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ABSTRACT

Short-fiber reinforced composite materials are widely in use in the manufacturing

industries to bridge the property gap between continuous-fiber composites and unrein-

forced materials. Short-fiber composites can effectively strengthen the matrix materials

along the fiber length direction, and can still be processed by highly-automated and

economical methods such as injection or compression molding. It’s essential to under-

stand and predict the fiber orientation and its influence on the mechanical properties

of the composite. However, the hydrodynamic interactions between the matrix and

the fibers, and the inter-fiber interactions are not fully understood yet. Sometimes

circular particles are added to the matrix for toughening and this may also influence the

orientation of the short fibers during flow. In this thesis, we adopt a two-dimensional

direct simulation method to investigate, for the first time, the effect of the presence

of circular particles on the fiber orientation of short-fiber suspensions. To deal with

the collision between fibers or fibers and particles, an ad-hoc method is proposed

and developed. We predict the time-evolution of the elliptical fiber orientation as the

volume fraction and aspect ratio increases, and compare it with that of the fiber-particle

suspensions. The interaction coefficient CI is calculated and compared with existing

models. It is found that the presence of circular particles increases the rotary diffusion

of a fiber suspension, and that, as the content of circular particles increases, the fiber

alignment in the direction of shear is less pronounced.

xi



Chapter 1

INTRODUCTION

1.1 Short-fiber Composite Materials

Short-fiber reinforced composite materials are widely in use in the manufacturing

industries to bridge the property gap between continuous-fiber composites and unrein-

forced materials. Short-fiber composites can effectively strengthen the matrix materials

along the fiber length direction, and can still be processed by highly-automated and

economical methods such as injection or compression molding. It’s essential to under-

stand and predict the fiber orientation and its influence on the mechanical properties

of the composite. However, the hydrodynamic interactions between the matrix and

the fibers, and the inter-fiber interactions are not fully understood yet. Sometimes

circular particles are added to the matrix for toughening and this may also influence the

orientation of the short fibers during flow. In this thesis, we adopt a two-dimensional

direct simulation method to investigate, for the first time, the effect of the presence

of circular particles on the fiber orientation of short-fiber suspensions. To deal with

the collision between fibers or fibers and particles, an ad-hoc method is proposed

and developed. We predict the time-evolution of the elliptical fiber orientation as the

volume fraction and aspect ratio increases, and compare it with that of the fiber-particle

suspensions. The interaction coefficient CI is calculated and compared with existing

models. It is found that the presence of circular particles increases the rotary diffusion
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of a fiber suspension, and that, as the content of circular particles increases, the fiber

alignment in the direction of shear is less pronounced.

Previous researchers have used phenomenological steady state shear flow exper-

imental results to characterize a steady state value of CI , but in this work, we will

evaluate a time-dependent value of CI which depends on the orientation state of the

fibers. This work will focus on suspensions with both fibers and particles, and treat

them discretely unlike other researchers who treat the matrix with the particles as a

homogeneous suspension with an effective viscosity, to address the dynamics of fibers

in the suspension. This assumption is reasonable when the particle diameter are much

smaller than the fiber diameter.

Glass Fiber Reinforced Polymers (GFRPs) were introduced to improve the strength

of the composites as the fibers shoulder much of the stress transferred from the poly-

mer, and also slow down and even stop the propagation of the cracks in the matrix,

therefore “reinforce” the polymer material.

Over the past few decades, the composite materials have played a significant

role in applications ranging from defense to automotive to infrastructure to consumer

products (Figure 1.1). The engineered composite family can be generally classified into

the following categories: (a) composite building materials, (b) reinforced plastics, (c)

metal composites, and (d) ceramic composites.

Reinforced plastics, generally referring to fiber-reinforced plastics, is a composite

material made of a polymer matrix reinforced with fibers. Depending on the length of

the fibers, they are further categorized into continuous fiber reinforced plastics (a.k.a.

advanced composites), long fiber reinforced plastics, and short fiber reinforced plastics.

2



Figure 1.1: Schematic diagram showing the relative importance of the four classes of
materials (ceramics, composites, polymers and metals). The time scale is nonlinear.
(Reproduced with permission: Ashby, 1987. [1])

3



The three most common mass production processes for short fiber composites are injec-

tion molding, compression molding and extrusion. These processes were adopted from

the polymer processing industry which had developed the equipment to produce parts

in high volumes with polymers. Extrusion is a continuous process, injection molding

is an automated process and compression molding is a semi-automated process but can

manufacture large and complex parts which cannot be easily accomplished otherwise.

The fibers can be cut or chopped and compounded in an extruder with any

polymer to form a pellet consisting of short fibers or could be pultruded consisting of

aligned fibers. The pellets are usually a few centimeters in length and a few millime-

ters in diameter, as shown in Figure 1.2. Some typical short-fiber composite materials

are listed in Table 1.1 [2].

4



(a) Pultruded pellet with aligned fibers (left); Extruded pellet with short fibers
(right).

(b) Continuous strands of fiber (top); Resulting long
fiber reinforced thermoplastic pellets (bottom).

(c) Internal fiber skeleton of long-fiber reinforced com-
posite part (top-half ); Long-fiber reinforced composite
part (botttom-half ).

Figure 1.2: (a) A diagram of long- and short- fiber reinforced composite pellets;
(b) An actual photo of fiber strands and resulting pellets; (c) An example of the
injection-molded part compared with its fiber skeleton. (Reproduced with permission:
PlastiComp, Inc. [3])

5



Table 1.1: A list of some typical polymer short-fiber materials. (Reproduced with permission: Tucker and Advani, 1994.
[2])

Material Processes Matrix
materials

Fiber
materials

Fiber
length
(mm)

Fiber
diameter
(mm)

Fiber
volume
fraction

Concentration
parameter
cL/D

Short-fiber
thermoplastics

injection
molding,
extrusion

Nylon,
polycarbonate,
many other
thermoplastics

glass fiber,
carbon fiber

0.2;
wide
distribution

0.013
(filaments) 0.05-0.20 0.7-3.0

Long-fiber
thermoplastics

injection
molding

Nylon, PEEK,
LCP’s, other
thermoplastics

glass fiber,
carbon fiber,
aramid fiber

max. ∼1.3,
some
distribution

0.013
(filaments) 0.15-0.30 15-30

Sheet molding
compound

compression
molding

unsaturated
polyesters

glass fiber,
carbon fiber 25 ∼1

(bundles) 0.05-0.35 1.2-70

Bulk molding
compound

injection
molding

unsaturated
polyesters glass fiber 13 ∼1

(bundles) 0.05-0.25 0.6-3.2

Short-fiber
glass mat
thermoplastics
(GMT)

compression
molding

polypropylene,
some other
thermoplastics

Nylon,
glass fiber
mat

13

0.013
(filaments),
some
bundles

0.05-0.25 50-250

Long
discontinuous
fiber (LDF)
prepregs

sheet
forming

high-
performance
thermoplastics
or thermosets

carbon fiber 150
∼1
(tows or
bundles)

0.40-0.60 60-90

6



The mechanical properties of a short-fiber composite are highly dependent on

the fiber orientation, which evolves as the resin deforms in the manufacturing process

and becomes part of the microstructure of the final part. Figure 1.3 shows the trends of

the elasticity in three perpendicular directions as functions of the 1-direction orientation

a11, a measure of the level of fiber alignment to the 1-direction (see Eq. 2.14).

1.2 Hydrodynamics in Short-fiber Suspensions

In order to achieve the desired properties, the processing-induced fiber orienta-

tion must be properly predicted. However, this task is not easy, especially for more

complex geometries.

There has been a considerable amount of research focusing on prediction of

fiber orientation in flowing suspensions. Einstein [4] calculated the effective viscosity

of a dilute suspension of spheres to be

ηr = 1 + 5ϕ/2 + Ω(ϕ2) (1.1)

where ηr = η/ηs. Jeffery calculated the instantaneous angular velocity of a neutrally

buoyant ellipsoid immersed in an infinite Newtonian medium undergoing Stokes flow

[5]. An equivalent ellipsoid in simple shear flow was proved to be possible for nearly

any body of revolution by Bretherton [6], and was determined for cylindrical fibers by

Cox [7] and Harris and Pittman [8].

Batchelor [9] proposed a generalized stress system considering the hydrodynam-

ics in a suspension, which was extended by Hinch and Leal [10]. Dinh and Armstrong

[11] furthered the work and developed a constitutive equation to describe the rheologi-

cal behavior of semiconcentrated suspensions, a correction term for its discrepancy from

7
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Figure 1.3: An example of elastic moduli as a function of the fiber orientation.
Predicted values for Nylon 6/6 with 20% by volume of glass fibers with L/D = 50.
Fiber orientation is planar, and varies from random (a11 = 0.5) in the 1-2 plane to
aligned in the 1-direction (a11 = 1). (Reproduced with permission: Tucker and Advani,
1994. [2])
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the experimental observations by Shaqfeh and Fredrickson [12]. Koch and Shaqfeh

[13] calculated the average rotation rate of fibers in a linear shear flow, both in dilute

and semi-dilute regimes, concluding that Jeffery’s theory continues to provide a good

approximation to the fiber rotation rate in the semi-dilute regime. In the same year,

they developed a diagrammatic expansion to estimate the deviation from Jeffery orbit

due to the hydrodynamic interaction [14].

