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ABSTRACT

Algebraic combinatorics is the area of mathematics that uses the theories and
methods of abstract and linear algebra to solve combinatorial problems, or conversely
applies combinatorial techniques to solve problems in algebra. In particular, spectral
graph theory applies the techniques of linear algebra to study graph theory. Spec-
tral graph theory is the study of the eigenvalues of various matrices associated with
graphs and how they relate to the properties of those graphs. The graph properties of
diameter, independence number, chromatic number, connectedness, toughness, hamil-
tonicity, and expansion, among others, are all related to the spectra of graphs. In
this thesis we study the spectra of various families of graphs, how their spectra relate
to their properties, and when graphs are determined by their spectra. We focus on
three topics (Chapters 2-4) in spectral graph theory. The wide range of these topics
showcases the power and versatility of the eigenvalue techniques such as interlacing,
the common thread that ties these topics together.

In Chapter 1, we review the basic definitions, notations, and results in graph
theory and spectral graph theory. We also introduce powerful tools for determining
the structure of a graph and its subgraphs using eigenvalue interlacing. Finally, we
discuss which graph properties can be deduced from the spectra of graphs, and which
graphs are determined by their spectra.

In Chapter 2, we use eigenvalue interlacing to determine whether the friend-
ship graphs and, more generally, graphs with exactly four distinct eigenvalues, are
determined by their spectra. We show that friendship graphs are determined by their
adjacency spectra with one exception, settling a conjecture in the literature. We also
characterize the graphs with all but two eigenvalues equal to =1 and determine which

of these graphs are determined by their spectra.
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In Chapter 3 we study the simplicial rook graphs. We first determine several
general properties of these graphs. Next, we determine the spectrum of some sub-
families of the simplicial rook graphs, find partial spectra for all simplicial rook graphs,
and confirm several conjectures in the literature on the spectra of simplicial rook graphs,
including the fact that the simplicial rook graphs have integral spectra.

In Chapter 4 we study the second largest adjacency eigenvalue of regular graphs.
We determine upper bounds on the number of vertices in a regular graph with various
given valencies and second eigenvalues, confirming or disproving many conjectures in
the literature. In many cases we find the graphs, often unique, that meet these bounds.
These graphs are called extremal expanders. We discuss a linear programming bound
that guarantees that distance-regular graphs with certain parameters, if they exist, are
extremal expanders.

In Chapter 5 we discuss open problems and questions for further research on

the topics covered in Chapters 2—4.
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Chapter 1

INTRODUCTION

1.1 Algebraic Combinatorics

Combinatorics is the branch of discrete mathematics that studies finite or count-
able discrete structures. Combinatorics has many areas of active research in the mathe-
matical community, including graph theory, design theory, enumerative combinatorics,
and extremal combinatorics. Algebraic combinatorics is the area of mathematics that
uses the theories and methods of abstract and linear algebra to solve combinatorial
problems, or conversely applies combinatorial techniques to solve problems in algebra.
For general reference in combinatorics, see [20, 42, 63, 90].

In particular, spectral graph theory applies the techniques of linear algebra to
study graph theory. Spectral graph theory is the study of the eigenvalues of various
matrices associated with graphs and how they relate to the properties of those graphs.
In general it is possible that two nonisomorphic graphs have the same spectrum (that
is, multiset of eigenvalues), but the spectrum of a graph does give a large amount of
information about the graph. For example, the spectrum of the adjacency matrix of a
graph determines its number of vertices, edges, and closed walks of any fixed length,
whether the graph is bipartite, whether it is regular, and, if it is regular, its girth. The
spectrum of the Laplacian matrix of a graph determines its number of vertices, edges,
connected components, and spanning trees, as well as whether the graph is regular,
and, if it is regular, its girth. The graph properties such as diameter, independence
number, chromatic number, connectedness, toughness, hamiltonicity, and expansion,
among others, are all related to the spectrum. For an excellent reference on what is

known about the spectra of graphs (and for definitions of the properties mentioned



above), see [17]. In this thesis we study the spectra of various families of graphs,
how their spectra relate to their properties, and when graphs are determined by their
spectra. We will focus on three topics (Chapters 2-4).

In this chapter, we review the basic definitions, notations, and results in graph
theory and spectral graph theory and describe tools for finding information about the
structure of a graph and its subgraphs using eigenvalue interlacing. Finally, we discuss
which graph properties can be determined using the spectra of graphs, and which
graphs are determined by their spectra.

In Chapter 2, we study the friendship graphs and, more generally, graphs with
exactly four distinct eigenvalues. The friendship graphs are known to be determined
by their Laplacian and signless Laplacian spectra, and it has been conjectured that
they are determined by their adjacency spectra. We use eigenvalue interlacing to show
that friendship graphs are determined by their adjacency spectra with one exception.
Then we characterize the set of graphs with exactly two eigenvalues not equal to £1
(the friendship graphs are among them), and determine which of these graphs are
determined by their spectra.

In Chapter 3 we study the simplicial rook graphs. We determine several general
properties of the simplicial rook graphs and relate these to their spectra. We find a
partial spectrum of the simplicial rook graphs and determine the full spectrum of some
sub-families. We also confirm several conjectures in the literature on the spectra of
simplicial rook graphs, including the fact that the simplicial rook graphs have integral
spectra.

In Chapter 4 we study the second largest adjacency eigenvalue of regular graphs.
For various fixed k and A\, we determine upper bounds on the number of vertices in a
k-regular graph with second eigenvalue at most A, confirming or disproving many con-
jectures in the literature. In most cases we find the graphs, called extremal expanders,
that meet these bounds. We discuss a linear programming bound that guarantees
that when distance-regular graphs with certain parameters exist, they are extremal

expanders.



In Chapter 5 we discuss open problems and questions for further research on
the topics covered in Chapters 2-4.
Of course, all of the work done by me was under the supervision and advisement

of Sebastian Cioaba.

1.2 Definitions, Notation, and Basics of Graph Theory

Definition 1.1. A graph G is a pair (V(G), E(G)), where V(G) is a set of points (called
vertices) and E(Q) is a set of pairs of vertices (called edges). If {z,y} € E(G) then we
say x and y are adjacent and we write x ~ y; otherwise x and y are called nonadjacent
and we write z ¢ y. A vertex is said to be incident with the edges containing it (and

vice versa). The order of a graph is |V (G)].

To visualize graphs, we draw the vertices as dots, and when two vertices are
adjacent, we draw a line connecting them. For example, if G = P3; = ({,y, 2z},
Hzyt{y,23}) and H = C5 = ({u,v,2,y, 2}, {{uw, v}, {v, 2}, {z, y}, {y, 2}, {w, 2}}),
then G and H can be visualized as the graphs in Figure 1.1 (the graphs P, and C,

T

X Y Z z
o ® L J

Figure 1.1: The Graphs P; and C5.

will be defined in general in Definition 1.9). Implicit in our definition of graphs is
that no edge appears twice in E(G) (that is, E(G) is strictly a set, not a multiset)
and {z,z} ¢ E(G) for any = € V(G) (that is, the edges are also strictly sets, not
multisets). This means that no vertex is adjacent to itself, and no pair of vertices are

adjacent more than once.

Definition 1.2. Let G be a graph. A clique in G is a subset S C V(G) such that every
pair of vertices in S are adjacent. The cligue number of G, denoted w(G), is the size

of a largest clique in G. An independent set (or coclique) in G is a subset T' C V(G)



such that no two vertices in T" are adjacent. The independence number of GG, denoted

a(@G), is the size of a largest independent set in G.

For example, in Figure 1.1 the set {x,y} is a clique in both P3 and C5, while
the set {z, 2} is an independent set in both graphs. Note that cliques and cocliques
can contain more than two vertices; however, there are none larger than two vertices

in Py or Cs, which implies that a(P3) = w(Ps) = a(Cs) = w(Cs) = 2.

Definition 1.3. A subgraph H of G is a graph H such that V(H) = S C V(G)
and E(H) C E(G). A subgraph is called induced if for every x,y € V(H) we have
{z,y} € E(H) if and only if {z,y} € E(G). If H is an induced subgraph of G, we say
that G induces H (or that S induces H) and we write H = G|5.

Seen another way, an induced subgraph is obtained from a graph by deleting
some vertices and deleting only those edges that were incident with deleted vertices;
all other edges are kept. For example, in Figure 1.1 we see that P; is a subgraph of

C5, and in fact P5 is induced by Cj.

Definition 1.4. Let G be a graph, S,T C V(G), and H, K subgraphs of G. We define
E(S,T) ={{u,z} € E(V) |ue S, x € T}, the set of edges from S to T. We define
E(H,K) = E(V(H),V(K)).

Definition 1.5. A walk in a graph G is a sequence of vertices in V(G) such that
consecutive vertices are adjacent. The length of a walk is the number of edges traversed.
A walk is called closed if the first and last vertex are the same. A path is a walk in
which no vertex occurs more than once, except that the first vertex may also be the
last, in which case the path is called closed. A closed path is also called a cycle. A
graph G is connected if there is a path from z to y for every z,y € G. For x,y € V(G),
the distance between x and y, denoted dist(x,y), is the length of the smallest path
containing both = and y. If no such path exists we say dist(z,y) = co. By convention
we say dist(x,x) = 0. We say G is connected if dist(z,y) is finite for all z,y € V(G).
Otherwise G is called disconnected. If G is disconnected and we partition V' (G) into



sets X1, ..., X} such that G

x, is connected for each 7 and z ¢ y for x € X; and y € Xj
when ¢ # j, then we call the sets Xi,..., Xy the connected components of G. If G is
connected, the diameter of G is diam(G) = max, yev (@) dist(z, y), the largest distance
between any two vertices in G. For v € V(G) and S C V(G), the distance between v
and S is dist(v, S) = min,eg dist(u,v). For S,T C V(G), the distance between S and
T is dist(S,T') = min,eg dist(u, T') = min,eg ,er dist(u, ).

For example, in Figure 1.1 (u,v,z,y) is a path of length 3 in C5 (the edges
traversed are {u,v}, {v,x}, and {z,y}), while (u,v,z,y, z,u) is a cycle of length 5 in
C5. In the graphs P; and C5 we find that dist(z,y) = 1 and dist(z, z) = 2. Similarly,
in C5 we find that dist(u,{v,y}) = 1 and dist(u, {z,y}) = 2. Both P; and C5 are

connected and have diameter 2.

Definition 1.6. Let G be a graph, x € V(G), X C V(G), and H a subgraph of G.
We define the neighborhood of z by I'(x) = {v € V(G) | v ~ z}. The elements of
['(z) are called the neighbors of x. We define I'y(z) = {v € V(G) | dist(v, z) = k} and
I'sk(z) = {v € V(G) | dist(v,z) > k}, the sets of vertices at distance exactly k and at
least k, respectively, from x. The elements of ['y(x) are called the distance-k neighbors
of xz. We define I'y(X) = {v € V(G) | dist(v, X) = k} and I'six(X) = {v € V(G) |
dist(v, X)) > k}. We define I'y(H) = 'y (V(H)) and I'sp(H) = T'se(V(H)).

Note that I'(x) = I'y(z). For example, in Figure 1.1 the graphs P; and Cs
we have I'(y) = {z, 2}, and in C5 we have I'y(y) = {u,v}, I'1({u,v}) = {z, 2}, and
Fl({x7z}) = {U,U,y}-

Definition 1.7. Let G be a graph. Then the complement of G, denoted G, is the

graph with vertex set V(G) and for all z,y € V(G), {z,y} € E(G) if and only if
{z,y} ¢ E(G).

For example, the complements of P; and C5 in Figure 1.1 are given in Figure

1.2.



Figure 1.2: The complements of P; and C5.

Definition 1.8. A graph G is said to be bipartite if we can partition V(G) into disjoint
sets X and Y such that each of X and Y are independent sets (so the only edges are

those from a vertex in X to a vertex in Y).

For example, in Figure 1.1 Pj is bipartite because we can partition V(Ps) into

the sets {x, z} and {y}, and clearly every edge has one vertex in {z, z} and one vertex
in {y}.

Definition 1.9. The complete graph K, is a graph with n vertices, every pair of which
are adjacent. The complete bipartite graph K,,, is a graph with vertices partitioned
into independent sets X and Y with |X| = m and |Y| = n such that every vertex in
X is adjacent to every vertex in Y. The cycle graph C,, is a graph with n vertices
such that the only edges in C), are those in a cycle of length n. The path graph P, is
a graph with n vertices such that the only edges in P, are those in a path of length
n — 1. The empty graph E, is a graph with n vertices and no edges. A circulant
graph Ci, (a1, as,...,ar) is a graph on n vertices that can be labeled vy, vy, ..., v, so
that for every i € {1,2,...,n}, v; ~ v; if and only if j = i + a; (mod n) for some

¢ € {1,2,...,k}. The complete m-partite graph K,, ., is a graph with vertices

partitioned into independent sets X; with |X;| = a; such that each vertex in X; is
adjacent to every vertex in X; for all j # 7. A complete m-partite graph is also called
a complete multipartite graph. The complete m-partite graph Kso o is also called the

cocktail party graph CP(m).

We see that in Figure 1.1 Pj is indeed a path graph on 3 vertices, and Cj is a

cycle graph on 5 vertices. We see also that P; = K 5. For more examples of the graphs



Figure 1.3: The graphs K5, K39, Cijg(1,4), and Ky95 = CP(3).

in Definition 1.9, see Figure 1.3. Here we point out that if we relabel the vertices of
the graphs in Figure 1.1, they are still known as P; and Cj, since they are still the
“same” graph. Of course, we must now more precisely define what we mean by the

“same” graph.

Definition 1.10. Graphs G and H are isomorphic, denoted G = H, if there exists
a bijection f : V(G) — V(H) such that {z,y} € E(G) if and only if {f(x), f(y)} €

Seen another way, G and H are isomorphic if each is simply a relabeling of the
vertices of the other. For example, the graph C5 as labeled in Figure 1.1 is isomorphic
to Cj as labeled in Figure 1.2 under the bijection f : V(C5) — V(Cs) defined as follows:
fu) =u, f(v) ==z, f(x) =2z f(y) =v, and f(z) = y. Less formally, we might simply
observe that both Cs and C5 are cycles on 5 vertices. Similarly, C with vertices labeled

in any way is still Cs.

Definition 1.11. Let G and H be graphs. The graph union G U H is the graph with
vertex set V(G)UV (H) and edge set F(G)UE(H). If V(G) and V(H) are disjoint, we
call GUH a disjoint union and write it as G+ H. The graph kG is the disjoint union of
k copies of G. If V(G) and V(H) are disjoint, the graph join GV H is the graph with
vertex set V(G) UV (H) and edge set E(G)U E(H)U{{z,y} |z € V(G), y € V(H)}.

We see that the cocktail party graph C'P(k) is the complement of the disjoint
union kK. See Figures 1.4 and 1.5 for more examples of a graph union, disjoint union,

and join.
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Figure 1.4: The graphs P;, C5, and P3 U C}.
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Figure 1.5: The graphs P3, C3, P3 + C5, and P3 V Cs.

Definition 1.12. The graph Cartesian product of two simple graphs G and H, denoted
GOH, is the graph with vertex set V(G) x V(H) such that for any u,v € V(G) and
x,y € V(H), the vertices (u,x) and (v,y) are adjacent in GOH if and only if either
u=wvandx ~yin H or x =y and u ~ v in G. The Cartesian product of k simple
graphs G, ..., G}, denoted [[F_, G is the graph with vertex set V(Gy) x ... x V(G})
such that (xy,...,2x) ~ (y1,...,yx) if and only if there exists ¢ such that z; ~ y; € G;
and z; = y; for j # ¢. The t-fold Cartesian product GU,H denotes the graph obtained
by performing the graph Cartesian product t times: GUgH = G, GLJ1H = GUJH, and
GU,H = (GO,_1H)OH for t > 1.

Another way to view GLH is as follows: replace each vertex in G' by a copy of
H. A vertex in a copy of H is adjacent to the same vertex in another copy of H if
there was an edge in G between the vertices that those two copies of H replaced. See

Figure 1.6 for an example.

AN e

Figure 1.6: The graphs P;, C5, and P3CIC5.




Definition 1.13. The n-cube (),, the n-fold Cartesian product K;[], K>.

See Figure 1.7 for a picture of @,, for the first few values of n.

o
Figure 1.7: The graphs Qg, @1, @2, 3, and Q4.

When a graph is made up of smaller graphs with some edges between them (for
example, as in the case of the graph join or graph Cartesian product), it is sometimes
convenient to draw the graph in blocks. We use large open circles to denote multiple
vertices, and label the circles according to the subgraph induced by those vertices.
Solid lines between two large circles, or between a large circle and a vertex, indicate
that every possible edge is present (for example, in a graph join). Dashed or dotted
lines between large circles that induce isomorphic copies of the same graph represent a
matching between corresponding vertices (for example, in a graph Cartesian product)
or every edge except a matching between corresponding vertices, respectively. See

Figure 1.8 for examples.

OROSO %’

Figure 1.8: Block and standard representation of graphs.

Definition 1.14. Let G be a graph and u,v € V(G). The degree of v, denoted

deg(v), is the number of vertices adjacent to v (that is, deg(v) = |I'(v)|). We denote



by deg(u,v) the number of vertices adjacent to both w and v (that is, deg(u,v) =
T ({u,v})]). The average degree of G, denoted d(G), is the average of the degrees of the
vertices in G. The minimum degree of G, denoted 6(G), is equal to min,cy (o) deg(x).
The mazimum degree of G, denoted A(G), is equal to max,cy () deg(x). If deg(u) =
d(G) = k for all u € V(G), then we say G is k-reqular. The valency of a k-regular
graph is k.

For example, in the graph P; U Cj5 as labeled in Figure 1.4, we have deg(y) = 3,
deg(w,r) = 1, and d(P; U C3) = 2. It is a straightforward counting exercise to verify
that the sum of degrees of the vertices in a graph is twice the number of edges in the
graph. Any disjoint union of cycle graphs is 2-regular, and it is straightforward to see
that conversely any 2-regular graph is a disjoint union of cycle graphs. The complete

graph K, is (n — 1)-regular, and the complete bipartite graph K, ,, is n-regular.

Definition 1.15. The girth of a graph G is the size of the smallest cycle contained in
G. If G contains no cycles, we say that the girth of G is infinite.

For example, the complete graph K, has girth 3 for n > 3, the n-cube @,
has girth 4 if n > 2, and the cycle graph C,, has girth n. The Petersen graph (see
Figure 1.9) has girth 5, the Heawood graph (see Figure 1.11) has girth 6, and the
Tutte—Coxeter graph (see Figure 1.12) has girth 8.

The girth of a graph gives a lower bound on the number of vertices in the graph.
Trivially a graph G with girth g must have at least g vertices (since G' contains a cycle
on g vertices). This implies that there is a smallest graph (or graphs) with girth ¢
for each g. Indeed, the cycle Cy is obviously the smallest graph with girth g. When
G is not 2-regular, G must be larger, but there is still a smallest graph (or graphs)
with girth g. Let n(k, g) denote the number of vertices in a smallest k-regular graph
with girth g. A (k,g)-cage is a k-regular graph with girth g on n(k, g) vertices. The
following lower bound on n(k, g) due to Tutte [94] will be useful.

10



Lemma 1.1. Define ny(k, g) by

L —k(k_l)ﬁ;wg_Q if g is odd,
nl( ag) - 2(k—1)9/2—2

3 if g is even.

Then n(kv g) Z nl(ka g)

Definition 1.16. Let G be a k-regular graph on n vertices. If there exist integers A
and p such that deg(z,y) = A for all 2,y € V(G) such that = ~ y and deg(z,y) = u
for all z,y € V(G) such that x £ y, then G is called strongly reqular with parameters

(n, k, A\, ).

For example, the graph Cj is strongly regular with parameters (5,2,0,1), the
Petersen graph (see Figure 1.9) is strongly regular with parameters (10, 3,0, 1), and the

Figure 1.9: The Petersen graph.

rook graph R(2,3) (see Figure 1.10 and Section 3.1) is strongly regular with parameters
(9,4,1,2).

Figure 1.10: The Rook graph R(2,3).
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Figure 1.11: The Heawood graph.

Figure 1.12: The Tutte-Coxeter graph.

Definition 1.17. A k-regular graph G is called distance-regular if, for every z € V,
any y in I';(z) has the same number ¢; of neighbors in I';_;(z) and the same number
b; of neighbors in I';;1(z) (and the numbers ¢; and b; do not depend on the choice
of z). The intersection array of a distance-regular graph with diameter d is {by =

k‘,bl,...,bd_l;cl :1,02,...,Cd}.

We note that, because a distance-regular graph is regular with valency k for some
k, the vertices in I';(x) also have the same number a; = k —b; — ¢; of neighbors in I';(z).
A strongly regular graph is distance-regular with diameter 2. The Heawood graph (see
Figure 1.11) is a distance-regular graph with intersection array {3,2,2;1,1,3} (see
[9]). The Tutte-Coxeter graph (see Figure 1.12) is distance-regular with intersection
array {3,2,2,2;1,1,1,3} (see [14, Theorem 7.5.1]). We give a few examples of infinite

12



families of distance-regular graphs below.

Definition 1.18. Let X = {1,2,...,n}. The Hamming graph H(m,n) is the graph
whose vertices are the elements of X™, where two vertices are adjacent when they differ

in exactly one coordinate.

The Hamming graph H(m, 2) is isomorphic to the m-cube @,, (see Figure 1.7).
Note also that H(2,3) is isomorphic to the Rook graph R(2,3) in Figure 1.10. The
Hamming graphs H(m,n) are distance-regular with valency m(n — 1), parameters
¢; =1, b;=(n—1)(m—1i), and diameter m (see, for example, [14, Section 9.2] and [17,

Section 12.4.1]).

Definition 1.19. The Johnson graph J(m,n) is the graph whose vertices are the n-
element subsets of {1,2,...,m}, where two vertices are adjacent when they have n — 1

elements in common.

The Johnson graph J(5,2) is isomorphic to the complement of the Petersen
graph (see Figure 1.9). The Johnson graphs are distance-regular with valency n(m—n),
parameters ¢; = 1%, b; = (n—i)(m—n—i), and diameter min{n, m—n} (see, for example,

[14, Section 9.1] and [17, Section 12.4.2]).

Definition 1.20. A permutation of the set {1,2,...,m} is a reordering of the elements

of the set. We denote by S, the set of all permutations of the set {1,2,...,m}.

Definition 1.21. [63, p. 233-240] A Steiner triple system STS(m) is a set of 3-element
subsets of {1,2,...,m} (called triples) such that every 2-element subset of {1,2,...,m}
(called a pair) is contained in exactly one triple. A Kirkman triple system KTS(m) is
an STS(m) with the additional property that the set of triples can be partitioned into
subsets such that each element in {1,2,...,m} is contained in exactly one triple in
each subset of triples. This additional property is called parallelism, and these subsets

of triples are called the parallel classes of the KT'S(m).
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For example, both an STS(9) and a KTS(9) are given by the set

{{1,2,3},{4,5,6},{7,8,9},
{1,4,7},{2,5,8},{3,6,9},
{1,5,9},{2,6,7},1{3,4, 8},

{1,6,8},{2,4,9},{3,5,7}}.

Each line above is a parallel class in the KT'S(9). Indeed, we can easily verify that each
number 1-9 appears once per line. Steiner and Kirkman triple systems exist only for

certain values of m, but they have been shown to always exist for those values [57, 80:

Proposition 1.2. A Steiner triple system STS(m) exists if and only if m = 1,3
(mod 6). A Kirkman triple system KTS(m) exists if and only if m = 3 (mod 6).

By a simple counting argument, both an STS(m) and a KTS(m) contain () /3 =

%m(m — 1) triples. By definition each pair in {1,2,...,m} is contained in exactly one

triple, which implies that each element is contained in (m — 1)/2 triples.

1.3 Spectra of Graphs

We first state some basic results from linear algebra that will be helpful. For
general reference see [4, 61]. For a matrix M, we denote by M ;) the entry in the
i-th row and j-th column of M. The multiset of eigenvalues of a matrix is called the

spectrum of the matrix.

Definition 1.22. The identity matriz I, is the n X n matrix with diagonal entries 1
and all other entries 0. The matrix J,, , is the m X n matrix with every entry 1. We
denote J, = J,, and 1,, = Jy,, (the all ones vector). The matrix O,,, is the m x n
matrix with every entry 0. We denote O,, = O,,,, and 0,, = Oy, (the zero vector).
When the size is implicit, we often write simply I, J, O, 1, and 0 for these matrices.
For any matrix M, the transpose M " is the matrix with (4, j)-entry equal to M. A

matrix M is called symmetric if M = M.
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Proposition 1.3. ([61, p. 106]) A real, symmetric n x n matriz has n real eigenvalues
(including multiplicities), and there is a set of n orthonormal eigenvectors for these

ergenvalues.

Proposition 1.4. The eigenvalues of M* are {\* | X is an eigenvalue of M}. The
eigenvalues of M — kI are {\ — k| \ is an eigenvalue of M}.

Definition 1.23. A real matrix M is called positive semidefinite if x7 Mx > 0 for all
real vectors x. Equivalently, M is positive semidefinite if all of the eigenvalues of M

are nonnegative.

Proposition 1.5. For any real, symmetric matriz M, the matrices MM and MM "
are positive semidefinite. The matrices MM and MM have the same rank and the

same nonzero eigenvalues (including multiplicity).

Definition 1.24. The trace Tr(M) of a square matrix M is the sum of the diagonal

entries of M.
Proposition 1.6. The sum of the eigenvalues of a matriz M equals Tr(M).

Since all of the diagonal entries of the adjacency matrix of any graph are 0,

Proposition 1.6 gives the following corollary:
Corollary 1.7. For any graph G, the sum of the eigenvalues of G equals 0.

For a real, symmetric matrix M we denote by A\ (M) > Ao(M) > --- > A\, (M)

the eigenvalues of M.

Theorem 1.8 (Ky Fan Inequality [40]). Let A and B be real, symmetric matrices of

sizen. Then for any 1 < k < n,

k

D XA+ B) <> XA+ M(B).

i=1
By Proposition 1.6, taking £ = n in Theorem 1.8 obviously gives equality.
Combining this with the inequality obtained by taking k£ = n — 1 in Theorem 1.8, we

obtain the following corollary:
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Corollary 1.9. Let A and B be real symmetric matrices of size n. Then \,(A+ B) >
An(A) + An(B).

For the remainder of this section we will give basic results of spectral graph
theory and give the spectra of some common graphs. For a general reference on spectral
graph theory, see [17]. There are several matrices that are associated with a given
graph. When we discuss a matrix associated with a graph, we assume the rows and

columns of the matrix are indexed by the vertices of the graph.

Definition 1.25. Let G be a graph. The adjacency matric A = A(G) of G is the
matrix with A,y = 1if 2 ~y and Ay = 0if o0 y. The degree matriz D = D(G)
of G is the diagonal matrix with D(,,) = deg(x). The Laplacian matriz L = L(G)
satisfies L = D — A. The signless Laplacian matriz |L| = |L(G)| satisfies |L| = D + A.
The normalized Laplacian £ = L(G) satisfies £ = D~Y2LD~1/2,

In this thesis we will focus on the adjacency matrix, but each matrix contains
information about the graph. For example, one can prove that the nullity of L(G) is
the number of connected components in (G, and one can prove by induction that the
x,y entry in A(G)¥ is the number of walks of length k in G beginning at the vertex x
and ending at the vertex y.

Each of the graphs in Definition 1.25 is a real, symmetric matrix, and hence
have n real eigenvalues (including multiplicities) if G' has n vertices. The eigenvalues
of the adjacency, Laplacian, signless Laplacian, and normalized Laplacian matrices
of a graph are called the adjacency, Laplacian, signless Laplacian, and normalized
Laplacian eigenvalues of the graph. We will refer to the adjacency eigenvalues of a
graph as simply the eigenvalues of the graph. We will refer to the adjacency spectrum
as simply the spectrum of the graph. When we write the spectrum of a graph, we use
exponents to denote the multiplicities. We denote by A (G) > A\o(G) > -+ > N\ (G)
the adjacency eigenvalues of G. We denote by Ayin(G) and Apin —1(G) the smallest and
second smallest eigenvalues of G (0 Apin(G) = A\ (G) and A\yin —1(G) = A1 (G) if G

has n vertices).
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For example, the adjacency matrices of P and Cs (as labeled in Figure 1.1) are

010
AP)=11 0 1
010
and
01001
10100
ACs)=10 101 0
00101
10010

Thus we find that the spectrum of Pj is {\/51,01, —\/51}, and the spectrum of Cj
is {2, 2(v/5 —1)2,1(—v/5 — 1)} (recall that exponents on eigenvalues indicated their
multiplicity). The spectra of many of the graphs defined in Section 1.2 are given below.

The results are well known (see, for example, [17, Section 1.4])

Proposition 1.10. The spectrum of K,, is {(n—1)', =1""'}. The spectrum of K,, ,, is

{\/mnl,Oer”*Q, —\/mnl}. The spectrum of C,, is {2 cos (2%])1 |7=0,1,...,n— 1}.
The spectrum of P, is {2 cos (%)1 li=1,... ,n}. The spectrum of E,, is O™.

Definition 1.26. Let M be a matrix with eigenvalues p1, ..., t,. The spectral radius
of M, denoted p(M), is equal to max{|u1],...,|un|}. The spectral radius of a graph
G, denoted p(G), is equal to p(A(G)).

Clearly p(G) = max{\(G),—A\.(G)}. However, it turns out p(G) = A\ (G)
due to the following corollary, which follows immediately from the Perron-Frobenius

Theorem for irreducible matrices (see [17, Section 2.2] and [45, Section 8.8]).
Corollary 1.11. The spectral radius of a graph is the largest eigenvalue of the graph.

This also implies that if s is an eigenvalue of a graph GG, then G has an eigenvalue
r > 0 such that r > |s|.

The spectral radius of a graph is related to the average degree.
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Proposition 1.12. ([17, Proposition 3.1.2]) Let G be a connected graph. If G is k-
regular, then p(G) = k. Otherwise we have §(G) < d(G) < p(G) < A(G).

In particular, we obtain the following corollary.
Corollary 1.13. If G is a k-regular graph then A\ (G) = k.
The next two Propositions relate graph properties to the spectrum.

Proposition 1.14. ([17, Proposition 1.3.3]) A graph with diameter d has at least d+1

distinct adjacency eigenvalues.

The Hoffman ratio bound relates the independence number of regular graphs to

their smallest eigenvalue (see, for example, [17, Theorem 3.5.2]).
Proposition 1.15. If G is a connected, k-reqular graph on n vertices, then

_/\n(G)
a(G) < nm

The eigenvalues of a graph Cartesian product GLJH can be given in terms of

the eigenvalues of G and H (see, for example, [17, Section 1.4.6]).

Definition 1.27. If A is an m X n matrix and B is a p X ¢ matrix, then the Kronecker

product A ® B is the mp x ng block matrix given by

A(l’l)B A A(Ln)B

A(m,l)B c A(m’n)B

Proposition 1.16. Let G and H be graphs on n and m wvertices, respectively. The
adjacency matriz of GOH is A(GOH) = A(G) ® I,, + I, ® A(H). The eigenvalues of
GOH are \i(G) + Nj(H) for1 <i<nand1l<j<m.

n
2

Corollary 1.17. The spectrum of Q,, is {(n — 22)( ) |i=0,1,... ,n}.

Proposition 1.18. The spectrum of a disconnected graph is the multiset sum of the

spectra of the subgraphs induced by connected components.
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That is, if G has connected components Xi,..., Xy and A is an eigenvalue of
G|x, with multiplicity a; for each i, then A is an eigenvalue of G with multiplicity
a1 + - -+ + ag. Proposition 1.18 leads immediately to following corollary, since the set
of connected components of a disjoint union G' 4+ H is the union of the connected

components of G and those of H.

Corollary 1.19. Let G and H be graphs on n and m wvertices, respectively. The
adjacency matriz of G + H 1is

A(G) Onm

Omn A(H)
The spectrum of G+ H is the multiset sum of the spectra of G and H.

Proposition 1.20. ([17, Section 1.2.3]) If G is a connected, k-regular graph on n
vertices with eigenvalues k = A\ (G) > \o(G) > -+ > \,(Q), then its complement G has
eigenvaluesn—k—1> —1=X1,(G) > =1=X,1(G) > --- > —1=X3(G) > —1— X (G).

