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only perturbed in this plane. The blue line represents the transition
from z̄1, z̄2 to z̄0 while the red line represents the transitions from z̄1
to z̄0. The dotted red line represents a “shortcut” in transition from
z̄2 to z̄1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

8.5 Two routes of transition from z̄2 to z̄1 in Fig. 8.4. . . . . . . . . . . 113

9.1 The manufactured leg [75]. A cable-pulley system is used to move the
knee actuator more close to the hip axis. The engagement of the leg
spring in the system dynamics is controlled by a chain-lock
mechanism. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

9.2 A pseudo three-dimensional model that can be used to study trotting
and galloping gaits. Both the left (red) and right (blue) limbs will
swing in the sagittal plane. . . . . . . . . . . . . . . . . . . . . . . . 118

xvi



ABSTRACT

A series of quadrupedal robots with different morphologies has been developed

in the past forty years to explore the enhanced mobility such platforms may offer.

The majority of these robots incorporate rigid, non-deformable torsos, a feature that

distinguishes them from their counterparts in the animal world, which owe much of

their remarkable locomotion abilities to their flexible bodies. Biological research indi-

cates that torso flexibility may contribute to increased running speed, reduced energy

cost and improved gait stability. This thesis proposes a modeling hierarchy that incor-

porates biological observations within a series of models with increasing complexity,

and develops systematic feedback control algorithms for highly dynamic quadrupedal

running motions that harness torso flexibility and compliant legs.

On a macroscopic level, reduced-order models, or “templates”, can capture the

dominant features of an observed locomotion behavior without delving into the fine

details of a robot’s (or animal’s) structure and morphology. Templates provide uni-

fied, platform-independent descriptions of the desired locomotion task, and they have

proved to be indispensable in designing legged robots and in synthesizing controllers for

stabilizing highly-agile locomotion behaviors. One representative example is the Spring

Loaded Inverted Pendulum (SLIP), which, despite its very simple structure, captures

the evolution of kinetic and potential energy associated with running motions, and

has informed controller design of many legged robots. However, because of its simple

lumped point-mass structure, the SLIP and its immediate extensions cannot describe

some of the common quadrupedal gaits that involve pronounced torso oscillations, such

as bounding and galloping.

Motivated by the capability as well as the limitations of SLIP-type templates, a

number of reduced-order quadrupedal models that incorporate non-point-mass torsos

xvii



has been proposed in the relevant literature to investigate quadrupedal running. How-

ever, partly because of the need to describe the torso morphology of the corresponding

hardware platforms, and partly because of the need to simplify running dynamics, most

of these quadrupedal templates only consider non-deformable, rigid torsos. Although,

a few studies with preliminary results on running with torso compliance can be found

in the relevant literature, studies on the conditions for generating periodic locomo-

tion behaviors are rather limited while the stability properties of these motions are not

carefully examined. As a result, feedback controller design in the presence of torso com-

pliance has not been carefully investigated. Beyond stability and control design, the

energetic cost of transport of quadrupedal running and, in particular, the contribution

of torso flexibility to running efficiency, has not received adequate attention.

This thesis aims at proposing a modeling and control hierarchy that enables

the systematic evaluation of the role of torso compliance in quadrupedal running. The

proposed templates have different modeling complexities and actuation schemes, and

can be used to facilitate the investigation of a number of key issues in quadrupedal

running, such as motion generation, gait stability, feedback design, gait transitions and

energy efficiency. Through careful analysis of the models, a series of useful conclusions

can be drawn; these conclusions pave the way toward synthesizing feedback control

laws for legged robots with torso and leg compliance, and provide insight into designing

robotic platforms that harness elastic elements to realize high-performance, reliable and

natural-like quadrupedal running motions.
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Chapter 1

INTRODUCTION

1.1 Motivation and Objectives

Due to their requirement for continuous contact with the ground, traditional

wheeled or tracked vehicles have limited mobility when it comes to rough terrain with

extreme slopes, obstacles and other terrain discontinuities. Legged robots, on the

other hand, have the potential to provide access to challenging terrain by exploiting

the enhanced mobility offered by legs, which use discrete footholds to handle terrain

discontinuities. In this class of robots, quadrupeds provide a good tradeoff among

stability, load-carrying capacity and mechanical complexity.

Raibert and his collaborators were the first to develop actively-balancing legged

robots, including quadrupeds [104]. In the same vein, examples of quadrupedal robots

include Scout II [100], Tekken [41], BigDog [107] and HyQ [120]. In striking contrast

to their counterparts in nature —which owe much of their remarkable locomotion

performance to their flexible torsos and limbs— running robotic quadrupeds always

incorporate rigid, non-deformable torsos. Exceptions to this general rule are rare.

Quadrupedal robots specifically designed to run with an articulated torso first appeared

in the mid-90s with the work of Leeser [74]. Contemporary examples include Canid

[53], MIT Cheetah [71] and Bobcat-robot [70], which all adopt a segmented morphology

in the torso.

Much of the work on how torso flexibility affects locomotion performance has

been developed in the context of biomechanics. Research in biomechanics indicates

that torso flexibility may enhance locomotion performance in a number of ways; e.g.,

by increasing traveling speed [58, 59], by reducing the cost of transport in high-speed
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asymmetric running gaits [4, 1], or by improving gait stability through the effective

implementation of self-stabilizing mechanisms [114, 51].

A series of questions arise from such intuitive bio-mechanical observations. For

instance, can some if not all of these observations be unified in a single legged model?

How can these observations be translated to systematic methods for feedback control

design for quadrupedal robots with flexible torsos? Under what conditions torso com-

pliance enhances energy efficiency in quadrupedal robots? To answer these questions,

this thesis proposes a modeling and control framework to investigate quadrupedal run-

ning with torso compliance.

1.2 Contributions: A Modeling Hierarchy to Study Quadrupedal Running

This work investigates the implications of torso flexibility and leg compliance

on quadrupedal running in a template setting. We explore a hierarchy of models with

increasing complexity to probe the effect of compliance in the legs and torso to the

generation, stability and energy efficiency of periodic quadrupedal running motions;

see Fig. 1.1.

(1) Passively Generated Bounding and Passive Stability. Our analy-

sis begins with a reductive sagittal-plane model with a segmented flexible torso and

compliant massless legs, see Fig. 1.1 (a). For the first time, and despite the sensitive

dependence of the motion on the torso’s dorsoventral oscillations, numerical return

map studies reveal that a large variety of cyclic bounding motions can be realized

passively, through the natural interaction of the model with its environment. More

surprisingly, for certain combinations of the torso and leg stiffness self-stable bounding

motions emerge.

(2) Feedback Control Synthesis based on Passive Dynamics. The im-

plications of self-stable bounding orbits to control design are discussed in the context

of a hybrid control law that uses one actuator located at the torso joint to actively

coordinate the torso bending oscillations with the movements of the legs according to

a targeted, passively generated gait. In the simple massless model of Fig. 1.1 (b),
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Figure 1.1: Modeling hierarchy of quadrupedal bounding with a flexible torso. Center:
a three-dimensional virtual prototype. (a): an energy-conservative template used to
generate self-stable motions ; (b): the template in (a) with input at the torso joint to
enlarge the domain of attraction. (c): the template in (a) with non-trivial leg mass and
hip actuation to examine the effect of torso compliance on running efficiency; (d): the
model in (c) with a control input at the torso joint to realize stable bounding motions.

the torso actuator alone is sufficient to stabilize the four-degree-of-freedom (4-DOF)

system, rejecting significantly large disturbances without excessive effort.

(3) Gait Transitions and Speed Transitions. The hybrid control framework

can be extended to stabilize other quadrupedal running gaits as well, such as pronking.

By estimating the domain of attraction of the fixed points corresponding to different

gaits using sums-of-squares (SOS) programming, feasible transitions between these

fixed points can be constructed to achieve gait transitions. Furthermore, in the higher-

dimensional model with leg mass as in Fig. 1.1 (d), the same principle of coordinating

the torso oscillations with the leg movements was also successful in producing stable

bounding gaits. Through SOS programming the estimates of the domain of attraction

of stable fixed points can be used to realize acceleration and deceleration by composing

limit cycles that correspond to different running speeds in a sequential fashion.
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(4) Energetics of Quadrupedal Running. To probe the relationship be-

tween elastic elements within the torso and energy consumption, the basic model is

extended to include non-trivial mass in the legs, see Fig. 1.1 (c). By comparing the cost

of transport with a rigid-torso model with the same leg mass, it is deduced that torso

compliance significantly enhances energy efficiency, but only when the Froude number

exceeds a particular value. Furthermore, by considering non-ideal torque generating

and compliant elements with efficiency values corresponding to those of muscles and

tendons, it is shown that the flexible-torso model can predict the metabolic cost of

transport for different animals estimated using measurements of oxygen consumption.

This way, the proposed model offers a simple means for approximating the energetic

cost of transport of running quadrupeds in a simple and direct fashion.

1.3 Structure of This Dissertation

The remainder of this dissertation is organized in eight chapters.

Chapter 2 provides a brief overview of the related work on quadrupedal robots

and reductive locomotion models for running behaviors, highlighting the contribution

of the work presented in the thesis. Chapter 3 reviews the biological concepts and

mathematical tools that are used in this thesis to study legged locomotion.

Chapter 4 introduces a reduced-order passive and conservative model with a

segmented flexible torso and compliant legs. The model is used to study conditions

under which cyclic bounding motions can be generated. The existence of self-stable

cyclic bounding gaits in the presence of torso flexibility is examined. It is found that

self-stable bounding gaits can be passively generated through appropriate combinations

of the stiffness of the torso and the stiffness of the legs. The implications of this

result to control design are then discussed in Chapter 5, and a hybrid controller is

proposed to enhance the stability of the passively generated bounding gaits. Chapter

6 extends this control framework to controlling pronking motions and investigates the

transitions between pronking and bounding by examining the domain of attraction of

the associated motions at the Poincaré section using sums-of-squares programming.
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Chapter 7 examines the influence of torso compliance on the energy efficiency of

quadrupedal running with a bounding gait. The models feature non-trivial leg mass and

inertia, and are coupled with a simple leg recirculation controller to generate bounding

motions. Despite their simplicity, the proposed models are sufficiently expressive to

capture the energetics of bounding motions and to assess the contribution of torso

flexibility to gait efficiency measured by the cost of transport (COT). Furthermore,

despite the simple structure of the model and the inaccuracy with which certain model

parameters can be identified from animal data, it is remarkable that the metabolic COT

predicted by the flexible-torso model is in good agreement with the COT estimated

using oxygen consumption measurements of different quadrupedal running animals.

Chapter 8 studies the control of speed transitions through the composition of

fixed points. Based on the control of the passive, energy-conservative model in Chapter

5, a hybrid controller that coordinates the movement of the torso and the legs and up-

dates touchdown angles is developed to stabilize the system. The domain of attraction

of each bounding motion is estimated analytically using the sums-of-squares technique.

By examining the feasibility of convergence from the source fixed point to the target

fixed point, transitions between these fixed points are constructed to achieve various

running speeds.

Finally, Chapter 9 provides conclusions and remarks on future directions rele-

vant to this work.
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Chapter 2

LITERATURE SURVEY

In this chapter, results in the relevant literature that motivate and support the

work presented in this thesis are provided. Section 2.1 briefly discusses the development

of quadrupedal robots that can perform dynamic running motions. The biological

observations that motivate the introduction of torso compliance in the quadrupedal

robots are given in Section 2.2.

In parallel with the development of robotic platforms, substantial efforts have

been devoted into developing models that can capture and quantify the mechanisms

that underlie locomotion, which are reviewed in Section 2.3. As an illustrative example,

the Spring Loaded Inverted Pendulum (SLIP) has been employed to design controllers

that realize stable running motions to various many legged robots. On the other hand,

its limitations in capturing the torso dynamics in bounding and galloping are discussed

in Section 2.3.1, motivating the introduction of reduced-order models for quadrupedal

running.

The majority of existing quadrupedal models possess rigid, non-deformable tor-

sos. As evidenced in Section 2.3.2, only a few models have considered torso articulation

and flexibility1 while none of the models proposed so far can capture the effect of torso

compliance on gait stability in a way that can be used to inform controller design.

Another aspect that has not received adequate attention in the study of these models

is the evaluation of the contribution of torso compliance to energy economy. These

1 Note that articulation or segmentation does not necessarily imply flexibility or com-
pliance at the torso. In this thesis, flexibility or compliance refers to elastic elements,
such as springs, that are incorporated into the system’s structure.
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shortcomings of existing quadrupedal models set the stage for the work presented in

this thesis.

2.1 Quadrupedal Robots

Since Raibert’s pioneering work in dynamic legged robots [104], a variety of

quadrupedal robots with different actuation and control schemes has been introduced.

Depending on the morphology of the torso, these quadrupedal robots can be divided

into two groups: one with rigid, non-deformable torso and the other with segmented,

flexible torso.

2.1.1 Quadrupeds with Rigid Torsos

The vast majority of the quadrupedal robots that have been built possess rigid,

non-deformable torsos. In the early work of Raibert [104], pneumatic actuators peri-

odically feed energy into the system to compensate the energy loss due to friction and

impacts. By combining the front, the back or the diagonal pair of legs into a virtual leg,

various symmetric gaits, such as trotting, pacing and bounding were realized on the

same quadrupedal platform using a three-part controller. The purpose of the controller

is to regulate the forward speed, hopping height and torso posture of the robot. In

particular, forward speed is regulated by suitably placing the feet at touchdown, and

hopping height is controlled by tuning the energy injected into the pneumatic pistons

that radically actuate the legs during stance. Finally, torso attitude is regulated in

trotting and pacing by employing the hip torques of the legs in stance. Interestingly,

Raibert and his collaborators found that active torso stabilization is not required in

bounding when the torso is properly designed [88].

Subsequent quadrupedal robots exploiting similar control algorithms include

Scout II [100], KOLT [38] and BigDog [107]. Scout II made maximum use of the

passive dynamics associated with its prismatic springy legs, each of which is controlled

only by a single actuator located at the hip joint. By changing the touchdown angles

during flight and the hip torques during stance, bounding [100] and galloping motions
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[101] can be generated. On the other hand, in the KOLT quadruped [38], each leg

was actuated by two motors; one responsible for hip rotation and the other for knee

flexion through a cable. The robot has been able to pronk and trot when the forward

speed was controlled by Raibert’s method and the body pitch was regulated by the

leg thrust control. More recently, BigDog exhibited impressive rough-terrain mobility

using controllers that combine Raibert’s approach with virtual model control ideas

[107] .

Other design and control approaches for dynamically stable running robots have

also been proposed. Fukuoka et al. [41] proposed a controller based on a Central

Pattern Generator (CPG) that alters its active phase based on sensory feedback, and

results in adaptive dynamic walking on irregular terrain using the Tekken robot. On

the other hand, an open-loop CPG network was adopted to generate trotting motions

in the Cheetah-cub robot [129]. The oscillator network only relies on inter-oscillator

coupling without external sensory feedback, and its output determines the position of

each joint of the robot. Recently Semini et al. combined a CPG network with actively

impedance control to realize trotting on the HyQ robot [121]. The CPG network

was modified to generate a half-ellipse-shaped trajectory of each leg. In a different

vein from CPG-based controllers, StarlETH [63] was able to perform a walking trot

gait using an optimization-based controller, which decomposes the complex walking

behavior into a simple set of least squares problems with different priorities for motion,

torque, and force optimization. Recently, Park et al. [91] combined force control and

(virtual) compliance control to generate stable bounding motions in MIT Cheetah 2

robot. By suitably planning the desired ground reaction force profile, the robot was

able to change the running speed over a wide range of values while handling variations

in ground height and stiffness [91, 94].

2.1.2 Quadrupeds with Segmented Torsos

Compared with quadrupedal robots with rigid torsos, only a limited number

of robotic quadrupeds that incorporate segmented torsos exist. Leeser of MIT’s Leg
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Lab was the first to test torso articulation in generating bounding motions using a

planar quadrupedal robot [74]. Actuated segmented-torso configurations have also

been studied in [53, 70, 17]. In more detail, in the Canid robot [53], the actuators are

placed in parallel with a leaf spring, intended to actively tune the flexion/extension

oscillations of the torso. However, due to the difficulty in regulating the motion of

the torso, the robot in its current design was not able to sustain continuous running

motion. The Bobcat-robot [70] features a re-configurable torso design; the segmented,

actuated torso can be changed into a rigid torso by locking a pin at the spinal joint.

By comparing the cost of transport of these two torso configurations in bounding

generated by a CPG network, it was concluded that torso actuation does not improve

energy efficiency. Recently, Boston Dynamics released a video [17] of their hydraulically

actuated Cheetah robot galloping at the record speed of 29 mph, demonstrating the

potential of realizing fast quadrupedal running motions through a segmented torso.

However—to the best of the authors’ knowledge—only limited information on how

torso bending movements affect locomotion is available in the context of this platform.

In contrast to the aforementioned robots which incorporate independent actu-

ation to excite the oscillation of the torso, the MIT Cheetah robot [71] employs a

differential mechanism to couple the motion of its flexible torso with the back legs,

when these legs move in phase as in bounding. Using an impedance control strategy

to actively tune the virtual leg springs, the robot is able to trot at high speeds, albeit

without the use of torso flexibility; in trotting the two back legs move out of phase, as

a result the differential does not couple the legs to the torso which behaves as a rigid

one.

2.2 Biological Observations: Benefits of Torso Compliance

The design of quadrupedal robots with flexible-torso is inspired by biological

research, which indicates that torso compliance improves the running performance. In

the early work of Hildebrand on the running motion of horses and cheetahs [58], it

was observed that the stride length of the cheetah at high-speed running is roughly
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Figure 2.1: Running horse and cheetah; the pronounced torso motion allows the cheetah
to cover approximately as much ground as the horse in a single stride. Reproduced by
[58] with permission.

the same as that of the horse, despite the fact that its legs are much shorter than

the legs of the horse, see also Fig. 2.1. By comparing the torso movement during

running, Hildebrand deduced that the cheetah significantly increases its stride length

by extending and flexing its flexible body so that it covers more distance during one

stride. This work also provided a first phenomenological description of the coordination

between the torso’s sagittal movements and leg recirculation in running motion. That

is, as the back legs liftoff the ground, the flexible body is extended during the flight in

order to cover more distance, while before the front legs leave the ground, the body is

flexed, preparing for the next body extension.

The flexibility in the torso has also been studied in the context of energy.

Alexander [4] analyzed the evolution of external and internal energy2 associated with

quadrupedal running motions, concluding that elastic elements located in animals’

back can store and release part of the kinematic energy required to recirculate the legs,

thereby reducing the energy cost. To explain this energy-saving mechanism in a model

setting, Alexander [1] proposed a simple model comprised of an articulated torso and

2 External kinetic energy is the the energy due to the movement of center of mass
(COM) while internal kinetic energy is the energy due to the movement of parts of the
body relative to the COM.
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massless legs. However, examination of the internal kinetic energy fluctuations asso-

ciated with the torso movement lead to the conclusion that additional power will be

required to maintain this motion, thereby not confirming Alexander’s original hypoth-

esis [4]. To clarify these conflicting observations, part of this thesis focuses on assessing

the contribution of torso flexion-extension oscillations to the energy economy of run-

ning by considering the energy associated with recirculating the legs with nontrivial

mass and inertia.

The coordination between the torso oscillation and the leg movement not only

benefits running quadrupedal animals in terms of energy efficiency; it also enhances

gait stability. Recent studies on the half-bounding motion of the Pika [51] suggested

that the flexion-extension of the torso promotes gait stability through the effective

implementation of a “self-stabilizing” mechanism that relies on adjusting the angle

and angular rate of a leg prior to its touchdown [123].

The potential benefits offered by torso compliance have not been extensively

studied in the context of quadrupedal robots; for, these platforms either do not employ

compliant elements in their torsos, or the physical properties of the compliant torso

are not suitably combined with those of the legs. As a first step toward quantifying

the contribution of torso compliance on quadrupedal running, we propose a hierarchy

of models that can unify many of the biological observations described here, and can

be used to inform the design and control of high-performance robotic platforms that

take advantage of torso-flexibility to produce reliable, natural-like running motions.

2.3 Reduced-order Models of Legged Locomotion

On a macroscopic level, legged locomotion can be understood through the in-

troduction of reduced-order models, or “templates” [42], the purpose of which is to

capture the dominant features of an observed locomotion behavior without delving

into the fine details of a robot’s (or animal’s) structure and morphology [36]. Such

models provide unified, platform-independent descriptions of the desired locomotion
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task, and they have proved to be indispensable in designing legged robots, and in

synthesizing controllers for stabilizing highly agile locomotion behaviors [104].

2.3.1 A Canonical Example: Spring Loaded Inverted Pendulum

An important example of a reductive locomotion model is the Spring Loaded

Inverted Pendulum (SLIP), which—in its most common configuration—consists of a

point mass atop a springy, massless, prismatic leg [15], see Fig. 2.2. Notwithstand-

ing its passive and conservative nature, the SLIP has been instrumental in reducing

the complexity associated with the neuromechanical coordination producing running

in animals [82, 16], and in devising empirical control strategies for a diverse set of

running robots, including Raibert’s machines [104]. The success of the SLIP as a

canonical model of running prompted a series of studies—see [46, 12] and references

therein—revealing several properties with significant implications to control. Among

these properties, the existence of self-stable running orbits—observed independently

by [123] and [47]—was effectively used by [124] to realize robust running motions on

the SLIP using a simple swing leg retraction policy.

Even though the SLIP has been useful in the control of robot models with

different postures and leg numbers—see [113], [112], and [10] for example—it cannot

Flight Phase Stance Phase

Figure 2.2: The SLIP model used to describe running. In the first part of the stance
phase the leg compresses and energy is stored in the spring; this energy is returned in
the second part of the stance, when the body is lifted and accelerated. Figure adopted
from [97].
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capture the interactions between the movement of the torso and the movement of the

legs in common quadrupedal gaits, such as galloping and bounding [16]. In their early

work, Raibert et al. [106] also observed that the legs in bounding cannot be organized

to form a virtual leg that places the effective point of support close to the torso’s COM;

see [87] and [104, p.193]. As a result, the models cannot be reduced to a SLIP and

Raibert’s original three-part controller that regulates the system’s high-level behavior

through the virtual leg, had to be modified to control bounding.