Doi and Edwards [15, 16] investigated the “entanglement” dynamics between

the polymer molecules with rotational diffusion coefficient Dr in a semiconcentrated

solution, where polymer molecules are treated as “rods”. Folgar and Tucker [17] as-

sumed that the diffusivity is proportional to the shear rate, and modeled the fiber-

fiber interactions as random collisions with an interaction coefficient CI analogous

to Brownian rotation diffusion. In this work, CI was determined by fitting numeri-

cal results to the steady state orientation distribution function in shear flow, and was

treated as a constant for a given suspension. The predicted CI was then shown to

result in a faster alignment than experimental observations. Their experimental results

show that, for nylon and polyester fibers suspended in silicone oil under simple shear

flow, steady state interaction coefficient CI increases as the fiber concentration goes

up. Another way to determine CI is, instead of by fitting numerical results to the

distribution function, by fitting the results to the orientation tensor components. Bay

[18] used this method and generated a fitted equation from extensive empirical results.

His work shows a different trend than Folgar and Tucker’s result, which was suspected

to be caused by fiber length distribution or other complex matrix rheology effect. Ma

et al. developed a generalized orientation model for describing both steady shear and

linear viscoelasticity data [19].

9



Advani and Tucker [20] propose to use tensors to describe the orientation state

of fibers more concisely, freeing the representation from any assumptions about the

shape of the probability distribution function. This system, however, requires a suitable

closure approximation for accurate orientation predictions. Ranganathan and Advani

considered the orientational clustering and proposed a statistical methods to characterize

this phenomenon [21]. Cheng et al. describes the assembly process of vorticity-aligned

hard-sphere colloidal strings in a simple shear flow [22].

Advani and Tucker tested several approximations and suggested a hybrid closure

approximation [23]. Several other approximations were developed and tested [24, 25,

26, 27, 28, 29, 30].

Numerical simulations provide data under conditions inaccessible by experimen-

tation. Ranganathan and Advani [31] proposed a variable interaction coefficient depen-

dent on the inter-fiber spacing. Yamane et al. [32] developed a method to simulate the

fiber motion in shear flow, with short-range interactions modeled by lubrication forces

between neighboring fibers. Fan et al. [33] argues that the long-range hydrodynamic

interactions may not be negligible in semi-concentrated suspensions, and revised this

numerical simulation to incorporate both short- and long-range interactions, neglecting

Brownian motion. They assumed an anisotropic diffusivity C, and used the average of

its diagonal components to be CI . Phan-Thien et al. [34] reported another empirical

equation for CI using this method. Some other researchers have also embraced the

idea of an anisotropic interaction coefficient [35, 36, 37].

10



1.3 Objectives and Approach

The extensive use of circular-particle-loaded in fiber composites is often to im-

prove the compressive strength and to improve the toughening of the matrix. The

objective of this work is to explore how the presence of circular particles changes

the hydrodynamics of a fiber suspension, and how it can affect the fiber alignment in

a Newtonian matrix undergoing a simple shear flow.

The approach followed to understand the fiber motion in the presence of circular

particles is as follows:

• adapt the direct simulation method to simulate the hydrodynamics of a circular-
particle loaded fiber suspension in a simple shear flow;

• observe the interactions between fibers and circular particles;

• calculate the steady-state interaction coefficient CI for neat fiber suspension sys-
tem and fiber-and-particle hybrid suspension system;

• compare the results with pre-existing models;

• compare the results to see the effects of the presence of circular particles in the
system.

The direct bi-period simulation method has been successfully implemented to

simulate circular-particle suspensions in both Newtonian and viscoelastic fluid [38, 39]

and elliptical fiber suspensions [40]. Combining the concept of the bi-periodic domain

with the mortar element methods1, these researchers implemented a standard velocity-

pressure formulation of a fictitious-domain finite-element method. Collision was avoided

by reducing the time step when the suspension is not too concentrated, so no collision

strategy was developed to the best of my knowledge. But, to simulate the non-dilute

1 a type of discretization method where the interface between subdomains doesn’t dictate the mesh boundary
discretization. The quality of the solution is enforced by Lagrange multipliers [41, 42, 43].
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short-fiber suspensions, a reasonable collision strategy must first be developed for situ-

ations where fibers rotate and get too close to each other and even when they collide.

This simulation method fully describes the motion of not only the fiber, but the

flow as well. At each time step, the transverse and rotational velocity and displacement

of each fiber is calculated and used as the starting point of the next step. The direction

vector p of each fiber is then used to calculate the time evolution of the orientation

state of the fibers for further analysis.

We will conduct the simulations for fiber suspensions with aspect ratio larger

than 10, investigate the role of the concentrations of the fiber and the particle in

the rheological behavior of the suspensions, and conclude whether the original fiber

orientation will remain the same when circular particles are present in the same simple

shear flow.

1.4 Thesis Overview

The goal of this work is to study the orientation of the force-free torque-free

fibers suspended in a circular-particle-loaded suspension undergoing a simple shear flow

in a Newtonian matrix. Chapter 2 lays out the fundamental theories and models that

will be used to describe, characterize or quantify the the rheological properties of a

circular-particle-loaded fiber system. Chapter 3 elaborates on the numerical implemen-

tation of the system of interest, proposes a specialized collision strategy to address the

collision issues between solid bodies during the simulations, and discusses the choice

of some simulation parameters such as the number of collocation points along the

fiber surface. Chapter 4 presents the simulation approach to compare the diffusivity

between fiber suspensions with and without circular particles, reports the simulation

12



results of these two systems, and discusses the findings. Chapter 5 looks back on

what is accomplished through this work and provides possible path forwards.
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Chapter 2

THEORY

2.1 Definition of Concentrations of Fiber Suspensions

A suspension of uniform, cylindrical rods is characterized by the fiber volume

fraction c, the fiber number density n, and the fiber aspect ratio ar = L/D, where L

is the fiber length and D is the fiber diameter.

Dilute suspension

c≪ 1

ar2
or n≪ 1

L3
(2.1)

Semi-concentrated/semi-dilute suspension

1

ar2
< c <

1

ar
or

1

L3
< n <

1

L2D
(2.2)

Concentrated suspension

c >
1

ar
or n >

1

L2D
(2.3)

2.2 Fiber Orientation

2.2.1 Orientation of a single fiber

Suppose that each fiber is an axisymmetric particle, the orientation of it can be

described by angle ϕ, which is the angle from x axis to the major axis of the fiber,

14



1

2

ϕ

p

Figure 2.1: Definition of p, ϕ, and directions for a fiber in a 2-dimensional system.

or a unit vector p, and the location of it by (x, y). The components of p on a planar

system (p1, p2) can then be described by

p1 = cosϕ

p2 = sinϕ
(2.4)

where ϕ ∈ (−π
2
, π
2
) Due to the arbitrary nature of the choice of direction for the

particle, any description of its orientation must remain the same if such substitution

is made:

ϕ→ ϕ+ π (2.5)

or

p → −p (2.6)

2.2.2 Orientation distribution of many fibers

Distribution function

To describe planar fiber orientations in planar, one can assume that fibers are

distributed uniformly in terms of concentration, while the orientation of those fibers
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may not be uniform. In this case, the state of orientation at a certain time is described

by the orientation distribution function ψ(ϕ; t), it’s defined such that the probability of

a fiber with an orientation between ϕ1 and ϕ2 is

P (ϕ1 < ϕ < ϕ2; t) =

∫ ϕ2

ϕ1

ψ(ϕ; t) dϕ (2.7)

where ψ has the following properties:

ψ(ϕ) = ψ(ϕ+π) or ψ(p) = ψ(−p) (2.8)

∫ π
2

−π
2

ψ(ϕ) dϕ =

∫
ψ(p) dp = 1 (2.9)

Continuity equation

One can define the angular velocity ϕ̇

∂

∂t

[
ψ(ϕ) δϕ

]
= ψ(ϕ) ϕ̇(ϕ)− ψ(ϕ+ δϕ) ϕ̇(ϕ+ δϕ) (2.10)

then, as δϕ→ 0,
∂ψ

∂t
= − ∂

∂ϕ
(ψϕ̇) (2.11)

is known as the continuity equation.

For non-homogeneous case, i.e., ψ is dependent on location, hence the convec-

tive equation can be expressed as

Dψ
Dt

= − ∂

∂ϕ
(ψϕ̇) =

∂ψ

∂t
+ u

∂ψ

∂x
+ v

∂ψ

∂y
(2.12)
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1

2

(a) a11 = 0.5, a22 = 0.5, a12 = 0.

1

2

(b) a11 = 1, a22 = 0, a12 = 0.