Proposition 1.20 follows from the fact that A(G) = J — A(G) — I, and the fact
that the eigenvector for k is 1 while the eigenvectors for \g, ..., \, are orthogonal to

1.

Proposition 1.21. ([14, Section 9.2] and [17, Section 12.4.1]) The adjacency eigen-
values of the Hamming graph H(m,n) are (n — 1)m — ni with multiplicity (T’) (n—1)
fori=0,1,....,m.

Proposition 1.22. ([14, Section 9.1] and [17, Section 12.4.2]) The adjacency eigenval-
ues of the Johnson graph J(m,n) are (n—1i)(m—n—1) —i with multiplicity (") — (,™,)

i—1
fori=0,1,...,n.

1.4 Vertex Partitions, Quotient Matrices, and Eigenvalue Interlacing

In this section we give powerful tools for determining the structure of graphs
with given spectrum. The results in this section involve eigenvalue interlacing and
will be extremely useful throughout this thesis. For general reference see [17, Sections

2.3-2.5).
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Definition 1.28. Let M be a real, symmetric matrix with rows and columns indexed
by X ={1,2,...,n},and let P = {Xy,..., X,,} be a partition of X. The characteristic
matriz S of P is the n x m matrix with S ;) = 1if i € X; and S;; = 0if i ¢ X;.
The cardinality matriz K of P is the m x m diagonal matrix with K;;) = n;, where

n; = | X;|. Let the rows and columns of M be indexed by P, so that

My, - M,

My - My

where M; ; denotes the submatrix of M indexed by rows in X; and columns in X;. Then
the quotient matriz of M with respect to P is the m x m matrix @ with Q ;) = ¢,
where ¢; ; is the average row sum of M, ;. If the row sum of every row in each M, ; is

equal to ¢; j, then we say the partition P is equitable.
From Definition 1.28 we immediately obtain:

Proposition 1.23. If M s a real, symmetric matriz with P, S, K, Q, and M, ; as in
Definition 1.28, then we have STMS = KQ and STS = K. If the partition is equitable
then we additionally have MS = SQ.

The fact that STS = K is straightforward. The (i, j)-entry in STMS is the
sum of the entries in M, ;, while the (4, j)-entry in K@ is n;¢; ;, which is also the sum
of the entries in M, ;. If i € X, then the (¢, j)-entry of SQ is gy, ;, while the (4, j)-entry
of M S is one of the row sums in My, ;. If P is an equitable partition of M, then every
row sum in My ; is gk j, so in this case MS = SQ. We note also that if the partition
is equitable, then M;;1 = ¢;;1 for all 7,5 € {1,2,...,m}. These results imply the

following useful proposition.

Proposition 1.24. If M is a real, symmetric matriz with P, S, K, Q, and M, ; as in
Definition 1.28, then for each eigenvector v of Q with eigenvalue A, Sv is an eigenvector

of M with eigenvalue . Then M has two types of eigenvalues:

(i) the eigenvalues of Q, with eigenvectors constant on X, for all j, and
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(i1) the remaining eigenvalues, with eigenvectors summing to 0 on X; for each j.
These remaining eigenvalues are unchanged if blocks M, ; are replaced by blocks

M; ; + ¢ ;J for some constants c; ;.

Indeed, Qv = Av implies M Sv = SQu = SAv = ASv. To see that (i) is true,
note that (Sv); is equal to v; for all © € X;. To see that (i) is true, note that the
remaining eigenvectors must be orthogonal to those from (i), which proves they sum
to 0 on each X;. Adding a multiple of the all ones matrix to a block does not change
these eigenvalues precisely because their eigenvectors sum to 0 on each X;.

If the matrix M above is the adjacency or Laplacian matrix of a graph G and
X is the set V(G), then the partition P is equitable precisely when every vertex in X;
has the same number of neighbors ¢; ; in X;. For example, if G is a distance-regular
graph with valency k, diameter d, and parameters b;, ¢;, and a; = k — b; — ¢; as in
Definition 1.17, then for any x in V(G) we can partition the vertices according to their
distance from z, that is, by P = {Xo, X1, ..., X4} where X; = I';(z) (this is called the
distance-partition of G with respect to x). We see that each vertex in X; has the same
number g¢; ; of neighbors in X;. Indeed, if i — j| > 2, then ¢; ; = 0, and we clearly have

Qii = A4y Q5541 = bi, and Gii—1 = C;. This y161dS the fOHOWiIlg lemma.

Lemma 1.25. The quotient matriz () with respect to the distance partition of a distance-

reqular graph with intersection array {bo,b1,...,bs_1;¢1,Ca,...,cq} is the tridiagonal
matriz
ap=0 b=k 0 --- 0
=1 aq by
Q= 0 Ca e T 0
ag—1 ba-1
0 e 0 Cq aq

From Proposition 1.24 and Lemma 1.25 it follows that the eigenvalues of the
matrix () given above are also eigenvalues of the distance-regular graph G, and the
remaining eigenvalues of G have eigenvectors which sum to 0 on each part of the

distance partition.
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Definition 1.29. For a real, symmetric matrix M and a nonzero vector u, the Rayleigh
quotient of u with respect to M is

u' Mu

Ray(M,u) = T

We have the following inequalities for the Rayleigh quotient, called the Rayleigh

inequalities:

Proposition 1.26. ([17, Section 2.4]) If M is a real, symmetric n X n matriz and
UL, ..., U, 1S a set of orthonormal eigenvectors such that Mu; = N\(M)u; for i =

1,...,n, then for a vector u we have

(i) Ray(M,u) > N\ (M) if u € span{uy, ..., u;}, and

(1) Ray(M,u) < X(M) if u € spanfuy, ..., u;1}=".
In either case, equality implies u is an eigenvector of M for the eigenvalue ;.

Definition 1.30. Let A\ > Ao > --- > A\, and py > ps > --+ >, be two sequences
of real numbers with m < m. The second sequence is said to interlace the first if

Ai > i > Ap_mai foreachi=1,... m.

Using the Rayleigh inequalities (Proposition 1.26), one can prove the following

two useful propositions about eigenvalue interlacing.

Proposition 1.27. If M is a real, symmetric matrix with quotient matrix ) with

respect to some partition P, then the eigenvalues of () interlace those of M.

This result is due to Haemers (see [48, 49]). Note that for Proposition 1.27 we
do not require that the partition is equitable. If M is the adjacency matrix of a graph
G, then Proposition 1.27 implies that the eigenvalues of the quotient matrix of any
partition of V(G) interlace those of G. Note that if the partition P = {Xy,..., X,,} is
not equitable, then the (7, j)-entry ¢; ; of @ is the average number of neighbors in X

of the vertices in X;.
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Definition 1.31. A principal submatriz of a matrix M is a matrix obtained by deleting

some rows and the corresponding columns from M.

Proposition 1.28 (Cauchy Interlacing). If N is a principal submatriz of M, then the

eigenvalues of N interlace those of M.

Note that the adjacency matrix of an induced subgraph is a principal submatrix
of the adjacency matrix of the graph. Indeed, one simply deletes the rows and columns
in the adjacency matrix indexed by the vertices that were removed to obtain the in-
duced subgraph. Proposition 1.28 often gives a large amount of information about the
structure of a graph G with given spectrum, since the spectra of any induced subgraphs

of G must interlace the spectrum of G. We give the following lemma as an example.

Lemma 1.29. A graph G with Ao(G) < 0 or Apin(G) > —V/2 is a disjoint union of
complete graphs.

Proof. 1f G has no connected component with at least 3 vertices, then G is a disjoint
union of copies of complete graphs of orders 1 and 2, and we are done. Otherwise, if G
is not a disjoint union of complete graphs, then G must induce a subgraph isomorphic
to K 2. Indeed, since G has a connected component with at least 3 vertices that is not
a complete graph, that component contains a subgraph on three vertices isomorphic to
K 5. Then Proposition 1.28 implies Ao(G) > A2(Ki12) = 0 and A\pin(G) < Apin(K12) =
—/2, which contradicts that \y(G) < 0 or Apin(G) > —v/2. O

We note that in the case where A\(G) < 0 we can further say that G is a
complete graph, since a graph with & connected components has at least k positive
eigenvalues by Corollaries 1.11 and 1.19.

The following Lemma due to Petrovié¢ [78] (see also [14, page 89]) is proved in

a similar (but slightly more involved) way:

Lemma 1.30. Let G be connected graph. Then G has exactly one positive eigenvalue

if and only if G s a complete multipartite graph.
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1.5 Which Graphs are Determined by Their Spectra?

Since we have seen that the spectrum of a graph gives a large amount of infor-
mation about the structure of a graph, it is natural to ask specifically what properties
of a graph are determined by the spectrum, and whether the spectrum has enough
information to recover the graph. For general graphs, this question has a different
answer depending on whether we mean the adjacency, Laplacian, signless Laplacian,

or some other spectrum of the graph.

Definition 1.32. If G and H are graphs with the same spectrum, then G and H
are called cospectral. If G is a graph such that every graph H cospectral with G is

isomorphic to G, then G is said to be determined by its spectrum, and we say that G

is DS for short.

Definition 1.32 is used to refer to the spectra of many of the matrices associ-
ated with a graph G. We will use it to refer to adjacency spectra, unless specifically
mentioned otherwise.

For general reference on what is known about which graphs are determined by
their spectra, see [31, 32]. The question of which graphs are determined by their spectra
originated in 1956 in a paper by Giinthard and Primas [46] on Hiickel’s theory from
chemistry. At that time, it was believed that every graph was DS. However, there is a
pair of nonisomorphic graphs on 5 vertices first noted by Collatz and Sinogowitz [29]

(see Figure 1.13). The graphs in Figure 1.13 each have spectrum {2', 03, —2'}. Indeed,

Figure 1.13: Two nonisomorphic graphs with spectrum {2%, 03, —2'}.

the graphs are Ky + Cy = K; 4+ Ky5 and K4, so the stated spectrum follows by
Proposition 1.10 and Corollary 1.19. It is obvious that the graphs are not isomorphic,

since one is connected and the other is not. Thus not all graphs are determined by
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their spectra (though a quick search of graphs on 1-4 vertices shows that the graphs
in Figure 1.13 are the smallest nonisomorphic cospectral graphs).

The question still remains, which graphs are DS? Further, one can ask: are most
graphs DS? Schwenk [84] proved that most trees (that is, connected graphs without
cycles) are not DS. It is not known whether most graphs in general are DS or not,
but Haemers [31] conjectures that most graphs are DS. Recently the question of which
graphs are DS has been an active area of research in spectral graph theory.

Typically it is much easier to show that a graph is not DS than to show that a
graph is DS. Indeed, to show that a graph is not DS one needs only to find a single
example of a nonisomorphic cospectral graph. Conversely, to show that a graph G
is DS one must prove that among all graphs, no nonisomorphic graph has the same
spectrum as G. Below we give a few results on which graphs are DS. Each can be

found in [31].

Proposition 1.31. The following properties are determined by each of the adjacency,

Laplacian, and signless Laplacian spectra of a graph G:

(i) The number of vertices.
(i) The number of edges.
(#ii) Whether G is reqular.

(iv) Whether G is regular with any fized girth.
The following properties are determined by the adjacency spectrum of a graph G':

(v) The number of closed walks of any fixed length.

(vi) Whether G is bipartite.
The following properties are determined by the Laplacian spectrum of a graph G:

(vii) The number of connected components.

(viii) The number of spanning trees.
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One can use Proposition 1.31 to prove a graph is DS with respect to some matrix
by excluding from consideration all graphs that do not share the properties that are

determined by that matrix.
Proposition 1.32. If G is a regular graph, then G is DS if and only if G is DS.

Proposition 1.33. The path graph P, is determined by its spectrum. The complete
graph K,, complete bipartite graph K, ,, and cycle graph C,, are determined by their
spectra, as are their complements. Any disjoint union of complete graphs is determined

by its spectrum.

A useful tool for finding graphs cospectral to a given graph G is called Godsil-
McKay switching, or GM-switching for short. The method is given in the following
Theorem from [44].

Theorem 1.34. Let G be a graph and let P = {C1,Cy,...,Cy, D} be a partition of
V(G). Suppose P\ D is an equitable partition of V(G) \ D and for any v € D and
1 <i <k, v has exactly 0, |C;| /2, or|C;| neighbors in C;. Let G’ be the graph obtained
as follows. For each v € D and 1 < i < k such that v has |C;| /2 neighbors in C;,
delete these |C;| /2 edges and add edges from v to the other |C;| /2 vertices in C;. Then

G and G’ are cospectral.

The process of adding and deleting edges in the above theorem is called Godsil-
McKay-switching, or GM-switching for short, and the sets Ci,...,Cy are called a
GM-switching sets. Once a switching set is found, switching is taking the vertices that
are adjacent to half of C; and changing them so they are adjacent to the other half
of C;. The theorem follows from the fact that the adjacency matrix of G’ is equal to
Q" A(G)Q for a particular regular orthogonal matrix Q. It is possible that the graph
(' is isomorphic to G, in which case nothing is gained. However, in the case that G’ is
not isomorphic to G, Theorem 1.34 implies that neither G nor G’ are determined by

their spectrum.
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Figure 1.14: A pair of nonisomorphic cospectral graphs on 9 vertices obtained by
GM-switching.

Typically, it is difficult to find switching sets with £ > 1. However, when k =1
it is often not difficult. For example, Figure 1.14 shows a particular graph before and
after GM-switching. Theorem 1.34 implies that the graphs in Figure 1.14 have the
same spectrum. The switching set C' = (] is the set of all vertices except the center
vertex. The set C' induces Cj, a regular graph, and the vertex not in C' is adjacent to
half of the vertices in C'. We can see that the graphs are not isomorphic because, for
example, one graph induces a cycle on four vertices, while the other does not. This
example was originally given in [44].

Figure 1.15 shows another pair of cospectral graphs obtained by using GM-

e

Figure 1.15: A pair of nonisomorphic cospectral graphs on 7 vertices obtained by
GM-switching.

switching. The switching set C' = C consists of the circled vertices. Clearly C' induces
a O-regular graph, and every vertex not in C' is adjacent to half of C. One of these
graphs is connected and one is not, so they are another pair of nonisomorphic cospectral

graphs.
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Chapter 2

THE FRIENDSHIP GRAPH AND GRAPHS WITH 4 DISTINCT
EIGENVALUES

2.1 The Friendship Graph
The friendship graph Fj (also called the Dutch windmill graph, or k-fan) is the
graph consisting of k edge-disjoint triangles that meet in a single vertex (see Figure

The graph Fj can also be realized as the join K; V kK, (see Definition 1.11),

bkt

Flgure 2.1: The Frlendshlp graph Fy. for several values of k.

that is, the cone over kK5. The friendship graph was made famous by the Friendship
Theorem due to Erdés, Rényi and Sés [38], and independently Wilf [97]:

Theorem 2.1 (Friendship Theorem). In a group of people such that every pair of
people have exactly one friend in common, there must be one person who is a friend to

all the others.

If the people are vertices in a graph, and two people are adjacent if and only if
they are friends, then the Friendship Theorem states that in a graph such that every
pair of vertices has exactly one common neighbor, there is a vertex x adjacent to every
other vertex. Then, since each vertex has exactly one common neighbor with x, such

a graph must be isomorphic to Fy for some k. Thus the friendship graphs are the only
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graphs with the property that every pair of vertices has exactly one common neighbor.
In addition to the proofs in [38] and [97], the friendship theorem has been independently
proved by Longyear and Parsons [64], Brunat [18], Huneke [56], Mertzios and Unger
[70], and Bataineh [6].

Clearly Fj has 2k + 1 vertices and 3k edges. Let x be the vertex in Fj which
is adjacent to every other vertex. To find the spectrum of the adjacency matrix A of
F},, consider the partition {{x}, V(F;)\ {}}. Then, labeling the vertices according to
the partition, we have

0 15
lop Ry

A =

where Ry is the adjacency matrix of kK, (so the eigenvalues of Ry, are 1% —1%).

Clearly the partition {{z}, V(F}) \ {z}} is equitable with quotient matrix

0 2k
1 1

By Proposition 1.24 the eigenvalues % + %m of ) are also eigenvalues of Ayg.
Also, Proposition 1.24 implies that the remaining eigenvalues of A, are unchanged by
subtracting multiples of J from some blocks. Thus they are the eigenvalues of the
matrix

0 0y

02 Roy

Al =
that are not eigenvalues of the corresponding quotient matrix

, 0
Q' =

The matrix A}, has eigenvalues 0, 1¥, and —1*, while @’ has eigenvalues 0 and 1. Thus
the eigenvalues of A, that are not eigenvalues of @) are 1*~! and —1*. We have proved:
Proposition 2.2. The spectrum of Ay, is {3 £ 51+ 8k, 1771, —1F}.

In 2010, Belardo, Borovi¢anin, Huang, and Wang [7] showed that F}, is deter-

mined by the spectrum of its signless Laplacian matrix. They also note that the results
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of Gui, Liu, and Zhang [47] imply that F}, is determined by its Laplacian spectrum.

Belardo, Borovi¢anin, Huang, and Wang made the following conjecture:
Conjecture 2.3. The friendship graph Fj is determined by its adjacency spectrum.

Conjecture 2.3 has caused some activity in the last few years on the spectral
characterization of Fj. Combining Propositions 1.28 and 2.2, we have the following

corollary.

Corollary 2.4. If G is a graph cospectral to the friendship graph, then for any induced
subgraph H of G on n wvertices, we have \o(H) <1 and \,_1(H) > —1.

Das [35] claimed to have a proof of Conjecture 2.3, but Abdollahi, Janbaz, and
Oboudi [1] noted that the proof contained a mistake. Corollary 2.4 implies that for any
graph H on n vertices, if either \o(H) > 1 or \,,_1(H) < —1 then H cannot be induced
by Fj. However, the supposed proof of Conjecture 2.3 in [35] applies Corollary 2.4 to
exclude subgraphs that are not necessarily induced. In addition, Abdollahi, Janbaz,

and Oboudi [1] proved that Conjecture 2.3 holds for graphs in certain special cases:
Proposition 2.5. Suppose G is a graph cospectral to Fy, and one of the following holds:

(i) G is connected and planar.
(i) G is connected and does not contain Cs as a subgraph.
(#i) G has two adjacent vertices of degree 2.

(iv) G is disconnected.
Then G is isomorphic to Fy.

In Section 2.2, we prove that Conjecture 2.3 holds for connected graphs. In
Section 2.3, we classify all graphs with all but two eigenvalues equal to +1, a family
of graphs that includes the friendship graphs. These results immediately imply that

Conjecture 2.3 is true if k # 16, and there is exactly one counterexample if £ = 16.
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Portions of the remainder of this chapter represent joint work with Sebastian
Cioaba, Willem Haemers, and Wiseley Wong on the paper “The graphs with all but
two eigenvalues equal to £17 in Journal of Algebraic Combinatorics 41 (2015), 887—
897 [26]. In particular, Wong gave a partial proof of Theorem 2.10 and an alternate
proof of Corollary 2.8, although the proofs contained here are independent of them.
Haemers gave the original proofs to Lemmas 2.7, 2.12, 2.13 and 2.19, Proposition 2.11,
and Corollary 2.14, and a nearly completed a proof of Theorem 2.15. I improved the
proof of Theorem 2.15 given by Haemers and fixed some gaps and mistakes, and in
this thesis I added many details. Haemers also noted Corollaries 2.16 and 2.18, and
Theorem 2.17, which follow directly from the other results. The remaining results are

mine.

2.2 Connected Graphs Cospectral to the Friendship Graph

In this section we prove that any connected graph with the same adjacency
spectrum as Fj must be isomorphic to Fj.

Any graph G cospectral to Fj, must have the same number of vertices, edges,
and triangles as Fj, by Proposition 1.31. That is, G must have 2k + 1 vertices, 3k edges,
and k triangles. If GG is connected, the diameter of GG is at most 3 by Proposition 1.14,
since its spectrum has only 4 distinct eigenvalues.

The fact that all but exactly two eigenvalues of Fj are either 1 or —1 and
the other two have absolute value more than 1 implies that A2 — I is positive semi-
definite and has rank 2. Indeed, it is straightforward to verify that all but exactly two
eigenvalues of A2 — I are 0 and the other two are positive. This also implies that any
principal submatrix of AZ — I is positive semi-definite and has rank at most 2, which

leads to the following pair of very useful lemmas.

Lemma 2.6. If G is a graph cospectral to F}., then one connected component of G has

minimum degree at least 2 and all other components are isomorphic to K.

Proof. Note that G' cannot have two connected components with minimum degree at

least 2, since G has only one eigenvalue more than 1. Suppose u is a vertex of degree
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1 in G. We will show that the component containing w is isomorphic to K5, which
completes the proof. Let v be the neighbor of v and suppose that v has another
neighbor w. Note that v is the only common neighbor of v and w. Then the 2 x 2

principal submatrix of A% — I corresponding to v and w equals

0 1
1 deg(w)—1

S =

We have det S = —1 < 0, but A% — [ is positive semi-definite. This is a contradiction,

so v must have degree 1. O]

Lemma 2.7. Suppose u and v are distinct vertices in a graph G cospectral to F}, and

each neighbor of u is also a neighbor of v. Then deg(v) > deg(u) + 3.

Proof. Note that u and v have exactly deg(u) common neighbors. Then the 2 x 2

principal submatrix of A? — I corresponding to u and v equals

deg(u) —1  deg(u)
deg(u)  deg(v) — 1

S:

If deg(v) < deg(u) + 2, then

det S = (deg(u) — 1)(deg(v) — 1) — deg(u)?
< (deg(u) — 1)(deg(u) + 1) — deg(u)?
= deg(u)? + deg(u) — deg(u) — 1 — deg(u)® = —1 < 0,
which is a contradiction. O

Lemma 2.6 gives the following corollary:

Corollary 2.8. If G is a connected graph cospectral to Fy, then the minimum degree

of G is 2, and there exists u € V(G) such that deg(u) = 2.

Proof. The former statement follows directly from Lemma 2.6. The latter statement
follows from the fact that G has 2k + 1 vertices and 3k edges, so the average degree in
G must be less than 3. O]
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Corollary 2.4 immediately implies the following:

Corollary 2.9. If G is a graph cospectral to F},, then none of the graphs in Figure 2.2
can be an induced subgraph of G.

Proof. For each graph it is straightforward to verify that either the second eigenvalue

is more than 1 or the second least eigenvalue is less than —1. O]

Sawhw i gv e

5
/\4 ~ —1.62 A4 ~ —1.30 A4 ~ —1.17 )\4 ~ —1.27 )\4 ~ —1.47 A4 ~ —1.24

NN ?
SN

)\2~1.41 /\2~141 )\2~125 )\2—2 )\2~136 )\2~113

PPN %%22

Ay R 126 )\2~126 )\2~173 113 )\2~151 134
7
A2~ 1.18 Ao R 1.25

Figure 2.2: Graphs with Ay > 1 or A\, -1 < —1.

We now have the necessary tools to prove the following theorem, which improves

upon Proposition 2.5 and brings us closer to a proof of Conjecture 2.3.
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Theorem 2.10. If G is a connected graph cospectral to Fy, then G is isomorphic to
F.

Proof. 1t is easily verified that the theorem is true for £ < 3, so we assume k& > 3. Let
u be a vertex of degree 2 in G. Let v/ and u” be the neighbors of u, U = {u, v, u"},
and X = V(G) \ U. We consider cases on whether or not v’ and u” are adjacent and

whether they have common neighbors in X.

Case 1: v/ and u” are adjacent and have no common neighbors in X.

In this case we see that Corollary 2.9 implies that one of v/ and u” has no
neighbors in X. Indeed, if z, 2’ € X such that z is a neighbor of «’ and 2’ is a neighbor
of u”, then the set {u,u/,u”,x,2'} induces one of graphs H? or H2, depending on
whether x ~ 2’. Without loss of generality we suppose that «” has no neighbors in X.
Next we use Corollary 2.9 to show that each x € X has at most one neighbor in X.
Indeed, suppose that x has two neighbors ' and z” in X. First suppose x ~ u’. If
neither 2/ nor 2 is adjacent to ', then {u, v, v”, x,2’, 2"} induces H{ or Hy, depending
on whether 2/ ~ z”. If exactly one of 2’ and z” are adjacent to v, then {u, v, z, 2’ 2"}
induces HZ or Hf, depending on whether 2’ ~ z”. If both z’ and 2z are adjacent to
o', then {u, v, x, 2, 2"} induces HZ or {u,u',u", x,2’, 2"} induces H?, depending on
whether 2’ ~ z”. Next suppose = o¢ «'. Then, since diam(G) < 3, at least one of 2’
and z” is adjacent to u’. Without loss of generality, we assume 2’ ~ u'. Then we have
already seen that 2’ has only one neighbor in X, so 2’ o 2”. Then {u, v, u", z,2', 2"}
induces HY or HE, depending on whether 2" ~ /. Thus we have proved that each
x € X has at most one neighbor in X. By Corollary 2.8 this implies that every vertex
in X is adjacent to «’ and has exactly one neighbor in X. Then X induces (k — 1) K>

and G = F, with u’ as the vertex adjacent to all others.

Case 2: v/ and u” are adjacent and have common neighbors in X.
Let Y be the set of common neighbors of v’ and v” in X, and let Z = X \ Y.
Corollary 2.9 implies that neither u’ nor u” has neighbors in Z. Indeed, if y € Y and z

is a neighbor of v’ in Z, then {u,u,u”,y, 2} induces H or H?, depending on whether
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y ~ z (note that v’ ~ z implies u” ¢ z since z ¢ Y'). A similar argument holds if z € Z
is a neighbor of u”. Then, since diam(G) < 3, every vertex in Z has a neighbor in Y.
Furthermore, we see that Z is an independent set. Indeed, if {z, 2’} is an edge in Z and
y is a neighbor of 2/ in Y, the set {u,u’,u”,y, z, 2’} induces H® or H}', depending on
whether y ~ z. With Corollary 2.8 this implies that every vertex in Z has two neighbors
in Y. Since every vertex in Y has two neighbors in U (v’ and w”), this implies that
|E(G)| >3+2|Y|+2|Z|=3+2(]Y|+|Z]) =34+2|X| =3+2(2k—2) =4k —1 > 3k,
a contradiction. Thus Case 2 is not possible.
Case 3: v/ and u” are not adjacent and have no common neighbors in X.
Let V and W be the sets of neighbors of v’ and «” in X, respectively, and
let Z =X\ (VUW). By Corollary 2.8 the sets V' and W are not empty. However,
Corollary 2.9 implies |E(V, W)| = 0, since otherwise there exist v € V and w € W with
v~ w, so {u,u, v’ v,w} induces H. We find that every vertex in Z is adjacent to
every vertex in VUW. Indeed, let z € Z. Since G is connected, we may assume without
loss of generality that z ~ v for some v € V. For each w € W, Corollary 2.9 implies
z ~ w. Otherwise, we see that {u,u,u”, v, w, 2} induces HS. Fixing some w € W, we
then find that z is adjacent to every v € V, since otherwise {u, v, v”, v, w, z} induces
H?. Next, Corollary 2.9 implies that Z is an independent set. Indeed, if {z,2'} is
an edge in Z, v € V and w € W, then {u/,v,w, 2,2’} induces HZ. Since there are k
triangles in G, this implies there must be an edge induced in V' or W. Without loss
of generality we assume {v,v'} is an edge in V. Let w € W and suppose there exists
z € Z. Then {u/,v,v,y,z} induces Hg, so Corollary 2.9 implies Z is empty. With
Corollary 2.8 this implies that every vertex in V' has a neighbor in V' and every vertex
in W has a neighbor in W. Then every vertex in V U W is in a triangle. There is a
vertex © € V UW with deg(z) = 2, since otherwise the sum of degrees of the vertices
in G is at least 2+ 2k — 1 + 3(2k — 3) = 8k — 5 > 6k (since k > 3), a contradiction.

Relabeling = as u, we find we are in Case 1 or 2, so we are done.
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Case 4: v/ and u” are not adjacent and have common neighbors in X.

Let Y be the set of common neighbors of ©' and »” in X, let V and W be the
sets of neighbors of v’ and u” in X \ Y, respectively, and let Z = X \ (VUW UY).
As in Case 3, Corollary 2.9 implies that |E(V,WW)| = 0. Corollary 2.9 also implies
|[E(VUW,Y)| = |E(V)| = |E(W)| = 0. Indeed, suppose z € VUW and y € Y are
adjacent. Then {u,v’,u”, z,y} induces H2. If {z,2'} is an edge in V or W and y € Y/,
then {u,u',u”, x,2',y} induces H§. By Corollary 2.8, each vertex in V' UW must have
a neighbor in Z. Corollary 2.9 implies that every vertex in Z with a neighbor in VUW
must be adjacent to every vertex in Y. Indeed, if there exist z € Z, x € VU W, and
y € Y such that z ~ z but z ¢ y, then the set {u,v’,u”, z,y, 2} induces HS. Since
diam(G) < 3 implies that every vertex in Z has a neighbor in V- UW UY, this implies
that every vertex in Z has a neighbor in Y. Then Corollary 2.9 implies |E(Z)| = 0.
Indeed, if {z, 2’} is an edge in Z and y is a neighbor of z in Y, then {u, v, u",y, z, 2’}
induces HE or HY, depending on whether y ~ 2. Then Corollary 2.8 implies that every
vertex in Z has at least 2 neighbors in Y (unless |Y| = 1). Since V U W is nonempty
(otherwise u' and u” have precisely the same neighbors, which contradicts Lemma 2.7),
there must be a vertex in Z adjacent to every vertex in Y. Since G must have triangles
by Proposition 1.31, there must be at least one edge in Y, so |[E(Y)| > 1 and |Y| > 2.
Note that Y|+ |Z] = 2k — 2 — |V U W/|. The above results imply that

3k = [E(G)| = |[EQU)|+ [EWUY)[+ [EUUZVUW)[+[EY,Z)| +[EY)
>24+2Y|[+2|VUW|+ (Y] +2(]Z] - 1)) + |E(Y)|
=2[VUW|+ Y[ +2(Y]+|2]) + [EY)]
>2IVUW|+24+22k-2—-|VUW]|) +1
=4k — 1.
This implies k£ < 1, a contradiction, so Case 4 is not possible. O

If one could prove that a graph cospectral to a friendship graph is necessarily

connected, then Theorem 2.10 would prove Conjecture 2.3. However, despite the fact
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that Lemma 2.6 seems to severely restrict the possible structure of disconnected graphs
cospectral to friendship graphs, such a proof could not be found. As we will see in

Section 2.3, that is because when k = 16 it is not true.

2.3 The Graphs With All But Two Eigenvalues Equal to +1

The spectrum of Ay, led to several very useful tools for determining the structure
of a graph cospectral to Fj. In particular, the fact that Fj, has one eigenvalue greater
than 1, one eigenvalue less than —1, and the rest of the eigenvalues 41 led to Corollary
2.9, considerably reducing the possible induced subgraphs graphs cospectral to Fj, as
well as implying that A7 — I has rank 2 and is positive semi-definite, which led to
Lemmas 2.6 and 2.7 and Corollary 2.8. In light of these observations, we take a more
general approach in section 2.3, and consider all graphs with these properties. That is,
we consider all graphs with exactly two eigenvalues » > 1 and s < —1 different from
+1. For completeness, we first consider all graphs with all but at most two eigenvalues
not equal to £1. We will see that such a graph must either be one of the graphs we
wish to consider (those with exactly two eigenvalues r > 1 and s < —1 different from

+1), or the graph must be a particular disjoint union of complete graphs.
Proposition 2.11. Let G be a graph with n vertices and adjacency matriz A.

(2) If A has all its eigenvalues equal to £1, then G = § K.

(i) If A has all but one eigenvalue equal to £1, then G is a disjoint union of complete

graphs with all but one connected components equal to K.

(ii) If A has all but two eigenvalues equal to +1 and smallest eigenvalue at least
—1, then G is a disjoint union of complete graphs with all but two connected

components equal from K.

(iv) If A has all but two eigenvalues equal to 1 and smallest eigenvalue s < —1, then

the largest eigenvalue of A isr > 1.

