenquestionandwill beinvestigatednumericallyin a forthcomingwork. By elementarymanipulationsthe third term in the form � � p���p ! canbeexpressed
by

- ¥�� ú ú ¤¯û û�üwp�� � =&? 
A : Ý ; ��� ��c k # �Þâá�Þ ¥ ÷*Þ ¤ªp S Þ ; ú =@? 
A : Ý ; �¯ûrc k
- ¥ �$� � ��¤1� �\p·ú ú =@? 
A : Ý ; �qû û�ü¾c k � (12)

for all ��� ¤�� � Ý , whereS Þ is theoutwardnormalunit vectorto �Rß . For theexact
solution � wehave ���>_ M������(� � � �Q! and

= ? 
A :Å; ����_ �|���~�"� � �Q! . Thus, ú ú �¯û ûýüª#HT
on é and ú ú = ? 
A : Ý ; �qû û�ü¶#HT on é�ê , and,with (12), � � ��� ¤�! hasto beunderstoodas� � �1� ¤�!�#´¥  

=@? 
A : Ý ; �ªp : Ý ; ¤£c�� ¢ �Þâá§Þ ¥ ÷�Þ ¤>p S Þ ; ú =@? 
A : Ý ; �qûrc k �
for ¤�� � Ý , wheretheboundaryintegralsarein factdualitypairings.

Let usnow addresstheconsistency of themethod.

Proposition 4 ThediscontinuousGalerkin methodin (9)–(10) is consistent,i.e.,
theexactsolution

� �1�®��! of problem(3)–(6)satisfies(9)–(10),for all testfunctions� ¤�� ¿ !y� � Ý ;�� Ý .
Proof We have �H�F_ M��|���~�"� � �Q! , = ? 
A : ; �%�8_ �|���~�"� � �Q! and �%�8_ �|{~}�� M� ��� �Q! .
Thus, ú ú �qû ûýüù#fT on é , aswell as ú ú E A �qû ûÿþÐ# n and ú ú = ? 
A : Ý ; �qû ûýü¼#ÔT on é�ê .
Moreover, ���C_ 
M � �Q! and

: �d�C_ Mr�|���~�"� � �Q! andthus ú ú �~û û�þ´# n and ú ú : �~û ûýü�#WT
on é . Thesecondequation(10) is thentrivially satisfiedfor all

¿ � � Ý . From(12),
thefirst equation(9) reducesto

¥  
=&? 
A :<; �>p : Ý ; ¤£cÃ� ¢ �Þâá�Þ ¥ ÷*Þ ¤>p S Þ ; ú =&? 
A : Ý ; �¯û�c k

-CB,D ¥  
E A �>p§¤£c�� ¢ B·D ¥   � : Ý\p �|E A ¤�!~c�� -CB,D ¥�� � � �j�O� �,ú ú E A ¤¯û û�þâc k #�¥   Gfp�¤Òc����
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for ¤]� � Ý . Integrationby partsover eachelement ß , taking into accountthe
boundaryconditionfor � and� , yields

¥  
% :<;>= ? 
A :<; � -CB D E A � -CB D E A : �'&mp�¤£c��># ¥   Gfp§¤¨cÃ�µ�

which is satisfiedfor all ¤�� � Ý . É
Remark 5 Notethat the regularity of thesolutionstatedin Proposition2 ascon-
sequenceof thesmoothnessassumptionon thecoefficientsis neededneitherin the
definitionof themethod,nor in theproof of Proposition4. Asa matterof fact, the
methodis definedand consistentfor piecewisesmoothcoefficients

= A and
E A . In

this case, the functions
�

and
�

haveto be adjustedby taking the corresponding
averages,i.e., by taking

� # � � = A � � and
� #�� � E A � � on é .

Remark 6 The analysisdevelopedin the following sectionsmakes useof con-
forming projectionoperators, and therefore only covers the caseof meshesthat
do not containhangingnodes.On theotherhand,theDG methodis well-defined
for general non-matching grids. In this case, the interior facesare understoodas
the (non-empty)interiors of the intersectionsbetweentwo adjacentelementsand
thefunction ë hasto beredefinedon é as

ëÚ#8ë � �&!1#
()* )+ 
D � �RÞ ¢ �ÈÞ-,ÿ! if �Ä��õI#���ßV©¦�Rß�.

�ÈÞ if �Ä��õ�z%�Rß<©ª�R�I2

4 The main result

In this section,we presentanddiscussour main result– an optimala priori error
estimatefor the DG methodin (9)–(10).The proof of this boundis developedin
section5 andsection6; it is basedonasuitabledualityargumentthatheavily relies
on the regularity resultof Proposition2, andthereforethe assumptionof smooth
coefficients

= A and
E A is essential.Moreover, in orderto simplify thepresentation,

we restrictourselvesto the case
= A # E A #Ûe . The extensionto generalsmooth

coefficientsis straightforward.

Definethespaces��� �R!y4í# � Ý ¢ % _ Mr�����~� � � �Q!q©ª_ �|{~}�� M � �Q!"! �Ú� �R! 4Ö# � Ý ¢ _ 
M � �Q!h�
andthebrokennorm u u u � ���®�R!@u u u Ý givenby

u u u � ���®�R!@u u u DÝ # B,D o*�Lo DM s  £¢ B,D o : ÝN��o DM s  £¢ u � �1�®��!@u DÝ �
11



wheretheseminormu � ���®�R!@u Ý is givenby

u � �1�®��!@u DÝ #Wo : Ý ; �Qo DM s  ¨¢ �¦oNë ? ÍÓ ú ú �qû û�üâo DM s � ¢ B·D/� oNë ÍÓ ú ú �¯û û�þmo DM s �$�¢ B,D0�1�Þâá§ãNä � D Þ o : pr�Qo DM s Þ ¢ B·D � oNë ? ÍÓ ú ú �~û û�þmo DM s � ¢ �¶oNë ? ÍÓ ú ú : Ýh�(û û�ü1o DM s � 2
It is easyto seethat u u u � p��§p !@u u u Ý is actuallyanormin

��� �R! ;#�Ú� �R! .
Our mainresultestablisheserrorestimatesin thenorm u u u � ���Y��!@u u u Ý .
Theorem 7 Assumethat theexact solution

� ���®�R! of thecontinuousproblem(3)–
(6) satisfies

����_ ` � �Q! � :<; ����_ ` � �Q! � �ª��_ `32 
 � �Q! k Ç eg � (13)

and let
� �¯ÝÃ�®�ÈÝ�! be the discrete solution obtainedby the DG method(9)–(10).