Figure 2.2: Examples of different orientation states. (a) Random in the 1-2 plane.
(b) Aligned in the 1-direction

Orientation tensors

Let B represent an quantity that can be associated with a single fiber, and Bk

is the value of B for the kth fiber. The local volume average of B, denoted by ⟨B⟩,

is defined as

⟨B⟩ = 1

N

N∑
k=1

Bk (2.13)

Defining the 2nd-order orientation tensor A and 4th-order orientation tensor 4A

A =

∮
ppψ(p)dp = ⟨pp⟩ (2.14)

4A =

∮
ppppψ(p)dp = ⟨pppp⟩ (2.15)

Figure 2.2 shows two distinct fiber orientation states, and their orientation tensor

component values.

17



As p has unit length, it’s easy to draw the following conclusions:

aij = aji (2.16)

aii = 1 (2.17)

aij = aijkk (2.18)

2.3 Jeffery’s Orbit and Rotary Diffusivity

2.3.1 Jeffery’s orbit

Consider the motion of fibers in a flowing fluid. The classical analysis by

Jeffery treats a single, rigid particle in an infinite body of Newtonian fluid. The

unperturbed fluid velocity is assumed to be a linear function of position, and inertia and

body forces are assumed to be negligible. Assuming arbitrary translation and rotation

of an ellipsoidal particle, he developed analytical solutions for the velocity and pressure

fields and derived the total force and moment exerted by the fluid on the particle. The

particle motion was then solved by requiring the net force and net moment on the

particle both to be zero.

Jeffery’s solution shows that in a planar flow, the centroid of the particle trans-

lates with the unperturbed fluid velocity at that point, with its rotational motion written

as an expression for the time derivative of the orientation vector p,

ṗi = −1

2
ωijpj +

1

2
λ(γ̇ijpj − γ̇klpkplpi) (2.19)

where γ̇ij and ωij are the rate-of-deformation and vorticity tensors respectively, given
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by

γ̇ij =
∂vj
∂xi

+
∂vi
∂xj

(2.20)

ωij =
∂vj
∂xi

− ∂vi
∂xj

(2.21)

where vi represents the unperturbed velocity of the fluid.

λ is a constant that depends on the particle shape. For ellipsoids of revolution

where the length of symmetry axis is a and the length of the other two axes is b, the

factor is

λ =
(a/b)2 − 1

(a/b)2 + 1
(2.22)

For a sphere, λ = 0; for a slender particle,i.e.,(a/b) → ∞, λ→ 1.

Jeffery’s orbit in simple shear flow

Jeffery’s equation predicts that a single particle in a simple shear flow will

undergo a periodic rotation. In a flow field with shear rate γ̇, and

v1 = γ̇x2, v2 = v3 = 0 (2.23)

the fiber motion will then be

tan θ =
Cre√

cos2ϕ+ re2 sin2ϕ
(2.24)

cotϕ = re tan
(2πt
T

+ κ
)

(2.25)
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where the period of rotation T is

T =
2π

γ̇

(
re +

1

re

)
(2.26)

where re is the effective value of (a/b), called the equivalent ellipsoidal axis ratio. The

Jeffery’s orbit constant C and the phase κ are determined by the initial orientation of

the particle. If the motion of the particle is marked out in θ − ϕ space, the particle

will continually retrace the same path, and these motions are called the Jeffery orbits.

2.3.2 Rotary diffusivity

In simple shear flow, the orientation distribution achieves a steady state after a

short time, with no oscillation or any periodicity. Current models that include an inter-

action effect are closely related to the theory of rotary Brownian motion. All particles in

a suspension experience small, randomly-oriented forces as they collide with the solvent

molecules. If the particles are extremely small, comparable to some colloidal particles

or polymer molecules in solution, then these random motions are significant. These

effects, called rotary Brownian motion on fiber orientation are modeled by adding a

rotary diffusion term to the time evolution of the probability distribution function ψ(ϕ).

In our case, the related “diffusion flux” ψϕ̇ is proportional to the gradient
∂ψ

∂ϕ
, so the

continuity equation 2.11 in planar flows is modified to be

∂ψ

∂t
= − ∂

∂ϕ
(ψϕ̇) +Dr

∂2ψ

∂ϕ2 (2.27)

where
∂

∂ϕ
and

∂2

∂ϕ2 represent the gradient and Laplacian operators on the surface of a

unit sphere, and Dr is the rotary diffusivity, a material property with units of (1/time),
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depending on the size of the particles and the temperature and viscosity of the suspend-

ing fluid.

When there’s no deformation to drive the fiber motion, then ϕ̇ = 0, the diffusion

term therefore reduces the gradients in ψ, resulting in random orientation. When the

suspension is deforming, then this term tends to resist the alignment caused by ϕ̇ term.

Although the fibers in practical composites are too large to experience signifi-

cant Brownian motion, equation 2.27 exhibits many of the same qualitative features as

non-dilute suspensions when Dr is small. Folgar and Tucker proposed adapting 2.27

by using λ = 1 in Jeffery’s equation and setting

Dr = CI γ̇ (2.28)

where CI , called the interaction coefficient, is an empirical material constant, and γ̇ is

the scalar magnitude of the rate-of-deformation tensor γ̇,

γ̇ =

√
1

2
γ̇ij γ̇ji =

√
2(
∂u

∂x
)2 + (

∂u

∂y
+
∂v

∂x
)2 + 2(

∂v

∂y
)2 (2.29)

For planar flow and orientation, Folgar and Tucker’s model reduces to

ϕ̇ = −CI γ̇

ψ

∂ψ

∂ϕ
− sinϕ cosϕ

∂u

∂x
− sin2ϕ

∂u

∂y
+ cos2ϕ

∂v

∂x
+ sinϕ cosϕ

∂v

∂y
(2.30)

Combine it with equation 2.11,

∂ψ

∂t
= CI γ̇

∂2ψ

∂ϕ2
+

∂

∂ϕ

[
ψ
(
sinϕ cosϕ

∂u

∂x
+ sin2ϕ

∂u

∂y
− cos2ϕ

∂v

∂x
− sinϕ cosϕ

∂v

∂y

)]
(2.31)
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2.4 Tensor Equations

Substituting Eq. 2.27 with Eq. 2.14 and 2.15, and using Jeffery’s equation

2.19, gives

Daij
Dt

+
1

2

(
ωikakj − aikωkj

)
=

1

2
λ
(
γ̇ikakj + aikγ̇kj − 2γ̇klaijkl

)
+ 2CI γ̇

(
δij − αaij

)
(2.32)

whose left-hand side represents the Jaumann derivative of aij , and α equals 3 for three-

dimensional orientation and 2 for planar orientation.

Using orientation tensors, though compact and computationally efficient, has its

own drawbacks—that the 4th-order tensor aijkl appears in the governing equation for

aij and thus causes a closure problem, which can only be solved by approximating the

unknown moments in terms of the known moments.

To do this, the simplest closure—quadratic closure is given by

aijkl ≈ aijakl (2.33)

which is exact for fully-aligned fibers.

Advani and Tucker show that better steady-state results are obtained with hybrid

closure approximation, for three-dimensional orientation,

aijkl ≈ f
(
aijakl

)
+(1− f)

[
− 1

35

(
δijδkl + δikδjl + δilδjk

)
+

1

7

(
aijδkl + aikδjl + ailδjk + aklδij + ajlδik + ajkδil

)]
(2.34)
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while for planar orientation,

aijkl ≈ f
(
aijakl

)
+(1− f)

[
− 1

24

(
δijδkl + δikδjl + δilδjk

)
+

1

6

(
aijδkl + aikδjl + ailδjk + aklδij + ajlδik + ajkδil

)]
(2.35)

where f is a scalar measure of orientation,

f = Aaijaji −B (2.36)

where, for three-dimensional orientation,

A =
3

2

B =
1

2
(2.37)

and for planar orientation,

A = 2

B = 1 (2.38)

There have been other closure approximations proposed which are more accu-

rate. Verleye and Dupret [24]; and Dupret and Verleye [25] developed natural closure.

Cintra and Tucker proposed Orthotropic Closure (ORT) [26]. Chung and Kwon pro-

posed Invariant-Based Optimal Fitting closure (IBOF) [27], which is considered as a

hybrid of the natural closure and the ORT closure. The simulations presented here
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provide the orientation of all fibers so the fiber orientation distribution and orientation

can be directly obtained and closure approximations are not needed.

2.5 Fiber Interaction Coefficient CI

The four components of CI being calculated from the simulations can be derived

from equation Eq. 2.32 (see Appendix A for detailed derivation process). As Eq. 2.39

shows, the four CI components are actually two sets, as CI12 = CI21 , and CI11 = CI22 .