Proof. Case (i) follows from the fact that any disjoint union of complete graphs is

determined by its spectrum (Proposition 1.33). Case (ii) follows from the same fact
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and Corollary 1.11. Case (ii7) follows from the same fact and Lemma 1.29. For Case

(iv), note that if s < —1 then Corollary 1.11 implies r > 1. O

Proposition 2.11 illustrates that in order to characterize the graphs with at most
two eigenvalues different from +1, we need only characterize the graphs with exactly
two eigenvalues r > 1 and s < —1 different from 4+1. We see that Lemmas 2.6 and 2.7

and Corollary 2.9 hold for these graphs with identical proofs. That is, we have:

Lemma 2.12. If r > 1 and s < —1 are the only eigenvalues of G different from
+1, then one connected component of G has minimum degree at least 2 and all other

components are isomorphic to Ks.

Lemma 2.13. Ifr > 1 and s < —1 are the only eigenvalues of G different from +1

and u and v are distinct vertices in G such that each neighbor of u is also a neighbor

of v, Then deg(v) > deg(u) + 3.

Corollary 2.14. Ifr > 1 and s < —1 are the only eigenvalues of G different from +1,
then none of the graphs in Figure 2.2 can be an induced subgraph of G.

By Lemma 2.12 we can even further reduce our search to only the set G of
connected graphs for which » > 1 and s < —1 are the only eigenvalues different from
+1. Then, any graph which has at most two eigenvalues different from +1 must be
one of cases (1)—(¢i1) from Proposition 2.11 or the disjoint union of some isolated edges

and a graph in G.

2.4 Characterization of the Graphs in G.
In this section we give a complete characterization of the graphs in G and their

spectra, and give some results that immediately follow from this characterization.

Theorem 2.15. If G is a graph in G, then G is one of the following graphs:

(i) the graph By(m) with adjacency matrix (m > 3)
I —Im  On

and spectrum {+(m — 1), 1™~1 —1m~1}

38



Ja - ]a Ja
(i) the graph Bs(a, k) with adjacency matriz 2 (a>1, k>2)
J2k,a RQk

and spectrum {§ & %\/a2 + 8ak — 4a + 4, 1%t —1etk=1y

R Jov2m
(#i) the graph Bs({,m) with adjacency matric e (L>m>2)
J2m,22 RQm
and spectrum {1 & 2v/¢m, 14m=2 —16m}
O, N
(iv) the graph Bsy(m) with adjacency matriz i
NT Om—l—l
11 Js—1Is s
where m =4 and N = orm =25 and N =
1, Iy Os J3—1I;

and spectra {3, 11, —11} or {£4, 1°, —1°}, respectively,

Ja - Ia Ja,b 1a

(v) the graph Bs(a,b) with adjacency matric Joa =1 O |,
1) o 0

where (a,b) = (6,5), (4,6), or (3,8),
and spectra {4+ 2+/10, 1', =1}, {(7 +£+/129)/2, 1!, —18}, or
{44++/37, 11, —1°}, respectively,

Ja - Ia Ja,m Oa,m

(vi) the graph Bg(a,m) with adjacency matriz | J,,, O, J.,—1I. 1,

Om,a Jm - Im Om
where (a,m) = (3,5) or (4,4),

and spectra {(1 £+/129)/2, 1°, =15} or {1 £2v/7, 1%, —15}, respectively.

We postpone the proof of Theorem 2.15 until Section 2.5. The graphs in G
described in Theorem 2.15 are pictured in Figure 2.3. We see that G contains three
infinite families and seven sporadic graphs. Note that Bs(1, k) is the friendship graph

Fy.. From the given spectra, the following corollary is immediate:

Corollary 2.16. No two graphs in G are cospectral.
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Figure 2.3: The graphs in G.

We can also completely classify which graphs with at most two eigenvalues

different from +1 are determined by their spectra:

Theorem 2.17. Suppose G and G’ are nonisomorphic cospectral graphs with at most
two eigenvalues different from +£1. Then G = H + aKs and G' = H' + o' K5, where H

and H' are one of the following pairs of graphs in G:
(i) H = Bs({,m) and H' = B3({',m’), where tm = {'m/,
(1) H = Bs(¢,m) with ,m > 2, and H = By(2,k) with k = ¢m,
(ii) H = Bi(m) and H' = By(m) with m =4 or 5,
(iv) H = By(1,16) and H' = B4(3,5) or H = By(2,7) and H' = Bs(4,4).

Proof. Recall that by Proposition 1.33 the disjoint union of complete graphs is deter-
mined by its spectrum. Thus, by Proposition 2.11 and Lemma 2.12, G and G’ must be
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of the form described above. The components H and H’' must share the eigenvalues
r > 1 and s < —1, which easily leads to the stated possibilities for H and H’ by
Theorem 2.15. O

By taking o = 0 in Theorem 2.17, we find the graphs in G that are not deter-

mined by their spectra.

Corollary 2.18. A graph in G is determined by its spectrum unless G is one of the
following
(i) Ba(1,16) or By(2,7),
(i) Bo(2,k), where k is a composite number,
(#i) Bs(¢,m), where fm has a divisor strictly between ¢ and m,
(iv) By(m), where m =4 or 5.
Thus we have that the friendship graph Fy = Bs(1,k) is determined by its

spectrum unless £ = 16. We see that the friendship graph Fjg is cospectral with
Bg(3,5) + 10K, (See Figure 2.4)

Figure 2.4: The graph Fjs and its cospectral mate Bg(3,5)
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2.5 The Proof of the Characterization of G

In this section we prove Theorem 2.15.

Van Dam and Spence [33] classified all bipartite graphs with four distinct eigen-
values. Proposition 8 in [33] gives the bipartite graphs in G, which are the graphs
Bi(m) (m > 3) and By(m) (m = 4 or 5). Thus it remains only to show that the
nonbipartite graphs in G are exactly the graphs By(a,k) (a > 1,k > 2), B3(¢,m)
(¢>m >2), Bs(6,5), B5(4,6), B5(3,8), Bg(3,5), or Bg(4,4).

We first show that the nonbipartite graphs listed in Theorem 2.15 have the
stated spectra and are thus in G. For the sporadic graphs, it is straightforward to

simply compute the spectra. For Bsy(a, k) we have adjacency matrix

Ja - ]a Ja,Qk
JQk,a R2kz

Partitioning the vertices according to the blocks of A, we obtain an equitable partition

with quotient matrix

a—1 2k
Q:
a 1

By Proposition 1.24, the eigenvalues § + %\/ a? 4+ 8ak — 4a + 4 of ) are also eigenvalues
of A, and the remaining eigenvalues are unchanged by subtracting multiples of J from

some blocks of A. Thus the remaining eigenvalues of A are the eigenvalues of

_Ia Oa,2k
Ooia Rk

A =

that are not eigenvalues of the corresponding quotient matrix

-1 0
0 1

The matrix A’ has eigenvalues 1*, and —1%*, while @’ has eigenvalues 1 and —1. Thus
the eigenvalues of A that are not eigenvalues of @ are 1~ and —19t%~1 so By(a, k)

has the spectrum stated in Theorem 2.15.
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For Bs(¢,m) we have adjacency matrix

A Rar  Jovom
Jompoe  Rom
Partitioning the vertices according to the blocks of A, we obtain an equitable partition

with quotient matrix
1 2m

20 1

Q=

By Proposition 1.24, the eigenvalues 1 4 2v//m of () are also eigenvalues of A, and the
remaining eigenvalues are unchanged by subtracting multiples of J from some blocks

of A. Thus the remaining eigenvalues of A are the eigenvalues of

Ry Oaom
O2m,2€ R2m

A=

that are not eigenvalues of the corresponding quotient matrix

The matrix A’ has eigenvalues 1t and —1°", while @)’ has eigenvalues 12. Thus the
eigenvalues of A that are not eigenvalues of @ are 1°7"~2 and —1"™, so Bs(¢,m) has
the spectrum stated in Theorem 2.15. Thus all graphs of Theorem 2.15 are in G.

It remains to show that every graph in G must be one of the stated graphs.
Recall that the case of bipartite graphs is already settled in [33]. For the rest of the
proof we assume that G € G is a nonbipartite graph on n vertices and show that G
must be one of the nonbipartite graphs in Theorem 2.15. Let C' be a clique in G with
maximum size. By Corollary 2.14, G contains no induced odd cycles of length five or
more. Indeed, an odd cycle of length 5 is H2, and any cycle of length more than 6
induces HZ. Thus, since G is not bipartite, G contains a cycle of length 3 and we have
|C'| > 3. If there are more than one cliques of maximum size, we let C' be the one for
which the number of outgoing edges is minimal. The following lemma, which allows us

to partition V(G) into a few manageable sets, is the key to the remainder of the proof.
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Lemma 2.19. The vertices in C can be partitioned into two nonempty subsets X and

Y such that the neighborhood of any vertex outside C' intersects C in X, Y, or ().

Proof. If |C] = n — 1 the result is obvious. Indeed, let x be the vertex in V(G) \ C.
Then X =T'(z), Y = C\ X, and we are done. Thus we may assume 3 < |[C] < n — 2.
Let w and v be distinct vertices outside C' such that U =T'(u) N C and V =T'(v) N C
are not empty. We will show that either U =V, or UNV =@ and U UV = C, which
completes the proof. Note that U and V are proper subsets of (', since otherwise
C' is not maximal. Suppose that U NV # () but U ¢ V. Then there exist vertices
reUNVandy € U\ V. Let w be a vertex in C'\ U. Then depending on whether
u ~ v, v ~ w, both, or neither, the set {u,v,w,z,y} induces HY, H?, or HS, which
contradicts Corollary 2.14. Thus if U and V' are not disjoint, then U C V', and by the
same argument V' C U (just choose y € V\U and w € C'\V'). Thus UNV # () implies
U=V.IUNV =0, we will show that C = U UV. Suppose not. That is, suppose
there exist vertices x € U, y € V, and z € C'\ (UU V). Then depending on whether
u ~ v the set {u,v,z,y, 2} induces H? or H2, which contradicts Corollary 2.14. Then

every vertex in C' is either in U or V', so C' = V U U, which completes the proof. [

Let X =T'(X)\Y and I'Y =T'(Y) \ X. Note that Lemma 2.19 implies that
every vertex in [')X is adjacent to every vertex in X, and similarly for I'Y and Y. Let
Z be the set of vertices not adjacent to any vertex of C. Some of the sets I'’X, I'Y, and
Z may be empty, but clearly either I'X or I'Y is nonempty, since otherwise G' would
be disconnected or complete. We assume I'’X # () and consider three cases: (1) both
I'Y and Z are empty, (2) only Z is empty, and (3) Z is nonempty. For convenience we
define a = |X|, b=1|Y],c=|C|=a+b, g=|['X|, and h = [TY|.

Case 1: T'Y and Z are empty

Suppose b = 1. Then I'X contains no edges. Indeed, if {u, v’} is an edge in I'X,

then the set {u,u'} U X is a clique of size ¢ + 1, which contradicts the fact that C is

maximal. Then the vertex y € Y and any vertex in I'X have the same set of neighbors

(the set X), which contradicts Lemma 2.13. Therefore b > 2. Let y and v be distinct
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vertices in Y and let z € X. Corollary 2.14 implies that each vertex in ['X has at
most one neighbor in I'X. Indeed, if u € I'X has two neighbors «' and u” in I'X,
then {u, v, u”, z,y,y'} induces H}? or {u,v,v”, x,y} induces graph H, depending on
whether or not v’ ~ u”. By Lemma 2.13, it cannot be the case that u € I'X has a
neighbor in I'X and u € I'X does not, so either every vertex in I'X has exactly one
neighbor in I'X, or I'X is an independent set.
If every vertex in I'X has exactly one neighbor in I'’X, then I'X induces a disjoint
union of edges and g > 2 is even. Partitioning the vertices of G by V(G) = {X,Y, 'X},
we find G has adjacency matrix
S A A
A=1 Joa J—1I Oy
Joa Ogpr Ry

The partition is clearly equitable with quotient matrix

a—1 b g
Q= a b—1 0
a 0 1

By Proposition 1.24, every eigenvalue of () is an eigenvalue of A. Thus, if G € G, at
least one eigenvalue of () must be 1 or —1. Since det(Q + I) = —abg # 0, 1 is not an
eigenvalue of @). Since det(Q) — I) = —ag(b — 2), 1 is only an eigenvalue of @ if b = 2.
Thus b = 2 and we rewrite A as
Jo— 1o Jagk
Joka  Roxk
with 2k =g+b=9g+2>4,s0 k> 2. Thus G = By(a,k) witha>1and k > 2.

If I'’X has no edges and at least two vertices, then these two vertices have the

same neighbors, which contradicts Lemma 2.13. So g = 1 and, partitioning the vertices
of G as before, we find
Jo—1Io  Jop  1a
A= Jba J—1y 0Oy
1! 0, 0

a
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Again the partition is equitable, and the quotient matrix is

a—1 b 1
Q= a b—1 0
a 0 0

As before, Proposition 1.24 implies that at least one eigenvalue of () must be 1 or
—1. We have det(Q + I) = —ab # 0, so —1 is not an eigenvalue of (). We have
det(Q—1) =2a—(a—2)(b—2), so @ has an eigenvalue 1 if and only if b = 2a/(a—2)+2
is a positive integer for some positive integer a. The only positive integers a for which
a — 2 divides 2a are 3, 4, and 6, so @) has an eigenvalue 1 if and only if (a,b) = (6,5),
(4,6), or (3,8). Thus G = B;s(3,8), Bs(3,5), or Bg(4,4).
Case 2: T'X and I'Y are nonempty, and Z is empty

We first claim that a < 2 or b < 2. Suppose not, that is, suppose a > b > 3.
Then Corollary 2.14 implies that I'X is an independent set. Indeed, if {u,u'} is an
edge in I'X, y, v/, 3" are three distinct vertices in Y, and x € X, then {u, v, z,y,v',y"}
induces Hi?. So I'X contains no edges, and by the same argument I'Y" has no edges.
Then Corollary 2.9 implies that each vertex in I'X has at least h — 1 neighbors in
I'Y. Indeed, if u € T'X is not adjacent to either of v,v" € T'Y, then for z,2’ € X and
v,y € Y we find that the set {u,v,v’, z,2’,y,9'} induces HZ. Similarly, every vertex in
I'Y has at least g — 1 neighbors in I'X. In fact, Lemma 2.13 implies that, unless g = 1,
every vertex in I'X has exactly h — 1 neighbors in I'Y’, and similarly unless h = 1 every
vertex in I'Y has exactly g — 1 neighbors in I'X. Indeed, if some v € I'X is adjacent
to every vertex in I'Yand «’ is another vertex in I'X, then we have I'(v') C I'(u) and
deg(u') > deg(u) — 1, which contradicts Lemma 2.13. The same argument shows that
a vertex in I'Y cannot be adjacent to every vertex of I'X unless h = 1. Lemma 2.13
also implies that no two vertices in I'X have the same h — 1 neighbors in I'Y, and
similarly for two vertices in I'Y".

This implies that ¢ = h and the subgraph induced by I'’X UTY is either Ko

(only if g = h = 1) or a complete bipartite graph with the edges of a perfect matching
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deleted. In the former case, partitioning the vertices of G by V(G) = {X,Y, T X, TY}

we find that G has adjacency matrix

Jo—1a  Jap 1o O
Jba =Dy 0, 1,
1) o 0 1
0] 1, 1 0

A:

Clearly the partition is equitable with quotient matrix

a b—1 0 1
Q:

a 0 01

0 b 10

We see that ) has at least 3 eigenvalues different from +1, which contradicts Propo-
sition 1.24. Indeed, since det(Q + I) = —3ab # 0, —1 cannot be an eigenvalue of Q.
Since det(Q — I) = a(b —2) — 2b, a > 2, and b > 2, we see that @) has an eigenvalue 1
if and only if @ = 2b/(b — 2) is an integer greater than 2 for some integer b > 2. The
only b > 2 for which b — 2 divides 2b are 3, 4, and 6, so () has an eigenvalue 1 if and
only if (a,b) = (6,3), (4,4), or (3,6). However, in each case it is straightforward to
verify that none of the other 3 eigenvalues of () are +1. Thus this case is not possible
for G € G.

In the latter case, using the same partition we find that G has adjacency matrix

Jo—1a Jap Jam Oa.m
Jba =D  Opm Jbm
Im.a Omp Om J—1,
Om.a Imp  Im—Im O

A:

Y

where m = g = h. Again the partition is equitable, and we see that the quotient
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matrix is

a—1 b m 0

a b—1 0 m
Q:

a 0 0 m—1

0 b m — 1 0

We again find that ) has at least 3 eigenvalues different from 41, which contradicts
Proposition 1.24. Indeed, since det(Q + I) = —abm? # 0, —1 cannot be an eigenvalue
of Q. Since det(Q — 1) = m(2(a+b—4) —(m—4)(a—2)(b—2),m >1,a > 2
and b > 2 we see that () has an eigenvalue 1 if and only if m = 0 (a contradiction) or
m=4+2(a+b—4)/((a—2)(b—2)) is a positive for some integers a > 2 and b > 2. The
only integer pairs (k,¢) with k,¢ > 0 such that k¢ divides 2(k + ¢) are (k,¢) = (1,1),
(1,2), (2,1), (2,2), (3,6), (4,4), and (6, 3). Letting (a,b) = (k+2, (+2), we find that the
only integer triples (a,b,m) witha > 2, b > 2, and m = 4+2(a+b—4)/((a—2)(b—2)),
so that @ has an eigenvalue 1, are (3,3,8), (3,4,7), (4,3,7), (4,4,6), (5,8,5), (6,6,5),
and (8,5,5). However, in each case it is straightforward to verify that none of the other
3 eigenvalues of () are +1. Thus this case is also not possible for G € G, and we have
proved that a < 2 or b < 2.

Next, we claim that actually a = b = 2. First, assume a > b = 1. Then I'X
contains no edges, because otherwise C' would not be maximal. Indeed, if {u, v’} is an
edge in I'X | then the set {u,u'} U X is a clique of size ¢ + 1. We also find that each
u € I'X is adjacent to every vertex in I'Y. Otherwise, the set X U {u} is a clique of
size ¢ with fewer outgoing edges than C' (the vertex in Y is adjacent to every vertex in
I'Y, while u is not), a contradiction. However, if u is adjacent to every vertex of I'Y’
then v and the vertex in Y have the same neighbors, which contradicts Lemma 2.13.
Thus it is not the case that a > b =1 (nor, similarly, b > a = 1).

Suppose a > b = 2. Since in this case a > 3, Corollary 2.14 implies that I'Y
contains no edges. Indeed, if {v,v'} is an edge in I'Y, z,2/,2” € X, and y € Y, then
the set {v,v',z, 2, 2", y} induces H{?. Corollary 2.14 also implies that no vertex in

I'’X has more than one neighbor in I'’X. Indeed, if z € X, vy, € Y, and v, v/, v € ' X
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with u adjacent to both u’ and u”, then depending on whether v’ ~ u” or not, the set
{u, o/, u", z,y,y'} induces H}? or the set {u,u,u”, z,y} induces Hz.

By the same argument as the one in the beginning of Case 2, we find that
every vertex in ['X is adjacent to at least h — 1 vertices in I'Y, otherwise G contains
an induced subgraph HZ. Then Lemma 2.13 implies that every vertex in I'X has a
neighbor in I'X. Indeed, if © € I'’X has no neighbors in I'’X, then every neighbor of u
is a neighbor of y € Y, but deg(y) < deg(u) + 2, a contradiction. Thus every vertex
in ['X has exactly one neighbor in I'X, so I'X induces a disjoint union of edges. This
implies that every vertex in I'X is adjacent to every vertex in I'Y. Indeed, if u € I'X is
not adjacent to every vertex in I'Y and {u,u'} is an edge in I'X, then X U {u, '} is a
clique of size ¢ with fewer outgoing edges than C' (since the vertices in Y are adjacent
to every vertex in I'Y’, but u is not), a contradiction. Then Lemma 2.13 implies h = 1,

since two vertices in I'Y have precisely the same neighbors. Then, partitioning the

vertices of G by V(G) = {X,Y UTX, 'Y}, we have

Ja - Ia Ja,2m Oa
A= JQm,a RQm 12m )
o, 1,, O

where 2m = b+ g = 2 4 ¢g. The partition is clearly equitable with quotient matrix

a—1 2m 0O
Q= a 1 1
0 2m 0

Since det(Q —I) = 4m # 0, 1 is not an eigenvalue of ). Since det(Q + 1) = —2a(2m —
1) # 0, —1 is not an eigenvalue of (). Thus @ has three eigenvalues not equal to £1.
By Proposition 1.24, A also has these three eigenvalues, a contradiction. Thus it is
not the case that a > b = 2, (nor, similarly, b > a = 2). Thus we have proved that
a=0=2.

Let X = {z,2'} and Y = {y,vy'}. The argument above that each vertex in
I'X has at most one neighbor in I'X still holds in this case. We again find that each
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vertex in ['X is adjacent to at least h — 1 vertices in I'Y. Indeed, if u € I'X and
both v,v" € T'Y are not adjacent to u, then depending on whether or not v ~ v’ we
have {u,v,v’,z,2',y} induces Hi' or {u,v,v’,z,2',y,y'} induces H2. Then, as before,
Lemma 2.13 implies that every vertex in ['X has a neighbor in I'X,| since otherwise
every neighbor of a vertex u € I'’X with no neighbors in I'X is a neighbor of y while
deg(y) < deg(u) + 2. Thus, again, every vertex in ['X has exactly one vertex in I'X,
so I'X induces a disjoint union of edges. Also as before, every vertex of I'’X must be
adjacent to every vertex of I'Y, since otherwise we find a clique of size ¢ with fewer
outgoing edges than C. By the same arguments as above (but swapping X with Y and
['X with I'Y), we see that I'Y is also a disjoint union of edges. Thus, partitioning the
vertices of G by V(G) = {Y UT'X, X UT'Y'}, we find that A is as follows:

A Roy  Javom |

JQm,Q@ RZm

where 20 = g+ 2 and 2m = h+ 2, so £, m > 2. Without loss of generality £ > m, so in
this case G = B3(¢,m) with £ > m > 2.
Case 3: Z is not empty.

Since G is connected there exists an edge from a vertex in Z to a vertex in
I'’X uT'Y. Without loss of generality we assume there is a vertex uv € I'X with a
neighbor z € Z. Then Corollary 2.14 implies that b = 1. Suppose not, that is, suppose
there are two vertices y,y’ € Y, let x € X, and let w be a neighbor of z different from
u. If w € TY, then the set {u,w,x,y, 2} induces H or HZ, depending on whether
or not u ~ w. If w € TX, then {u,w,z,y,y’, 2} induces H or H}', depending on
whether or not u ~ w. If w € Z, then {u,w,z,y,y’, 2z} induces HZ or Hf, depending
on whether or not u ~ w. Thus b = 1.

Let V=YUI'Xand Z/=TYUZ. Let m=|Y'|=g+b=g+1>2. We see
that Y’ is an independent set, since every vertex in Y’ is adjacent to every vertex in

X (so X and an edge in Y’ would induce a clique of size ¢ + 1).
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Figure 2.5: A subgraph induced by G if a vertex in Z’ has two neighbors in Z’.

Corollary 2.14 implies that each vertex in Z’ has at most one neighbor in Z’.
Indeed, suppose a vertex z € Z' has two neighbors 2/, 2" € Z' and let w,w’,w"” € C.
Note that at most one of most one vertex in C' has neighbors among z, 2/, 2" € 7',
since b =1 and Z/ =T'Y U Z. Without loss of generality we assume w’ and w” have no
neighbors among z, 2/, 2”. Thus the subgraph induced by B = {w,w’,w", 2,2/, 2"} is
the graph in Figure 2.5, where the solid edges must be present, the dashed edges may
or not be present, and no other edges may be present. If no dashed edges are present,
then B induces HZ. Suppose one dashed edge is present. If it is {w, 2’} or {w, 2"},
then B induces Hg. If it is {w, z}, then B induces H{. If it is {2, 2"}, then B induces
Hg. Suppose two dashed edges are present. If they are {w, 2’} and {w, 2"}, then B
induces HE. If they are {w, z} and one of {w, 2’} or {w, 2"}, then B\ {w'} induces HZ.
If they are {2’, 2"} and one of {w, z}, {w, '}, or {w, 2"}, then B induces Hy. Suppose
three dashed edges are present. If they are {w, z}, {w, 2'}, and {w, 2"} , then B\ {w'}
induces H2. If they are {w, 2'}, {w, 2"}, and {2/, 2"}, then B induces H}'. If they are
{w, 2}, {#/,2"}, and one of {w, 2’} or {w, 2"}, then again B induces H'. If all four
dashed edges are present, then B induces Hi?. Thus in all cases a contradiction arises,
so each vertex in Z’ has at most one neighbor in Z’, and since all vertices have degree
at least two, each vertex in Z’ has a neighbor in Y’. We partition Z' by Z' = Z; U Zs,
where the vertices in Z5 are adjacent to every vertex in Y’, while the vertices in Z; are
not.

Next we will show that every vertex in Y’ has the same degree, and for any pair
of vertices in Y’, each has exactly one neighbor that is not a neighbor of the other.

Let z € X and y,y’ € Y’, and without loss of generality assume deg(y) < deg(y’). We
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consider the 3 x 3 principal submatrix S of A?> — I corresponding to x,v,y’. We have

deg(x) — 1 a—1 a—1
S = a—1 deg(y)—1 deg(y,y) |
a—1  deg(y,y) deg(y)—1
since x has a — 1 neighbors in common with each of 3,7/ (namely, the other a — 1

vertices in X). We have S = (a — 1)J 4+ 5’, where

. deg(z) —a 0; ond T — deg(y) —a deg(y,y’) —a+1

0, T deg(y,y') —a+1 deg(y') —a

Note that deg(z) > a and deg(y’) > deg(y) > deg(y,y’) > a. Corollary 2.14 implies
that 3y’ has at most two neighbors in Z’ that are not neighbors of y. Indeed, if ¥’ has two
adjacent neighbors z, 2’ that are not neighbors of y, and ' € X, then {z,2’,y,v/, z, 2’}
induces H}'. Otherwise, if 3 has three neighbors z, 2/, 2” that are not neighbors of y,
and 2/ € X, then {z, 2/, 2"} is an independent set and {z, 2, y,y', 2, 2/, 2"} induces H3}.

Thus we have

deg(y,y) < deg(y) < deg(y’) < deg(y,y) + 2 < deg(y) + 2. (2.1)

We see that if T" is positive definite, then so are S’ (because deg(z) —a > 0) and S
(because (a —1)J is positive semi-definite), which contradicts rank S < rank(A? —I) =
2. Therefore det T' = (deg(y) — a)(deg(y’) — a) — (deg(y,y') —a+1)* < 0. By (2.1), we
have deg(y),deg(y’) € {deg(y,y'),deg(y,y’) + 1,deg(y,y’) + 2} and deg(y) < deg(y’).
If deg(y) = deg(y,y’) then every neighbor of y is a neighbor of 3y and Lemma 2.13
implies deg(y’) > deg(y) + 3, which contradicts (2.1). If deg(y) = deg(y,y’) + 2, then
also deg(y') = deg(y,v’) + 2 and det T' = 3 + 2(deg(y,y’) — a) > 0, a contradiction. If
deg(y) = deg(y,v')+1 and deg(y') = deg(y,y') + 2, then det T' = 1+ deg(y,y’) —a > 0,
a contradiction. Thus we must have deg(y) = deg(y’) = deg(y,y’) + 1 (in this case
det T = 0), so every vertex in Y’ has the same degree, and for any pair of vertices in
Y’ each has exactly one neighbor that is not a neighbor of the other. Further, since Y’

is an independent set and every vertex in Y’ is adjacent to every vertex in X and Zs,
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every vertex in Y’ has the same number of neighbors in Z; and for any pair of vertices
in Y, each has exactly one neighbor in Z; that is not a neighbor of the other. The
only possibilities are that each vertex in Y’ has exactly one neighbor in Z; (a different
neighbor for each vertex in Y”’) or each vertex in Y’ has exactly one non-neighbor in
71 (a different non-neighbor for each vertex in Y”).

To see that this is true, suppose that the vertices in Y’ have at least two neigh-
bors and at least two non-neighbors in Z;. Let y,y’ € Y’. Then each of y,y" has a
neighbor in Z; that the other does not. Let z, 2 € Z; such that z ~ gy, 2/ ~ 4/, z L ¥/,
and 2z’ o y. Since deg(y) = deg(y’) = deg(y,y’) + 1, the rest of the neighbors of y are
neighbors of 3/, and vice versa. Now, each of y and 3’ must have at least one more
neighbor and one more non-neighbor, and they must have them in common, so there
exist v, v € Z; such that y,9y' ~ v and y,y" £ v'. Since v € Z;, there must exist some
u € Y’ such that u # v. Then u ~ z, since otherwise y has two neighbors in Z; which
u does not. Similarly, we must have u ~ z’. We have u ¢ v', since otherwise u has two
neighbors that y does not. Since v' € Z1, there is a vertex v’ € Y’ such that v’ ~ v'.
Since none of u, y, 1y’ are adjacent to v/, v’ cannot have any other neighbor that is not a
neighbor of each of u,y,y’. Thus, since u % v, y % 2', and 3y’ % z, we have u’ % z, 2" v.
Then each of u,y,y" has two neighbors which «' does not, a contradiction. We have
proved that either each vertex in Y’ has exactly one neighbor in Z;, or each vertex in
Y’ has exactly one non-neighbor in Z;. In the former case, we find that each z € Z;
also has exactly one neighbor in Y’ (clearly a different neighbor for each vertex in 7,
since a vertex in Y’ has only one neighbor in Z;), since otherwise two neighbors of z
which are in Y’ have the same neighborhood in Z;, contradiction. Thus in this case
the principal submatrix of A corresponding to Y/ U Z; is

Om In
I, M)’

where M is the adjacency matrix of the subgraph of G induced by Z;. In the latter
case, the same argument (replacing the word neighbor with non-neighbor) shows that

each vertex in Z; also has exactly one non-neighbor in Y’ (again, clearly a different
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non-neighbor for each vertex in Z;). Thus in this case the principal submatrix of A

corresponding to Y/ U Z; is

On  Jn—1Iy
Jn—Tn M )
where M is defined as before. In either case we clearly have |Z| = |Y'| = m > 2.