Then,there exists positiveconstants� M and
�ÈM

, with � M # � Mr� çO��
§! and
�ÈM #�ÈM�� çO��
 � ±y¸ �¹� ! , such that for � Ç � M and

� Ç �ÈM
wehavetheerror bound

u u u � � - �&ÝÃ�Y� - �ÈÝ�!@u u u Ý °J± �'4658709 � s `�: % o*�Qo `vs   ¢ o :<; �Lo `.s   ¢ ov�µo `32 
 s   & �
providedthat � ° � M for some� M #H� M�� çO��
 � B � ± � ¸|Ì �0�â� � � � �j�I� k ! .
Remark 8 Theorem7 guaranteesoptimala priori error boundsprovidedthat the
stabilizationparameters � and

�
are large enough.Restrictionsof this typeare

typically encountered in interior penaltymethods(see, e.g., [28,41]). It is worth
notingthat � M and

�ÈM
are independentof thewavenumber

B D
.

Remark 9 Note that the smoothnessassumptions�Û�Z_>` � �Q! � and
: ; � �_>` � �Q! � follow fromProposition2, whereastheassumption�¦��_>`;2 
 � �Q! doesnot

seemto holdtruefor general sourcetermsG in P D � �Q!x� . Thislack of smoothnessin
thepotential� for general right handsideswill bethemajordifficultyin our duality
argumentin section6 belowandis thereasonwhyweintroducedthestabilization
forms c � p���p ! and õ � p���p ! . We alsopoint out that for divergencefreesourceterms G
(oftenencounteredin practice)wehave�w# n andtheassumption�ª��_ `32 
 � �Q! is
trivially satisfied.

Proceedingalongthelinesof [42], wecanconcludefromtheapriori errorestimates
in Theorem7 existenceanduniquenessof discretesolutions.

Corollary 10 For � Ç � M and
� Ç �ÈM

, the DG method(3)–(4) admitsa unique
solution,providedthat � ° � M .
Proof We needonly establishthat if G #ÔT , the only solution is �¯ÝC#ÔT and�ÈÝ�# n . But if G #�T , then �C#�T , ��# n andtheestimateof Theorem7 implies
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u u u � �&Ý
�®�ÈÝ�!@u u u Ý ° n for � ° � M . Since u u u � p���p !@u u u Ý is a normon
� Ý ;<� Ý , we conclude

that �¯Ý¾#HT and�~Ý¾# n . É
Theproof of Theorem7 is developedin section5 andsection6. First, we rewrite
theDG methodin a non-conformingfashion,usinglifting operatorssimilar to the
onesintroducedin [28], andproveaninf-supcondition.Then,wederiveanabstract
errorestimatewhich canbeviewedasavariantof Strang’s lemma.This is donein
section5.Finally, in section6,wemakeexplicit theerrorestimatesfor theprincipal
part of the problemandthenfor the P D

-norm of the error by a duality approach
whereweneed

�
to belargeenough.

5 Abstract error estimates

In this section,we prove an abstracterror estimatefor our DG method.The key
ingredientto obtainthis estimateis aninf-supconditionwhich weprove in Propo-
sition 17, following anargumentoftenusedin theanalysisof stabilizedfinite ele-
mentsin Stokesflow (see,e.g.,thesurvey article[43] andthereferencestherein).

5.1 A global bilinear form

For thepurposeof our analysis,we replacetheintegralsover interelementbound-
ariesby volumeintegralsgivenin termsof thelifting operators= 4~P D � éµ!x�\7 � Ý
and > 46P D � éÃê,!�7 � Ý definedby

¥   = � ¤µ!�p§Î5cÃ�¦#´¥��µ¤¦p
� ��Î¦� �µc k ��Î � � Ý
¥   > � î,! ¿ cÃ�¦#´¥�� � î\� � ¿ � ��c k � ¿ � � ÝÃ2

Wealsoneedthelifting operator? 46P D � é�ê(!17 � Ý definedby

¥   ? � î(!�p�Î%cÃ�¦# ¥ �$��îIú ú¹ÎÚû ûÿþwc k ��Î]� � Ý�2
Considertheforms � � 5 @ ³ � p��§pí! and

� � 5 @ ³ � p��§p ! givenby� � 5 @ ³ � ���"¤µ! 4Ö# ¥  
: Ý ; �¦p : Ý ; ¤¨cÃ�- ¥  

A = � ú ú �qû û�üq!�p �Y: Ý ; ¤µ! ¢ = � ú ú¹¤¯û ûýüO!�p �®: Ý ; �@!CB3c��� � 5 @ ³ � ¤��®��!y4Ö# B D ¥   � : ÝQp§¤¨cÃ� -CB D ¥   > � ú ú ¤&û û�þ ! �0c���2
13



Again,by integrationby parts,we have� � 5 @ ³ � ¤â�Y��!�# -�B D ¥   ¤>p : ÝN�0cÃ� ¢ B D ¥   = � ú ú �(û ûÿþy!�p§¤Òc���� � � ¤��®��! � � Ý ;#� ÝÃ2
For discretetestandtrial functions,the forms � � 5 @ ³ � p��§p ! and

� � 5 @ ³ � p��§pí! coincidewith� � p���p ! and
� � p��§pí! . However, this is nolongertruefor continuousfunctions,dueto the

discretenatureof the lifting operators.Nevertheless,we carry out our analysisin
termsof theforms � � 5 @ ³ � p��§pí! and

� � 5 @ ³ � p��§p ! sincethey have morefavorablecontinuity
andcoercivity propertiesandtake into accounttheinconsistency of theformsby a
variantof Strang’s lemma.

Introducingtheglobalform D�Ý � �1�®� � ¤â� ¿ ! definedbyD�Ý � �1�®� � ¤�� ¿ !â4Ö# � � 5 @ ³ � �1� ¤�! ¢E
 � �1� ¤�! ¢ c � ��� ¤�! -¬B·D�� �1� ¤�!
¢ � � 5 @ ³ � ¤��®��! - � � 5 @ ³ � �1� ¿ ! ¢ õ � �O� ¿ !h�

wecanrewrite theDG method(9)–(10)in thefollowing compactform:
Find

� �&ÝÃ�®�~Ýr! � � Ý ;�� Ý suchthatD�Ý � �&ÝÃ�®�~Ý � ¤�� ¿ !�#F� � ¤�!*� (14)

for all
� ¤�� ¿ !â� � Ý ;#� Ý .

5.2 Stabilityof thelifting operators

Thefollowing standardinverseinequalities(see,e.g.,[38]) will beusefulin therest
of thepaper.

Lemma 11 For polynomialsG£��� � � ß�! , wehave

oHGRo M s ÷*Þ °J± 587$I � ? ÍÓÞ oHG�o M s Þ u GRu 
 s Þ °J± 587$I � ? 
Þ oHGRo M s Þ\�
with a constant± 587$I Ç n only dependingon the shaperegularity constantç and
thepolynomialdegree 
 .
Westartby establishingstabilityestimatesfor thelifting operators.