In this thesis, we use only CI11 to represent CI . CI11 and CI12 are functions of

a11 and a12 (and other variables). Because a11 and a12 appear in their denominators,

this dependence carries over to all their derivatives. By observing the Eq. 2.39, we

know that, when a11 ∈ [0.65, 1] and |a12| ∈ [0, 0.2], CI12 can easily be subject to a

deviation significantly greater than CI11’s — this is confirmed by preliminary numerical

results, and unfortunately those are exactly the ranges of a11 and a12 when the fiber

orientation stabilizes. So, we use CI11 as the CI instead of CI12 , as it’s more consistent

in values and easier to analyze (see Appendix B for more discussions).

CI11 =

∂a11
∂t

− (1 + λ)γ̇a12 + 2λγ̇a1112

2γ̇(1− 2a11)

CI22 =

∂a11
∂t

− (1 + λ)γ̇a12 + 2λγ̇a1112

2γ̇(1− 2a11)

CI12 =
−∂a12

∂t
− γ̇

2
(2a11 − λ− 1)− 2λγ̇a1122

4γ̇a12

CI21 =
−∂a12

∂t
− γ̇

2
(2a11 − λ− 1)− 2λγ̇a1122

4γ̇a12

(2.39)
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There are several models used to describe CI . Bay’s empirical results suggest a

fitting curve for CI as a function of
ϕfL

D
[18]

CI = 0.0184 exp(−0.7148ϕf
L

D
) , (2.40)

Ranganathan and Advani [31] propose a theoretical model using Doi-Edwards theory

as

CI =
K

ac/L
, (2.41)

where K is a proportionality constant and ac is the average inter-fiber spacing, which

itself is dependent on the fiber orientation states. Fan et al. [33] developed another

exponential equation to model the relationships between CI and the fiber aspect ratio

and concentration using their simulation results

CI = 0.03
[
1− exp(−0.224ϕf

L

D
)
]

. (2.42)

There are also some anisotropic diffusivity models developed [35] [36] [37].

2.6 Shear Stress

Following the work of Dinh and Armstrong, we get the following stress expres-

sion,

σij = −pδij + ηγ̇ij + τf ij (2.43)

where

τf ij =
1

2
ηNp aijklγ̇kl + βDr(aij −

1

3
δij) (2.44)
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whose second term on the right hand side is negligible in steady shear case, and where

Np is a scalar parameter that depends on the fiber concentration as well as the aspect

ratio of fibers.

Then the expression for shear stress becomes

σij = −pδij + ηγ̇ij +
1

2
ηNpaijklγ̇kl (2.45)
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Chapter 3

DIRECT SIMULATION METHOD

A finite element scheme for direct simulations of inertialess particle suspensions

in simple shear flows of a Newtonian fluid [38] was used. The whole domain was

discretized with bi-quadratic interpolations of the velocity and linear discontinuous in-

terpolations of the pressure. Two different kinds of Lagrangian multipliers are used,

one for the sliding bi-periodic constraints and the other one for the rigid-ring problem,

where the movement of a rigid body (an elliptical fiber or a circular particle) is repre-

sented by collocation points along its circumference, forming a “rigid-ring”. The bulk

stress can be expressed by simple boundary integrals of the multipliers along domain

boundaries and along particle boundaries.

3.1 Modeling

3.1.1 Problem definition

We consider flowing suspensions consisting of a large number of non-Brownian

circular disk particles and elliptical fibers in a Newtonian fluid undergoing a simple

shear flow. The rigid body motions of the fibers are particles that are force-free,

torque-free, and inertialess.

3.1.2 Computation domain

In order to observe the complex particle/fiber motions and hydrodynamic inter-

actions, the bi-periodic domain is introduced. This bi-period domain may transform a
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Figure 3.1: Sliding bi-periodic frames in a simple shear flow (left). A sliding bi-
periodic frame is the computational domain and a possible fiber configuration inside the
domain (right). Positive direction of rotation and angular velocity is counterclockwise.
(Reproduced with permission: Chung et al., 2005. [40])

suspension in an unbounded domain with an infinite number of particles/fibers into a

simple shear problem in a unit cell, giving a peek at the behavior of the suspension.

The rigid body motions of the fibers and particles are described through rigid-ring con-

straints which are implemented by Lagrangian multipliers only on the particle boundary.

Figure 3.1 shows sliding bi-periodic frames and a possible fiber configuration in

a single frame. At an arbitrary instance, say t = 0, an unbounded domain of interest

can be regularly divided into an infinite number of frames with width L and height H .

Each frame within this unbounded domain will translate along the shear direction at its

own average velocity of the flow inside the frame. Rows of the frames slide relatively

to one another by an amount ∆. ∆ between upper and lower frames is given by

∆ = γ̇Ht (3.1)

where γ̇ is the shear rate, and t is the elapsed time.
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The sliding frame is an inertial frame of reference, which translates at a constant

velocity. The velocity is determined by the shear rate and a representative vertical

position based on an arbitrary global reference coordinate in order to represent a simple

shear problem. The sliding frame is bi-periodic, which means particles/fibers crossing

the left frame boundary should re-appear on the right boundary, particles/fibers crossing

the upper boundary should re-appear on the lower boundary, and vice versa. The bi-

periodicity is time-dependent. The periodicity between upper and lower boundaries is

determined by the amount of slide ∆, which itself is a function of time.

A sliding bi-periodic frame, denoted by Ω, is the computational domain of this

work. It consists of: four boundaries of the frame Γi, (i=1-4), particles/fibers are

denoted by Pi, (i = 1, 2, ..., N) (N is the number of particles/fibers in a single frame).

The Cartesian coordinates x and y are chosen as parallel and normal to the shear flow

direction respectively.

The i-th particle/fiber Pi has the following properties to denote:

• the particle/fiber center X i = (Xi, Yi)

• the translation velocity U i = (Ui, Vi)

• the angular velocity ωi = ωik

• the angular rotation Θi = Θik

where k is the unit vector in the direction normal to and out of the plane.

3.1.3 Governing equations

Here, we present the governing equations in a strong form for suspensions of

two-dimensional particles/fibers in a Newtonian fluid, neglecting inertia for both fluid

and particles/fibers.
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The equations for systems consisting of only non-boundary-crossing particles/fibers

are presented first.

Fluid domain

momentum balance

∇ · σ = 0 in Ω\P (t) (3.2)

mass balance

∇ · u = 0 in Ω\P (t) (3.3)

the constitutive relation

σ = −pI + 2ηD in Ω\P (t) (3.4)

rigid body motion on the particle/fiber surface

u = Ui + ωi × (x−Xi) on ∂Pi(t) (i=1,…,N). (3.5)

where

σ is the stress tensor

u is the velocity vector

p is the pressure

I is the identity tensor

η is the viscosity

and D is the rate of deformation tensor
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Figure 3.2: The fiber is described by evenly distributed collocation points along its
boundary. The entire computational domain is described by a regular rectangular
discretization. (Reproduced with permission: Chung et al., 2005. [40])

Rigid body domain

An alternative description for the fiber/particle domain is used here, called “rigid-

ring description”. As shown in Figure 3.2, his method considers the particle/fiber as

a rigid ring, which is filled with a fluid so that the rigid-body conditions are imposed

on the particle boundary only. Discretization is therefore only needed along the parti-

cle/fiber boundary. It allows a systematic and respective treatment of boundary-crossing

particles/fibers, but it’s only possible when inertia is negligible.

From the rigid-ring description, the governing equations for a region occupied
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by a particle Pi at a certain time t can be written as follows

momentum balance

∇ · σ = 0 in Pi(t) (3.6)

mass balance

∇ · u = 0 in Pi(t) (3.7)

the constitutive relation

σ = −pI + 2ηD in Pi(t) (3.8)

rigid body motion on the particle/fiber surface

u = Ui + ωi × (x−Xi) in Pi(t) (3.9)

In addition, the movement of the particles is given by the kinematic equations:

dX i

dt
= U i (3.10)

dΘi

dt
= ωi (3.11)

Hydrodynamic interactions

In the absence of inertia and external forces or torques, the balance equations

for the drag forces and torques on the boundary of Pi at time t are

F i =

∫
∂Pi(t)

σ · n ds = 0 (3.12)

T i =

∫
∂Pi(t)

(x−X i)× (σ · n) ds = 0 (3.13)
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Sliding bi-periodic frame constraints

For the horizontal periodicity between Γ2 and Γ4, the velocity continuity and

force balance equations are:

u(0, y) = u(L, y), y ∈ [0, H] (3.14)

t(0, y) = − t(L, y), y ∈ [0, H] (3.15)

where the vector t denotes the traction force on the boundary.

For the vertical periodicity between Γ1 and Γ3, the time-dependent velocity con-

tinuity and force balance equations are:

u(x,H; t) = u({x− γ̇Ht}∗, 0; t) + f , x ∈ [0, L) (3.16)

t(x,H; t) = − t({x− γ̇Ht}∗, 0; t) , x ∈ [0, L) (3.17)

where f = (γ̇H, 0), and {·}∗ denotes the modular function of L: e.g., {1.7L}∗ = 0.7L

and {−1.7L}∗ = 0.3L.