Next we find that Corollary 2.14 implies that adjacent vertices in Z’ have the
same neighbors in Y. Indeed, suppose {z, 2’} is an edge in Z’, and suppose there is a
vertex y € Y/ adjacent to z but not to z’. Let x € X, and let 3/ € Y’ be a neighbor of 2’
(which must exist, since every vertex in Z’ has a neighbor in Y”’). Then {x,v/,y, z, 2’}
induces Hi or H2, depending on whether or not 3y’ ~ 2. So z and 2’ have the same
set of neighbors in Y’, and hence z, 2’ € Z,. This implies that vertices in Z; have no
neighbors in Z’; so by Lemma 2.12 each vertex in Z; has at least two neighbors in Y’

and the principal submatrix of A corresponding to Y' U Z; is

O, Im — I,

Finally, Lemma 2.13 implies that Z, is empty. Indeed, if z € Z; and 2’ €
Zs, then every neighbor of z is also a neighbor of 2/, but deg(z’) < deg(z) + 2, a
contradiction. Thus such z and 2z’ cannot both exist. Since Z; is not empty, this implies
Zy is empty, and we find that partitioning the vertices of G by V(G) = {X,Y’, Z'} we

have
Ja - Ia Ja,m Oa,m

A = Jm,a Om Jm - [m
Om,a Jm - Im Om

Clearly the partition is equitable with quotient matrix
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Since det(Q + 1) = —am(m —1) # 0, —1 is not an eigenvalue of (). Since det(Q —I) =
—m(a(m —3) —2(m —2)), Q has eigenvalue 1 if and only if a = 2(m —2)/(m —3) is an
integer greater than 1 (a > 1 since b = 1) for some integer m > 2. The only integers
m > 2 such that m — 3 divides 2(m — 2) are 4 and 5, so @ has all three eigenvalues
not equal to 1 unless (a,m) equals (4,4) or (3,5). By Proposition 1.24, A also has
three eigenvalues not equal to £1 unless (a, m) equals (4,4) or (3,5). Thus in this case

G = 36(375) or 36(474) Il
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Chapter 3

SIMPLICIAL ROOK GRAPHS

3.1 Rook Graphs and Simplicial Rook Graphs

For any chess piece, one can define a graph whose vertices are the tiles of a
chess board, with two vertices adjacent if and only if the given chess piece can travel
from one to the other by a legal chess move. (see, for example, [96]). Elkies [36] noted
that the rook is the only chess piece whose graph formed in this way is regular. The
rook graph is the graph defined above such that the chess piece used is the rook. This
graph can be extended to higher dimensions and a different number of tiles in each
direction. To generalize, the rook graph R(m,n) is the graph whose vertices are the
tiles in an m dimensional chessboard with n tiles in each direction (so R(2,8) is the
original rook graph), with the same adjacency relation. Seen another way, the graph
R(m,n) is the graph whose vertices are m-tuples of nonnegative integers at most n,
with two vertices adjacent if and only if they differ in only one coordinate. We observe
that R(m,n) is isomorphic to the Hamming graph H(m,n) (indeed, the chess board
tile locations can be given as m-tuples, and a rook can travel between two tiles precisely
when they differ in exactly one coordinate). Thus the rook graph R(m,n) is regular
with valency m(n — 1), when m = 2 the rook graph is strongly regular with parameters
(n?,2(n—1),n—2,2), and for m > 2 the rook graph is distance-regular with intersection
array {m(n—1),(m—1)(n—1),...,(m—i)(n—1),...,n—1;1,2,...,m—1,m}, because
the Hamming graphs have these properties (see Definition 1.18, [14, Section 9.2] and
[17, Section 12.4.1]). In answer to a question on Mathoverflow, Godsil [43] showed that
the independence number of the Hamming graph H(m,n) (and hence also the rook

graph R(m,n)) is n™ 1.
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Similarly, a simplicial rook graph is a graph whose vertices are the tiles of a
simplicial chessboard, where again tiles are adjacent when a rook can travel from one
to the other by a legal move. Of course, we must define what we mean by a simplicial
chess board, and what a rook’s legal move on that board looks like. In the space R™,
the standard basis vectors eq,...,e,, are the vectors such that e; equals 1 in the i-th
coordinate and 0 elsewhere. The standard simplex in R™ is the convex hull of the
standard basis vectors in R™, and the n-th dilate of standard simplex is the convex
hull of ney,...,ne,. Then the simplicial rook graph SR(m,n) is the graph whose
vertices are the integer lattice points in the n-th dilate of the standard simplex in R™

(see Figure 3.1) with two vertices adjacent if and only if their difference is a multiple

b e

Bt E:
o
e, 28
ete
/ ﬂ/
Oe,+g,
e 2e,

Figure 3.1: The integer lattice points in the n-th dilate of the standard simplex in R3,
n=1,2.

of e; — e; for some pair i,j. Seen another way, SR(m,n) is the graph with vertex
set V(m,n) = {(x1,29,...,2) | 0 < 2; < n, Y " x; = n}, the set of m-tuples
of nonnegative integers whose coordinates sum to n (see Figure 3.2), such that two
vertices are adjacent if and only if they differ in exactly two coordinates.

The graph SR(1,n) is clearly just the isolated vertex ne;. The graph SR(2,n)
is isomorphic to K41, since every pair of vertices in V(2,n) = {(z1,22) | 0 < 2; <

n, 1+ xy = n} must differ in exactly two coordinates. Similarly, the graph SR(m, 1)
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(2,1,0)
JEER ©
&l2.01) olL2:0)
(0,2,0) (0,3,0)
(1,0,1)
(0,2.1)
o(0,1,1) ol ©
O{UJ 1I'2:|
(0,0,2) (0.0.3)

Figure 3.2: Lattice points in the n-th dilate of the standard simplex in R? viewed as
3-tuples summing to n, n = 2, 3.

is isomorphic to K, since every pair of vertices e; and e; in V(m,1) = {e; | 1 <7 < n}
differ by e; —e;. The graph SR(m,2) is isomorphic to the Johnson graph J(m + 1, 2)
(or equivalently to the triangular graph 7'(m + 1), the line graph of K,, ;) under the
following bijection: for 1 <1i < j < m, the vertices e; + e; € V(m,2) correspond the
the vertices {i,7} € V(J(m + 1,2)), while for 1 < i < m the vertices 2e; € V(m,2)
correspond to the vertices {i,m + 1} € V(J(m + 1,2)). It is straightforward to verify
that this bijection preserves adjacency, so the graphs are isomorphic. As we have seen,
for m or n at most 2 the simplicial rook graphs are familiar graphs that are strongly
regular, distance-regular, or line graphs. However, as noted by Martin and Wagner
[68], for m,n > 3 simplicial rook graphs are not strongly regular, distance-regular, or
line graphs. The simplicial rook graphs SR(3,4) and SR(4,3) are pictured in Figure
3.3.

The simplicial rook graphs were first introduced by Martin and Wagner [68].
Those authors showed that SR(m,n) is a regular graph of valency n(m — 1) and
has ("!™ ') vertices. To see the latter, the definition V(m,n) = {(z1,22,...,%n) |

0 < a; <n, 221 x; = n} is helpful: the vertices are weak compositions of n into

n+m—1

A ) of them. To see the former, note that for a vertex

m parts, so there are (
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Figure 3.3: The Simplicial Rook graphs SR(3,4) and SR(4,3).
In this figure, a line through multiple vertices indicates that the vertices on that line
are all pairwise adjacent.

x = (21,29, ...,2,) € V(m,n) there are x; + x; vertices that differ from x in only the

coordinates i, j for any pair 7, j, so x has valency

Z (:L'i—l—a:j):(m—l)in:n(m—l).

1<i<j<m

We denote by V; the set of vertices in V' (m, n) with exactly ¢ nonzero coordinates.
If x ~ y and the two coordinates where x and y differ are ¢ and j, then we say the edge
{z,y} is an (i, j)-edge, or that the edge is in the ¢, j direction, and we say that = and
y are (i, j)-neighbors. We denote by A(m,n) the adjacency matrix of SR(m,n).

Portions of the remainder of this chapter represent joint work with Andries
Brouwer, Sebastian Cioaba, and Willem Haemers on the paper “Notes on simplicial
rook graphs”, submitted to the Journal of Algebraic Combinatorics [13]. In particu-
lar, Haemers gave an outline of the proof of Proposition 3.11 and gave the idea for
Propositions 3.17 and 3.18 without proof. Brouwer gave brief (but complete) proofs to
Propositions 3.2, 3.5, and 3.24, and Theorem 3.13, to which I have added many details.
Brouwer also gave the alternate proof to Proposition 3.11. The proof of Proposition
3.22 is completely due to Brouwer, with very few details added. The conjectured spec-
tra of SR(m,5) and SR(4,n) are also due to Brouwer. The remaining results are

mine.
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3.2 Independence Number

We denote by a(m, n) the independence number of SR(m,n). The independence
number «(m,n) is the number of pairwise non-attacking rooks that can be placed on a
simplicial chessboard of dimension m—1 with n—+1 tiles in each direction. Martin asked
for the value of a(3,n) on Mathoverflow. An interesting discussion followed, concluding
with the proof of the following proposition by Elkies [37]. We remark that after Elkies
et al. proved Proposition 3.1 on Mathoverflow, it was pointed out that the value of
a(3,n) had already been found by Nivasch and Lev [75] using a combinatorial method
and, independently, Blackburn, Paterson, and Stinson [10] using linear programming.

However, the proof in [37] is less complicated and independent of the others.
Proposition 3.1. The independence number of SR(3,n) is a(3,n) = L%” + lj.

Proof. We begin by noting that in any set of vertices in SR(3,n), one of the coordinates
must have an average value of no more than n/3. Indeed, the average sum of coordinates
is always exactly n, so not all three coordinates can have an average value of more than
n/3. In an independent set in SR(3,n), no two vertices can agree in any coordinate,
since such vertices would differ in the other two coordinates and thus be adjacent.
Since the largest number of distinct nonnegative integers whose average is at most n/3
is | % 4 1] (namely, the integers 0,1,...,[2n/3]), we see that a(3,n) < | % + 1]. To

see that equality can always be achieved, we first suppose n = 3k and consider the set
S={12k—2i,k+4d,9) | i=0,1,...,k}U{(2k—2i—1,0,k+1+4d)|i=0,...,k—1}.

Clearly S is an independent set. Indeed, no two vertices in S are equal in any coordi-
nate, since each coordinate equals each of the numbers 0,1, ..., 2k exactly once. Since
n = 3k, S is an independent set of size 2k+1 = 2n/3+1 = L%” + 1J. Forn = 3k+1, the
set S’ obtained by adding 1 to the first coordinate of every vertex in S is still an indepen-
dent set of size 2k+1, but in this case 2k+1 = |2k +5/3] = {% + 1J =2 +1].
For n = 3k — 1, the set S” obtained by subtracting 1 from the first coordinate of every

vertex in S (and removing (—1, 2k, k), which is not a vertex) is an independent set of

60



size 2k = [2k+1/3| = L@ + 1J = |2 +1]. Thus for any value of n we have
a(3,n) =& +1]. O

See Figure 3.4 for maximal independent sets in SR(3,n) when n = 8,9, 10.
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Figure 3.4: Maximal independent sets in SR(3,8), SR(3,9), and SR(3,10).

Martin and Wagner [68] asked the value of a(m, n) for other values of m and n.

We give the answer when n = 3.

Proposition 3.2. The independence number of the graph SR(m,3) is

-~

gm+1)(m+2) form==+1 (mod 6),

a(m.3) %m(m +3) for m=3 (mod 6),
sm(m +2) for m=0,4 (mod 6),

\ t(m*+2m—2) form=2 (mod 6).

Proof. We first prove that

s sme 3o -]

Let S be a maximal independent set in SR(m, 3). To give an upper bound on the size
of S, we count edges in a graph K = K,, (with vertices labeled 1,2,...,m) covered
by vertices of S in the following way: A vertex of the form 3e; (a singleton) covers
no edges. A vertex of the form 2e; + e; (a pair) covers the edge {i,j}. A vertex of
the form e; + e; + e; (a triple) covers the edges {i,j} and {i,k} and {j,k}. We see

that if any edge is covered twice, then the two corresponding vertices are adjacent.
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Thus the vertices in S cover each edge in K at most once. We say the singleton 3e; is
located at the vertex ¢ in K and the pair 2e; + e; is located at the vertex 7 in K and
touches the vertex j in K (a triple e; + e; + e is not located at any vertex in K, but
touches i, j, and k). We note that S contains at most m singletons plus pairs. Indeed,
for each coordinate i, S contains at most one vertex located at i in K (since any two
vertices located at ¢ are adjacent). Furthermore, there can be at most one singleton
in S (since all singletons are adjacent). Since a triple covers 3 edges, a pair covers
only 1, and a singleton covers 0, we find an upper bound by assuming that there are 1
singleton and m — 1 pairs in S (as we have seen, each is located at a different vertex,
and similarly each pair touches a different vertex and does not touch the vertex at
which the singleton is located). The vertex in K at which the singleton is located still
has m — 1 edges uncovered, while the m — 1 vertices at which pairs are located each
have m — 3 edges uncovered (for each i, one edge is covered by the pair located at ¢ and
one edge is covered by the pair that touches 7). A triple that touches i covers two edges
incident with ¢ (namely, the triple e; + e; + e; touches i and covers the edges {7, j}
and {4, k} incident with 7), so at most £(m — 3) triples can touch each vertex at which
a pair is located, while at most 1(m — 1) = 1(m — 3) 4+ 1 triples can touch the vertex
at which the singleton is located. Since each triple touches three vertices, there can
be at most 4 (m |1(m — 3)| +1) triples in S. Thus [S| <m+ |1 (m [3(m —3)| +1)],
which proves that the given upper bound on «a(m,n) holds.

Separating into cases on the value of m (mod 6), it is straightforward to verify
that this upper bound is identical to the claimed value of o(m,n), so to complete the
proof we need only show that we can always construct an independent set which meets
the bound. We will construct the independent sets using Steiner triple systems and
Kirkman triple systems.

If m = £1 (mod 6), consider a Steiner triple system STS(m + 2), which exists
by Proposition 1.2. This system contains (™} 2) /3 = §(m+2)(m+1) triples containing
the integers 1,2,...,m+1,m+ 2. By definition of a Steiner triple system, one of these
triples contains both m+1 and m+2, say {z,m+1, m+2} for some x € {1,2,...,m}.
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Furthermore, since each pair {y, m+1} and {y, m+2} must be contained in some triple
for each y € {1,2,...,m} \ {z}, and since each triple containing exactly one of m + 1
and m + 2 contains two such pairs, there are (m — 1)/2 triples containing m + 1 but
not m+2, and (m — 1)/2 triples containing m + 2 but not m+ 1. Removing each triple
containing at least one of n+1 or m+2, we obtain a system S of ¢(m+2)(m+1)—m
triples containing only the integers 1,2, ..., m. For each triple {i,j,k} € S, we include
the triple e; +e; + e, in S, and consider the edges covered in K as above. For each
ye{1,2,...,m}\ {z}, y was in two of the removed triples, so there are two edges in
K incident with y which are not covered (the edges {y, 2z} and {y, 2’} are not covered
if {y,z,m + 1} and {y, 2/, m + 2} were removed from the STS(m + 2)). Every other
edge is covered, since every other pair in {1,2,...,m} is in a triple in S. Thus the
graph induced by the uncovered edges is regular of valency 2, and is therefore a union
of cycles. We orient the cycles arbitrarily, and for each oriented edge (7, ) in a cycle,
we add the pair 2e; + e; to S. By this construction, no edges are covered twice and
no two pairs are located at the same vertex in K. Finally, we add e, to S. No other
vertex in S is located at z (and no pair touches x), so S is still an independent set. S
contains ((m +2)(m +1) —m) + (m — 1) + 1 = 3(m + 2)(m + 1) vertices, so we are
done in this case.

If m = 0,4 (mod 6), let m" = m + 1 so that m" = £1 (mod 6). Consider
the independent set S in SR(m’,3) obtained as above from a Steiner triple system
STS(m’ + 2) containing a triple {z,m’ + 1,m/ + 2}. Note |S| = ¢(m’ + 2)(m/ + 1).
Then each coordinate y € {1,...,m'} \ {«} is nonzero in (m’' + 1)/2 vertices in S.
Indeed, before the triples containing m’ + 1 and m’ + 2 are removed, every element
in {1,2,...,m' + 2} is contained in (m' + 1)/2 triples in STS(m’ 4+ 2). Each y is
contained in two of the removed triples, so (m’ +1)/2 — 2 triples in S are nonzero at
the coordinate y. Finally, the two pairs 2e, +e, and 2e, + e, (added when considering
the oriented cycles) are nonzero at y. Thus each coordinate in {1,...,m'} \ {z} is
nonzero for precisely (m’ + 1)/2 vertices in S. Choose a coordinate, delete it, and

remove any vertices that did not equal 0 in that coordinate. The resulting set S’
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contains ¢ (m’+2)(m’41) — (m/+1)/2 vertices and is an independent set in SR(m, 3).
We have |S'] = ¢(m/ +2)(m/ + 1) — (m/ +1)/2 = ¢(m’ — 1)(m' + 1) = gm(m + 2), so
we are done in this case.

If m = 3 (mod 6), consider a KTS(m), which exists by Proposition 1.2 and
contains ('3)/3 = im(m — 1) triples. Let S be the set of all of the triples in the
KTS(m) except those from a single parallel class. For each triple {i,j,k} € S, we
include the triple e; + e; + €, in S. The removed class contained m/3 triples, so the
triples in S cover all but m edges in K. Each z € {1,...,m} was contained in exactly
one removed triple. For each triple {i, j, k}, i < j < k, which was removed, we add the
pairs 2e; + e;, 2e; + e;, and 2e;, + e; to S. This process adds m pairs to .S, no two
located at the same vertex in K and no two touching the same vertex in K. Thus S
is an independent set on (gm(m — 1)) — % +m = tm(m + 3) vertices, so we are done
in this case.

If m = 2 (mod 6), let m" = m + 1 so that m’ = 3 (mod 6). Consider the
independent set S in SR(m/,3) obtained from a KTS(m') as above. Each coordinate
in {1,...,m'} is nonzero for (m’ —1)/2 — 1 triples in S and 2 pairs in S. Thus each
coordinate is nonzero for precisely (m’+1)/2 vertices in S. Choose a coordinate, delete
it, and remove any vertices that were not 0 in that coordinate. The resulting set S’
contains gm’(m’ + 1) — (m/ 4 1)/2 vertices and is an independent set in SR(m,3). We

have |S'| = ¢m/(m/+3)— (m'+1)/2 = :(m')*=3) = £((m+1)*=3) = ¢(m*+2m—2),

so we are done in this case. O

See Figure 3.5 for an example of an independent set in SR(m, 3) for m = 3,4.

3.3 Smallest Eigenvalue

Recall that the Hoffman ratio bound (Proposition 1.15) gives an upper bound
on the independence number of a regular graph in terms of the smallest eigenvalue of
the graph. Thus, when studying the independence number of a regular graph, it is
sometimes useful to know the value of the smallest eigenvalue. Martin and Wagner

[68] (see also Elkies [37]) found the smallest eigenvalue of SR(m,n) when n > (7).
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Figure 3.5: Maximal independent sets in SR(3,3) and SR(4, 3).

Proposition 3.3. Ifn > (g”), then the smallest eigenvalue of SR(m,n) is —(”;)

Proof. Martin and Wagner show directly that —(T;) is an eigenvalue of SR(m,n) by
constructing eigenvectors for that eigenvalue (see Proposition 3.19 in Section 3.10).
Thus the smallest eigenvalue is at most —(”;) For each pair 1 <1 < 7 < m, let
SR(m,n);; denote the vertex-spanning subgraph of SR(m,n) containing only edges
which are in the ¢, j direction. We see that SR(m,n);; is a disjoint union of complete
graphs, so the smallest eigenvalue of SR(m,n);; is —1. Since A(m,n) is the sum of

the adjacency matrices of SR(m,n); ;, where the sum is taken over all () pairs (i, j)

%7
with 1 <i < j < m, the smallest eigenvalue of A(m,n) is at least — (') (by Corollary

1.9 applied (7;) times). O

Martin and Wagner show that when n < (g‘), the graph SR(m,n) has an
eigenvalue —n by constructing eigenvectors for that eigenvalue (see Proposition 3.20 in
Section 3.10). Based on numerical evidence, they conjecture that —n is the smallest

eigenvalue in this case:

Conjecture 3.4. ([68, Conjecture 3.9]) If n < (7;), then the smallest eigenvalue of
SR(m,n) is —n.

We prove this conjecture and find the value of the smallest eigenvalue of SR(m, n)

for any m, n.

Proposition 3.5. The smallest eigenvalue of SR(m,n) is max(—n, —(7)).
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Proof. By the results above we see that the smallest eigenvalue is at least —(’;‘) Fur-
thermore, if n < (Tg) then —n is an eigenvalue, while if n > (7;) then —(’;) is an
eigenvalue. It remains to show that the smallest eigenvalue is at least —n.

Consider the bipartite graph A(m, n) whose vertices are the m-tuples of nonneg-
ative integers whose coordinates sum to at most n (that is, the union of V(m,n) and
the set V'(m,n) = {(x1,22,...,2m) | 0 < 2; <n, Y x; < n}), where two vertices
are adjacent when one has coordinate sum n, the other coordinate sum less than n,
and they differ from each other in exactly one coordinate. Clearly A(m,n) is bipartite
with partition {V(m,n),V’'(m,n)}. We see that two vertices in V(m,n) are adjacent
in SR(m,n) precisely when they have distance 2 in A. Indeed, if z,y € V(m,n) are
(1, 7)-neighbors in SR(m,n), then they have all coordinates equal except i and j, and
without loss of generality we have x; > y; and x; < y;. Then the vertex z € V'(m,n)
with z; = ¥;, 2; = x;, and all other coordinates equal to those of z and y is adjacent to
both = and y in A(m,n). In fact, we see that z is the only common neighbor of z and
y in A(m,n). Conversely, we see that if z € V'(m,n) differs from = € V(m,n) only in
the ¢ coordinate and from y € V(m,n) only in the j coordinate, then x and y must be
(i, 7)-neighbors in SR(m,n). If the adjacency matrix of A(m,n) is (J\?T ]g), where the
vertices are indexed by the partition {V(m,n), V'(m,n)}, then the z,y entry in NN

is the number of common neighbors (in the graph A(m,n)) in V'(m,n) of the vertices

x,y € V(m,n). We find that

, ifz ~yin SR(m,n),
NN(I«,y) =40, ifz#yandzLyin SR(m,n),

n, ifx=y.

\

Indeed, we have already seen that if x,y € V(m,n) are adjacent in SR(m,n), then
they have exactly one common neighbor in V'(m,n) in the graph A(m,n), while if
x,y € V(m,n) are not adjacent in SR(m,n) then they have no common neighbors in
V'(m,n) in the graph A(m,n). If x = y, the x,y entry of NN ' counts the number

of neighbors in V'(m,n) of the vertex x € V(m,n). Clearly every vertex in V(m,n)
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has n neighbors in V’(m,n). Indeed, for each coordinate 7 at which x has a nonzero
entry, the vertex x € V(m,n) has x; neighbors in V'(m,n) that are equal to z in every
coordinate except ¢ (namely, the vertices which equal x everywhere except ¢, and in
the coordinate i equal one of 0,1,...,z; — 1). Summing over all coordinates, we find
that x has n neighbors in V’(m,n). Thus NN' has the form claimed above, so we
find A(m,n)+nl = NNT. Since MM is positive semidefinite for any matrix M, this
implies A(m,n) + nl is positive semidefinite, so the smallest eigenvalue of A(m,n) is

at least —n. O

Combining Propositions 1.15 and 3.5 (and simplifying), we obtain the following

bounds on a(m,n):
Corollary 3.6. The independence number of SR(m,n) satisfies
() me i< (3),

However, we note that the bound given by Corollary 3.6 is not tight. For

a(m,n) <

example, when m = 3 and n =4 (son > (”21)) Corollary 3.6 implies a(3,4) < 4, but by
Proposition 3.1 we have «(3,4) = 3. When m =4 and n = 3 (so n < (7)) Corollary
3.6 implies «(4,3) < 5, but by Proposition 3.2 we have «(4, 3) = 4.

3.4 Partial Spectrum

In this section, we construct an equitable partition of SR(m,n) and calculate
the eigenvalues of the corresponding quotient matrix. By Proposition 1.24, these eigen-
values are also eigenvalues of SR(m,n). Recall that V; is the set of vertices in V' (m,n)

with exactly ¢ nonzero coordinates.

Lemma 3.7. Let p = min{m,n}. Then the set {Vi,Va,...,V,} is an equitable partition
of V(m,n) with a tridiagonal quotient matriz. For 1 < i < p, each vertezx in V; has
i(i — 1) neighbors in Vi1, (n —i)(i — 1) + i(m — i) neighbors in V;, and (n —i)(m — i)

netghbors in V1.
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Proof. Consider a vertex v = (vq,...,0,) € V;, and let I be the set of coordinates of
v which are nonzero (so |I| = ). Any vertex with more than i + 1 or fewer than i — 1
nonzero coordinates cannot be adjacent to v, since such a vertex would differ from v
in more than two coordinates.

Suppose u = (uy, ..., Uy,) € Vi_1 is adjacent to v. Then each of the i — 1 nonzero
coordinates of v must be in I, and there exists unique j € I such that u; = 0 (so u and
v differ in coordinate j). Since u must differ from v in exactly one other coordinate,
there exists k € I\ {j} such that uy = v; + v, and u, = vy for ¢ # j, k. There are
i possible coordinates j and ¢ — 1 possible coordinates k for each j, so v has i(i — 1)
neighbors in V;_;.

Suppose u € V; is a neighbor of v. In this case there are two possibilities. First,
it may be the case that u is also nonzero for each coordinate in I (and 0 elsewhere).
In this case, there exist j,k € I such that v; + vy = u; + u; and vy = u, for £ # j, k.
There are vj + v, — 2 possible pairs u;, u;, for each j, k. Thus we find v has

Z(vj+uk—2):(¢—1)zvj—Z2:(¢—1)n—2(;> = (n—1i)(i—1)

J,kel Jjel J,kel

such neighbors in V;. The other possibility is that « and v share only ¢ — 1 nonzero
coordinates. Then there exist j € [ and k € {1,...,m} \ I such that u; =0, u; = v;,
and vy, = uy for £ # j k. There are ¢ possible coordinates 7 and m — i possible
coordinates k for each j, so v has i(m — i) such neighbors.

Finally, suppose u € V. is a neighbor of v. Then w is nonzero in each coordinate
in I as well as in one other coordinate. Then there exist j € [ and k € {1,...,m} \ I
such that w; +uy = v; and vy = u, for £ # j, k. For any j there are m —i choices for £, so
for fixed j there are (v; —1)(m —1) such pairs u;, uy. Thus v has ). _;(v;—1)(m—i) =
(n —4)(m — i) neighbors in V.

Since v € V; was chosen arbitrarily, this proves that {V4,V5,...,V,} is an equi-

table partition of V(m,n). O

By Lemma 1.24, the eigenvalues of the quotient matrix of this partition are

eigenvalues of SR(m,n). To find the eigenvalues of the quotient matrix, we must first
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prove the following lemma. Let (), denote the falling factorial of = with k terms, that

is, () =z(x—1)---(z — (k= 1)).

Lemma 3.8. Let F((,k) = (=1)*(",;")(n — k)iz1—e(m — k)ic1—e(k — 1)o(k — 2), and

S(j) = Z;g F(l, 7). If j > 2 is an integer then
30 = DSG) = (3G + 1) + (0= §)m = ) = i(n+m =) )G + 1)
tn—j—1)(m—j—1)8G+2) =0. (3.1)
Proof. We first note that we have
3G = DF(5) = (3G +1) + (0 = j)m = 5) = i(n+m =) ) F(€,j + 1)
+n—j—1m—j-1F(j+2)
= F(l+1,j)R(E+1,5) = F((,5)R(L,j), (3.2)

where

R%ﬁ—(ﬂ%ﬁﬂwf@—é—w—ﬁm—@—ﬁ—w—ﬁ
<j2(m+n+1—3i)—j(2i2—i(2m+2n+4€—1)+€(m—|—n+1)+2mn)

YR —1)—i(l— 1) (m+n+0) +mn(l — 1)))

/(m—JXm—jHU—wf—lﬂj—o%-

Equation (3.2) is easily checked by dividing both sides by F'(¢, j) and simplifying both
sides. Then, since F(j+1,7)R(j+1,7) = F(0,7)R(0,5) =0and F(j—1,7) = F(j,j) =
F(j,7+ 1) = 0, the lemma follows from summing both sides of (3.2) from ¢ = 0 to
j. O

The recurrence (3.1) and the function R(¢, j) were found using Zeilberger’s al-
gorithm (see [99]) as implemented in the fastZeil package for Mathematica by Paule
and Schorn [77], which also provided an outline of the proof that (3.1) holds. For any

fixed n and m we can now identify a subset of the eigenvalues of SR(m,n).
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Proposition 3.9. For fized m,n, let p = min{m,n}. For each i € {0,1,...,p — 1},

(m —1i)(n —i) —n is an eigenvalue of SR(m,n).

Proof. By Lemma 3.7 we find that the p x p matrix

a b 0 - 0
cy ay by
Q=10 c 0
ap—1 bp_1
0 0 ¢ ap

with a; = (n —4)(i — 1) +i(m — i), b = (n —i)(m — i), and ¢; = (i — 1) is a
quotient matrix of A(m,n) with respect to the equitable partition {Vi, V5,...,V,}. By
Proposition 1.24, each eigenvalue of ) is also an eigenvalue of A(m,n). We will see

that the eigenvalues of @ are u; = (m —i)(n — i) —n with eigenvectors
j p
v = (i) = <<_1y(n — Di(m — 1) + (1) i(n+m—i) ) S(kz)) ,
k=2 j=1
for 0 < i < p—1. Indeed, by the structure of () we have Qu; = p,v; if and only if
CjVij—1 + a;jv; j + bjv; i1 = pv; j for 1 < j < p. We prove the latter by induction on j.

Simplifying, we find that we must show that
i(n+m —1) ((n = 1)i(m = 1); + 35 — 1)S()

—(n=5)m—=j)SG+1) —i(n+m—1i) S(’f)) =0,

k=2
for 1 < j < p. If i =0, we are done. Otherwise, we must show that G(j) = 0 for

1 <j <p, where

G(j)=(n—1)i(m—1);+j(G —1)S{)

— (=) m—H)SG+1) —iln+m—i)>_ S(k).

k=2
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It is straightforward to show that G(1) = 0 and G(2) = 0. For the induction step, we
suppose that G(j) = 0 and show that G(j+1) = 0. We have G(j+1) = G(j+1)—-G(j)

which, after simplifying, is equal to
- (36 = 08G) = (34 1)+ (0= )om =) = it + m = )G + 1)
(- j - 1)(m—j— 1>s<j+2>)7

which is 0 by Lemma 3.8. This completes the proof. O

3.5 Spectrum of SR(m,n) for m < 3 orn <3

The graph SR(1,n) is isomorphic to K; and thus has spectrum 0!. The graph
SR(2,n) is isomorphic to K, 1 and has spectrum n', —1". The graph SR(m, 1) is iso-
morphic to K, and has spectrum (m —1)!, —1™~1. The graph SR(m, 2) is isomorphic
to the Johnson graph J(m-+1,2) and has spectrum 2(m—1)!, (m—3)™, —2(m+1(m=2)/2
by Proposition 1.22.

Martin and Wagner [68] construct a complete set of eigenvectors for SR(3,n)

to prove:

Proposition 3.10. The spectrum of SR(3,n) is given by Table 3.1.

Ifn=2k+1: If n = 2k:
Eigenvalue Multiplicity Eigenvalue Multiplicity
-3 (%) -3 (")
—2,—1,...,k—3 3 —2,—-1,...,k—4 3
kE—1 2 -3 2
k,....2k—1 3 k—1,...,2k—2 3
2n 1 2n 1

Table 3.1: Spectrum of SR(3,n).

By refining the partition {V;, V5, V3} and noting a similarity between SR(m, 3)
and the Johnson graph J(m + 2,3), we find the spectrum of SR(m, 3).

Proposition 3.11. The spectrum of SR(m,3) is given by Table 3.2.
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Eigenvalue | Multiplicity
3(m—1) 1
2m —5 m
m—3 m—1
m-s | ()
-3 m(m? —7)/6

Table 3.2: Spectrum of SR(m, 3).

Proof. We consider the refinement P’ of P = {V3, V5, V3} obtained by considering also
location of the nonzero elements. That is, let P’ be the partition made up of the sets
Vi = {3e;} for 1 <i <m, Vi’ = {e;+2ej,2e; +e;} for 1 <i < j < m,and
Vik = {e;+e; + ey} for 1 <i < j <k <m. It is straightforward to show that P’
is also equitable. Let R be the quotient matrix of the partition P’. Then by Lemma
1.24 each eigenvalue of R is an eigenvalue of SR(m, 3)

Next, we consider the following correspondence between vertices in SR(m, 3)
and vertices in the Johnson Graph J(m + 2,3). For 1 < ¢ < m, the vertex 3e; €
Vi C V(m,3) corresponds to the vertex {i,m + 1,m + 2} € V(J(m + 2,3)). For
1 <@ < j < m, the vertex e; + 2e; € V)7 € V(m,3) corresponds to the vertex
{i,j,m+ 1} € V(J(m +2,3)) and the vertex 2e; + e; € V3 C V(m,3) corresponds
to the vertex {i,j,m + 2} € V(J(m +2,3)). For 1 < i < j < k < m, the vertex
e; +e; +e; € V" C V(m,3) corresponds to the vertex {i,j, k} € V(J(m +2,3)). If
we partition the vertices of J(m+2, 3) according to the partition P’ of the corresponding
vertices of SR(m, 3), it is straightforward to show that this partition P* is also equitable
with the same quotient matrix R as before. Thus by Lemma 1.24 the eigenvalues of R
are common to SR(m,3) and J(m + 2, 3).