Proposition 12 Let = and > bethelifting operatorsdefinedabove. Wehavethat,
for all ¤d� ��� �R! andfor all

¿ � �à� ��! ,
oH= � ú ú ¤¯û û�üO!ro M s  ¶°J± � 5 @ ³ oNë ? ÍÓ ú ú ¤¯û û�ü�o M s � oH= � ú ú ¿ û ûÿþy!ro M s  ¶°J± � 5 @ ³ oNë ? ÍÓ ú ú ¿ û û�þÁo M s �oH> � ú ú ¤&û û�þ !�o M s  ª°%± � 5 @ ³ oNë ? ÍÓ ú ú¹¤¯û û�þÁo M s �$� oC? � ú ú ¤&û û�þâ!ro M s  ¦°J± � 5 @ ³ oNë ? ÍÓ ú ú¹¤¯û û�þÁo M s �$�

with a constant± � 5 @ ³ onlydependingon ç and 
 .
14



Proof We prove the first estimate.Given ¤Ð# ÎÂÝ ¢ Î � ��� �R! , observe thatú ú¹¤¯û ûýü�#«ú ú¹ÎÂÝ§û ûýü on é . By thedefinitionof theoperator= andtheCauchy-Schwarz
inequality, wehave

oH= � ú ú¹¤¯û ûýü3!ro M s   #KJ � +L á�M@ä
À   = � ú ú¹¤¯û ûýü3!�pONyc��oHNOo M s   #KJ � +L áPM@ä

À � ú ú¹¤¯û ûýüap�� �QN~� ��c koHNOo M s  
° J � +L áPM ä oNë ? ÍÓ ú ú ¤&û ûýü�o M s � oNë ÍÓ � �QN~� �Èo M s �oHNOo M s   2

Then, by using the definitionsof � �6p�� � and ë , and the first inverseinequality in
Lemma11,weobtain

oNë ÍÓ � �QN~� �Èo DM s � °J± �Þâá�ãjä �RÞÁoHNOo DM s ÷�Þ °J± �Þâá§ãjä oHNOo DM s Þ # ± oHNOo DM s   2
Thisprovesthefirst estimate.Theotherestimatesareobtainedsimilarly. É
5.3 Continuity

Wecanstatethefollowing continuityproperties.

Proposition 13 Thereexistsa positiveconstant± onlydependingon ç and 
 such
that, for all

� �1�®��!*� � ¤�� ¿ !â� �d� �R! ;#�à� �R! ,
u � � 5 @ ³ � �1� ¤�!ru °J± u u u � ��� n !@u u u Ý,u u u � ¤�� n !@u u u Ý u 
 � �1� ¤�!ru °J± u u u � ��� n !@u u u Ý,u u u � ¤�� n !@u u u Ýu � � 5 @ ³ � �1�®��!ru °J± u u u � �1� n !@u u u Ý(u u u � Tq�®��!@u u u Ý u¹c � �1� ¤�!ru °J± u u u � �1� n !@u u u Ý(u u u � ¤�� n !@u u u Ýu¹õ � �q� ¿ !ru °J± u u u � T¯�Y��!@u u u Ý,u u u � Tq� ¿ !@u u u Ý
2

Consequently, for all
� ���®�R!*� � ¤â� ¿ !â� �d� ��! ;��à� ��! ,D�Ý � ���Y� � ¤�� ¿ ! °J± 	SR 7 ³ u u u � ���®�R!@u u u Ý,u u u � ¤�� ¿ !@u u u Ý
�

for a continuityconstant± 	SR 7 ³ Ç n only dependingon ç and 
 .
Proof Usingthefirst estimatein Proposition12,wehave

u � � 5 @ ³ � �1� ¤�!ru ° o : Ý ; �Qo M s   o : Ý ; ¤Qo M s   ¢ o : Ý ; ¤Qo M s   oH= � ú ú �¯û ûýüO!ro M s  ¢ o : Ý ; �Qo M s   oH= � ú ú ¤¯û û�ü3!�o M s  ¦°J± u u u � ��� n !@u u u Ý,u u u � ¤�� n !@u u u Ý 2
Then,owing to thesecondestimatein Proposition12,

u � � 5 @ ³ � �1�®��!ru ° B·D o : Ý � - = � ú ú �~û û�þ !�o M s   o*�Qo M s  ª°J± u u u � �1� n !@u u u Ý·u u u � n �®��!@u u u Ý 2
Theestimatesfor 
 � p��§p ! , c � p��§p ! and õ � p��§pí! arestraightforward. É
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5.4 Inf-supcondition

We show thestability of theform D�Ý in thefollowing two steps:we startby prov-
ing, in Lemma14, a Gårdinginequalityfor theform D�Ý in termsof theseminormu � p��§p !@u Ý and then,in Lemma16, a stability estimatefor D�Ý � ���Y� � -�: ÝN�q� - ��! ; by
combiningtheseresults,weobtaintheinf-supconditionin Proposition17.

Lemma 14 There existsa positiveconstant± independentof � and
B

such that,
for all

� �1�®��! in
� Ý ;#� Ý ,D�Ý � �1�®� � �1�®��! l ± u � �1�®��!@u DÝ -¬B,D o*�Lo DM s   �

provided that � Ç ± D� 5 @ ³ , where ± � 5 @ ³ is the constantin the estimatesof Proposi-
tion 12.

Proof First,we provethefollowing coercivity property:for all ��� � Ý ,� � 5 @ ³ � �1�j��! ¢T
 � ���N��! l ± � o : Ý ; �Lo DM s  £¢ �ªoNë ? ÍÓ ú ú �qû û�ü�o DM s � !*2 (15)

Using thearithmeticgeometricmeaninequality u � � u ° UDCV � D ¢ VD U � D , andthe first
boundin Proposition12,wehave, for any W Ç n ,� � 5 @ ³ � �1�j�@! ¢T
 � ���N��!

#¡o : Ý ; �Lo DM s   - g ¥  
: Ý ; �¦pO= � ú ú �qû ûýüq!~c�� ¢ �¶oNë ? ÍÓ ú ú �qû û�ü�o DM s �lYX e -ZW�\[ o : Ý ; �Lo DM s   -]�W oH= � ú ú �¯û ûýüO!ro DM s   ¢ �¦oNë ? ÍÓ ú ú �¯û ûýü�o DM s �lYX e - W�\[ o : Ý ; �Lo DM s   ¢ � X e - ± D� 5 @ ³W1[ oNë ? ÍÓ ú ú �qû ûýüâo DM s � 2

Owingto theassumption� Ç ± D� 5 @ ³ , wecantake ± D� 5 @ ³-^ W ^ � andobtain(15).Now,
sinceD�Ý � �1�®� � �1�®��!y4Ö# � � 5 @ ³ � ���N��! ¢_
 � ���j�@! ¢ c � ���j�@! -�B D o*�Qo DM s  @¢ õ � �q�®�R! , theresult
immediatelyfollows from the coercivity property(15) andfrom the definition of
theseminormu � p��§p !@u Ý . É
Remark 15 If wereplacethe form � � 5 @ ³ by its nonsymmetricvariant derivedfrom
(11), Lemma14 holdstrue for any � Ç n . For thesymmetricmethodin (9)–(10),
we will assumethroughoutthe text that � satisfies� Ç ± D� 5 @ ³ (the constant� M in
Theorem7 is actually ± D� 5 @ ³ ).
Lemma 16 Let