Boundary-crossing particles

We now consider fibers/particles that cross the computation domain boundaries

Γ (Figure 3.1), where particles or parts of a particle are present outside the domain

Ω. In this situation, such parts need to be relocated into the domain, and the velocity

doesn’t necessarily remain the same as those that do not cross the boundaries. The

relocation proceeds in two steps: relocation of particle centers and relocation of particle

boundaries. The relocated position of Pi, x′
i = (x′i, y

′
i), from the original position of
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Pi, xi = (xi, yi), is

x′
i = ({xi − γ̇Ht}∗, yi−H), for xi ∈ Γ3

x′
i = ({xi + γ̇Ht}∗, yi+H), for xi ∈ Γ1 (3.18)

x′
i = ({xi}∗ , yi ), for xi ∈ Γ2 ∪ Γ4

and the modified translational velocity component U of a particle is determined by the

region where the original position is located:

U ′ = U − γ̇H, for xi ∈ Γ3

U ′ = U + γ̇H, for xi ∈ Γ1 (3.19)

Weak form

With the collision issues properly addressed, now we can move on to the weak

form. The rigid-ring constraint in the combined velocity space is removed by enforcing

it as a constraint equation in the weak form. Define Lagrangian multipliers

λh ∈ L2(Γ4) (3.20)

λv ∈ L2(Γ3) (3.21)

λp,i ∈ L2(∂Pi(t)) (i = 1, ..., N) (3.22)

to represent the traction on the computation domain boundary Γ4, Γ3 and on the par-

ticle surfaces ∂Pi(t) respectively.
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The weak form for the whole domain can then be written as

−
∫
Ω

p∇ · v dA+

∫
Ω

2ηD(u) : D(v) dA+
N∑
i

⟨λp,i,v − (V i + χi × (x−X i))⟩∂Pi

+⟨λv,v(x,H; t)− v({xi + γ̇Ht}∗, 0; t)⟩Γ3+⟨λh,v(0, y)− v(L, y)⟩Γ4 = 0 (3.23)∫
Ω

q∇ · u dA =0 (3.24)

⟨µp,i,u− (U i + ωi × (x−X i))⟩∂Pi
=0 (3.25)

⟨µh,u(0, y)− u(L, y)⟩Γ4 =0 (3.26)

⟨µv,u(x,H; t)− u({x− γ̇Ht}∗, 0; t)⟩Γ3 =⟨µv,f⟩Γ3 (3.27)

where the inner product ⟨·, ·⟩Γj
is the standard inner product in L2(Γj)

⟨µ,v⟩Γj
=

∫
Γj

µ · v ds,

the forcing term f originates from the difference in the sliding velocities of the up-

per and the lower boundaries, and it is constant for giver (γ̇H). The weak form of

the rigid-ring description (Eq. 3.25) is then approximated by point collocation by the

particle boundaries

⟨µp,i(x),u(x)−(U i+ωi×(x−X i))⟩∂Pi
≈

M i∑
k=1

µp,i
k ·[u(xk)−(U i+ωi×(x−X i))] (3.28)

where M i,xk, and u(xk) are the number of collocation points on ∂Pi, the coordinate of

the k-th collocation point on ∂Pi, and the collocated multiplier µp,i
k at xk respectively.
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3.2 Collision Strategy

As reported by many researchers, the fibers tend to cluster under shear [21].

This issue is more pronounced in our non-dilute simulations as they are carried out in

a 2-dimensional domain, where longer fibers do not have enough degree of freedom to

avert collision by rotating to another plane. Although the domain inside the fiber are

constrained to follow a rigid-body motion, it does not prevent the collocation points of

another fiber from entering it (see Figure 3.2).

Finding an effective collision strategy is crucial. Glowinski et al. [44] proposed

a collision strategy to apply to particulate flows. This strategy assumes a quadratic

form of repulsive force between circular particles when the distance is closer than a

designated safe distance ρ. It unfortunately doesn’t adress fibers with aspect ratio larger

than unity. Laure et al. [45] reported a collision strategy for cylindrical fibers in a 3-

dimensional simulation. This method directly manipulates the position of each fiber

further away from each other until all fibers are separated by a safe distance ρ. It is

effective in theory, but it would not work well for our 2-dimensional domain as the

packing won’t allow for this kind of manipulation. Rezak [46] used an exponential

formula for the repulsive force between flexible cylindrical fibers.

As there is no work on collision strategy between elliptical fibers proposed

before, I propose an original collision strategy specifically to use for this case. A

numerical algorithm was employed in this work [47] to gauge the minimum distance

between two elliptical fibers, as no analytic solution is available. “Virtual rings” are

constructed for fibers and circular particles that are crossing the computational bound-

aries (Figure 3.3) or closer to the boundary than the “safe distance”.

As explained in Figure 3.4, the collision strategy takes effect in two parts:
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Figure 3.3: A diagram showing minimum distance calculation process and pre-collision
detection between two fibers (solid line). Virtual rings (dashed line) are constructed
for boundary-crossing fiber (red). 31 collocation points (CPs) uniformly distributed
along the circumference of each fiber are marked with dots, number of CPs used the
simulations are much greater. The red line between the blue fiber and one of the
“virtual ring”s of the other showcases a near-collision situation, while green ones are
in safe distances.

pre-collision and post-collision. Note that all the treatments are directly applied to

the original fiber/particle instead of the “virtual rings”, which are only constructed to

determine the minimum distances.
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3.2.1 Pre-collision treatments

The pre-collision strategy applies a force-pair to the nearest points along the

surface of the two meeting fibers. This is achieved by adding λp
pre to the Lagrange

multiplier λp on the rigid body collocation points,

λp
preij =


0 , ∥Xi −Xj∥ > ρ

ϵrep1
X i −Xj

∥X i −Xj∥
e−ϵrep2∥Xi−Xj∥ , 0 < ∥X i −Xj∥ ≤ ρ

(3.29)

where ρ is the force range, X i and Xj are the points along the surface of fiberi and

fiberj respectively, ϵrep1 and ϵrep2 are repulsiveness parameters.

This will deliver a force to the point on each of the fiber where it’s most closely

approached. In most cases, the force will not coincide with the coordinates of the

collocation points. In such cases, the treatment force λp
preij should be split into a pair

of forces and applied to the closest two collocation points available.

3.2.2 Post-collision treatments

The post-collision strategy, however, is more complicated. Because the finite-

element scheme in use does not hard-code one fiber from another, so when they collide,

i.e., one or more collocation points of one fiber travel into the ring encircled by the

collocations points of another fiber, applying any form of force to the collision spot

will be done to both of them, which will not separate them. Therefore, the following

artificial forms of post-collision velocities are introduced to manage this situation.
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i = 1

i ≤ total number of
fibers/circular particles?

ki = 0

j = 1

j ≤ number of CPs
along fiber/particlei?

exist(virtual ringmi of fiber/particlei
passing through CPj)?

ki = ki + 1
m = ki
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fiber/particlei passing through CPj

j = j + 1

i = i+ 1

letters meaning in step 1

i
the sequence number of the
fiber/particle in turn

j
the sequence number of the collocation
point on fiber/particlei

ringmi
the “virtual ring” constructed for
fiber/particlei in zone m

ki
the total number of “virtual ring”s
constructed for fiber/particlei

m
the sequence number of the zone in
which the “virtual ring” of
fiber/particlei is being constructed

letters meaning in step 2

i
the sequence number of the first of the
fiber/particle in turn

j
the sequence number of the second of
the fiber/particle in turn

dmn
ij

the minimum distance between the
“virtual ring” of fiber/particlei in zone
m and the “virtual ring” of
fiber/particlej in zone n

m,n
looping counter from 1 to ki and kj
respectively

i = 1

i ≤ total number of
fibers/circular particles−1?

j = i+ 1

j ≤ total number of
fibers/circular particles?

m = 1

m ≤ ki
calculated from step 1?

n = 1

n ≤ kj
calculated from step 1?

calculate the minimum distance dmn
ij

between ringmi and ringnj

n = n+ 1

m = m+ 1

min(dmn
ij ) < safe distance ρ ?

min(dmn
ij )> 0 ?

apply pre-collision
treatment to

fiber/particlei and
fiber/particlej

apply
post-collision
treatment to

fiber/particlei and
fiber/particlej

j = j + 1

i = i+ 1

continue to the
next time step

no

no

yes
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no
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yes no

no
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Figure 3.4: Implementation flowchart for pre- and post- collision between fibers and
circular particles. “Virtual rings” are constructed in this process for boundary-crossing
fibers and particles. The light blue items are of step 1, and the pink items are of step
2.
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U postij= ϵrep3
Xc

i −Xc
j∥∥Xc

i −Xc
j

∥∥ e
ϵrep4

γij
π (3.30)

Ωpostij= (ari − 1)
2∑

k=1

(
Xk −Xc

i

)
×
(
ϵrep5 e

ϵrep6
γij
π n⊥

i

)
(3.31)

where U postij and Ωpostij are the post-collision artificial linear/angular velocity exerted

to fiberi, ari is the aspect ratio of fiberi, Xc
i is the coordinates of the center of fiberi,

Xk (k = 1, 2) are the coordinates of the intersection points on fiberi, γij is the

angle between the eccentric anomalies of the intersection points of fiberi, ϵrep3−6 are

repulsiveness parameters, and n⊥
i is the unit vector perpendicular to the line connecting

the two intersection points pointing towards fiberi. Here we don’t consider the case

where fibers have more than two intersection points, as it should be prevented by the

aforementioned regime.