Let E be the space orthogonal to the characteristic vectors of the partition P’
(and thus, also of P*), or equivalently the space of vectors that sum to 0 on each set
in P’ (and thus, also in P*). By Proposition 1.24, to find the eigenvalues of R we can
take the spectrum of J(m + 2,3) and remove those eigenvalues whose corresponding

eigenvectors are in E (we call these eigenvectors E-eigenvectors and the corresponding
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eigenvalues F-eigenvalues). We note that the E-eigenvectors of J(m + 2,3) must be
zero on all sets in the partition P* containing only one vertex. Thus we can restrict
ourselves to the subgraph induced by the sets in P* containing two vertices (namely,
V;’j for 1 < i < j < m). That is, we restrict ourselves to the subgraph G.J whose
vertices are those containing exactly one of m 4+ 1 and m + 2. Those containing m + 1
induce a copy of J(m, 2), as do those containing m+2. The only edges between a vertex
containing m + 1 and a vertex containing m + 2 are those between vertices which have
their other two elements equal (that is, those in the same set V2” for some ¢, 7. Thus
GJ is isomorphic to J(m,2)0K, , and by Proposition 1.16 the adjacency matrix AJ
of GJ is the matrix T'® I + I ® (Jo — I3), where T is the adjacency matrix of J(m, 2)
(or equivalently of the triangular graph T'(m)). That is, AJ is the matrix obtained by
replacing the 1’s in T" by I, the diagonal 0’s by J, — I5, and the other 0’s by O,. With
respect to the restriction of P* to sets with 2 vertices, the adjacency matrix AJ of GJ
has quotient matrix 7"+ I. The FE-eigenvalues of J(m + 2,3) are the eigenvalues of
GJ with eigenvectors summing to 0 on each part of the partition P*, which (again by
Lemma 1.24) are precisely the eigenvalues of AJ with the eigenvalues of the quotient
matrix T+ I removed. The spectrum of J(m, 2) is {(2m —4)*, (m —4)m~1, —2m(m=3)/2}
(by Proposition 1.22), so the spectrum of T+ I is {(2m — 3)!, (m — 3)™~!, —1m(m=3)/2}
and by Proposition 1.16 the spectrum of AJ is {(2m —3)!, (2m —5)!, (m —3)™", (m —
5)ym=1 —1mm=3)/2 _gm(m=3)/21 = Thus the E-eigenvalues of J(m + 2,3) are {(2m —
5)%, (m — 5)™~1, —3m(m=3)/2} " Gince the spectrum of J(m + 2,3) is {3(m — 1), (2m —
5"+ (m — 5)(m+2m=1)/2 " _3(m+2)(m+1)(m=3)/61 Ly Proposition 1.22, the spectrum of
Ris {3(m — 1)\, (2m — 5)™, (m — 5)(3), —g(m*+2)(n-3)/6}

To complete the spectrum of SR(m,3), we need only find the E-eigenvalues
of SR(m,3) and combine these with the eigenvalues of R. By the same argument
as before, we can restrict ourselves to the subgraph GS induced by the sets in P’
containing two vertices. We build the adjacency matrix AS of GS as follows. Let K
be the directed complete graph K, with vertices labeled {1, ..., m} and edges oriented

toward the vertex with larger label. Let M denote the signed vertex-edge incidence
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matrix of K. That is, M is the matrix with rows indexed by the vertices of K and
columns indexed by the edges of K such that in the column of edge (i, 7), i < j, there
is a -1 in row 7, a 1 in row j, and a 0 in every other row. Let 7" = M " M. The rows
and columns of 7" are indexed by the edges of K, which are of the form (i,7), i < j.

We see that we have
2, if (i,7) = (k,0),
1, ifi=Fk or j =/ (but not both),

TGyt =
—1, ifi=»Corj=k,

0, else.

We identify the oriented edge (4, j), i < j, with the vertex e; + 2e; € V(GS) and the
opposite oriented edge (7,7), i < j, which is not in K, with the vertex 2e;+e; € V(GS).
We extend T" as follows: we replace each 1 by I, each -1 by Jy — Iy, each 2 by Jy — I,
and each 0 by Oy. We will show that the resulting matrix is AS. There are (ZL) blocks
of size 2 x 2 in the extended matrix T™*. Let the first row and column of the (i, j), (k, £)
block correspond to the vertices (7, j) and (k, ¢), and the second row and column of the
same block correspond to the vertices (j,4) and (¢, k). By construction, if (i, j) = (k, ()
then the (i, ), (k, ¢) block is

(6,5)  (4,%)
(k,0) = (5 0 1
(0, k) = (4,9) 1 0

These are the correct entries in that block of AS, since (7, 7) ¢ (4,74) and (j,7) % (j,1),
but (i,j) ~ (j,4). If i = k or j = ¢ (but not both), then the (i, j), (k, ) block is

(,9) (5,9) (@,5) (4,7)
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respectively. Again, we can easily verify that these are the correct entries in AS. If

i =/ or j =k, then the (i, j), (k, ¢) block is

(2,7) (4,9) (2,7) (4,9)
(k0 =) [ 0 1 kO=0G0( 0 1
ek =6k 1 o0 ekh=0¢H\ 1 0

respectively. As before, we can easily verify that these are the correct entries in AS.
Finally, if {i,j} and {k,¢} are disjoint, the (i, 7), (k,¢) block is Oy, which is correct
in AS. Thus the matrix 7™ obtained by expanding 7" as described is indeed AS. By
Lemma 1.24, the F-eigenvalues of GS are the eigenvalues of AS whose eigenvectors
sum to 0 on each block. Equivalently, if the blocks equal to J, — I, are replaced by
—(Jy—15), they are the eigenvalues (of the new matrix) whose eigenvectors are constant
on each block. These are the eigenvalues of the quotient matrix 7" of the new matrix
(with respect to the partition P’ restricted to sets of two vertices). By construction,
T" = M"M —3I. Since MM is the Laplacian matrix of the complete graph K,,, its
eigenvalues are m™ ! and 0'. Since M "M and MM " have the same nonzero eigenval-
ues and the same rank by Proposition 1.5, this implies that the spectrum of M T M is
{mm=1 0m=1(m=2)/21 "5 the E-eigenvalues of G.S are {(m — 3)m~!, —3(m=1(m=2)/2}
Combining these with the spectrum of R, we find that the spectrum of SR(m,3) is
{(3(d — 1), (2m — 5)™, (m — 3y, (m — 5)(8), —gm(m*-1/61, O

There is a good reason for the similarity between the spectrum of SR(m, 3) and
that of J(m + 2,3). Note the similarity between 7" and 7": If we replace the diagonal
entries of T' by 2 and some (certain) 1’s in 7" by -1, we obtain 7". Viewed another way,
if B is the unsigned vertex-edge incidence matrix of K,,, then B"B = T + 2I. Then,
replacing the diagonal 2’s with J — I, and the 1’s with I, we obtain AJ. Thus AS
can be obtained from AJ by replacing certain I, blocks with J — I, blocks. In other
words, SR(m,3) can be obtained from J(m + 2,3) by switching the adjacencies of a

few vertices in V5 according to which I, blocks were replaced by J — I5 blocks.
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3.6 Integrality of the Spectrum of SR(m,n)

A graph is called integral if all of its eigenvalues are integers. We have seen
that SR(m,n) is integral for m < 3 or n < 3. Martin and Wagner [68] checked by
computer and found that if m =4 and n < 30 or m = 5 and n < 25 then the spectrum
of SR(m,n) consists only of integers. This numerical evidence led them to make the

following conjecture.
Conjecture 3.12. ([68, Conjecture 1.3]) The graph SR(m,n) is integral for any m,n.

Integrality of a graph typically implies that the graph has some nice combinato-
rial structure. Integral graphs are apparently very rare. For example, for fixed valency
k there are only finitely many connected, k-regular integral graphs (see [5] for a survey
on integral graphs, including a proof of this fact). Also, for fixed n almost all graphs
on n vertices are not integral (see [2]). Integral graphs have applications in quantum
computing and quantum physics (see [91]).

Let N = [V (m,n)| = ("""). We prove Conjecture 3.12 by proving that each
basis vector for the space R can be mapped to the zero vector by [],(A(m,n) — ¢;I)
for some sequence of integers {c;}.

Associate with each vertex in V(m, n) a distinct number in the set {1,2,..., N}.
A basis for RY is given by the vectors e, (x € V(m,n)) that equal 1 in the coordinate
associated with x and 0 in all other coordinates.

For S C V(m,n), let es := > _gse,. For partitions II of the set of coordinate

z€es
positions {1,...,m} and nonnegative integral vectors z indexed by II that sum to n,
let Sti. be the set of all u € V(m,n) with > .. u; = 2z for all 7 € II. The basis
vector e, can be realized as eg where S = Sq ., Q is the partition of {1,...,m} into
singletons, and zg;y = x; for each ¢ € {1,...,m}.

For a vector y indexed by a partition II, let § be the sequence of pairs (y,, |r])

(m € II) sorted lexicographically: with the y, in nondecreasing order, and for given y,

with the || in nondecreasing order.
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For partitions II and Y and vectors z and y indexed by II and ¥, respectively,
order pairs (I, z) and (2,y) by (2,y) < (II, 2) when |X| < |II|, or when |X| = |II| and
y # Z, and in the first place 7 where y and 2z differ, the pair gy, is lexicographically
smaller than the pair Z;.

We are now ready to prove Conjecture 3.12.
Theorem 3.13. All of the eigenvalues of SR(m,n) are integers.

Proof. We show that for each x € V(m,n) there is a sequence of integers ¢,; (i in
some indexing set I, dependent on x) such that ([T,c, (A(m,n) — cul)) € = 0. Then
p(A(m,n)) = [Lcvumm [Lier, (Alm,n) — czil)v = 0 for all v € RY, so all eigenvalues
of A(m,n) are among the integers c,;.

We begin with the basis vectors e, for z € V(m,n) (e, = es for S = Sq_.) and,
for each z, find an integer ¢ such that (A(m,n) — cl)es € U, where U is a subspace
spanned by a set of some ey for T = Sy, with (X,y) < (€2, z). We repeat the process
for each of these er (showing that for some integer ¢, (A(m,n) — cl)er is 0 or lies in
a subspace spanned by some e with 77 = Sy and (¥',y') < (3,y)) until there is
no smaller (X', y), which occurs when ¥’ has only one part, the whole set {1,...,m}.
Then the only possible ¢’ has only one entry, n, and this pair (X', ¢) is smaller than
every other pair, so the process must terminate there, when U = U is the space
spanned by ey () (since Sy, = V(m,n)) and we have (A(m,n) — cl)eymn) = 0,
where ¢ = (m — 1)n. Thus, if we can prove that for arbitrary S = Sy, we have
(A(m,n) — cl)eg lies in a subspace U spanned by a set of some ep for 7' = Sy, ,, with
(X,y) < (I, 2), then we are done.

For j # k, let Aj; be the matrix that describes only (i, j)-edges. In other words,
the (z,y) entry of Aj; is 1 if x and y are (j, k)-neighbors and 0 otherwise. Then
Am,n) = > Aji. If (Ajr — cjpl)u € U for all j, k then (A(m,n) —cl)u € U for
c =) cj. For fixed (II, 2), S = Sz, and j # k, we will show there exists an integer
cjx, such that the image (A;x — ¢;il)egs lies in a subspace U spanned by a set of some

er for T'= Sy, with (X,y) < (1L, 2).
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An integral vector in RY can be viewed as a multiset where the x € V(m,n)
occur with certain multiplicities. For any vertex u and any pair of coordinates j, k, the
u entry of Ajges (or the number of times u occurs in the multiset Ajies) is (Ajres)y =
{v € S| u,v are (j, k)-neighbors}|, the number of (j, k)-neighbors of u which are in S.

Fix (II, z) and S = Sp.. Recall we wish to show that for each pair j # k there
exists an integer c¢;j; such that the image (Aj; — ¢ 1] )eg lies in a subspace U spanned
by a set of some ey for T = Sy, with (3,y) < (11, 2).

We first handle all pairs j, k that belong to the same part of II. Note that S
induces a regular subgraph I's of SR(m,n), since I'g is a copy of the Cartesian product
[Licn SE(|7|, 2x). Every edge in I's is a (j, k)-edge where j, k are in the same part in
II. Further, if j, k are in the same part in 7 then there are no (j, k)-edges from S to
Vi(m,n)\ S. Thus, if Am =3 1D, rer Ajks then Apes is constant on S (the value
is the valency of I'g) and 0 on V' (m,n) \ S. This implies (Aq — c¢sl)es = 0, where cg
is the valency of I'g. Thus we are done when j, k are in the same part in II.

Suppose j € w, k € p, where 7,p € I, m # p (we label j and k such that
(2r, |7|) < (2,,|p|) in lexicographic order). Abbreviate m U {k} by 7 + k and 7 \ {j}
by m — j. We will show that the image (A;x + I)es equals S; — Sy, where S; is the
sum of all ey with 7" = Sy, ¥ = (II\ {m, p}) U {7 — j,p + j} (omitting 7 — j if
it is empty), and y agrees with z except that y,_; < z, and y,; > 2, (of course
Ynej + Yptj = 2r + 2, and yr_; = 0 if 7 — j is empty), and Sy is the sum of all e
with 7' = Sy, ¥ = (II\ {m,p}) U {m + k,p — k}, and y agrees with z except that
Ynik < Zr and y,_p > 2, (of course yrir + Yo = 2r + 2, and p — k is not empty
because y,_, > 0). Because we label j and k such that (z,|7]) < (2,,|p|), we see that
in S and Sy, (X,y) occur only with (X,y) < (I, z), so that S; — 55 is in a subspace
U spanned by a set of some ep for T' = Sy, with (2,y) < (II, 2). Thus, if we prove
(Ajr + I)es = S — Sa, then we are done.

First, note that the entries of S, Si, and Sy are either 0 or 1 (so we can view
them as sets, rather than multisets). Indeed, for fixed 3, a vertex cannot be in Sy,

for two different vectors y. Viewed as sets, S, Sp, and Sy satisfy Ss C S; (so S; — S
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can still be viewed as a set), S C Sy, and SN Sy = 0. Indeed, if u € Sy then
Dieni Wi S Y icaip Ui < Zpy 80w € Sy If s € S, then ),

1ET—]

and ). .8 > 2zp (so S ¢ Sy). Thus, since (Ajres)s = 0 for s € S (because

si < zp (so s € 5)

the (j, k)-neighbors in S of s € S must have j,k in the same part of II), we have
((Ajr +1)eg)s =1 = (S — Sy)s for every s € S.

Each vertex u ¢ S has at most one (j, k)-neighbor in S, namely that s such that
s; = fori # j.k, 85 =2z — Y icn_ i (80 Y icr 8i = 2x), and sp, = z, — Ziepfk u; (so
> icp Si = %p), if such s exists (that is, if s; and s, given above are both nonnegative).
Note that if u is counted in Sy then ), Ui = Yre

Suppose u ¢ S has a (j, k)-neighbor s € S. Since ) _,__s;
Zi@_j Ui =D iene _;8i <z, so that u € Sy, but Zlep L Ui = Ziep_k s; < z,, so that
u ¢ Sy. Thus if u ¢ S has a (j, k)-neighbor in S, then ((Ajk +1eg)y =1 = (S1—52)u.
Ifu e S (ué¢S) does not have a (j, k)-neighbor in S, then the candidate s above with

j < Zp, 80 55 > 0.

= z,, it follows that

Sj = Zr = D iem jui and sp = z, — Ziepfk u; does not exist. As we saw above, this
Ui > 2, and u € Sy. Then ((Ajk—i‘])es)u =0= (Sl—Sg)u
and we have proved that ((Ajz + I)es)y, = (S1 — Sa), for every u € V(m,n). This

implies that s, < 0, so Ziep—k

completes the proof. O

3.7 Diameter

In this section we determine the diameter of SR(m,n). The diameter of a
graph is often related to the spectrum (see, for example, Proposition 1.14 and [17,
Proposition 4.7.1]). To bound the diameter of SR(m,n) from above we will need the

following lemma.

Lemma 3.14. Let v = (v1,...,2y) and y = (y1,...,Ym) be vertices in SR(m,n) in

Vi with the same k coordinates nonzero. Then dist(x,y) < k — 1.

Proof. Without loss of generality, we may assume that the first £ coordinates of x and

y are nonzero and the rest are zero. We may also assume that for some ¢ we have
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yi > x; for 1 <7<l and y; <ux; for £ <1 < k. Then we have a chain of adjacencies

y= (y1’y27y37y4a"'7yZ7y€+17"‘7yk707"'70)
~ (y1+(y2_‘T2)7x27y37y47"'Jyf7yf+17"'7yk707"'70)

~ (yl+(y2_'1'2)+(y3_$3)7x27x37y47'"7y€7y4+17"'>yk707"'70)

¢
~ (?/1+Z(yi—wz‘),xz,...,xg,yg+1,...,yk,O,...,O)
i=2

k—1

~ (y1+2(yi—xi),xQ,...,xk,l,yk,O,...,O)
i=2

~(z1,...,2,0...,0) = x,

which takes exactly ¢ — 1 steps to get to the 4th line followed by at most k — ¢ steps

to get to the last line, for a total of at most k — 1 steps. Note that Zfzg(yi — ;) is

positive for 2 < j < ¢, so every m-tuple up to line 4 is indeed a vertex of SR(m,n),

and Zfzjﬂ(xi — y;) is nonnegative for ¢ < j < k, so
J J J
i+ Wi—z) =) yi— Y
i=2 i=1 i=2
k k
i=j+1 i=j+1

k
=11+ Z($i_yi)2$1>0
i=j+1

for ¢ < j < k and every m-tuple after line 4 is also a vertex of SR(m,n). O
Proposition 3.15. For any fized m,n, the diameter of SR(m,n) is min{m — 1,n}.

Proof. We first show that diam(SR(m,n)) < n. For z,y € V(m,n), each of x and y is

a sum of n standard basis vectors for R™, so there exist sequences (iy,1s,...,1,) and
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(j1,J2s -+ jn) such that z = 37 e; and y = >",_, e; Then we have a chain of at

most n adjacencies
n
Y= E :ejk
k=1
n
~ § :ejk + (ei1 - ej1)
k=1

~ Z €, + (e, — ejl) + (e, — ejz)
k=1
n L
~ Zejk + Z(elk - ejk)
k=1 k=1

n n
~ § :ejk + E ,(elk - ejk)
k=1 k=1
n
= E ezk = x)
k=1

so dist(z,y) < n.

Next we show that diam(SR(m,n)) < m — 1. For any x € V; and y € V;, we
must show dist(z,y) < m — 1. First, suppose that i + j < m. There is a vertex z in
V1 such that dist(z,z) = ¢ — 1 and dist(y, z) < j (indeed, one can simply choose z so
that the nonzero coordinate in z is one of the nonzero coordinates in z), so in this case
dist(z,y) <i+j—1=m—1. If i+ j =m+ k for some k > 1, then x and y share at
least £ nonzero coordinates and there are vertices z, and z, in V;, which have the same
k nonzero coordinates (k of those coordinates in which both x and y are nonzero) such
that dist(z, z,) = ¢ — k and dist(y, z,) = j — k. By Lemma 3.14, dist(z,, z,) < k — 1,
sodist(z,y) <i—k+j—k+k—-1=i+j—k—1=m—1.

We have proved that diam(SR(m,n)) < min{m — 1,n}. It is straightforward
to show that this bound can be reached. Indeed, if m —1 < n (so m < n), then for
r=ne; and y = (n—m)e;+ Y .-, € we have dist(z,y) =m—1, and if n <m —1 (so

n < m) then for z = ne; and y = Z?I; e; we have dist(z,y) = n. [
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In terms of simplicial rooks, Proposition 3.15 implies that one can place a pair
of rooks on a simplicial chess board of dimension m — 1 with n+1 tiles in each direction
such that it takes min{m — 1,n} moves for one rook to reach the other, but there is

no way to place the pair so that it takes min{m — 1,n} 4+ 1 moves.

3.8 Clique Number
In this section we find the clique number w(m,n) = w(SR(m,n)) of SR(m,n)

and give examples of maximal cliques of that size.
Proposition 3.16. For any fized m,n, w(m,n) = max{m,n + 1}.

Proof. If m = 1 then SR(1,n) = K; and w(1,n) = 1. Since SR(2,n) = K, and
SR(m,1) = K,,, we have w(2,n) = n + 1 and w(m, 1) = m, so in those cases we are
done. We also recall that SR(m,2) is isomorphic to the Johnson graph J(m + 1,2) &
T(m+ 1) with clique number w(T(m + 1)) = m (indeed, T'(m + 1) is the line graph of
K,,+1, and the m edges incident with a single vertex in K,,; are pairwise adjacent in
T(m+1)). Thus we may assume that m > 3 and n > 3.

Fix m,n > 3. The set V] is a clique of size m, while the set {ze; + yes | 2,y >

0, z+y = n} is a clique of size n+1 (see Figure 3.6). Thus w(m,n) > max{m,n+1}.

Figure 3.6: Maximal cliques of size m =4 and n +1 =4 in SR(4, 3).

Let C be a clique in SR(m,n). We may assume |C| > max{m,n + 1}. For u,v €

V(m,n), let D(u,v) denote the set of coordinates where u and v differ. Thus, if u
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and v are (7, j)-neighbors, then D(u,v) = {i,j}, u; + u; = v; + v;, and w, = vy, for all
k # i,7. Since each pair of vertices in C' is adjacent, each pair differs in exactly two
coordinates. Suppose u,v € C and D(u,v) = {i,j}, and let C" = C'\ {u, v}.

We first note that for all z € C”, we must also have i € D(u,x) or j € D(u,x) (or
both). To see that this is true, suppose there exists € C” such that D(u, z)N{i,j} = 0.
Then there must be some k,¢ # i,j such that D(u,x) = {k,¢}. This implies that
D(v,x) ={i,j,k,l}, so v o¢ x, a contradiction.

Next, we see that if D(u,w) = {i,j} for some w € C’, then D(u,z) = {i,j} for
all z € C’". Suppose not. That is, suppose D(u,w) = {i,7} and there exists z € C’
such that D(u,z) = {i,k} for some k # j (as noted above, we cannot have both
i ¢ D(u,z) and j ¢ D(u,z)). Note that D(u,v) = {i,j} and D(u,w) = {i,j} implies
D(v,w) = {i,j}. Then must have D(v, z) = {j, k} and D(w, z) = {j, k}, which implies
zi = v; and z; = w;, a contradiction (since v; # w;). Thus if any three vertices in C
differ pairwise in the same two coordinates i, 7, then every pair of vertices in C' differs
at 4, . In this case |C] <wu; +u;+1<n+1

Next, suppose it is not the case that three vertices in C differ pairwise in the
same two coordinates. That is, suppose for each x € C’ we have either i € D(u, z)
or j € D(u,x), but not both. Then either ¢ € D(u,z) for all z € C" or j € D(u,x)
for all z € C’. Further, if k € D(u,z) for some = € C', k # i,j, then k ¢ D(u,y)
for all y € C"\ {z}. To prove the first assertion, suppose it is not true. That is,
suppose there exist w, z € C’ such that D(u,w) = {i,k} and D(u,z) = {j, ¢}. If k # ¢
then D(w, z) = {i,j, k, ¢}, a contradiction. Thus k = ¢ and D(u,z) = {j,k}. Then
we find that D(v,w) = {j,k}, D(v,2) = {i,k}, and D(w,z) = {i,j}. This implies
w; = v;, z; = vj, and wy = 2. Combining these equalities with w; + wy, = w; + u;, and
2j + 2, = u; +ug we obtain w; +u, —v; = W = 2 = u; +u, —v;, from which we obtain
u; — v; = u; — v;. Since u; + u; = v; + v;, this implies u; = v;, a contradiction. Thus
the first assertion is true, and we assume without loss of generality that i € D(u,z)
for all x € C’". To prove the second assertion, note that if there exist w,z € C’ such

that k € D(u,w) and k € D(u,z), then D(u,w) = D(u,z) = D(w, z) = {i,k}. This
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contradicts that no three vertices in C differ pairwise in the same two coordinates.
Thus both assertions are true. This implies |C| < m, since for each z € C'\ {u} there
is a distinct coordinate k such that D(u,z) = {i,k}. There are only m — 1 possible
values for k (since @ # k), so |C'\ {u}| <m — 1.

Thus w(m,n) = max{m,n + 1}. O

In terms of simplicial rooks, Proposition 3.16 implies that there is a configuration
of max{m, n + 1} rooks on a simplicial chess board of dimension m — 1 with n + 1 tiles
in each direction such that every rook can attack every other rook in one move, but

there is no such configuration of max{m,n + 1} + 1 rooks.

3.9 Cospectral Mates

Recall that a graph G is called DS if any graph with the same spectrum of
G is isomorphic to G (see Definition 1.32). Martin and Wagner [68] ask for which
values of the parameters m and n the graph SR(m,n) is determined by its spectrum.
Since SR(1,n), SR(2,n), and SR(m, 1) are complete graphs, they are DS (see [31] or
Proposition 1.33). Since SR(m,2) is isomorphic to the triangular graph T'(m + 1), it
is DS unless m = 7, since T'(k) is DS unless k = 8 (there are exactly four graphs with
the spectrum of SR(7,2) = T'(8), namely T(8) and the three Chang graphs, see [22]
and [23]). Since SR(3,3) is a 6-regular graph on 10 vertices, its complement is a cubic
graph on 10 vertices. It is known that the cubic graphs on at most 12 vertices are DS
(see [79]), so by Proposition 1.32 SR(3,3) is DS. Alternately, since there are only 19
cubic graphs on 10 vertices (see [83]), one can simply check their spectra and observe
that they are all DS, so by Proposition 1.32 SR(3,3) is DS. When m = 4 and n > 3
orn = 3 and m > 4, we use GM-switching (Theorem 1.34) to find nonisomorphic

cospectral mates of SR(m,n).
Proposition 3.17. The graph SR(4,n) is not determined by its spectrum for n > 3.

Proof. When m = 4 we see that V; is a GM-switching set. Indeed, V; is a clique of

4 vertices, each vertex in V5 has 2 neighbors in Vi, and each vertex in V3 UV} has no
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neighbors in V; (see Figure 3.7). Furthermore, the resulting graph G after switching is

®

@ o Y @

Figure 3.7: The set V; as a GM-switching set in SR(4, 3).

not isomorphic to SR(4,n). Indeed, it is not difficult to show that each vertex in V; or
V3 gains at least one additional distance-2 neighbor after switching, while each vertex
in V5 or Vj retains the same number of distance-2 neighbors after switching, as we will
see below.

Note that when switching with V} as the GM-switching set, the only possible
changes in edges are between a vertex in V; and a vertex in V5. Also, for n > 3
the diameter of SR(4,n) is 3 by Proposition 3.15. First consider a vertex v € V].
Without loss of generality, let v = (n,0,0,0). The neighbors of v in SR(4,n) are
Vi\{v} and U, ,,—,{(2,9,0,0),(,0,y,0), (z,0,0,y)}. Thus the distance-2 neighbors
of vin SR(4,n) are Uﬁy:n{(O, z,y,0),(0,2,0,v),(0,0,z,y)} and Ux+y+z:n{(x7 y,2,0),
(x,0,9,2),(x,y,0,2)} (as well as v itself), for a total of 3(n — 1) + 3(”;1) = 3(72‘)
distance-2 neighbors (not counting v). After switching, the neighbors of v are V; \
{v} and Ux+y:n{(0,x,y,0),(O,x,O,y),(0,0,x,y)}, so the distance-2 neighbors if v
inGare,,,_,{(z,9,0,0),(z,0,y,0), (2,0,0,9) } and U,y .-, 1 (2,4, 2,0), (z,0,y, 2),
(2,9,0,2), (0,2,y,2)} (as well as v itself), for a total of 3(n—1)+4(";") = 3(3) +(",")
distance-2 neighbors (not counting v) in G. Note that if n = 2 then V3 is empty (and
(271) = 0), so there are no new distance-2 neighbors gained if n = 2. If n > 3, then

2

v € V; has more distance-2 neighbors in G than in SR(4,n).
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Next, consider v € V,. Without loss of generality, assume v = (a,b,0,0) for
some fixed a, b such that a+b = n. We see that the distance-2 neighbors of v in V5 and
V, are the same in SR(4,n) and in G. Also, v has exactly two distance-2 neighbors in V}
in both SR(4,n) and G. If u € V; is a distance-2 neighbor of v in SR(4,n), then u and
v have a common neighbor in Vj, V5, or V3. If they have a common neighbor in V5 U V3,
then u and v are still distance-2 neighbors in G, since they are still not neighbors and
they still have a common neighbor in V5, U V3 (recall that only edges between V] and
V; are changed when switching). In SR(4,n), the distance-2 neighbors of v in V, with
a common neighbor in V; (that is, with common neighbor (n,0,0,0) or (0,n,0,0)) are
UHy:n’z#a{(as,O,y,O), (2,0,0,9),(0,y,2,0),(0,,0,2)} (the requirement that = # a
ensures that the vertex is not a neighbor of v). We see immediately that these are
exactly the distance-2 neighbors of v in V5 with a common neighbor in V; in G, though
the common neighbors in V; are instead (0,0, n,0) or (0,0,0,n). Thus v € V; has the
same number of distance-2 neighbors in SR(4,n) and G.

Now we consider v € V3. Without loss of generality, let v = (a, b, ¢,0) for some
fixed a,b,c such that a + b + ¢ = n. The distance-2 neighbors of v in V5, V3, and
V, are unchanged by switching. Before switching, vertices (n,0,0,0), (0,7,0,0), and
(0,0,n,0) are the distance-2 neighbors of v in V. After switching, every vertex in V;
is a distance-2 neighbor of v. Thus v € V5 has one more distance-2 neighbor in GG than
in SR(4,n).

Finally, the distance-2 neighbors of a vertex in V are unchanged by switching.

Thus G is not isomorphic to SR(4,n). O
Proposition 3.18. The graph SR(m,3) is not determined by its spectrum for m > 4.

Proof. For m > 4 the diameter of SR(m,3) is 3 by Proposition 3.15. Consider the set
C = {3e1,2e; + ey,e; + 2e5,3e3} C V(d,3). Clearly C is a clique in SR(m,3). Any
vertex with more than one nonzero entry in the last m — 2 coordinates is clearly not
adjacent to any vertex of C. As we will see below, every other vertex in V' (m,3)\ C is

adjacent to exactly 2 vertices in C.
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Each vertex in the set {e; + 2e; | j > 3} is adjacent to e; + 2e, and 3e;.
Each vertex in the set {e; + 2e; | j > 3} is adjacent to 2e; + e, and 3e;. Each
vertex in the set {2e; +e; | j > 3} is adjacent to 2e; + ey and 3e;. Each vertex in
the set {2e; +€; | 7 > 3} is adjacent to e; + 2e; and 3e;. Each vertex in the set
{e1 +ex+e; | j > 3} is adjacent to e; + 2e, and 2e; + e,. Finally, each vertex in the
set {3e; | j > 3} is adjacent to 3e; and 3e,. Thus C'is a GM-switching set (see Figure
3.8).

.
[ ® e
® .0 ...
. . '..©©@©

Figure 3.8: The set {3e;,2e; + €5, €; + 2e5,3e3} as a GM-switching set in SR(4, 3).

Before switching, it is not difficult to show (using the same technique as in
the proof of Proposition 3.17) that the m vertices in V; have distance-degree se-

quence (B(m — 1),3(m2_ 1), (m; 1)), the 2(”21) vertices in V5 have distance-degree se-

quence (3(m — 1), (*",%), (",

quence (3(m - 1), 3(m;1), (m?:l)) After switching, the m—2 vertices in V;\C', the 2(7;)

)), and the (’;) vertices in V3 have distance-degree se-

vertices in Va, and the m—2+ (", %) vertices in the set {e;+es+e; | j > 3}U{e;+er+ey |
j >k > ¢ > 3} have not changed their distance-degree sequence, but the 2 vertices 3e;
and 3e; now have distance-degree sequence (S(m - 1), (2”1273), (m; 2)), and the (m; 2)
vertices in the set {e; + e, + e, | j € {1,2}, k > ¢ > 3} now have distance-degree
sequence (3(m — 1),3(’";1) +1, (m?’_l) — 1). It is not difficult to see that for m > 4

this results in a graph which is not isomorphic to SR(m, 3). ]

It is worth noting that the cospectral mates obtained for SR(4, 3) in Propositions
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3.17 and 3.18 are not isomorphic to each other, so we have found 3 nonisomorphic
graphs with spectrum {9!, 3 13, —16 —3%}. In fact, we found that there are at
least 336 pairwise nonisomorphic graphs cospectral to SR(4, 3), obtained by repeated
GM-switching with respect to regular subgraphs of size 4.

3.10 Multiplicity of the Smallest Eigenvalue

As we mentioned in Section 3.3, Martin and Wagner [68] constructed eigenvec-
tors for the eigenvalues —("21) and —n when n > (T;) orn < (ZL), respectively. For
details on these constructions, see Section 5.2. The number of linearly independent
eigenvectors that they construct for each eigenvalue is a lower bound for the multiplic-

ity of that eigenvalue. Thus Martin and Wagner proved the following Propositions.