2.3.2 Quadrupedal Reduced-order Models with Rigid Torsos

Realizing the limitations of the SLIP as a template for quadrupedal running

gaits like bounding, a series of quadrupedal models has been proposed. Guided by

the structural form of the majority of existing robotic quadrupeds, the accompanying

modeling efforts focus predominantly on systems with rigid, non-deformable torsos.

Focusing on the motion in the sagittal plane, Nanua and Waldron [89] proposed

an energy-conservative bounding model with massless legs and found that cyclic trot-

ting, bounding and galloping motions can be passively generated. A similar quadrupedal

model was used in [98, 99] to interpret the success of minimalistic controllers on real-

izing bounding gaits on the Scout II quadruped [100]. Echoing the self-stability of the

SLIP [123, 47], it was found that, for suitable parameters and initial conditions, the

model was able to reject perturbations that do not alter its total energy passively. In a

similar reductive setting, Zhang et al. [146] replaced the prismatic legs of the aforemen-

tioned models with segmented ones and found similar results, which were subsequently

used in [147] to propose a control strategy that stabilizes a more representative model

of the Tekken quadruped [41].

In parallel with the investigation of passive dynamics and its implications to con-

troller design, efforts have also been devoted to evaluating the energetics of quadrupedal

running. In the work of Nanua and Waldron [89], the energy cost of running is assumed

to be proportional to the total kinetic energy and a performance index was formulated

and minimized in order to compute energy-efficient bounding motions. However, the
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assumption underlying the performance index – which was necessary given the con-

servative nature of the model – oversimplifies the computation of the actual energy

required to compensate for friction and impact losses, as well as the energy needed to

reposition the legs after liftoff [116]. As a consequence, the motions computed based

on the aforementioned model differ significantly from natural bounding gaits. More

complete, non-conservative, quadrupedal running models that incorporate non-trivial

leg mass have been proposed in [73, 109] and the cost of transport (COT) is com-

puted based on the positive work performed by ideal actuators. Partly because of this

simplifying assumption, and partly because the metabolic COT of running animals en-

compasses a variety of internal phenomena that are difficult to model, the COT in [73]

differs significantly from the one generated from animal data in [62]. On the other hand,

Remy et al. [109] consider a quadrupedal model with series elastic actuators that apply

inputs generated by Fourier series and compute running gaits that optimize a COT

criterion; however, in the resulting gaits the legs undergo two retraction-protraction

oscillations in a single stride, which is not common in animal and robot running.

2.3.3 Quadrupedal Reduced-order Models with Segmented Torsos

Quadrupedal reduce-order models with passive, unactuated torsos have been

proposed [90, 35, 119, 145, 20] in order to investigate motion generation and passive

dynamics. Nanua [90] introduced a sagittal-plane quadrupedal model with a passive

flexible torso joint and massless springy legs. However, the difficulty associated with

generating periodic motions in the context of this passive model lead to the conclusion

that torso flexibility without actuation may render the realization of running motions

overly complex. In [35], a quasi-passive model was introduced to generate bounding

motions by assuming that the torso joint can be “locked” when it reaches its maximum

flexion and extension.

Using a completely passive model, Seipel [119] investigated the possibility of

generating bounding motions without actuation. The model used in this work corre-

sponds to the particular geometry of two spring loaded inverted pendula connected
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through a rotational spring, while the analysis is carried under conditions of reduced

gravity. In [145], a damper is introduced in parallel with the torso spring and passively

stable bounding were found when the robot runs down a slope. However, during one

stride the torso undergoes two complete oscillation which are not common in animals’

running. Very recently, Byl et al. [20] used a quadrupedal model with a passive flexi-

ble spine to exploit the improved stability by switching between different low-level gait

controllers.

Except the models mentioned above, which have passive and unactuated torsos,

quadrupedal models with segmented, actuated torso have also been studied in [34,

52]. In [34], the model includes springy legs with non-trivial mass and bounding was

generated via PID control loops imposing desired values on the relative angle between

the two segments of the torso. Optimization based on a modified version of the specific

resistance that favors speed over efficiency resulted in bounding motions, which – in

agreement with Alexander [1] – require more energy compared to a rigid-torso model.

Contrary to these findings, it was deduced in [52] that an actuated torso can in fact

improve gait efficiency, provided that high enough running speeds can be realized.

However, this result was obtained under the simplifying assumption that energy is

supplied or lost only at discrete instants during the gait and no comparisons with

biological data was attempted.

Despite the many different models and the many different assumptions employed

in evaluating the COT in quadrupedal running, the proposed approaches had limited

success in producing results that are consistent with biological data. In part, this

shortcoming may be attributed to the fact that none of the models discussed thus

far incorporates torso flexibility. To the best of our knowledge, only [56] considers

the effect of torso flexibility in the context of models for a galloping horse. They

report metabolic COT computations based on an empirical rule proposed by [72],

indicating good agreement with biological data of running horses extracted from the

work in [62]. However, the model in [56] is “animal specific,” intended to capture

the morphological characteristics of a horse, while manual tuning of the empirical rule
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in [72] to estimate the metabolic energy was necessary to achieve agreement between

simulation and experimental data.

To summarize, only preliminary results exist regarding the passive generation

of dynamically-stable running motions in the presence of torso compliance. Further-

more, much less is known regarding the design of control laws that take advantage of

torso compliance to provide enhanced disturbance rejection capabilities without the

development of excessive corrective inputs. In addition, there has been limited success

in providing models capable of predicting the energy cost of running in a way that is

consistent with biological data; so far the potential contribution of torso compliance

on energy economy has not been carefully examined. These observations set the stage

of this research, which aims at proposing a modeling and control hierarchy that in-

cludes templates of different modeling complexities and actuation schemes and enables

the systematic investigation of motion generation, gait stability, feedback design and

energy economy in quadrupedal running with torso compliance.
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Chapter 3

BACKGROUND ON BIOLOGY AND CONTROL

Before discussing the main results of this thesis, this chapter summarizes the

concepts and mathematical tools that are essential to subsequent chapters. We begin

with a classification of some relevant quadrupedal gaits. Then, dimensional analysis

is reviewed as a method to provide general model descriptions. In particular, two

important non-dimensional quantities are discussed in detail. The first one is the

Froude number that captures forward speed and the second quantity is the cost of

transport, which is used to evaluate the energy consumed in locomotion.

In the second part of this chapter, we provide some information on the math-

ematical tools commonly employed in the study of legged locomotion with a focus

on stability. As a powerful tool for analyzing periodic motions, the Poincaré map is

described in the context of a continuous-time system, and the implications of the lin-

earization of the associated Poincaré map on the stability of the orbit are discussed.

Then, the concepts of passive stability and virtual holonomic constraints for controller

design are discussed. Finally, a brief overview of the use of SOS programming to quan-

tify the stability of a system by estimating the domain of attraction of its equilibria is

given.

3.1 Biological Concepts

3.1.1 Quadrupedal Gaits

The term “gait” is used to describe the movement pattern of an animal’s legs. In

the context of quadrupeds, depending on the footfall sequence of the legs and the time

intervals they are in contact with the ground, several running gaits can be distinguished

as shown in Fig. 3.1.
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At low speeds, the pronking gait is used by some animals, such as mule-deer and

springboks. In this gait, all the legs will leave and touch the ground at the same time.

Trotting, on the other hand, uses the diagonal pair of legs in unison and is adopted at

moderate speeds. Gaits of high speed include bounding, and galloping. In bounding

the two anterior (front) or posterior (back) legs move simultaneously. Depending on

whether the anterior pair of legs touch down before the posterior pair leave the ground,

two variations of bounding can be defined. In the first variation, which is referred as

bounding with double stance, the posterior leg touchdown occurs before the anterior leg

lift off, thus there is a part of the cycle when both legs are in stance. In the second

variation, which is called bounding without double stance, the posterior leg touchdown

happens after the anterior leg liftoff, thus the posterior and anterior stance phases are

separated by a double flight phase. In galloping, the legs touch down the ground in

a sequencial manner. Galloping can be further divided into transverse galloping and
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(a) Pronking
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(b) Trotting
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(c) Bounding with double stance
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(d) Bounding without double stance
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(e) Transverse galloping
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(f) Rotary galloping

Figure 3.1: Gait diagram of some common quadrupedal running gaits, plotted based
on information from [60]. LP, LA, RA and RP represent the left posterior, left ante-
rior, right anterior and right posterior legs, respectively. A back bar means that the
corresponding leg is in contact with the ground.
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rotary galloping. In transverse galloping, the leading limbs of the front and back legs

are at different sides (one on the left and one on the right) while in rotary galloping

the leading limbs are at the same side (both on the left or right).

Each gait pattern is used only over a limited range of speeds and switching

among gaits occurs at specific speeds [62] to reduce the metabolic cost [62, 5] or the

bone stress [14, 40] of the animal. Inspired by the footfall pattern, Raibert first realized

switching from trotting to pacing by changing the legs to touch down the ground during

the flight phase at low speeds [105]. Subsequent research in robotics concentrated –

almost exclusively – on realizing gait transitions via neural-inspired control schemes

[135, 134, 111, 11], with central pattern generators (CPGs) [64] as a common theme. By

tuning the phase difference between the legs, transitions between walking and trotting

have been realized in several quadrupedal robots [135, 134, 111, 11]. Yet, the generated

motions are not dynamic.

In the modeling aspect, though a series of quadrupedal models has been pro-

posed to study quadrupedal running in a reductive setting [89, 146, 99, 45], the majority

of these models study gaits individually; a model can perform one or several types of

gaits, but transitions among theses gaits are not typically investigated.

3.1.2 Dimensional Analysis

Non-dimensionalizing the equations of motion has been widely used in biology

and biomechanics to formulate unifying descriptions of locomotion behaviors and to

study the effects of scaling on locomotion of animals with different morphology. An

important dimensionless quantity that is used to capture the interplay between kinetic

energy and gravitational potential energy is the Froude number, which is defined as:

Fr :=
v̄√
gl0

(3.1)
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where v̄ [m/s] is the average running speed, g [m/s2] is the gravitational acceleration

and l0 [m] is the characteristic length often selected as the nominal length of the leg1.

At the same Froude number, animals tend to use the same gait, similar relative stride

lengths and duty factors, and exert similar patterns of force on the ground [6], which is

referred as dynamic similarity. In the same spirit, the physical properties of animals can

be formulated in a non-dimensional setting. For instance, despite significant differences

in size and morphology, most animals have a relative leg stiffness, defined as

κleg :=
klegl0
mg

(3.2)

between 7 and 27 [16, 61]. In (3.2), kleg [N/m] is the dimensional stiffness of the leg2,

m [kg] is the mass of the animal and l0[m] is the length of the leg. Recently, work

of Shen and Seipel [126, 125] on an actuated-SLIP model indicates that this preferred

range of leg stiffness may help minimizing the energy cost and improving gait stability.

In modeling legged systems, dimensionless quantities facilitate parametric stud-

ies by reducing the number of the physical parameters involved in the differential equa-

tions that govern the dynamics of such systems. For example, Murphy and Raibert

[87] found that the stability of bounding depends on the ratio of the non-dimensional

moment of inertia of the torso I, which is defined as I := J/(mL2), where m [kg] is

the mass of the torso, J [kgm2] is the moment of inertia of the torso and L [m] is the

distance from the hip joint to the center of mass of the torso. In more detail, when

I < 1 the attitude of the torso can be passively stabilized in bounding. On the other

hand, when I > 1 the motion cannot be stabilized in an open-loop fashion and active

control is required. An analysis of Murphy’s conclusion can be found in the work of

1 Another common definition of the Froude number is v̄2/(gl0), which is the square
of the definition in (3.1).

2 The leg stiffness kleg of animals can be empirically determined as the ratio of peak
ground reaction force FGRF to the maximum compression of the leg ∆l, i.e., kleg :=
FGRF/∆l. In quadrupedal robots with compliant legs, the leg stiffness is simply the
stiffness of the spring [100] for prismatic legs or can be derived based on the leg geometry
for segmented legs [110, 75].
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Berkemeier [13], who utilized the method of Poincaré to examine the local stability of

bounding. More complete parametric studies in terms of stability of bounding have

been conduced by Chatzakos et al [28], showing that—in addition to the dimension-

less moment of inertia—the dimensionless leg stiffness is also crucial for maintaining

passively generated bounding motions. These observations provide an example of how

dimensional analysis can be used to facilitate the mechanical design of quadrupedal

robots, as we will see in Chapter 4.

3.1.3 Cost of Transport

Energy economy is important to both animals and robots. When covering long

distances, it is hypothesized that animals tend to move in a manner that minimizes

effort [2]. On the other hand, power-autonomous legged robots need to minimize

energy consumption in order to maximize operation time [122]. To quantify efficiency

in legged locomotion the cost of transport (COT)3 has been widely employed; the COT

is a dimensionless quantity that measures the total energy required to move a unit

weight over a unit distance [136, 62, 32], i.e,

c =
P

mgv̄
(3.3)

where P [W] is the average power, m [kg] is the mass of the animal or the robot, g [m/s2]

is the gravitational acceleration and and v̄ [m/s] is the average speed.

In animal locomotion the COT is always referred to as metabolic COT (cmt)

and it can be calculated from data on the mass-specific rate of oxygen consumption

given the energy produced by a unit volume of oxygen and the corresponding running

speed as in [84], i.e,

cmt =
VO2EO2

mgv̄
, (3.4)

where VO2[ml/s] is the rate of oxygen consumption, m [kg] is the mass of the animal,

g[m/s2] is the gravitational acceleration and v̄[m/s] is the average running speed. The

3 An alternative to the COT metric of energy expenditure in locomotion is the specific
resistance introduced in [43].
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energy produced per unit volume of oxygen consumed, EO2 , is approximately equal to

20.1J/ml according to [54] and [84].

3.2 Mathematical Tools

3.2.1 Poincaré Return Map

To determine the existence and stability properties of periodic motions, the

classical Poincaré return map method is frequently used. For simplicity, in what follows,

we review the definition of Poincaré return map, and its indication in the stability of

the periodic motion in the context of a continuous-time system [68]; the extension of

the method to hybrid systems can be found in [142].

In Fig. 3.2, let φ be a periodic orbit of a n-th dimensional system ẋ = f(x) of

period T . Pick a point p on φ and let H be an (n − 1)-dimensional hyperplane at p,

i.e., ∀x ∈ H, there exists some a ∈ R
n such that4 a′(x − p) = 0. Suppose that the

hyperplane is transversal to φ at p; that is a′f(x) 6= 0. Let U ⊂ H be a sufficiently

small neighbourhood of p such that φ intersects U only at p. Then the Poincaré return

map P : U → H is defined for a point x ∈ U as

P(x) = Φ(τ(x), x) (3.5)

where Φ(τ, x) is the solution of ẋ = f(x) and τ(x) is the time it takes the trajectory

starting at x to return to H the first time. Note that τ(x) depends on x and need not

be equal to T , which is the period of φ. However, τ(x) → T as x → p. Suppose for

all x ∈ U , the map can be defined. Then starting with x[0] ∈ U , let x[1] = P(x[0]). If
x[1] ∈ U , the Poincaré map can be defined at x[1]. Iterating this process, if x[k] ∈ U ,

x[k + 1] = P(x[k]) . (3.6)

Equation (3.6) is a discrete-time nonlinear system, which describes the evolution of the

system as it crosses the hyperplane H. Given (3.6), the problem of finding periodic

4 Notation: to avoid cluttering, hereafter we denote the transpose of a vector x by x′

instead of the commonly used symbol xT
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Figure 3.2: An illustration of Poincaré map for a continuous-time system ẋ = f(x).

motion reduces to searching an equilibrium point (also referred to as a fixed point) of

(3.6),

x−P(x) = 0 (3.7)

Clearly, p is a fixed point of (3.6) since it maps to itself after one period.

The stability of the periodic orbit φ can be characterized by the stability of the

discrete-time system (3.6); if the equilibrium point of(3.6) is asymptotically stable,

then the corresponding periodic orbit φ is asymptotically stable. To analyze the local

stability of the Poincaré map, we can linearize (3.6) at the fixed point, resulting in

∆x[k + 1] = A∆x[k] (3.8)

where ∆x = x− p and

A =
dP
dx

∣

∣

∣

∣

x=p

. (3.9)

When all the eigenvalues of A are within the unit disc, the corresponding fixed point

p is locally exponentially stable.

3.2.2 Passive Stability

Passive stability was first investigated by McGeer, who also built passive dy-

namic walkers that were able to walk on an incline [81] without any actuation input,
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merely by the gravitational force. This principle was later extended to develop a passive

dynamic walker that can walk stably in three dimensions [33]. In the spirit of passive

bipedal walker, a combined rimless wheel model was introduced in [127] to study pas-

sive quadrupedal walking on an incline. However, based on the physical parameters in

that work, quadrupedal waking motions were found to be unstable. Recent work by

Remy [108] introduced a “wobbling” mass elastically attached to the torso and stable

passive walking was achieved by tuning the inertia and stiffness properties.

In parallel with passively-stable walking, passively-stable running motions have

been systematically investigated in [123, 100, 146, 28]. Using the SLIP, it was found in

[123] that passively generated running motions can be stable when a minimum running

speed is exceeded for certain leg stiffness and fixed touchdown angles. Furthermore, the

stability can be enhanced by introducing articulation in the legs [110]. Similarly to the

SLIP, the work in [98, 99] revealed that passively stable quadrupedal bounding gaits

can be computed at sufficiently high running speed (4m/s) using a planar bounding

model with a rigid torso. More detailed analysis on the relationship between passive

stability and the physical properties of the model and the extension to segmented legs

can be found in [28, 146]. Note, however, passive stability of bounding has not been

studied in models with torso flexibility. By conducting a thorough parametric study in

a non-dimensional setting, this dissertation shows that passively generated bounding

motions can be stable if the physical properties of the torso and the legs are suitably

coordinated.

3.2.3 Virtual Holonomic Constraints

Virtual holonomic constraints are functional relations among the configuration

variables of a robot or a model. By imposing virtual holonomic constraints through

feedback control, such as PID control with feedback linearization [65], the evolution

of certain joint angles can be synchronized based on a single internal “clock”. The

“clock” essentially corresponds to a monotonically increasing function of the configu-

ration variables, which can be used to replace time in defining the desired evolution of
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the joint angles.

Previous analytical and experimental work has shown that virtual holonomic

constraints are a powerful means to synchronize the links of a bipedal robot to achieve

walking and running motions over a variety of terrain profiles [48, 144, 142, 130, 93, 19].

In this work, we will extend this method to controlling quadrupedal running motions.

Inspired by the observation that the passive stability of bounding is very sensitive to

the physical properties of the torso and the legs, virtual constraints are selected to

(asymptotically) enforce a coordination pattern between the oscillation of the flexible

torso and the movement of the legs in order to enhance stability.

3.2.4 Domain of Attraction Estimates via Sums-of-Squares Programming

The domain of attraction associated with a locally asymptotically stable equi-

librium point is an invariant set such that all the trajectories starting inside this set

will finally converge to the equilibrium point [68]. Computing exactly the domain of

attraction is generally intractable for nonlinear systems even at low dimensions. An

alternative is to obtain a compact estimate of the domain of attraction as a sublevel

set of a Lyapunov function [138, 31, 55, 29]. In more detail, a Lyapunov function is

utilized to characterize the local stability of the equilibrium point and its sub-level sets

correspond to invariant subsets of the domain of attraction. In the case of polynomial

systems, establishing that a function is a valid Lyapunov function reduces to checking

the uniform positive (or negative) definiteness of a polynomial over a region of state

space. This procedure can be formulated and solved efficiently by a sums-of-squares

optimization program.

A multivariate polynomial h(x) := h(q1, ..., qn) is a sum of squares if there exist

polynomials f1(x), ..., fm(x) such that

h(x) =
m
∑

i=1

f 2
i (x) (3.10)
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Condition (3.10) is equivalent to the existence of a positive semidefinite matrix H such

that

h(x) := Z ′(x)HZ(x) (3.11)

where Z(x) is a suitably chosen vector of monomials. For a given polynomial, a sums-

of-squares program will check the non-negativity of the polynomial h(x) by searching

for a positive semidefinite matrix H .

With recent advances in the sums-of-squares programming [66, 133, 30, 69] and

the development of software packages [102, 76], it is possible to search for a Lyapunov

function when the system dynamics is in polynomial form. If not, an approximation

of the dynamics can be obtained using Taylor expansion [79, 132, 85, 78].
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Chapter 4

PASSIVELY STABLE QUADRUPEDAL RUNNING WITH A
FLEXIBLE TORSO

This chapter examines the passive dynamics of quadrupedal bounding in the

presence of torso compliance. Sections 4.1 to 4.3 derive the hybrid dynamics of bound-

ing in a dimensionless setting. In Section 4.4, numerical return map studies of the

system reveal that a large variety of cyclic bounding motions can be realized passively,

through the natural interaction of the model with its environment. Section 4.5 shows

that for certain combinations of the system parameters—in particular the torso and

leg relative stiffness—self-stable bounding motions emerge.

4.1 A Passive and Energy-conservative Model

To study the effect of a segmented flexible torso on bounding in a template

setting, the sagittal-plane model depicted in Fig. 4.1 is introduced; see also Fig. 1.1

(a) and [21]. In this model, the torso consists of two identical rigid bodies; one rep-

resents its posterior (caudal) and the other its anterior (cranial) part. The two rigid

bodies are connected via a rotational spring, intended to introduce flexibility in the

segmented torso. At this stage, we concentrate on how the targeted gait behavior can

be generated passively; that is, through the natural interaction between the model and

its environment. Therefore, input motor torques and energy dissipation forces acting

in continuous time are not considered. Such assumptions are common in relevant work

on the SLIP [118, 123, 47] and on the passive generation of bounding in rigid-torso

quadrupeds [98, 146, 28]. Models of this kind are useful in explaining locomotion

phenomena in a general, platform-independent context [116].
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Figure 4.1: A sagittal-plane bounding model with a segmented torso.

4.2 Bounding Gait

For brevity, in this chapter we restrict our attention to bounding gait without

double stance as shown in Fig. 4.2, see also Fig. 3.1. Depending on the state of a leg—

stance or flight—we distinguish the following phases: the double flight phase, denoted

by “f,” in which both legs are in the air; the stance-posterior phase, denoted by “sp,”

in which the posterior leg is on the ground; and the stance-anterior phase, denoted

by “sa,” in which the anterior leg is on the ground. Finally, the flight phase after

the anterior leg liftoff will be termed gathered; during this phase the torso assumes a

concave configuration. Similarly, the flight phase after the posterior leg liftoff will be

called extended; during this phase the torso assumes a convex configuration.