The severity of the collision is measured by γij — the deeper the fibers intersect

into another, the stronger the artificial velocities the collision strategy will trigger. The

resulted artificial linear velocity detach the fibers away along the connecting center line

direction. And the resulting angular velocity (zero for the circular particles due to the

ari term) should move the fibers away from each other.

3.2.3 Collision strategy parameters

Many trials were performed to generate parameters with time during fiber/particle

collision. The process to find the best parameters was analogous to gradient descent

method, except that no function is available to characterize how well the parameters

are preventing the fibers from colliding. Because the fibers seldom separate from each
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other once collision happens, I visually examine the extent of the fibers “tangling up”

after a fixed period of simulation time. Take Eq. 3.30 for example. First, 3–5 values

are chosen for ϵrep3 and ϵrep4, run the simulations with all combinations of those values,

decide which parameter the simulation is more sensitive to, say ϵrep3, narrow the range

of ϵrep3 to the ones where the simulations have less “tangled” fibers, repeat the steps

for the other parameter(s) ϵrep4, then for ϵrep3 again, repeat until an acceptable amount

of collision is reached. Table 3.1 lists all the parameters used for the implementation

of the proposed collision strategy.

Table 3.1: Parameters for collision strategy

ϵrep1 [Pa] ϵrep2 [m−1] ϵrep3 [ms−1] ϵrep4 [1] ϵrep5 [m−1s−1] ϵrep6 [1]
1.0× 10−2 2.7× 102 2.0× 101 4.0× 100 1.0× 10−2 6.0× 100

Figure 3.5 plots the pre-collision force λppreij applied to collocation points along

the circumference of the fiber/particle Pi when the minimum distance of it from Pj

is smaller than the designated safe distance ρ without touching. Figure 3.6 plots the

post-collision translational velocity U postij and angular velocity Ωpostij applied to the

center of the fiber/particle Pi after its collision with Pj .

Figure 3.7 gives an example of the proposed collision strategy. The column

on the left shows the computational domain and fiber configuration at time t = 0

and t = 20 without the collision strategy, while the right with the strategy. Green

dots along fiber surfaces denote the near-collision occurrences, where the pre-collision

treatment force λp
pre ought to be applied. Green dots in the centers of the fibers denote

occurrences, where the post-collision treatment velocities U postij and Ωpostij should be

applied. It clearly shows that, (a) the collision is inevitable and a collision strategy

is necessary, and (b) the effect of intersections amplifies over time, and the proposed
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Figure 3.5: Pre-collision force λppreij applied to collocation points along the circumfer-
ence of the fiber/particle, 0 < ∥X i −Xj∥ ≤ ρ, ρ = 0.2.

angle .
ij
 between the eccentric anomalies of the intersection points on the fiber

0 :/8 :/4 3:/8 :/2 5:/8 3:/4 7:/8 :

ad
di

tio
na

l v
el

oc
iti

es
 fo

r 
in

te
rs

ec
te

d 
fib

er

10-2

10-1

100

101

102

103

104

line velocity
angular velocity

Figure 3.6: Post-collision velocities applied to the center of the fiber/particle

42



collision strategy significantly eliminates that.

3.3 Implementation

3.3.1 Discretization

Two discretization schemes are used in the simulations. A regular rectangular

discretization with the bi-quadratic interpolation of the velocity and the linear discon-

tinuous interpolation for the pressure is used. The Q2 − P d
1 element is illustrated in

Figure 3.8, which satisfies the inf-sup condition1.

3.3.2 Matrix equations

For each time step, the following matrix equation is solved for a given parti-

cle/fiber configuration:



K G 0 P H V

GT 0 0 0 0 0

0 0 0 R 0 0

P T 0 RT 0 0 0

HT 0 0 0 0 0

V T 0 0 0 0 0





u

p̃

Ũ

λp

λh

λv


=



0

0

0

f̃ ′

0

f̃


(3.32)

where p̃, Ũ , f̃ , f̃ ′ are pressure variables, rigid-body motion variables, the forcing

term due to the vertical sliding periodicity (Eq. 3.27), and the integral of the forcing

term due to boundary-crossing particle (Eq. 3.28 respectively).

1 A basic mathematical criterion that determines whether a mixed finite element discretization is stable and
convergent.
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Figure 3.7: The proposed collision strategy significantly reduces inter-fiber intersection.
The green dots along fiber surfaces denote near-collision points, and the ones in the
centers of the fibers denote on-going intersections. (aspect ratio: 20, vol%particle = 7%
and vol%fiber = 20%)
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Figure 3.8: A Q2 − P d
1 element in a regular rectangular discretization with the bi-

quadratic interpolation of the velcity and the linear discontinuous interpolation for the
pressure. (Reproduced with permission: Hwang et al., 2004. [38])

3.3.3 Time integration

We employ explicit time integration schemes — the explicit Euler method at

the first time step and the second-order Adams-Bashforth method from the second

time step. A modified second-order Adams-Bashforth scheme for the particle Pi which

comes from the upper or lower boundary, in the x-direction

Xn+1
i ≈ X ′

i
n
+∆t (

3

2
Un
i − 1

2
U ′
i
n−1

) (3.33)

where Xn+1
i , X ′

i
n, Un

i , U ′
i
n−1 are the present particle position, the next step particle

position, the present velocity and the modified previous velocity respectively.

3.4 Collocation Points

It can be tricky when it comes to deciding the number of collocation points

along the surface of a fiber. Unlike the example problem shown in Hwang et al.’s work

[38], with circular particles not colliding, elliptical fibers don’t have a constant curva-

ture, so the linear velocity of one point varies largely from another, rendering it much

more inclined to collisions. The number of collocation points along a fiber/particle is
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chosen such that the average number of collocation point in each element is ∼1.13

throughout this study (Table 3.2).

Table 3.2: Number of collocation points used for fibers

major axis minor axis aspect
ratio

number of
collocation points

0.030 0.030 1 20
0.012 0.216 18 96
0.012 0.240 20 108
0.012 0.264 22 120

Finite Element based simulation was performed using the above approach devel-

oped and provided by Hwang et al. [38, 39, 40], and the simulation results of various

studies are discussed in the next chapter.
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Chapter 4

SIMULATION RESULTS

4.1 Simulation Plans

In order to reveal the disparity between fiber orientations with and without cir-

cular particles in the system undergoing a simple shear flow, the simulation experiments

are conducted as follows:

Step 1. Run simulations with only fibers vol%fiber in the suspension. Observe

the fiber orientations aij evolve over time, and calculate C fiber
I .

Step 2. Run simulations with both fibers vol%fiber and particles vol%particle in the

suspension. Observe the fiber orientations aij fiber w/ particle evolve over time, and calculate

the according C fiber w/ particle
I .

Step 3. Repeat step 1 and step 2 for other combinations of C fiber
I and C fiber w/ particle

I .

Plot the results. Configurations for fiber-only suspensions are shown in Table 4.1, and

fiber-particle suspensions are shown in Table 4.2.

Step 4. Compare the simulation C fiber
I with those from other existing models.

Step 5. Compare the results C fiber
I and C fiber w/ particle

I . Study the difference in-

duced by the presence of the circular particles in the system.

The simulations in this work are conducted on the High Performance Cluster

(HPC) “Mills” on the University of Delaware campus. The realizations of the simula-

tions are derived from a series of FORTRAN routines kindly provided by Hwang et

al. [38, 39, 40].
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Table 4.1: Simulation configurations for fiber-only suspensions

major
axis

minor
axis

aspect
ratio vol%fiber ∆t

# of time
steps

0.216 0.012 18
7%, 15%, 20% 0.05 6000.240 0.012 20

0.264 0.012 22

Table 4.2: Simulation configurations for fiber-particle suspensions

major
axis

minor
axis

aspect
ratio vol%fiber vol%particle ∆t

# of time
steps

0.216 0.012 18
15%

6%, 8%,
0.05 6000.240 0.012 20 10%, 12%,

0.264 0.012 22 14%

Following additions, functions and revisions to accomplish the research objec-

tives were introduced by me to address the issue of collisions.