� �1�®��!\� � Ý ;`� Ý . Thenthere exist positiveconstants± 
 , ± D and± � independentof � and
B

such that

u u u �®: Ý"�q�®��!@u u u Ý °J± 
 u u u � �1�®��!@u u u ÝD�Ý � �1�®� � -I: ÝN�q� - ��! l ± D B,D o : Ý"�µo DM s   - ± � u � �1�®��!@u DÝ - ± � B,D o*�Qo DM s   2
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Proof Let us first prove the continuity property. From Lemma11, the following
boundshold: oNë ÍÓ ú ú : ÝN�~û û�þÁo M s �$� ° ± o : ÝN�µo M s   and obaI�µo M s Þ ° ± � ? 
Þ o : �µo M s Þ .
Then,from thedefinitionof u u u � p��§pí!@u u u Ý , weobtain

u u u �Y: ÝN�q�Y��!@u u u DÝ #�g B,D o : ÝN�µo DM s  ¨¢ gc�ªoNë ? ÍÓ ú ú : Ýj�~û ûýü1o DM s � ¢ B,D0� oNë ÍÓ ú ú : ÝN�~û û�þÁo DM s �$�¢ B·D0� �Þâá�ãjä � D Þ obaI�µo DM s Þ ¢ B,D � oNë ? ÍÓ ú ú �~û ûÿþÁo DM s �
°�± B D o : Ý �µo DM s  ¨¢ gc�ªoNë ? ÍÓ ú ú : Ýj�~û ûýü1o DM s � ¢ B D/� oNë ? ÍÓ ú ú �~û û�þÁo DM s �°�± 
 u u u � �1�®��!@u u u DÝ �

for any ��� � Ý , with ± 
 # ± 
 � ± 587�I � � ! .
In order to prove the boundfor D�Ý � �1�®� � -�: ÝN�O� - �R! , we estimateseparatelythe
bilinear forms that are involved.We considerfirst � � 5 @ ³ � ��� -I: ÝN��! . From Proposi-
tion 12:

� � 5 @ ³ � ��� -I: ÝN��!1# ¥   = � ú ú : ÝN�~û ûýüO!�p : Ý ; �£c��
l - ± D� 5 @ ³g oNë ? ÍÓ ú ú : Ýh�(û û�ü1o DM s � - eg o : Ý ; �Qo DM s   2

For 
 � p��§p ! and õ � p��§pí! we have


 � �1� -�: Ýj��!�# - � ¥ � ë ? 
 ú ú �qû ûýüÑp6ú ú : Ýj�~û ûýü¾c kl - � g oNë ? ÍÓ ú ú �qû ûýüâo DM s � - � g oNë ? ÍÓ ú ú : Ýj�~û ûýü1o DM s �õ � �q� - ��!1# -�B D/� oNë ? ÍÓ ú ú �(û ûÿþmo DM s � - �\oNë ? ÍÓ ú ú : Ýj�~û ûýü1o DM s � 2
Let usconsidernow

� � 5 @ ³ � p��§pí! . We have againfrom Proposition12 with arithmetic
geometricmeaninequalities� � 5 @ ³ �x-�: ÝN�O�®��!�# B,D o : Ý"�µo DM s   -CB·D ¥   = � ú ú �~û û�þ !�p : ÝN��c k

l B D
g o : Ý"�µo DM s   - B D ± D� 5 @ ³g oNë ? ÍÓ ú ú �~û ûÿþÁo DM s �

and

- � � 5 @ ³ � �1� - ��!1# -CB,D ¥   �ªp : ÝN�0c�� ¢ B,D ¥   = � ú ú �(û ûÿþy!�pr�£c k
l -ed g B,D o*�Qo DM s   - B D

eOf o : ÝN�µo DM s   - B D ± D� 5 @ ³g oNë ? ÍÓ ú ú �~û û�þmo DM s � 2
17



For c � p��§pí! , wehave

c � �1� : ÝN�R!�# -CB,D0� ¥   ? � ëOú ú �¯û û�þ !�p : ÝN��c�� -CB,D����Þâá�ãjä � D Þ ¥ Þ : pr�gaI�0c��
l -ihâB,D/�¯D ± D� 5 @ ³ oNë ÍÓ ú ú �qû ûÿþmo DM s � - B D

eOf o : ÝN�µo DM s  -ihâB,D ± D/�¯D �Þâá§ã ä � D Þ o : p��Lo DM s Þ - B D
eOf o : ÝN�µo DM s   �

wherewe usedthe estimatesin Proposition12, the inverseestimate obaI�µo M s Þ °± � ? 
Þ o : �µo M s Þ andarithmeticgeometricmeaninequalitieswith suitableweights.
Finally, wenotethat

B D � ��� : Ý ��! l -\h6B D o*�Lo DM s   - B D
eOf o : ÝN�µo DM s   2

Adding togetherall thecontributionsfrom thebilinear formswe obtaintheresult
(with our choiceof theweights,± D # 
j ). É
Wearenow readyto prove thefollowing inf-supcondition.

Proposition 17 There are positiveconstants± 
 , ± D and ± � independentof � andB
such that, for any

� ¤�� ¿ !y� � Ý ;#� Ý , there is
� Î¦� k !y� � Ý ;#� Ý such that

u u u � Î¦� k !@u u u Ý °�± 
 u u u � ¤â� ¿ !@u u u ÝD�Ý � ¤â� ¿ � Î¦� k ! l ± D � u � ¤�� ¿ !@u DÝ ¢ B·D o : Ý ¿ o DM s   ! - ± � B,D oj¤Qo DM s   2 (16)

Proof Set
� Î>� k !Ò#kW � ¤â� ¿ ! -¼�®: Ý ¿ � ¿ ! , combineLemma14 andLemma16 and

chooseW largeenough. É
5.5 A variant of Strang’s lemma

Weprove thefollowing abstracterrorestimateinvolving theresiduall Ý � �1�®� � ¤â� ¿ !µ#FD�Ý � �1�®� � ¤�� ¿ ! - � � ¤�!*�
which takesinto accounttheinconsistency of theformulation(14).