4.3 Hybrid Dynamics in a Non-dimensional Setting

4.3.1 Dynamics in Continuous-time

In modeling the dynamics of the system in Fig. 4.1, it is assumed that both

parts of the torso have mass m and moment of inertia J about their center of mass

(COM), and that the hip-to-COM distance is L. The stiffness of the rotational spring

connecting the two parts of the torso is denoted by ktorso and the stiffness of the virtual

legs by kleg. The toe-ground interactions are modeled as unactuated, frictionless pin

joints.
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Figure 4.2: Bounding phases and events.

For the stance phases i ∈ {sp, sa}, the configuration space Qi can be parame-

terized by the length li ∈ R of the leg in contact with the ground and its relative angle

ϕi ∈ S
1 with respect to the torso, together with the pitch angles θp ∈ S

1 and θa ∈ S
1

of the posterior and anterior parts of the torso, respectively; i.e.,

qi :=







(lp, ϕp, θp, θa)
′ ∈ Qi, for i = sp.

(la, ϕa, θp, θa)
′ ∈ Qi, for i = sa.

(4.1)

The configuration space Qf of the extended and gathered flight phases is parameterized

through the cartesian coordinates (xp, yp) ∈ R
2 of the COM of the posterior part of

the torso, its pitch angle θp ∈ S
1, and the pitch angle θa ∈ S

1 of the anterior part of

the torso; i.e.,

qf := (xp, yp, θp, θa)
′ ∈ Qf . (4.2)

Through the method of Lagrange [128], the equations of motion can be derived in all

phases, and they can be written in state-space form as

ẋi = fi(xi), (4.3)
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evolving in TQi := {xi := (q′i, q̇
′

i)
′ | qi ∈ Qi, q̇i ∈ R

4} for i ∈ {f, sp, sa}.
It is important to note that the equations of motion depend on the following six

physical parameters

{m, J, l0, L, ktorso, kleg}, (4.4)

which capture the effects of the geometry, inertia and stiffness properties of the system.

In (4.4), l0 is the natural length of the legs corresponding to an uncompressed spring;

the rest of the parameters have been defined above—see also Fig. 4.1.

In what follows, we apply dimensional analysis to transform the dynamics of

the system in non-dimensional form. In this form, the parameters (4.4) that charac-

terize the solutions of (4.3) reduce to a smaller number of dimensionless quantities,

allowing us to explore efficiently a large fraction of the solution space. This is crucial

to computing self-stable bounding motions in Section 4.5.

By defining the characteristic length as l0 and characteristic time scale τ as

τ :=

√

l0
g
, (4.5)

where g is the gravitational acceleration, the dimensionless time becomes

t∗ :=
t

τ
, (4.6)

and the configuration variables in (4.3) and their time derivatives obtain the non-

dimensional form

ζ∗ :=
ζ

l0
, ζ̇∗ :=

τ ζ̇

l0
, ζ̈∗ :=

τ 2ζ̈

l0
, (4.7)

for ζ ∈ {xp, yp, lp, la} and

ψ∗ := ψ, ψ̇∗ := τψ̇, ψ̈∗ := τ 2ψ̈ , (4.8)

for ψ ∈ {ϕp, ϕa, θp, θa} where the superscript “ * ” denotes a dimensionless quantity.

Substitution of (4.7) and (4.8) to (4.3) for i ∈ {f, p, a} reduces the six parameters

in (4.4) to the following four dimensionless parameter groups:

• Relative moment of inertia:

I :=
J

mL2
. (4.9)
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• Relative hip-to-COM distance:

d :=
L

l0
. (4.10)

• Relative leg stiffness:

κleg :=
klegl0
mg

. (4.11)

• Relative torso stiffness:

κtorso :=
ktorso
mgl0

. (4.12)

In this non-dimensional setting, the continuous-time dynamics of the system for

each i ∈ {f, p, a} becomes
d

dt∗
x∗i = f ∗

i (x
∗

i ), (4.13)

where x∗i := ((q∗i )
′, (q̇∗i )

′)′ are the dimensionless counterparts of the states in (4.3) as

were defined by (4.7) and (4.8). It is emphasized that (4.13) does not depend on the

choice of units.

4.3.2 Event-based Transitions

The succession of the continuous-time phases occurs according to Fig. 4.2. The

phases are separated by touchdown and liftoff events that are modeled through suitable

threshold functions as described in the section.

Flight-to-stance Transitions. The flight phase terminates when the vertical dis-

tance between the toe of either the posterior or the anterior leg and the ground becomes

zero. To realize this condition, the flight state vector is augmented with the parameter

array

α∗

f = (γtd∗p , γtd∗a )′, (4.14)

with α∗

f ∈ A∗

f , an open subset containing the angle of the posterior and the anterior leg

with respect to the vertical at touchdown; see Fig. 4.1. It is assumed that the length

of both legs at touchdown is equal to its nominal value, l0, that corresponds to the

uncompressed length of the spring. Hence, the threshold function

Hf→sp(x
∗

f , α
∗

f ) = y∗p − d sin θ∗p − cos γtd∗p (4.15)
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signifies the touchdown event of the posterior leg at its zero crossing. Similarly, the

zeroing of

Hf→sa(x
∗

f , α
∗

f ) = y∗p + d sin θ∗p + 2d sin θ∗a − cos γtd∗a (4.16)

defines the touchdown event of the anterior leg.

Stance-to-flight Transitions. Generally, transitions from stance to flight can

be triggered by causing the acceleration of the stance leg end to be positive—that

is, directed upwards—when the ground force becomes zero. Due to the assumption

of massless legs, the stance-to-flight condition can be simplified so that liftoff occurs

when the stance leg, as it extends, obtains its natural length. Consequently, the zero

crossing of the threshold function

Hsa→f(x
∗

sa) = 1− l∗a, l̇∗a > 0, (4.17)

signifies the transition form the stance-anterior to the flight phase, while the threshold

function

Hsp→f(x
∗

sp) = 1− l∗p, , l̇∗p > 0, (4.18)

defines the posterior leg liftoff at its zeroing.

4.3.3 Hybrid Dynamics of Bounding

The dynamics of the bounding gait considered here can be described by con-

catenating the continuous-time phases according to the sequence of Fig. 4.2. Assuming

that the bounding phases are executed in a fixed order f → sa→ f → sp→ f and that

two consecutive phases are denoted as i and i + 1, the hybrid dynamics of bounding

can be written as

Σ :























ẋ∗i = f ∗
i (x

∗
i ), x∗−i 6∈ S∗

i→i+1,

x∗+i+1 = ∆i→i+1(x
∗−

i ), x∗−i ∈ S∗

i→i+1,

S∗

i→i+1 = {x∗i ∈ X ∗

i | Hi→i+1(x
∗

i ) = 0, Ḣi→i+1(x
∗

i ) < 0},

(4.19)

where x∗+i+1 = ∆i→i+1(x
∗−

i ) maps the states at the end of a phase to the states at

the beginning of the following phase, and for the conservative model of Fig. 4.1 they
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represent coordinate changes. Note more generally, impacts can be captured by these

mappings when the mass of the leg is nontrivial.

To study the existence and stability of such gaits, the method of Poincaré is

used [49]. The Poincaré section is taken at the apex height of the spinal torso joint

in the extended flight phase. At this instant, the vertical velocity of the torso joint is

equal to zero, and the Poincaré section is defined by

S∗

apex :=
{

(x∗f , α
∗

f ) ∈ X ∗

f | ẏ∗p + Lθ̇∗p cos θ
∗

p = 0, θ∗a > 0
}

, (4.20)

where X ∗

f := TQ∗

f × A∗

f . As in [7] and [99], the monotonically increasing horizontal

coordinate x∗p of the COM of the posterior part of the torso will be projected out of the

state vector x∗f . A further dimensional reduction inherent to the Poincaré method [49]

can be used to substitute ẏ∗p through the condition defining S∗

apex in (4.20). Hence1, if

π : X ∗

f → Z∗

f denotes the operator that projects x∗f onto its non-(x∗p, ẏ
∗
p) components,

the (reduced) Poincaré map P∗ : π(S∗

apex)→ π(S∗

apex) can be defined through the rule

z∗f [k + 1] = P∗ (z∗f [k], α
∗

f [k]) , (4.21)

where

z∗f := (y∗p, θ
∗

p, θ
∗

a, ẋ
∗

p, θ̇
∗

p, θ̇
∗

a)
′, (4.22)

the parameter array α∗

f is defined by (4.14) and π(S∗

apex) denotes the image of S∗

apex

under π.

Equation (4.21) represents a nonlinear discrete-time control system. The explicit

appearance of the touchdown angles in the right hand side of (4.21) is a consequence

of the dependence of the threshold functions (4.15) and (4.16) on α∗

f . It is apparent

from (4.21) that the touchdown angles are considered as inputs available for control

since it is (in general) easy to place the legs during the flight phase.

1 The dimension can be further reduced due to conservation of energy.

33



4.4 Passively Generated Periodic Motions

In this section, a number of passively generated fixed points corresponding to the

cyclic bounding motions of interest is presented. First, the properties of a representative

bounding cycle are discussed. Then, families of fixed points are computed to investigate

their behavior at various energy levels, forward speeds, and torso bending oscillation

amplitudes.

4.4.1 Fixed Points and Their Properties

The objective is to find an argument z∗f in (4.21) that maps onto itself; this is

equivalent to solving the equation

z∗f − P∗ (z∗f , α
∗

f ) = 0, (4.23)

for physically reasonable values of touchdown angles α∗

f . For concreteness, in this

section we will use the non-dimensional physical parameters that roughly correspond

to the morphology of the Scout II quadruped [100]; see Table 4.1. The search for fixed

points is conducted numerically using MATLAB’s fsolve.

Table 4.1: Non-dimensional Physical Parameters

Parameter Value
Relative Moment of Inertia (I) 1.8120
Relative Hip-to-COM Distance (d) 0.3833
Relative Let Spring Stiffness (κleg) 22.33
Relative Torso Spring Stiffness (κtorso) 5

A large number of fixed points has been computed for different initial guesses

and different touchdown angles using the parameters in Table 4.1 and the procedure

described above. Fig. 4.3 shows the evolution of the cartesian variables of the COM

for both the posterior and anterior parts of the torso as well as the pitch angles and

rates during one bounding cycle. The evolution of the configuration variables of each

leg for the bounding cycle is presented in Fig. 4.4.
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Figure 4.3: Evolution of the cartesian variables and pitch angles with respect to time
at a representative fixed point for the posterior (red continuous lines) and the anterior
(blue dashed lines) parts of the torso. The vertical lines correspond to the events; from
left to right: anterior leg touchdown, anterior leg liftoff, posterior leg touchdown, and
posterior leg liftoff.

It is of interest to describe in some detail the motion of the torso during a

bounding cycle. Figure 4.5(a) presents snapshots of the bounding motion associated

with the fixed point of Fig. 4.3, and Fig. 4.5(b) shows the corresponding evolution

of the relative pitch angle, computed as the difference between the pitch angles of the
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Figure 4.4: Evolution of the configuration variables of the legs. (a) Leg length, l∗. (b)
Absolute angle γ∗ defined with respect to the vertical; see Fig. 4.1. The red continuous
lines correspond to the posterior leg, the blue dashed lines to the anterior leg. The
vertical lines signify the events as in Fig. 4.3.
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(a) Snapshots of the model during one bounding cycle. The letters refer to instants of interest as shown
in Fig. 4.5(b)
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Figure 4.5: Evolution of the torso bending angle computed as θ∗a − θ∗p for fixed point
with one (Fig. 4.5(b)) and multiple (Fig. 4.5(c)) torso flexion-extension oscillations.
The labels in Fig. 4.5(b) correspond to the sequence of phases in Fig. 4.5(a). From (a)
to (h): apex height, anterior leg touchdown, torso flat, anterior leg liftoff, minimum
torso bending, posterior leg touchdown, torso flat and posterior leg liftoff.

anterior and posterior parts of the torso; i.e., θ∗a − θ∗p. Effectively, the anterior and

posterior leg stance phases “translate” the configuration of the torso from convex to

concave and vice versa in order to prepare the system for the gathered and extended
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flight phases, respectively. We remark that the maximum angular excursions of the

torso do not appear to be tied to the touchdown events. As Fig. 4.5(b) shows, the

maximum torso bending angle occurs at the middle of the extended flight phase denoted

by (a), before the anterior leg touchdown. On the other hand, the minimum torso

bending angle happens prior to the touchdown of the posterior leg, at the middle of

the gathered flight phase denoted by (e). This is in agreement with observations on

galloping mammals in [44] and [114], according to which maximum flexion of the spine

occurs before the touchdown of the posterior leg, while maximum extension occurs

prior to the touchdown of the anterior leg, contradicting Hildebrand’s original findings

[58].

It should be emphasized that computing passively generated bounding motions

that correspond to physically realistic torso bending oscillations—like those in Fig.

4.5(b)—is not an easy task. This difficulty has been pointed out in previous work

by [90] and [35], and is attributed to the sensitive dependence of the motion on the

combination between the torso stiffness and the leg stiffness. Even when fixed points

can be computed—which is not always the case—they may correspond to spurious

motions for which the torso exhibits multiple oscillations within a single stride. Fig.

4.5(c) presents an instance of such motions, which emerge when the leg stiffness and the

torso stiffness are not properly tuned. This fact explains why bounding in the presence

of a flexible torso has been studied only in actuated settings, with control laws that

essentially enforce such motions on the system, thereby requiring the development of

large input torques [34].

As a closing remark, note that all the bounding fixed points computed in this

work exhibit some useful symmetry characteristics. Echoing the symmetry properties

of fixed points corresponding to passively generated bounding motions on quadrupeds

with rigid torso—see [99] for details—Fig. 4.4(b) shows that

γtd∗a = −γlo∗p and γtd∗p = −γloa . (4.24)

In words, the (absolute) touchdown angle of the anterior leg is equal to the negative of
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the (absolute) liftoff angle of the posterior leg, and vice versa. In fact, (4.24) reflects

a more general property of the system. Careful inspection of Fig. 4.3 reveals that the

evolution of the states of the anterior part of the torso (blue dashed lines in Fig. 4.3)

forward in time is indistinguishable from the evolution of the states of the posterior

part of the torso (red continuous lines in Fig. 4.3) backward in time. Mathematically,

if G = diag[1,−1, 1,−1, 1], then

Sp(−t∗) = G · Sa(t
∗), (4.25)

where Si = (y∗i , θ
∗

i , ẋ
∗

i , ẏ
∗

i , θ̇
∗

i )
′ for i ∈ {p, a}.

4.4.2 Continua of Symmetric Fixed Points

To further investigate the properties of passively generated bounding cycles, a

large number of fixed points of the Poincaré map (4.21) is computed. All the fixed

points reported in this section comply with the symmetry property (4.25), and they

all produce motions similar to the one described in detail in Section 4.4.1.
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Figure 4.6: Bounding fixed points at different total energy levels; 5.4, 6.0 and 6.6. The
vertical axis corresponds to the (absolute) touchdown angles of the posterior (upper
branch) and anterior legs (lower branch), γtd∗p and γtd∗a , respectively. The horizontal
axis corresponds to the range of torso oscillation, see Fig. 4.5(b). The points are colored
according to the average velocity computed as the ratio of the stride length over the
stride period. The red stars correspond to fixed points with Fr = 1.75 obtained at
different total energies. As the total energy increases, the star “moves” to larger torso
oscillation regions, which implies that maintaining the same forward speed at higher
total energies results in more pronounced torso oscillations.
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Due to the conservative nature of the model, the fixed points are organized

according to their total energy. The results are summarized in Fig. 4.6, which shows

fixed points computed at three different total energy levels; namely, 5.4, 6.0 and 6.6.

Fig. 4.6 illustrates that more pronounced torso oscillations and higher average forward

velocities can be achieved as the total energy increases. However, at a constant energy

level, the torso oscillation range and the average forward speed are inversely related:

larger forward speeds correspond to lower torso oscillation ranges. To provide further

intuition, Fig. 4.7 presents the energy distribution among the modes of the motion for

the fixed points in Fig. 4.6(b). The gravitational potential energy as well as the sum

of the rotational kinetic energies of the posterior and anterior parts of the torso remain

roughly constant throughout the fixed points. Given that the sum of the vertical kinetic

energies of the two parts of the torso is very small, the relation between the forward

motion and the torso oscillation becomes clear: fixed points at larger forward kinetic

energies are associated with smaller torso elastic energies and vice versa.

It should be mentioned here that the range of forward speeds that can be realized

within a constant energy level is significant—at (dimensionless) total energy equal to
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6.6 for example, the Froude number varies from 1.63 to 2.14 as Fig. 4.6(c) shows—

implying that a certain degree of velocity regulation can be achieved within the same

total energy level. This differs from the findings in [99] concerning bounding models

with a rigid torso, in which the range of possible forward speeds within the same energy

level is very narrow, prompting the development of controllers that regulate the forward

speed by regulating the total energy of the system, e.g., as in [141].

Finally, note that, at a nominal gait, the distribution of the total energy between

the forward kinetic and the torso elastic energy is related to the touchdown angles.

As Fig. 4.6 shows, within the same energy level, a combination of smaller (closer

to the vertical) anterior and larger (flatter) posterior touchdown angles causes more

pronounced torso oscillations corresponding to nominal motions with lower average

forward speeds. On the other hand, larger (flatter) anterior and smaller (closer to the

vertical) posterior touchdown angles result in torso oscillations with smaller amplitudes,

thereby accommodating higher forward velocities. Clearly, the leg touchdown angles

provide powerful control inputs for regulating the distribution of the total energy among

these modes and thus altering the forward speed.

4.5 Local Stability

To analyze the local stability properties of bounding, we linearize (4.21) at a

fixed point (z̄∗f , ᾱ
∗

f ) resulting in

∆z∗f [k + 1] = A∆z∗f [k ] + B∆α∗

f [k ], (4.26)

where ∆z∗f = z∗f − z̄∗f , and ∆α∗

f = α∗

f − ᾱ∗

f , and

A =
∂P∗

∂z∗f

∣

∣

∣

∣

z∗f =z̄∗f ,α
∗

f =ᾱ∗

f

, B =
∂P∗

∂α∗

f

∣

∣

∣

∣

z∗f =z̄∗f ,α
∗

f =ᾱ∗

f

. (4.27)

While the largest eigenvalue of the majority of the fixed points computed in

Section 4.4.2 for the parameters of Table 4.1 has magnitude less than three, none gives

rise to a passively stable bounding cycle. It is known, however, that in the context

of rigid-torso quadrupedal models, passively stable walking [109] and running motions
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[28] can be generated through suitable combinations of the physical parameters of the

system. Motivated by these results, this section examines the effect of certain (dimen-

sionless) parameters on the stability of the resulting motion, concluding that self-stable

bounding orbits can indeed be generated under suitable parameter combinations.

4.5.1 Coordination of Torso and Leg Spring Stiffness

We begin by considering the effect of the relative torso and leg stiffness on

the system’s motion, since these parameters are of key importance for the leg-torso

coordination. Fig. 4.8 shows how the spectral radius ρ(A) := maxi |λi| of the ma-

trix A in (4.26) changes as a function of the pair (κleg, κtorso)—defined by (4.11) and

(4.12), respectively—keeping the rest of the (dimensionless) parameters—namely, I

and d defined by (4.9) and (4.10), respectively—constant. The grey area in Fig. 4.8

corresponds to periodic motions with multiple torso flexions and extensions within one

stride as shown in Fig. 4.5(c). These types of periodic behaviors appear for small

values of leg stiffness. Clearly, a softer leg requires a relatively longer time period to

go through a complete compression and decompression phase during stance, thereby

allowing the torso to oscillate multiple times within one stride, as in Fig. 4.5(c).

An interesting observation from Fig. 4.8 is that the range of values of the

relative leg stiffness over which bounding gaits—not necessarily stable ones—can be

generated passively depends strongly on the coordination of the torso and leg spring

stiffness. For example, when the dimensionless torso stiffness κtorso = 3.6 passively

generated bounding orbits exist for κleg ∈ [20.80, 21.55]. On the other hand, when

κtorso = 5.4, bounding orbits can be generated for κleg ∈ [22.00, 28.15], a significantly

wider region than that corresponding to κtorso = 3.6. Fig. 4.8 also illustrates that

self-stable bounding motions emerge for particular combinations of the relative torso

and leg stiffness. These motions correspond to a small fraction of the bounding gaits

that can be generated passively, a fact that can be explained by Figs. 4.9(a) and 4.9(b)

that show the loci of the eigenvalues of A in (4.26) as the parameters κtorso and κleg

vary. In more detail, Fig. 4.9(a) indicates that as the torso stiffness κtorso increases for
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Figure 4.9: The paths of the six eigenvalues for constant dimensionless leg stiffness
κleg as the dimensionless torso stiffness κtorso varies (Fig. 4.9(a)) and for constant
dimensionless torso stiffness κtorso as the dimensionless leg stiffness κleg varies (Fig.
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at one due to the conservative nature of the system. All the fixed points correspond
to the same (dimensionless) total energy (E∗

t = 7.95), average speed (Fr = 2.41) and
hopping height (y∗tj = 0.82).
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a given value of κleg the eigenvalues “2” and “3” enter the unit circle. However, the

eigenvalue “1” eventually exits from the unit circle, implying that an upper bound on

κtorso exists, beyond which instability occurs. On the other hand, Fig. 4.9(b) shows

that keeping κtorso constant and increasing κleg moves the eigenvalue “1” inside the

unit circle, but the eigenvalues “2” and “3” exhibit the opposite behavior: while they

initially are compromised within the unit circle, they eventually move outside of it.

4.5.2 Other Physical Parameters

The range of values of (κtorso, κleg) that result in self-stable motions depends on

the rest of the parameters; namely, the (dimensionless) moment of inertia I and hip-to-

COM distance d. To provide more information, Fig. 4.10 shows fixed points computed

with the same forward speed, hopping height and total energy as the ones in Fig. 4.8,

but for different values of I and d. Clearly, the same pattern as in Fig. 4.8 is observed.

Furthermore, as the moment of inertia I increases, a larger number of fixed points can

be computed, and there exists a threshold value for I—approximately 1.6—beyond

which self-stability emerges. On the other hand, Fig. 4.10(b) demonstrates that the

relative hip-to-COM distance does not have a significant impact on self-stability; the

number of passively stable fixed points does not significantly vary for a wide range of

hip-to-COM distance values. It should be mentioned here that, in all cases, the range

of parameter values that result in self-stable motions is narrow, explaining the difficulty

in computing such motions in the research efforts [90, 35].