• recognizing boundary-crossing ellipses and constructing “virtual ring”s of them
for inter-ellipse distance calculation

• determining the minimum distance between two ellipses in any simulation zone
and at any angle, and exerting a force-pair to the collocation points along the
surface of the ellipse-pair that are too close

• detecting intersection of two ellipses and applying an additional velocity (and
angular velocity) to the center of the represented fibers/particles

• for the initial step t = 0, identifying ellipses with equal axes (i.e., circular par-
ticles), initializing them with θ = 0, and excluding them from the calculation of
orientation tensor A

• for the initial step t = 0, identifying ellipses with non-equal axes (i.e., elliptical
fibers), initializing them with randomized θ making a11|t=0 = 0.5

• reading the pre-set orientation and position distribution of fibers from files

• allowing for larger domain size and matrix computations

• resuming from a previous simulation for more efficient use of the HPC resources

• outputting specified information for post-processing
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4.2 Simulation Results

The direct bi-period simulation provided the velocity field (Eq. 3.3.2) of the

matrix, and the complete information of the rigid-body motions. The orientation tensor

can then be directly calculated from Eq. 2.13 to 2.15. Then, CI can be calculated

from Eq. 2.39.

For each combination of fiber and circular particle concentrations, ∼30 simula-

tions are conducted with randomized initial location and orientation, with a11
∣∣
t=0

= 0.5.

At least 119 fibers are present in each computation domain to ensure a smooth fiber

orientation transition. The variance in the concentration is achieved by varying the

sizes of the computation domain Ω.

Preliminary results show that, from the initial random state, CI decreases drasti-

cally from larger than O(100) to O(10−3) as the fibers align (Figure 4.1). Because the

equation used to calculate CI (Eq. 2.39) has the term (1−2a11) in the denominator, CI

becomes negative when a11 < 0.5, which is not shown in the log-scale. This decrease

in CI is supported by the numerical results reported by Ranganathan and Advani [31],

who associate the inter-fiber rotary diffusion with inter-fiber spacing, and show that the

orientation dependent interaction coefficient CI describes a delayed alignment than the

constant. All CI reported in this work is the steady-state CI , which is calculated when

the variances of CI and a11 become stable.

4.2.1 Circular particle only suspension system

Figure 4.2 plots the relative viscosity ⟨η⟩/η as a function of the volume fraction

of circular particle vol%particle . In this work, the radii of all circular particles are 0.03.

49



time
0 1 2 3 4 5

si
m

ul
at

io
n 

C
I

10-3

10-2

10-1

100

101

102

ar=18
vol%fiber=15%

vol%particle=6%
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Figure 4.3: The computed interaction coefficient CI of neat fiber suspension system,
with aspect ratio 18, 20 and 22, plotted against two concentration parameters -
volume fraction vol%fiber (left), and vol%fiber L/D (right). For comparison purposes,
the experimental results of Folgar and Tucker for ar=16, and the fitted value from Fan
et al.’s simulation model are also plotted.

4.2.2 Neat fiber suspension system

Figure 4.3 plots the steady-state interaction coefficient CI of neat fiber suspen-

sion system with aspect ratio 18, 20 and 22, against two concentration parameters —

vol%fiber on the left, and vol%fiber L/D on the right. All CIs obtained from simula-

tions span roughly within the O(10−3) ∼ O(10−2) range. In both plots, the steady-state

CI increases exponentially as the concentration of fibers does. And it decreases as the

fibers increase in aspect ratio.

All simulation data are least-squares-fitted with exponential models per two con-

centration parameters respectively, hence the discrepancy in slopes.

Folgar and Tucker experimental results with aspect ratio 16 are also plotted in

the figure with filled stars.
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The aspect ratios and volume fractions used in the simulations are used in Fan

et al.’s fitted model, and plotted with unfilled markers in Figure 4.3. Their actual

experimental results are not illustrated here. It’s worth mentioning that, although their

fitted model suggest that a larger aspect ratio with constant fiber volume fraction incurs

a greater diffusivity (Eq. 2.5), their pre-fitted simulation dataset suggests otherwise.

4.2.3 Fiber-particle suspension system

In this section. we use C fiber w/ particle
I to represent the steady-state interaction coef-

ficient CI of the fibers suspended in a particle-loaded system. Here we need to clarify

that, the calculation of CI , or more directly the A components, doesn’t involve the

orientation of the circular particles, as it does not carry any physical meanings. The

words “w/ particle” are to stress the differences in the suspension constituents.

In Figure 4.4, we exhibit C fiber w/ particle
I for fiber-particles suspensions of 3 aspect

ratios. Maintaining a vol%fiber ≈ 15% for all data points, we plot the according coeffi-

cients with ascending vol%particle from 6% to 14%. Again, all simulation data are least-

squares-fitted with exponential models, shown as solid lines in the figure. Because the

aspect ratio for the circular particles is 1, no plot against vol%fiber L/D is presented.

As for the alignment of the fibers, an example of the averaged a11 is shown in

Figure 4.5. It’s evident to see that, as the circular particles amass, the fibers are to

undergo a more vigorous rotary diffusion.

Figure 4.6 compares the constant CI models of linear and quadratic approxima-

tions with the simulation result C fiber w/ particle
I . As discussed before, the C fiber w/ particle

I proves

to be exceedingly large when the fibers randomly orientate. Using the steady state
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C fiber w/ particle
I from the simulation, neither of these constant CI models accurately pre-

dict the dynamics of fiber orientation.

4.3 Discussion

In this work, no approximation is necessary to calculate the transient 4A ten-

sor components, as all of them can be directly obtained from the instantaneous fiber

orientation (Eq. 2.15).

Figure 4.4 clearly shows that, the presence of the circular particles alters the

track of the fibers aligning and introduces more random behavior into the system.

It is safe to conclude that, fibers suspended in a non-dilute particle suspension

will experience a stronger resistance from aligning in the flow direction. This means

that, simply taking the effective viscosity of a particle suspension does not necessarily
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tell the whole story of the fiber orientation, which is critical when it comes to the

mechanical properties of the manufactured articles.
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Chapter 5

CONCLUSIONS AND FUTUREWORK

5.1 Summary and Conclusions

The orientation of the force-free torque-free fibers suspended in a circular-particle-

loaded suspension undergoing a simple shear flow in a Newtonian matrix is studied.

This problem is modeled by a direct bi-periodic simulation domain packed with el-

liptical and circular disks inside. A dedicated collision strategy for elliptical fibers

is developed and employed for non-dilute suspension using this simulation method.

With given random initial locations and orientations of the fibers and the particles, the

finite element method solves a series of balance equations and boundary constraints for

the complete flow field and the rigid-body areas. It then moves on to the next step

through a similar procedure, until a desirable length of simulation is completed. For

each time step, the orientation of all the fibers are analyzed and used to calculate the

instantaneous interaction coefficient CI .

The interaction coefficient CI is shown to be time dependent, which can be

explained by theories of fiber interactions being dependent on inter-fiber spacing. A

comparison between constant CI model and the simulation result show that the constant

CI doesn’t predict the fiber orientation to one’s satisfaction.

C fiber
I for varying aspect ratios and vol%fiber are inspected and compared with

other established fiber suspension models. A positive correlation is found between
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the steady state C fiber
I and the vol%fiber , and a negative correlation is found between

C fiber
I and the aspect ratio of the fibers.

The existence of circular particles suspended in the resin impact the fiber orien-

tation process due to the collision experienced. The fiber orientation is slow to align

in the direction of the shear due to the presence of particles. The degree of alignment

decreases as the concentration of particles increases. This is then demonstrated and

verified by comparing the C fiber w/ particle
I s and the orientation tensor evolution between

increasing particle content systems.

5.2 Future Work

This work restricts itself to a 2-dimensional domain, which largely restricted the

motions of fibers and the circular particles. Fan et al.’s work confirms that, for a semi-

concentrated regime in a 3-dimensional domain, the fiber trajectory constantly rotates

out of the xy-plane [33], which allows the fiber more spacial flexibility to not tangle

up with other ones. If this is implemented, the ad-hoc collision strategy (especially the

post-collision part) might have a less significant affect on the stress calculation.

Most of the CI reported are plotted as functions of both volume fraction of the

fibers and vol%fiber L/D, it seems that, in vol%fiber L/D graphs, CI is generally larger

with smaller aspect ratio. However, most models fitted with experimental results do

not recognize this phenomenon. If enough data is collected, one could arguably fit an

exponential model for each aspect ratio, then fit the parameters of those models to be

functions of the aspect ratios of the fibers, to obtain a final model.