Theorem 18 There is a constant ± independentof � and
B

such that the error� � - �¯ÝÃ�®� - �ÈÝr! satisfies

u u u � � - �¯ÝÃ�®� - �ÈÝ�!@u u u Ý °�± X }�Ønmoqp s rCs á�M@äutwvRä u u u � � - ¤��®� -d¿ !@u u u Ý
¢ J � +oyx s M s;z{ oq| s `;s á�M@äutwvRä u l Ý � ���®� � Î>� k !�uu u u � Î>� k !@u u u Ý ¢ B o*� - �¯ÝÈo M s   [ 2

18



Proof Fix
� ¤�� ¿ !y� � Ý ;#� Ý . Wesplit theerror

� � - �&ÝÃ�®� - �~Ý�! into� � - �¯ÝÃ�®� - �ÈÝ�!�# � � - ¤��®� -d¿ ! ¢ � ¤ - �¯ÝÃ� ¿I- �ÈÝ�!�#£4 �3}\~ �hô��r! ¢ �S�n~ ���/�r!h2
We bound

���'~ �����r! , which we mayassumeto benonzero.By Proposition17, there
exists a nonzerotest function

� Î>� k !�� � Ý ;�� Ý satisfying(16) with
� ¤�� ¿ !¦#�S� ~ ���/�r! . We obtain

u u u �S� ~ ���/�r!@u u u DÝ # B·D o � ~ o DM s  ¨¢ B,D o : Ý��/�(o DM s  ¨¢ u ��� ~ �����r!@u DÝ
°%± u D�Ý �S�'~ ���/� � Î¦� k !ru ¢ ± B,D o �'~ o DM s  °%± u D�Ý �;} ~ �hô�� � Î>� k !�u ¢ ± u l Ý � �1�®� � Î¦� k !ru ¢ ± B D o � ~ o DM s  
°%± W ? 
 u u u �;} ~ �hô��r!@u u u DÝ ¢ ± W ? 
 u l Ý � ���Y� � Î>� k !�u Du u u � Î¦� k !@u u u DÝ
¢ ± WÈu u u � Î>� k !@u u u DÝ ¢ ± B,D o � ~ o DM s  
°%± W ? 
 u u u �;} ~ �hô��r!@u u u DÝ ¢ ± W ? 
 u l Ý � ���Y� � Î>� k !�u Du u u � Î¦� k !@u u u DÝ
¢ ± WÈu u u ��� ~ �����r!@u u u DÝ ¢ ± B·D o � ~ o DM s   �

for any W Ç n , wherewe usedthe definition of the residual
l Ý , the continuity

of D�Ý , arithmeticgeometricmeaninequalitiesand u u u � Î¦� k !@u u u Ý ° ± u u u ��� ~ �����r!@u u u Ý .
Hence,theparameterW canbechosensuchthat

u u u ��� ~ �����r!@u u u DÝ °%± u u u �;} ~ �hô���!@u u u DÝ ¢ ± u l Ý � ���Y� � Î>� k !�u Du u u � Î¦� k !@u u u DÝ ¢ ± B,D o � ~ o DM s   2
Since

B D o � ~ o DM s   ° B D o*� - �¯Ý~o DM s  £¢ B D o } ~ o DM s   , wehave

u u u ��� ~ �����r!@u u u DÝ °J± X u u u �3} ~ �hô���!@u u u DÝ
¢ J � +oyx s M s3z{ oq| s `;s á�M@äutwvRä u l Ý � �1�®� � Î>� k !ru Du u u � Î>� k !@u u u DÝ ¢ B,D o*� - �¯Ý~o DM s   [ 2

Theassertionnow follows by applyingthe triangleinequalityandtaking the infi-
mumoverall

� ¤â� ¿ !y� � Ý ;�� Ý . É
Remark 19 The result of Theorem 18 holds true also in the case

� # n . The
positivityof

�
andthestability inducedby thecorrespondingformswill beinvoked

in theduality argumentof thenext section.

6 Error estimates

In this section,wemakeexplicit theabstracterrorestimatein Theorem18.
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6.1 Approximationproperties

First, we review theapproximationresultsfor the P D
-projection,for standard_ 


-
conformingandfor curl-conformingNéd́elécoperators.

Lemma 20 Let �¡�C_�� � ß�! , � l�n . Let ò bethe P D
-projectionfrom _�� � ß�! onto� � � ß�! . Thenfor � integer, n ° � ° � , wehave

u � - ò\�Úu � s Þ °J± � 46587H9 � 2 
 s ��: ? �Þ oH�Úo �ÿs Þ\2
Moreover, if � Ç 
D ,

oH� - ò��Âo M s ÷�Þ °%± � 46587�9 � 2 
 s ��: ? ÍÓÞ oH�Úo �ÿs Þ\2
Theconstant± onlydependson ç , 
 and � .
Proof For naturalnumbers� , thefirst estimatefollows from theclassicalBramble-
Hilbert theory(see,e.g.,[38]); for � # n , it is a consequenceof thestability of theP D

-projection.For non-integer � , it canbe obtainedby interpolation.The second
estimatefollows from the tracetheoremfrom P D � ��ß�! to _ � � ß�! , from the first
estimate,andscalingarguments. É
We also needa standard_ 


-conformingapproximant,see[38], and a Clément
operator, asconstructedin [44].

Lemma 21 The standard nodal _ 

-conforminginterpolant ò�� Í 4wú _ ��2 
 � �Q!\©_ 
M � �Q!.ûÕ7 ú � ÝL©¶_ 
M � �Q!vû satisfies

oH� - ò � Í �Âo0� s  ¶°J± �n46587H9 � 2 
 s ��2 
 : ? � oH�Âo ��2 
 s   �«# n �§e��
for � Ç 
D . Theconstant± only dependson ç , 
 and � .
This lemmais provedin [38] for integer � , andcanbeprovedfor non-integer � by
usingtheargumentsin [45].

For theClémentoperatorò Cl 43_ 
M � �Q!¾7 ú � Ý�©�_ 
M � �Q!.û , we recall the following
result(see,e.g.,[44, pp.109–111]).

Lemma 22 Thereexistsa constant± onlydependingon ç and 
 such that�Þâá�ã
% oH� - ò Cl �Úo D 
 s Þ ¢ � ?·DÞ oH� - ò Cl �Úo DM s Þ ¢ � ? 
Þ oH� - ò Cl �Úo DM s ÷*Þ ! °J± oH�Úo D 
 s   2

Finally, weestablishthenext lemmafor curl-conformingNéd́elécoperators.
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Lemma 23 Let � 	|�N��� bethecurl-conformingNéd́elécoperator (eitherof thefirst
type [6] or of the secondtype [7]) into

� Ým© _ Mr�|���~�"� � �Q! . Then,there exists a
constant± # ± � çO��
 � �"! such that,for any Î]��_ Mr�|���~�"� � �Q!�©\_�� � �Q! � with

:8; Î]�_�� � �Q! � , � Ç 
D ,
ojÎ - � 	�� ��� ÎÄo 	�� ��� s  ¶°J± � 4658709 � s ��: � ojÎ�o �ÿs   ¢ o :<; Î�o �ÿs   !*2 (17)

Moreover, if Î alsobelongsto _ �|{~}�� M � �Q! ,
oNë ÍÓ ú ú¹Î - � 	|�N��� Îàû û�þ�o M s �$� °J± �n46587H9 � s ��: % ojÎ�o �ÿs   ¢ o :<; ÎÄo �ÿs   &X �Þâá�ã ä � D Þ o : p � Î - � 	|�N��� ÎÑ!�o DM s Þ [ ÍÓ °J± �n46587H9 � s ��: % ojÎÄo �ÿs   ¢ o :<; Î�o �ÿs   & 2

Proof The first part is proved in [45, Section5]. For the secondpart, denoteby��M ä the P D
-projectiononto