As a final remark, note that self-stability in the presence of a flexible segmented

torso is not immediate given the existence of such bounding orbits in quadrupedal

models with rigid torso [99, 28]. The reason is that torso bending movements may cause

divergent behavior when they are not properly coordinated with the hybrid oscillations

of the legs. While in the rigid-torso case the inertia properties of the torso—captured

by the dimensionless moment of inertia of the torso—dominate self-stability [99, 28],

in the flexible-torso case, the combination of the stiffness properties of the legs and the

torso appears to be the dominant factor.
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Figure 4.10: The relationship between the stiffness of the leg and torso springs for
fixed points computed for the same (dimensionless) total energy (Et = 7.95), average
forward speed (Fr = 2.41) and hopping height (y∗tj = 0.82) with (a) same relative hip-
to-COM distance but different relative moment of inertia and (b) same relative moment
of inertia but different relative hip-to-COM distance. The color code corresponds to
the values of the spectral radius of A. The black points represent the passively stable
fixed points.
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Chapter 5

FEEDBACK CONTROL OF QUADRUPEDAL BOUNDING

The existence of passively generated bounding orbits and its relation to key

design parameters that couple the stiffness, inertia and geometric properties of the

model can provide useful information for the design of quadrupedal robots with a

flexible torso. In terms of stability, however, it is clear that the model in its current

passive and conservative form cannot reject disturbances that perturb the total energy

of the system. Furthermore, even when the applied perturbations do not alter the total

energy level, the domain of attraction of the self-stable bounding orbits found in Section

4.5 is not sufficiently large to practically ensure convergence. Clearly, the development

of control laws is necessary to sustain periodic bounding orbits in the presence of

perturbations. This chapter takes a step toward this direction by proposing a controller

that uses a single actuator located at the spinal joint to enhance the stability of the

4-DOF compliant bounding model discussed in the previous sections.

Section 5.1 gives an overview of general structure of the controller which consists

of both continuous-time and discrete-time components, which are explained in detail

in Section 5.2 and 5.3, respectively; see also [25]. In the last section, the capability of

the closed-loop system in dealing with disturbances are discussed [22]. It should be

mentioned that—as will be shown in Chapter 6 and Chapter 8—the control architecture

developed in this chapter can be used to stabilize pronking motions as well as to derive

feedback control laws for models with non-trivial leg mass and inertia [26].

To enable the development of non-conservative corrective forces, the passive

flexible-torso model in Fig. 1.1 (a) is modified to include one actuator in parallel with
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the torso spring; see Fig. 1.1 (b). With this modification, the open-loop dynamics of

the system (4.3) in each phase i ∈ {fe, fg, sp, sa} becomes

ẋi = fi(xi) + gi(xi)ui, (5.1)

where ui is the input torque; note that the vector field fi in (5.1) corresponds to

the passive dynamics (4.3). For concreteness, we consider a model with mechanical

properties that roughly correspond to the quadrupedal robot Scout II [99]; see Table

5.1.

5.1 Overview of the Hybrid Controller

The proposed controller exploits the hybrid nature of the system by introducing

control action on two levels; see Fig. 5.1. On the first level, a continuous-time con-

troller is employed at the torso joint to impose a virtual (holonomic) constraint that

coordinates the torso and legs according to a passively generated bounding orbit; the

orbit is selected to satisfy desired forward velocity and hopping height specifications.

On the second level, a discrete-time controller that uses event-based state feedback is

engaged to update the leg touchdown angles.

It should be mentioned here that in rigid-torso models, the stability of the torso

pitch oscillation in bounding emerges without direct control over the pitch angle for

a wide range of initial conditions [104, Chapter 8] provided that the dimensionless

moment of inertia of the torso is less than one. However, in models with a segmented

flexible torso, the additional degree of freedom corresponding to the torso relative pitch

Table 5.1: Mechanical Parameters of the Model

Parameter Value Units
Half Torso Mass (m) 10.432 kg
Half Torso Inertia (J) 0.36 kg m2

Hip-to-COM spacing (L) 0.138 m
Nominal Leg Length (l0) 0.36 m
Leg Spring Constant (kleg) 7329 N/m
Torso Spring Constant (ktorso) 203 Nm/rad
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u

γtd

Figure 5.1: Feedback diagram representing the structure of the hybrid controller. Con-
tinuous lines represent signals in continuous time; dashed lines represent signals in
discrete time. The shaded block denotes the subsystem created via the feedback con-
trol in the continuous time. The discrete-time control action ensures that the resulting
subsystem is locally exponentially stable.

oscillations is very sensitive to perturbations and highly coupled to the leg motion. The

controller proposed here explicitly couples the torso relative pitch oscillation to the leg

motion, effectively reducing the system so that stability is determined by the event-

based updates of the leg touchdown angles.

5.2 Continuous-time Control

For each phase i ∈ {sp, sa, fg, fe} we associate to the continuous dynamics (5.1)

the output function

yi = hi(qi) := Hiqi − hdP,i(qi), (5.2)

where

Hi :=
[

0 0 −1 1
]

, (5.3)

so that, by (4.1) and (4.2), the controlled variable Hiqi corresponds to the relative

pitch angle θa − θp and hdP,i(qi) is its desired evolution. Note that in (5.2), hi(qi) is a

function of the configuration variables (not time), and therefore it can be interpreted as

a (virtual) holonomic constraint. This constraint can be imposed on the system in an

asymptotic fashion via a control law, the objective of which is to drive the output (5.2)
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to zero. To simplify1 the development, PD control laws will be employed to achieve

this objective; i.e.,

ui = KP,iyi +KD,iẏi, (5.4)

where KP,i and KD,i are selected gains.

It is through the design of hdP,i(qi) in (5.2) that information about the leg-torso

coordination pattern that characterizes the selected passively generated gait is passed to

the controller. In more detail, hdP,i(qi) is designed through a suitable parameterization

of the evolution of the relative pitch angle θa−θp at the selected (desired) passive gait.

To simplify the implementation, for i ∈ {f, sp, sa}, hdP,i(qi) is selected as a fifth degree

polynomial

hdP,i(qi) =
5

∑

k=0

ai,ks
k(qi), (5.5)

fitted to the nominal evolution of θa − θp according to the desired passive orbit. It is

important to note that the function s in (5.5) does not explicitly depend on time, and

it is selected for the stance and flight phases as is detailed in the following sections.

5.2.1 Stance Phases

Utilizing the fact that during the anterior and posterior stance phases, θa−θp is

a (strictly) monotonic function of the angle of the stance leg relative to the torso—see

also Fig. 5.2—the function s(qi) in (5.5) can be selected as

s(qi) :=
ϕ̄max − ϕ
ϕ̄max − ϕ̄min

, s ∈ [0, 1] (5.6)

where i ∈ {sp, sa},

ϕ :=











ϕp, for i = sp

ϕa, for i = sa,

(5.7)

and ϕ̄min and ϕ̄max are the minimum and maximum values of ϕ in the corresponding

stance phase during the nominal motion. Then, the coefficients ai,k are determined via

1 Alternatively, instead of using PD controllers, the inputs that zero the outputs could
be computed through feedback linearization [143].
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Figure 5.2: The relative torso pitch angle θa − θp as a function of the leg angle ϕp and
ϕa in the posterior (a), and the anterior (b) stance. The monotonic relation allows
to coordinate the torso oscillation with the leg sweeping motion through a virtual
holonomic constraint.

fitting (5.5) to the evolution in Fig. 5.2(a) and Fig. 5.2(b) for the stance-posterior

and stance-anterior respectively. Intuitively, with this parametrization, the virtual

constraint design (5.2) ensures that the torso extends during the posterior stance phase

and flexes during the subsequent anterior stance phase, and that this flexion-extension

oscillation is coordinated with the nominal motion through the sweeping angle of the

corresponding stance leg.

5.2.2 Flight Phases

In a similar fashion, during the flight phases, s(qf) is computed as

s(qf) :=
xtj(qf)− x̄min

tj

x̄max
tj − x̄min

tj

, s ∈ [0, 1] (5.8)

where xtj is the horizontal distance travelled by the torso spinal joint during flight; i.e.,

xtj(qf) := xp + L cos θp, (5.9)

where xp is the horizontal position of the COM of the posterior part of the torso and

θp the corresponding pitch angle as in Fig. 4.1. In (5.8), x̄min
tj and x̄max

tj are the values

of xtj at the beginning and at the end of the flight phase, respectively.

Note that when the system in closed-loop with the continuous-time controller

described above bounds along a nominal orbit, the torques developed by the actuator
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are very small, but are not exactly equal to zero; see also Section 5.4.1 below. This is

due to the numerical errors introduced by the fitting process. Increasing the degree of

the polynomials in (5.5) may help decreasing the fitting error. To further suppress the

residual torques after convergence to the nominal gait, the PD controller (5.4) can be

implemented using

ẏi = Hiq̇i − hdV,i(qi), (5.10)

where, instead of differentiating (5.5) with respect to time, hdV,i(qi) is obtained by

fitting a new polynomial to the rate of change of yi. A similar idea has been employed

by [143] in the context of passive bipedal walking, and is very effective in reducing the

torques that are present in the nominal motion.

5.3 Discrete-time Control

The posterior and anterior leg touchdown angles αf = (γtdp , γ
td
a )′ provide control

inputs that (partially) determine when the corresponding gathered and extended flight

phases are terminated. A variety of control procedures is available for updating these

angles in an event-based fashion to enhance stability; see [104] or [7] for examples. In

this work, a discrete Linear Quadratic Regulator (LQR) is employed that positions the

legs during flight based on feedback of the states at the apex height of the gathered

flight phase as follows

αf [k] = ᾱf +K(zapexf [k]− z̄apexf ). (5.11)

where zapexf are the states (4.22) corresponding to the parameters of Table 5.1 and z̄apexf

is their nominal (fixed-point) values. The gain matrix K is determined by MATLAB’s

dlqr function.

5.4 Disturbance Rejection

In this section, the ability of the proposed controller to establish convergence to

a nominal gait under the influence of unexpected disturbances is assessed. Quantifying

disturbance rejection is an important and challenging problem in legged locomotion,

and several metrics have been proposed in the relevant literature to capture aspects
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of it; [67] and [83] provide detailed accounts of available metrics. Here, we describe

the performance of the controller as the system recovers from an unexpected step, and

we provide numerically computed estimates of projections of the domain of attraction

that highlight the advantages and limitations of the proposed control approach.

5.4.1 Unexpected Ground Height Variations

Encountering a disturbance in the form of an unexpected step is a commonly

employed measure of disturbance rejection [67, 83, 139, 92]. In our setting, the model

experiences a variation in the ground height that is equal to 20% of the nominal leg

length (approximately 7.2cm). Figure 5.3 shows snapshots of the system’s motion

as it converges to a periodic orbit, which corresponds to the desired (nominal) one

when the hopping height is measured from the new ground level. In addition, Fig.

5.4 shows the evolution of the hopping height, forward velocity and the total energy

Figure 5.3: Snapshots of the model’s motion as it runs down a step of 7.2cm (20% of
the nominal leg length).
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Figure 5.4: Response of the system to a step-down disturbance of 7.2cm showing
convergence to the nominal orbit. (a) Hopping height; (b) Forward velocity; (c) Total
energy. The red squares represent the apex height in the gathered flight and the green
dotted lines represent the final values.
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of the system and Fig. 5.5(b) presents the corresponding ground reaction forces and

input torques developed by the torso actuator for the first six strides. It is noted that

the step-down disturbance does not significantly affect the hopping height oscillations

(measured from the new ground level). Instead, the forward speed is affected more,

but it eventually converges to its nominal value after few strides. The profile of the

corresponding ground reaction forces in Fig. 5.5(b) resembles the one used to generate

bounding through force planning in [137] based on the ground reaction forces of a

galloping dog [140]. Note though, in the model studied here, these forces are primarily

the result of the springy unactuated legs. It should also be mentioned that the friction

cone limitations are respected throughout the motion. Finally, during the first stride

which is along the nominal orbit, the torque is close, but not exactly equal, to zero

due to the fitting errors associated with (5.5). In the recovering strides, the size of the

input torque remains within practically reasonable bounds, and eventually becomes

very small as the system converges to its nominal motion.

5.4.2 Domain of Attraction

Estimates of the domain of attraction of periodic walking or running motions

are frequently employed in locomotion studies to evaluate robustness to perturbations

[46, 10]. Except for the case of models with sufficiently low dimension2, it is not feasible

to compute the domain of attraction in its entirety through simulations over the space of

all possible initial conditions. Therefore, to further analyze the disturbance rejection

capabilities of the bounding model of Fig. 4.1 in closed loop with the controller of

Section 5.1, Fig. 5.6 provides an estimate of the projection of the domain of attraction

onto the (ẋtj, ytj) plane that characterizes the system’s ability to handle simultaneous

perturbations in forward speed and hopping height states.

In computing Fig. 5.6, perturbations in the nominal forward speed and hopping

height are introduced at the apex of the gathered flight phase, and a perturbed initial

2 In the case of simple passive dynamic walkers for example, the domain of attraction
of walking motions of interest can be (numerically) fully characterized [117, 143].
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Figure 5.5: (a) The input of the torso joint actuator. (b) Horizontal (red continuous)
and vertical (blue dotted) components of ground reaction force. For clarity, only the
first six strides are presented.

condition is assumed to belong to the domain of attraction if after 50 strides the error

from the nominal motion is less than 1%. Note also that all the points of Fig. 5.6

correspond to motions where the maximum torque developed by the torso actuator is

less than 50Nm. In converging to the nominal orbit, the model may experience double

stance phases, where both anterior and posterior leg are in contact with the ground; the

corresponding initial conditions that cause the emergence of such phases are depicted

in red in Fig. 5.6.

Comparing the green area in Fig. 5.6, which corresponds to the initial condi-

tions that are attracted to the nominal orbit in the open-loop system, it can easily be

seen that the controller significantly enlarges the domain of attraction of the desired
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Figure 5.6: (ẋtj, ytj) cross section of the domain of attraction towards the passive
periodic motion when the maximum torque of the torso actuator does not exceed 50Nm.
The green, blue and red area correspond the passive system, closed-loop system without
consideration of double stance phase and close-loop systems with double stance phase,
respectively.

motion. However, it is apparent that perturbations that tend to simultaneously de-

crease the forward velocity and hopping height cannot be accommodated as easily as

perturbations in the opposite direction. In fact, perturbations of this kind—decreasing

hopping height and forward velocity—tend to result in failure to sustain running due

to insufficient toe clearance. This is a consequence of the absence of active control over

the leg length; clearly, maintaining the leg at its nominal length during flight phase

makes the system susceptible to toe scuffing, and this is more likely to occur when the

energy content of the system is smaller during the first steps after the perturbation is

encountered. This limitation is attributed to the model’s capabilities rather than the

control laws. In fact, it should be emphasized that the proposed control law is capable

of stabilizing a 4-DOF compliant system undergoing significantly large disturbances

with only one actuator. Additional actuators can be included at the hips and/or the
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legs to further improve the performance of the controller or to achieve additional con-

trol objectives in the context of more complete higher-dimensional robot models, which

will be discussed in Chapter 8.
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Chapter 6

GAIT TRANSITIONS BETWEEN PRONKING AND BOUNDING

In this chapter, we will utilize the tools developed in Chapter 4 and Chapter 5

to generate stable pronking motions using the same reduced-order model in Fig. 4.1;

see also Fig. 1.1(b) and [24]. Then, by estimating the domain of attraction of pronking

and bounding motions using SOS programming, conservative conditions regarding the

feasibility of transitions between these gaits can be stated analytically. Section 6.1 in-

troduces the general approach of performing gait transitions as sequential composition

of controllers. Section 6.2 and Section 6.3 derive the dynamics and passively generate

periodic pronking and bounding motions. The properties of the periodic motions, espe-

cially the pitch rate, reveal the challenge of performing direct transition from pronking

and bounding without double stance. In Section 6.4, the hybrid controller previously

developed in Chapter 5 is employed to enhance the stability of the passively generated

motions. Section 6.5 provides analytically estimates of the domain of attraction of

different gaits and demonstrates the transitions between gaits at a given speed.

6.1 General Scheme

We formulate gait transition as a problem of switching between limit cycles as is

conceptually illustrated in Fig. 6.1. The limit cycles φ0 and φ1 represent periodic mo-

tions corresponding to different gaits. To characterize stability, the method of Poincaré

is used, resulting in two discrete-time mappings P0 and P1 and the corresponding fixed

points z̄0 and z̄1. Assuming the two limit cycles are stabilized under the influence of

the controllers Γ0 and Γ1, respectively, the domain of attraction of the limit cycles on

the Poincaré sections S0 and S1 can be estimated as D0 and D1. By examining the

relationship between the estimated domains of attraction and the fixed points, feasible
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Γ1

Figure 6.1: A conceptual illustration of the transition between two different limit cycles,
i.e., φ0 and φ1, which in legged locomotion could correspond to periodic motions of
different gaits, for instance, pronking and bounding in this study. S0 and S1 are the
Poincaré sections of φ0 and φ1, and z̄0 and z̄1 are the corresponding fixed points. D0 and
D1 are the domain of attractions at the Poincaré sections for φ0 and φ1, respectively.

transitions can be determined. For instance, as shown in Fig. 6.1, if z̄0 is within the

domain of attraction of φ1 at the Poincaré section, then by employing the controller

Γ1, the system starting from z̄0 will eventually converge to the orbit φ1, i.e., switch to

z̄1. Mathematically, if z̄0 ∈ D1, then z̄0
Γ1−→ z̄1. Furthermore, if z̄1 ∈ D0, then two-way

transitions can be realized between the two gaits, i.e., z̄0
Γ1←→
Γ0

z̄1.

6.2 Descriptions of Pronking and Bounding Gaits

In a pronking gait, shown in Fig. 6.2(a), both the anterior and the posterior legs

touch and leave the ground in unison. In a bounding gait, two variations are considered:

one with double stance and one without. For both pronking and bounding, depending

on the state of the legs—stance or flight— we distinguish the following phases: the

double flight phase, denoted by “f”, in which both legs are in the air; the stance-

posterior phase, denoted by “sp”, when only the posterior leg is on the ground; the

stance-anterior phase, denoted by “sa”, when only the anterior leg is on the ground;

and the double stance phase, denoted by “sd”, in which both legs are in contact with

the ground.
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Figure 6.2: (a) Pronking gait; (b) Two variations of bounding gait.

6.3 Passively Generated Motions

The hybrid dynamics of all the gaits can be studied using Poincaré’s method,

resulting in return maps of the form:

zf [k + 1] = P (zf [k], αf [k]) , (6.1)

where zf := (yp, θp, θa, ẋp, θ̇p, θ̇a)
′ represents the (reduced) states at the Poincaré section

and αf represents the vector of touchdown angles.

A large number of fixed points corresponding to passive pronking and bounding

gaits can be generated. Reflecting the symmetry of the underlying vector fields, the

computed fixed points exhibit certain symmetry properties that will be useful in design-

ing transition controllers. In more detail, for both pronking and bounding, θp = −θa
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and θ̇p = θ̇a at the apex height. Specifically, the pronking gait exhibits zero pitch

velocity at apex height, i.e., θ̇p = θ̇a = 0. These symmetry properties facilitate the

investigation of the states that distinguish the two gaits at the Poincaré section. Fig-

ure 6.3 shows the apex height, the posterior pitch angle and the posterior pitch rate

of the fixed points corresponding to pronking and bounding gaits. It can be seen that

these three types of motions can be distinguished by the pitch rate of the posterior part

of the torso; in particular, pronking has zero pitch rate, bounding with double stance

has small pitch rate magnitude (< 2.5 rad/s) and bounding without stance exhibits

larger values of pitch rate (in the range of [2.5 rad/s, 5 rad/s]).

The significant difference in the pitch rate shown in Fig. 6.3 clearly demonstrates

the natural separation in the dynamics of different gaits, and reveals a major challenge

in achieving gait transition. In the context of transitioning from pronking to bounding

without double stance, the model needs to experience a drastic perturbation in the

torso dynamics, which can easily destabilize the motion. In other words, following

the definition in Section 6.1, if the bounding motion is regarded as the target limit

cycle, to guarantee convergence, the domain of attraction at the Poincaré section of

the bounding limit cycle should be excessively large in order to include the pronking

fixed point. However, the model in its current passive and conservative form is limited

in rejecting disturbances, resulting in narrow domains of attraction; in fact, not all the
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Figure 6.3: The apex height (a), posterior pitch angle (b) and posterioe pitch rate (c)
of the fixed points corresponding to pronking (blue square), bounding without double
stance (green triangle) and bounding with double stance (red circle) at speed [1, 4]m/s.
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fixed points computed are stable. Therefore, transitioning from pronking to bounding

calls for developing control laws that stabilize the gaits and ensure that the domain of

attraction of the “target” gait is sufficiently large to include the states of the “source”

gait.

6.4 Feedback Control

In this section, a controller employing actuation at the torso joint will be de-

veloped to stabilize the pronking and bounding motions computed in Section 6.3. The

structure of the controller is the same as the one developed in Chapter 5, thus here we

only give an outline of the controller design.

6.4.1 An Extended Gait Description

To enlarge the domain of attraction of the nominal motions, the model is allowed

to go through additional phases beyond nominal phase sequences as it converges to the

target motion; see Fig. 6.4. For example, in the nominal pronking motion, both

the anterior and posterior legs touch and leave the ground in unison with the same

touchdown angle. However, when the motion is disturbed during the flight – e.g.,

when the anterior pitch angle increases – then determining the touchdown angles αf

that result in simultaneous touchdown and liftoff requires numerically solving for the

dynamics of the double stance phase. To avoid such cumbersome computation, the

model is allowed to enter either posterior stance or anterior stance before entering

the double stance phase; Fig. 6.4(a). Under the control action, the duration of these

two augmented phases gradually decreases to zero, resulting in the nominal periodic

motion. In Fig. 6.4(b) and 6.4(c), the double flight and double stance are augmented

after the anterior stance for bounding with and without double stance, respectively.

6.4.2 Hybrid Controller

As in Section 5.1, the hybrid controller introduces control action on two levels.