Proposition 3.19. The multiplicity of the eigenvalue —(7;) in SR(m,n) is at least

("2,

m—1

Note that this multiplicity is 0 when n < (7}'). The Mahonian number M (m, n)

is the number of permutations on m letters that have precisely n inversions (see [88]).

Proposition 3.20. The multiplicity of the eigenvalue —n in SR(m,n) is at least
M(m,n).

Note that this multiplicity is 0 when n > () As we have mentioned (see Con-
jecture 3.4), Martin and Wagner conjectured that the smallest eigenvalue of SR(m,n)

is max{—n, — (7

™)}, which we proved in Section 3.3 (see Proposition 3.5). Martin and

Wagner also conjectured that the multiplicity given in Proposition 3.20 is correct.

Conjecture 3.21. ([68, Conjecture 3.9]) The multiplicity of the eigenvalue —n in
SR(m,n) is exactly M(m,n).

We prove Conjecture 3.21 and also confirm that the multiplicity in Proposition

3.19 is correct.

m

Proposition 3.22. The multiplicity of the eigenvalue —(7y) in SR(m,n) is (" \

1)>

=N

The multiplicity of the eigenvalue —n in SR(m,n) is M (m,n).
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The proof below, primarily due to Brouwer, is substantially unchanged from

13].

Proof. We first consider the multiplicity of the eigenvalue — (;")
For each vertex u, and 1 < j < k < m, let Cj;(u) be the (j, k)-clique on u, that

is the set of all vertices v with v; = u; for i # j, k. An eigenvector a = (a,,) for the

m

”') must be a common eigenvector of all Ay, for the eigenvalue —1 (see

eigenvalue —(
the proof to Proposition 3.3). That means that ) _. a, = 0 for each set C' = Cj;(u).

Order the vertices by v > v when ugy > v4 when d = d,, is the largest index
where u, v differ. Suppose u; = s for some index 7 and s < m—i—1. We can express a,
in terms of a, for smaller v with dy, > m — s via ) .- a, = 0, where C' = C; ,—s(u).
Indeed, this equation will express a, in terms of a, where u; + u,,_s = v; + v,,,_s and
v; = u; for j #1i,m—s. If v; > s this is not a problem since vy,—s < Up—s. ft =v; <5,
then by induction a, in its turn can be expressed in terms of a,, where w is smaller
and d,, > m —1t >m — s, so that w is smaller than u, and d,, > m — s.

In this way we expressed a, when u; < m — i — 1 for some ¢. The free a, have
u; > m—1i for all 4, and the vector «’ with u; = u; — (m — ) is nonnegative and sums to
n— (). There are (”_(z)jlm_l) = (”_n(:% 1)) such vectors, so this is an upper bound for
the multiplicity. We recall that by Proposition 3.19 this is also a lower bound. Thus

m—1

7) is exactly (";r(le ))

the multiplicity of the eigenvalue —(2

By Proposition 3.20 the eigenvalue —n has multiplicity at least as large as the
Mahonian M (m,n). We first note that the Mahonian number M (m,n) is equal to the
coefficient of ¢" in the product [, (1 + ¢+ --- +¢"~1) [88, Sequence #A008302].

Define N as in the proof of Proposition 3.5. Since A+nl = NN T, the multiplic-
ity of the eigenvalue —n is the nullity of N. We have already a lower bound, M (m,n),
so we need only to show that this is also an upper bound.

We first define a matrix P, and observe that N and P have the same column
space, and hence the same rank. For u,v € N™, write u < v when u; < v; for all i. Let

P be the 0-1 matrix with the same row and column indices (elements of N™ with sum
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m and sum smaller than m, respectively) where P,y = 1 when y < x. Recall that
N is the 0-1 matrix with N, = 1 when z and y differ in precisely one coordinate
position. Let M (y) denote column y of the matrix M.

For d =n — ) y; we find that

N(y) = (F1)(d—i) Y Ply+2),

i=0 zeW;
where W is the set of vectors in {0, 1} with sum 4. Indeed, suppose that x and y
differ in j positions. Then j < d, and N(,,) = 1, while the z-entry of the right hand
side is 307 (—=1)i(d —i)(}) = 530, (=1)"' (/7)) = (1 — 1)/~ = &,;. We see that
N(y) and dP(y) differ by a linear combination of columns P(y') where >y > > y;,
and hence that N and P have the same column space.

Aart Blokhuis remarked that the coefficient of ¢ in the product [[;",(1 + ¢ +
.-+ + 71 is precisely the number of vertices u satisfying u; < i for 1 <4 < m. Thus,
it suffices to show that the rows of N (or P) indexed by the remaining vertices are
linearly independent.

Consider a linear dependence between the rows of P indexed by the remaining
vertices, and let P’ be the submatrix of P containing the rows that occur in this
dependence. Order vertices in reverse lexicographic order, so that u is earlier than v’
when w;, < uj, and u; = u} for i > h. Let x be the last row index of P’ (in this order).
Let h be an index where the inequality x; < ¢ is violated, so that x;, > h. Let e; be the
element of N that has all coordinates 0 except for the i-coordinate, which is 1. Let
z=x—he, Let H={1,...,h —1}. For S C H, let x(S) be the element of N™ that
has 7-coordinate 1 if 7 € S, and 0 otherwise.

Consider the linear combination p = Y ¢(—1)*IP'(z + x(S)) of the columns
of P'. We shall see that p has z-entry 1 and all other entries equal to 0. But that
contradicts the existence of a linear dependence.

If w is a row index of P’, and not z < u, then p, = 0. If 2z < u, and z; < u; for
some i < h, then the alternating sum vanishes, and p, = 0. So, if p, # 0, then u agrees

with x in coordinates 7, 1 <7 < h — 1. For row x only S = () contributes, and p, = 1.
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Finally, if u # = then u; > x; for i # h and Y x; = > u; = n imply that u, < x,
and u; > z; for some ¢ > h, which is impossible, since z is the reverse lexicographically

latest row index of P’. O

3.11 Spectrum of SR(m,n) for m,n > 4

In the proof to Proposition 3.11 we saw that SR(m,3) and the Johnson graph
J(m + 2,3) are very similar graphs, and they have in common the eigenvalues of the
quotient matrix of a common equitable partition that is a refinement of the partition
{V1, Va,...}, splitting each set further by location of the nonzero elements. This can
be generalized to any m.

Both SR(m,n) and J(m 4+ n — 1,n) are regular graphs of valency n(m — 1)

n+m—1

M ) vertices. We partition the vertices of each graph into sets V,°, where

on (
S c {1,2...,m} and |S| = i. In SR(m,n) the set V;° consists of the vertices in
V' (m,n) which are nonzero in the i coordinate if and only if : € S. In J(m +n —1,n)
the set V% is the set of vertices containing every element of S and no other elements
in {1,...,m}. One can show that this partition is equitable for both graphs, and the
corresponding quotient matrix is the same for both graphs (see Proposition 3.23 below).
Proposition 1.24 implies that the eigenvalues of this quotient matrix are eigenvalues

of both graphs. We find that these eigenvalues are precisely the eigenvalues of the

unrefined partition, but with larger multiplicities.

Proposition 3.23. The graphs SR(m,n) and J(m+n—1,n) have equitable partitions
with the same quotient matriz (), where Q) has eigenvalues (n — i)(m — i) — n with
multiplicity (T) for 0 <i < n—1, and multiplicity (7:) — 1 for i =n. In particular,
the spectrum of Q) is a common part of the spectra of SR(m,n) and J(m +n —1,n).

We omit here the proof due to Brouwer; it can be found in [13].

Propositions 3.22 and 3.23 can be used to more easily find the spectrum of
SR(m,n) for fixed n. We first give an alternate proof of Proposition 3.11, which states
that the spectrum of SR(m,3) is (3m — 3)', (2m — 5)™, (m — 3)™ !, (m — 5)(@,
(_3)m(m277)/6‘
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Alternate proof of Proposition 3.11. Propositions 3.5 and 3.22 imply that —3 is the
smallest eigenvalue of SR(m, 3) with multiplicity M (m, 3) = m(m?—7)/6. Proposition
3.23 implies that (3m — 3)!, (2m — 5)™, and (m — 5)(7’9 are part of the spectrum of
SR(m,3). Thus we need only to show that m — 3 is an eigenvalue of SR(m,3) with
multiplicity m — 1.

Fix an index h, 1 < h < m and consider the vector p indexed by V(m,3) that
is 1 on vertices 2ej, + e;, —1 on vertices ey, + 2e;, and 0 elsewhere. It is straightforward
to verify that p is an eigenvector with eigenvalue m — 3 and the m vectors defined in

this way have only a single dependency (namely, they sum to 0). Thus m — 3 is an

eigenvalue of SR(m,3) with multiplicity m — 1, and we are done. ]

An even simpler proof is that, once we know all the eigenvalues except (m —
3)™~1 the fact that the sum of the eigenvalues is the trace of A(m,3), which is 0,
and the sum of the squares of the eigenvalues is the trace of (A(m, 3))?, which is the
number of vertices times the valency, we immediately have (m—3)™"! as the remaining

eigenvalues. This follows because the sum of the other eigenvalues is —(m — 1)(m — 3)

m+42

m) —(m—1)(m—3)?, so the remaining m—1

and the sum of their squares is 3(m —1)(
eigenvalues must sum to (m—1)(m—3) and their squares must sum to (m—1)(m—3)2.
Since the sum of numbers with fixed sum of squares is maximized when the numbers
are all equal, this implies that the remaining m — 1 eigenvalues are all m —3. This proof
takes longer to write, but is conceptually simpler than the one above, which required

us to find the eigenvectors of the missing eigenvalues.

Using the same technique, we can find the spectrum for larger fixed n:

Proposition 3.24. The graph SR(m,4) has spectrum given by Table 3.3.

Proof. Propositions 3.5 and 3.22 imply that —4 is the smallest eigenvalue of SR(m,4)
with multiplicity M (m,4) = m(m® + 2m? — 13m — 14)/24. Proposition 3.23 implies

that (4m —4)!, 3m — 7)™, (2m — 8)@), and (m — 7)(?) are part of the spectrum of
B B

SR(m,4). Thus we need only to show that (2m — 5)", (m — 4)( >_1, and (m — 6)( )

are eigenvalues of SR(m,4).
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Eigenvalue Multiplicity
4(m —1) 1
3m —T7 m
2m — 5 m
2m — 8 ('
m—4 (31
m—6 )
m—1 @
—4 m(m?3 +2m? — 13m — 14) /24

Table 3.3: Spectrum of SR(m,4).

By Proposition 1.24, any eigenvector for one of the missing eigenvalues sums to
zero on each part of the partition from Proposition 3.23, that is, on each set of vertices
with given support S. Since there are unique vertices with support of sizes 1 or 4, these
eigenvectors are 0 there, and we need only look at the vertices 3e; + e; and 2e; + 2e;
and 2e; +e; + eg.

Fix an index h, 1 < h < m and consider the vector p (indexed by the vertices)
that vanishes on each vertex where h is not in the support, is —1 on 2ej, + 2¢; and
on 3e, + €;, is 2 on e, + 3e;, is —2 on 2e, + ¢; + 5, and is 1 on e, + 2¢; +¢;. It
is straightforward to verify that this is an eigenvector with eigenvalue 2m — 5, and
that the m vectors defined in this way are linearly independent. Thus (2m — 5)™ are
eigenvalues of SR(m,4).

Fix a pair of indices h,i, 1 < h < i < m, and consider the vector p (indexed
by the vertices) that is 1 on ej + 3e;, 2e; + 2e; and 2e;, + e; + €5, is —1 on e; + 3¢y,
2ep +2e; and ey, + 2¢; + ¢, and is 0 elsewhere. It is straightforward to verify that this

m

2) vectors defined in this way

is an eigenvector with eigenvalue m — 6, and that the (
are linearly independent. Thus (m — 6)(75) are eigenvalues of SR(m,4).

Having found all desired eigenvalues except one, it is not necessary to construct
eigenvectors for the final one. By the same argument following the alternate proof to
Proposition 3.11, and noting that the sum of the known eigenvalues is —((") —1)(m—4)

2

™) () = 1)(m — 4)2, we find that the

and the sum of their squares is 4(m — 1)(m71
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remaining eigenvalues are (m — 4)(?)_1 O

For larger values of m and n, we have only conjectures and tables of spectra.

For the first several values of m, the spectrum of SR(m,5) is given by Table 3.4. The

Eigenvalue | Multiplicity
5(m —1) 1
4dm —9 m
3am — 7 m
3m —11 (7)
2m — 5 m—1
m—7 | (3)
2m — 11 (%)
m-s | ()1
m—6 m(m — 2)
m—8 2(%3)
m—9 (%)
-5 M(m,5)

Table 3.4: Spectrum of SR(m,5).

spectra of SR(4,n) and SR(5,n) are given for the first several values of n in Tables
3.5 and 3.6. For SR(4,n), we give the following description of the spectrum, which is
correct for the values in the table.

Let a™ | b denote sequence of eigenvalues and multiplicities found as follows:
the eigenvalues are the integers ¢ with a > ¢ > b, where the first multiplicity is m, and
each following multiplicity is 2 larger for even ¢, and 10 larger for odd c. For the first

several values of n, the spectrum of SR(4,n) consists of:

(i) (3n)",

(1) b* for all odd integers b, where 2n —3 >b>n —1,

n=2r n—4)31 (n—6)%, (n—
. (= (00 (-

7)) (n—8)/2
n=2r+1|(n-2)3 (n—4)3"3 ( —

6)°, (n—7)* 1 (n—7)/2
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(i) for ¢ = [n/3 —4]:

n =4s (25 — 5312 (25 — 6)3126 | ¢
n=4s+1|(2s —4)377 (25 —5)3"21 (25 —6)3""23 | ¢
n=4s+2 | (2s —4)716 (25 —5)¥22 | ¢4

n=4s+3 | (25 —3)%73, (25 —4)""2 (25 —5)3"719 | ¢

(v) if n =0 (mod 3) one additional eigenvalue n/3 — 4,

n = 6t (2t — 5)4n=12 (2t — 6)1"16 (2t — 7)In~16 | (=5)
n=~6t+1| (2t —4)"32 (2t —5)
n=6t+2| (2t —4)" 2 (2t —5)

. n=6t+3 | (2t —4)n10 (2t — 5)4n~12 (2t — 6)4"=20 | (—5)
n=6t+4 | (2t —3)"28 (2t —4)
n=~06t+5 | (2t —3)""20 (2t — 4)4n~12,

(vii) (—6)("5"),
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n | Spectrum of SR(4,n)

0 [0

1|3 -1

2 |6 1% —2°

3 | 93413 16 36

4 | 12" 543101 26 31 4P

5| 150 7H 5433112 19 28 34 48 53

6 181 94 74 54 217 06 _116 _23 _312 _48 _58 _61

7 211 114 94 74 53 318 19 012 _118 _321 _48 _514 _64

8 241 134 114 94 74 423 26 116 018 _112 _28 _324 _411 _520 _610

9 271 154 134 114 94 73 524 39 212 122 020 _17 _220 _324 _416 _526 _620

10 301 174 154 134 114 94 629 46 316 218 128 014 _112 _229 _324 _422 _532 _635

11 331 194 174 154 134 114 93 730 59 412 322 224 130 08 _124 _232 _327 _428 _538

56
12 3661 214 194 174 154 134 114 835 66 516 418 328 230 124 011 _136 _232 _332 _434
44 84

13 3951 2346214 194 174 154 134 113 936 79 612 522 424 334 232 118 020 _145 _232
_338 _440 _550 _6120

14 | 42" 25* 23% 21* 19* 174 15* 13% 10! 86 716 618 5% 430 310 226 120 (82 148 935
_344 _446 _556 _6165

15 | 45" 27* 25% 23 21* 19* 171 15 137 11%2 97 82 722 624 554 496 342 220 127 Q¥

_148 _240 _350 _452 _562 _6220

Table 3.5: Spectra of SR(4,n).
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n | Spectrum of SR(5,n)

0 |0t

1 | 4! —14

2 | 825 29

3 121 55 24 010 _315

4 161 85 55 210 19 _110 _210 _420

5 201 115 85 54 410 310 110 09 _125 _320 _45 _522

6 241 145 115 85 610 510 49 310 130 010 _110 _245 _425 _515 _620

7 281 175 145 115 814 710 610 510 329 210 135 _155 _216 _335 _425 _525 _625 _715

8 321 205 175 145 115 1010 910 810 719 520 410 340 214 115 075 _125 _220 _372 _415
_555 _625 _730 _89

9 361 235 205 175 145 1210 1114 1010 920 720 69 540 410 345 25 186 045 _140 _250
_365 _451 _560 _645 _740 _825 _94

10 401 265 235 205 175 1415 1310 1210 1120 109 920 740 610 554 410 325 2110 150 036
_190 _260 _365 _4100 _555 _680 _750 _845 _915 _101

11 | 44" 29° 26° 23% 20° 175 1610 1510 141 1320 1210 1120 939 810 750 §10 560 3125 950
155 050 _1137 _250 _3115 _4110 _580 _6104 _775 _865 _935 _105

12 | 48" 32° 29% 26% 237 20° 18'0 17'5 1610 1520 1410 132 11%0 1010 950 814 760 (10
540 4135 386 270 185 090 _1140 _276 _3175 _495 _5140 _6110 _7119 _885 _965
~10%

13 | 52! 35° 325 295 267 23° 20'° 1910 1810 1724 1610 153 130 129 1150 1010 90 815
765 5170 4105 385 271 1145 0110 _1140 _2145 _3201 _495 _5215 _6110 _7175 _8109
_9105 _1035

14 | 56" 385 35% 325 29° 26% 23° 2210 2110 20'5 1920 1810 17%0 169 15%0 1350 1210 1164

1010 970 815 745 6165 5130 495 3105 295 1202 0110 _1180 _2215 _3200 _4134 _5275
_6125 _7235 _8140 _9155 _1070

Table 3.6: Spectra of SR(5,n).
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Chapter 4

LARGE REGULAR GRAPHS WITH FIXED VALENCY AND SECOND
EIGENVALUE

4.1 The Second Eigenvalue of Regular Graphs

The second adjacency eigenvalue of a regular graph is a parameter of interest
in the study of graph connectivity and expanders (see [3, 17, 54], for example). In
this chapter, we investigate the maximum order v(k, A) of a connected k-regular graph
whose second largest eigenvalue is at most some given parameter A\. As a consequence
of work of Alon and Boppana, and of Serre [3, 25, 66, 71, 73, 74, 86], we know that
v(k, A) is finite for A < 2v/k — 1. The recent proof of Marcus, Spielman and Srivastava
[67] of the existence of infinite families of Ramanujan graphs of any degree at least 3
implies that v(k, \) is infinite for A > 2k — 1.

In this chapter, we will investigate v(k, \) for various values of k£ and A. The
graphs meeting this bound are called extremal expanders. The parameter v(k, —1)
can be determined using the fact that a graph with second eigenvalue at most —1 is a
complete graph (see Lemma 1.29 and the following comments). Thus v(k, —1) = k+1
and the unique graph meeting this bound is Kj,;. The parameter v(k,0) can be
determined using the fact that a graph with exactly one positive eigenvalue must
be a complete multipartite graph (see Lemma 1.30). Indeed, the largest k-regular
multipartite graph is clearly the complete bipartite graph Kjj, since a k-regular t-
partite graph has tk/(t — 1) vertices. Thus v(k,0) = 2k, and K}, is the unique graph
meeting this bound. The values of v(k, —1) and v(k,0) also follow from Theorem 4.11
(see Section 4.4).
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Results from Bussemaker, Cvetkovié, and Seidel [19] and Cameron, Goethals,
Seidel, and Shult [21] give a characterization of the regular graphs with smallest eigen-
value A\, > —2. Since by Proposition 1.20 the second eigenvalue of the complement of
a regular graph is Ay = —1 — A\, the regular graphs with second eigenvalue A\, < 1 are
also characterized. This characterization can be used to find that v(k, 1) (see Section
4.4).

The values remaining to be investigated are v(k, \) for 1 < A < 2y/k — 1. The
parameter v(k, A) has also been studied by Teranishi and Yasuno [92] from a design
theory perspective, Nozaki [76] from a linear programming point of view, Koledin and
Stanic [58, 59, 89] from a spectral graph theory perspective, Hgholdt and Justesen [53],
and Richey, Shutty and Stover [81]. Hgholdt and Justesen [53] focused on bipartite
regular graphs and applied their results to the construction of graph codes while Richey,
Shutty, and Stover [81] implemented Serre’s quantitative version of the Alon-Boppana
Theorem [86] to obtain upper bounds for v(k, A) for several values of k and A. For
certain values of k and A, these authors made some conjectures about v(k, ).

In Section 4.3 we determine v(k, \) explicitly for several values of (k, \), con-
firming or disproving several conjectures in [81], and we find the graphs (in many cases

unique) which meet our bounds. A summary of our bounds is contained in the following

table.

(k,A) v(k, \) Graph meeting bound Unique? Reference
(3,1/2) 14 Heawood graph yes Proposition 4.6
(3,/3) 18 Pappus graph yes Proposition 4.9
(3,7 ~ 1.8662) 18 see Figure 4.7(b) yes Proposition 4.9
(3,2) 30 Tutte-Coxeter graph yes Proposition 4.4
(4,75 —1) 10 circulant graph C'iyo(1,4) yes Proposition 4.7
(4,2) 35 Odd graph Oy yes Proposition 4.5
(4,3) > 728 | incidence graph of GH (3, 3) ? Proposition 4.8

Portions of the remainder of this chapter represent joint work with Sebastian

Cioaba, Jack Koolen, and Hiroshi Nozaki on the paper “Large regular graphs of given
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valency and second eigenvalue” [27]. In particular, Koolen gave the outline of a different
proof of Proposition 4.4 that gave me the idea for Lemma 4.3. Koolen also gave the
idea for Lemma 4.2 without proof. Theorem 4.11 and Proposition 4.12 are due to

Koolen and Nozaki. The remaining results are mine.

4.2 Interlacing Bound

In this section we make use of Proposition 1.28 to find a bound on the number
of vertices in a graph with induced subgraphs with certain properties. The idea is that
if G satisfies A\o(G) < A and G contains a subgraph H such that p(H) > A, then the
subgraph K induced by I'so(H) must satisfy p(K) < A. Indeed, if p(K) > A, then the
subgraph of G induced by V(H)UT'so(H) is isomorphic to the disjoint union H + K,
which satisfies A\o(H + K) > min(p(H ), p(K)) > A, which contradicts Proposition 1.28.
From p(K) < A we can bound |V(G)| in terms of |V (H)| and |E(H)|. Further, using
Lemma 4.2 we can make a similar argument even if p(H) = A. The interlacing bound
is given in Lemma 4.3.

The following lemma can be easily verified.

Lemma 4.1. Each of the graphs in Figure 4.1 has spectral radius greater than 2.

(a) (b)

Figure 4.1: Two small graphs with spectral radius greater than 2.

Lemma 4.2. Suppose G is a connected, k-reqular graph with second largest eigenvalue
M(G) € XN < k, and H is an induced subgraph of G with d(H) > X. Then for
the subgraph K induced by I'so(H) we have d(K) < X, with equality only if d(H) =
Aa(G) = .
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Proof. Consider the quotient matrix ¢ of the partition {V(H),I';(H),'so(H)} of
V(G). We have

o k—a 0

Q=1|~y k—(y+e¢) €|,

0 k—p 6]
where o = d(H), 8 = d(K), and v and € are the average numbers of neighbors in H
and K, respectively, of the vertices in I';(H). By Proposition 1.27, the eigenvalues of
@ interlace those of G, so we must have A\y(Q) < Ao(G) < A. It is straightforward to
verify that A\;(Q) = k and

AQ(Q)=%<a+B—(7+e)+\/Z>, (4.1)

where A = (a+ 8 — (v +¢€))? — 4(aff — By — ae). By hypothesis we have a > \. If
also B > A, then we find that a = 8 = A\2(Q) = A\, as we will prove below.

Indeed, if both @ > A and 8 > A, then by Proposition 1.28 we have \y(G) >
Xo(H + K) > A, a contradiction. Suppose @ > A and 8 > . If a = § = A, then (4.1)
becomes Xo(Q) = A. Otherwise we must have a > 8= Xor B> a = \. If VA > v+,
then clearly \o(Q) > A, a contradiction. If VA < v+ ¢, then A < (y + €)?, which
implies (a — f)(a— +2(e—7)) < 0. Thus we have either & > f and e < v —1(a—f),

1

or B> aand vy <e— 3(8—a). Suppose the former is true. Then 3 = A and we can

write « = f+ 5= A+ s and e =y — 5 —t for some s, > 0. Then (4.1) becomes

1
A2(Q):Z<4A—4V+35+2t+\/§>,

where A’ = 1672+ (s—2t)2—8v(s+2t). If VA’ > 4y—35—2t, then clearly \o(Q) > \, a
contradiction. If /A’ < 4y—3s—2t, then A’ < (4y—3s—2t)?, which implies v < 5+t
However, this implies € = v — 3 —t < 0, a contradiction. If § > o and 7 < e — %(5 —a),
the same argument holds (simply swap the roles of o and 5 and of v and € in the above

argument). Thus we cannot have a > A and 5 > A unless a = § = A, so we must have

f<Aora=[F=XQ)=A\ O
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Lemma 4.3. Suppose G is a connected, k-reqular graph with second largest eigenvalue
Ao (G) < XN < k. If G contains an induced subgraph H on s vertices with t edges and
either d(H) > X or p(H) > X, then

V(G| < s+ %(1{3 p (4.2)

Proof. Since G is k-regular, we have |E(H,T'(H))| = ks — 2t, which implies |I'y(H)| <
ks — 2t. We will show that [I'so(H)| < £ |T'(H)|, which completes the proof that
(4.2) holds.

First, note that each vertex in I'y(H) has a neighbor in H, so each such vertex
has at most k& — 1 neighbors in I'so(H). Then |E(T'(H),I's2(H))| < (k—1) | (H)|. If
d(H) > X then by Lemma 4.2 we have d(K) < A\, where K is the subgraph induced by
['so(H). If not, then p(H) > X, so p(K) < X by Proposition 1.28 (and thus d(K) < A
also by Proposition 1.12). In either case we have d(K) < . Since G is k-regular, this
implies that the average number of neighbors in I'y(H) of the vertices in I'so(H) is
at least k — A, so |[E(T'1(H),Ts2(H))| > (k— A\) [T's2(H)|. Thus (k — \) |T's2(H)| <
(k—1)|I'y(H)|, which completes the proof. O

Lemma 4.3 is especially useful when A < 2, since there are many graphs H with
d(H) >2or p(H) > 2.
For convenience we note that in the 3-regular case with A = 2, (4.2) becomes

[V (G)| < 10s—6t and in the 4-regular case with A = 2, (4.2) becomes |V (G)| < 11s—5t.

4.3 Results of the Interlacing Bound

Richey, Shutty, and Stover [81] show that v(3,2) < 105, but they note that
the largest 3-regular graph with Ay < 2 that they are aware of is the Tutte-Coxeter
graph on 30 vertices. Richey, Shutty, and Stover [81] conjecture that v(3,2) = 30. We
confirm their conjecture and show that the Tutte-Coxeter graph is the unique graph

which meets this bound.
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Figure 4.2: The Tutte-Coxeter graph.

Proposition 4.4. If G is a connected, 3-reqular graph with second largest eigenvalue
Xo(G) < 2, then G has at most 30 vertices, with equality if and only if G is the Tutte-

Cozxeter graph (see Figure 4.2).

Proof. Note that G cannot be a tree, so G contains a cycle C,, for some m > 3. Note
also that C,, has m vertices and edges and d(C,,) = 2. Thus, if the girth of G is 3,
4,5, 6,7, or 8 then Lemma 4.3 implies that G has at most 12, 16, 20, 24, 28, or 32
vertices, respectively.

Also, if the girth of G is m > 5, then G induces a subgraph isomorphic to the
graph in Figure 4.1(a). Indeed, G induces a C,, but does not induce C; for i < m.
Every vertex in the ), must have a neighbor outside the C,,, and no two vertices in
the C,, can share a neighbor outside the C,, (since the girth is m). In particular, there
is a pair of vertices adjacent in the (), each with a distinct neighbor outside the C),.
These neighbors are not adjacent, since the girth is m > 5. Thus as claimed G induces
a subgraph isomorphic to the graph in Figure 4.1(a) (which has 7 vertices and 6 edges),
so Lemmas 4.1 and 4.3 imply G has at most 34 vertices. By Lemma 1.1, if the girth
of GG is more than 8 then G must have at least 46 vertices, so the girth of G must be
at most 8 and we have |V(G)| < 32.
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If G has 30 or 32 vertices, then the girth of G must be 8. Partitioning the
vertices of GG according to their distance from a vertex u in a cycle of length 8, we
find that |I'y(u)| = 3, [Te(u)| = 6, [I's(u)| = 12, and |I's4(u)| = m, m € {8,10}, with

quotient matrix

SO = O W
_ O N O
o N o O
D OO O O

Q
|
o o o ~ o

00 B8 3-0
where [ is the average number of neighbors in I's(u) of the vertices in I's4(u). Note
that this implies mf = 24 (just count |E(I's(u),'>4(u))| in two ways). Proposition
1.27 implies that A\2(Q) < X\(G) < 2. If |V(G)| = 32, then m = 10, 5 = 12/5, and
A2 (Q) = v ~ 2.04 > 2, where ~ is the largest root of f(z) = ba*+ 1223 —232* — 482 +6,
a contradiction. If |V(G)| = 30, then m =8, = 3, and by Lemma 1.25 G must be a
distance-regular graph with intersection array {3,2,2,2;1,1,1,3}. The Tutte-Coxeter
graph is known to be the unique distance-regular graph with this intersection array
(see, for example, [14, Theorem 7.5.1]).

Thus G has at most 30 vertices, with equality if and only if G is the Tutte-
Coxeter graph. O]

Richey, Shutty, and Stover [81] show that v(4,2) < 77 and conjecture that the
largest 4-regular graph with Ay < 2 is the so-called rolling cube graph on 24 vertices
(that is, the bipartite double of the cuboctohedral graph). We disprove their conjecture
and show that v(4,2) = 35 and the Odd graph O, is the unique graph which meets
this bound.

Proposition 4.5. If G is a connected, J-reqular graph with second largest eigenvalue
Aa(G) < 2, then |V(G)| < 35, with equality if and only if G is the Odd graph Oy (see
Figure 4.3).
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Figure 4.3: The Odd graph O,.

Proof. A similar argument to the one above using Lemma 4.3 shows that if G has girth
3,4, 5, or 6, then G has at most 18, 24, 30, or 36 vertices, respectively. A 4-regular
graph with girth at least 5 must induce a subgraph isomorphic to the graph in Figure
4.1(b), which implies G has at most 41 vertices by Lemmas 4.1 and 4.3. By Lemma 1.1,
if the girth of G is more than 6 then G must have at least 53 vertices, a contradiction.
Thus G has girth at most 6 and at most 36 vertices.

If G has more than 30 vertices, then G must have girth 6. Partitioning the
vertices according to their distance from a vertex u in a cycle of length 6, we find that

Ty (u)| =4, [Ta(u)| =12, |I'ss(u)| = m = |[V(G)| — 17, with quotient matrix

040 0
103 0

Q= : (4.3)
010 3
00 B8 4-2

where (3 is the average number of neighbors in I'y(u) of the vertices in I's3(u). Propo-

sition 1.27 implies that A2(Q) < Ao(G) < 2. Note that we have mf = 36 (by counting
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|E(Ta(u), 's3(w))| in two ways). Thus if |[V(G)| = 36 then m = 19, = 36/19 and
A2 (Q) = v =~ 2.02, where v is the largest root of f(z) = 192° + 362* — 972 — 108, a
contradiction. Thus |V(G)| < 35.