� Ý . By usingthetriangleinequality, theapproximation
resultsin Lemma20,thefirst inverseestimatein Lemma11,the P D

-stabilityof ��M ä
andthefirst partof this lemma,weobtain

oNë ÍÓ ú ú¹Î - � 	�� ��� ÎÚû ûÿþ�o DM s ���°J± �Þâá§ã ä �ÈÞ
% ojÎ - ��M ä Î�o DM s ÷*Þ ¢ ob��M ä � Î - � 	|�N��� ÎÑ!ro DM s ÷*Þ &

°J± �Þâá§ãjä � D 46587H9 � 2 
 s ��:Þ ojÎÄo D�ÿs Þ ¢ ± �Þâá�ãjä ob��M ä � Î - � 	|�N��� ÎÑ!�o DM s Þ
°J± � D 46587/9 � 2 
 s ��: ojÎ�o D�ÿs   ¢ ± ojÎ - � 	�� ��� ÎÄo DM s  °J± � D 46587/9 � s ��: % ojÎÄo �ÿs   ¢ o :<; Î�o �ÿs   & D 2

To provethelastestimate,we integrateby partsandobtain

�Þâá§ã ä � D Þ o : p � Î - � 	|�N��� ÎÑ!�o DM s Þ
# - �Þâá§ãjä � D Þ ¥ Þ :à: p � Î - � 	|�N��� ÎÑ!�p � Î - � 	|�N��� ÎÑ!xc��

¢ �Þâá§ã ä � D Þ ¥ ÷*Þ : p � Î - � 	|�N��� Îa! � Î - � 	|�N��� ÎÑ!�p S Þ c k #Ò4w� 
 ¢ � D 2
Let usfirst considerthevolumeterm � 
 . Using the fact that

: p�Î # n , Cauchy-
Schwarzinequalities,thesecondinverseestimatein Lemma11andthefirst partof
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this lemma,weget

� 
 ° % �Þâá§ãjä �
j Þ o :Ú: pQ� 	|�N��� Î�o DM s Þ & ÍÓ ojÎ - � 	|�N��� ÎÄo M s  

°J± % �Þâá�ã ä � D Þ o : pQ� 	|�N��� Î�o DM s Þ & ÍÓ ojÎ - � 	�� ��� ÎÄo M s  
# ± % �Þâá�ãjä � D Þ o : p � Î - � 	|�N��� ÎÑ!�o DM s Þ & ÍÓ ojÎ - � 	|�N��� Î�o M s  
°J± �n4658709 � s ��: % �Þâá§ãjä � D Þ o : p � Î - � 	|�N��� ÎÑ!�o DM s Þ & ÍÓ % ojÎ�o �ÿs   ¢ o :<; ÎÄo �ÿs   &È2

Similarly, wecanboundtheterm � D by

� D ° % �Þâá§ãjä � � Þ o : pQ� 	�� ��� ÎÄo DM s ÷*Þ & ÍÓ % �Þâá�ãjä �RÞÁojÎ - � 	|�N��� Î�o DM s ÷*Þ & ÍÓ
° % �Þâá§ãjä � D Þ o : pQ� 	�� ��� ÎÄo DM s Þ & ÍÓ% �Þâá�ã ä �ÈÞmojÎ - ��M ä Î�o DM s ÷*Þ ¢ ob��M ä � Î - � 	�� ��� Î & o DM s ÷*Þ & ÍÓ
°J± �n4658709 � s ��: % �Þâá§ãjä � D Þ o : p � Î - � 	|�N��� ÎÑ!�o DM s Þ & ÍÓ % ojÎ�o �ÿs   ¢ o :<; ÎÄo �ÿs   & �

wherewe usedthefirst inverseestimatein Lemma11 for the termcontainingthe
sumandproceededasin the estimateof oNë ÍÓ ú ú¹Î - � 	|�N��� Îàû û�þ¾o M s ��� for the second
term.This completestheproof of thelastestimate. É
6.2 Error in theprincipal part

Wehave thefollowing estimateof theresidualin Theorem18.

Lemma 24 Let
� �1�®��! betheexactsolutionandassumethat

:Å; ����_>` � �Q! � and�¦�>_>`;2 
 � �Q! , for k Ç 
D . Then,for all
� ¤�� ¿ !y� �d� �R! ;#�à� �R! ,l Ý � ���Y� � ¤�� ¿ !µ# ¥ �~ú ú¹¤¯û ûýüap�� � :<; � - ��M ä �Y:<; ��!j� ��c k

¢ B,D ¥O� � ú ú¹¤¯û û�þ¦� �j� - ò�v�äx�O� ��c k �
where ��M ä and ò�v ä denotethe P D

-projectionsonto
� Ý and

� Ý , respectively.
Moreover, thereexists ± independentof � such that

u l Ý � �1�®� � ¤�� ¿ !ru °J± �n46587H9 � s `;: u u u � ¤�� n !@u u u Ý % o :<; �Lo D`.s  ¨¢ ov��o D`;2 
 s   & ÍÓ 2
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Proof By straightforward calculationsinvolving integration by partsand taking
into accountthedefinitionof thelifting operators= and > , we have that,for any� ¤��®��!y� �d� ��! ;#�à� ��! ,l Ý � �1�®� � ¤�� ¿ !µ#�¥ � � � :Å; �1� ��p·ú ú ¤¯û û�üIc k - ¥  

:«; �>p�= � ú ú¹¤¯û ûýüq!~c��
¢ B,D ¥ � �,� �j�3� � ú ú¹¤¯û û�þàc k -CB·D ¥   �\> � ú ú ¤&û û�þâ!~cÃ�µ2

Since

¥  
:<; �¦pO= � ú ú ¤¯û û�üO!~c��¦# ¥   ��M@ä �®:<; �@!�pO= � ú ú¹¤¯û ûýüq!~c��

¥   ��> � ú ú¹¤¯û û�þy!~c��¦#´¥   ò�v ä �\> � ú ú ¤¯û ûÿþâ!~c���� (18)

weobtainthedesiredexpressionfor
l Ý � �1�®� � ¤â� ¿ ! .

For theestimatesof theresidual,let uswrite
l Ý � �1�®� � ¤�� ¿ !µ#£4w� 
 ¢ � D , where� 
 #�¥ � ú ú ¤&û ûýüap � � :<; � - ��M ä �®:<; ¤�!h� ��c k� D # B,D ¥ �$� ú ú¹¤¯û û�þ¦� �j� - ò�v ä �O� �µc k 2

By the Cauchy-Schwarz inequality, the definition of the norm u u u � p���p !@u u u Ý and the
secondestimateof Lemma20,weobtainthefollowing bound:

� 
 °0± u u u � ¤�� n !@u u u Ý X �Þâá�ã ä �RÞÁo :V; � - ��M ä �Y:«; ��!�o DM s ÷*Þ [ ÍÓ
°0± u u u � ¤�� n !@u u u Ý X �Þâá�ãjä � D 46587H9 � 2 
 s `�:Þ o :<; �Lo D`.s Þ [ ÍÓ 2

Similarly,

� D °J± u u u � ¤�� n !@u u u Ý X �Þâá§ãjä � ? 
Þ ov� - ò�vRä"��o DM s ÷�Þ [ ÍÓ
°J± u u u � ¤�� n !@u u u Ý X �Þâá§ãjä � D 46587H9 � s `;:Þ ov�µo D`;2 
 s Þ [ ÍÓ 2

Theestimatefor
l Ý thenfollows. É

Wearenow readyto prove thefollowing errorestimate.