In continuous time, holonomic constraints are imposed to the system to coordinate—

according to a passively generated motion— the torso’s flexion-extension oscillations
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Figure 6.4: Extended description of the gaits in the presence of perturbation for pronk-
ing (a), bounding with double stance (b) and bounding without double stance (c). The
shaded phases are the augmented phases and the dotted lines represent the possible
evolution in presence of perturbation.

with the leg’s motion during stance1. Under the continuous-time control, the closed-

loop Poincaré map becomes

zf [k + 1] = Pcl
1 (zf [k], αf [k]) (6.2)

and its linearization takes the form

∆zf [k + 1] = A∆zf [k] +B∆αf [k], (6.3)

where

A =
∂Pcl

1

∂zf

∣

∣

∣

∣

zf=z̄f ,αf=ᾱf

, B =
∂Pcl

1

∂αf

∣

∣

∣

∣

zf=z̄f ,αf=ᾱf

(6.4)

and ∆zf = zf − z̄f , ∆αf = αf − ᾱf .

In discrete time, a discrete linear quadratic regulator (LQR) is employed to

place the legs during flight based on feedback of the states at the Poincaré section to

minimize the quadratic cost function

J(zf , αf) =

∞
∑

k=1

(zf [k]− z̄f)′Q(zf [k]− z̄f) + (αf [k]− ᾱf)
′R(αf [k]− ᾱf) (6.5)

where zf are the states and z̄f is their nominal values, and Q and R are selected positive

definite matrices. It can be shown that the optimal cost-to-go, J∗, is given by

J∗(zf) = (zf [k]− z̄f)′S(zf [k]− z̄f) (6.6)

1 During the double stance phase, the relative pitch angle is slaved to the posterior leg
angle.
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where S is the infinite horizon solution of the associated discrete-time Riccati equation:

A′SA− S − (A′SB)(B′SB +R)−1(B′SA) +Q = 0 (6.7)

The optimal feedback policy is given by

αf [k] = ᾱf −K(zf [k]− z̄f) (6.8)

where K is derived from S:

K = (B′SB +R)−1(B′SA) (6.9)

and A,B have been defined in (6.3).

With the discrete-time control action, the closed-loop form of the Poincaré map

(6.2) becomes

zf [k + 1] = Pcl
1 (zf [k], ᾱf −K(zf [k]− z̄f))

= Pcl
2 (zf [k]) (6.10)

and the associated control action can be stated as

Γ := Γ(z̄f , ᾱf , β,K) (6.11)

where β includes all the coefficients in designing the virtual holonomic constraints in

the continuous-time control.

6.5 Gait Transition

As an example of gait transition behavior, this section examines switching be-

tween pronking and bounding without double stance. First, a strategy for estimating

analytically the domain of attraction of the closed-loop system is introduced. Then,

transitions between pronking and bounding are realized through a sequence of switch-

ings among fixed points with bounding with double stance acting as an intermediate

gait.
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6.5.1 Estimation of Domain of Attraction

Generally, determining the domain of attraction is a difficult task, even for low

dimensional systems. However, for the system (6.10), the state space of which is six di-

mensional, we can provide suitable estimates of the domain of attraction of a bounding

gait using quadratic Lyapunov functions [68] and sums of squares verification [95, 132].

For ease of implementation, the fixed point is translated to the origin. Since

∆zf [k] = zf [k]− z̄f , (6.10) implies

∆zf [k + 1] = Pcl
2 (z̄f +∆zf [k])− z̄f . (6.12)

which represents a map from ∆zf [k] to ∆zf [k + 1]; i.e.,

∆zf [k + 1] = Pcl
3 (∆zf [k]) . (6.13)

The fixed point corresponding to (6.13) is ∆zf [k] = 0 and its domain of attraction can

be used to determine the domain of attraction of (6.10) in a straightforward manner.

A function V (∆zf) is a valid Lyapunov function for the discrete-time system

(6.13) if V (∆zf) is positive definite and V (∆zf)[k + 1] − V (∆zf)[k] < 0 in a bounded

domain D. Then, a subset of the domain of attraction can be defined as a sublevel of

V ,

D(ρ) := {∆zf | 0 ≤ V (∆zf) ≤ ρ} (6.14)

where ρ is a positive scalar. Note that the linear optimal cost-to-go function (6.6) is

a Lyapunov function for the nonlinear system (6.10). Thus by defining2 V (∆zf) :=

J∗(∆zf) = ∆z′fS∆zf , the problem of estimating the domain of attraction can be for-

mulated as

max ρ

s.t ∀∆zf ∈ D(ρ), J∗

+(∆zf [k]) < 0
(6.15)

where J∗

+(∆zf [k]) = J∗(∆zf [k + 1])− J∗(∆zf [k]).

2 Note that ∆zf [k] = zf [k]− z̄f .
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An analytically tractable way to verify that the Lyapunov function is decreasing

within the domain D is to formulate a sums-of-squares (SOS) feasibility problem [95,

132]:

max ρ

s.t h(∆zf) is SOS

−J∗

+(∆zf [k])− h(∆zf [k])(ρ− J∗(∆zf [k])) is SOS

(6.16)

where h(∆zf) is a positive definite polynomial of ∆zf , acting as a Lagrange multi-

plier. The sign of (ρ − J∗(∆zf [k])) is positive for all ∆zf ∈ D(ρ) by definition, and is

negative outside this region. As a result, if (6.16) holds for any h(∆zf [k]) ≥ 0, then

−J∗

+(∆zf [k]) > 0 is satisfied, i.e, J∗(∆zf [k + 1])− J∗(∆zf [k]) < 0.

Note that the SOS algorithm requires J∗

+(∆zf [k]) to be a polynomial [103].

However, in our case,

J∗

+(∆zf [k])

= ∆zf [k + 1]′S∆zf [k + 1]−∆zf [k]
′S∆z[k]

= Pcl
3 (zf [k])

′SPcl
3 (zf [k])−∆zf [k]

′S∆zf [k] ,

(6.17)

in which Pcl
3 (zf [k]) is not available analytically; it is obtained through numerical inte-

gration. Hence, to proceed with the method, we approximate the return map (6.13)

by expanding Pcl
3 in Taylor series keeping terms up to second order; i.e.,

Pcl
3 (∆zf [k]) ≈ T1∆zf [k] + ∆zf [k]

′T2∆zf [k] (6.18)

where

T1 =
∂Pcl

3

∂∆zf,i

∣

∣

∣

∣

∆zf=0

, T2 =
∂2Pcl

3

∂∆zf,i∂∆zf,j

∣

∣

∣

∣

∆zf=0

(6.19)

for i, j ∈ {1, 2, ..., 6}. Substituting (6.18) into (6.17) yields

J∗

+(∆zf [k]) = (T1∆zf [k] + ∆zf [k]
′T2∆zf [k]

′)S(T1∆zf [k] + ∆zf [k]
′T2∆zf [k])

− ∆zf [k]
′S∆zf [k] (6.20)

Given the polynomial expression (6.20), the SOS feasibility program in (6.16) can be

solved by an available SOS toolbox, such as SOSTOOLS [103], and the maximum
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value of ρ, i.e., ρmax, can be determined by searching for the value above which the

SOS feasibility problem is infeasible.

With the value of ρmax
0 available for a fixed point z̄f,0, a simple condition can be

checked to determine if another fixed point z̄f,i can “reach” D0; namely,

(z̄f,i − z̄f,0)′S0(z̄f,i − z̄f,0) ≤ ρmax
0 . (6.21)

Fig. 6.5 compares—for the bounding gait with double stance—the estimated

domain of attractions by the Lyapunov-SOS method and the simulation-based method.

In the simulation-based method, given the target fixed point, other source fixed points

are taken as initial conditions and the hybrid controller Γ associated with the target

fixed point is applied. If after 15 strides the error of the states from the nominal

values is less than 5%, then the source fixed point z̄f,i is regarded within the domain of

attraction of the target fixed point. It can be seen that, although the Lyapunov-SOS

method is more conservative than the simulation-based method, the estimated domain
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Figure 6.5: Fixed points that can be driven to a target fixed point (blue) within the
bounding gait with double stance. The brown points are tested using the simulation-
based method while the red points are predicted by the Lyapunov-SOS method.
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z̄f,0

z̄f,1

z̄f,2

z̄f,4

z̄f,3

z̄f,5

z̄f,6

Figure 6.6: The transition between pronking and bounding without double stance in
the (θp, θ̇p) section. The blue square, red circle and green triangles represent the fixed
points corresponding to pronking, bounding without double stance and bounding with
double stance, respectively. The black arrows show one of the transition routes. The
grey area represents the projection of the domain of attraction on the (θp, θ̇p) plane.

of attraction is still reasonably large. In fact, as the next section shows, feasible gait

transitions can be found based on the estimated domains of attraction obtained using

the Lyapunov-SOS method.

6.5.2 Transitions Between Pronking and Bounding

Without loss of generality, we explore gait transitions at running speed 2.4m/s;

see Fig. 6.6. It can be seen that within a gait – for example, bounding with double

stance or bounding without double stance – transitions can be easily realized. In

contrast, transitions from pronking to bounding without double flight are infeasible,

i.e., z̄0 6∈ D1 and z̄1 6∈ D0, which confirms the predictions of Fig. 6.3(c). To bridge this

gap, the bounding with double stance serves as intermediate gait between pronking

and bounding without double stance, resulting in the following transition sequence:
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z̄f,0
Γ2←→
Γ0

z̄f,2
Γ5←→
Γ2

z̄f,5
Γ4←→
Γ5

z̄f,4
Γ6←→
Γ4

z̄f,6
Γ3←→
Γ6

z̄f,3
Γ1←→
Γ3

z̄f,1 (6.22)

In Fig. 6.6, the arrows illustrate the two-way transition between pronking and

bounding without double stance. In both directions, the transitions can be finished

within 50 strides.

We remark that the proposed transition strategy can be used to enlarge the

domain of attraction of the fixed points, drastically improving the capability of the

system to reject large perturbations. For instance, when the bounding motion z̄f,0 is

perturbed out of its original domain of attraction, the states cannot converge back

to their nominal values by mere use of the corresponding controller Γ0. Yet, if the

states are located within the domain of attraction of z̄f,5, then Fig. 6.6 shows that

implementing Γ5, Γ2 and Γ0 sequentially realizes convergence to z̄f,0, provided that the

system “spends” sufficiently long time in each mode. In fact, the two-way transition

sequence (6.22) indicates that any states located within the domain of attraction of

one of the fixed points in the sequence can be driven to any other fixed points in the

sequence by suitably switching the parameters of the controller in (6.11). This requires

that the system spends sufficiently long time with the control parameters tuned to a

given fixed point, so that convergence is achieved; i.e., to go from z̄f,1 to z̄f,6 we switch

to z̄f,3 first, then wait for sufficiently long time to enter the domain of attraction of

z̄f,6 and then switch to z̄f,6. We cannot switch to z̄f,6 immediately after starting switch

to z̄f,3. This implies that switching cannot be arbitrarily frequent; see [86] for more

details on constrained switching for stability.
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Chapter 7

ENERGETICS OF QUADRUPEDAL BOUNDING

To examine the relationship between elastic elements within the torso and the

energy requirement for maintaining a gait, the basic model in Fig. 1.1(a) and 1.1(b)

is extended to include non-trivial mass1 in the legs, resulting in the model shown in

Fig. 1.1(c), which is the model studied in this chapter. Section 7.1 describes, in a

non-dimensional setting, two reductive quadrupedal models, one with and one without

torso compliance; see also [23, 27]. Section 7.2 discusses the computation of cyclic

bounding gaits in the context of the proposed models, and Section 7.3 proposes two

energy efficiency metrics – namely, the mechanical and the metabolic cost of transport

– to assess the energy requirements of the computed motions. Section 7.4 presents a

comparison between the flexible- and rigid-torso models in the context of the mechan-

ical cost of transport, and Section 7.5 demonstrates the ability of the flexible-torso

model to predict the metabolic cost of transport of different quadrupedal animals.

7.1 Non-dimensional Reduced-order Models

To investigate the influence of torso compliance on the energetics of bounding,

two sagittal-plane quadrupedal models with different torso configurations – one with

a rigid non-deformable torso and one with a flexible segmented torso – are introduced;

see Fig. 7.1. Both models have the same leg structure: an upper segment with mass

mleg and moment of inertia Jleg about its center of mass (COM) and a lower segment

represented by a massless prismatic spring of stiffness kleg. The natural length of the

leg is denoted by l0, corresponding to the distance between the hip and the toe when

1 That is, the COM of the leg is not located at the hip joint.
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Figure 7.1: Two sagittal-plane quadrupedal models used to study the energetics of
bounding motion. (a) Rigid-torso model; (b) Flexible-torso model. The red arrows at
the hip joints represent actuator inputs. In the flexible-torso model, the torso joint is
not actuated.

the leg spring is uncompressed. The distance between the COM of a leg and the

corresponding hip joint is Lleg. In both models, the interaction between the toe and

the ground is modeled as an unactuated, frictionless pin joint.

The two models of Fig. 7.1 differ only in their torso structure. In the flexible-

torso model of Fig. 7.1(b), the torso consists of two identical segments: the anterior

and posterior parts with mass m, moment of inertia J about their COM and hip-to-

COM spacing L. A rotational spring is inserted between the two segments to introduce

flexibility, producing a torque

τtorso = ktorso [(θa − θp)− θrest] , (7.1)

where θa, θp are the pitch angles of the two segments as shown in Fig. 7.1(b), θrest < 0

is the rest angle of the spring and ktorso is its stiffness. For fair comparison, the torso

mass, hip-to-COM distance and moment of inertia of the torso about the COM in the

rigid-torso model are 2m, 2L and 2J + 2mL2, respectively.

7.1.1 Continuous-time Dynamics in Non-dimensional Form

The bounding gait is the same as shown in Fig. 4.2, and we denote the gathered

flight and extended flight as “fg” and “fe”, respectively. With reference to Fig. 7.1,
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in each stance phase i ∈ {sp, sa}, the configuration space Qi can be parameterized by

the length of the leg in contact with the ground – that is, lp ∈ R for the posterior and

la ∈ R for the anterior stance phases – the leg angles (ϕp, ϕa) ∈ S
2 relative to the torso,

and the angles describing the configuration of the torso – namely, (θp, θa) ∈ S
2 for the

flexible-torso and θ for the rigid-torso model – i.e.,

qi :=







(lp, ϕp, ϕa, θp, θa)
′ ∈ Qi for i = sp,

(la, ϕp, ϕa, θp, θa)
′ ∈ Qi for i = sa,

(7.2)

for the flexible-torso model, and

qi :=











(lp, ϕp, ϕa, θ)
′ ∈ Qi for i = sp,

(la, ϕp, ϕa, θ)
′ ∈ Qi for i = sa,

(7.3)

for the rigid-torso model.

The flexible-torso model exhibits extended and gathered flight phases. In each

of these phases, the configuration space Qi, i ∈ {fg, fe}, can be parameterized by the

Cartesian coordinates (xp, yp) ∈ R
2 of the COM of the posterior part of the torso, the

pitch angles (θp, θa) ∈ S
2 of the posterior and anterior parts of the torso, together with

the angles (ϕp, ϕa) ∈ S
2 of the legs relative to the torso; i.e,

qi := (xp, yp, ϕp, ϕa, θp, θa)
′ ∈ Qi for i ∈ {fg, fe} . (7.4)

Similarly, the flight phases of the rigid-torso model can be parameterized by the Carte-

sian coordinates (xcom, ycom) ∈ R
2 of the COM of the torso, its pitch angle θ ∈ S

1, and

the angles (ϕa, ϕp) ∈ S
2 of the legs with respect to the torso; i.e.,

qi := (xcom, ycom, ϕp, ϕa, θ)
′ ∈ Qi for i ∈ {fg, fe} . (7.5)

The equations that govern the motion of both models in all phases can be

brought in state-space form as

ẋi = fi(xi) + gi(xi)ui

= fi(xi) + gi,a(xi)ui,a + gi,p(xi)ui,p (7.6)

70



where xi := (q′i, q̇
′

i)
′ is the state vector for each phase i ∈ {sp, sa, fg, fe} evolving in

TQi := {(q′i, q̇′i)′| qi ∈ Qi, q̇i ∈ R
dim(qi)}. The input ui := (ui,p, ui,a)

′ includes the

torques ui,p and ui,a applied at the posterior and anterior hip joints, respectively; see

Fig. 7.1. Note that in both models, the hip torques are the only continuous-time

inputs; the torso joint of the flexible-torso model in Fig. 7.1(b) is unactuated, and the

torque developed between the posterior and anterior parts of the torso is solely due to

the spring (7.1).

In (7.6), the physical properties of the each model are captured by the following

parameters

{m,mleg, J, Jleg, l0, Lleg, L, ktorso, kleg} . (7.7)

As in Section 4.3.1, the number of physical parameters can be reduced by trans-

forming the dynamics (7.6) to a non-dimensional form. Choosing the same character-

istic time scale τ as in (4.5) , the configuration variables defined in (7.2)-(7.5) and their

derivatives with respect to time obtain the non-dimensional form:

ζ∗ :=
ζ

l0
, ζ̇∗ :=

τ ζ̇

l0
, ζ̈∗ :=

τ 2ζ̈

l0
, (7.8)

for ζ ∈ {xp, yp, xcom, ycom, lp, la} and

ψ∗ := ψ, ψ̇∗ := τψ̇, ψ̈∗ := τ 2ψ̈ , (7.9)

for ψ ∈ {ϕp, ϕa, θp, θa, θ} where the superscript “ * ” denotes a dimensionless quantity.

Based on these transformations, the non-dimensional input torque u∗i is defined as:

u∗i :=
ui
mgl0

. (7.10)

Substitution of (7.8) and (7.9) into (7.6) reduces the parameters in (7.7) to the following

seven dimensionless quantities:

{I,Mleg, Ileg, d, dleg, κtorso, κleg} , (7.11)

the definitions of which are collected in Table 7.1 for convenience.

71



Table 7.1: Non-dimensional Parameters

Parameter Value

Relative torso moment of inertia I := J
mL2

Relative leg mass Mleg :=
mleg

m

Relative leg moment of inertia Ileg :=
Jleg

mlegl
2
0

Relative hip-to-torso COM distance d := L
l0

Relative hip-to-leg COM distance dleg :=
Lleg

l0

Relative torso stiffness κtorso :=
ktorso
mgl0

Relative leg stiffness κleg :=
klegl0
mg

7.1.2 Event-based Transitions

The continuous-time phases are separated by the event-based transitions; namely,

the touchdown and liftoff of the legs as in Fig. 4.2. The flight phase terminates when

the vertical distance between the toe of either the posterior or the anterior leg and

the ground becomes zero. Due to the non-negligible mass of the upper leg, an impact

occurs at touchdown. To avoid complexity, the impacts will be modeled as in [142,

Section 3.4] under the following assumptions:

• the toe colliding the ground neither rebounds nor slips;

• impacts are instantaneous;

• the actuator inputs can be ignored over an instantaneous impact;

• the forces applied by the ground during the impact can be represented by im-
pulses;

• the impulsive forces result in instantaneous changes in velocities, but there is no
instantaneous change in the configuration of the model.

Based on these assumptions, the flight phase dynamics can be integrated over

the infinitesimally small duration of the impact to result in a linear map that is

used to compute the states right after impact based on those right before; namely,

x∗+sa = ∆fe→sa(x
∗−

fe ) for the anterior touchdown and x∗+sp = ∆fg→sp(x
∗−

fg ) for the posterior

touchdown.
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In general, transitions from stance to flight occur when the vertical ground

reaction force (GRF) becomes zero and the vertical acceleration of the toe is directed

upwards. To simplify the analysis, we will assume that liftoff occurs when the leg

spring extends to its natural length, as adopted in [50].

7.1.3 Hybrid Dynamics of Bounding

Echoing the passive dynamics (4.1) of the energy-conservative model in Fig. 1.1

(a), the hybrid dynamics of bounding for the models in Fig. 7.1 that incorporate leg

inertia and hip actuation can be represented by

Σ :























ẋ∗i = f ∗

i (x
∗

i ) + g∗(x∗i )u
∗

i , x∗−i 6∈ S∗

i→i+1,

x∗+i+1 = ∆i→i+1(x
∗−

i ), x∗−i ∈ S∗

i→i+1,

S∗

i→i+1 = {x∗i ∈ X ∗

i | Hi→i+1(x
∗

i ) = 0, Ḣi→i+1(x
∗

i ) < 0},

(7.12)

for i ∈ {fe, sa, fg, sp, f}. In (7.12), u∗i denotes the (non-dimensional) input torque at the

hip joints in the continuous time and Hi→i+1 represents the threshold function which

can be easily determined according to Section 4.3.2.

7.2 Generation of Efficient Bounding Motions

Our purpose is to characterize the effect of torso flexibility on energy consump-

tion and to assess the capacity of the flexible-torso model in predicting the energetic

cost of transport in quadrupedal animal running. As a result, the objective of the

controller used here to generate bounding is merely to recirculate the legs after liftoff

and to replace the energy lost at impacts. No control action is developed for the leg

that is in contact with the ground; the corresponding hip joint is passive, similarly to

the passive bounding models studied in [89, 99, 35].

To make the comparison between the rigid-torso and the flexible-torso models as

fair as possible, the proposed controllers will be developed using feedback linearization

as in [142], and all the control parameters will be incorporated in the formulation of an

optimization problem for computing running motions, thereby making their selection

more systematic than manual gain tuning. Note that the generated bounding motions
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are not necessarily stable, and further control action will be required in order to reject

disturbances.

Finally, to avoid cumbersome notation, hereafter we neglect “ * ” with the

understanding that all the variables are the non-dimensional ones defined in (7.8),

(7.9) and (7.10).

7.2.1 Leg Recirculation Control

As was mentioned above, the leg that is in contact with the ground is completely

passive. Control action is developed only at the hip joint of the leg that is in flight, and

the objective of the controller is to recirculate the leg in anticipation of touchdown. In

what follows, we describe the controller for the flexible-torso model; the corresponding

controller for the rigid-torso model can be derived in an analogous fashion, and is

omitted for brevity. Figure 7.2 summarizes the control inputs applied at the hip joints

in each phase. Note that other control methods such as the PID controllers proposed

by [34] can also be used.