If [V(G)| = 35, then as seen above G has girth 6 and thus has quotient matrix @
from (4.3) with 3 = 2. Then \y(Q) = 2 with eigenvector y = (—6,—3,0,1)". Since we
have \o(G) < 2, Proposition 1.27 implies that A2(G) = 2. Let S be the characteristic
matrix of the partition with quotient matrix Q, so that STA(G)S = KQ and STS = K,
where K = diag(1,4,12,18). Since G is 4-regular, we have A\;(G) = 4 and A1 = 41,
and Rayleigh’s inequalities (Proposition 1.26) give us Jg# < A(G) = 2 for any
x € span{1}* (that is, for any z whose entries sum to 0), with equality if and only if

x is an eigenvector of A(G) with eigenvalue 2. For v € V(G) we have

(
—6, v =u,
-3, vel(u),
(Sy)v =
0, veTy(u),
L ]_, v E Fzg(u),

Sy TAG)Sy _ y'STAG)Sy _
(Sy)TSsy —  y'STSy

and it is straightforward to verify that Sy € span{1}+ and (
% = 2, which implies that Sy is an eigenvector of A(G) with eigenvalue 2. Then
for any v € I's3(u) we have 2 = 2(Sy), = (A(G)SY)y = >, (SY)w, which, since
vertices in I's3(u) have neighbors only in I'y(u) and I's3(u), implies that v has exactly
2 neighbors in I'>3(u). This implies that the partition is equitable, so by Lemma 1.25
G is distance-regular with intersection array {4,3,3;1,1,2}. The Odd graph Oy is the

unique distance-regular graph with that intersection array (see [72]), which implies G

is 04. L]

In addition to finding v(k, ), it is also interesting to find the smallest possible
second eigenvalue greater than 1 among k-regular graphs for fixed & (there is always
a k-regular graph with second eigenvalue 1, for example the complement of the line

graph of Ks11). Below we find this eigenvalue for k = 3 and k = 4.
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Figure 4.4: The Heawood graph.

Proposition 4.6. If G is a connected, 3-reqular graph with \o(G) > 1, then A\o(G) >
V2, with equality if and only if G is the Heawood graph (see Figure 4.4).

Proof. We first note that the average degree of any cycle is 2 > /2. The average
degree of K3 is 3/2 > /2. If G has girth 3 or 4, then Lemma 4.3 implies |V (G)| <
g(\/ﬁ + 10) ~ 9.78 or %(\/5 + 10) &~ 13.04, respectively. Since G is 3-regular, this
implies |V(G)| < 8 or 12, respectively. If G has girth more than 3, then G induces
K13, so Lemma 4.3 implies |V(G)| < 2(53 4 6v/2) ~ 17.57. Since G is 3-regular, this
implies |V (G)| < 16. Lemma 1.1 implies that a graph with girth more than 6 has at
least 22 vertices, so G has girth at most 6.

We partition the vertices of G by P, = {V(H),['1/(H),I'>2(H)}, where H is a
subgraph of GG isomorphic to C,,,, where m is the girth of G. This partition has quotient

matrix ) given by
2 1 0

Q=1v 3—(a+7v) «a |,
0 B 3-0

where v |I'1(H)| = m (by counting |E(H,T'1(H))|) and «|I'y(H)| = 8|I's2(H)| (by
counting |E(I'1(H),T'so(H))|). By Proposition 1.27 we must have \y(Q) < v/2.

We first suppose G has girth 3. Lemma 1.1 implies V(G) > 4,504 < |V(G)| <
8. If [V(G)| = 4, then G = Ky, and we have \(G) = —1. If |[V(G)| = 6, it is
straightforward to show that G = C30K5, and we have A\y(G) = 1. Either case is a
contradiction. If |[V(G)| = 8 then I'y(H) has 2 or 3 vertices. If |I'y(H)| = 2, then we

107



have |I'so(H)| = 3, v = 3/2, and depending on whether there is an edge in I';(H) or
not we have a = 1/2 or 3/2, f = 1/3 or 1, and X\2(Q) = %(\/ﬁ+4) ~ 2.54 or 2,
respectively. Either case is a contradiction. If |I';(H)| = 3, then |I'so(H)| =2, v =1,
and depending on whether there is an edge in I'so(H) or not we have § = 2 or 3,
a = 4/3 or 2, and \(Q) = 5/3 or 3(V17 — 1) ~ 1.56, respectively. Either case is a
contradiction. Thus G cannot have girth 3.

Suppose G has girth 4. Then Lemma 1.1 implies V(G) > 6, so we have 6 <
V(G)| < 12. If [V(G)| = 6, then G = K33 and we have A\y(G) = 0. If |[V(G)] = 8,
then it is straightforward to verify that G must either be the 3-cube )3 or the graph
in Figure 4.5. In either case we have \y(G) = 1, a contradiction. If |V(G)| = 10,

pul

Figure 4.5: A 3-regular graph on 8 vertices with girth 4.

then I'y(H) has 2, 3, or 4 vertices. If |I'\(H)| = 2, then |[I'so(H)| =4, v =2, a =1,
B =1/2, and X\ (Q) = (V41 + 3) & 2.35, a contradiction. If [I'j(H)| = 3, then
IIso(H)| =3, v =4/3, and a = . Then o < 5/3 (because the center entry of @,
3 — (a + ), must be nonnegative), so f < 5/3, which implies I'so(H) has at least
2 edges. Since G has girth 4, I'so(H) cannot have 3 edges, so I's5(H) has exactly 2
edges, a = 3 =5/3, and A\»(Q) = (V241 + 7) ~ 1.88, a contradiction. If |T'y(H)| = 4,
then |I'so(H)| = 2, v = 2, and depending on whether there is an edge in I'so(H) or not
we have # =2 or 3, a =1 or 3/2, and A\»(Q) = 2(v/5 + 1) &~ 1.62 or 3/2, respectively.
Either case is a contradiction. If |V(G)| = 12, then I';(H) must be a coclique on 4
vertices (otherwise |E(I'y(H),T's2(H))| < 6, and Lemma 4.2 implies d(I's2(H)) < V2,
so |[E(Py(H),Tso(H))| > (3—+/2) [I'se(H)|, so we have [I'so(H)| < 6/(3—+/2) =~ 3.78,
which implies |V (G)| < 11.78, a contradiction). Then we have |I'y(H)| = |I's2(H)| = 4,
vy=1, a= =2 and \(Q) = /3. This is a contradiction, so G cannot have girth 4.

Suppose G has girth 5. Then Lemma 1.1 implies V(G) > 10, so we have
10 < |[V(G)| < 16. The Petersen graph with 10 vertices and Ay = 1 is the unique
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(3,5)-cage (see [52]), so G cannot have 10 vertices. Note we must have |I'\(H)| =5
and v = 1, since vertices in H cannot have common neighbors outside of H (otherwise
the girth is at most 4, a contradiction). If |V(G)| = 12, then we have |I'so(H)| = 2,
and depending on whether there is an edge in I'so(H) or not we have § = 2 or 3,
a=4/50r 6/5, and \(Q) = £(2v/6 + 3) ~ 1.58 or (/241 — 1) ~ 1.45, respectively.
Either case is a contradiction.

If [V(G)| = 14 or 16, partition the vertices of G according to their distance from
a fixed vertex u. We have |I'y(u)| = 3, |I'2(u)| = 6, and |I's3(u)| = k € {4,6}. Then G

has quotient matrix () given by

0 3 0 0
10 2 0
) (4.4)
01 2—« «Q
00 15} 3—0

where k5 = 6a (by counting |E(I'y(u),I'>3(u))]). As before, Proposition 1.27 implies
A2(Q) < v/2. We may assume there is an edge in I'y(u) since G has girth 5, so we have
0 < o <5/3. The matrix @) has characteristic polynomial ¢q(z) = (x — 3) f(x), where
f(x) =23+ (a+—2)2?+ (B—5)z—3a—28+6. Thus \(Q) = 3. If |V(G)| = 14, we
have k = 4, 6o = 48 (so 8 = 3a), f(v2) = (a—2)(3v2-2) < (5/3-2)(3v2-2) < 0,
and f(3) = 42a > 0, so @ has an eigenvalue between /2 and 3, a contradiction. If
V(G)| = 16, we have k = 6, a = 6, f(vV2) =2 —-3vV2+ (V2 - 1)a < 2 —3V2 +
5(v/2—1)/3 < 0, and f(3) = 16a > 0, so @ has an eigenvalue between /2 and 3, a
contradiction. Thus G cannot have girth 5.

Finally, if G has girth 6, we again partition the vertices with respect to their
distance from a vertex u. As with girth 5 we have |I'y (u)| = 3, |[I'2(u)| = 6, |I's3(u)| = E,
and quotient matrix @ given by (4.4). As before, Proposition 1.27 implies Xo(Q) < v/2.
Since the girth is 6 we have o = 2 and kf = 12 (again by counting |E(I's(u), 's3(u))]).
Then @ has characteristic polynomial ¢q(z) = (z — 3) f(z), where f(z) = 2* + fa? +
(B—5)x —2B. We have f(v/2) = v2(8 —3) and f(3) = 2(58 4 6), so if 8 < 3 then Q
has an eigenvalue between v/2 and 3, a contradiction. Thus § = 3, k = 4, |V(G)| = 14,
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and by Lemma 1.25 G is distance regular with intersection array {3,2,2;1,1,3}. The
Heawood graph is the unique distance-regular graph with that intersection array (see

[9]), so G is the Heawood graph. O

Note that this implies v(3, v/2) = 14. We remark that Proposition 4.6 can also
be proved by a computer search once we have bounded V(G) depending on the girth
as in the beginning of the proof. One can simply check the girth 3 graphs on at most 8
vertices, the girth 4 graphs on at most 12 vertices, and girth 5 and 6 graphs on at most
16 vertices. The number of graphs which must be checked is only 94 (see, for example,

[83] for tables with the numbers of 3-regular graphs of given order and girth).

Proposition 4.7. If G is a connected, 4-reqular graph with Aoy(G) > 1, then A\y(G) >
V5—1, with equality if and only if G is either the graph in Figure 4.6(a) or the circulant
graph Ciyg(1,4) (see Figure 4.6(b)).

(a) The 4-regular graph G
on 8 vertices with

A2 (G) =+/5— 1. (b) The Circulant graph Cijg(1,4).

Figure 4.6: The 4-regular graphs Ao = v/5 — 1.

Proof. 1t is straightforward to verify that the two graphs mentioned have second
cigenvalue /5 — 1. Indeed, the graph in Figure 4.6(a) has characteristic polynomial
f(x) = 2 (x—4)(2* 422 —4)(z+2) and the circulant graph Cij(1,4) has characteristic
polynomial g(z) = z°(x —4)(x?+2x —4)%. We also note that the spectral radius of K 5
is v/2 > /5 — 1. Suppose G is a connected, 4-regular graph with \y(G) < v/5—1. If G
has girth 3, then G induces a C3 and Lemma 4.3 implies |V (G)| < &(154+/5) ~ 15.51.
This implies |V (G)| < 15. If G has girth more than 3, then G induces K 2, so Lemma
4.3 implies |V(G)| < £(17 + 6v/5) ~ 19.68. This implies [V(G)| < 19. A 4-regular,
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girth 6 graph must have at least 26 vertices by Lemma 1.1, so G must have girth at
most 5.

We checked by computer all 4-regular graphs on at most 15 vertices and found
that, in each case where M\o(G) > 1, we have \y(G) > /5 — 1, with equality if and only
if G is either the graph in Figure 4.6(a) or the circulant graph Cijo(1,4). Thus, if we
can show that |V(G)| < 15, we are done. Since we have already shown that if G has
girth 3 then |V(G)| < 15, we may assume that G has girth 4 or 5.

If G has girth 5 and at most 19 vertices, then G must be the Robertson graph,
the unique (4,5)-cage (see [82]). A direct computation shows that the Robertson graph
has second eigenvalue 1(v/21 — 1) > /5 — 1, so G does not have girth 5.

Suppose that G has girth 4. Partitioning the vertices of G with respect to their
distance from an arbitrary vertex u we find |I'y(u)| = 4 and |T'so(u)| = m. Then G has

quotient matrix

04 0
Q=10 3 [,
0 6 4-p

where [ is the average number of neighbors in I'y(u) of the vertices in I'so(u). Note
that this implies mf = 12 (by counting |E(I';(u), [sa(w))]), so if [V(G)| = 16, 17,
18, or 19, then we have m = 11, 12, 13, or 14, f = 12/11, 1, 12/13, or 6/7, and
A (Q) = 2(V97-3), 2(V13—1), (/139 —3), or 1(V/163 — 3), respectively. Each of
these is larger than v/5 — 1, which contradicts Proposition 1.27. Thus if G has girth 4,
we have |[V(G)| < 15. O

Note that this implies v(4, v/5 — 1) = 10. It would be interesting to find a proof
of Proposition 4.7 which does not require a computer search. For the proof above the
computer must check 906,331 graphs.

Richey, Shutty, and Stover conjectured that v(4,3) = 27 and the largest 4-
regular graph with Ay < 3 is the Doyle graph on 27 vertices. We disprove this conjecture
and show that v(4,3) > 728, because there is a distance-regular graph on 728 vertices

which is 4-regular with Ay = 3: the incidence graph of a generalized hexagon G H (3, 3)
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(see, for example, [15]). It turns out this is the largest such graph (though perhaps not
the only one), but we need more powerful bounds to prove it (see Section 4.4). Here,
we can prove that if the girth of a 4-regular graph with second eigenvalue 3 is at least

12, then the graph must have the same intersection array as GH (3, 3), as seen below.

Proposition 4.8. If G is a connected, j-reqular graph with girth at least 12 and
A(G) < 3, then G is a distance regular graph on 728 vertices and intersection ar-

ray {4,3,3,3,3,3:1,1,1,1,1,4}.

Proof. Since G is 4-regular with girth 12, by partitioning the vertices of G according
to their distance from a vertex u we find that |I'y(u)| = 4, [T2(u)| = 12, |Is(u)| = 36,
IT4(u)| = 108, |T's(u)| = 324, and |T's¢(u)| = m, where m = |V (G)|—485, with quotient

matrix

040000 0
103000 0
010300 0

Q=1001030 0 |,
000103 0
000010 3
000003 4-58

where [ is the average number of neighbors in I's(u) of the vertices in I's¢(u). Note that
this implies mf = 3 - 324 = 972 (by counting |E(I'5(u),'s¢(u))|). The characteristic
polynomial of Q is ¢g(x) = (v — 4)f(z), where f(x) = 25 + B2° + (8 — 16)z* —
12623 — (98 — 63)x? + 278z + 98 — 36. Clearly 4 is an eigenvalue of Q. We have
f(3) =9(8—4) and f(4) = 48558 + 972, so for f < 4 we have f(3) <0 and f(4) > 0,
which implies () has an eigenvalue between 3 and 4. This is a contradiction, since
A2(G) < 3 by Proposition 1.27, so we must have § = 4 and m = 243. Then Lemma
1.25 implies that G is a distance-regular graph on 728 vertices with intersection array

{4,3,3,3,3,3:1,1,1,1,1,4}. O

112



Richey, Shutty, and Stover conjectured that v(3,1.9) = 18. We confirm this

conjecture, and show that there are exactly two graphs meeting this bound.

Proposition 4.9. If G is a connected, 3-reqular graph with second largest eigenvalue

Ao(G) < 1.9, then |V (Q)| < 18, with equality if and only if G is the Pappus graph (see

Figure 4.7(a)) or the graph in Figure 4.7(b).

LK,
N
\\.é&//

(a) The Pappus graph. (b) A graph with )\2 =7~ 18662, the lal“gest
root of f(x) = 23 + 222 — 4z — 6.

Figure 4.7: The 3-regular graphs on 18 vertices with A\, < 1.9.

Proof. We note again that any cycle has spectral radius 2. It is straightforward to

verify that the graph in Figure 4.8 also has spectral radius 2. Then, by Lemma 4.3,

>

Figure 4.8: A graph with spectral radius 2.

if G has girth 3, 4, 5, 6, or 7, then G has at most 11.45, 15.27, 19.09, 22.91, or 26.73
vertices, respectively. Since G is 3-regular, this implies G has at most 10, 14, 18, 22, or
26 vertices, respectively. A 3-regular graph with girth at least 5 contains as an induced
subgraph isomorphic to the graph in Figure 4.8, so by Lemma 4.3 such a graph has at
most 28.54 vertices, hence at most 28 vertices. A 3-regular graph of girth 8 has at least
30 vertices by Lemma 1.1 (or note that the Tutte-Coxeter graph is the unique (3,8)-
cage, see [93] and [94]), so we have shown that a 3-regular graph G with A\o(G) < 1.9

and more than 18 vertices must have girth 6 or 7.
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If G has 26 vertices, then GG has girth 7. By partitioning the vertices according to
their distance from an arbitrary vertex u, we find |I'y(u)| = 3, |T'a(u)| = 6, [I'ss(u)| =

16. Then G has quotient matrix

030 0
102 0
Q= :
010 2
003 3-5

with 165 = 12 (by counting |E(I'y(u), 's3(u))|), so 8 = 3/4. By Proposition 1.27, we
must have A\2(Q) < 1.9, but we find that M\y(Q) = v ~ 1.9009, where 7 is the largest
root of the polynomial f(z) = 423 + 32? — 172 — 6, a contradiction. This implies that
G has at most 24 vertices. In this case, the girth of G must still be 7. The McGee
graph on 24 vertices is the unique (3,7)-cage ([69] and [94]). Since the McGee graph
has second eigenvalue 2, we have proved that G does not have girth 7.

Now, if G has more than 18 vertices then G must have girth 6 and at most 22
vertices. Among 3-regular graphs, we checked by computer the 32 graphs with girth 6
on 20 vertices and the 385 graphs with girth 6 on 22 vertices and found that each has
second eigenvalue more than 1.9. Thus G has at most 18 vertices. If G has 18 vertices,
then G must have girth 5 or 6. Among 3-regular graphs, we checked by computer
the 450 graphs with girth 5 on 18 vertices and found that each has second eigenvalue
more than 1.9. We checked the 5 graphs with girth 6 on 18 vertices and found that
all but two of them have second eigenvalue more than 1.9. The exceptions were the
Pappus graph with second eigenvalue v/3 and the graph in Figure 4.7(b) with second
eigenvalue v, where v ~ 1.8662 is the largest root of f(z) = 2% + 22 — 4z — 6 (again,
see [83] for tables with the numbers of 3-regular graphs of given order and girth). [

Note that in addition to proving that v(3, 1.9) = 18, this result implies v(3, v/3) =
18 and v(3,v ~ 1.8662) = 18. It would be interesting to find a proof of Proposition

4.9 that does not require a computer search.
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4.4 Linear Programming Bound
Recently, Nozaki [76] used linear programming to prove a bound on the number
of vertices in a k-regular graph whose eigenvalues satisfy certain conditions:

Let Fi(k) be orthogonal polynomials defined by the recurrence formula

F(2) = 2P\ (x) = (k= ) (), (4.5)

for i > 3, where Fék) (x) =1, Fl(k)(x) =z, and Fék)(w) =a2? —k.

Theorem 4.10. Let G be a connected, k-regular graph with v wvertices. Let 19 =
k,T1,...,7q be the distinct eigenvalues of G. Suppose there ezists a polynomial f(x) =
> >0 fiFi(k)(x) such that f(k) >0, f(r;) <0 foranyi > 1, fo >0, and f; > 0 for any

1> 1. Then we have

i)
Jo
Let T'(k,t,c) be the t x t tridiagonal matrix with lower diagonal (1,1,...,1,¢),

v

upper diagonal (k,k—1,...,k—1), and with constant row sum k, where c is a positive
real number. Let M(k,t,¢) = 1+ S k(k — 1) + k(k—l We have the following
bound:

Theorem 4.11. Let X\ be the second largest eigenvalue of T'(k,t,c). Then we have
v(k,\) < M(k,t,c), with equality if and only if any graph meeting the bound is a
distance-reqular graph with quotient matriz T (k,t, c) with respect to the distance parti-

tion.

The proof below, due to Koolen and Nozaki, is given in substantially the same

form as in [27].

Proof. We first show that the eigenvalues of 1" coincide with the zeros of Zt °F, (x) +
F,_1(z)/c (see [14, Section 4.1 BJ). Indeed,

[F();Fh ey thl/C] T = [LEF(],LL'Fl, ce ,fEFt,Q, (k; — 1)Ft,2 =+ (k — C)thl/C] y
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and
[F(),Fl,...,Ft_l/C] (T—l’]) = [0,0, O (]C - 1)E_2 + (—x—f—k;— C)Ft_l/C]

lo 0,. (ZF + F_ 1/c>

=10,0,...,0,(k —x)((c — 1)Gi—2 + Gi_1) /(]

by (4.5), where G;(x) = Zj‘:a F;(x). From this equation, the zeros of (k — x)((c —
1)Gi_2 + Gy_1) are eigenvalues of T'. The monic polynomials G; form a sequence of or-
thogonal polynomials with respect to some positive weight on the interval [—Nﬁ ,
2\/m [76]. Since the zeros of G;_» and G;_; interlace on [—2\//~c —1,2Vk — 1], the

zeros of (k —x)((c —1)Gi—2 + Gi—1) are simple. Therefore all eigenvalues of T' coincide
with the zeros of (kK — x)((¢c — 1)Gy_2 + G;_1), and are simple.
Let p1 =k > ps > ... > py be the eigenvalues of T'. We show the polynomial

2t—3

fla) = (x—po) [[(w = ) =D fiFi(w)
=3 =0

satisfies f; > 0 for i = 0,1,...,2t — 3. Note that it trivially holds that f(k) > 0, and

f(p) <0 for any p < ps. The polynomial f(z) can be expressed by

f(l"): (C—l)Gt 2+Gt 1 (ZF + F_ 1/C>.

T — H2

By [28, Theorem 3.1] (or by [76, Theorem 4]), g(z) = ((¢ —1)Gi—2+ G¢—1)/(x — p2) has
positive coefficients in terms of Gy, Gy, ...,G—;. This implies that g(z) has positive
coefficients in terms of Fy, Fy, ..., F;_1. Therefore f; > 0 for ¢ =0,1,...,2t — 3 by [76,
Theorem 3].

The polynomial g(x) can be expressed by g(z) = Zz;g g:Fi(x). By [76, Theo-

rem 3|, we have

Jo= Zngz(k’) =
i=0
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By Theorem 4.10 with f(z), we have

t—2
ZZE )+ Fia(k)/c

i=

v(k, pi2)

t—3

=14+ k(k—1)'+

i=0
By [76, Remark 2|, the graph attaining the bound has girth at least 2¢ — 2, and at most

k(k — 1)t2

C

t distinct eigenvalues. Therefore the graph is a distance-regular graph with quotient
matrix T'(k,t,c) by [76, Theorem 6] and [34]. Conversely the distance-regular graph
with quotient matrix T'(k,t, c) clearly attains the bound M (k,t,c). O

Note that, by Lemma 1.25, T'(k, t, ¢) is the quotient matrix (with respect to the
distance partition) of the distance-regular graph with diameter ¢ + 1 and intersection
array {k,k—1,....,k—1;1,...,1,¢} (where k — 1 and 1 each appear t times), if such
a distance-regular graph exists. Further, M (k,t,c) is clearly the number of vertices in
such a graph. Thus, in addition to providing an upper bound on the number of vertices,
Theorem 4.11 states that any distance-regular graph with such an intersection array
must be maximal with respect to v(k, ).

Theorem 4.11 simplifies many of the proofs from Section 4.3, and in a few cases
gives the extremal graph found in Section 4.3 immediately. We include the proofs
in Section 4.3 for the sake of completeness and clarity, since the method is easier to
understand than Theorem 4.11.

Table 4.1 gives some infinite families of graphs that meet the bound M (k,t, c)
for some values of k,t,c. Of course, by PG(2,q), GQ(q,q), and GH(q,q), we mean
the incidence graphs of those structures. The incidence graphs of PG(2,q), GQ(q,q),
and GH(q,q) are known to be unique for ¢ < 8, ¢ < 4, and ¢ < 2, respectively (see,
for example, [14, Table 6.5 and the following comments|). The incidence graphs of
PG(2,2), GQ(2,2), and GH(2,2) are the Heawood graph, the Tutte-Coxeter graph
(or Tutte 8-cage), and the Tutte 12-cage, respectively. Note that for ¢ = 3 in the last
line of Table 4.1 we obtain v(4,3) = 728, which we were only able to partially prove in
Section 4.3.
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Table 4.1: Families of graphs meeting the bound M (k,t,c).

(k,\) v(k, \) Graph meeting bound | Unique? | Ref.
(2,2 cos(2m/n)) n n-cycle C,, yes
(k,—1) E+1 Kitq yes
(l{?, 0) 2k Kk,k yes
(g+1, \/a) 2(¢* +q+1) PG(2,q) ? [14, 87]
(¢ +1,v2q) 2(¢+1)(¢* + 1) GQ(g,q) 7 [8, 14]
(¢+1,v3q) |2(a+D(¢"+¢*+1) GH(q,q) ? [8, 14]

PG(2,q): projective plane, GQ(q, q): generalized quadrangle,
GH(q,q): generalized hexagon, ¢: prime power

Table 4.2 gives some sporadic examples of graphs meeting the bound M (k,t, c).

For the values of t,c in Table 4.2, one needs only check the intersection array of the

Table 4.2: Sporadic of graphs meeting the bound M (k,t, c).

(k,\) | v(k,A) | Graph meeting bound | Unique? | Ref.
(3,1) 10 Petersen graph yes [52]
(4,2) 35 Odd graph Oy yes [72]
(7,2) 50 Hoffman-Singleton graph yes [52]
(5,1) 16 Clebsch graph yes [45, 85]
(10,2) 56 Gewirtz graph yes 16, 41]
(16,2) 7 Mo graph yes (12, 51]
(22,2) | 100 Higman-Sims graph yes [41, 51]

given graph.
Theorem 4.11 and the characterization of graphs with least eigenvalue at least

—2 can be used to find v(k, 1) for any k:

Proposition 4.12. Let G be a connected k-reqular graph with second largest eigenvalue
at most 1, with v(k, 1) vertices. Then the following hold:

(i) v(2,1) =6, and G is the hexagon.

)
(i) v(3,1) =10, and G is the Petersen graph.
(ii) v(4,1) =12, and G is the complement of graph no. 186 in Table 9.1 in [19].
)

(iv) v(5,1) =16, and G is the Clebsch graph.
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(v) v(6,1) = 15, and G is the complement of the line graph of the complete graph
with 6 vertices, or the complements of graphs nos. 171-176 in Table 9.1 in [19].

(vi) v(7,1) = 18, and G s the complements of graphs nos. 177-180 in Table 9.1 in
[19].
(vit) v(8,1) = 21, and G is the complements of graphs nos. 181, 182 in Table 9.1 in
[19].
(vitr) v(9,1) = 24, and G is the complement of graph no. 183 in Table 9.1 in [19].
(iz) v(10,1) =27, and G is the complement of the Schlifli graph.
(z) v(k,1) =2k+2 for k > 11, and G is the complement of the line graph of Ko j+1.

In Table 4.3 we summarize the known values of v(k, \), k < 22, given in this

section and Section 4.3.
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Table 4.3: Summary of our results.

(k,\) v(k, \) kN | ok, ) kN | ok, \)
(2,—1) 3 (7,1) 18 (14,V/13) | 366
(2,0) 4 (7,2) 50 (14,v/26) | 4760
2.3 (vV5-1) | 5 (8,—1) 9 (14,4/39) | 804468
(2,1) 6 (8,0) 16 (15,-1) 16
(2,v2) 8 (8,1) 21 (15,0) 30
(2,4 (VB+1)) | 10 (8,V7) 114 (15,1) 32
(2,v3) 12 (8,v14) | 800 (16, —1) 17
(3,-1) 4 (8,v21) | 39216 (16,0) 32
(3,0) 6 (9,-1) 10 (16, 1) 34
(3,1) 10 (9,0) 18 (16,2) 77
(3,v2) 14 (9,1) 24 (17,—1) 18
(3,v3) 18 (9,2v2) | 146 (17,0) 34
(3,2) 30 (9,4) 1170 (17,1) 36
(3,v6) 126 (9,2v/6) | 74898 (18,—1) 19
(4,-1) 5 (10, —1) 11 (18,0) 36
(4,0) 8 (10,0) 20 (18,1) 38
(4,1) 12 (10,1) 27 (18,v17) | 614
(4,v/5-1) 10 (10,2) 56 (18,v/34) | 10440
(4,v3) 26 (10, 3) 182 (18,+/51) | 3017196
(4,2) 35 (10,3v2) | 1640 (19, -1) 20
(4,6) 80 (10,3v/3) | 132860 (19,0) 38
(4,3) 728 (11,-1) 12 (19,1) 40
(5,-1) 6 (11,0) 22 (20, 1) 21
(5,0) 10 (11,1) 24 (20,0) 40
(5,1) 16 (12,-1) 13 (20,1) 42
(5,2) 42 (12,0) 24 (20,v19) | 762
(5,2v2) 170 (12,1) 26 (20,/38) | 14480
(5,2v/3) 2730 (12,v11) | 266 (20,V/57) | 5227320
(6,—1) 7 (12,v22) | 2928 (21, —1) 22
(6,0) 12 (12,/33) | 354312 (21,0) 42
(6,1) 15 (13,-1) 14 (21,1) 44
(6,/5) 62 (13,0) 26 (22, 1) 23
(6,/10) 312 (13,1) 28 (22,0) 44
(6,v/15) 7812 (14, —1) 15 (22,1) 46
(7,-1) 8 (14,0) 28 (22,2) 100
(7,0) 14 (14,1) 30
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Chapter 5

OPEN PROBLEMS AND FUTURE WORK

In this chapter we discuss open problems and future work in the areas of the

problems discussed in Chapters 2—4.

5.1 The Graphs With All But Two Eigenvalues Equal to 0 or —2

In Section 2.3 we determined the set G of connected graphs with all but two
eigenvalues equal to 1. We also showed that any graph G with all but two eigenvalues
equal to £1 must be either a disjoint union of complete graphs with exactly two
connected components different from K, or a disjoint union of a graph H € G and
some copies of K5. A graph GG in G has eigenvalues r > 1 and s < —1 with multiplicity
1, and £1 with any multiplicity. If a graph G € G is a regular graph on n vertices,
then by Proposition 1.20 the complement G of G has eigenvalues n —1 —r and —1 — s
with multiplicity 1, and 0, —2 with any multiplicity (the multiplicity of 0 and —2 in G
is the multiplicity of —1 and 1, respectively, in G).

Thus it is natural to next classify the set G of graphs with all but two eigenvalues
equal to 0 or —2. Those that are regular are the complements of regular graphs in G.
Consider the complements of graphs in G. It is possible that the complement of a
nonregular graph in G is also in G, so we will check them all. The complements of
Bi(m) are K,,[JK, with spectrum {m,m — 2,0m~1 —2m~1} " and will be discussed in
Case 3 below. The complements of Bs(a, k) are disjoint unions of a coclique and a
copy of CP(k) = Kss o (which has only one eigenvalue not equal to 0 or —2, see
Proposition 5.2). The complements of Bs(¢,m) are disjoint unions of two copies of
Ky, o (one copy with ¢ parts and one with m parts), which will be found in Corollary

5.3. The complements of the graphs B4(4), B4(5), Bg(3,5), and Bg(4,4) have three

121



eigenvalues different from 0, —2. The complements of Bs5(6,5), Bs(4,6), and Bs(3,8)
are disjoint unions of a coclique and a copy of K ,, for m = 5,6, 8, respectively, and
are found in Proposition 5.5.

Since the addition of an isolated vertex to a graph adds the eigenvalue 0 to the
spectrum, if G € G then the disjoint union of G and an isolated vertex is also in g.
For a graph GG, we call the graph G* obtained by removing all isolated vertices from G
the main part of G.

Proposition 5.1. If G € G, then G* has at most two connected components.

Proof. Each connected component of G* contributes a positive eigenvalue to the spec-
trum of G by Corollaries 1.11 and 1.19. Since G has at most two positive eigenvalues,

this completes the proof. O]

Proposition 5.1 allows us to consider the problem in cases based on whether
G* has one or two connected components. We further divide the case where G* is
connected based on whether G' has one or two positive eigenvalues. We characterize
the graphs in G in the first two cases below. For the last case (G* is connected and
G has two positive eigenvalues) we give a partial characterization. In future work we

plan to finish the characterization of graphs in G.

Case 1: G* Has Two Connected Components.
In this case, G has two positive eigenvalues (one coming from each connected
component, see Corollary 1.19) and the rest of the eigenvalues of G are 0 or —2. The

candidates for the connected components of G* are given by the following proposition.

Proposition 5.2. If H is a graph with exactly one eigenvalue not equal to 0 or —2,
then H is either the complete bipartite graph Ky 4 or a cocktail party graph CP(k) (see
Definition 1.9) for some k > 2.