Corollary 25 Under theassumptionsof Theorem7, there existsa constant± in-
dependentof themeshsize� such that

u u u � � - �¯Ý·�Y� - �~Ý�!@u u u Ý °J± �n4658709 � s `�: � o*�Lo `.s   ¢ o :Ä; �Qo `vs   ¢ ov��o `;2 
 s   ! ¢ ± B o*� - �¯ÝRo M s   2
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Proof Considerthe abstractestimateof Theorem18 andboundthe infimum byu u u � � - � 	|�N��� �1�®� - ò�� Í �R!@u u u Ý , where � 	|�N��� is thecurl-conformingNéd́elécoperator
and ò � Í thestandard_ 


-conforminginterpolantfrom Lemma21.Takinginto ac-
counttheapproximationpropertiesin Lemma21 andLemma23 andtheestimate
of theresidualin Lemma24,weobtaintheresult. É
6.3 Error in the P D

-norm

In orderto completeourerroranalysis,weneedto estimatetheterm
B o*� - �¯Ý�o M s   .

This is donein thenext propositionby a duality approach.Themaindifficulty in
this argumentis thatwe cannot assumeany smoothnessfor thescalarpotentialof
thedualsolution.To overcomethesedifficultieswewill haveto makethestabiliza-
tion constant

�
largeenough.

Proposition 26 Let Ê Ç 
D be the regularity exponentfrom Proposition2. Fur-
thermore, weassumethat theexactsolutionsatisfiesthesmoothnessassumptions
in (13)with k Ç 
D . Thenwehave

B o*� - �¯Ý~o M s  ª°�± 
 �n4658709 Ë*s 
 : u u u � � - �¯ÝÃ�®� - �ÈÝ�!@u u u Ý ¢ ± 
 �'4658709 � s `�: ov�µo `;2 
 s  
¢ ± D � ? ÍÓ u u u � � - �&ÝÃ�Y� - �~Ý�!@u u u Ý��

with ± 
 # ± 
 � çO��
 � B � � � ± � ¸|Ì � Ê � k ! and ± D # ± D � çO��
 � ±y¸ �¹� ! .
Consequently, thereexists

�ÈM # �ÈMr� çO��
 � ±y¸ �¹� ! such that for
� Ç �ÈM

B o*� - �&Ý~o M s  ¶° eg u u u � � - �¯ÝÃ�®� - �ÈÝr!@u u u Ý ¢ ± � 4658709 � s `�: ov��o `;2 
 s   �
providedthat � ° � M for a constant� M #H� M�� çO��
 � B � ± � ¸|Ì �0��� � � � � Ê � k ! .
Proof Theproof is givenin severalsteps.Westartby introducingasuitableadjoint
problemwith right-handside

B D � � - �&Ý�! , denotingby
� NÈ�/� ! its solution,andwe

express
B D o*� - �¯Ý~o DM s   asthe sumof D�Ý � � - �¯Ý·�Y� - �ÈÝ � N - � 	|�N��� NÈ�/� - ò Cl �y!

plus residualterms,with � 	|�N��� the curl-conformingNéd́eléc operatorinto
� Ý¾©_ Mr�����~� � � �Q! and ò Cl theClémentoperatorinto

� Ý
©â_ 
M � �Q! (step1).Then,estimates
of the residuals(step2) andof the bilinear forms in the definition of D�Ý give the
result(steps3 and4).

Step 1: A dual problem. Let
� NÈ�/�y! bethesolutionof thedualproblem:<;�:<; N -¬B,D N ¢ B·Dh: �C# B·Dr� � - �¯Ý�! in �: pON£# n in �S ; N£#HT on �R��C# n on ���I2

(19)
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By Proposition1 andProposition2, wehave

oHNOo Ë*s   ¢ o :<; NOo Ëhs  ¦°J± � ¸|Ì B,D o*� - �&ÝÈo M s  oH�Áo 
 s  ¶°J±y¸ �¹� o*� - �¯Ý~o M s   (20)

for aregularityexponentÊ # Ê � �Q! Ç 
D . Wemayalsoassumethat Ê ° e . Themain
problemin thefollowingargumentsis thatwecannotassume� tobesmootherthan
belongingto _ 
M � �Q! .
Thesolution

� NÈ�/�y! of problem(19)satisfiesD�Ý � NÈ� - � � ¤�� ¿ ! -�l Ý � NÈ� - � � ¤â� ¿ !�# B,D�� � - �¯ÝÃ� ¤�!
for all

� ¤�� ¿ !I�C_ ` � Ü,Ý�!x� ; _ ` � Ü(Ý�! , k Ç 
D . Taking
� ¤�� ¿ !Q# � � - �&ÝÃ� -¨� � - �ÈÝ�!"! ,

observing(13),weobtainD�Ý � NÈ� - � � � - �&ÝÃ� -¨� � - �ÈÝ�! ! -#l Ý � NÈ� - � � � - �¯ÝÃ� -£� � - �ÈÝ�!"!1# B D o*� - �¯Ý~o DM s   2
SinceD�Ý � � - �¯ÝÃ�®� - �ÈÝ � NÃÝ
�/��Ý�!1# l Ý � �1�®� � NÃÝÃ�/�@Ý�!�# -�l Ý � �1�®� � N - NÃÝÃ�/� - ��Ý ! ,
for all

� NÃÝÃ�/��Ý�! � � Ý ;�� Ý , andusingtheskew-symmetrypropertiesof D�Ý , wecan
writeB,D o*� - �¯Ý�o DM s   #�D�Ý � � - �¯Ý,�Y� - �ÈÝ � N - NÃÝÃ��� - �@Ý
! ¢`� 
 ¢<� D ¢`� � ¢<� j � (21)

with residualterms

� 
 # - ¥ �\ú ú � - �¯Ý§û ûýüwp�� � :<; N - ��M@ä �®:<; N·!j� ��c k �
� D # B D ¥��$� ú ú � - �¯Ý§û ûÿþQ� �Q� - ò�vRä��\� ��c k �
� � # - ¥ � ú ú�N - NÃÝ§û ûýüap
� � :<; � - ��M ä �Y:<; ��!j� ��c k �
� j # -IB,D ¥ � �Qú ú�N - NÃÝ§û û�þ\� �j� - ò�v ä �O� �µc k 2

We define NÃÝC#�� 	|�N��� N , so that � � # n , and ��ÝC#Ôò Cl � , with � 	|�N��� the curl-
conformingNéd́elécoperatorfrom Lemma23and ò Cl thestandardClémentoper-
atorwhichsatisfytheapproximationpropertyof Lemma22.