The design of the controller begins by associating a scalar output function of

the form

yi = hi(qi, αi) := qc,i − hdi (si(qi), αi) , (7.13)

to the dynamics (7.6) where i ∈ {sa, fg, sp, fe}. In (7.13), qc,i is the controlled variable

and hdi represents its desired evolution that is parameterized via a set of parameters

αi as detailed below. The controlled variables are defined by

qc,i :=











γp = ϕp + θp for i ∈ {sa, fe},

γa = ϕa + θa for i ∈ {sp, fg}.
(7.14)

In words, the controlled variable is selected to be

• the posterior absolute leg angle in the anterior stance and in the extended flight
phases,

• the anterior absolute leg angle in the posterior stance and in the gathered flight
phases.
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toe
aufe,p = (7.27)
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Figure 7.2: Summary of the control actions in different phases. From left to right:
anterior stance, gathered flight, posterior stance and extended flight. The arrows at
the hip joints signify the application of torque and the blue, red and black colors of
the leg springs correspond to the hip actuation patterns that are employed at different
phases: (i) The blue color implies that the corresponding hip joint is passive. (ii) The
red color means that a swing-leg retraction controller is applied at the corresponding
hip joint. (iii) The black color indicates that the absolute leg angle of the corresponding
leg is selected as the controlled variable, qc,i, in (7.13) to enforce coordination between
the motion of the legs.

Designing the Constraints. In each phase i ∈ {sa, fg, sp, fe}, the desired evo-

lution hdi in (7.13) is described via a 5-th order Beziér polynomial with coefficients

αi := {αi,k}k=0,...,5; i.e.,

hdi (si(qi), αi) =
5

∑

k=0

bi,k(si(qi))αi,k , (7.15)

where the terms bi,k are given by

bi,k(si) :=
5!

k!(5− k)!s
k
i (1− si)5−k , (7.16)

in which the dependence on qi has been suppressed, and si is the strictly monotonic

quantity

si :=
γmax − γ
γmax − γmin

. (7.17)

In (7.17),

γ :=











γp for i ∈ {sp, fg},

γa for i ∈ {sa, fe},
(7.18)

and γmax and γmin are the maximum and minimum values of γ in the corresponding

phase.
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To provide more intuition, (7.13)-(7.18) imply that, in each phase, the evolution

of the absolute angle of one leg (depicted in black color in Fig. 7.2) is determined by

that of the other leg, which is either passive (blue color in Fig. 7.2) or follows a

retraction controller (red color in 7.2) as is detailed below. For example, in the stance-

anterior phase, the controlled variable is the absolute angle γp of the posterior leg

according to (7.14) and its desired evolution hdsa is a function of the absolute angle

γa of the anterior leg, as (7.17)-(7.18) imply. As a result, the output functions (7.13)

depend only on the configuration variables qi and the parameters αi associated with the

polynomials (7.15), and can therefore be interpreted as (virtual) holonomic constraints

that coordinate the motion of the legs.

In what follows, we restrict our attention to bounding gaits in which the variable

si defined by (7.17) is strictly monotonic with respect to time. This condition does

not limit the motions that can be realized by the model, and it allows replacing time,

effectively coordinating the motions of the legs with respect to an “internal” clock, as

in [142]. In the stance phases, the monotonicity of si for i ∈ {sa, sp} implies that the

stance leg is continuously swept backward, as is normally the case in natural bounding

motions. During the flight phases, the monotonicity of si can be guaranteed through

proper choice of the coefficients of the Beziér polynomials in (7.15), in conjunction with

a swing-leg retraction controller2, such as the one proposed in [124].

To provide more details on ensuring the monotonicity of si, consider the gathered

flight; i.e., sfg. Prior to entering the gathered flight – that is, at the end of the anterior

stance – known properties of the Beziér polynomials [142, Section 6.2] can be used to

write the swing velocity of the posterior leg as

γ̇p = 5(αsa,5 − αsa,4)ṡsa . (7.19)

2 This controller has the additional advantage that it minimizes the horizontal speed
of the toe relative to the ground at touchdown, thereby reducing the energy lost due
to the impact and increasing the overall energy efficiency [50].
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Since ssa is strictly monotonically increasing in stance anterior3, i.e., ṡsa > 0, choosing

αsa,5 < αsa,4 will force the posterior leg to swing backward (that is, γ̇p < 0) at the

beginning of the ensuing gathered flight phase. Choosing the input torque ufg,p during

the gathered flight according to the prescription

ufg,p = Kpẋ
toe
p , (7.20)

where Kp < 0 and ẋtoep is the forward velocity of the posterior toe relative to the

ground allows us to make γp monotonically decreasing during the gathered flight. A

similar procedure can be used to ensure the monotonicity of sfe in the extended flight

phase, resulting in introducing Beziér polynomial coefficients αsp,5 < αsp,4 such that γ̇a

is negative at the end of posterior stance phase, i.e,

γ̇a = 5(αsp,5 − αsp,4)ṡsp < 0 , (7.21)

and a gain Ka < 0 for the swing retraction controller, i.e.,

ufe,a = Kaẋ
toe
a . (7.22)

Note that Kp and Ka are incorporated in the parameters that are used in the opti-

mization problem of section 7.3.

Imposing the Constraints. To impose the constraints (7.13) on the dynamics

(7.6) we differentiate (7.13) twice with respect to (non-dimensional) time τ to obtain

d2yi
dt2

= L2
fi
hi(xi, αi) + Lgi,aLfihi(qi, αi)ui,a

+Lgi,pLfihi(qi, αi)ui,p , (7.23)

where, in accordance with the notation in [142], L2
fi
hi, Lgi,aLfihi and Lgi,pLfihi are the

Lie derivatives of the output function hi defined by (7.13) along the vector fields fi,

gi,a and gi,p that participate in (7.6). Since in each phase one of the hip torques in ui is

3 This is because the anterior leg is continuously swept backwards during the stance-
anterior phase.
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either zero or determined by the swing-leg retraction controller (7.20) and (7.22), the

other hip torque that participates in (7.23) can be determined so that

d2yi
dt2

= 0 . (7.24)

In more detail, in the gathered flight phase, the posterior torque ufg,p is determined by

(7.20). Then, provided that Lgfg,aLffghfg is invertible, the anterior hip input is given by

ufg,a = −(Lgfg,aLffghfg)
−1(L2

ffg
hfg + Lgfg,pLffghfgufg,p) . (7.25)

In the ensuring posterior stance phase, since the posterior leg is kept passive and no

hip torque is applied, the anterior hip input is simply

usp,a = −(Lgsp,aLfsphsp)
−1L2

fsp
hsp . (7.26)

The input at the posterior joint in the extended flight and anterior flight phases can

be derived in the same manner, resulting in

ufe,p = −(Lgfe,pLffehfe)
−1(L2

ffe
hfe + Lgfe,aLffehfeufe,a) (7.27)

and

usa,p = −(Lgsa,pLfsahsa)
−1L2

fsa
hsa . (7.28)

Closed-loop System. Fig. 7.2 summarizes the control action that is applied at

the hip joints of the model in each phase. The same control strategy is employed to

recirculate the legs in the rigid-torso model; the legs are actuated only when they are

in flight, and the hip torque of the leg providing support is equal to zero. With the

inputs at the hip joints as in Fig. 7.2, the dynamics (7.6) in each phase can be written

in closed-loop form as

ẋi = f cl
i (xi, α

cl
i ) . (7.29)
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where αcl
i = αi for i ∈ {sa, sp}, αcl

i = {αi, Ka, Kp} for i ∈ {fg, fe}, and αi includes all

the parameters associated with the output functions for each phase. Consequently, the

hybrid dynamic obtains the form:

Σ :























ẋi = f cl
i (xi, α

cl
i ), x−i 6∈ Si→i+1,

x+i+1 = ∆i→i+1(x
−

i ), x−i ∈ Si→i+1,

Si→i+1 = {xi ∈ Xi | Hi→i+1(xi) = 0, Ḣi→i+1(xi) < 0},

(7.30)

7.2.2 Poincaré Return Map

The Poincaré section is taken at liftoff of the anterior leg, i.e.,

Ssa→fg := {xsa ∈ TQsa | la − 1 = 0, l̇a > 0} , (7.31)

and the corresponding Poincaré return map P : Ssa→fg → Ssa→fg is obtained by nu-

merically integrating the closed-loop dynamics for each phase according to the phase

sequence of Fig. 4.2. As a result,

xsa[k + 1] = P(xsa[k], αcl) , (7.32)

where xsa[k] is the state at the end of the k-th anterior stance phase, and αcl =

{αcl
sa, α

cl
fg, α

cl
sp, α

cl
fe} includes the parameters introduced by the continuous-time con-

trollers of Section 7.2.1. Then, the problem of computing periodic bounding gaits

becomes equivalent to finding a state vector xsa so that

xsa −P(xsa, αcl) = 0 (7.33)

for suitable parameter values αcl.

7.3 Methods: Searching for Fixed Points

We are interested in computing fixed points that minimize energy consumption

at different speeds for the two models of Fig. 7.1. As a measure of the energy required to

generate cyclic bounding motions, we use the cost of transport (COT), a dimensionless

quantity defined as the energy consumed over a distance divided by that distance and
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the weight of the system; see Section 3.1.3. Depending on whether the energy dissipated

within the motor units and the springs is considered, two variations of the COT are

used.

7.3.1 Mechanical Cost of Transport

The mechanical COT, cmc, characterizes the power delivered at the joints of the

system, and is computed by

cmc =
1

2(1 +Mleg)TFr

∫ T

0

(|uaϕ̇a|+ |upϕ̇p|)dτ , (7.34)

where T is the non-dimensional stride period and the rest of the variables have been

defined in Section 7.1.1. The mechanical COT (7.34) is useful in comparing the rigid-

and flexible-torso models of Fig. 7.1 from an “output” perspective – that is, from

the point of view of the mechanics of the generated motion. Such comparison can

determine the effect of various model parameters – including torso compliance – on the

energetics of bounding, without relying on the specific characteristics of the actuators

– motors or muscles – that are used to deliver the required power to the system’s joints.

7.3.2 Metabolic Cost of Transport

To assess the capacity of the proposed models to capture energy consumption in

animal running, the definition of the COT needs to be extended so that it incorporates

the efficiency of the motor units and the compliant members in injecting and recycling

the energy required to sustain the motion. This is necessary because the mechanical

COT is difficult to compute based on experimental data from animal running [3].

Instead, it is more convenient to measure oxygen consumption in experiments with

running animals, from which the metabolic COT can be obtained; see Section 7.5.1

below for more details.
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To capture the metabolic COT in animal running, we modify (7.34) in two

ways. First, the efficiency of the motor units in performing positive and negative work

is taken into account, so that the power required at the hip joints is computed as

P1=
1

η1
([uaϕ̇a]

+ + [upϕ̇p]
+) +

1

η2
([uaϕ̇a]

− + [upϕ̇p]
−) , (7.35)

where

[P ]+ =











P if P ≥ 0,

0 if P < 0,

and [P ]− =











0 if P ≥ 0,

−P if P < 0,

for P ∈ {uaϕ̇a, upϕ̇p} and η1 and η2 are the corresponding efficiencies. The definition

of P1 is based on the assumption that the metabolic energy consumed by muscles

is roughly proportional to the mechanical power they generate, albeit with different

efficiencies for positive and negative work [80]. Following [80], the coefficients η1 and

η2 are then set as

η1 = 0.25 and η2 = 1.2 ,

where η2 > 1 reflects the fact that muscles recycle part of the energy when doing

negative work.

The second modification to (7.34) is modeling the leg and torso compliance via

non-ideal springs that dissipate part of the mechanical energy as they deform during

leg compression and decompression and torso flexion and extension.

Following [50], we will assume that the mechanical power dissipated in non-ideal

springs is proportional to the power recycled by ideal springs so that

P2 = η3 κleg(|(1− la)l̇a|+ |(1− lp)l̇p|)

P3 = η3 κtorso|(θa − θp − θrest)(θ̇a − θ̇p)| ,

where η3 is a coefficient, which, based on physiological data regarding tendon efficiency

provided by [96], is selected as

η3 = 0.1 .
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It should be emphasized that η1, η2 and η3 are not free parameters chosen by

an optimization algorithm to achieve the best fit between simulation and experimental

data from animal running. Instead, these coefficients are kept constant and equal to

the biologically plausible values provided above, representing the efficiency of muscles

when performing positive and negative work, and the efficiency of tendons in recycling

mechanical energy. With these modifications to (7.34), the metabolic COT can be

estimated by

cmt =
1

2(1 +Mleg)TFr

∫ T

0

(P1 + P2 + P3)dτ . (7.36)

7.3.3 Optimization

With the mechanical and metabolic COT defined by (7.34) and (7.36), respec-

tively, the search for efficient bounding motions can be cast as a constrained optimiza-

tion problem, in which the task is to find fixed points to (7.33) that minimize the

corresponding COT; i.e.,

min
{

cmc(xsa, α
cl) or cmt(xsa, α

cl)
}

such that xsa = P(xsa, αcl). (7.37)

This problem is solved using MATLAB’s fmincon.

7.4 Results: Mechanical COT

In this section, the effect of torso compliance on the mechanical COT of bound-

ing will be discussed in the context of the two models introduced in Section 7.1.

Through detailed parametric studies, the main factors that affect the mechanical COT

of the system are investigated and conclusions that are helpful in designing efficient

quadrupedal robots with torso compliance are drawn.

7.4.1 Comparison of the Mechanical COT

Using the optimization framework described in Section 7.2, the mechanical COT

of bounding gaits that are realized in both the rigid and flexible torso models can be

compared for different speeds and physical parameters.
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Figure 7.3: The mechanical COT of flexible-torso (blue circles) and rigid-torso (red
squares) models of different speeds and relative hip-to-COM distances. The continuous
lines are fitted third degree polynomials.

We begin our discussion with Fig. 7.3, which shows the mechanical COT com-

puted for different dimensionless hip-to-COM distances d ∈ {0.34, 0.38, 0.42} and for

various traveling velocities, as these are captured by the Froude number Fr ∈ [1.5, 5.0],

which roughly describes the running speed range of most animals [2]. In interpreting

these results, note that d := L/l0, so that a large value of d corresponds to a longer

torso relative to the leg length. The rest of the parameters are kept constant and are

given in Table 7.2. It should be mentioned that all the bounding motions computed

based on the flexible-torso model and depicted in Fig. 7.3 exhibit pronounced torso

oscillations.

It is clear from Fig. 7.3 that the energy consumption increases with the traveling

speed in both models. Furthermore, there exists a threshold value for the Froude

Table 7.2: Non-dimensional Mechanical Parameters of the Models

Parameters Values
I 1.8

Mleg 0.1
Ileg 0.01
dleg 0.25
κleg 25.8
κtor 5.5
θrest -0.17
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number, below which it was either impossible to compute fixed points in the flexible-

torso model, as in Fig. 7.3(a) and 7.3(b), or the fixed points resulted in relatively

higher mechanical COT than those of the rigid-torso model, as in Fig. 7.3(c). This

observation implies that the benefits of torso flexibility in terms of energy efficiency are

most appreciated at higher traveling speeds. This is evident from Fig. 7.3, where it is

seen that the difference between the mechanical COT for the flexible- and rigid-torso

models is amplified at higher Froude numbers.

Finally, Fig. 7.3(c) shows that the threshold value for the Froude number beyond

which the flexible-torso model becomes more efficient is approximately equal to 1.8.

It is interesting to note that this value corresponds to the transition from trotting to

galloping, which is the same in animals with drastically different morphologies [2], such

as horses and dogs [62, 77].

7.4.2 Torso Oscillation and Energy Efficiency

The models of Section 7.1 effectively capture the energetic cost of recirculating

the legs in flight, and thus allow the assessment of the contribution of the flexible torso

to the efficiency of the gait. In fact, the improved efficiency of the flexible-torso model

observed in Fig. 7.3 can be attributed to the torso’s dorsoventral oscillations: as the

torso flexes it facilitates the motion of the anterior leg backward and of the posterior

leg forward, and vice versa when the torso extends.

In more detail, Fig. 7.4 shows the evolution of the absolute and relative leg

angles for one of the fixed points of Fig. 7.3(c); namely, the fixed point corresponding

to d = 0.42 and Fr = 3.0. It can be seen from Fig. 7.4 that, for the rigid-torso model,

the evolution of the absolute angle of the posterior, γp, and anterior, γa, legs does not

differ significantly from that of the corresponding relative angles ϕp and ϕa. By way

of contrast, the differences between γp and ϕp, and γa and ϕa are much larger in the

flexible-torso model. Note that the relative and absolute leg angles of fixed points of

the flexible-torso model shown in Fig. 7.3(c) corresponding to Fr > 1.8 present similar

behavior to that in Fig. 7.4.
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Figure 7.4: Absolute (red) and relative (blue) leg angles for a bounding gait at Fr = 3.0
with d = 0.42 for rigid-torso (a, b), and flexible-torso (c, d) models. The dotted line
represent the stance phase. The discontinuity in leg angle rate is due to the impacts
at touchdown.

Unlike the pitch motion of the rigid-torso model – which shows little effect

on leg recirculation – the torso’s oscillation in the flexible-torso model significantly

contributes to repositioning the leg during flight. Note though that as the value of

the Froude number decreases, the difference between γ and ϕ in the flexible-torso

model becomes smaller due to the decreased amplitude of the torso oscillation, the

contribution of which to energy efficiency is reduced until it diminishes for Fr < 1.8.

Fig. 7.5 shows the input power during one stride of the fixed points depicted in Fig.

7.4. During the stance phases “sa” and “sp”, Figs. 7.5(a) and 7.5(b) show that the

hip power required to place the corresponding swing leg forward in anticipation of

touchdown is much smaller when torso flexibility is present indicating that it acts as
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Figure 7.5: Power of the posterior (blue) and anterior actuators (red) in one stride of
the rigid-torso model (a) and the flexible-torso model (b). The vertical lines separate
the four phases; from left to right: flight-gathered (fg), stance-posterior (sp), flight-
extended (fe), and stance-anterior (sa).

an effective energy-saving mechanism. It is reminded that during the stance phase no

torque is applied at the hip joint of the leg providing support.

Finally, figure 7.6 shows the stride frequency and length of the bounding motions

presented in Fig. 7.3. It can be seen that as the forward speed increases, the stride

frequency of the flexible-torso model remains almost constant. Correspondingly, a

linear increasing relationship exist between the forward speed and the stride length

for the flexible-torso model. This observation is consistent with biological data in

[59, 77] showing that, at high-speed running gaits, quadrupedal mammals increase

their velocity by increasing stride length instead of stride frequency.

7.4.3 Other Parameters

Torso Stiffness. In Chapter 4, it was shown that the stiffness of the torso
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Figure 7.6: The stride frequency (a, b, c) and stride length (d, e, d) of flexible-torso
(blue circles) and rigid-torso (red circles) models at different speed and relative hip-to-
COM distance. The continuous lines are fitted 3rd-order polynomials.

spring has a significant effect on both motion generation and gait stability; here, we

investigate its relationship with gait efficiency as shown in Fig. 7.7(a). For low stiffness,

the mechanical COT increases linearly as the Froude number increases. However,

for stiffer torso springs, the linear relationship between the mechanical COT and the

Froude number becomes parabolic. This implies that when the torso stiffness is high

enough, there is an optimal velocity that results in minimum energy consumption.

Note that this parabolic dependence resembles the COT of a galloping horse [62, 84].

Furthermore, it is interesting to note that within the parabolic dependency region

(κtorso > 5.5), the mechanical COT achieves its minima at a specific Froude number

(≈ 3.0), which is independent of the value of the torso stiffness as indicated by Fig.

7.7(a).

Finally, figure 7.7(b) shows the dimensionless stride frequency of the fixed points

in Fig. 7.7(a). It can be seen that, for the same relative torso stiffness, κtor, the
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dimensionless stride frequency is almost constant over a range of values of the Froude

number, as was seen in Figs 7.6(a)–7.6(c). Furthermore, as the relative torso stiffness

increases, the nearly constant relationship between the stride frequency and the Froude

number shifts to higher frequency values.

Leg Mass. Another factor significantly affecting the mechanical COT is the mass

of the leg. Larger mass requires larger torque to recirculate the leg, and it also results

in larger energy dissipation at impacts [9, 122]. As expected, Fig. 7.8 shows that the

mechanical COT of the flexible-torso model increases with the leg mass. Furthermore,

increasing the mass of the leg appears to have a larger effect at higher speeds, suggesting

that light leg design is critical for quadrupedal robots that are intended to realize high-

performance, efficient running motions [9, 122].

7.5 Results: Metabolic COT

In previous sections, the influence of certain model parameters on the energetics

of bounding with and without torso flexibility has been examined in the context of the

mechanical COT. In this section, we turn our attention to assessing the ability of

the proposed models to capture the energetics of quadrupedal animal running. In

particular, the usefulness of the flexible-torso and the rigid-torso models as predictive
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Figure 7.7: (a) The relationship between the torso stiffness and the mechanical COT
at different speeds. The black dots are the projections of the points with minimal me-
chanical COT. (b) The relationship between the torso stiffness and the stride frequency
at different speeds.
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Figure 7.8: COT of the flexible-torso model with relative leg mass Mleg ∈
{0.1, 0.15, 0.2, 0.35}, d = 0.38 and ktor = 5.5. Note that Mleg := mleg/m.

tools for computing the efficiency of fast running motions of quadrupedal animals of

different morphological characteristics is investigated. Most important, it is deduced

that the flexible-torso model, suitably adapted to the geometric and morphological

characteristics of different quadrupedal animals, can capture their metabolic COT, as

this is estimated based on experimental data.

7.5.1 Animal Data and Computations

In our analysis, four animal species – namely, the horse (Equus caballus), the

cheetah (Acinonyx jubatus), the gazelle (Gazella gazella) and the dog (Canis familiaris)

– are considered, primarily due to the availability of data of oxygen consumption while

running at high speeds.

Metabolic COT and Froude Number. In general, the mechanical COT is difficult

to obtain using animal data [3]; instead, the metabolic COT is more easily accessible

on the basis of measurements of oxygen consumption. In more detail, the metabolic

COT of animal running is computed from data on the mass-specific rate of oxygen con-

sumption given the energy produced by a unit volume of oxygen and the corresponding

running speed as in [84], see also (3.4).
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In more detail, the oxygen consumption rate of the horse is taken from [37] with

running speeds in the range {7, 8, 9, 10, 11, 12, 13}m/s. The Froude number correspond-

ing to each speed is computed under the assumption that the leg length is 1.3m, the

same as the Dutch Warmblood horse with a similar weight (500kg) [18]. The metabolic

COT of the dog is obtained from [72], where data from running at {5, 6, 7}m/s are pro-
vided. The leg length is set at 0.5m based on the morphological measurements of a dog

with similar weight (25kg) in [39]. Finally, the oxygen consumption rate of the cheetah

and the gazelle are obtained from [131], at speeds {4.75, 5.52}m/s for the cheetah and

{5.02, 5.28, 5.71, 6.13}m/s for the gazelle. The corresponding leg lengths are obtained

from the same paper. Note that for all the animals, only the metabolic data at high

running speeds (Fr > 1.8) are included for comparison with the model prediction.