Proof. We note that H has exactly one positive eigenvalue r, and the rest of the
eigenvalues of H are 0 or —2. Chuang and Omidi [24] list all graphs that have exactly

three distinct eigenvalues, each of which is at least —2 (see also their references [21]
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and [30]). The graphs K4 and CP(k), k > 2, are the only ones with exactly one

eigenvalue not equal to 0 or —2. O]
With Proposition 5.2, the following result is immediate:

Corollary 5.3. If G € G and G* has two connected components, then G* is isomorphic
to the disjoint union H + K, where H, K € {K,,} U{CP(k) | k > 2}.

Case 2: G* is Connected and G Has Exactly One Positive Eigenvalue

We will need the following theorem on the spectra of multipartite graphs [39].

Theorem 5.4. Let p; < py < --- < pp be positive integers and suppose G is the
complete k-partite graph Ky, p, . onn =Y p; vertices. Let ¢ < g < --- < q; be the
distinct part sizes of G (so for each i, p; = q; for some j). Then G has exactly one
positive eigenvalue, k — 1 negative eigenvalues, and the rest of the eigenvalues are 0.
The negative eigenvalues \p_pio, .-, Ay Satisfy pi1 < —Ap_prs < p; fori =2,3,...k,

and t — 1 of the negative eigenvalues n; (i =2,...t), satisfy ¢;_1 < n; < ;.

Proposition 5.5. If G € G has exactly one positive eigenvalue, then G* is isomorphic

to K113, Kom (€, m > 1 and not both equal to 2), or Koo om (m #2).

Proof. Since G has one positive eigenvalue, G has a negative eigenvalue not equal to
—2 with multiplicity 1, an eigenvalue —2 with any multiplicity (possibly 0), and no
other negative eigenvalues. Lemma 1.30 implies G* is a complete multipartite graph.
If G* is the complete bipartite graph Ky ,,, then G has eigenvalues ++/fm each with
multiplicity 1 and eigenvalue 0 with multiplicity £+ m — 2 (possibly 0). If £ and m are
not both equal to 2, this gives exactly two eigenvalues, +v/¢m, not equal to 0 or —2.
Suppose G* is not bipartite. Then G* is a complete multipartite graph K, p, . .,
k > 3. Recall that G has exactly one negative eigenvalue (including multiplicity) not
equal to —2. Theorem 5.4 implies that G* has an eigenvalue strictly between the neg-
ative of any two distinct part sizes, and if G* has a repeated part size m, then —m

is an eigenvalue. This implies that K533 has two eigenvalues smaller than —2, so G*
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cannot induce K33 as a subgraph. As a result, G* cannot have two parts of size at
least 3 and another part of size at least 2. Thus G cannot have four distinct part sizes,
and if G* has three distinct part sizes then one of them must be 1.

If G* has only one part size, then it must be 2, since three parts of size m imply

—m is an eigenvalue with multiplicity 2. But K, - has only one eigenvalue different

from 0 and —2, so G* has at least two distinct part sizes.

Suppose G* has exactly two distinct part sizes. We first consider the case that
one of the sizes is 2. Let m be the other part size. Then there can be only one part of
size m, since otherwise G* has an eigenvalue between —2 and —m as well as eigenvalue
—m, a contradiction. In this case we find G* = Ky 2,,, with ¢ parts of size 2 and
m # 2, with spectrum \; > 0, 07~ 2071 Ay € (—=m, —2) (or \yo € (=2, 1) if
m=1).

If G* has two part sizes £ and m (¢, m # 2), then G* has at most three parts
(thus exactly three parts). Indeed, if G* has at least four parts, then G* has at least two
parts each of sizes ¢ and m or at least three parts of size £. In the former case, G* has
eigenvalues —¢ and —m, while in the latter case G* has two eigenvalues —/¢. Either case
is a contradiction, so G* has exactly three parts and two part sizes, say two parts of size
¢ and one part of size m. We see that one of the part sizes must be 1, since otherwise G
has an eigenvalue ¢ and one between ¢ and m, a contradiction (since neither ¢ nor any
number between ¢ and m is 2). If £is 1, then G* is K} 1, with characteristic polynomial
2™ (2® — (2m + 1)z — 2m) (see, for example, [39], for computing the characteristic
polynomial of complete multipartite graphs) and spectrum %(1 + m), om-t,
-1, % (1 — \/m) The last eigenvalue must be —2 if G € G, so we must have
m = 3 and G* is isomorphic to K713 with spectrum 3, 0%, —1, —2. If m = 1, then
G* is K, 4, with characteristic polynomial 22~2 (2% — (¢2 + 2¢) z — 2¢?) and spectrum
% (f + \/M), 022, % (f — \/W), —/{. The second to last eigenvalue must be
—2if G € G. However, we have /(2 + 80 < /(2 +8(+ 16 = (€—+—4)2 = {+ 4, so
10—V +80) > 10— (t+4)) > -2, a contradiction.

Suppose G* has three distinct part sizes 1 < ¢ < m (recall one of the sizes
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must be 1). If £ = 2 then G* has an eigenvalue in each of the intervals (-2, —1) and
(—m, —2), a contradiction. We have 2 < ¢ < m, and G* has an eigenvalue in each
of the intervals (—¢,—1) and (—m,—¢). Note that K, is induced by K, m, so
if the eigenvalue in (—¢,—1) is —2, then K, has two eigenvalues at most —2, so
by interlacing K ;. does as well. This is a contradiction, since we have seen above
that the second smallest eigenvalue of K ,,,, is more than —2. This completes the

proof. O]

Case 3: G* is Connected and G Has Exactly Two Positive Eigenvalues

In this case, the smallest eigenvalue of G is —2. Such graphs have been charac-
terized (see [21]) as line graphs, generalized line graphs, or one of finitely many graphs
coming from exceptional root systems.

In [11], Borovi¢anin showed that a line graph has exactly two positive eigenvalues
if and only if it is an induced subgraph of one of the graphs in Figure 5.1 and contains

either Py or K1V (K; + K») as an induced subgraph. Most such graphs will still have

PP X €20 odie

Ly(m,n,p)

Flgure 5.1: Graphs mducmg line graphs with two positive eigenvalues.

more than two eigenvalues not equal to 0 or —2, but every line graph in G with two
positive eigenvalues must be induced by one of the graphs in Figure 5.1 (and must
induce P, or K; V(K + K3)). We checked by computer all subgraphs induced by the
graphs Ly and L, and found that none are in G. We found also that graph Ls(n) does
not induce any graph in G for n < 10. The graph K,[JK5, which is the complement of
By (t), is an induced subgraph of L4(m,n,p) when p > t.

We do not know whether Lz(n) induces any graphs in G for larger n, or whether
Ly(m, n, p) induces any other graphs in G. We also do not know whether there are any

generalized line graphs or exceptional root systems graphs in G that have not already
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been found in Case 2. Haemers [50] conjectured that the graphs in Case 3 must be
the complements of bipartite graphs, so they must be able to be partitioned into two
cliques. For future work, we plan to prove this conjecture and use it to finish the

characterization of the graphs in G.

5.2 Partial Permutohedra

In Section 3.10 we mention that Martin and Wagner [68] construct some linearly
independent eigenvectors for the eigenvalues —(’;) and —n, giving a lower bound for
the multiplicity of those eigenvalues Those eigenvectors are constructed as follows.

When n > (7;), Martin and Wagner construct permutohedra (so named be-
cause they are shapes defined by permutations) whose signed characteristic vector is
an eigenvector of SR(m,n) with eigenvalue equal to —(’;L) The permutohedra are
defined as follows. Let p,w € R™ be vectors such that P(p,w) = {p+ o(w) | 0 € S;}
are distinct vertices in SR(m,n). Then we say P(p,w) is the permutohedron centered

at p with offset w. Let w be the standard offset vector in R™, that is w = w,, =

(1-=m)/2,3—m)/2,...,(m —3)/2,(m —1)/2) = (i — (m + 1)/2)7,. Martin and

(")

distinct p € R™ such P(p,w) is a permutohedron in SR(m,n) whose signed charac-

Wagner show that there are

teristic vector is an eigenvector of SR(m,n) with eigenvalue equal to —(7), and in
fact these vectors are linearly independent (see [68]). That is, they prove the following

Proposition, which immediately implies Proposition 3.19.

Proposition 5.6. For p,w € R™ such that P(p,w) are distinct vertices in SR(m,n),
define

Fp,w - Z Sgn(0)6p+a(w)-

O'ESm
Then each F, ., is an eigenvector of SR(m,n) with eigenvalue —(’;), and for fixed w,

the collection of all such F, ., is linearly independent.
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(The vectors e, for x € V(m,n) are defined in Section 3.6.) Choosing w = w
yields the indicated multiplicity.

When n < (T;), Martin and Wagner [68] find so-called partial permutohedra in
SR(m,n) which lead to the eigenvalue —n with multiplicity at least the Mahonian
number M (m,n). The partial permutohedra are obtained as follows. For a sequence
of positive integers ¢ = (c1, ..., ¢p), the skyline board Sky(c) consists of a sequence of
m columns, such that the i-th column contains ¢; tiles. A rook placement on Sky(c)
is a choice of one tile from each column. A rook placement is proper if no two chosen
tiles are in the same row.

An inversion of a permutation m = (my,...,7,) € S, is a pair ¢, such that
i < jandm > ;. Let S,,,, denote the set of permutations of {1, 2, ..., m} with exactly
n inversions. Note that |S,, | = M (m,n). For each m € S, , the inversion word of =
is a = a(m) = (ay,...,an), where a; is the number of pairs i, j that are inversions of 7
(this is sometimes called the Lehmer code of , see [60, 62]). Since m has n inversions,
a(m) is a vertex of SR(m,n). We denote by s(m) the skyline board Sky(a(m) + id),
where id = (1,2,...,m). Note that s(7) always has n tiles above the main diagonal
Sky(1,...,m), since for each ¢ s(7) has a; tiles above the main diagonal in column 7. A
permutation o € S,, is m-admissible if it is a proper rook placement on s(7) (note that
if o is a rook placement on a given skyline board, then it is automatically proper; the
only way for o to fail to be a proper rook placement on s(7) is for some o; to be larger
than a; +1 for some i, so that the rook is placed above column i in s(7)). Clearly o is 7-
admissible exactly when z(0) = a(7) +id — o is also a vertex in SR(m,n). We denote
by Adm(7) the set of all 0 € §,, that are m-admissible. The corresponding partial
permutohedron is Parp(7) = {z(0) | 0 € Adm(7)}. One can show that Parp(w) is the
intersection of V(m,n) with the permutohedron centered at a(7) + w and with offset
w, which is why they are called partial permutohedra. Martin and Wagner [68] prove
that for each 7 € S,,,, the signed characteristic vector of Parp(r) is an eigenvector
for SR(m,n) with eigenvalue —n, and moreover that these eigenvectors are linearly

independent. That is, they prove the following Proposition, which immediately implies
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Proposition 3.20.

Proposition 5.7. For each m € S, ,, let
F,. = Z sgn(0)ex(o)-
oc€Adm(r)
Then each Fy is an eigenvector of SR(m,n) with eigenvalue —n, and the F are linearly

independent.

(The vectors e, for x € V(m,n) are defined in Section 3.6.)

Here we give an example of a permutation 7 € Ss3 and explain how to find
the corresponding subgraph SR(4,3)|pap(x)- Let m = (3,2,1,4). Then 7 has three
inversions, because m > my, m > 73, and my > m3. This also implies that the
inversion word of 7 is @ = a(mw) = (2,1,0,0). Then s(7) is a skyline board con-
sisting of 4 columns of tiles such that the first three columns have three tiles and
the fourth column has four tiles (because a(m) +id = (3,3,3,4)). We find that
the m-admissible permutations in Sy are Adm(7w) = {(1,2,3,4), (1,3,2,4), (2,1,3,4),
(2,3,1,4), (3,1,2,4), (3,2,1,4)} (see Figure 5.2). Then the corresponding partial per-

[ o [
o [ o
o [ [
[ o [
o=(1,2,3,4) o=(1,3,2,4) o=(2,1,3,4)
[ o [
o o [
[ [ [
[ [ o
o=(2,3,1,4) o=(3,1,2,4) o=(3,2,1,4)

Figure 5.2: The m-admissible permutations for 7 = (3,2,1,4).

mutohedron is Parp(m) = {z(c) | 0 € Adm(m)}, where z(0) = a(7) +id — 0. Thus
Parp(r) = {(2,1,0,0), (2,0,1,0), (1,2,0,0), (1,0,2,0), (0,2,1,0), (0,1,2,0)}. We see
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(2,1,0,0) (0,2,1,0) (1,0,2,0)

(1,2,0,0) (0,1,2,0) (2,0,1,0)

Figure 5.3: The subgraph SR(4,3)|parp(x) for m = (3,2, 1,4).

that SR(4,3)|parp(r) = K33 (see Figure 5.3), so SR(4, 3)|parp(r) has integral spectrum
{3',0% —3'} by Proposition 1.10. The subgraph SR(4, 3)|parp(x) can be seen within the
context of the whole graph SR(4,3) in Figure 5.4. It is straightforward to check that

. G e

Figure 5.4: The subgraph SR(4,3)|parp(x) for m = (3,2, 1,4) within SR(4, 3).

F. as defined in Proposition 5.7 is indeed an eigenvector of SR(4,3) for the eigenvalue
—3. We note also that the vertices z(o) and z(p), o, p € Adm(7), are adjacent if and
only if the corresponding permutations ¢ and p differ by a transposition. For example,
the vertices z((1,3,2,4)) = (2,0,1,0) and x((3,1,2,4)) = (0,2,1,0) are adjacent ver-
tices in SR(4, 3)|parp(r), While (1,3,2,4) and (3,2, 1,4) differ by the transposition (1 3).
This is true for any partial permutohedra for simplicial rook graphs. Finally, note that
SR(4,3)|parp(x) 15 3-regular and bipartite. As we will see, the subgraphs induced by
partial permutohedra are always n-regular and bipartite.

Martin and Wagner also made the following conjecture regarding the subgraphs

of SR(m,n) induced by the partial permutohedra, which they verified for m <5 (and

n < (%))
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Conjecture 5.8. ([68, Conjecture 3.10]) For each m € Sy, the subgraph induced by

Parp(m) has integral spectrum.

For the remainder of this section we present evidence in support of this conjec-
ture. The conjecture is still unsolved.

Given o € Adm(7), the corresponding vertex z(o) in SR(m,n) is z(o) =
(1,...,2Zm), where x; is the number of tiles above the chosen rook placement (o)

in column 7 of s(m). We can use this to prove the following lemma.

Lemma 5.9. For any 7 € Sy, the induced subgraph SR(m,n)|pawp(x) s bipartite and

n-reqular.

Proof. Let 0 € Adm(7), so 2(0) € Parp(w). The neighbors of (o) in SR(m, n)|parp(r)
are of the form z(p), where p € Adm(nw). If z(p) is adjacent to x(o), then p is a
permutation corresponding to a rook placement in s(7) identical to that of ¢ in all
but two columns, say ¢ and j. That is, p; = 0;, p; = 0;, and p, = o, for £ # 1,7,
or in more compact form p = (7 j)o. This proves that SR(m,n)|pamp(r) is bipartite,
since adjacent vertices correspond to permutations with opposite signature. For each
i€{1,2,...,m}, there are a;+i—o; empty tiles above the rook on tile o;, so there must
be a; + i — 0; columns j in s(m) with o; > 0;. Thus there are a; + i — 0; permutations
p = (i j)o that are proper tilings of s(7). Summing over all i € {1,2,...,m}, we
find that there are > ;" (a; + ¢ — 0;) = n permutations p that differ from o in exactly
two entries and are proper tilings of s(7), so z(¢) has n neighbors in SR(m, n)|parp(r);

which proves that the subgraph is n-regular. O

The proof of Lemma 5.9 is contained in the proof in [68] that the signed char-
acteristic vector of a partial permutohedron is an eigenvector of SR(m,n). In addition
to this general property of SR(m,n)|parp(x), We can determine more about the possible
graphs SR(m,n)|parp(r) may be and how they arise.

Lemma 5.9 allows us to characterize the graphs SR(m,3)|parp(r)-
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Corollary 5.10. For any m € Sy, 3, the induced subgraph SR(m, 3)|parp(x) is isomorphic
to either the complete bipartite graph Ks3 or the 3-cube ()s.

Proof. Because K33 and ()3 are the only 3-regular bipartite graphs on 6 and 8 vertices
(it is straightforward to verify this, as there are only 2 cubic graphs on 6 vertices
and 5 cubic graphs on 8 vertices [83]), respectively, it remains only to show that
|Parp(m)| € {6,8} for any 7 € S, 3. Note that |Parp(7)| = |Adm(7)|. Fix 7 € S,,3.
Since n = 3, we know that s(m) has exactly 3 tiles above the main diagonal. We
consider cases based on the columns in which these tiles occur.
Case 1: The 3 tiles above the diagonal in s(7) occur in 3 columns, 7 < j < k.

A proper rook placement o on s(m) must have o, = ¢ for all £ except possibly
teliyi+1,5,7+ 1,k k+1}.
Case la: 3 >+ 1and k> 35 + 1.

We have 0;,0,41 € {i,i + 1}, 0j,0;41 € {j,j + 1}, and oy, 0441 € {k, k + 1}.
There are 23 = 8 possibilities, so in this case |[Parp(r)| = 8.
Case 1b: g =2+ 1and k > 5 + 1.

We have 0; € {i,i+1}, 05,041 € {t,i+1,i+2}\{0:}, and oy, 0411 € {k, k+1}.
There are 23 = 8 possibilities, so in this case |[Parp(r)| = 8.
Caselc: g >t +1land k=75 + 1.

We have 0y, 0,41 € {i,i+1}, 0; € {j,j+1}, and oy, 0441 € {J,j+1,5+2}\{o;}.
There are 23 = 8 possibilities, so in this case |[Parp(r)| = 8.
Case1ld: j=t1+1and k=735 + 1.

We have o; € {i,i+ 1}, 0; € {i,i + 1,i+ 2} \ {0y}, and oy, 041 € {t,i+ 1,7 +
2,7+ 3} \ {04,0;}. There are 2° = 8 possibilities, so in this case |Parp(m)| = 8.
Case 2: The 3 tiles above the diagonal in s(7) occur in 2 columns: 1 in
column 2, 2 in column j.

A proper rook placement o on s(m) must have o, = ¢ for all £ except possibly

Cefii+1,5,5+1,5+2}
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Case2a: 1+1<jort>j—+2.

We have 0;,0,41 € {i,i + 1}, 0541 € {j,7+ 1}, and 04,052 € {j, 7+ 1,5 + 2} \
{o41}. There are 2® = 8 possibilities, so in this case |[Parp(w)| = 8.

Case 2b: 1+ 1 = 3.

We have 0; € {i,i+1}, 0,41 € {i,i+1,i+2}\ {o:}, and 0,040 € {i,i+ 1,1+
2,7+ 3} \ {04,0j41}. There are 2° = 8 possibilities, so in this case [Parp(m)| = 8.
Case 2c: 2 = 3 + 1.

We have 0;,0;, 0,41 € {j, 7+ 1,5 + 2}. There are 3! = 6 possibilities, so in this
case |Parp(m)| = 6.

Case 2d: 1 =3 + 2.

We have 041 € {j,j + 1}, 05 € {j,j + 1,5 + 2} \ {01} and 04,0140 € {j,j +
1,7+2,7+3}\ {0,041} There are 2° = 8 possibilities, so in this case |Parp(r)| = 8.
Case 3: All 3 tiles above the diagonal in s(7) occur in column <.

A proper rook placement o on s(m) must have o, = ¢ for all £ except possibly
Ce{i,i+1,i+2,1+3}. We have 0,11 € {i,i+ 1}, 0500 € {i,i+ 1,0+ 2} \ {0441} and
0,043 € 1,0+ 1,4+ 2,7+ 3} \ {441,012} There are 23 = 8 possibilities, so in this
case |Parp(m)| = 8.

This completes the proof. n

We note that when n = 3, in almost all cases we find |Parp(7)| = 8. We can
show that |Parp(m)| = 6 only in the case where, for some j, s() has exactly j + 2 tiles
in columns 7, 7+ 1, and j + 2, and exactly i tiles in column ¢ for ¢ # 5,57+ 1,7 + 2.
This corresponds to the case where 7 has 2 inversions at j, one inversion at j + 1, and
no other inversions, which occurs precisely when 7 is the transposition permutation

(7 7+ 2). This idea generalizes to larger n in Proposition 5.13.

Proposition 5.11. For any m € S, ,, there is a permutation 7" € Sy41., such that

SR(m + 1,1)[parp(e) = SR(m, 1) |parp(m) -
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Proof. Let m € S,,,, and let 7’ be the permutation in S,,41 that acts on {1,...,m} in
the same way as m and fixes m+1. Then 7’ € S,,,11 ., and we see that s(7) and s(n’) are
identical in the first m columns. In the m + 1 column of s(7’) there are m+ 1 tiles, but
any o’ € Adm(n’) must have o),,, = m + 1. There is a bijection between Adm(7) and
Adm(7"): for any 0 € Adm(r), there is a unique permutation ¢’ € Adm(n’) which acts
on {1,...,m} in the same way as ¢ and fixes m + 1. Clearly, for any p,c € Adm(n),
the vertices z(p') and x(o’) of the corresponding o/, 0’ € Adm(n’) are adjacent if and

only if 2(p) and z(o) are adjacent. Thus SR(m + 1,7n)|parpx) = SR(m, n)|parp(x). O

Proposition 5.12. For any m € S, there is a permutation ' € Syq2n41 Such that

SR(m + 27 n + 1)|Parp(7r’) = SR(m, n)|Parp(7r)|:|K2-

Proof. Let m € S,,,, and let 7’ be the permutation in S, 42 that acts on {1,...,m} in
the same way as 7 and inverts m + 1 and m + 2. Then 7’ € S,,42,,+1, and we see that
s(m) and s(n’) are identical in the first m columns. In the m + 1 and m + 2 columns
of s(n’) there are m + 2 tiles, so any ¢/ € Adm(7’) may have either o], ., = m +1
and o0,,,, = m+2,0ro0,,,, = m+2and o,,., = m+ 1. We partition the set
Adm(7’) into two subsets. Let Adm(n’); be the set of permutations in Adm(7’) such
that 0], ., =m+ 1 and 0,,,, = m + 2, and let Adm(7’), be the set of permutations
in Adm(n’) such that 0], , =m +2 and o),,, = m + 1. There is a bijection between
Adm(7) and each of Adm(7’); and Adm(n’)s: for any 0 € Adm(7), there is a unique
permutation ¢’ € Adm(n’); which acts on {1,...,m} in the same way as ¢ and fixes
m + 1 and m + 2, and a unique permutation ¢” € Adm(n’)s which acts on {1,...,m}
in the same way as o and inverts m + 1 and m + 2. Clearly, for any p,o € Adm(x),
the vertices x(p’) and x(o’) of the corresponding o', 0’ € Adm(7’); are adjacent if and
only if z(p) and z(o) are adjacent, and similarly for p” and ¢’ € Adm(7’),. Further,
the only neighbor of z(¢’) which arises from a permutation in Adm(7’)s is z(¢”). Thus

SR(m + 1,n)|parp(x) is isomorphic to two copies of SR(m,n)|pap(r) connected by a

I

perfect matching between corresponding vertices. That is, SR(m + 2,1 + 1)|parp(=)

SR(d, n) ’parp(ﬂ)DKQ.

U
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Let T} denote the k-th triangular number 7} = Zle t, and let C'T, denote
the complete transposition graph on p letters, that is the graph whose vertices are
the permutations in §,, where two vertices are adjacent if and only if they differ by a
transposition. Seen another way, CT), is the Cayley graph Cay(S,,7,), where 7, is the

set of all transpositions in S,.

Proposition 5.13. For ecvery pair of integers k > 1 and t > 0, if n = T}, + t then
SR(m,n) contains partial permutohedra isomorphic to CTy 10, K> for every m > k +
1422

Proof. 1If n = Ty for some k, let m = k + 1 and let m be the permutation (k +
1=mk=m-—1,...,2,1) € Sn. Then each of the m columns in s(7) has m
tiles. The resulting Parp(m) has as vertices the m! permutations of (0,1,...,m — 1)
with two vertices adjacent if and only if they differ by a single transposition. Thus
Parp(m) = CT,, = CTky1. Now, if n = T} + t for any pair of integers £ > 1 and
t>0,let ' =T, m =k+1, and m = k+ 1+ 2t. By the same argument as before,
SR(m/,n’) contains partial permutohedra isomorphic to CTy,,. By Proposition 5.12
applied ¢ times, SR(m,n) contains partial permutohedra isomorphic to CTy 10, Ks.

By Proposition 5.11 this is also true for m > k4 1 + 2¢. m

For example, when n = 1 = T}, we obtain partial permutohedra with 2! = 2
vertices, the graph C'T, = ()1 = K5. When n = 3 = T5, we obtain partial permutohedra
with 3! = 6 vertices ,the graph C'T3 = Kj33. When n = 6 = T3, we obtain partial

permutohedra with 4! = 24 vertices.

Proposition 5.14. For any fized n € N, for any m > 2n and m € S, ., the induced

subgraph SR(m,n)|parp(x) 15 isomorphic to SR(2n,n)|parp(r) for some ©' € Sapp.

Proof. As noted above, s(7) has exactly n tiles above the main diagonal. Suppose
columns wuq, uo, . .., ur have exactly t1,1s,...,%; tiles above the diagonal, respectively,
where Zle t; = n, so no other columns have tiles above the diagonal. It is clear that

any proper rook placement o on s(7) must satisfy o, = £ for any ¢ ¢ U = Ule{ui, u; +
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1,...,u;+t;}. The corresponding vertex z(o) in Parp(m) must satisfy x, = 0 for £ ¢ U.
This is true for every ¢ € Adm(7), so the corresponding vertices z(o) € Parp(m)
are all identical in coordinates not in U. Thus, if a coordinate not in U is removed
from every vertex of Parp(m), the resulting induced subgraph graph is isomorphic to
SR(m,n)|parp(m). We see that |U| < 2n. To finish the proof, we note by the above
argument that for any ¢ ¢ U we can remove column ¢ (and the corresponding row)
from s(m) without affecting the graph induced by Parp(w). We can remove columns
and rows from s(m) in this way until exactly 2n remain. The resulting skyline board
has 2n columns and still has n tiles above the main diagonal, so it can be obtained as

s(') for some 7' € Sy, 5, and we have SR(m, n)|parp(r) = SR(2n, 1) |parp(x)- O

Proposition 5.14 allows us to characterize the graphs SR(m, n)|parp(x) by check-
ing only the graphs SR(2n,n)|pap(r). For example, we find a much faster proof of

Corollary 5.10 (although it requires a computer search).

Alternate proof of Corollary 5.10. Using Sage we find that SR(6,3)|parp(r) is always

isomorphic to one of the indicated graphs. O

Corollary 5.15. For any 7 € Sy, 4, the induced subgraph SR(m, 4)|parp(x) is isomorphic
to either K3 s[Ky or Q.

Proof. Using Sage we find that SR(8,4)|parp() is always isomorphic to one of the
indicated graphs. O]

Propositions 5.11, 5.12, 5.13, and 5.14 allow us to get an idea of the way in
which many subgraphs induced by partial permutohedra arise in SR(m,n). We see
that for fixed n, the set of subgraphs induced by partial permutohedra in SR(m,n)
contains the set of subgraphs induced by partial permutohedra in SR(k,n) for every
k < m. Fixing n and increasing m results in a graph including the same subgraphs
induced by partial permutohedra and may only add new (nonisomorphic to those al-
ready obtained) partial permutahedra until m = 2n. For every m > 2n, SR(m,n)

contains exactly the same partial permutohedra as SR(2n,n). Incrementing n gives a

135



graph with partial permutohedra isomorphic to GLK, for partial permutohedra G in
the smaller graph. This implies, for example, that SR(m,n) always contains partial
permutohedra isomorphic to @, since SR(2,1) contains partial permutohedron ).
SR(2,1) contains only CT, = @; as a partial permutohedron, and similarly
SR(4,2) contains only CTo[1K3 = Q2. As we have seen, SR(6,3) contains C'Ty[0y Ky =
Qs, CT5 = K33, and no others. SR(8,4) contains only CTy03 K5 = Q4 and CT30K),

I

K3 3K,y Here it is tempting to hope that every partial permutohedra arises as in
Proposition 5.13. However, while SR(10,5) contains CTo[0, Ky = Q5 and CT30, Ky =
K3 305K, it also contains a third type of partial permutohedron. Similarly, SR(12,6)
contains C'Ty and GOK, for each partial permutohedron G of SR(10,5), but it also
contains a fifth type of partial permutohedron.

While C'T,, C'Ts, and C'T) are integral, and GLK is integral for any integral
graph G, it is unclear whether C'T}, is integral for general k or whether the partial
permutohedra not arising as in Proposition 5.13 are integral. We checked using Sage
and found that for n < 8, every partial permutohedron induced in SR(2n,n) (and thus
in SR(m,n) for any m) is integral. Thus we confirmed Conjecture 5.8 for n < 8 for all

m.

5.3 Problems and Questions on the Second Eigenvalue of Regular Graphs
We conclude with some open questions and problems related to the work on

second eigenvalues of regular graphs.
Question 5.1. What is the value of v(k, k) for any value of k?

We have T(k,4,k — Vk) = vk and M (k,4,k — Vk) = 2k> + k32 — k —VE + 1,
which yields
v(k, VE) < 2k + k% —k —VEk + 1.

The Odd graph O, meets this bound (see Proposition 4.5 and Table 4.1). We do not
know what other graphs, if any, meet this bound. Odd graphs, in general, do not have

T(k,t,c) as a quotient matrix.
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Problem 5.2. Classify the k-reqular graphs with second eigenvalue more than 1 but
less than /2 for each k > 3.

Recall that for £ = 3 no such graph exists. For k& > 3 we note that Lemma
4.3 with H = Kj implies that a graph G with \y(G) < /2 and girth 3 satisfies

V(G)| < 3(k—-1) (1 + %), and Lemma 4.3 with H = K, implies that such a

graph with girth more than 3 satisfies |V(G)| < 3 + (3k — 4) <1 + kk—_\}i) (note that

in both cases we have p(H) > A2(G)). Combining this with Lemma 1.1 allows one to

restrict the search to graphs with certain girth. For k& > 6, n;(k, g) is larger than these
bounds unless the girth is at most 4, and for £k = 4 or 5 ny(k, g) is larger than these
bounds unless the girth is at most 5. Thus the graphs sought in Problem 5.2 must
have girth at most 5 for k = 4,5 and girth at most 4 for k£ > 6.

Question 5.3. Is there a k-reqular graph with second eigenvalue \/2 for every k > 32

Recall that for £ = 3 the Heawood suffices. Using similar argument to the one
above, one finds that Lemma 4.3 with H = K3 or H = K3 (so that deg(H) > v/2)
implies that the number of vertices in a graph G with \y(G) < /2 and girth 3 satisfies

V(G)| <3(k—1) <1 + %), and with girth more than 3 satisfies |V (G)| < 442(2k—

3) (1 + kk_’\%) Then, combining with Lemma 1.1 and arguing as before we find that

the graphs sought in Question 5.3 must have girth at most 5 for £ = 4,5,6 and girth

at most 4 for k > 7.

Question 5.4. Among reqular graphs, what is the smallest second eigenvalue larger

than 17

Yu [98] found a 3-regular graph G on 16 vertices (see Figure 5.5) with smallest

Figure 5.5: The unique 3-regular graph with largest least eigenvalue less than —2.

eigenvalue A\, = v &~ —2.0391, where v is the smallest root of f(x) = 2% — 32° —
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7Tx* + 2123 + 1322 — 352 — 4, and moreover proved that there is no connected, 3-regular
graph with smallest eigenvalue in the interval (v, —2) (that is, among all connected,
3-regular graphs G has the largest least eigenvalue less than —2). Since the second
eigenvalue of the complement of a regular graph is Ay = —1 — A\, by Lemma 1.20,
the complement G of G, a 12-regular graph on 16 vertices, has second eigenvalue
A2(G) = —1 — v = 1.0391. We do not know if G has smallest second eigenvalue larger
than 1 among regular graphs, but it is not unique. Indeed, the complement of the
disjoint union G + kK, of G and k copies of Ky is a connected, (12 + 4k)-regular graph

on 16 + 4k vertices and second eigenvalue \o(G + kKy) = —1 —~, so we have found an

infinite family of regular graphs with second eigenvalue —1 — ~.
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