At this moment, the C fiber w/ particle
I data is not sufficient to build a model for the

particle-loaded fiber suspensions. But it is sensible to run simulations for a large set of
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volume fractions of both fibers and circular particles, and build a model in the form

C fiber w/ particle
I = Cparticle contribution

I + C fiber contribution
I (5.1)
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Appendix A

DIRECT CALCULATION OF CI

The 4 components of CI being calculated from the simulations can be derived

from (2.32), written here again:

Daij
Dt

+
1

2

(
ωikakj − aikωkj

)
=

1

2
λ
(
γ̇ikakj + aikγ̇kj − 2γ̇klaijkl

)
+ 2CI γ̇

(
δij − αaij

)

with simplified flow parameters ωij and γ̇ij for the simple shear flow being

γ̇ij =


∂v1
∂x1

+
∂v1
∂x1

∂v2
∂x1

+
∂v1
∂x2

∂v1
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∂v2
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∂v2
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 =
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 (A.1)
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∂v2
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− ∂v1
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∂v1
∂x2

− ∂v2
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∂v2
∂x2

− ∂v2
∂x2

 =

0 −γ̇

γ̇ 0

 (A.2)

Now, examine the terms of (2.32).
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When i = 1, and j = 1,

L.H.S =
Da11
Dt

+
1

2
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=
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+
1

2
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Then,
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2γ̇(1− 2a11)
(A.3)
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Similarly,

CI11 =

∂a11
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Appendix B

REMARKS ON THE CHOICE OF USING CI11 AS CI

B.1 Preliminary Result

For each step, CI11 and CI12 can be directly calculated from Eq. 2.39, rewritten

here:

CI11 =

∂a11
∂t

− (1 + λ)γ̇a12 + 2λγ̇a1112

2γ̇(1− 2a11)

CI12 =
−∂a12

∂t
− γ̇

2
(2a11 − λ− 1)− 2λγ̇a1122

4γ̇a12

As shown in Figure B.1, the CI11 and CI12 both start off with great deviations

when the fibers are randomly orientated, but then they develop distinct patterns as the

fiber orientation evolves — the deviation of CI11 reduces and remains relatively steady

when compared with that of CI12 .

B.2 Explanations for the Distinct Behaviors of CI11 and CI12

The discrepancy of these two quantities CI11 and CI12 can be explained by the

way they are calculated.

As shown in Eq. 2.39, the values of CI11 at a11 = 0.5 and CI12 at a12 = 0

become infinity. This directly affects the values of these CI components and poses a

stability issue when using CI12 as CI .

Moreover, the sensitivity of CI components to their variables (i.e.,
∂CI11

∂fi
,
∂CI12

∂gi
,

…, where fi and gi are the independent variables of CI11 and CI12 respectively) are,
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Figure B.1: A typical result of the evolution of orientation tensor components (a11 and
a12, y axis on the left) and that of CI components (CI11 and CI12 , y axis on the right).
The magenta line represents a12, and the blue dots represent CI12 . The cyan lines/dots
represent 11-component variables a11 and CI11 , plotted for comparison purposes.
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just like themselves, inversely proportional to their denominators, which are functions

of the orientation components a11 and a12 respectively. So, if we calculate these pro-

portionality quantities, and compare them by dividing one with another, we will then

have the a contour plot shown in Figure B.2, with some considerable values of the

ratio contoured. As shown by Figure B.2, when the fiber orientation stabilizes — likely

when a11 ∈ (0.65, 0.85), and a12 ∈ (−0.2, 0.2), CI12 tends to have a deviation larger

than CI11 , possibly many times larger. And this poses a precision issue when using

CI12 as CI .

B.3 Conclusion

We use CI11 over CI12 as CI in the thesis, for the following reasons:

(a) When the fibers align from a random orientation, CI11 quickly decreases and
maintains a relatively small deviation.

(b) When the fibers align from a random orientation, CI12 quickly decreases as a12
peaks, then fluctuates as a12 decreases. When a12 drops back below 0.2, CI12

becomes more sensitive to the change of a12 than CI11 to a11, causing much
greater deviations, which makes it numerically difficult to produce a meaningful
CI12 .

In other words, if hypothetically, the range of a11 when the fiber orientation

stabilizes was near 0.4–0.6, and a12 > 0.3, we would then choose CI12 over CI11 to use

as CI . Or assume that the deviation of these two quantities were of comparable orders,

we would then consider alternative options to involve both of them in the calculation

processes. But for now, because of the reasons listed above, we only include CI11 as

the CI throughout this thesis.
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(−0.2, 0.2). The deviation of CI12 becomes significantly greater than that of CI11 as
the value of a12 decreases.
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Appendix C

AVERAGED CI CALCULATED FROM SIMULATION RESULTS

Table C.1: Average C fiber
I calculated from simulations of neat fiber suspensions

C fiber
I

vol%fiber

7% 15% 20%

aspect
ratio

18 0.0056 0.0073 0.0096
20 0.0054 0.0068 0.0080
22 0.0040 0.0053 0.0059

Table C.2: Average C fiber w/ particle
I calculated from simulations of hybrid fiber-particle

suspensions

C fiber w/ particle
I

vol%particle

0 6% 8% 10% 12% 14%

aspect
ratio

18 0.0073 0.0104 0.0111 0.0116 0.0135 0.0162
20 0.0068 0.0089 0.0094 0.0097 0.0108 0.0123
22 0.0053 0.0068 0.0080 0.0076 0.0089 0.0089
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01/23/2016 

PlastiComp, Inc. 

110 Galewski Drive 

Winona, MN 55987 USA 

 

To whom this may concern: 

 

I am a Master’s student at the University of Delaware. I am in the process of 

preparing a degree thesis to be "published" through UMI's dissertation program 

and am seeking permission to include the graphic material in my publication 

from the following link:.  

http://www.appliancedesign.com/articles/94628-boosting-performance-

without-breaking-the-bank 

 

 

The title of my thesis is: 

A study of fiber orientations in particle-loaded suspensions using a direct 

simulation method with collision strategy 

 

If the permission is granted, your graphs will be credited and acknowledged, 

and they will be included in my thesis as shown below: 
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Please let me know if it is ok for me to use this work in this manner. 

 

Please indicate your approval of this request by signing the letter where 

indicated below and returning it to me as soon as possible using the self-

addressed envelope.  Your signing of this letter will also confirm that you own 

the copyright to the above-described material. 

 

Very truly yours, 

Xiaoqing Li 

Master’s student in Mechanical Engineering 

University of Delaware 

xqingli@udel.edu 

(302) 365-0427 

 

 

For copyright owner use: 

 

PERMISSION GRANTED FOR THE USE REQUESTED ABOVE: 

 

Permission to publish photographs and illustrations detail above is hereby 

granted for educational research purposes, all copyrights are retained by 

PlastiComp, Inc. and not transferred.  Please credit “PlastiComp, Inc.” as 

source for these images. 

 

By: Kirk Fratzke 

 

Title: Media marketing coordinator 

PlastiComp, Inc. 

110 Galewski Dr 

Winona, MN 55987 

507-474-0197 

 

Date: January 25, 2015 

 

The preferred source of your graphics, if other than the one before: 
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Xiaoqing Li <xqingli@udel.edu>

RE: Permission request to reprint the journal content in my Master's thesis 
1 message

Hyun Wook Jung <hwjung@grtrkr.korea.ac.kr> Sun, Jan 24, 2016 at 7:47 PM
To: xqingli@udel.edu
Cc: mschun@kist.re.kr

Dear Xiaoqing Li,

 

On behalf of the current Editor-in-Chief of KARJ, Dr. Myung-Suk Chun, I am sending e-mail to you. (Now, I
am an associate Editor.)

You can use Figs. 1 and 3 of Prof. Hwang’s article published in KARJ. Please, do not forget to mention the
copyright permission when you use these figures.

Best regards.

 

Hyun Wook Jung

--------------------------------------------------------------------

Hyun Wook Jung, Professor

Department of Chemical and Biological Engineering

Korea University

Anam-dong, Seongbuk-gu, Seoul 136-713, Korea

Tel: 82-2-3290-3306

E-mail: hwjung@grtrkr.korea.ac.kr

--------------------------------------------------------------------

 

From: 유변학회 [mailto:ksr@ksr.or.kr]  
Sent: Monday, January 25, 2016 9:58 AM
To: 정현욱
Cc: 전명석
Subject: 유변: Permission request to reprint the journal content in my Master's thesis

 

---------------------(아래) ---------------------------
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From: Xiaoqing Li [mailto:xqingli@udel.edu] 
Sent: Sunday, January 24, 2016 6:05 PM
To: ksr@ksr.or.kr
Subject: Permission request to reprint the journal content in my Master's thesis

 

Dear Korean Society of Rheology,

 

I am a Master’s student at the University of Delaware. I am in the process of preparing a degree thesis to be
"published" through UMI's dissertation program and am seeking permission to include the figure material in my
publication from the following journal paper:

 

H. Chung, S. Kang, and W. R. Hwang, “Numerical simulations of elliptic particle suspensions in sliding bi
periodic frames,” KoreaAustralia Rheology Journal, vol. 17, no. 4, pp. 171–180, 2005. 

 

This paper is too old to be available on Springer.com, hence I'm writing to you.

 

The title of my thesis is:

A study of fiber orientations in particleloaded suspensions using a direct simulation method with collision
strategy

 

If the permission is granted, Fig. 1 and Fig. 3 will be credited, acknowledged and properly cited. And they will be
included in my thesis.

 

Please let me know if it is ok for me to use this work in this manner.

If so, please kindly finished and return the attached files (in pdf or doc format) to me at xqingli@udel.edu

If this is not the appropriate way to obtain permission of copyrighted content, please direct me to the correct
department.

 

Sincerely,

Xiaoqing Li



Graduate Student

Mechanical Engineering

(302) 3650427

University of Delaware
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