Step 2: The residuals. Weestimatetheresidualexpressions� 
 , � D and � j in (21)
(recall that � � # n ). Let usstartwith � 
 . TheCauchy-Schwarzinequalityandthe
approximationpropertiesin Lemma20 yield

� 
 °J± u u u � � - �¯Ý6� n !@u u u Ý % �Þâá�ã ä �ÈÞmo :<; N - ��M ä �Y:]; N·!ro DM s ÷*Þ & ÍÓ
°J± � Ë u u u � � - �&Ý6� n !@u u u Ý,o :<; NOo Ë*s   2

Thus,from (20),

� 
 °%± � Ë B,D u u u � � - �¯ÝÃ� n !@u u u Ý(o*� - �&Ý~o M s   2
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Thecrucial termis � D . Again from theCauchy-Schwarzinequality, usingthesec-
ondestimateof Lemma20andthestabilityestimates(20) for thedualsolution,we
obtain

� D °%± % B·D0� o�� ÍÓ ú ú � - �&Ý§û û�þÁo M s �$� & ÍÓ % B,D0�µ? 
 �Þâá�ã ä � ? 
Þ oH� - ò�v ä ��o DM s ÷*Þ & ÍÓ
°%± B��µ? ÍÓ u u u � � - �¯ÝÃ� n !@u u u Ý(oH��o 
 s  °%± B�� ? ÍÓ u u u � � - �¯ÝÃ� n !@u u u Ý(o*� - �&Ý~o M s   �

with ± # ± � çO��
 � ±y¸ �¹� ! . Finally, for � j wehave

� j °J± u u u � N - � 	|�N��� NÈ� n !@u u u Ý % B D � ? 
 �Þâá�ãjä � ?

Þ ov� - ò�vRä"�µo DM s ÷*Þ & ÍÓ

°J± �n4658709 � s `�: B u u u � N - � 	�� ��� NÈ� n !@u u u Ý,ov�µo `32 
 s   2
Step 3: The term u u u � N - � 	|�N��� NÈ� n !@u u u Ý . Weclaim that

u u u � N - � 	|�N��� NÈ� n !@u u u Ý °J± � Ë B o*� - �¯Ý~o M s   � (22)

with ± # ± � çO��
 � B � ± � ¸�Ì � � � Ê ! .
To see(22), we first note that, sincethe Néd́eléc projectionis curl-conforming,oNë ? ÍÓ ú ú�N - � 	|�N��� N�û ûýüâo M s � # n . Furthermore,by (17)and(20),

o :<;¬� N - � 	�� ��� N·!�o DM s  ¨¢ B,D oHN - � 	|�N��� NOo DM s   °J± � D Ë � oHNOo Ë*s   ¢ o :<; NOo Ëhs   ! D°J± � D Ë B j o*� - �&ÝÈo DM s   2
Fromthesecondandthird estimatesof Lemma23and(20),wehaveB,D/� oNë ÍÓ ú ú�N - � 	|�N��� N�û û�þÁo DM s �$� °J± � D Ë B·D o*� - �¯Ý~o DM s  B,D/���Þâá§ã � D Þ o : p � N - � 	|�N��� N·!�o DM s Þ °%± � D Ë B·D o*� - �&Ý~o DM s   2
Theproof of estimate(22)now follows from thedefinitionof u u u � N - � 	|�N��� NÈ� n !@u u u Ý .
Step 4: The assertion. We are now able to completethe proof Proposition26.
Define

��� # N - � 	�� ��� N and ���¼# � - ò Cl � . From (21), taking into account
that,dueto theconformityof theprojectors� 	|�N��� and ò Cl, 
 � � - �¯ÝÃ� � � ! # n andõ � � - �ÈÝÃ���P�È!�# n , wehave thatB,D o*� - �¯Ý~o DM s   # � � 5 @ ³ � � - �¯Ý6� �'� ! ¢ c � � - �¯Ý6� �'� ! -dB,D�� � - �¯ÝÃ� �n� !

¢ � � 5 @ ³ �S� � �Y� - �~Ý�! - � � 5 @ ³ � � - �&ÝÃ���P�È! ¢T� 
 ¢E� D ¢E� � 2
Fromthecontinuitypropertiesof Proposition13,we obtainB·D o*� - �&Ý~o DM s   °I± u u u � � - �¯ÝÃ�®� - �ÈÝ�!@u u u Ý(u u u �S�n� � n !@u u u Ý

¢ u � � 5 @ ³ � � - �&ÝÃ�����~!ru ¢E� 
 ¢T� D ¢T� � � (23)
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wherewe isolatedtheterm
� � 5 @ ³ � � - �¯ÝÃ�����~! thatneedsto betreatedseparately. By

theCauchy-Schwarzinequalitywehave

u � � 5 @ ³ � � - �¯ÝÃ�����~!ru D
#¡     B,D ¥   �P� : Ý\p � � - �¯Ý�!~c���    

D
¢      B,D ¥   > � ú ú � - �¯Ý§û û�þ !¢��� c���    

D
°%± D X B,D0�1�Þâá§ã ä � D Þ o : Ý0p � � - �¯Ý�!ro DM s Þ ¢ B·D0� oH> � ëOú ú � - �¯Ý§û û�þy!�o DM s   [

p X B,D0�µ? 
 �Þâá�ã ä � ?·DÞ o0�P�@o DM s Þ [ �
with ± # ± � ç�! . Now, using the approximationpropertyof Lemma22 of the
Clémentoperator, thethird estimatein Proposition12, thesecondestimatein (20)
andthedefinitionof u u u � � - �¯Ý�!@u u u Ý , weget

u � � 5 @ ³ � � - �&ÝÃ���P�È!�u D
°�± D B D � ? 
 X B D � �Þâá§ã ä � D Þ o : Ý\p � � - �¯Ý�!ro DM s Þ ¢ B D � oNë ÍÓ ú ú � - �¯Ý�û ûÿþ¾o DM s �$� [ oH��o D 
 s  
°�± D�B,D0�µ? 
 u u u � � - �&ÝÃ� n !@u u u DÝ o*� - �¯Ý~o DM s   �

where ± # ± � çO��
 � ±y¸ �¹� ! . Insertingthis, (22) and the estimatesfor the residuals
obtainedin Step2 in (23) completestheproof. É
Theproof of Theorem7 followsnow from Corollary25 andProposition26.

7 Conclusions

In thispaper, wehavecarriedoutanerroranalysisfor stabilizedinteriorpenaltydis-
continuousGalerkinmethodsfor thediscretizationof theindefinitetime-harmonic
Maxwell equations.Wehavederivederrorestimatesthatareoptimal,providedthat
thestabilizationparametersarelargeenoughandthemeshsizeis smallenough.A
numericalstudyof theproposedmethodsis thesubjectof ongoingwork.
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