Non-dimensional Model Parameters. For a fair comparison between the model-

predicted metabolic COT and the one estimated from biological data (3.4), the non-

dimensional parameters that participate in the definition of the models, and are listed

in Table 7.1, must be computed using the corresponding inertia, geometric and stiffness

properties of the animals for which metabolic data are available. Clearly, it is difficult

– if not impossible – to obtain measurements of all the required animal properties

from the relevant literature. Yet, some non-dimensional parameters can be computed

directly based on animal data; these parameters are given in bold in Table 7.3. Other

parameters – such as the relative torso stiffness κtor, for example – are not accessible

from animal data. For these parameters, a range of values is examined when computing

the model-predicted metabolic COT as is described below.

Table 7.3: Non-dimensional Physical Parameters of Certain Animals

Species I d Mleg Ileg dleg κleg κtor
Horse 1.2 0.34 0.24 0.03 0.30 28 [4.0, 7.0]
Dog 1.1 0.36 0.21 0.06 0.32 22 [4.0, 7.0]

Cheetah [0.9, 1.3] 0.36 0.40 [0.02, 0.08] 0.25 [20, 30] [4.0, 7.0]
Gazelle [0.9, 1.3] 0.36 0.31 [0.02, 0.08] 0.03 [20, 30] [4.0, 7.0]
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In more detail, all the geometric and inertia4 properties of the horse are calcu-

lated from anatomic data that are available for the Dutch Warmblood horse [18]. The

corresponding leg stiffness is adopted from [57]. For the dog, the torso mass, length and

moment of inertia are taken from [116] and [115] and the leg stiffness is obtained from

[39]. The COM position of the leg and the leg mass are based on data from magnetic

resonance image analysis provided in [8]. Finally, for the cheetah and the gazelle, the

torso mass, leg length, leg mass and the COM position of the leg are taken from [131],

resulting in the values of {d,Mleg, dleg} that are given in table 7.3.

As was mentioned above, not all the required model parameters are accessible

from animal data published in the relevant literature. Thus, a range of possible values

for these unknown parameters is considered. One such parameter is the relative torso

stiffness κtor, which in all the four species is assumed to take values in the range

[4.0, 7.0]. Furthermore, for the cheetah and the gazelle, it was not possible to extract

values for the relative moment of inertia of the torso segments and the leg as well as the

relative stiffness of the leg. For these animals, the range of values for I and Ileg were

chosen as [0.9, 1.3] and [0.02, 0.08] respectively to include the corresponding values of

the horse and the dog; see Table 7.3. The range of κleg was selected as [20, 30] capturing

the leg stiffness values of many quadrupedal animals [39]. It is important to mention

that in computing the metabolic COT, the overall range of values of the parameters

{I, Ileg, κleg, κtorso} is discretized and all possible combinations of values are considered,

as is detailed in the following section.

Computations. With the parameter values of Table 7.3, both the flexible- and

the rigid-torso models are particularized to the morphology of each of the animals

in consideration, for which measurements of oxygen consumption are available. The

4 Note that the moment of inertia J of half the torso is required in order to compute
the dimensionless moment of inertia I; see Table 7.1 for the definition of I. However, J
is not directly available from animal data; yet, the moment of inertia of the whole torso
can be found in the relevant literature. Then, a reasonable approximation of J can be
obtained given the torso mass m and the torso length L by assuming the moment of
inertia of the whole torso is 2J + 2mL2 and solving for J as mentioned in Section 7.1.
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resulting models are then used to compute energy-efficient bounding motions that

minimize the metabolic COT defined by (7.36) according to the procedure outlined

in Section 7.3. The results are shown in Fig. 7.9, which – at different values of

the Froude number – presents the metabolic COT predicted based on the flexible-torso

(Fig. 7.9(a)) and on the rigid-torso (Fig. 7.9(b)) models together with the one obtained

by (3.4) using measurements of oxygen consumption found in the relevant literature.

In interpreting Fig. 7.9 note that for each of the animals considered, and at each

value of the Froude number, a collection of values of the (minimum) model-predicted

metabolic COT is computed; each of these values corresponds to a different combi-

nation of model parameters I, Ileg, κleg and κtor, in the range given in Table 7.3. To

ease computations, the ranges of the parameters are discretized as {0.9, 1.1, 1.3} for

I, {0.02, 0.04, 0.06, 0.08} for Ileg, {20, 25, 30} for κleg, and {4.0, 5.0, 6.0, 7.0} for κtor.

Note that not all the combinations of these discrete parameter values result in cyclic

bounding motions; hence, Fig. 7.9 presents the average value and the corresponding

standard deviation of the (minimum) metabolic COT corresponding to all the combi-

nations of parameters for which bounding motions can be generated. The animal data

are shown in magenta color while the model predicted data are shown in blue and red

for the flexible-torso model and the rigid-torso model, respectively.

7.5.2 Discussion

The main conclusion from Fig. 7.9 is that the metabolic COT predicted by the

flexible-torso model is in striking agreement – given the simplicity of the model as well

as the inaccuracy of the parameter values – with the one computed using measurements

of oxygen consumption from experiments with running animals. The largest deviation

is observed in the gazelle and the cheetah – see also Table 7.4 – and is attributed to the

fact that, for these two cases, only three out of the seven physical parameters required

by the model are available based on direct morphological measurements; for the rest

of the parameters, a range of possible values is considered, as shown in Table 7.3. On

the other hand, the metabolic COT predicted by the rigid-torso model is consistently
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larger than the one estimated using animal data. Particularly for the dog and the horse

where animal data at larger values of the Froude number are available, the discrepancy

between the rigid-torso model prediction of the metabolic COT and the one computed
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Figure 7.9: The metabolic COT computed by (3.4) using oxygen consumption measure-
ments (magenta filled symbols in both Fig.s) and the corresponding model-predicted
values at different running speeds. (a) Flexible-torso model (blue open symbols); (b)
Rigid-torso model (red open symbols). Four animal species are considered in the anal-
ysis; cheetah (circles), dog (diamonds), horse (triangles) and gazelle (squares). The
metabolic COT values for the “test” model are represented by green stars. In both
figures, the error bars signify the standard variation of the model-predicted data due
to the range of the parameter values considered in the corresponding computations.
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Table 7.4: Average deviation of model-predicted metabolic COT from animal data

Species Flexible-torso model Rigid-torso model
Horse +13% +38%
Dog -4% +29%

Cheetah -2% +34%
Gazelle +3% +60%

by animal data becomes more pronounced.

To further explore the differences between the flexible- and the rigid-torso mod-

els in predicting the metabolic COT, Fig. 7.10 provides information regarding the

stride length and the non-dimensional stride frequency of the computed optimal mo-

tions and compares them with animal values for the cases of the dog and the horse,

for which the corresponding data are available in [77] and in [37], respectively. It can

be seen from Figs 7.10(a) and 7.10(b) that at sufficiently high values of the Froude

number (above 2.6), the flexible-torso model captures the stride length and stride fre-

quency of the horse more accurately than the rigid-torso model. For the case of the dog

morphology, Figs 7.10(c) and 7.10(d) indicate that the rigid-torso model takes longer

strides at lower frequency compared to the animal data, while the introduction of torso

flexibility results in more accurate predictions of the stride length and frequency for

the available speeds, which are all above 2.26.

Generally, to maintain high speeds in the absence of torso flexibility, the rigid-

torso model requires larger angular excursions of the legs relative to the torso (flatter

touchdown and liftoff angles) and sufficient angular rates. Clearly, this requirement

increases the cost of transport due to the energy lost in the hip actuators to sustain

leg recirculation. On the other hand, the flexible-torso model requires smaller angular

excursions relative to the torso to maintain these high speeds; in this case, leg recir-

culation is facilitated by the torsos flexion and extension oscillations. Given that the

torso oscillations are sustained by the non-ideal torso spring, which contributes less

to the COT than the non-ideal motors that supply the hip torques required for leg

recirculation, the flexible-torso model requires less energy to maintain high speeds.
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In summary, the results in Figs 7.9 and 7.10 suggest that animals employ their

torso at high speeds to avoid more pronounced leg motions that would otherwise be

necessary to sustain such speeds. These leg motions would increase the energetic cost of

transport due to the fact that fast and pronounced leg motions in the absence of torso

flexion-extension oscillations would have to be realized primarily by the hip muscle

units, the recruitment of which comes at a higher cost than that of elastic elements

located in the animal’s back – this issue is also discussed in Section 7.5.3 below; see

also Fig. 7.11. Hence, the flexible-torso model offers a more reliable predictive tool of

quadrupedal animal running than the rigid-torso model.
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Figure 7.10: The stride length and the non-dimensional stride frequency of the energy
efficient motions corresponding to the horse (a, b) and the dog (c, d) in Fig. 7.9. The
animal data is represented by magenta filled symbols while the values predicted by the
flexible torso and the values predicted by the rigid-torso are represented by blue and
red symbols, respectively.
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It should be emphasized that the computation of the metabolic COT for dif-

ferent animals using the same reduced-order model is conducted in a direct manner;

that is, without relying on empirical formulas and data fitting specific to an animal

as in [56, 57], for example. In our case, the energy required to sustain the motion

is calculated directly from the model by incorporating non-ideal torque sources and

elastic elements, with efficiencies that are kept constant and equal to the biologically

plausible values of muscle and tendon efficiency provided in Section 7.3.2. Given that

estimating the metabolic COT from oxygen consumption measurements of running

animals requires cumbersome experimental procedures, the proposed approach offers

a simple way to predict, in a relatively reliable fashion, the energetic requirements of

running for different quadrupedal animals running at different velocities.

Finally, note that the inertia properties of the leg with respect to the hip joint

dramatically affect energy economy. As Fig. 7.9 shows, regardless of the value of the

Froude number, the metabolic COT of the dog is much larger – nearly double – than

that of the horse, despite the fact that the relative leg mass of the dog, Mleg, is smaller

than that of the horse. At first sight, this appears to contradict the results of Fig.

7.8, which shows that increasing the relative leg mass, Mleg, increases the mechanical

COT. The reason is that Fig. 7.8 was obtained by changingMleg only, keeping the rest

of the parameters constant. Clearly though, the horse and the dog models differ in

other parameters, which significantly influence energy consumption. In particular, the

(dimensionless) moment of inertia of the leg with respect to the hip jointMlegd
2
leg+ Ileg

in the two models is significantly different: 0.05 for the horse and 0.08 for the dog, i.e.,

1.6 times that for the horse. This discrepancy, not only in the value of the relative

mass, but in the distribution of the leg’s inertia about the hip join can explain the

lower efficiency of the dog model considered relative to the horse.

To further explore the dependence of the metabolic COT on the inertia prop-

erties of the leg – not just the relative mass Mleg – consider a “test” flexible-torso

model in which the dimensionless quantities {Mleg, Ileg, dleg} characterizing the inertia

properties of the leg obtain values equal to those of the dog model, while the rest
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of the parameters {I, d, κleg, κtor} are kept equal to those of the horse model consid-

ered. The corresponding metabolic COT for this test model is depicted in Fig. 7.9

for Fr ∈ {2.24, 2.52, 2.80, 3.08}. It can be seen that, despite the great discrepancy be-

tween the test and the dog models, the corresponding values of the metabolic COT are

very close. This implies that the inertia properties of the leg {Mleg, Ileg, dleg} dominate

the value of the metabolic COT. These observations indicate that a light-weight and

small-inertia leg is crucial to energy economy, in agreement with [9, 122].

7.5.3 Metabolic and Mechanical COTs

To provide further intuition on how individual factors – i.e., the mechanics of

the motion itself and the non-ideal actuators and springs used to sustain it – contribute

to the computation of the metabolic COT, Fig. 7.11 presents the metabolic COT and

its components. The data shown in Fig. 7.11 are obtained based on the flexible- and
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(a) Model adapted to the mor-
phology of the dog.
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(b) Model adapted to the morphology of the horse.

Figure 7.11: The comparison of mechanical COT and metabolic COT for the flexible-
torso (blue) and rigid-torso (red) models with the dog and horse physical parameters.
The square pattern represents the mechanical COT. The diagonal pattern represents
the increased value in COT when considering the efficiency of the actuators. The dot
pattern represents the contribution of the non-ideal springs in the metabolic COT. The
sum of these three component constitutes the metabolic COT shown in Fig. 7.9(a) and
Fig. 7.9(b). The metabolic COT estimated based on animal data is represented by
diamonds for the dog and by triangles for the horse, as in Fig. 7.9.
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rigid-torso models adapted to the dog and the horse morphologies, for values of the

Froude number at which animal data are available.

The mechanical COT captures merely the cost of leg recirculation, assuming

ideal torque generating and elastic energy storing elements. Clearly, at the Froude

number values of Fig. 7.11 the mechanical COT is larger for the rigid-torso model

implying that torso flexibility reduces the energy requirement. Notice, however, that

as the Froude number decreases, the difference between the mechanical COT predicted

by the rigid-torso and the flexible-torso models decreases as well; see Fig. 7.11(b) at

Fr = 1.96 for example. This is consistent with the comparison in Fig. 7.3.

As Fig. 7.11 shows, when non-ideal hip actuators are considered, the difference

between the rigid-torso and the flexible-torso models is further amplified, particularly

as the Froude number increases. This is clear from Fig. 7.11(b) and can be explained

by the fact that leg recirculation in the rigid-torso model is realized predominantly

through the hip actuators, which entail an energy cost that is higher compared to

that of non-ideal springs in the torso. In fact, it is evident from Fig. 7.11 that the

contribution of non-ideal springs to the metabolic COT is relatively smaller in size,

implying that energy-efficient running can be achieved either by incorporating flexible

elements in the torso to relief the hip actuators or by the design of highly-efficient

actuators as in [122].

On a final note, a simple relation between the metabolic and the mechanical

COT for a given periodic motion can be established. Under the assumption of a

periodic motion, the energy supplied by the actuators doing positive work over a stride

is equal to the energy lost in the actuators doing negative work plus the energy lost at

the impacts with the ground during that stride, i.e.,

∫ T

0

([uaϕ̇a]
+ + [upϕ̇p]

+)dτ −
∫ T

0

([uaϕ̇a]
− + [upϕ̇p]

−)dτ − |∆Eimp| = 0,

where ∆Eimp is the total energy lost at impacts over the stride. This implies,

∫ T

0

([uaϕ̇a]
− + [upϕ̇p]

−)dτ <

∫ T

0

([uaϕ̇a]
+ + [upϕ̇p]

+)dτ,
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and thus, the mechanical COT defined in (7.34) satisfies

cmc <
1

2(1 +Mleg)TFr

∫ T

0

2([uaϕ̇a]
+ + [upϕ̇p]

+)dτ . (7.38)

On the other hand, for the metabolic COT defined in (7.34), since P2, P3 > 0

cmt >
1

2(1 +Mleg)TFr

∫ T

0

P1dτ

>
1

2(1 +Mleg)TFr

∫ T

0

1

η1
([uaϕ̇a]

+ + [upϕ̇p]
+)dτ ,

where (7.35) and the facts that η2 > 0 and ([uaϕ̇a]
− + [upϕ̇p]

−) > 0 have been used. In

view of (7.38), the last inequality results in the simple relation

cmt >
1

2η1
cmc . (7.39)

Note that for the case where the efficiency of performing positive work is η1 = 0.25 as

in Section 7.3.2, (7.39) takes the particularly simple form

cmt > 2cmc . (7.40)

A closer look at Fig. 7.11 reveals that at a given speed the minimum metabolic COT

of a model is always more than two times of the mechanical COT, confirming (7.40).

Given that the mechanical COT cannot be easily obtained in experiments with animals

[3], (7.40) could be used to provide an upper bound of the mechanical COT on the

basis of estimates of the metabolic COT using oxygen consumption measurements from

running animals.
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Chapter 8

EXTENSIONS TO HIGHER-DIMENSIONAL MODELS

This chapter completes the modeling and control hierarchy of Fig. 1.1 by in-

corporating torso actuation into the model in Fig. 1.1(c) to study the control of

quadrupedal bounding with non-trivial leg inertia and torso flexibility, resulting in the

model shown in Fig. 1.1(d). In Section 8.3, periodic bounding motions are generated

simply by positioning the legs during flight via suitable (virtual) holonomic constraints

that are imposed on the evolution of the leg angles; as in Chapter 7, no control effort is

developed on legs that are in contact with ground, resulting in efficient, nearly passive,

bounding gaits. In Section 8.4, the resulting motions are stabilized by a hybrid control

law which coordinates the movement of the torso and the legs in continuous time, and

updates the leg touchdown angles in an event-based fashion. Finally, in Section 8.5,

sums-of-squares (SOS) programming is used to obtain formally verified estimates of the

domain of attraction of stable fixed points, which are then employed to realize speed

transitions by switching among different bounding gaits in a sequential fashion.

8.1 Model

Based on the quadrupedal model used to study energetic of bounding; see Fig.

7.1(b) and Fig. 1.1(c), an actuator is incorporated at the spinal joint which operates

in parallel with the torsional spring in order to actively regulate the torso oscillation,

resulting in the model shown in Fig. 1.1(d). The physical parameters of the model is

shown in Table 8.1. Note that this model differs from the passive model in Fig. 4.1 in

the non-zero leg mass and inertia, the values of which are shown in bold in Table 8.1.
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8.2 Hybrid Dynamics of Bounding

With reference to Fig. 7.1(b), the configuration space of bounding dynamics can

be defined by (7.2) for the stance phases and (7.4) for the flight phases. The equation

that governs the motion of the model in all phases can be derived using Lagrangian

method and are written in state-space form as

ẋi = fi(xi) + gi(xi)ui (8.1)

= fi(xi) + gai (xi)u
a
i + gpi (xi)u

p
i + gti(xi)u

t
i

where xi := (q′i, q̇
′
i)
′ is the state vector for each phase i ∈ {sp, sa, fg, fe} evolving in

TQi := {(q′i, q̇′i)′| qi ∈ Qi, q̇i ∈ R
dim(qi)} and ui := (upi , u

a
i , u

t
i)

′ is the input vector. Note

that compared with the continuous-time dynamics (7.6) of the model in Fig. 7.1(b),

torso actuation uti is incorporated into ui in (8.1).

The continuous-time phases are separated by the event-based transitions, which

are modeled the same as those in Section 7.1.2. Then, the hybrid dynamics of bounding

obtains the same form as (7.12) except that all the quantities participate with their

dimensions, as in Table 8.1.

8.3 Leg Recirculation: Generating Periodic Motions

The objective of this section is to generate periodic bounding motions with the

model in Fig. 7.1(b). As was mentioned in Chapter 7, because of the leg mass and

Table 8.1: Mechanical Parameters of the Model

Parameter Value Units
Torso Mass (m) 10.432 kg
Torso Inertia (J) 0.36 kgm2

Hip-to-COM Spacing (L) 0.138 m
Nominal Leg Length (l0) 0.36 m
Leg Spring Constant (kleg) 7329 N/m
Torso Spring Constant (ktorso) 203 Nm/rad
Leg Mass (mleg) 1 kg
Leg Inertia (Ileg) 0.001 kgm2

Hip-to-Leg COM Spacing (LLeg) 0.09 m
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inertia introduced in this model, periodic motions cannot be generated passively, as

was the case in Section 4. However, we can still take advantage of the passive dynamics

associated with the torso and leg springs in exciting periodic motions. In more detail,

as was the case in Section 7.2.1, in generating bounding motions, the torso joint will

be unactuated throughout the phases while the hip joint is actuated only when the

corresponding leg is in flight so that the controller merely swings the leg forward to

the desired touchdown angle.

The design of the controller begins by associating an output function of the form

yi = qc,i − hd1i (si(qi), αi, βi) , (8.2)

to the dynamics (8.1) where i ∈ {sa, fg, sp, fe}. In (8.2), qc,i is the controlled variable

and hd1i represents its desired evolution that is parameterized via a set of parameters

αi, βi as detailed below. The controlled variables are defined by

qc,i :=























γp = ϕp + θp for i = sa,

γa = ϕa + θa for i = sp,

(γp, γa)
′ for i ∈ {fe, fg}.

(8.3)

In (8.2), si ∈ [0, 1] is a monotonically increasing quantity defined as

si :=
xmax
p,i − xp
xmax
p,i

(8.4)

where xmax
p,i is the travelled distance of the COM of the posterior torso in each phase.

Note that yi is only a function of qi and thus can be interpreted as a holonomic con-

straint imposed on the system via the hip actuators as described below.

8.3.1 Designing the Constraints

Posterior Stance. As was mentioned above, during the posterior stance phase,

the hip joint of the leg in contact with the ground is unactuated upsp = 0, and the only

input acting on the system is applied at the hip of the anterior leg with the objective

of placing the anterior leg at a desired touchdown angle. Hence, the dynamics (8.1)

becomes

ẋsp = fsp(xsp) + gasp(xsp)u
a
sp (8.5)
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The desired evolution hd1sp of the absolute anterior leg angle is parameterized via a 3rd-

order Beziér polynomial with coefficients αsp := {αsp,k}k=0,1 and βsp := {βsp,k}k=0,1;

i.e.,

hd1sp (ssp(qsp), αsp, βsp) =

1
∑

k=0

bsp,k(ssp(qsp))αsp,k + bsp,2(ssp(qsp))βsp,0 + bsp,3(ssp(qsp))βsp,1 ,

(8.6)

where the terms bsp,k are given by

bsp,k(ssp) :=
3!

k!(3− k)!s
k
sp(1− ssp)3−k .

Using the properties of the Beziér polynomials,

hd1sp(1) = βsp,1,
∂hd1sp
∂ssp

∣

∣

∣

∣

∣

ssp=1

= 3(βsp,1 − βsp,0) . (8.7)

which implies that selecting βsp,0 = βsp,1 results in nominal bounding gaits where the

anterior leg touches down at an angle equal to βsp,1 and with zero angular velocity.

Extended Flight. During the extended flight, the posterior leg swings forward

while the anterior leg maintains a constant angle βsp,1 in anticipation of touchdown.

The corresponding hip torques upsa and u
a
sa are both available for control, and the output

is defined as

hd1fe (sfe(qfe), αfe) =





∑3
k=0 bfe,k(sfe(qfe))αfe,k

βsp,1



 . (8.8)

where αfe includes the Beziér polynomial coefficients and bfe is determined in a way

analogous to (8.7).

Anterior Stance. During the anterior stance phase, the leg in contact with the

ground is unactuated uasa = 0, so that

ẋsa = fsa(xsa) + gpsa(xsa)u
p
sa (8.9)

The desired evolution of the posterior leg angle is

hd1sa (ssa(qsa), αsa, βsa) =
1

∑

k=0

bsa,k(ssa(qsa))αsa,k + bsa,2(ssa(qsa))βsa,0 + bsa,3(ssa(qsa))βsa,1 .

(8.10)
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Again, we set βsa,0 = βsa,1 so that the posterior leg arrives at the angle βsa,1 with zero

angular velocity at the end of the anterior stance.

Gathered Flight. Similar to the extended flight phase, in the gathered flight

phase, the posterior leg maintains a constant angle while the anterior leg evolves ac-

cording to the output

hd1fg (sfg(qfg), αfg) =





βsa,1
∑3

k=0 bfg,k(sfg(qfg))αfg,k



 . (8.11)

Imposing the Constraints. To impose the constraints (8.2) on the dynamics (8.1)

we differentiate (8.2) twice with respect to time to obtain

d2yi
dt2

= L2
fi
yi(xi, αi, βi) + Lgi,aLfiyi(qi, αi, βi)ui,a + Lgi,pLfiyi(qi, αi, βi)ui,p , (8.12)

where L2
fi
yi, Lgi,aLfiyi and Lgi,pLfiyi are the Lie derivatives of the output function yi

defined by (8.2) along the vector fields fi, gi,a and gi,p that participate in (8.1); see

[142] for detailed definitions. In each phase, the inputs available – i.e., (ui,p, ui,a) in the

gathered and extended flight phases, ui,p in the anterior stance and ui,a in the posterior

stance – are selected to ensure d2yi
dt2

= 0.

8.3.2 Poincaré Map

The Poincaré section is taken at liftoff of the anterior leg, i.e.,

S := {xfg ∈ TQfg | yp − y∗p = 0} , (8.13)

where y∗p = l0 cos(θa + ϕa) + 2L cos θa − L cos θp. By projecting out the monotoni-

cally increasing horizontal coordinate xp from the state vector xfg and substituting yp

through the condition defining (8.13), the (reduced) Poincaré map can be defined as

z[k + 1] = P1(z[k], α[k], β[k]) , (8.14)

where z represents the remaining states in xfg, i.e.,

z := [θp, θa, ϕp, ϕa, ẋp, ẏp, θ̇p, θ̇a, ϕ̇p, ϕ̇a] (8.15)
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and α = {αi, x
max
p,i , x

min
p,i } for i ∈ {sp, sa, fe, fg}, β = {βsa, βsp} including all the parame-

ters participating in the development of leg recirculation controller. Then, the problem

of computing periodic bounding gaits becomes equivalent to finding a state vector z so

that

z −P1(z, α, β) = 0 (8.16)

for suitable parameter values α and β and is solved numerically using MATLAB’s

fmincon.

Fig. 8.1 shows the evolution of forward velocity xp, torso oscillation θa − θp,

absolute leg angles (γp, γa) and the hip torque input (up, ua) of a representative fixed

points. Note that in Fig. 8.1(b) there is only one complete torso oscillation in one

stride, the same as the passively generated bounding motion in Chapter 4. Also, the

maximum and minimum torso angle occur in the extended and gathered flight phases,

corresponding to the concave and convex configurations, respectively.

8.3.3 Local Stability

To analyze the local stability properties of bounding, we linearize (8.16) at a

fixed point z̄ assuming α and β are constants:

∆z[k + 1] = A1∆z[k], (8.17)

where ∆z = z − z̄ and A1 = ∂P1

∂z

∣

∣

z=z̄
. When the eigenvalues of A1 are all within the

unit disc, the corresponding fixed point is locally exponentially stable. The generated

fixed points are not stable, thus a controller is necessary to sustain periodic bound

orbits in the presence of perturbations.

8.4 Leg-torso Coordination: Stabilizing Periodic Motions

In Chapter 5, a hybrid controller has been proposed to stabilize nearly passive

bounding motions in a model with massless legs. The controller introduces an active

component uti of the torso joint torque that acts in parallel with the torsional spring

connecting the posterior and anterior parts of the torso. Then, uti is used as a control
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Figure 8.1: Evolution of forward velocity (a), torso oscillation (b), absolute leg angles
(c) and hip joint torque (d) of a fixed point. In (c) and (d), the red and blue lines
correspond to the anterior and posterior legs, respectively. The vertical lines separate
one cycle into four phases: from left to right, fg, sp, fe and sa. The discontinuities are
due to the impact at touchdown.

input to influence the coordination between the torso’s flexion-extension oscillations

and the motion of the legs. In this chapter, a similar control approach is adopted in

the higher-dimensional setting of the model of Fig. 7.1(b) to stabilize the bounding

motions generated with the leg recirculation controller of Section 8.3.

In more detail, in each phase of the bounding cycle, the system (8.14) in closed

loop with the corresponding action of the leg recirculation controller takes the form

ẋi = f cl
i (xi) + gti(xi)u

t
i, (8.18)

where uti represents the input torque acting in parallel with the torso spring; recall

that uti was not used in the controller of Section 8.3 that generates bounding motions.
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Here, uti is employed in the stance phases to impose holonomic constraints on (8.18)

that coordinate the motion of the torso and legs according to a nominal bounding orbit,

as was generated in Section 8.3. Finally, a discrete-time controller is engaged to ensure

local exponential stability of the resulting motions.

8.4.1 Continuous-time Control

For the stance phases i ∈ {sp, sa} we associate to the continuous dynamics

(8.18) the output function

yi = (θa − θp)− hd2i (ςi(qi), ηi) (8.19)

where hd2i is the desired output of the relative pitch angle θa − θp. Through designing

hd2i , the information about the leg-torso coordination pattern that characterizes the

selected generated gait is passed to the feedback controller. In more detail, hd2i is

designed through a suitable parameterization of the evolution of the relative pitch

angle θa − θp at the desired gait generated in Section 8.3, i.e.,

hd2i (ςi(qi)) =
3

∑

k=0

ci,k(ςi(qi))ηi,k , (8.20)

where ηi,k are the Beziér coefficients and the terms ci,k are given by

ci,k(ςi) :=
3!

k!(3− k)!ς
k
i (1− ςi)3−k , (8.21)

in which ςi is the strictly monotonic quantity defined as:

ςi :=
γmax
j − γj

γmax
j − γmin

j

. (8.22)

where

j :=











a for i = sa,

p for i = sp.

In (8.22), γmax
a and γmin

a are the maximum and minimum values of γa and similarly γmax
p

and γmin
p are the corresponding values for γp. In words, the evolution of the relative

107



pitch angle during the stance phases is determined by the absolute leg angle of the

unactuated leg in contact with the ground.

Finally, as in [142], the constraints (8.20) are imposed on the system in an

asymptotic fashion via the control law

uti = (Lgt
i
Lfcl

i
yi)

−1[ν(yi, ẏi, ǫ)− L2
fcl
i
yi(xi)] (8.23)

where ν = − 1
ǫ2
KPyi − 1

ǫ
KVẏi. KP, KV are positive gains and ǫ > 0.

8.4.2 Discrete-time Control

A discrete Linear Quadratic Regulator (LQR) is employed that positions the

legs during flight based on feedback of the states at the Poincaré section. In more

detail, denoting η = {ηsa, ηsp, γmax
p , γmax

a , γmin
p , γmin

a }, the Poincaré return map in closed

loop with the continuous-time controller becomes

z[k + 1] = P1(z[k], α[k], β[k], η[k]) .

In what follows, the parameters α and η are kept constant and equal to their nominal

values, while the touchdown angles β[k] will be updated in a step-by-step fashion. To

emphasize the fact that β[k] includes inputs availabe for control in discrete time, we

define

z[k + 1] = P2(z[k], β[k]) . (8.24)

Linearizing (8.24) at a fixed point z̄ results in

∆z[k + 1] = A2∆z[k] +B2∆β[k] (8.25)

where ∆z = z− z̄, ∆β = β− β̄, A2 =
∂P2

∂z
|z=z̄,β=β̄ and B2 =

∂P2

∂β
|z=z̄,β=β̄ . Define a cost

function

J(∆z) =

∞
∑

i=k

(∆z′Q∆z +∆β ′R∆β), (8.26)

where Q = Q′ ≥ 0, R = R′ > 0. It can be shown that the optimal cost-to-go J∗ is

given by

J∗(∆z) = ∆z′S∆z, S ′ = S > 0 (8.27)
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where S is the solution of the associated discrete-time Riccati equation. The optimal

feedback policy updates the swing-leg retraction angles according to

∆β[k] = −K∆z[k] . (8.28)

where K is derived from S as

K = (B′

2SB2 +R)−1(B′

2SA2) ,

and K and S are given by MATLAB’s dlqr. With the controller (8.28), the closed-loop

return map becomes

z[k + 1] = P2(z[k], β̄ −K∆z[k]) := P3(z[k]) , (8.29)

and all the eigenvalues of the Jacobian ∂P3

∂z
are located within the unit disc. To illustrate

the orbit’s local stability, the state prior to liftoff of the bounding motion in Fig. 8.1

is perturbed away from the fixed point by an initial error of +0.1m/s in ẋp and −3deg
in θa. The system converges back to the nominal motion as shown in Fig. 8.2.
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Figure 8.2: The evolution of the forward velocity and the anterior pitch angle when
the system is perturbed with +0.1m/s in ẋp and −3deg in θa.

8.5 Speed Transitions

In this section, speed transitions will be realized by switching between limit

cycles according to the idea depicted in Fig. 6.1. In our speed transition setting, the
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limit cycles φ0 and φ1 of Fig. 6.1 represent periodic bounding motions at different

running speeds, the surfaces S0 and S1 denote the suitable Poincaré sections and z̄0

and z̄1 are the corresponding fixed points. The domain of attraction of each of the fixed

points z̄0 and z̄1 on S0 and S1 is denoted1 by D0 and D1, respectively. By examining

the relationship between the domains of attraction and the fixed points, the feasibility

of generating a transition can be determined. For example, as shown in Fig. 6.1, if

z̄0 ∈ D1, then employing the switching controller Γ0→1,

Γ0→1((α0, β0, η0, K0)→ (α1, β1, η1, K1)) (8.30)

which effectively changes the controller parameters from those corresponding to the

orbit φ0 to those of φ1, resulting in the motion of the system being attracted by the

target orbit φ1. The transition can be symbolically written as: if z̄0 ∈ D1, then

z̄0
Γ0→1−−−→ z̄1. Furthermore, if z̄1 ∈ D0, then two-way transitions can be realized enabling

both speed increasing and speed decreasing, denoted as z̄0
Γ0→1←−→
Γ1→0

z̄1.

8.5.1 Estimation of Domain of Attraction

To obtain estimates of the domain of attraction of the fixed points, we use the

SOS method described in Chapter 6. First, the fixed point is translated to the origin:

∆z[k + 1] = P4(∆z[k]) (8.31)

where ∆z[k] = z[k] − z̄.
Then, by defining V (∆z) := J∗(∆z), the problem of estimating the domain of

attraction reduces to

max ρ

s.t ∀∆z ∈ D(ρ), J∗

+(∆z[k]) < 0
(8.32)

where J∗
+(∆z[k]) = J∗(∆z[k + 1])− J∗(∆z[k]) and the domain D is defined as

D(ρ) := {∆z | 0 ≤ V (∆z) ≤ ρ} (8.33)

1 Note that D0 and D1 do not represent the domains of attraction of the entire periodic
orbits φ0 and φ1.
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where ρ is a positive scalar. Using SOS programming, the following feasibility problem

can be formulated

max ρ

s.t h(∆z) is SOS

−J∗

+(∆z[k])− h(∆z[k])(ρ− J∗(∆z[k])) is SOS

(8.34)

where h(∆z), a positive definite polynomial of ∆z, is SOS. Given ρmax, the largest

magnitude of tolerable single perturbation can be calculated for all the states:

∆zmax(i) =

√

ρmax

S(i, i)
(8.35)

for i = 1, 2, ...10, which provides an indication of the capability of the system in dealing

with perturbations. We solved the SOS feasibility program (8.34) using SOSTOOLS

and obtained ∆zmax for the fixed point in Fig. 8.2:

∆zmax = (0.03, 0.03, 0.30, 0.04, 0.15, 0.13, 0.31, 0.37, 0.91, 0.90). (8.36)

Figure 8.3 shows the ratio of these values to the values obtained from simulation for

the representative fixed point. In the simulation method, a disturbance is regarded
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θp θa ϕp ϕa ẋp ẏp θ̇p θ̇a ϕ̇p ϕ̇a

Figure 8.3: Ratio of the largest tolerable single perturbation predicted by the SOS
method to their nominal values obtained through simulation for the presentative fixed
point. The red and blue bars correspond to the positive and negative disturbances,
respectively.
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as tolerable if the error in the sates is less that 5% after 15 strides. It can be seen

from Fig. 8.3 that the ratio is very diverse among different states. For instance, in

the positive direction of ϕa, the SOS method can only capture less than 20% of the

nominal value. On the other hand, in the negative direction of ẏp, more than 90%

can be described by ∆zmax, meaning that ρmax is constrained by the capability of the

system in dealing with negative disturbance in ẏp. This observation is consistent with

the results in Chapter 4, implying that perturbations that tend to decrease hopping

height may result in toe stubbing and failure to run due to the lack of active control

over leg length.

8.5.2 Realization of Speed Transitions

If the estimate of the domain of attraction – which is determined through SOS

programming as in Section 8.5.1 above – of a “target” fixed point is large enough

to include the “source” fixed point, then transition between the two fixed points can

be realized by simply switching the parameters of the corresponding controllers, from

those of the “source” to those of the “target” motion. In this section, we illustrate

the procedure in the context of transitioning between fixed points at different running

speeds. As shown in Fig. 8.4, the fixed point z̄0 is computed and its domain of attraction

D0 is estimated. Because the estimate of the domain of attraction lies in a high

dimensional state space, Fig. 8.4 only shows its projection on the (ẋp, ẏp) plane. The

fixed points z̄1 and z̄2 are both located within D0, and have been computed by adding

an inequality constraint when searching for them that characterizes their “distance”

from z̄0; namely,

(z̄i − z̄0)′S0(z̄i − z̄0) ≤ ρmax
0 (8.37)

or i ∈ {1, 2}. The forward running speed of z̄1 and z̄2 is 5.9m/s and 5.5m/s, respec-

tively. After estimating the domains of attraction D1 and D2 of z̄1 and z̄2 respectively,

transitions between the fixed points can be easily realized.
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Figure 8.5: Two routes of transition from z̄2 to z̄1 in Fig. 8.4.

First, since z̄1, z̄2 ∈ D0, then the transitions z̄1
Γ1→0−−−→ z̄0 and z̄2

Γ2→0−−−→ z̄0 are both

feasible; these transitions are represented by the blue solid lines in Fig. 8.4. Reversely,

z̄0
Γ0→1−−−→ z̄1 can be realized, as the green solid line in Fig. 8.4 shows, while z̄0

Γ0→2−−−→ z̄2 is

not possible since z̄0 6∈ D1. To realize the transition from z̄0 to z̄2, an intermediate fixed

point can be computed that is closer to z̄0 so that its domain of attraction includes z̄0.

By concatenating the basic transitions described above, multi-hop transitions
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can be realized between fixed points that are further apart, provided that each transi-

tion is given sufficient time to be completed. For example, a transition from z̄2 to z̄1

can be achieved using z̄0 as a “bridge” (that is, z̄2
Γ2→0−−−→ z̄0

Γ0→1−−−→ z̄1) corresponding to

an increase in the running speed from 5.5m/s to 5.9m/s. It should be mentioned that

the duration of a transition can be decreased by tracking the “distance” to the “target”

fixed point. For example, in switching from z̄2 to z̄1, if the states enter the domain of

attraction of z̄1 before converging to z̄0, then the switching controller will adopt the

controller information of z̄1 in advance, and the evolution of the states will follow the

dotted red line without spending time to first converge to z̄0. As shown in Fig. 8.4,

this shortcut decreases the transition time by 28% from 7.2s to 5.2s. More generally,

the transition dynamics can be modeled via a switching system and less conservative

conditions on switching can be obtained as in [86]. Finally, we remark that, similar

to the expansion of LQR-trees [132], the above procedure can be conducted iteratively

such that more fixed points can be connected via their domain of attraction to cover a

much larger range of running speeds, provided again that stability is respected by the

switching system.
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Chapter 9

CONCLUSIONS AND FUTURE WORK

9.1 Conclusions

A variety of conceptual models has been introduced to study legged locomotion.

Such models offer unifying descriptions of task-level locomotion behaviors, and inform

control design for legged robots. This thesis focused on models for quadrupedal run-

ning, with the objective to better understand the effect of torso compliance on gait

stability and efficiency.

Along the philosophy of the SLIP, our analysis begins with a sagittal-plane

quadrupedal model with a segmented flexible torso and compliant massless legs. De-

spite the sensitive dependence of the motion on the torso’s bending oscillations, return

map studies reveal that a large variety of cyclic bounding motions can be realized pas-

sively, through the natural interaction of the model with its environment. Furthermore,

self-stable bounding motions emerge for certain combinations of the torso and leg rel-

ative stiffness. The implications of self-stable bounding orbits to control design are

also discussed in the context of a hybrid control law that coordinates the torso bending

oscillations with the movements of the legs. When the leg mass is considered negligible,

a single actuator at the torso is enough to stabilize the four-degree-of-freedom system,

rejecting significantly large disturbances without excessive effort. It turns out that the

same principle of coordinating the torso bending movements with the leg hybrid os-

cillations is sufficient to stabilize bounding motions in a model with non-negligible leg

mass. Utilizing the sums-of-squares programming, the domain of attraction of these

bounding motions is estimated so that acceleration and deceleration can be realized

by composing sequentially limit cycles that correspond to different running speeds in
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a guaranteed fashion. This hybrid controller can also be extended to stabilize other

running gaits, such as pronking and gait transitions can be realized when the domain

of attraction of these gaits at the Poincaré section can be estimated.

Another aspect that was examined in this work was the relationship between

elastic elements within the torso and the energy requirement for maintaining a gait.

To do this, the basic model was extended to include non-trivial mass in the legs. By

comparing the cost of transport with a rigid-torso model with the same leg mass, it is

deduced that torso compliance significantly enhances energy efficiency, but only when

the Froude number exceeds a particular value. Interestingly, this value corresponds

to the Froude number at which transitions from trotting to galloping are observed

in animals with drastically different morphological characteristics. Furthermore, by

considering non-ideal torque generating and compliant elements with efficiencies cor-

responding to muscles and tendons, the flexible torso model was able to provide an

accurate, direct prediction of the metabolic cost of transport of animals calculated

using oxygen consumption.

9.2 Perspectives on Future Work

9.2.1 Experimental Validation

The most natural next step is to implement the hybrid controller developed

in Chapter 5 on a quadrupedal robot with flexible-torso. The development of the

robot is currently in progress and a leg prototype has been built and tested in hopping

motion [75], see Fig. 9.1. To capture the dynamics associated with this leg, modeling

studies need to be extended for segmented legs with switchable leg compliance and

the controller also needs to be modified accordingly. The mechanical design of the

flexible torso is another challenging task. The structure of the spine should be able to

provide sufficient stiffness so that one complete oscillation of the torso can be finished in

one stride. In addition, the actuation scheme at the torso should also be determined.

Once the quadrupedal robot is available, parameter identification experiments need

to be performed so that the physical parameters can be well measured. With these
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Figure 9.1: The manufactured leg [75]. A cable-pulley system is used to move the knee
actuator more close to the hip axis. The engagement of the leg spring in the system
dynamics is controlled by a chain-lock mechanism.

parameters, extensive testing of the controller in Chapter 5 needs to be performed in

a more accurate simulation environment that considers actuator limitations and more

realistic ground contact models. Finally, a transition controller needs to be developed

to initialize bounding motion from static standing.

9.2.2 Extension of Modeling Work

Besides hardware validation, there is still work to be done in the modeling frame-

work. First, more physical configurations of the quadrupedal model can be studied.

The model in this work only considers the rotational degree of freedom at the torso

joint. However, except from rotation, relative translation also exists between the seg-

ments of the torso, which allows the torso to contract and extend. Such a translation

can be realized using a prismatic spring. Combining both degrees of freedom will result

in a better understanding of the contribution of compliance to running performance

and will provide a more accurate physiological description of the dorsoventral spinal

oscillations observed in quadrupedal animal running.
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Second, actuation in the torso has not been fully investigated based on the cur-

rent models. When high speeds are desired—for example when hunting for prey or

escaping from predators—torso actuation may facilitate the recirculation of the legs

to cover larger distance during one stride, resulting in large energy consumption over

a short period. It would therefore be interesting to compare various configurations of

torso compliance and actuation, such as series-elastic actuation, parallel-elastic actu-

ation, or switchable parallel-elastic actuation [75], in terms of energy efficiency and

running performance.

Finally, this flexible-torso model can be extended to study more complex gaits,

such as trotting and galloping in a reductive planar setting, by assuming all the legs

move in the sagittal plane [89], see also Fig. 9.2. These gaits can be stabilized within

the same control framework as introduced in Section 5, i.e., enforcing (virtual) holo-

nomic constraints to coordinate the motion of the legs and the oscillation of the torso

and update touchdown angles. In particular, to simplify the controller design of the gal-

loping gait, especially the selection of the monotonic quantity, the gait can be roughly

divided into four phases: gathered flight, when all the legs are in the air and the torso

shows a concave configuration; extended flight, when all the legs are in the air and the

torso shows a convex configuration; anterior stance, when one or two anterior legs are

on the ground; and posterior stance, when one or two posterior legs are on the ground.

Once stable trotting and galloping motions can be generated, they can be integrated

Figure 9.2: A pseudo three-dimensional model that can be used to study trotting and
galloping gaits. Both the left (red) and right (blue) limbs will swing in the sagittal
plane.
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into the gait transition sequence to create more complex running behaviors.

In summary, there are many opportunities for future research in developing

systematic methods for the design of feedback control laws that exploit compliant

elements in the structure of legged robots to generate and sustain high-performance,

naturally appealing dynamic running motions. This work should be considered as a

step toward this direction for the case of quadrupedal robots.
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